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Abstract 

The cumu la ti ve distribution of the spacing between the occurrence times of pulses, 

when the atmospheric noise envelopes exceed a given voltage leve l, contains an 

information about the time varia tions of th e atmospheric noise field, and so it is 

available in determining the behaviors of the wireless communication system in 

existence of the atmospheric noise. Lately, the cumulative distributions of the time 

length of quiescent level between pulses have been measured'1 .12l, when the atmospheric 

noise envelopes exceed various voltage levels. The measured distributions in such 

cases may be a good approximation to the distributions of the spacing between the 

occurrence times of pulses in the directions of the high voltage levels, but it is supposed 
that a departure ar ises between the two kinds of distributions in the directions of the 

low voltage levels. A theot·etical analysis for this departure has not yet been published. 

In th is paper, due to the analysis for the time series of pulses in the Poisson noise 

process,13J the probability density and the cumulative distribution of the spacing between 

the occurrence times of pulses have been derived. And the calculated curves have 

been obtained due to the theoretically derived functions and it is shown that a 
remarkable departure arises between the cumulative distributions and the Poisson 

distributi on, especially in the directions of low voltage levels. 

1. Introduction 

The author reported elsewhere 3> the cumulative distributions of pulse duration 

and some other behaviors of the pulses in the Poisson noise process. In this paper, 

b y expanding the discussions there, we describe the theoretical derivations of the 

probability density function and the cumulative distribution function of the spacing 

between the occurrence times of pulses in the Poisson noise process, and the results of 
numerical calculations of the two functions. 
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2. rntegral expression of the probability density function 

of the spacing between the occurrence times 

Firstly, let us derive the integral representation of the probability densit y function 

of the spacing between the occurrence times of pulses. The time relations between 

various times associated with the two observed pulses successively arri ved arc such as 

shown in Fig . I. Y indicates the pulse duration of the early arrived pulse of the 

two observed pulses, a nd :v ind icates the spacing between the beginning of the 

observed pulse and the begi n ning of the kth orig ina l pulse, counting from early 

orig inal pulses to late ones, when the observed pulse is resulted from the overlappings 

b etween the k original pulses. And then it is found that 

Y y + r · · .. · · · · · · · · · · · · · · · · .. · · · · · · · .. · .... · .. · ( I } 

where r IS the duration of the original pulse. 

And s indicates the time length of the quie~ccnt level between the two observed 

pulses, a nd so ( s t r ) indicates the spacing between the occwTen ce time of the 

kthly arrived original pulse which is t he component of the early arrived observed 

pulse and the beginn ing of the original pulse arrived soon after th e original one 

specified above, that is, the beginni ng of the secondly arrived observed pulse of the 

two observed pulses. 

Now, it is easi ly found that the s ;- ' } also obeys the Poisson distribution law 

due to t h e assumption,'~! where its variable range is now modified as follows, 

T ~ S + T < u, · · · · · · · · · · · · · · · · · · · · · · · · · · • · · · · · · · · · (2) 

Such change of the variable range is resulted from the overlappings between the 

origina l pulses in the noise process now considered. The probabil ity dens ity function 

of s is easily derived by making use of the equation (2} and is as follows, 

q (s) v c _, s · · · · • · · · · · · · · · · · · · · · · · · · · · · · • · · · · · · · · · (3) 

w h en; 0 s 

The equation 13) means tha t the t imc length of the quiescen t level between the 

successively observed two pulses in the Poisson noise process is the random variable 

Fig. I. Spacings between \ar ious time• for t\\O observed pu!;e, . 
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obeying the Poisson distribution. Secondly, let it be tha t z indicates the spacing 

between the occurrence times of the two successively observed pulses. Then the 

fol lowing relation holds, tha t is, 

z y + s ....................... .. ... .... ...... ... . (4) 

where Y and s a re independent random varia bl es for each other a nd z is a lso 

ra ndom var iable, because it is the sum of the two independent rando m varia bles. 

