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Abstract

The Standard Model (SM) in particle physics is successful but still incomplete in the
sense that the electroweak scale is unstable under quantum corrections. In order to
solve this problem, we need to understand an origin of electroweak symmetry break-
ing and high energy physics that realize the mechanisms protecting the electroweak
scale from the large quantum corrections. On the other hand, in experimental side,
Higgs boson couplings are planned to be measured more precisely in the LHC. Be-
cause Higgs sector is deeply related to the symmetry breaking, deviations from SM
predictions may enable us to extract information about the high energy physics. In
such a situation, we have pursued the research to answer the following question: how
can we extract information about the new particles’ properties such as spin, charge,
helicity etc. from deviation patterns in Higgs precision measurements?

For the purpose of obtaining model-independent information about the new heavy
particles, it is well known that the Standard Model Effective Field Theory (SMEFT)
is useful. In the SMEFT, it is, however, implicitly assumed that the observed Higgs
boson is coming from the SU(2), scalar doublet. In order to remove this assumption
and consider the most general set up, we have focused on the Higgs Effective Field
Theory (HEFT), which is constructed by adding the observed Higgs boson to the
electroweak chiral perturbation theory. Furthermore, we have generalized the HEFT
so that it includes additional scalar degrees of freedom. We also calculated one of
the most precisely measured parameters: the Peskin Takeuchi S, T', U parameters.
We saw theoretical correlations between these parameters and four-point scattering

amplitudes, and found nontrivial relations.
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Chapter 1

Introduction

In particle physics, there is one successful theory, the Standard Model (SM), which
gives predictions reproducing various measurements correctly and precisely. In 2012,
the last piece of the SM, the Higgs boson, was discovered at the Large Hadron
Collider (LHC) [1,2], and all the particles predicted by the SM have been discovered.
Now, the collider experiments in particle physics enter the new stage: the precision
measurements of the observed particles’ properties. In the near future, the Higgs
couplings to the SM vectors (hV'V) and fermions (hff) will be measured in O(1)%
accuracy in the LHC Run3, HL-LHC, and hopefully, ILC experiments.

Despite the brilliant successes on the experimental side, the SM has serious prob-
lems on the theoretical side called hierarchy problem or naturalness problem. This
problem is deeply related to the Higgs boson mentioned above. In the SM, the Higgs
boson causes the electroweak symmetry breaking at the energy scale of O(10%) GeV.
This energy scale is far below the cut-off scale of the SM, which is expected to be
O(10%) GeV. In order to realize such a high hierarchy, we must expect unnaturally
large cancellation between quantum corrections and the bare mass scale of the Higgs
boson.

Considering these situations, we want to ask one simple question: is the scalar
boson discovered at the LHC really the Higgs boson predicted by the SM? In many
new physics models beyond the SM, the electroweak symmetry breaking sector is

extended from that of the SM, and some of them predict new scalar bosons other



than the observed Higgs boson. If the discovered scalar boson is not the Higgs boson
predicted by the SM, the sign of the new physics may appear in the future Higgs
precision measurements: Higgs couplings such as AVV and hff may turn out to
deviate from the SM predictions.

One important thing is that if AV'V couplings turn out to deviate from the SM
prediction, it may cause a serious problem involving unitarity: the scattering am-
plitude of longitudinal gauge boson mode, V.V, — V.V, shows energy growing
behavior and it exceeds the upper bound coming from the unitarity arguments. In
the SM, the energy growing behavior of V3V, — V. Vp is completely canceled out
thanks to the appropriately tuned hV'V coupling, but if hV'V deviates from the SM
prediction, the observed scalar boson cannot restore the unitarity of Vp,V, — V Vj
scattering completely. To cure this unitarity violation, new scalar fields should ap-
pear to cancel the remaining energy growing behavior. The unitarity conditions for
ViV, — ViV scattering are good probes for investigating new physics. In this the-
sis, we try to approach the new physics beyond the SM from the future precision
measurements of the Higgs couplings, focusing on the unitarity conditions as one of
the probes for new physics search.

The deviations from the SM predictions can be described by the effective theory
approach. The Higgs Effective Field Theory (HEFT) is one of the most general
effective field theory written in terms of the SM matter fields [3-19]. The HEFT is
quite useful to parametrize the deviations from the SM predictions, but it also has
disadvantages: in the framework of the HEFT, the heavy particle degrees of freedom
are integrated out, so we cannot calculate the physical processes with these heavy
particles appearing in the initial and the final state, such as production cross section
and the decay rate of the heavy particles. In order to obtain concrete predictions on
the properties of new particles, we must extend the HEFT so that it includes new
particle degrees of freedom.

In this thesis, we extend the HEFT so that it includes the arbitrary number of
neutral and charged scalar fields, and formulate “Generalized Higgs Effective Field
Theory (GHEFT).” Using the GHEFT framework, we derive the unitarity conditions
of Vi,V — V. Vi, scattering amplitude. We also calculate one of the most precisely

measured parameters, Peskin-Takeuchi S, T', U parameters in the GHEFT. Focusing



on the geometry of the field space, we express these unitarity conditions and the S,
T, U parameters in the covariant form. Furthermore, we derive the theoretical
correlation between the unitarity conditions and oblique parameters in the model-
independent manner.

This thesis is organized as follows: In Chap. 2, we will review the Standard Model
(SM) in particle physics. In Chap. 3, we will review the Higgs Effective Field Theory
(HEFT) and its key ingredient, the non-linearly realized symmetry. In Chap. 4, we
will extend the HEFT so that it includes the arbitrary number of neutral and charged
scalar fields, and formulate “Generalized Higgs Effective Field Theory (GHEFT).”
In Chap. 5, we will point out difficulties in the analysis based on the effective field
theory approach, and introduce a technique for overcoming the disadvantages.

In Chap. 6, we will derive a series of conditions for respecting the unitarity of
ViV, — ViV, scattering amplitude in the GHEFT framework. In Chap. 7, we will
calculate oblique parameters S, T', U in the GHEFT. In Chap. 8, we will relate the
unitarity conditions derived in Chap. 6 and the expressions of oblique parameters
derived in Chap. 7 by focusing on the geometry of the field space. We will summarize
this thesis in Chap. 9.



Chapter 2

Standard Model in Particle
Physics

The Standard Model in particle physics is a quite successful theory, established by S.
L. Glashow, S. Weinberg, and A. Salam in the 1960s, constructed based on SU(3)¢ x
SU(2)r x U(1)y gauge symmetry. In this chapter, we will briefly review the SM and

its fundamental ingredients, spontaneous symmetry breaking.

2.1 Framework

Various phenomena observed in nature can be described by the behavior of elemen-
tary particles. The behavior of elementary particles are described by four fundamen-
tal interactions: gravitational interaction, strong interaction, weak interaction, and
electromagnetic interaction. Among these four interactions, gravitational interaction
is extremely weak. If we consider quite heavy particles, we must take the gravita-
tional interaction into account, but because masses of elementary particles are quite
small compared with the Planck scale, which is the mass scale where gravitational in-
teraction become strong and non-negligible, we can ignore gravitational force as long
as we focus on the interactions among the elementary particles. The remaining three
interactions, strong interaction, weak interaction, and electromagnetic interaction

can be successfully described by a framework of gauge symmetry.



Gauge symmetry of the SM is given by SU(3)exSU(2), xU(1)y. Associated with
each gauge symmetry, a spin one vector boson called gauge boson is introduced, and
these gauge bosons control the fundamental three interactions mentioned above. The
gauge boson associated with SU(3)¢ gauge symmetry is called gluon and it rules the
strong interaction. The gauge bosons associated with SU(2), x U(1)y symmetry are
called electroweak gauge bosons altogether. As we will mention in Sec. 2.2, SU(2), X
U(1)y is spontaneously broken to its subgroup U(1)en, generating one massless and
three massive vector bosons. The massless gauge boson associated with unbroken
U(1)em symmetry is called photon and rules electromagnetic interaction. The three
massive vector bosons are called weak bosons, controlling weak interaction.

Other than the gauge bosons controlling the fundamental interactions, the SM
includes spin one-half fermions and spin-zero scalar boson as its matter contents.
In Table 2.1, we listed all the matter fields comprising the SM, together with their
representations under Lorentz symmetry and SU(3)¢ x SU(2) x U(1)y gauge sym-

metry.
spin SU(S)C SU(Q)L U(l)y
G, 1 8 1 0
W, 1 1 3 0
B, 1 1 1 0
qp, = (uf,dy)" | 1/2 3 2 +1/6
uj,% 1/2 3 1 +2/3
diR 1/2 3 1 —1/3
I =i e )T | 1/2 1 2 —1/2
e% 1/2 1 1 -1
H 0 1 2 -1/2
Table 2.1: Matter contents in the Standard Model

Gy, Wy, and B, in the first row of Table 2.1 denote gluon, SU(2),, electroweak




gauge bosons, and U(1)y electroweak gauge boson, respectively.

The spin one-half particles in the second row, ¢}, u’%, and d, are fermions called
quarks, and the spin one-half particles in the third row, [} and €%, are fermions called
leptons. Contrary to the gauge bosons, these fermions comprise matters in nature.
For a famous example, the electron in the third row of Table 2.1 comprises atoms
together with the nucleus, and the nucleus is made of protons and neutrons, which
are composed of quarks combined by the strong interaction.

The quarks and leptons have three kinds, which are labeled by index “” running
from 1 to 3. In particle physics, we call these particle sets generations and so the
SM has three generations of quarks and leptons. In Table 2.2, we listed all the three
generations of quarks and leptons.

The significant feature of the SM fermions is that the left-handed fermions and
the right-handed fermions are assigned different representations under electroweak
gauge symmetry SU(2), x U(1)y. For example, as you can find in the third row
of Table 2.1, left-handed electron e; and right handed electron e have different
quantum numbers under SU(2); x U(1)y: the former belongs to SU(2); doublet
and is assigned —1/2 as U(1)y hypercharge, while the latter is SU(2), singlet and
its U(1)y hypercharge is —1. Such fermions are called chiral fermions and, as we
will see later, the chiral fermions cannot have mass terms. This means quarks and
leptons are massless in the SM and they move around at the speed of light, which is
far from our intuition. This description is drastically changed after the spontaneously
breaking of electroweak symmetry occurs. We will explain the details of this topic
in the next section.

The last particle denoted by H in the fourth row of Table 2.1 is a scalar field
called Higgs doublet. As we will see in Sec. 2.2, this Higgs doublet plays a crucial

role in spontaneously breaking of the electroweak symmetry.



Ist generation (i = 1) | 2nd generation (i = 2) | 3rd generation (i = 3)
q;, = (ug,dr)” qi = (cr,s.)" qp = (tr,br)"
UR CRr tR
dR SR bR
If, = (Ver,er)” 1} = (Vur, )" 1} = (Vrp, )"
€R KR TR

Table 2.2: Generations of quarks and leptons in the Standard Model
The SM Lagrangian is given by writing down all the invariant operators under
SU(3)c x SU(2)r x U(1)y gauge symmetry ! |
L= Egauge + ‘Cscalar + £fermi(m ; (21)

where Lgquge, Lscatar, a0nd Lfermion €ach denotes the gauge sector, scalar sector, and
fermion sector, respectively. In the remaining of this section, we will closely see each

sector in turn.

Gauge sector

The Lagrangian of the gauge sector in the SM is given by the kinetic terms of SU(3)¢,
SU(2)r, and U(1)y gauge fields with its explicit form given by

1 v 1 v 1 17
Egauge = —éTI' [G#VGM ] — §TI' [WHVWH ] — ZLBNUBH s (22)
where G,,, W,,, and B, are field strength tensors of SU(3)c, SU(2)r, and U(1)y,

respectively. Their explicit form is written in terms of gauge fields listed in Table 2.1

1Other than operators listed in the SM Lagrangian, we can write down another SU (3) x SU (2) 1,
U(1)y invariant, CP violating operator so called theta term. This operator involves electromagnetic
dipole moment (EDM). The EDM is a quite important topic in particle phenomenology, but is
beyond the scope of this thesis.
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as

GMV - auGu - al/GM + Z.gC’[G;m Gu] ; (23)
W;w = a,uWy - al/W,u + ZQW[WW Wll] ) (24)
B/w = auBu - aZ/B;u (25)

where gc and gy are gauge coupling of SU(3)¢ and SU(2);, respectively. G, and
W, are given as

8
A T
. A o a
G, '—ZGuT’ w, .—ZWM?, (2.6)
A=1

with M being Gell-mann matrix and 7% (a = 1 ~ 3) being Pauli matrix. The explicit

form of Gell-mann matrices is given as

010 0—i0 100
M=]100], N=|io00], N=l0-10],
000 000 000
001 00 —i 000
M=1oo00], N=|looo |, N=(oo01],
100 i0 0 010
00 0 X 100
MN=loo—-i|, X=—]|010 |, 2.7
. 7 27)
04 0 00 —2

while that of Pauli matrices are given as

le<o 1)7 7_2:(0.—2')’ 73:<1 0)_ 28)
10 +i 0 0 —1

The transformation law of each gauge field under each gauge symmetry is given by
i
SUB)c : G, — gcGugl + g—cgc%gé, (2.9)

11



7
SUQw : W, — QWWug}L/V + g_WgWauQI/V 5 (2.10)

1
U(l)y : B‘u — Blt + g—@ﬁY , (211)
Y

where go and gy are SU(3)¢ and SU(2), transformation matrix, respectively, and

their explicit form is given as

8 )\A
go = exp ( Zeg‘?) , (2.12)
1

l
A

@

a

. W T
gw = exp <229W5> . (2.13)
a=1

04, 0%, and Oy are gauge parameters and all of them are the real numbers. We can
easily find that Lagrangian of the gauge sector (2.2) is invariant under SU(3)¢ X
SU(2) x U(1)y transformation with arbitrary 64, 6%, and 6y-.

Scalar sector

The Lagrangian of the scalar sector in the SM is composed of a kinetic term of Higgs

doublet H and a scalar potential V:
Lycatar = (D, H)'D'H — V(H), (2.14)
with
V(H) = p?|H|* + \H|*. (2.15)

The covariant derivative D, H is given as

1

12



The transformation law of Higgs doublet H under SU(2), x U(1)y are given as

U(l)y : H— e H, (2.18)

with gy given by Eq.(2.13). We can easily check that the covariant derivative given
by Eq.(2.16) transforms covariantly under SU(2), x U(1)y.

In the SM, the mass of Higgs doublet H is taken to be negative, u? < 0. Due
to this, the scalar potential V' has an extreme minimum at the nonzero field value.
This causes the electroweak symmetry breaking. We will explain its details in the

next section.

Fermion sector

The Lagrangian of the fermion sector in the SM is composed of fermion kinetic terms

and Yukawa terms, with its explicit form given as
3 3 3 3 3
Efermion = Z (jLLquZ + Z llLlplz + Z aﬁ%lpuZR + Z dsﬂlpdﬁ% + Z éZRZpeg%
i=1 i=1 i=1 i=1 i=1

3 3 3
+ <Z yha Huy + Y yha Hdly + > sl Hel + h.c.> . (2.19)

2,j=1 2,j=1 4,j=1

where H in the second line is defines as

H :=ir?H*. (2.20)

The covariant derivative for each fermion field is given as follows:

. . 1

Dlth = <8[L - ZgCGu - Z.gWWu - ZgYéBu) qrL , (221)
. .2

D,uuR = <8u - ZgCGu - ZngBu) UR, (222)

13



, =1
DudR = (a,u - ZgCG,u - ZgY_BM) dr ) (223)

3
. .o —1
D,l, = ((‘L —igwW, — ZQYTB/A> I, (2.24)
D#GR = (8“ - Zgy(—l)Bﬂ) €Rr, (225)

with flavor indices suppressed. y;’, yfj, and yg; are three by three Yukawa matrices
and their components can take arbitrary complex values.