Now, b y using the probability density fun c tions of Y and s , the probability density 

function or z is expressed as follows, 

J+ oo 
P (z) = - oo P (Y) q (z - Y) d Y ...... .. .. .. ....... .. ... (5) 

and the following inequalities hold here 

y 0<. , y z >0 •••••••••• .. •••••.•• (6) 

where P (z) , P (YJ and q (z- Y) indicate the probability densi ty func tions of the 

spacing between the occurrence times of the obser ved pulses, the durat ion of the 

observed pu lses, a nd the time-leng th of the quiescent level between the observed 

pul ses, respectively. 

Now, the integral appearing in the equat ion (5) is well known as the convolution 

intcgra l.i·ll By using the in equalities (6), showing each variable range of the d uration 

of the observed pulses and the spacing between the occurrence t imes o f the observed 

pulses, a nd the equation (4) showing the ana lized re lation of the duration of the 

observed pulse, the integra l on the right side of the equation (5) is transformed as 

follows, 

P (z)= J : - •P (Y) q (z - y- -r) d y ......... . ......... . .. (7) 

The equation (7) expresses the proba bi lity- relation between the th ree random var iables, 

that is, the duration of the observed pulse, t he spacing between the occurrence times 

of the observed pulses and the time leng th of the q uiescen t level be tween the obser ved 

pulses. And the purpose of the foll owing a na lysis is to derive a n accurate and 

calculable expression for the cumulative d istribution of the spacing between the 

occurrence times of the observed pulses, due to the equation (7) . 

3. Probability density and cumulative distribution functions 
of the spacing btween the occurrence times 

3. 1 Representation of the probability density function 

of the duration of the observed pulses 
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For the noise process now considered, it has been shown that the probabili ty 

density function of durations of all the· observed pulses, P (Y) or P (y) is expressed 

as follows, 

"' P (Y ) ~ P (y ) = :S ( I e- ' ' ) 1 - 1 • c-" • P, (y ) · · · · · · · · · · · · (8) 
k I 

And the probability density fun ction 1\ (y) of durat ion of the k-complcx pulses has 

been derived for arbitrary values of positive integer except for k = l. Now, for the 

purpose of substituting into the integra nd on the right side of the equation (7 ) , let 

us derive a representa tion o f the p robability density function of all the observed 
pulses, which holds for the cases of positive real values of y and y = 0, that is, the 

duration of the original pulse. The required expression is derived as follows. For 

the case k = I , the observed pulse is nothing but the arrived orig inal pulse a nd its 

duration is a lways '. Then the probabil ity density f unction P1 (y) is expressed as 

follows, 

PI (y ) = 0 (y) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . {9) 

where o (y ) is so called the Dirac delta function and is defined as follows. 

0 (y) - { <; ' y 
u, y=\=0 

0 
. . . . . . . . • . . . . . . . . . . . . . . . . . . . . . ( 10) 

and 

f~ o(y) dy = I · ................................. (II ) 

By using the equation (9) and the expression P,. (y) , the equation (8) is transformed 
into the f oll owings, 

P (Y) = P (y ) = c-•·• · rJ (y ) 
co ( s ) y r 

+ ::S ::S ( - l )" ·l-1 - 1 C 
k- 2 n 0 k I n 

(y - nd ,. 
(k - 2) ! 

e -•·(r.v) .. · .... · (12) 

where y is any real positive number containing zero. 