Before closing this section, we will briefly mention the fermion mass terms in the
SM. As you can see in the fermion sector given by Eq.(2.19), the SM fermions do
not have mass terms. This is because the SM fermion is chiral, namely, left-handed
fermions and right-handed fermions are assigned different quantum numbers under
SU(2), x U(1)y symmetry. As shown in Table 2.1, all the fermions in the SM have
nonzero U(1)y hypercharge and so the mass terms of charged fermion are given by

Dirac mass terms,

A£mass - _m<1;L¢R + 7IJRIbL) ) (226)

with ¥ and ¥i denoting a left-handed and a right-handed Dirac fermion, respec-
tively. A significant feature of the Dirac mass term is that it inevitably combines
the left-handed fermion ; and the right-handed fermion v g. Therefore, if ¢, and
g have different quantum numbers under underlying symmetry, the mass terms
(2.26) cannot be invariant under the symmetry. The same thing happens in the
SM. Because the left- and right-handed SM fermions are assigned different quantum
numbers under SU(2),, x U(1)y, their mass terns are forbidden by SU(2); x U(1)y.
In the real world, however, we can see that matters around us have nonzero masses.
This puzzle is resolved by the symmetry breaking of the SU(2)., x U(1)y, which will
be treated in the next section.

So far, we have explained the details of the SM framework. As we mentioned
above, the SM gives descriptions that are far from our intuition: all the SM fermions
are massless and they move around at the speed of light. In the next section, we

will show how to fix this problem and introduce a mechanism generating masses of
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gauge bosons, quarks, and leptons.

2.2 Spontaneous symmetry breaking

In the previous section, we reviewed the foundation of the SM and found that the SM
is the chiral theory: each SM fermion is assigned different quantum number according
to its handedness under the SU(2), x U(1)y symmetry. Because the fermion mass
terms inevitably combine the left-handed and right-handed fermions, we can not
write down the mass terms in the chiral theory. In this section, we will focus on this
topic.

As we briefly mentioned in the previous section, the scalar sector of the SM,
given by Eq.(2.14) plays a crucial rule in electroweak symmetry breaking. The scalar

potential V' in the SM scalar sector is given by
V(H) = p?|H|?> + \H|*. (2.27)

Due to the negative mass squared, p?> < 0, the scalar potential V' has extreme
minimum at the nonzero field value. The field value at the extreme minimum is

called vacuum expectation value and in this case, its explicit form is given by

1 {0
<H>:ﬁ <U) : (2.28)

with
v=1/——. (2.29)

The nonzero vacuum expectation value of the Higgs doublet cause the electroweak
symmetry breaking. This can be easily seen by acting SU(2), xU(1)y transformation
matrix on the vacuum expectation value given by Eq.(2.28). The transformation law
of Higgs doublet H under SU(2), and U(1)y symmetry is given by Eq.(2.17) and
Eq.(2.18), respectively. If we take the transformation parameters 6, and 0y quite

small and consider infinitesimal transformation under SU(2), x U(1)y, H transforms

15



under each symmetry as

SU2). : H— H+6wH, (2.30)
with
> T¢ 1
5wH =1 (azl 9%3) H, (SyH = ZQYEH (232)

Replacing Higgs doublet H in Eq.(2.32) with its vacuum expectation value (H)
given by Eq.(2.28), we can easily see that vacuum expectation value (H) breaks
SU(2)r x U(1)y symmetry because it changes its value under SU(2), and U(1)y

transformation:

(Z HW%> (H) #0, (2.33)

1

Oy 5 (H) £ 0. (2.34)
Considering the special transformation with 6, = 6%, = 0 and 63, = 6y, however,

we can keep (H) invariant:

7'3 12
961’[1 s ~ H) = O, 2.35
(5+3) (2.35)
with

Oom = 05, = Oy . (2.36)

This means that (H) breaks SU(2), x U(1)y to the diagonal combination of U(1),
and U(1)y, where U(1), denotes the subgroup of SU(2),, with its generator given by
73/2. As notation suggests, this diagonal combination is the symmetry associated
with electromagnetic interaction, U(1)ey,. Therefore, the nonzero vacuum expecta-

tion value of Higgs doublet (H) breaks SU(2); x U(1l)y symmetry to its subgroup

16



U(Dem-

It is worth pointing out that the field value of H giving an extreme minimum of
the scalar potential V' is not only the value given by Eq.(2.28), but there are a series
of equivalent vacuum. When Higgs doublet H takes nonzero vacuum expectation
value, only one vacuum is chosen from the series of equivalent vacuum and this
cause symmetry breaking of SU(2);, x U(l)y. Such symmetry breaking is called
spontaneous symmetry breaking. As we will see in the remainder of this section,
spontaneous symmetry breaking plays a crucial role in giving masses to the SM

gauge bosons and fermions.

Now, let’s consider the consequence of spontaneously breaking of the electroweak
symmetry. Rewriting Higgs doublet H in terms of its vacuum expectation value
given by Eq.(2.28) and the fluctuations from the vacuum,

wT

H= , (2.37)

(v+h+iz)/V2

and substituting Eq.(2.37) into the scalar sector (2.14), we get Lagrangian in the
broken phase. From the potential term of Eq.(2.14), we get

1
V(H) = §m,21h2 + Avh® + 2h4 + Mwtw™)h? + %thQ

+ 22 0(wtw )b 4+ Avzh + AMwtw ™) + Mwtw )2 + %z4 : (2.38)
with the mass of h given by

m; = V2\v. (2.39)

The scalar matter field A is called Higgs boson. In 2012, the scalar boson with its
properties consistent with the SM Higgs boson was finally discovered in the LHC
and all the particles predicted by the SM are observed. The mass of the Higgs boson

17



is measured and turns out to be
m; = (125GeV)?. (2.40)

As you can see in Eq.(2.38), scalar fields w® and z have no mass terms. These
massless scalar bosons correspond to the fluctuations along with the flat directions
of the scalar potential: as we mentioned previously, in the spontaneous symmetry
breaking, one vacuum is chosen from the series of equivalent vacuum, so there always
exist the flat direction starting from chosen vacuum to the other equivalent vacuum.
The massless scalar bosons resulting from spontaneous symmetry breaking are called
Nambu-Goldstone bosons (NG bosons). From Goldstone theorem, the number of NG
bosons are equal to the number of broken generators. In the case of electroweak
symmetry breaking, SU(2), x U(1)y — U(1)em, there are three broken generators
and so the three NG bosons should exist, which are denoted by w* and z in Eq.(2.38).

From the kinetic term of the Higgs doublet in Eq.(2.14), we get the mass terms

of gauge bosons
1
(D, H)Y(D"H) > my Wfw =+ + imézuza (2.41)

where weak bosons W and Z are the linear combinations of SU(2); x U(1)y elec-

troweak gauge bosons:

e WEEWE Wi,

a V2o o N

Note that the masses of weak bosons W=, Z are expressed as

1 1
miy = 19wt my = 7/ gk + gt (2.43)

It is worth mentioning degrees of freedom before and after the electroweak symmetry

(2.42)

breaking. A massless vector boson has two physical degrees of freedom called trans-
verse modes, while a massive vector boson has three physical degrees of freedom, a

longitudinal mode and two transverse modes. Therefore, in order for a massless vec-

18



tor boson to acquire its mass, they need to absorb one degree of freedom. In the case
of the SM, three gauge bosons, W* and Z, acquire their masses after electroweak
symmetry breaking, so three degrees of freedom should be provided to these three
gauge bosons. Where do these additional degrees of freedom come from? Actually,
they are provided by three NG bosons arising in the process of spontaneous symmetry
breaking: W* and Z absorb massless NG bosons w® and z, respectively, and obtain
the longitudinal mode to become massive. The mechanism for massless gauge bosons
acquiring their masses through the absorption of would-be NG bosons is called the
Higgs mechanism, and plays a crucial role in generating the gauge bosons’ masses
in the SM. As we will see in the next section, the Higgs mechanism may cause a
serious problem involving unitarity, however. The unitarity violation caused by the
longitudinal gauge bosons is one of the main topics of this thesis.

Before closing this section, we will mention the masses of the SM fermions after
the electroweak symmetry breaking. Replacing the Higgs doublet H in the fermion
sector (2.19) with its vacuum expectation value (H), we can easily see that the
Yukawa terms in the second line of Eq.(2.19) generate the mass terms of the SM

fermions. For a concreat example, from the Yukawa term of lepton fields, we get

3
Syl (Hyep =

1,7=1 3,j=1

Yij Ve, e, . (2.44)

Diagonalizing Yukawa matrix yf; by appropriate field redefinition, we get the mass
terms of the SM leptons.

2.3 Perturbative unitarity

As we mentioned in the previous section, after electroweak symmetry SU(2)p x
U(1)y is spontaneously broken to its subgroup U (1)em, weak bosons acquire the third
degree of freedom, longitudinal mode, and become massive. The longitudinal mode of
massive gauge bosons may cause a serious problem involving unitarity, however: the
scattering amplitude of the longitudinal mode may show an energy growing behavior

and exceed the upper bound coming from the unitarity argument. In this section,
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we will see the details of this topic.

Before the electroweak symmetry breaking, all the gauge bosons are massless
and each of them has two transverse modes denoted by €, and €}, . The important
features of these transverse modes is that they are orthogonal to the momentum

vector k*:
kuer, (k) = kuef, (k) = 0. (2.45)

After the electroweak symmetry breaking, weak gauge bosons acquire the third de-
gree of freedom, longitudinal mode, by absorbing NG boson (Higgs mechanism).
The explicit form of the polarization vector of the longitudinal mode €} with its
momentum being k* = (Ey, 0,0, k) is given as

k Ex

er (k) =(—,0,0,

=.0,0,7). (2.46)

The significant feature of the longitudinal mode, which is absent in the transverse
modes, is that as the energy of the gauge boson increases, the polarization vector e
become gradually parallel to its momentum A*:
o

e (k) = o + O(m/Ey) . (2.47)
This means that the scattering amplitude of longitudinal modes picks up a momen-
tum dependence through the polarization vectors of the external gauge bosons, and
shows energy growing behavior. This is not good from the view of unitarity argu-
ments: in order for the scattering amplitude to be calculated perturbatively, they
should not exceed upper bound coming from the unitarity of the scattering ampli-
tude. We will explain the details of perturbative unitarity in the remainder of this
section.

The scattering angle dependence of each scattering amplitude A can be parametrized

by its expansion coefficients of Legendre polynomials,

A =167 (21 + 1)a;Pj(cosb) . (2.48)
l
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Each coefficient a; has upper bound called unitarity bound coming from the dispersion

relation. The absolute value of coefficient a; must be equal or smaller than unity,
la)| < 1. (2.49)

In Eq.(2.49), the coefficient a; is interpreted to be calculated in all order of the
perturbation. In the practical situation, however, we do not calculate scattering

amplitude A in all order, but only consider the leading order denoted by A",
Atee = 167 > (21 + 1)a}** Py(cos 0) (2.50)
1

If the perturbation works properly, the unitarity bound (2.49) should be respected
by the leading order of the perturbation,

latre| <1, (2.51)

otherwise, we must take into account the higher order contribution to restore the
unitarity and this means the failure of the perturbation. Therefore, checking whether
the unitarity bound (2.49) is respected by the leading order can be used to test the
validity of the perturbation. If Eq.(2.50) is satisfied, we can say that the scattering
amplitude respect the tree level unitarity or perturbative unitarity.

As we mentioned above, the scattering amplitude involving longitudinal mode of
massive gauge bosons, VpV, — V.V, shows energy growing behavior. Therefore,
it can easily exceed the unitarity bound at the high energy. In the case of the
SM, however, these energy growing behavior are completely canceled out by the
contributions coming from the Higgs exchange diagrams. In Fig. 2.1, we show a
series of diagrams contributing to V,V;, — V.V, scattering amplitude in the SM. The
Higgs exchange diagrams which restore the unitarity are shown in the red color in
Fig. 2.1. Thanks to appropriately tuned couplings among observed Higgs bosons and
electroweak gauge fields, shortly the hV'V couplings, the Higgs exchange diagrams

completely cancel energy growing behavior and restore the perturbative unitarity.
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Figure 2.1: A series of diagrams contributing to V.V, — V.V scattering amplitude
in the SM

The important thing is that these delicate cancellations are spoiled if AV V cou-
plings are turned out to deviate from the SM predictions. In that case, the observed
Higgs boson unitalize V,V;, — VV scattering only partially, and additional scalar

fields are needed to restore the perturbative unitarity completely.
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Chapter 3

Higgs Effective Field Theory

The SM in particle physics introduced in the previous chapter has some problems
such as the hierarchy problem mentioned in Chap. 1. To solve these problems, many
new physics models are suggested. Checking every new physics model one by one
takes a lot of time. There is a good approach for extracting universal predictions
about the new physics in a bottom-up manner, which is called the effective field the-
ory approach. In the effective field theory approach, we write down all the invariant
operators consistent with underlying symmetry and set the coefficient of each opera-
tor free parameter. These free parameters are used to parametrize the deviation from
the SM predictions. Representative examples of the effective field theory approach
in the context of the new physics beyond the SM are the Standard Model Effective
Field Theory (SMEFT) and the Higgs Effective Field Theory (HEFT).

The SMEFT is the effective field theory written in terms of matter fields in the
symmetric phase [20-22]. Its symmetry is SU(3)¢ x SU(2) x U(1)y and its matter
contents are given by the SM matter contents listed in Table 2.1. The leading order
of the SMEFT is given by the SM Lagrangian (2.1). The next leading order (NLO)
Lagrangian is the dimension six operators consistent with SU(3)c x SU(2), x U(1)y.
For examples, the NLO Lagrangian involving Higgs doublet H is given as

CH cr
ALxio = S0u(HUH)O*(H'H) + <5 (HTﬁMH> (HTﬁﬂH) , (3.1)
where A denotes the cut-off scale of the SMEFT. In the SMEFT, it is, however,
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implicitly assumed that the observed Higgs boson is coming from the SU(2), scalar
doublet. To remove this assumption and consider the most general set up, we will
focus on the Higgs Effective Field Theory (HEFT), which is constructed by adding

the observed Higgs boson to the electroweak chiral perturbation theory.

3.1 Higgs Effective Field Theory

In this section, we will review the Higgs Effective Field Theory (HEFT) [3-19].
The HEFT is an effective field theory constructed by adding observed Higgs boson
to the electroweak chiral perturbation theory [23-28]. In Table 3.1, we listed all
the matter fields comprising the HEFT, together with their representations under
Lorentz symmetry and SU(3)c X U(1)en gauge symmetry. Note that the SM matter
contents listed in Table 2.1 and the HEFT matter contents listed in Table 3.1 are a
little bit different: the former is classified under SU(3)c x SU(2) x U(1)y symmetry
while the latter is classified under SU(3)c x U(1)y symmetry. In this chapter, we
will call the particles classified under SU(3)¢ x SU(2), x U(1)y symmetric phase
particles and the particles classified under SU(3)¢ X U(1)en broken phase particles.
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Field | spin | SU(3)¢ | U(1)em
Gyl o1 8 0
Wi 1 1 +1
Z, 1 1 0
up g | 1/2 3 +2/3
di g | 1/2 3 —~1/3
e | 1/2 1 -1
Vi 1/2 1 0
h 0 1 0
w* 0 1 +1
z 0 1 0

Table 3.1: Matter contents in Standard Model

Lagrangian of the HEFT in O(p?) order is given as
L= ‘Cgauge + ‘Cscalar + Efermion ) (32)

where Lgquge, Lscalars a0d L germion €ach denotes the gauge sector, scalar sector, and
fermion sector, respectively. In the remaining of this section, we will closely see each

sector in turn.

Gauge sector

The Lagrangian of the gauge sector in the HEFT is given as

1 v 1 v 1 v
Egauge = —§Tr [GMVGM ] — §TI' [W/U,WM ] — ZB/“/BN . (33)

Note that the electroweak gauge fields in Eq.(3.3) are written in terms of symmetric
phase fields W), B, rather than broken phase fields Wj, Z,, A, Tt is possible to

25



rewrite the gauge sector in terms of broken phase fields Wj, Z,, A,, but for later
convenience, we write it in terms of symmetric phase fields W, and B,,.

Scalar sector

The Lagrangian of the scalar sector in the HEFT is given as

U2

1
Locatar = ZF(h)Tr (D, U)' D U] + 5Ouh0"h — V(h) (3.4)
where v is the decay constant of NG bosons:
v =246 GeV . (3.5)

F(h) and V'(h) are arbitrary functions of observed Higgs boson h,

h o @ (b
F(h):1+2/£wz+/<w " +--- (3.6)
L 50 @ (h ’
V(h) = §mhh A =) (3.7)
v
with Ky, /igf,), .- in Eq.(3.6) and my, A®), ... in Eq.(3.7) are free parameters.

Here we assume F'(0) = 1 so that the kinetic terms of NG fields are canonically

normalized. The symbol U is two by two matrix and its explicit form is given as
U = exp (%ﬁ( tro+wTT) + %ZT?’) : (3.8)
where 71 are given as
T4 = %(7’1 +ir?). (3.9)
The covariant derivative D,U is given as

DU = d,U + igwW,U — igyUB, . (3.10)
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Note that the transformation law of matrix U under SU(2), x U(1)y is

U—U =gwUgl . (3.11)

Fermion sector

The Lagrangian of the fermion sector in the HEFT is composed of fermion kinetic

terms and Yukawa-like terms, with its explicit form given as

Lfermion
3 3 3 B 3 B 3
= GiDg, + Y ugiPuy+ > dpiDdy + > iDL+ epilel
i=1 =1 =1 =1 =1

3 3 3
+v (Z @Y (MUPr + 3 @y (WUPrd + 3 BYI(hUP + h.c.> .
ij=1 i,j=1 ij=1

(3.12)

Note that Y¥(h), Y;?(h), and Y¥(h) are three by three matrices and are arbitrary

functions of observed Higgs boson h,

S~

Y, (h) =Y, O +) v ( ) : (3.13)
n=1
o0 " h n

Ya(h) =Y, +> v, (;) : (3.14)
n=1
o0 h n

v =+ v (1) (3.15)
n=1

with flavor indices suppressed. r and 7 are the two-component vectors composed of

right-handed quarks and leptons:

() ) .
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Py is the projection operators projecting to the upper and lower components respec-

tively,

1
Pi2:—12i7—3

— 1
SPE (317)

with 1, being two times two identity matrix. Note that the transformation laws of

the left-handed fermions ¢;, and I, under SU(2), symmetry are given as

qL = 4, = 9w * qr , (3.18)

while the right-handed fermions ug, dg, and eg remain invariant.

The transformation law of all the fermions under U(1)y symmetry are given as

qL = qr, = pqlov] - qr, (3.20)
r—r' = play]-r, (3.21)
Il — 1, = pley] -, (3.22)
n—n = pylev]-n, (3.23)

with
eéey
(). -
e%QY
pT[gY] == 6_%91/ 9 (325)

e_%ey
6_%9Y 9 (326)

e*i@y
poloy] = ( 1) : (3.27)

It is easy to see that the HEFT fermions sector (3.12) is invariant under the SU(2), X
U(1)y gauge symmetry.
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Note that, in order to pursue the perturbative calculation in the framework of the
effective field theory, we need a power counting formula. In Appendix B, we give the
power counting formula for the electroweak chiral perturbation theory (EWChPT).
The EWChPT is the effective field theory written in terms of the SM fields other
than the Higgs boson, and its leading order Lagrangian is obtained by setting h — 0
in the leading order HEFT Lagrangian (3.2). Extending the power counting formula
to incorporate observed Higgs boson is easy.

As we mentioned at the beginning of this section, the HEFT Lagrangian is written
in terms of broken phase fields; all the fields in Table 3.1 are classified under the
broken phase symmetry, U(1)ey,. In spite of this, the HEFT Lagrangian is invariant
under not only U(1)em, but the whole set of SU(2), x U(1)y symmetry. This seems
strange, but if we look closely at the interaction terms in the HEFT Lagrangian
(3.2), we can find that the SU(2), x U(1)y symmetry actually exists, and forbid
some parts of U(1)ep-invariant interactions.

Assume that the HEFT respects only U(1)e, symmetry, not the whole set of
SU(2)p x U(1)y symmetry. In that case, the HEFT Lagrangian should include all
the U(1)em-invariant and Lorentz-invariant interactions, because effective field theory
should be composed of all the consistent terms with its symmetry. Then, in addition
to interaction terms in Eq.(3.2), the HEFT Lagrangian should also include the mass

terms for the NG bosons:

mypwtw™ %mizQ : (3.28)
As we see in Eq.(3.2), however, the HEFT scalar potential V' (h) only depends on the
observed Higgs boson h, and does not depend on the NG fields w* and z. The absence
of the mass terms of NG fields is due to the remnant SU(2), x U(1)y symmetry. As
we see later, the remnant SU(2), x U(1)y acts on NG fields as some kind of shift
symmetry, and this shift symmetry forbids the potential of NG boson fields.
Generally speaking, if the symmetry group G is spontaneously broken to its
subgroup H, the symmetry group G is not really broken, but it remains as non-

linearly realized symmetry in the broken phase.
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3.2 Non-linearly realized symmetry

As I mentioned at the end of the previous section, if global symmetry G is spon-
taneously broken to its subgroup H, G is not really broken but it remains as a
non-linearly realized symmetry. The properties of the non-linearly realized symme-
try play important roles in the HEFT, so we will treat its details and reveal what
the non-linearly symmetry is, and how it can be useful for writing down EFT. In the
remainder of this section, I will describe the concept of the non-linearly realized sym-
metry using a simple example: O(N) linear sigma model with symmetry breaking
pattern O(N) — O(N —1).

Firstly, we will briefly describe a setup of O(NV) linear sigma model. The La-

grangian of the O(NN) linear sigma model is given as follows:

L= 10,895 V(0). (3.29)
V(e) = 5@ + J6), (3.30)

where gg is a IV component scalar field in the fundamental representation of the global

O(N) symmetry. The transformation law of ¢ under O(N) is given as
ON):¢—d =99, (3.31)

where g is a transformation matrix of O(NN) and its explicit form is written in terms
of O(N) generator T* as

g = exp (i@gT‘L> . (3.32)
Here we adopt the following normalization condition for the O(N) generators,
Tr [T°T"] = Ly (3.33)
2

If the scalar potential V' has a negative mass term (u* < 0), then the potential
V' becomes a wine bottle type potential, just like the SM, and the scalar field takes
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a nonzero vacuum expectation value

(9) =/ _T”Z = 0. (3.34)

As a result, O(N) symmetry is spontaneously broken to its subgroup O(N — 1).

This is the set up of O(N) linear sigma model, and in the remainder of this
section, we will rewrite the symmetric phase Lagrangian (3.29) into the broken phase
Lagrangian, and see how the O(N) symmetry is realized in the broken phase. When
O(N) is spontaneously broken to its subgroup H, the generators of O(N) symmetry,
T* can be divided into the broken generator denoted by X* and the unbroken
generator denoted by S¢,

T = {X°, 5°}. (3.35)

Because the number of original O(N) generators is N(N — 1)/2 and the remaining
unbroken O(N — 1) symmetry has (N — 1)(N — 2)/2 generators, the total number
of broken generators is N — 1. According to Goldstone’s theorem, associated with
these N — 1 broken generators, the N — 1 number of Nambu-Goldstone bosons (NG
bosons) arise. Now the scalar field ¢ can be rewritten in terms of fluctuation fields
from the new vacuum (¢): ¢' can be expressed in terms of the N — 1 NG bosons
which are denoted by 7 (a = 1 ~ N — 1) and one scalar matter field denoted by o

as
52(771,772,--- N w4 o)t (3.36)
Substituting Eq.(3.36) into Eq.(3.29), and neglecting constant terms, we get the

broken phase Lagrangian given as

1 1 1 A
L= 5(3“7? -oMT + 5@08“0 — §m302 — 104 — \vo® — \u(7 )% —

~] >

(7)", (3.37)
where the mass of the scalar field o is given as
My = V2\v. (3.38)
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As we mentioned in the previous section, when the global symmetry G is sponta-
neously broken to its subgroup H, the broken phase Lagrangian respects not only
the unbroken symmetry H, but also the whole set of G symmetry, which is real-
ized as the remnant symmetry at the broken phase. Applying this statement to this
O(N) sigma model example, the broken phase Lagrangian (3.37) respects not only
the unbroken O(N — 1) symmetry but also a remnant O(N) symmetry.

Before we see the details of the remnant O(N) symmetry, let us consider the
choice of the coordinate system in the field space. When we write down the broken
phase Lagrangian (3.37), we firstly express the original scalar field ¢’ in terms of new
fluctuation fields o and 7* like Eq.(3.36). The parametrization Eq.(3.36) corresponds
to the Cartesian coordinate system in the field space. For illustrating the non-
linearly realized symmetry, however, the other choice of the coordinate system, a
polar coordinate system, turns out to be more convenient. In the remainder of this
section, we will adopt the polar coordinate system and see how the remnant O(N)
symmetry is realized in the broken phase.

Firstly, let us consider the parametrization of the NG boson fields in the polar
coordinate system. NG boson is a massless particle and therefore it parametrizes the
flat direction in the field space. This means that NG boson is a fluctuation along
with the super surface composed of a series of equivalent vacuum. Therefore, we can
regard NG bosons as coordinate variables which transform one vacuum vector F to

another equivalent vacuum:
Em)-F=F'. (3.39)

On the other hand, a scalar matter field o is a massive particle and needs nonzero
energy when it is excited from the vacuum. Therefore it can be regarded as coordinate
variable parametrizing the radial direction. As a result, O(N) multiplet gz_g can be
decomposed into a fluctuation along with a flat direction and excitation along with

the radial direction,

6=w+o0)é(n) F, (3.40)
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where ¢ is the N x N unitary matrix living in coset space G/H and F is a unit vector

directing to the vacuum,
&(m) = exp (Lr“X“) : (3.41)
F=(0,---,0,1)7. (3.42)

with X denoting broken generator. The schematic picture of the decomposition
(3.40) is shown in Fig. 3.1.

Figure 3.1: Polar decomposition of the O(N) multiplet gg

Note that the vacuum vector F is invariant under the unbroken O(N — 1) trans-

formation:
h-F=F, heON—1), (3.43)
where explicit form of b is given as
b = exp (i6;5%) . (3.44)

As we mentioned previously, O(N) symmetry is not really broken in the vacuum but

remained as the non-linearly realized symmetry. In the remainder of this section, we
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will see this using the polar coordinate system introduced above.

To understand the concept of non-linearly realized symmetry, let us consider the
transformation law of o and 7 under the O(N) symmetry. We can easily anticipate
the O(N) transformation law of o and 7 from Eq.(3.31) and Eq.(3.40). Substituting
Eq.(3.40) into Eq.(3.31), we get

O(N) : qg:(v—i—a)g(ﬁ)-ﬁ—mz_ﬁ":(v+0)g-§(7r)-ﬁ. (3.45)

As we see in (3.45), the transformation matrix g pass through (v + o) and only acts
on the &(7) - F. From Eq.(3.45), we can anticipate the O(N) transformation law of

o and £ as
O(N) : 0 =0, E(m) = g-&(m). (3.46)

The fact that F' is invariant under O(N —1) (see Eq.(3.43)) allows b to act on ¢ from
the right side. So the O(N) transformation law of ¢ is modified from Eq.(3.57) to

O(N) = &(m) = g-&(m)-b". (3.47)

At this point, the insertion of h in Eq.(3.47) seems to be arbitrary, but in the following
discussion, we will find that h7 is necessary to give the appropriate transformation

law of .
From the explicit form of £(7) given by Eq.(3.41), we anticipate that the O(N)

transformed matrix £(7’) should be expressed as
&(n') = exp (EW/GXG> : (3.48)
v

The O(N) transformation law given by Eq.(3.57) is, however, contradict to Eq.(3.48)
because g - £ in Eq.(3.57) is no longer the element of G/H, but the element of G:

O(N) : &= g-&(m) #&(x), (3.49)

so we must conclude that Eq.(3.57) is not appropriate for the O(NN) transformation
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law of .

This problem can be fixed by the following theorem: if G has subgroup H, the
group element of G can be always expressed by the product of group element of H
and that of G/H. According to this theorem, we can always divide g-&(7) into &(7')
living in G/H and b living in H like

g-&(m) =&(x') - b, by) . (3.50)

Here we write h as h(7, §;) to emphasize that b in Eq.(3.50) generally depends on the
NG fields 7 and O(N) transformation parameter 6, given in Eq.(3.32). Multiplying
HT to both side of Eq.(3.50) from the right, we get

E(r') =g-&(m) - b (m.0y), (3.51)

and we interpret Eq.(3.51) as the transformation law of £. As we mentioned, the
insertion of b is allowed from the discussion above Eq.(3.47).

Eventually, we get the following O(N) transformation law of o and &
O(N) : 0 =0, E(m) — g-&(m) - hT(m, 0,) . (3.52)

Now it is clear the meaning of “non-linearly realized symmetry.” O(N)-transformed
field 7’ is no longer the linear combination of the original field 7= but the non-linear

function of T,
7’ = const. shift + m + O(7?), (3.53)

and this is why 7 is called the non-linear representation of O(N).

So far, we describe the concept of the non-linearly realized symmetry using
O(N)/O(N — 1) as the example and see the associated NG bosons transform non-
linearly under O(N). In general, the non-linear property we described above is com-
mon in any symmetry breaking pattern G — H: when G is spontaneously broken to

its subgroup H, fields in the broken phase transforms non-linearly under G.
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In any symmetry breaking pattern G — H, the associated NG fields can be

always regarded as the coordinate parametrizing the coset space G/H,

&(m) = exp <%7T‘ZX“) : (3.54)
with X denoting the broken generator. The transformation law of £ under G/H is
given as

G : &(m) = &) =g &) - b (7, 6,), (3.55)
geaq, he H. (3.56)

This fact leads us interesting possibility: if our vacuum respects the symmetry H and
if we somehow know that H is the remnant symmetry resulting from the spontaneous
symmetry breaking G — H, we can use not only the symmetry H but also the non-
linearly realized symmetry G to restrict the allowed operator at the broken phase.
How can we write down the non-linearly realized G invariant theory, then? The

answer to this question will be given in the next section.

3.3 CCWZ formalism

In the previous section, we describe the concept of the non-linearly realized symmetry
and see that the NGB associated with G/H transforms non-linearly under G. In the
last part of the previous section, we see that the non-linear realized symmetry may
be useful to restrict the possible operator in the broken phase, but how can we write

down effective field theory respecting non-linearly realized symmetry?

To capture the property of the non-linearly realized symmetry, we again focus on

the transformation law of £ matrix under the G' symmetry,

O(N) : £(m) = &(x) = g- E(x) - b7 (. 0y) . (3.57)

The key thing is that the transformation matrix h(7, ;) € H depends on the space-
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time coordinate z* though the NB boson field 7(x), so even if we consider the global
O(N) transformation law of &, £ matrix essentially experience the local transforma-
tion.

Now the important features of the non-linearly realized symmetry become clear:

e (5 is non-linearly realized at the broken phase in the sense that the NG bosons

and matter fields transforms in a non-linear manner under G.

e Fields in the broken phase experience local transformations under non-linearly

realized G symmetry even if G is introduced as the global symmetry.

In order to write down the effective field theory with symmetry breaking pattern
G — H, we must construct operators invariant under the local and non-linearly
realized symmetry G. How can we construct such operators?

The answer to this question was given some decades ago by C. G. Callan, S.
R. Coleman, J. Wess and B. Zumino [29-31]. They show how to construct the
building blocks for writing down the non-linearly realized G invariant operators.