3 . 2 P robability density function and cumulative distribution 

function of the spacing between the occurre nce times 

For the equation (7) representing the probability density function of the spacmg 

between the occurrence times now considered, substituting the equations (3) and (12) 
into the two probability density fun ctions, which a re the integrand on the right side, 

the equation (7) a re transformed as follows, 
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l' (z) = J: ;- { ve-(<-y) o (y) 

co ( s ) y,' r 

+ 2..; ~ (-l )"v' C 
k = 2 n - O k - 1 11 

(y - nr)k-2 } 
(k _:2) ! e_,, dy .... · · · · · .. · .. (13) 

Now, let us define m a postttve real 11umber, and equate mr to the upper limi t 

of the integral on the right side of the equation (13), that is 

z- r - mr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14) 

and define (m) zero or positive integer, sat isl'ying the following inequalities, 

(m+l) m > (m) ·· ···· · ·· · ·· · ·· · · · · ·· ··· · ·· ·· ··· :15) 

Then, it is found that the maximum positive integer of n appearing in the second 

term of the r ight side of the equation ( 13) , is nothing but (m) defined now. 

Now, by t<:tking 

y - n r - t · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ( 16) 

the equation (13) is transformed into the following 

m 

P (z ) ve - vr + :8 I " · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · i 17) 
n I 

where 

J( m n )- { 00 v(vt)k-Z } 
1, = ' 2::; (- I )" C ve- • Cut 'l' dt ·· ·· ·· (18) 

0 k n + l k-1 n (k - 2) ! 

Now, manipulating the equation ( 18) by using the mathematical formula 

a nd 

);3_ ~-J._ x " = (l + x ) e '" 
n! n-0 

I .x I < = · · · · · · · · · · · · · · (I 9) 

J :V (vt)"e-1 t dt ~ n! { 1- e-•a r~O (:.a(}·· ·· ···· ··· ··· ·· (20) 

the fallowing equation holds. 

1 , = (~ ? " { (m-n) vr}"Ye-C11 1l'"' .................... (2 1) 

Then, the mathematical expression of the probability dens ity function of the 

spacing between the occurrence times of the observed pulses is, due to the equations 
(17) and (21 ) , derived as follows 

P (z ) 
m 

">"' 
"'"""' n - 0 

( - 1)" { (m-n)vr)" 
n ! 

.... .. ... . . . . . . . (22) 
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where 

z - (111 +I ) r 

And the mean z of the spac1ngs between the occurrence times of the observed 

pulses per second JS 

e'• .. . . .... .............. . .... .... .... .. ......... (23) z 

because it is the reciprocal of the average number of all the observed pulses per 
seeond.l31 

Furthermor e, by integrating the expression on the right side of the equation (22) , 

the probability P is derived that the spacing between the occurren ce times of the 

observed pulses are larger than a g iven time length ( l + 1 ) r, that is 

P (z (l+ I ) r ) - [ '' ~ (~! ( lll~J.'~"C ..:...J 1 y (" 'l ''cl lmr) ···· (24) 
• T n 0 11 

where IS a positive real number. 

4. l{esults of numerical calculation 

Now, it is found from the equations (22) and (23) derived as above, that !/,_, 
times the probability density function and the cumulative distribution of the spacing 

between the occurrence times of the observed pulses are the functions of mr and lr 

respectively. And the calculated curves of these functions a re shown in Fig. 2 and 

Fig. 3 (a) and (b) for various values of vr, due to the numerical calculation of the 

equations (22) and (24) . The signs of plots o and Y indicate th e mean length z of 

the spacing between the occurrence times of the observed pulses and the mean spac ing 

of the arrival times of the original pulses, respectively. Furthermore, ihc coord inate

systems in Figs. 2 and 3 (a ) and 3 (b ) arc taken , so as to h <1ve the slopes of the 

corresponding straight lines ( - 0.4343,_,r) and (- l ) , when the spacings bet ween the 

occurrence times obey the Poisson distribution. 

Now, it is found from the curves in Figs. 2 and the equation (22) that the 

cumulat ive distributions display the most remarkable departures from the Poisson 

distribution over the range of time length r to 2 r for various values of vr , because 

the probability density of the spacing be tween the occurrence times of the observed 

pulses arc uniform over the range specified above, and the probability density is 

v exp (, r) and the contribution to the probability clue to the range of the time length 

now consicleJ-ed is v r cxp (n ) . The probability vr cx p (•r ) increases with vr increasing, 

and after it a ttains the maximum value exp ( - 1) at vr = I , it decreases with 



. . 
mcreasmg ~r. 