The fundamental quantity is the Cartan one-form given by

a,(m) = %f(ﬂ)_lﬁug(w). (3.58)

From Eq.(3.55), we can derive the transformation law of «, under the global sym-

metry G,

G :a,(m) = a,(r') = b, ), (m)h (7, 0,) + %f)(w, 000,67 (7, 0,).  (3.59)

o, is G-valued tensor and can be decomposed into broken and unbroken generator

as

o, = O‘Hu"'O‘L/m (3.60)
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with

oy = Tra,5 S, (3.61)
ay, = Tro, X X°. (3.62)

Note that the normalization conditions for unbroken and broken generators are given

as

Tr [$°S°] = 6, (3.63)
Tr [X°X"] = 6. (3.64)

Substituting Eq.(3.60) into Eq.(3.59), we get

aHM(Tr/) + aJ—#(TF/) = h(ﬂ-v QQ)O‘HM(W)[]_I(W? 99) + %f)(?‘(, 69>aub_1(7rv 99)
+b(m, ), (m)h ™ (7, 6,) . (3.65)

We can easily show that the first line of Eq.(3.65) belongs to H: by definition,
o), € H is the adjoint representation of H, so the first term is the element of H.
The second term also belongs to H for the same reason why o, given by Eq.(3.58)
belongs to G. As for the second line of Eq.(3.65), we can show that it belongs to
G — H by checking the orthogonality between ha, h~1 and S%

Tr [pai,h ™5 = Tr [hai,bh " S(bh )]
= Tr [, S’ [pg )"0 "]
=Tr [ame} [on]6"
=0. (3.66)

Now we can extract the transformation law of v, , and o, under G' by decomposing

Eq.(3.65) into unbroken and broken generator part:

(') = b(r, ‘99>O‘||u(7r)bil(7ﬂ 0,) + %h(”a 99)8;1[371(77 0q) , (3.67)
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(') = b(m,0g) o, (m)h ™ (m,6;) - (3.68)

As shown in Eq.(3.68), a, transforms homogeneously under G and we can build

the non-linearly realized G invariant operator using o, as

U2

L, = 3Tr [ 0] . (3.69)

Rewriting Eq.(3.69) in terms of the NG boson 7 , we can see that Eq.(3.69) gives the
kinetic term of NG bosons. The factor v? in front of the operator is for the canonical
normalization of the NG bosons.

Note that a group of broken generators, { X} comprise reducible representation
under H in general: {X“} can be divided into some irreducible representation groups
{XYy, {X}, ---, {X°"} and they transform by U(1)e, matrix b in particular

representation, px (),

bXh 1 = [px(h)] "5 X7 (3.70)
hX*p~" = [px ()] 5 X7, (3.71)
X5 = [pxr(h)]" 5 X7 (3.72)
In that case, associate NG boson fields {7}, {7®'}, - -, {7®"} also comprise different

multiplets under U(1)en, and we can assign the different decay constants to these
NG boson fields:

() = exp (%waxa> , (3.73)
5(770/) = exp (Ui/ﬂa’xa) , (3.74)
E(m®") = exp <Ui”7TO‘HXO‘N> . (3.75)
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Then, the operator Eq.(3.69) is modified to

2 /2 U”2

L. = %Tr [y 0] + %Tr [a/ o]+ 7Tlr [ "] (3.76)
where ay,, o, -+, o], are defined according to Eq.(3.62) with broken generator
X replaced to X*, X, ..., X respectively. The most familiar example of this

case is the symmetry breaking pattern of SM: SU(2), x U(1l)y — U(1)em. We will
give the explicit construction of the EFT with this symmetry breaking pattern in
Sec. 4.

3.4 Perturbative unitarity in HEFT

Before closing this chapter, we will briefly mention the perturbative unitarity of the
HEFT. Remember that the scattering amplitude among longitudinal gauge bosons
ViV — Vi Vi, shows energy-growing behavior in general, and may violate the pertur-
bative unitarity. In the case of the SM, this energy growing behavior are delicately
canceled out by the contribution from the Higgs exchange diagrams. Because the
cancellation in the SM is realized by appropriately-tuned AVV couplings, the de-
viation from the SM predictions in hV'V' coupling easily spoil the cancellation and
reoccur the unitarity violation.

The purpose of the HEFT is describing the effects of the new physics and the
HEFT has many free parameters for describing the deviations from the SM predic-
tions. The hV'V coupling is also set to be a free parameter in the HEFT. As we
mentioned above, the deviation from the SM predictions in AhV'V coupling spoils the
cancelation of the energy growing behavior in VpVy, — V.V scattering amplitude.
We expect that this energy growing behavior may be cancelled by the new particles’
contribution. Because the HEFT include only the SM particles, however, the energy
growing behavior in V.V, — V, V], scattering amplitude is never cancelled out once
hV'V coupling deviate from the SM predictions. Eventually, V;V;, — V. V| scatter-
ing amplitude violate the perturbative unitarity at a certain energy scale and this
sets the upper limit of the energy scale where the HEFT is applicable. The energy

scale of the unitarity violation can be expressed in terms of the deviation in the hV'V
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coupling as

Am—2T0 (3.77)
11— kil
with Ky given in Eq.(3.6). At the energy scale above A, the perturbative calculation
in the HEFT becomes non-reliable.

If the new physics weakly interact with the SM particles, we expect that the new
particles appear below the energy scale A, namely, M., < A with M., denoting new
particle’s mass. In order to directly produce the new physics particles, we should
know which scattering channel is more efficient for producing the new particles.
This cannot be done in the existing effective field theory framework because the new
particles are integrated out and we cannot treat the production process of the new
particles. We must extend the HEFT to include the new particles degrees of freedom.
In the next section, we will extend the HEFT to incorporate the arbitrary number

of the scalar fields with arbitrary electromagnetic charges.
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Chapter 4

Generalization of Higgs Effective
Field Theory

As we mentioned in the previous chapter, the HEFT introduced in Sec. 3 is the
most general effective field theory composed of the observed particles. The HEFT
includes all the operators consistent with SU(3)¢c x SU(2), x U(2)y gauge symmetry,
and a coefficient of each effective operator is set to be a free parameter, which can
parametrize the deviation from the SM prediction. Because the HEFT has so many
free parameters, it can deal with any pattern of deviations from the SM predictions.
Therefore, the HEFT can take into account the various types of new physics effects
to low-energy physics.

The important thing is that the HEF'T is quite useful for parametrizing deviations
from the SM predictions, but because it is written in terms of the observed particles
only, it does not suit for constraining the new particles’ properties. For a concrete
example, within the HEFT framework, we cannot calculate the production cross
section of the new particles. This is because, in the framework of effective field
theory, all the heavy particle degrees of freedom are removed by integrating out.
This means we cannot treat physical processes with the heavy particles appearing
in the initial or final state, such as decay or production process. Of course, the
information about the new particles does not vanish completely in the low-energy

effective Lagrangian, but is parametrized in the coefficient of each effective operator.
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Because the value of each operator coefficient reflects various effects of new particles,
however, it is difficult to extract the information about each new particle’s properties
from these coefficients. Therefore, in order to obtain the concrete predictions about
the new particles’ properties, we must extend the HEFT so that it includes new
particle degrees of freedom.

Considering the possible UV models realized above the electroweak scale, there
are various kinds of candidate of new particles: they can be scalar fields, fermion
fields, and vector fields. In this chapter, we will focus on new scalar particles, be-
cause we are interested in the mechanism realizing electroweak symmetry breaking:
as we mentioned previously, we believe that understanding the way to break elec-
troweak symmetry is the key to solve the hierarchy problem, and the scalar particles
may play an important role in the symmetry breaking. For a concrete example, if
we try to solve the hierarchy problem by generating the electroweak scale dynami-
cally, the observed Higgs boson can be a composite particle and various interactions
involving the Higgs boson are modified from the SM predictions. This model is a
so-called composite Higgs model. In the framework of the composite Higgs models,
the additional global symmetry breaking is assumed at the energy scale above the
electroweak symmetry breaking scale, and the observed Higgs boson is interpreted
as a pseudo NG boson getting its nonzero mass through the explicit breaking of
the underlying global symmetry. The minimal realization of the composite Higgs
models consistent with the electroweak precision measurements is well-known as the
minimal composite Higgs model with its global symmetry breaking pattern given by
SO(5)/SO(4) [49]. Besides, if we also try to incorporate dark matter into the com-
posite Higgs’ framework, its coset space is enlarged from the minimal one and the
additional scalar fields are predicted. This model is called the non-minimal compos-
ite Higgs models. For an explicit example, the non-minimal composite Higgs model
with its symmetry breaking pattern given by SO(6)/SO(5) predicts the additional
light scalar particle, which plays the role of dark matter.

In this chapter, we extend the HEFT so that it includes the arbitrary number
of neutral and charged scalar fields. The authors of [50] already constructed the
extended HEFT including the arbitrary number of neutral scalar fields. The work of
this thesis is the further extension of [50].
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4.1 Generalized Higgs Effective Field Theory

In this section, we will construct generalized Higgs Effective Field Theory (GHEFT)
so that it includes the arbitrary number of neutral and charged scalar fields. Note
that, just like the HEFT introduced in Sec. 3, the GHEFT is written in terms of
broken phase fields. To add new scalar fields to the HEFT keeping the invariance
under non-linearly realized SU(2), x U(1)y, we must rely on the CCWZ formalism
introduced in Sec. 3.3.

Before entering the details of GHEFT, let us introduce the main feature of the
GHEFT. The symmetry of the GHEFT is SU(3)¢c x SU(2) x U(1)y, and its matter
contents include new charged and neutral scalar matter fields as well as SM fields.
The list of matter contents of the GHEFT is given in Table 4.1.

Field | spin | SU3)¢c | U(1)em
G;‘ 1 8 0
Wj 1 1 +1
Z, 1 1 0
uh g | 1/2 3 +2/3
dyp | 1/2 3 —1/3
63:,3 1/2 1 -1
veo|1/2 1 0

h 0 1 0
w* 0 1 +1
z 0 1 0
! 0 ny a

Table 4.1: Matter contents in the Generalized Higgs Effective Field Theory

Note that we collectively express observed Higgs boson as well as new scalar

matter fields by ¢!, which will be explained in detail later. In the next section, we
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focus on the NG boson sectors and the matter sectors in the GHEFT in turn.

4.2 Construction of GHEFT

In this section, we will construct the GHEFT introduced in the previous section
relying on the CCWZ method.

4.2.1 NG bosons

The generator of unbroken symmetry U(1)., can be written as

S:%<73 73> | (4.1)

Note that, in (4.1), upper-left two by two matrix denotes SU(2), subspace, and lower-
right two by two denotes that of U(1)y. The form of unbroken U(1)en generator
is reasonable because unbroken U(1)ey is the symmetry which rotate U(1)y and
U(1), subgroup of SU(2), in the same angle. In the symmetry breaking pattern
SU(2)r x U(1)y — U(1)em, there are three would-be NG bosons, w® and z, which
are going to be eaten by gauge fields W= and Z. In this chapter, we choose the three

broken generator as

o LT B 3 1[0
w3 (7)) e we()

Using the unbroken generator introduced above, we can express transformation ma-

trix of the unbroken symmetry U(1)epn, as

' €i0h§
b = exp (i0,S) = ( o ) : (4.3)
e Why

The important thing is that the broken generators X? and X3 transform inde-

pendently under U(1)e, symmetry, namely, {X!, X?} and X? comprise irreducible
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representation ! :

cosf@ sinf 0
h(X', X2 XHp = (X, X2 X3 | —sinf cosf 0 | . (4.7)
0 0 1

We can see that a transformation matrix on the RHS is block diagonalized. This
means that broken generators {X', X?} and X? transform independently under
U(1)em, and so each comprise irreducible representation. In that case, as we men-
tioned in the end of Sec. 3.3, we can assign different decay constants to NG bosons
associated with {X!, X?} and X?3. Here we assign a decay constant v to NG boson
fields w'?, which are associated with broken generators X1?2 and assign a decay
constant vz to NG boson field z, which is associated to the broken generator X?3.

In this case, & can be written as

£ =exp (% Z w“XO‘) exp <izX3) . (4.8)

v
a=1,2 4

The transformation law of matrix £ under SU(2), x U(1)y are given as

5—>§’:g-5-h*(7r,99), (49)
gc SU(2)L X U(l)y, (410)
beU()em- (4.11)

Cartan one-form defined by Eq.(3.58) is written in terms of £ given by Eq.(4.8) as

o, = %g*aﬂg. (4.12)

1To get Eq.(4.7), we used the following formulae:

g3 —_i013 .

3 e F = 1 cosf — Tysiné (4.4)
073 _ipT3 .

€% rpe % = 7,806 4 15 cos 6

073 _ipT3

€l92’7'36 0 = T3
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The next step is decomposing «, into unbroken generator part and broken generator

part like
Q= Qo (4.13)

where their transformation law under SU(2), x U(1)y is given as

1
a\/\u = b(m, 99)04”#[)T(7r, 0y) + ;U(W» eg)auf)T(Wa 0q) , (4.14)
O/Lu = h(m, 0)ar, b’ (7, 6;) . (4.15)

Note that when we choose the broken generators X¢ as Eq.(4.2), X! and X? are
orthogonal to S, but X? is not.

Tr [X°S] #0 (4.16)

Because the unbroken generator S and broken generators X* are not orthogonal, the
projection of «, to the unbroken generator S does not give «,, and the projection
of v, to the broken generator X does not give o ,:

oy, # Tra,S] S, (4.17)
iy # Trie, X X", (4.18)

The HEFT Lagrangian introduced in Sec. 3 is constructed with an assumption
that its global symmetry breaking pattern is SU(2), x SU(2)g — SU(2)y. In that
case, the decomposition of Cartan one-form into unbroken and broken generator
parts is not so difficult as we show inappendix A, because the coset space SU(1), %
SU(2)g/SU(2)y is symmetric: commutation relations of the generators have the
parity symmetry 7, defined by Eq.(A.7). This parity symmetry gave us guidelines
on how we can decompose the Cartan one-form into unbroken and broken generator
parts.

In the GHEFT case, we will treat new physics effects as model-independent as

possible, so we do not assume any global symmetries: a global symmetry breaking
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pattern of the GHEFT is identical to that of the SM gauge symmetry breaking,
SU2), x U(1l)y = U(1)em. Because a coset space SU(2)p X U(1)y /U(1)en is not
symmetric space, commutation relations of the unbroken generator S and the broken
generators X do not have parity symmetry 7, any longer.

The decomposition of Cartan one-form into unbroken and broken generator part
is not so easy, so we will consider extracting the unit of transformation. when we
consider the basis of the unbroken and broken generator, we identify the upper-left
two by two matrix to be SU(2), subspace, and the lower-right two by two matrix to

be that of U(1)y. In this notation, £ can be expressed as

_(éw
() "

éw = exp (% Z waTO‘> , éy = exp (izf)’) ) (4.20)

a=1,2

with

If we express transformation matrices g € SU(2), x U(1l)y and h € U(1)en as

g:<gWA ) h=(6 ) (4.21)
gy )

with
3 —a
dw = exp (z Ze‘;v?> : (4.22)
,7_3
gy =exp | iy |, (4.23)
A~ 7'3
h =exp iGh(w“,z,HWﬁy)E : (4.24)

then the transformation law of &y and & under SU(2);, x U(1)y can be expressed
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given as
éw - gWéWF)T 5
& — dvévb. (4.26)

Then we find that the following quantities have simple transformation law

. Loy o2
Q= —gg;au v, (4.27)
3 L
Gryp = Zd‘iug , (4.28)
a=1
with each component of af, (a =1~ 3) given as
1- A
di,u =Tr |:Z£IJEVa,u£WTa:| ) <Oé = 17 2) X (429)
(4.30)

— T SO - T 160,67

We can easily check that, under SU(2)., x U(1)y symmetry, oy transforms like gauge
fields and «; transforms homogeneously

Oéllu - bo‘Hub + [j@ h', (4.31)

&), =hauh'. (4.32)

Note that {af,} and o}, comprise irreducible representation
«(h) 0

({dLu} Ouu) ({O‘J_u} CYL,L)( 0 1

with
p(h) = exp (i6y (7, 9)72) . (434)
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Now we can write down the operator respecting non-linearly realized SU(2), xU(1)y

using o,
13
Lo=5) Gt (4.35)
a,b
where Ggl),) is a three by three matrix with its explicit form given as

GO = V2 . (4.36)

2
Uz

1
4

Further calculation lead Eq.(4.35) to simpler form

2 2

Lr= ”ZzTr [(0,U)10*U] — Tr [UT(0,U)7] Tr [UT(0,U)73] . (4.37)

with
U= Ewél . (4.38)

4.2.2 Matter fields

Next, we will consider adding new scalar matter fields to the HEFT Lagrangian.
Here we consider adding n¢c charged scalar fields and ny neutral scalar fields to the
HEFT matter contents.