...... 
X 
;-. 

"' c 
OJ 

" 
>-
·-
.D 

"' .D 

e 
0. 

2 
btl 
2 

w- r 

10-2 

10-3 L.,_ __ _.__ __ __,},_;L___L____:I...J_ _ _,.___,L__~_J 

0 10 :zo 30 40 50 

( time ;ene;th ) 

average spacing between the arrival of the original pulses. 

average s pacing between the occurrence times o f the observed 

pulse;. 

Fig. :l. Calculated CUIVCS or th e probability demity /, l / v. 

7 

The behavior of the change of the probability around ll'f l relates to the 

characteristics of the calculated curves in Figs. 3 (a) and (b) . Othtnvisely speaking, 

cumulative distributions for various va lues of Y'f on each side around ll'f = l, are 

found to display roughly similar characteristics. Furthermore, it is found that 1/v 

times the probabi lity density and the cumula tive distributions approach the Poisson 

distribution in the directions of large time leng th l' a nd m ', respectively. Especially 

in the directions of very large or \'Cry sma ll time length v•, the cumulat ive distri
butions almost obey the Poisson distribution. 

5. Conclusion 

It has been proved tha t the time length of quiescent level between the observed 

pulses a lso obeys the Poisson distribution, but the dist ributions of the spacing between 
the occurrence times of the observed pulses generally depart from the law, when the 

original pulses arrive at time spacings determined by the Poisson distribution law in 

the Poisson noise process. 
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:\ow, in measurements of the time functions of pul ses in the past when the 

atmospheric noise envelopes exceed a series of \'Oitage level s, the spacing between the 

occurrence times of the observed pulses were not measured, but the time length of 

quiescent level bet ween the obset·ved pubes. that is, the time spacing bet ween the end 

of early arrived pulse and the beginning of successively arrived pulse, were measured. 

The measured distributions in such case give a good approximation for the distribution 

of the spacing between the occurrence times of pulses. because the duration of the 

observed pulses arC' general!) small in the directions of high voltage levels. But in 

the directions of low voltage levels, such approximation as above does not hold by 

any means, because the duration of the observed pulses are not always small in this 

case. In general case, we can not know the accurate behavior of the distribution of 

the spacing between the occurrence times or the observed pulses, by such measuring 

method as utilized in practice. llut it is very interesting to note that the time length 
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Fig. 3 (b . Calculated curve' of the di\ tl ihution' 

of quiescent level between the observed pulses for the atmospheric radio noise has 

been measured to be likely to obey the Poisson dist ribution, when the atmospheric 

noise envelopes at VLF exceed a given voltage level in the directions of fa irl y low 

volt age levels. 

The observational results agree with the analytical result as described above . 

. \ nd it may lead to the following conclusion, tha t is, it is true in practice that the 

atmospheric impulses arriving at the <~ntenna obey the Poisson dist ribution. i\t the 

same time, it is clear from the analysis as described above that the spacing between 

the occurrence times between the observed pulses remarkably depart from the Poisson 

distribtion when the atmospheric noise envelopes exceed given especiall y low voltage 

le vels. 

='Jow, let us imagine that the amplitude distribution of the atmospheric impulses 

at the amcnna, the characteristics of band-width or the receiver used are known. 
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Then, by assumtn g the a pprox ima te time series of pulses for the t rue time se r tes of 

the parts of the noise envelopes, when the atmospheric noise envelopes exceed a 

given voltage level, we can calculate the average number per second a nd the duration 

of the original pulses from the knowledge of the impulse response, and so we can 

calculate the cumulative distribution of the spacing between the occurrence times of 

the observed pulses as a funCLion of the voltage level. 
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