Firstly, we will consider charged scalar fields.Note that the charged particles are
expressed by complex fields, and if we add a complex scalar field with its electro-
magnetic charge +¢, we must add its antiparticle with the same mass but opposite
charge —¢q, which is expressed by Hermitian conjugation of the original field. The n¢
pairs of charged scalar particles and anti-particles are written in terms of the 2n¢

number of real scalar degrees of freedom as

¢1 :|:Z¢2 ¢3i2¢4 ¢2nc—1 iz‘¢2no
\/§ Y \/§ ) ) \/§ Y
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where ¢! - .- ¢?"¢ are real scalar fields. If we assign electromagnetic charge Fq; to
the charged scalar fields (¢ 4= ¢**+1)/1/2, then, its transformation law under U(1)em

is given by

) ¢k _ igka eTiak0 ) ¢k _ Z'¢k+1
— — — : (4.40)

with k£ runs from 1 to ne.

Combining with the remaining ny real scalar fields which are labeled as

ngnC—i-l’ ¢2nc+2’ ¢2nc+nN’ (4,41)

)

we can express all the charged and neutral scalar matter fields in terms of real scalar

degrees of freedom as

Charged Neutral

o {;;517 oo, PO, ;b2nc+17 e ¢2”C+"N‘}_ (4.42)

The transformation law of scalar matter fields ¢’ under non-linearly realized SU(2),x
U(1)y is quite simple. Because charged scalars’ transformation law under U(1)ey, is
given by Eq.(4.40) and neutral scalar fields do not transform under U(1)en, the

transformation law of ¢! is given by

¢" = lpo(h(m, 96,))]" 10", (4.43)

where

po(N(T, 96,)) = explifn(m, gc,)Qy] , (4.44)
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with Qg being (2n¢ 4+ ny) x (2ne + ny) matrix given by

q102

Qp = ine : (4.45)

with o9 = 75. Because the transformation matrix (4.44) depends on NG fields, it is
a local transformation. Therefore, in order to write down invariant operators under
SU(2) xU(1)y, we must define a covariant derivative. As we see at the beginning of
this section, unbroken generator part of Cartan one-form, o, transforms like gauge

field, so we can construct covariant derivative as

(Do) = 0,0" +iV3[Qy)" 197, (4.46)

with V] given as

1~ ~
Vg = -Tr [25;(8M§y)73] + cdiu. (4.47)

where ¢ is an arbitrary constant.
Now we can write down the GHEFT Lagrangian respecting the non-linearly re-
alized SU(2), x U(1)y symmetry. The building blocks are given as

&y, (Do) (4.48)

The most general O(p?) Lagrangian invariant under non-linearly realized SU(2)y x
U(1)y is given by

1 1
L= QGab@‘iu@bH +Garal,(D"9) + §G1J(Du¢)1(9“¢)‘] -V, (4.49)

where Gg,, Gor, Gy are functions of NG bosons and scalar matter fields, which
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transform homogeneously under SU(2);, x U(1)y.
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Chapter 5

Geometry of the Scalar Sector

The origin of various physical phenomena can be understood from the behavior of
the elementary particles, and what controls the rules of these elementary particles
is quite simple in theoretical particle physics: interaction operators in Lagrangian.
Interaction operators are quite important in the sense that they determine how par-
ticles interact with each other: if there is an operator that connects a particle A and
a particle B with a large coupling constant, these particles are expected to interact
strongly with each other, and if there are no operators connecting particle A to B,
they never interact with each other in the tree level. They may interact from the
higher order of the perturbation, but their interactions are expected to be weak.
Furthermore, basic observables such as decay rate and scattering cross section are
written in terms of the coupling constants, which is the coefficients of the interaction
operators.

There is one subtle point, however. The forms of the interaction terms are affected
by a choice of the field basis of the particles: if we take the different field basis, the
appearance of the interaction operators may be drastically changed. The change of
the coordinate system is, however, a quite artificial process and it should not affect
the physical observables such as decay rates or scattering cross sections. Considering
these situations, one simple question may arise: how can it be possible to get identical
results under the different choice of field basis? In this chapter, we will focus on this

topic.
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5.1 Different interactions for different coordinate

systems

One of the difficulties in EFT analysis is that the physical properties such as forms
of interaction vertices look different depending on a choice of the field basis. Let’s
consider a simple example and check how the identical results are obtained under the
different choice of field basis. In this section, we again consider the O(N) linear sigma
model as a concrete example, which is already described in Sec. 3.2. Lagrangian of

O(N) linear sigma model is given by

L= 10,695 V(9). (5.1)
V(6) = (3 + () (52

where $ is a IV component scalar field in the fundamental representation of the global
O(N) symmetry. As we previously mentioned in Sec. 3.2, if the scalar potential V/
has a negative mass term (u? < 0), then the potential V' becomes a wine bottle type

potential, just like the SM, and the scalar field takes a nonzero vacuum expectation

(9) = \/_T“Q = 0. (5.3)

As a result, O(N) symmetry is spontaneously broken to its subgroup O(N — 1).
The scalar field gg should now be replaced by the broken phase fields such as NG

bosons denoted by 7 and a massive scalar matter field denoted by o. The way how

value

to express the symmetric phase field q; in terms of the broken phase fields 7 and o
is not unique. In Sec. 3.2, we show two kinds of parametrization as examples. One
is the Cartesian coordinate system, and the other is the polar coordinate system.

In the Cartesian coordinate system, 5 is expressed by 7 and o as

¢ = (mt, 72, 7N o4 o)t (5.4)



and Lagrangian after the spontaneous symmetry breaking is expressed as

1 1
L= 5 T OMT 4+ 5@08“0 - V(7 0), (5.5)
with
~ Lo o, Ay 3 o2 A=
V(7 o) = Moo+ 70+ Avo® + M (7)o + Z(TF) : (5.6)

The important features we want to emphasize at this point is that, in the Cartesian
coordinate system, the scalar potential V' depends on both NG boson 7 and scalar
matter field o: V' = V(7 0). The scalar potential should depend on the scalar matter
field o because o has a nonzero mass, but V' also depends on NG boson 7 through
self-interaction terms such as wrm interaction. Also, NG boson 7 and scalar matter
field o interact with each other through the three-point 7o interaction term in the
fourth term in Eq.(5.6). As we will see later, these features are absent in the polar
coordinate system.

On the other hand, in the polar coordinate system, the interaction terms look
quite different from those in the Cartesian coordinate system. Remember that, in
the polar coordinate system, the symmetric phase field gz; is expressed in terms of

broken phase fileds 7w and o as

6=w+o)é(n) F, (5.7)

where £ is the N x N unitary matrix living in coset space G/H and F is a unit vector

directing to the vacuum,

&(m) = exp (—W“X“) : (5.8)
F=(0---,0,1)". (5.9)

with X denoting the broken generator. In this case, Lagrangian in the broken phase
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can be expressed as

L’—11028“8’“ ! 7. 0,7)° — (7 7) (0,7 - o7 O((m)°
ve=5 (14 7) [0 07 4 55 {7 0,7 — (7-M)(@7 - 07)} +O((n)")]
+ %aucr@“o —V(o), (5.10)
with
Ao 2
V(o) :Z(O' + 2v0)*. (5.11)

An important feature we want to emphasize at this point is that the scalar potential
V' depends only on the scalar matter field o, V' = V(o). Contrary to the case of the
Cartesian coordinate system, NG boson 7 does not have any self-interactions in the
scalar potential. Alternatively, m has self-interaction terms in the kinetic term. As
you see in Eq.(5.10), there are the infinity numbers of self-interaction terms in the
kinetic term.

Comparing the Lagrangian in the Cartesian coordinate system Eq.(5.5) and that
in the polar coordinate system Eq.(5.10), we can find many differences in their in-
teraction terms. As we mentioned previously, physical observables should not be
affected by the choice of the coordinate system, but it seems to be quite nontrivial to
get the same results in the Cartesian and polar coordinate Lagrangians when we cal-
culate the physical observables such as the decay rate or the scattering cross section
in each coordinate system. For examples, if we calculate the NG boson’s four-point
mm — 7 scattering cross section, we expect that the results will show completely
different behaviors in each coordinate system. If we calculate 7w — 77 scattering
amplitude in the Cartesian coordinate system, because wrrm self-interaction is in-
cluded in the potential term, momentum dependence may only come from the scalar
field’s propagator and we do not expect the energy growing behavior of the scatter-
ing amplitude. On the other hand, if we calculate 7m — 77 scattering amplitude
in the polar coordinate system, we expect that the amplitude shows energy grow-
ing behavior, because wrmm self-interaction is included in the kinetic term and the
resulting amplitude picks up the momentum dependence through space-time deriva-

tive. Therefore, scattering amplitude in the Cartesian coordinate system may not
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show the energy growing behavior, but the same amplitude calculated in the polar
coordinate system will grow up as the center of mass energy increases. As we will
see below, the expressions of 7 — 77 scattering amplitude are exactly the same:
the expected energy growing behavior in polar coordinate are canceled out when we
sum up all the contributions from relevant Feynman diagrams. In the remaining of
this section, we will calculate NG boson’s four-point scattering cross section in both
the Cartesian and polar coordinate system and find that we actually obtain the same

results.

Firstly, we will calculate 7w — 77 scattering amplitude in the Cartesian coor-
dinate system. O(N) linear sigma model Lagrangian in the Cartesian coordinate
system is given as Eq.(5.5). The contribution from the contact interaction is calcu-

lated as
1A = —22'/\(5“5’6“ + §eegbd 4 5“d6bc) , (5.12)

and contributions from scalar exchange diagrams is calculated as

iA7 =i A° + A + A, (5.13)
with
Wy i —— L (5.14)
S —mZ
N Z ac
’LAt = —4)\2212]5_—26 5bd, (515)
PAY = —AN2—gedghe (5.16)
u— m;

Combining the result of the contact interaction (5.12) and that of scalar exchange

(5.13), we get the final result given as

2
iAtOtal = — 2%\ (1 + mg 2) 5abé‘cd
s —mg
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2
—9ixn (14 o) gacgtd
t—m?2

m2
— 2\ (1 + —”2) §rdghe . (5.17)
u—m?2
As we expected, the momentum dependence of the scattering amplitude only comes
from the scalar matter field exchange, and the resulting Mandelstam variables s,
t, and u only appear in the denominator. Therefore, there is no energy growing

behavior in the scattering amplitude calculated in the Cartesian coordinate system.

Next, we will calculate 7m — 77 scattering amplitude in polar coordinate system.
O(N) linear sigma model Lagrangian in the polar coordinate system is given as

Eq.(5.10). The contribution from the contact interaction is calculated as

i
iA” = — (s 55 1 59°5 4 5905%) (5.18)
v
As we expected, contact interaction diagram pick up momentum dependence through
self interactions in the NG boson’s kinetic term, and show the energy growing be-
havior.

On the other hand, contributions from scalar exchange diagrams is calculated as

iA7 =iA° +iA" +iAY, (5.19)
with
A — 82 i 6ab50d
1A% = —ﬁm 5 (520)
oAt t2 ( 5ac(5bd
1 A" = —ﬁm s (521)
s AU U2 i ad sbe
A = = 5 (5.22)

As we see, each scalar exchange diagram is proportional to the square of the Man-

delstam variables. This is because three-point 77 interaction picks up space-time
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derivative two times and there are two on7 vertices in one scalar exchange diagram.
Therefore, we find that not only the contact interaction diagram but also the scalar
exchange diagram show energy growing behavior. Combining the result of the con-
tact interaction (5.18) and that of scalar exchange (5.19), however, we find that the
energy growing behaviors are completely canceled out. For examples, the energy

growing behavior proportional to s is canceled as

2 2 4 4 4
S s“—m_+m m
s — 228—#28— s—i—mg— 02 . (5.23)
s—m; s—m;g s—mg

We finally find that the resulting expression,
m2
iAtOtaI = — 2\ <1 4 o ) 5ab60d

2
_ 2\ (1 +- Mo ) gac gbd

_ 2
mg

m2

— 20\ (1 + —“2) sedgbe, (5.24)
u—m?2

is exactly the same form as Eq.(5.17), which is obtained in the Cartesian coordinate

system.

We now confirm that even if we adopt a different field basis, we get identical
results when we calculate the physical observables such as scattering cross sections.
At the same time, we reveal problems about the choice of coordinate system: if we
choose a bad coordinate system, we will misunderstand the behavior of the observ-
ables just like we did in the previous examples of the polar coordinate system. How
can we avoid this ambiguity coming from a choice of the coordinate system? How
can we extract the coordinate independent properties of the observables? One of the
solutions is focusing on the geometry of the field space, which will be explained in

the next section.
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5.2 Geometry of the scalar sector

In the previous section, we show that the bad choice of the coordinate system may
course misunderstanding of the observables’ behavior. Observables should not be
affected by a choice of the coordinate system. What should we do if we want to
extract coordinate-independent information?

Before considering the coordinate system in the field space, let us focus on the
more familiar example, the space-time coordinate system. The line element of the

space-time is expressed as
ds® = g, (x)dztdz” . (5.25)

In the case of space-time coordinate, the information of the coordinate system is re-
stored in the functional form of the metric tensor, g,,. Here, we want to emphasize
that we cannot extract the information about space-time manifold from the func-
tional form of the metric tensor: even if space is flat, g,, change its functional form
depending on a choice of the coordinate system. To make sure space is flat or curved,
we should focus on the other quantities which reflect the information of geometry in
a more direct way and are independent of a choice of the coordinate system. What
is the best quantity reflecting the information of the space-time geometry? One way
to extract the information about the space-time manifold is calculating geometri-
cal quantities such as the Riemann curvature tensor: even if we choose a different
coordinate system, the Riemann curvature tensor is always zero in the flat space.
The same thing may happen in the case of the field space. As we mentioned in the
previous section, observables should not depend on a choice of the field coordinate.
Therefore, it is natural to anticipate that the physical property can be expressed in
terms of the geometrical quantities such as the Riemann curvature tensor in the field
space. To check this idea, let’s consider the scalar field Lagrangian in the following

form,

1

£ = 504(0)0,00°5 — V(9), (5.26)

with ¢’ scalar field. Note that index ¢ runs all kinds of scalar fields in the theory: if
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there are n, NG bosons and n, scalar matter fields in the theory, ¢ runs from 1 to

n. + n, and ¢’ can be expressed as
¢ = (at, - a7 ot 0™, (5.27)

Here we want to emphasize that any type of scalar field Lagrangian can be expressed
in the form of Eq.(5.26). This is just like what we see in the space-time coordinate:
even if we have any type of space-time geometry, the world line in the geometry can
always be expressed in the form of Eq.(5.25). By the analogy of space-time coordi-
nate (5.25), we naively anticipate that observables can be expressed in terms of the
geometrical quantity calculated from “metric tensor” g;;. This assumption turns out
to be true as we will see in chapter 6. Detailed explanation on this topic will be
given in chapter 6 and in this section, we just demonstrate that the Riemann cur-
vature tensor is a good quantity for extracting coordinate-independent information
and gives the same results even if we adopt a different coordinate system in field
space.

In order to demonstrate that the Riemann curvature tensor is useful for extracting
coordinate-independent information, we will calculate the Riemann curvature tensor
in O(N) linear sigma model and show that the results calculated in both the Carte-
sian and polar coordinate system are the same. The Cartesian coordinate system is

given by Eq.(5.4) and the metric tensor is given by N times N identity matrix:
gij = 1n . (5.28)

the Riemann curvature tensor is defined in terms of metric tensor g;; as

L 1 8291‘[ 829jk 829119 aQle mmn myn
Higa = 5 (awad»k T 9604 0go5 aqsiaw) + g (DT, ~ TTG)
(5.29)

where T’ ;k denotes Affine connection in field space with its explicit form given by

i _ 1 (995  Ogu _ 9gj
ik = 59 <8¢’“+6¢j o5 ) (5.30)
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In the Cartesian coordinate system, because metric tensor is independent of the
scalar fields, the Riemann curvature tensor is trivially zero.

On the other hand, calculation in polar coordinate system is a little bit com-
plicated. Polar coordinate system is given by Eq.(3.40) and its Lagrangian can be

rewritten as

Lys = % (1+ %)2 (b + %{W‘lwb — (7 7)0"} + O((m)*) | dume0r”
4 %aua(?“a V(o)
= %(aﬂa, 0,0) (gab(”’“) 1) (%Zj ~V(0), (5.31)
with
Jap(m,0) = (1 + %)2 [5ab + #{wawb — (7 7)Y+ O((ﬁ*)} : (5.32)

Comparing the last line of Eq.(5.31) with Eq.(5.26), we can read out ¢, g;; and V
as

5 = (), gij<¢>=(§“b<“">l), VO =) (63)

Now let’s calculate the Riemann curvature tensor with its index taken to all NG
bosons, Rgpeq- The first term of the Riemann curvature tensor (5.29) can be easily
calculated as

1 a2gad a2gbc . a2gac . aZde
2\ 90tdoc T 9¢rdt  99h9p  Dgedoe

1
) = —ﬁ(&zd%c — 0ac0bd) - (5.34)

Calculating each component of Affine connection from the metric tensor given in

Eq.(5.33), we can easily find that the nonzero component of Affine connection is

_ 1
I = ——0a, (5.35)
v
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and the other components are all equal to zero. Therefore, the second term of the

Riemann curvature tensor (5.29) is calculated as

Imn (FZ? ;Lk: — Il ;Ll) = Joo (T0alh. — T0:.I00)

1
= ,U_Q((Sad(sbc — OacObd) - (5.36)

Combining Eq.(5.34) and Eq.(5.36), we find that NG boson component of the Rie-

mann curvature tensor is equal to zero:

Rapea = 0. (5.37)
Similarly, we find

Ryooo =0, (5.38)

Ryaos = 0. (5.39)

The other components of the Riemann curvature tensor are trivially zero. Now we
confirm that the Riemann curvature tensor in O(N) sigma model equal to zero in

both the Cartesian and polar coordinate system.

5.3 Symmetry of the scalar sector

Before closing this chapter, we will mention the symmetry of the scalar sector. If
we rewrite the scalar sector into the form of Eq.(5.26), it becomes difficult to see
its underlying symmetry. In Eq.(5.26), we express all the scalar fields by ¢’ re-
gardless of which multiplet each component belongs to, so the underlying symmetry
becomes implicit. How can we extract the information about underling symmetry
from Lagrangian in the geometrical form, Eq.(5.26)7 As we see later, the underlying
symmetry can be expressed by the Killing vector in the field space.

The Killing vector is the infinitesimal field variation under the global symmetry

transformation. At first, we consider SU(2), Killing vectors in the SM. If rotation
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angle 0,, is much small, 0,, < 1, then the transformation law of ¢* can be written as
o' = ¢ = ¢ + O, wi(9). (5.40)

The Killing vector for SU(2);, symmetry is the field variation w’ in (5.40).
Let’s search the conditions the Killing vectors should satisfy. Variating the
SU(2)r x U(1)y symmetric Lagrangian, we get

0w L[P] = L[p + Opwa(9)] — L[]

1 ) .
= 593, <w’§ Gije + (W) i gy + (WF) 9¢k> O 0" — 0LVl | (5.41)

where we use a comma-derivative notation,

0
Gijk = 87&9”’ (5-42)
(wh); = ok (5.43)
al,t a¢z a .
Vi = 0 % (5.44)
In order to satisfy
0 L[p] =0 (5.45)
in arbitrary 6, the Killing vector should satisfy the following equations:
0 = wg gije + (we).i grj + (wg) 5 G » (5.46)
=whV,. (5.47)

The first condition (5.46) is coming from the invariance of the kinetic term, and is
the usual conditions for the Killing vectors. This is coming from the fact that the
kinetic term of Lagrangian can be regarded as the line element of the target space
manifold. In Lagrangian (5.26), we have the other term which cannot be related to

the line element of the target space manifold: the scalar potential V(¢). Therefore,
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in addition to Eq.(5.46), we have a new condition (5.47) for the Killing vectors, which
is coming from the invariance of the scalar potential under SU(2), global symmetry.
In the same way, we get conditions for the U(1)y Killing vectors 3’, which is the

infinitesimal field variation under the U(1)y global symmetry:
o' = ¢ =" +0,'(9). (5.48)
In order to satisfy

oy LIo] = Lld + b,y(9)] — L[g] = 0 (5.49)

in arbitrary 6,, the Killing vector should satisfy the following equations.

0= ykgij,k + (yk),z’gkj + (yk>,jgik ) (5.50)
0=y"Vy. (5.51)
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Chapter 6
Perturbative Unitarity Conditions

As we mentioned previously, couplings among the observed Higgs boson and elec-
troweak gauge fields, shortly the AVV couplings, are planned to be measured at
O(1)% accuracy in the future collider experiments. If hV'V couplings turn out to
deviate from the SM prediction, the observed Higgs boson fails to unitarize the am-
plitude of the longitudinal gauge boson scattering V.V, — V.V, and the unitarity
violation will occur: remember that the cancellation of the energy growing behavior
in the SM is realized due to the appropriately tuned value of the hV'V couplings. In
order to avoid the unitarity violation, we must expect that the new heavy degrees
of freedom appear at some energy scale and cancel the energy growing behavior to
unitarize V,V, — V.V, scattering amplitude completely, together with the observed
Higgs boson.

In the previous section, we add the new scalar degrees of freedom to the HEFT.
Thanks to these new scalar fields, V.V, — V.V scattering amplitude can remain
perturbative unitary even if the AV'V couplings turns out to deviate from the SM
prediction: the new contribution coming from the new scalar exchange diagrams
cancels the energy growing behavior together with the Higgs exchange diagrams. In
order to restore the perturbative unitarity completely, however, we must tune the
coupling among these scalar fields and gauge fields, shortly, ¢!V V couplings. At
this point, one naive question may arise: What conditions should we impose on

the ¢! V'V couplings in order to restore the perturbative unitarity? The conditions
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that should be satisfied by ¢’VV couplings in order to respect the perturbative
unitarity are called unitarity sum rules [37-39]. In this chapter, we will calculate the

ViV — ViV scattering amplitude in the GHEFT and derive unitarity sum rules.

6.1 Geometry of the Generalized HEFT

Feynman diagrams of V;,V;, — V, V] scattering amplitude are composed of two parts
as we showed in Fig. 2.1, pure gauge diagrams and scalar exchange diagrams. Calcu-
lating the first part, pure gauge diagrams, we must read out relevant Feynman rules
from the gauge sector given in Eq.(3.3). Because the gauge self-interactions are a
little bit complicated, it is not so easy to calculate gauge contributions from VVV
and VVVV vertices. In order to calculate pure gauge diagrams in a more simple
manner, we will rely on the useful theorem called equivalence theorem [32-36]. Re-
member that the longitudinal mode of massive gauge boson comes from absorption
of an additional degree of freedom, provided by NG boson. Reflecting this fact, the
longitudinal component becomes increasingly similar to NG bosons as the center of
mass energy increases. In the high energy limit, the scattering amplitude with V,
appearing in the initial of the final state becomes equal to the scattering amplitude
with Vi replaced with would-be NG boson. Therefore, checking the energy growing
behavior of V,V;, — V.V, we simply calculate vvo — vv, where v denotes would be
NG boson absorbed by gauge field V.

As we briefly explained in Sec.5, there are some difficulties in calculating scatter-
ing amplitude using effective Lagrangian: depending on a choice of the field coordi-
nate system, interaction operators look different, and this makes it difficult to extract
the relevant information involving observables’ behavior. To avoid this ambiguity,
we introduced a useful technique in Sec.5. Rewriting the scalar Lagrangian to the

following form,

L= 050,60 ~V(9), (61)

and focusing the geometry of the field space implicated by “metric tensor” g;;, we

can extract the coordinate-independent information. We expect that the geometry
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defined by g;; may give us some implication on the observables’ behavior, which also
should be coordinate-independent. As we will see later in this section, the geometrical
quantity calculated from g;; definitely gives us physical information, the perturbative
unitarity conditions of the various scattering amplitudes.

In order to focus on the geometry of the GHEFT in the field space, we first need
to rewrite the GHEFT Lagrangian (4.49) into the form of Eq.(5.26). Expressing g;;
in terms of G, Gur, and Gy in Eq.(4.49) is a little bit complicated, so we skip the
detailed calculation and only show the results in appendix B.

In the remaining of this section, we will calculate the energy growing amplitude
from the Lagrangian (6.1). We firstly decompose ¢’ into its vacuum expectation
value ¢' and an excitation fields ¢: ¢’ = @' + . Now we need to rewrite the scalar
Lagrangian (6.1) in terms of excitation fields . The metric tensor in Eq.(6.1) can

be expanded around the vacuum ¢ as

1_
— G+ (6.2)

9i;(®) = Gij + Gijk o* + 5

where each coefficient of Taylor expansion is given as

9ij = 9i(9), (6.3)
0
1 7 ) 64
Gijh = a¢k93(¢’> s (6.4)
82

Giiht = = Gij , 6.5
Gij ki 8¢k8¢lgj(¢) s (6.5)

Similarly, we can expand the potential V(¢) around the vacuum ¢ as

. 1= 1 - 1 - b1
V(9) =V +Vig' +5Vip'e’ + 3—mGso ot + 5Vt (6.6)

where each coefficient of Taylor expansion is given as

V=V(9), (6.7)



_ 0
Vl' = % y 6.8
i Ay (®) - (6.8)
) 92
Vij = WV(¢) ! (6.9)

Because the scalar potential V' (¢) should be minimized at the vacuum ¢, we impose
that

Vi=0. (6.10)

Also, we assume that the kinetic and mass terms of the scalar fields are diagonalized,

namely,
Gij = 0ij (6.11)

and

=

ij = 0yym; (6.12)

6.2 Three-point amplitude

We start with the evaluation of the three-point scalar scattering amplitude
iM(123) (6.13)

at the tree level. The interaction vertices relevant for this amplitude are give as

1 : . 1 _ P
L3 = §gij,k SDk(aMP )(8“90]) - gvmk 2 90]<Pk . (6-14)

The on-shell amplitude can be evaluated as

?

2

i

iM(123) = (ghiz,ig + gi2i1,i3)<_pl - pa) + 2(@'213,@‘1 + §i3i2,i1)<_p2 - P3)
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/1: = — .

+§(g’i3i1,i2 + gi1i3,i2)<_p3 : pl) - Z‘/,1'17;21‘3
i

= 5 Yiviais (m, +m, — s12) +

s (2 + i, = )
2gi2i3,i1 m’ig m’ig S23

+5 95 (mZ, +mi = s31) — Vg - (6.15)

From the conservation of the total momentum

p1+p2+ps=0,

it is easy to see
s12= (1 +p2)° = pi = m, ,

and similarly
S23 = mzzl g 831 = mi -

The on-shell three-point amplitude, Eq.(6.15), can therefore be rewritten as

iM(123) = %gm-w-g (m? +mi, —m;) + %gim,il (m?, +m;, —m;)
+%gz’3i1,i1 (m, +mi, —mi,) =i Vi
= %mi (gilig,i3 t Giyigin — gigig,’il) + %mi (gigig,il + Gigiris — gigil,iz)
—i—%mi (gigil,ig + Giginin — ghig,ig) ~ i Viiyigi - (6.16)

The first three terms of Eq.(6.16) have the same tensor structure with that of Affine
connection ',

1
gizFé-k =5 [Gijk + Griyj — ikl - (6.17)

Rewriting the first three terms of Eq.(6.16) in terms of Affine connection and using
Eq.(6.11) and Eq.(6.12), we finally get the following expression,

iM(123) =i Vi Lt 4+ i Vi T i Vi — i Vi, - (6.18)

1213 1311 1112
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The final form of the three-point amplitude (6.18) looks quite similar to the third
covariant derivative of the scalar potential, VZ]k Let’s calculate the third covariant
derivative evaluated at the vacuum, ‘_/ijlm explicitly and compare the result with the

RHS of Eq.(6.18). The first, second, and third order of covariant derivative are given
by

Vi="Va, (6.19)
Vij = Vi = T,Va, (6.20)
Vige = (Viig)w = TiiVig — TV
= Vi — i) xVe — Th Ve
~TiViy = T3 Vai + Dol Vi + T35 Vo (6.21)
Applying Eq.(6.10) to the third order of covariant derivative (6.21), we find that the

third order of covariant derivative V,;;;, evaluated at the vacuum can simply given as

Viji = Ve = TV = TV = T4 Vg | (6.22)

which is exactly the same form as the RHS of Eq.(6.18). It is easy to see that Vp,

is symmetric under the ¢ <+ j, @ <> k and j <> k exchanges, so we get
Vijk = Vi) » (6.23)

with Vi) being the totally symmetrized derivative of the potential. We now find

the on-shell three-point amplitude formula given in a simple form,

iM(123) = —iVi(iizig) - (6.24)

6.3 Four-point amplitude

Next, we will calculate the four-point scalar scattering amplitude. Here we skip the

details of the calculation and only show the results. The final result of the four-point
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scalar scattering amplitude iM(1234) is given as

iM(1234) = iM(1234)
+iM(125)[D(512))i5141M (346)
+iM(135)[D(513))i5141M (246)

iM(145)[D(510)] i i M (236) (6.25)
with
iM(1234) = —iVi(iyinisia) — % (Rivisisia + Rivigizis) S12
- % (Riyigisis + Riviginis) S13 — % (Riyigigia + Riviginia) S14, (6.26)
and .
[D(s)]yy = - (6.27)

The first line of Eq.(6.25) comes from the contact interaction. The second, third,
and fourth line of Eq.(6.25) comes from scalar exchange diagrams with iM(125),
iM(346), ---, iM(236) in Eq.(6.25) denoting the three point amplitude derived
in the previous section. Note that the Riemann curvature tensor evaluated at the
vacuuml, Rijkl is defined as

D, 1 — = — = — min min

Rijr = 5 (Gitjk + Gikit — Gikji — Gitik) + Gmn (Fil I — F@'krjl) ; (6.28)
and the symmetrized fourth covariant derivative of the scalar potential evaluated at

the vacuum, Vi) is given as

+ Vi [T TR 4 TR0 + DT
+ Aijrr + Ajirt + Ariji + Auiji (6.29)
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with

im0 Gkt + Gring + Gjink — 2(Gnjkl + Gnkjt + Gnijk)]
+ Vim [T T3y + T D% + Tl
1o -mp [T"¢ TN g TN g T | =
+ g imJ p [ngfkl + ngfjl + Fglrjk} Gan - (6.30)
6.4 Unitarity sum rules

Applying the on-shell condition
2 2 2 2
S12 + 813 + S14 = My, +my, +mi +my, (6.31)

we can eliminate one of the s;;. Eliminating s14, we get

. 7, = _ _ B
iM(1234) = — g(Rz'lism'z + Riyigigi, — Rivigigia — Riyigizia)S12

- _ _ _
— g(Ri1i2i4i3 + Riyigigis — Rivigisia — Rivigisia)s13 + O(EY). (6.32)

Because s15 and s13, amplitude grows up as center of mass energy increases. In order
to avoid perturbative unitarity violation, we must impose the coefficients of the
energy growing terms to be equal to zero. Therefore, we get the following unitarity

sum rule conditions [37-39]:

Ri1i3i4iz + Ri1i4i3i2 - Ri1i2i3i4 - Ri1i3i2i4 = 07 (633)
Ri1i2i4i3 + Ri1i4i2i3 - Ri1i2i3i4 - Ri1i3i2i4 =0. (634)

Because the Riemann curvature tensor satisfy
Rijii = —Rijuk. (6.35)

the unitarity sum rules (6.33) and (6.34) can be rewritten as

2Riyigisis — Riviginis — Rivizigis = 0. (6.36)
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Applying Bianchi identity
Rijii + Riggj + Raje =0, (6.37)
Eq.(6.36) can be simplified as
3Riyigisi, = 0. (6.38)

Here we get the important conclusion: in order for four point scattering amplitude
to be perturbative unitary, the Riemann curvature tensor of scalar manifold should
satisfy the following conditions:

Rijkl — O, (639)

namely, the Riemann curvature tensor should be flat at the vicinity of the vacuum.
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Chapter 7

Oblique Parameters

7.1 One-loop corrections

In order to compare the predictions with precisely-measured observables, we need
to calculate loop corrections. The authors of [41] calculated the scalar one-loop
corrections to the Lagrangian (5.26) using the background field method [44-47,52],
and derive a one-loop effective Lagrangian in a coordinate-independent form. They
showed a divergent part of the scalar one-loop corrections whose explicit form is

given as

1 1
ALG =

o1
(i Etr(YWY“ )+§tr(X2) : (7.1)

where € is dimensional regularization parameter and is written in terms of spacetime

dimension D as

e=4-0D. (7.2)

Y,, and X are given as
Yi]'s = R'ja(Dud)* (Dud) + Wi, (wh)y + Bu(y') (7.3)
[X]'% = R'ji(Duo) (D*¢) + g7 Vi, (7.4)
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where covariant derivatives for SU(2);, Killing vectors w’ and U(1)y Killing vectors
y* are given by

(wh)y = wl ; + Tl (7.5)

a

() =y + Tiy® (7.6)

As we show in Eq.(D.29), Y, includes SU(2); and U(1)y gauge field strength.
In Eq.(7.1), one-loop correction to the following quantity

W, WH B, B", W B* (7.7)

are evaluated. The last quantity in Eq.(7.7) corresponds to the Peskin Takeuchi S
parameter, so from Eq.(7.1), we can evaluate the effect of the new scalar fields to
parameter S [51]. The remaining oblique parameters 7' and U are not yet evaluated
in [41], and also, only the scalar-loop contributions are calculated and not the gauge
fields’ contributions. In order to complete the evaluation, we must calculate the whole
set of oblique parameters S, T', U, and also evaluate the gauge bosons’ contributions
to these parameters.

In this section, we will evaluate the Peskin Takeuchi S, T', U parameters in the
GHEFT framework. To calculate oblique parameters respecting gauge symmetry, we
rely on background field method [52]. The Peskin Takeuchi’s S, T', and U parameters
are defined as

S 1= 16m(IT45(0) — Ty (0)) (7.8)
U = 167 (I1};(0) — II55(0)), (7.9)
ol =4 (Ui?ml(c)) - vizn33<0)) | (7.10)

where I145(0) is a vacuum polarization evaluated at p? = 0,

/d4qJA(q2)JB(O) = 19498 laB + Pupy , (7.11)
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and 1T, 5(0) is a derivative function with respect to p* evaluated at p* = 0,

d
4p(0) = WHAB(]?2) : (7.12)
p p2:0
In the remaining of this section, we will calculate vacuum polarization diagrams

relevant to the S, T and U oblique parameters,

1 1
HgQ = —HZA + —2HAA 3 HH > H33 . (713)
99y g

7.2 Scalar loop

In this subsection, we will evaluate a scalar loop contribution to the vacuum polar-

ization Il3q, II; and I3z in turn.

II3q vacuum polarization

Firstly, we will evaluate the one-loop scalar contribution to Il3g, denoted by Hgé
Relevant diagrams are listed in Fig.7.1, with gauge and scalar fields expressed by

wavy and dashed lines, respectively.

- ~ - ~
Ve N Ve N
\ \
_ // \ _ // \
Z, ‘ A, Ay ‘ A
SEAVAVAVAY) AVAAVAV R AVAVAVAV] AVAVaVaVind
\ ! \ !
N A N A
N e N e
~ - _ - ~ -_ _ - -
diagram A diagram B
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\ / _ \ /

N Va — N V2 —

Zp ANANAANANANARSAANNNANNNAY Ay ANANNNNANARSANNNNNNAY
diagram C diagram D

Figure 7.1: Feynman diagrams contributing to Hgg

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.1, we get the following result,

QQH%(pQ) T (472T)2 (Gz)'{(Ga)iBaa(p*; M7, MJQ)
2

(4m)?
1

(4m)?
1

(4m)?

(GA)ij(GA)jiBQ2 (p* M2, MJQ)

(G2)"(Ga) j6r67 A(M)

(Ga)*:(Ga)'joud™ A(MY), (7.14)

Note that Gz and G4 in Eq.(7.14) are defined as

(G2)'j = gwew(Wh),; — gysw ('), (7.15)
(Ga)'j = gwsw(Wh),; + gvew (T')y (7.16)

where (w}).; and (y°).; are the covariant derivatives of SU(2)y and U(1)y Killing

vectors evaluated at the vacuum, respectively, and sy, and ¢y, defined as

cw = Nl — s o= (7.17)

NI YRR

79



Bas and A are loop functions [53] and their explicit form is given as

i N d*k 1
2 ) = [ G (718)
i 2.2 2 d*k kuk,
WBQQ(]D ) M 2) / (271.)4 (kQ _ m%){(k’ +p)2 — m%} , (719)

9uv

Note that the notation for the loop functions is identical to that of [54]. We finally
get

E5() = s { oD b+ ()5 B M7, 1)
o () () + () () JAOME)). (7.20)

For the estimation of the UV divergences, we regularize the loop functions A, By, and
By by employing the dimensional regularization. The loop functions are expanded
as

2

A(m?) = —A* + m*In % — (47)%A,(m), (7.21)

2 9 9 1o 1 2 2 P’ A1 2 2
B22(p7m17m2):—§/\ +Z m1+m2—§ lnﬁ+z(4ﬂ) By, (mq, mg, p%),

(7.22)

where the terms proportional to A% and In A? correspond to the terms proportional to
1/(2—D) and 1/(4— D), respectively. D and p denote the spacetime dimension and
the renormalization scale, respectively. A, and B, are A-independent (u-dependent)

functions and their explicit forms are given as

A (m) = —% {m :‘722 + 1] , (7.23)
Bimemss) = g [ () 0

Substituting Eq.(7.21) and Eq.(7.22) into Eq.(7.20), we can evaluate the UV diver-
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gence of the vacuum polarization, which is given by

12 1 . . . .
3 _ —i _ i _
I%Q(O>dw‘—'6@555{(“%)U(w§%f+(U%>U@ﬂ)ﬂ}h1;§‘ (7.25)
I1,, vacuum polarization

Next, we will evaluate the one-loop scalar contribution to Il,, (a,b = 1 ~ 3),

denoted by Hgg Relevant diagrams are listed in Fig.7.2.

/ \\ / \
T — \
Wi sy NN / ‘
\ I | I
\ ! \ /
N A \ /
“ L W) o .’ W)
R ANNNNNARSSANANNNNN Y
diagram A diagram B

Figure 7.2: Feynman diagrams contributing to Hﬁ

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.2, we get the following result,

2) = —2 i o 2. 12 As2
H%’(p ) - W(wa);j(wb);iBm(p ; M ,Mj)
- (471T)2 ((wf);i(wé);ﬂm - (ngwé)}?kilj)yjA(Mi) , (7.26)

where the first line comes from loop diagram in left side of Fig.7.2, and the second
line comes from loop diagram in right side of Fig.7.2.
Substituting Eq.(7.21) and Eq.(7.22) into Eq.(7.26), we can evaluate the UV

81



divergence of the vacuum polarization, which is given by

1

2 _ R\ B s A2
0|, = —W(wa)(wb)Rkilﬂ]A , (7.27)
) = L () () Ry M I 7.28

ab( )lnA2 - (47'(')2 (wa)(wb) kilj V1 HE- ( . )

7.3 Scalar gauge loop

In this subsection, we will evaluate a scalar and gauge loop contribution to the

vacuum polarization Il3q, I1;; and I3z in turn.

II3q vacuum polarization

Firstly, we will evaluate the one-loop scalar and gauge contribution to I3, denoted
by H}fg Relevant diagrams are listed in Fig.7.3, with gauge and scalar fields ex-

pressed by wavy and dashed lines, respectively.

/ \ / \
Zu WAV Aﬂ WAV

diagram E diagram F

Figure 7.3: Feynman diagrams contributing to H;}é

Diagrams in Fig.7.3 contain By and do not contain any other loop functions, so

H;}é remains finite at one-loop level.
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11, vacuum polarization

Next, we will evaluate the one-loop scalar and gauge contribution to II,,, denoted

by H)j,f Relevant diagrams are listed in Fig.7.4.

diagram C

. . . . . 73
Figure 7.4: Feynman diagrams contributing to II

Calculating the vacuum polarization diagram shown in Fig. 7.4, we get the fol-

lowing result,

2
4 —m —n 1, (6%
IES(0) = — s ()00 [ 32 S0 )00 B 022 M)
a=1 f=1
(G2 4G 0" B9 M3 M)
+ (GA)mk(GA)nl(sleo(pQ; 0, Mf) . (729)

By is loop function and its explicit form is given as

i S 1
B mtmd) = | o

For the estimation of the UV divergences, we regularize the loop functions By by

(7.30)

employing the dimensional regularization. The loop function By is expanded as

A2
Bo(p*,m3,m3) = lnM— + (47)%B,.(m1, ma, p*) (7.31)
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where By, is A-independent (u-dependent) functions and their explicit forms are

given as

9 1
Boy(my, ma; p*) = W/ dz [miz +m3(1 — z) — p*z(1 — z)]
0

12

< G )
(7.32)

Substituting Eq.(7.31) into Eq.(7.29), we can evaluate the UV divergence of the

vacuum polarization, which is given by

my0)| = 4 2 , 5
() Y(@p)|g* Y (@)a(w)) + g3 (@) (7" n g

c=1

(7.33)

7.4 Gauge loop

In this subsection, we will evaluate a gauge loop contribution to the vacuum polar-

ization Ilzq, II1; and Il33 in turn.

II3q vacuum polarization

Firstly, we will evaluate the one-loop gauge contribution to Il3g, denoted by H‘;g .

Relevant diagrams are listed in Fig.7.5, with gauge fields expressed by wavy line.

Zy f\/\/\/\/A Ay Wi?&/m

liagram G diagram H
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diagram I diagram J

Figure 7.5: Feynman diagrams contributing to II¥}

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.5, we get the following result,

Hgg = |:2p23WCWBO(p2§ MI?Va M%/) + 4SWCWBQ2(p27 MI%V’ M‘%V)}

4
(4m)?
4
s (25 B M3 DY)+ 453 B, M3 )
8
— WSWCWA(M%V)
8
(4m)?
4

= Wy |:2p2BO(p2;M3V7M5V) + 4By (p®, M3, M2, — 2A(MV2V)] . (7.34)

s A(Myy)

Substituting Eq.(7.21), Eq.(7.22) and Eq.(7.31) into Eq.(7.26), we can evaluate the

UV divergence of the vacuum polarization, which is given by

/ 1 20, A?
VV(O) - - = -

30 o {3 n e (7.35)

11, vacuum polarization

Next, we will evaluate the one-loop gauge contribution to I, denoted by IIYY.

Relevant diagrams are listed in Fig.7.6.
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Wi W)
diagram D diagram E
Figure 7.6: Feynman diagrams contributing to 11}

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.6, we get the following result,

4
MY (7) = o (202 B M3, M) + 4k Bap, D23, M)
+ 2p*sy, Bo(p?; 0, M{,) + 4siyy By (p?, 0, M7))
— A(Myy) — iy A(M3) — s A(0) | (7.36)
4
1LY (p) = ) [2p230(p2;M5v,M3v) + 4By (p*; My, My,) — 2A(Mg,)| -

(7.37)

Substituting Eq.(7.21), Eq.(7.22) and Eq.(7.31) into Eq.(7.36) and Eq.(7.37), we can

evaluate the UV divergence of the vacuum polarization, which is given by

4 1., 1 A2 1, 1 A2
o), = e [4c§V (—§A2 + (M + ME) In ?) +4s%, (—51\2 + My F>
A2 A2 A2
—<—A2 + M3, IDF> — cIQ/V(—A2 + MZIn E) - s%,[,(—AQ +0xIn Fﬂ
(7.38)
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and

B 4
div N (47T)2

(-3 ) <o -] <o,

2
(7.39)

33'(0)

7.5 Ghost loop

In this subsection, we will evaluate a scalar and ghost loop contribution to the vacuum

polarization Ilsq, 1111 and Ils3 in turn.

IIsq vacuum polarization

Firstly, we will evaluate the one-loop ghost contribution to Il3g, denoted by I3,
Relevant diagrams are listed in Fig.7.7, with gauge and ghost fields expressed by

wavy and dotted lines, respectively.

diagram K diagram L
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diagram M diagram N

Figure 7.7: Feynman diagrams contributing to 115,

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.7, we get the following result,

1
921_[{0522(])2) = (47_(_)2 |:_88WCWB22(p2; M%Vv M‘%V)]
1

(4m)?

g | 85t B (0% M3y, M)

W

+ (ZLT)QSWCWA(M‘%V)

4
(47)?

Eq.(7.41) can be further simplified as

+ s A(ME) . (7.40)

M55 (0%) = oy (2B (0% M MF) — 4O (7.41)

Substituting Eq.(7.21) and Eq.(7.22) into Eq.(7.41), we can evaluate the UV diver-

gence of the vacuum polarization, which is given by

T155(0)aiy = “In—. (7.42)
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11, vacuum polarization

Next, we will evaluate the one-loop ghost contribution to 11, denoted by I1I5;. Rel-

evant diagrams are listed in Fig.7.8.

B e

diagram F diagram G

Figure 7.8: Feynman diagrams contributing to I1{j

Summing up the contributions coming from vacuum polarization diagrams shown

in Fig. 7.8, we get the following result,

2 -
Hicl (p2> = (471')2 _—46124/322(]?2; M%a MI%V) - 4512/1/322(172; O: MI%V)
FA(ME) + & A(M) + sst(O)} . (7.43)
1 -
507) = (e [~ 8B0%s M. M) + 4403 (7.44)

Substituting Eq.(7.21) and Eq.(7.22) into Eq.(7.43) and Eq.(7.44), we can evalu-

ate the UV divergence of the vacuum polarization, which is given by

w 2 a1l 1, o AN Ly 1, A
1157(0) e (4W>2{ 4cW< 2A +4(MW+MZ)1n M2> 45W( 2A +4MW111 M2>
A? A? A?
A2 2 2 (a2 2 2 (A2
:07
(7.45)
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and

cc _ 4 1 2 1 2 A2 2 2 A2 _
H33(0) diV— (47‘(‘)2 |:—2<—§A +§ Wlnﬁ) + (-A +MWIHE> —0
(7.46)
7.6 S, U parameters
Definitions of S and U parameters are given as follows,
S = 16m(IT53(0) — II5,(0)), (7.47)
U i= 167 (11}, (0) — 1134(0)) (7.48)

with II4p5 is the momentum integral of the product of conserved current J, and Jpg,

given by Eq.(7.11). The divergent parts of S and U are given as

I ¢
Sdiv = _E(w;;);j(y ):i In w2 (7.49)
Loviiy (i N A’
Uaiv = 75— (@) (w]);i — (w3)s(w3),5) In 2 (7.50)

The above results are quite reasonable and we can easily understand the origin of their
structures from the current algebra. Because the Killing vector is the infinitesimal
variation under the conserved symmetry, it is natural that it relates to the conserved
current of the associated symmetry. Actually, The conserved current of SU(2); and

U(1)y symmetry are roughly related to the associated Killing vectors as

Tt~ ) (a=1~3), (7.51)
Tl o 6w+ )0 (7.52)

Combining the above relation to the definition of S parameter (7.47), we get

S o< (W) (@h) 5 — (05) 5 (w] + 97 ) = —(wh) 5 (y7)si (7.53)
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Similarly we find

Uaiv o (0})(w0])i — () 5 (@) (7.54)
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Chapter 8

Unitarity v.s. Oblique Corrections

In this chapter, we will check the relation between the perturbative unitarity and

the oblique correction parameters S, T" and U.

8.1 Perturbative unitarity v.s. S, U parameters

As we see in Sec. 7.6, divergent part of oblique parameters .S and U can be expressed

in terms of the Killing vectors of SU(2), and U(1)y as

L 2
Sdiv m(w:s);j(y )i In 3
Lo iy (i i (i A?
Udgiv = 1on ((wl);j(wl);i - <w3>;j(w3);z’) In E .

(8.1)

(8.2)

In this section, we consider relating the coefficient of the UV divergence of oblique

parameters, appearing in FEq.(8.1) and Eq.(8.2), to the perturbative unitarity of the

four-point scalar scattering amplitude. Firstly, we will focus on the equations the

Killing vectors should satisfy.

As I mentioned previously, the invariance of the Lagrangian under SU(2), xU(1)y

is reflected to the invariance of the metric tensor under infinitesimal SU(2), x U(1)y
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transformation, which is expressed as the Killing equations,

0 = (w)gisie + (w3) a9k + (w5) gin
0= (4")gisn + ()08 + (U°) 9 - (8.4)
Now let’s consider expanding the Killing equations (8.3) and Eq.(8.4) around the

vacuum, ¢' = ¢', If we take Riemann normal coordinate system, the metric tensor

gij can be expanded around the vacuum as

1-
9i(9) = 0ij — gRikleOkSOZ +- (8.5)
with
0y =G = 9i;(#)| ,  Rim = Rym| (8.6)
=9 P=¢

Also, we can expand SU(2);, and U(1)y Killing vectors w’ and 3" around the vacuum

as
T N ik
Wy = Wy + (wg,),jgoj + E(wa)J‘kQOJQO + e ) (87)
) —1 —1 j 1 —1 1
Y =9+ )+ )t (8-8)

As we see in Eq.(8.5), Taylor expansion of the metric tensor includes the Riemann
curvature tensor in its expansion coefficient, so it seems that by substituting the Tay-
lor expansions of the metric tensor and the Killing vectors into the Killing equation
(8.3) and (8.4), we can relate the Killing vectors to the Riemann curvature tensor.
Substituting the above Taylor expansions into Killing equations (8.3) and (8.4),
and comparing both sides of the equation in each order of ¢‘, we can obtain series of

relations which holds only at the vacuum,

0 = gan(w}) ; + (W}, (8.9)
0=gu(¥"); + (7)., (8.10)

. 1 _ _
(wg,) & = 3 (R ji + Rigjo) @l (8.11)
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7).k = (Rijkl + Rikjl) 7, (8.12)

In Eq.(8.11) and Eq.(8.12), we can see that we successfully relate the Killing vector
to the Riemann curvature tensor, but as we can see, the Killing vector begins to
relate to the Riemann curvature tensor from the second-order of the derivative. This
means that, as long as we focus on the Killing equation only, we cannot obtain the
desired equations relating the first covariant derivative of the Killing vector to the
Riemann curvature tensor. We need another equation.

Actually, commutation relation of SU(2)., x U(1)y Killing vectors play this role.

[wa 7wb] = EabcWe, (813)
[wa,y] =0, (8.14)

with
0 0

wa::wa%, y::y8¢i.

(8.15)

Taylor expanding the both side of the commutation relation, we get

Wl (W) ; — Wy (W) j = €qpetd (
wl(y'); — 7 (w)); =0, (

Wl (W) iy + (W) gy (W) 5 — W (W) iy — (W]) e, (W) j = €ape(WL) e 5 (8.18
(

@ (") gy + (00 o ()5 — P (W0h) iy — (7)) ey (@0)) ; =0,

Substituting the solution of the Killing equation (8.11) into the commutation relation
(8.18), we get

;1 i1 kN 1\ Di
(Ta);" = 5eane ([Tv, Te)), +§€abc(w{f) (wy) R jua (8.20)
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with
(To);" = () ; - (8.21)

Now we can see that in Eq.(8.20), the first derivative of the Killing vector w, is suc-
cessfully related to the Riemann curvature tensor. Similarly, substituting Eq.(8.12)

into the commutation relation (8.19), we get
0= ([To, Tv]); " + (wg) (') R'jua (8.22)

with
(Ty);* = (1) - (8.23)

Again, we can see that in Eq.(8.22), the first derivative of the Killing vector y is
successfully related to the Riemann curvature tensor.

Now we are ready to relate the coefficient of the S parameter’s divergence in
Eq.(8.1), which is expressed by the first derivative of the Killing vector, to the per-

turbative unitarity, which is expressed by the Riemann curvature tensor.

(wh) ;(y') i = tr(T5Ty)
1 1 _ .
= §€3bc tr([1y, Te)Ty ) + §€3bc(u_1§) (@i) R ji(Ty),’
1 1 _ . )
= 53k tr([Te, Ty |Ty) + 553bc<w§> () R (Ty)i?

1 g | . .
= —553bc(@]§) (1) R ja(Th)7 + §€3bc(u7§ ) (wy) R jra(Ty )i’

1 _. ) 1 _. .
- §E3bc(@§) (w4) R jia(Ty)i? + 553170(@5) (wl) R ja(Ty)i . (8.24)

To get the second line from the first line, we used Eq.(8.20). To get the third line,
we used the invariance of trace under cyclic permutations. To get the forth line, we
used Eq.(8.20). To get from the last line, we used

0=wh+y. (8.25)

which is ensured by the U(1)e, symmetry conserved in the broken phase.
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Eq.(8.24) can be rewritten in a covariant form

(23be (wF) (W) R jiy (0]),i + €36 (0F) (@Wh) Rjra (7)) - (8.26)

N | —

(@) (7)si =

D) R (wh),:) -
(8.27)

—~
™
=
o
o
—
=
o
S—
—~
g
o
S——
=y
<.
=
—~
g
—t,
N——
=
|
)
w
o
o
—
g
o
S—
—~
g

Substituting Eq.(8.26) into Eq.(8.1), we can rewrite the coefficient of the UV diver-
gence of the parameter S as

1 o . _. . A2
127 (e3ve (@) (wh) R ja (w5);: + €spe(y) (wh) R jra (i) In R (8.28)

Sdiv -
As we previously mentioned in Sec. 6, the Riemann curvature tensor corresponds to
the unitarity sum rules in the ¢'¢’ — ¢*¢! scattering amplitude. Looking carefully
at the expression (8.1), we can see that the divergent part of the S parameter is
nontrivially related to the perturbative unitarity.

Similarly, the divergent part of the parameter U can be expressed in terms of the
Riemann curvature tensor by substituting Eq.(8.27) into Eq.(8.2),

1 ky s —I\ Bi _j —k\ (ol i 7 A

Ugiv = 75— (E10e(@3) (0e) Rjra (@1);i = eane(3) (@) B jaa (3);) In ek (8.29)

Before closing this section, we will mention the implication of Eq.(8.28) and
Eq.(8.29). As we found in Sec.6.4, the Riemann curvature tensor gives conditions
for respecting the perturbative unitarity. The unitarity sum rules are given as the

flatness condition at the vicinity of the vacuum,

Riju=0. (8.30)

Saiv and Ug;, are both proportional to the Riemann curvature tensor, so we get the
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following relation,

Riju=0 = Saiv="Uaw =0. (8.31)

This means that once the unitarity sum rules are satisfied, the divergent part of
the parameter S and U is automatically canceled out, so the perturbative unitarity
ensures the one-loop finiteness of the oblique parameters S and U.

How about the inverse relation of Eq.(8.31)?7 Remember that the w! denotes
the ith component of the SU(2), Killing vector, and the Killing vector corresponds
to the scalar fields’ variation under the infinitesimal symmetry transformation. The
index i includes both NG boson indices and scalar matter fields’ indices, but @! takes

nonzero values only when index ¢ corresponds to NG bosons’ index:

w' # 0, (1 = NG fields’ index) ,
w' =0, (7 = scalar matter fields’ index) . (8.32)

This is because non-linearly realized SU(2), acts on NG bosons as some kinds of shift
symmetry, and even if we substitute zero field value, w® = z = 0, to the infinitesimal
variation, it still has nonzero value coming from a constant shift. On the other hand,
scalar matter variation under infinitesimal SU(2);, transformation can be expressed
by the generator acting on the scalar matter fields, so if we substitute ¢! = 0, it
vanishes. Therefore, the Riemann curvature component Rijkl with its indices k or
[ corresponding to the matter field indices does not contribute to the Sy;, and Uy;,
Therefore, we can say that the perturbative unitarity conditions are stronger than

finiteness conditions.

8.2 Perturbative unitarity v.s. T parameter

From Eq.(7.27), we get

(lnu(o) - %H%(O))

2
v Uy

A2

97



1 1, .. | _ ii
~ o (ateh) - (@) ) R,
(8.33)
and from Eq.(7.28) and Eq.(7.33), we get
1 1
e 1 e L ve L v
< 511531(0) — @H%(O) w2 T FHH (0) = _%H?,s (0) A2
= (b)) — b)) )<
(4m)2 \ v? AT v’ 37078
_ 3 1 A2
x [ijMé —4(g* D (wh)tat), + g%@’f);i@%)a”} g, (834)
a=1
with
3 . . . .
M} =g > (@) (@]) + g5 (7)) + Vi - (8.35)
a=1

As we see from Eq.(8.34), the coefficient of the T parameter divergence is partially
expressed by the Riemann curvature tensor, but there is part independent of the
Riemann curvature tensor. This means that we need additional conditions to ensure
the one-loop finiteness of the parameter 7. In addition to the perturbative unitarity

of four scalar scattering amplitude, we need the following conditions:

(tebieb) - i) (o S () (), + R0 )8 =0, (830

a=1
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Chapter 9

Summary and Conclusions

In this thesis, we have done two things.

1. We extended the Higgs Effective Field Theory (HEFT) so that it includes the
arbitrary number of neutral and charged scalar fields, and formulated “Gener-
alized Higgs Effective Field Theory (GHEFT).”

2. We derived the perturbative unitarity condition and oblique parameters S,
T, U in the context of the GHEFT in the covariant form. Focusing on the
geometry of the GHEFT, we find correlations between unitarity sum rules and

the oblique parameters.

We firstly generalized the Higgs Effective Field Theory (HEFT) so that it includes the
arbitrary number of neutral and charged scalar fields. Because SU(2), x U(1)y sym-
metry is non-linearly realized in the broken phase, we relied on the CCWZ method to
add new scalar fields to the HEFT in a consistent manner with underlying symmetry.
We named the extension of the HEFT as “Generalized Higgs Effective Field The-
ory (GHEFT).” The explicit form of the GHEFT Lagrangian is given by Eq.(4.49).
Thanks to the GHEFT, we can calculate the physical process with new scalar parti-
cles appearing in the initial of the final state, such as the production cross sections
and decay rates of the new scalars. These processes cannot be calculated in the

HEFT framework because new particles are integrated out from the theory.
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Furthermore, we rewrote the GHEFT Lagrangian to avoid the ambiguity coming
from a choice of the field coordinate system. The dictionary for converting the origi-

nal GHEFT Lagrangian (4.49) into its geometrical form (6.1) is given in appendix B.

Secondly, We derived the perturbative unitary conditions and the expression of
the Peskin Takeuchi S, T, U parameters in the framework of the GHEFT. Thanks
to the geometrical form of the GHEFT (6.1), we derived these expressions in the
covariant forms. Deriving the perturbative unitarity conditions, we found that the
unitarity sum rules are expressed by the flatness conditions in the vicinity of the
vacuum, Rijkl = 0. We also found that the coefficient of one-loop divergence of the
oblique parameters S, T, and U can be written in terms of the Killing vectors and
Riemann curvature tensors. Furthermore, using the Killing equations and the com-
mutation relations of the Killing vectors, we find that the coefficients of the divergent
parts of S and U are proportional to the Riemann curvature tensor evaluated at the
vacuum. This ensures that once perturbative unitarity conditions are satisfied, a one-
loop divergence of the oblique parameters S and U is automatically canceled out.
The inverse relation does not hold, however: even if the S and U are one-loop finite,
this does not ensure the perturbative unitarity. Therefore, we concluded that the
perturbative unitarity conditions are sufficient conditions for the one-loop finiteness

of S and U, but not the necessary conditions.

100



Acknowledgement

First of all, I am very grateful to my supervisor, Masaharu Tanabashi. As a super-
visor and a collaborator, he showed me how to approach the problems in particle
physics and how to overcome the difficulties we face in the research. His suggestions
always improved my research and brings me a breakthrough many times.

[ would also like to thank my collaborators, Koji Tsumura and Ryo Nagai. They
always encouraged me and gave constructive advices when I faced difficulties.

[ am very grateful to Junji Hisano for invaluable support, and would like to
express my gratitude to Tomohiro Abe, Teppei Kitahara, Yutaro Shoji, and Yuki
Sato for fruitful discussion and helpful advice.

Finally, I would like to thank all the members of theoretical particle physics group
at Nagoya University.

101



Appendix A

Thanks to the CCWZ formalism introduced in Sec3.3, we can construct the HEFT
Lagrangian. Here we will construct the HEFT SU(2), x SU(2)r — SU(2)y, where
SU(2)y is the symmetry rotating same angle in SU(2), and SU(2)g. Generators of
SU(2), x SU(2)g can be expressed by four by four matrices as

1 ({7 1(0
T = = T8 = = Al

where 7 denotes Pauli matrices given by Eq.(2.8). Upper-left two by two matrix
denotes SU(2), subspace, and lower-right two by two denotes that of SU(2)g.

The unbroken generator S* is rotate SU(2);, and SU(2)g by the same angle, so
it can be expressed by sum of SU(2), and SU(2)r generators. As for the broken
generator X, it can be expressed simply by subtraction of SU(2)., and SU(2)g gen-
erators. Therefore unbroken and broken generators of SU(2), x SU(2)r — SU(2)y

can be written as

go  Ti+Th _L(7" ) o _TE-Th L[ . (A2)
2 2 T¢ 2 2 -7

Note that the broken generators in general has an ambiguity of adding or subtracting
the unbroken generators S®. Therefore we can also adopt the following matrices
X'* as the broken generator, which is different from X* in Eq.(A.8) by the sum of
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unbroken generators S*:

X' = X0 4§ = (T o) . (A.3)

The two theories constructed by the generators {S% X} and by {S%, X'*} look dif-
ferent at the first look, but these theories are simply related by the field redefinitions.
Though these two theories give different interaction vertices, we can show that they
give exactly the same scattering cross sections. In this thesis, we adopt simpler
parametrization, which is given by Eq.(A.8).

Unbroken and broken generators given by Eq.(A.8) satisfy following commutation

relations
[S9, Sb] = ieachc, (A.4)
[S¢, Xb] = ie“chC, (A.5)
[X?, Xb] = e se (A.6)

Here we define parity operation 7,, under which unbroken and broken generator

transform as

T, SY—= 9%,

X% —X°. (A7)

This parity operation 7, actually corresponds to the exchange of SU(2), and SU(2)r
generators. As we see in Eq.(A.8), unbroken generator S* and broken generator X*
can be expressed in terms of SU(2), and SU(2)g generators T¢, T4 by

Ty + Ty TP - Tp
_tR xe_ILTIR (A.8)

S :

2 2
Exchanging 77 and TF, unbroken generator S® remains invariant, but broken gener-
ator X flip its sign, reproducing Eq.(A.7). The important thing is that commuta-
tion relations Eqs.(A.4)-(A.6) are invariant under the parity transformation 7,. This

property turns out to be quite useful when we construct the invariant operator under
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non-linearly realized SU(2), x U(1)y.
The matrix £ given by Eq.(3.54) can be written in this case as

) — £1(m) A
£(m) ( ng)? (A.9)

where é 1, and é R are given by

fL(W) = exp (%71'&7'&) , (A.10)

En(T) == exp ( - %W“T“) : (A.11)

In the remaining of this section, matrix M with hat symbol, M, denote 2 by 2 matrix
embedded in upper-left or lower-right of the four by four matrix. Note that, if we
express the transformation matrix of SU(2);, x SU(2)g as

g= (QL ) ) (A.12)
9r

gL = exp <20Z%) : (A.13)

where

Gr = exp <¢9;§%) , (A.14)
then &, and &g in Eq.(A.9) transforms under SU(2), x SU(2)r like

gL(ﬂ-) — gL(ﬂJ) = gL : éL(ﬂ-) : GT(W’ 0117 HR) ) (A15)
Er(m) = En(n') = Gr - Ea(r) - BT (7,61, 0r) (A.16)

Note that b in Eq.(A.15) is not 6(7r, 1) and b in Eq.(A.16) is not 6(7?, 0r), but they
are identical matrix h(m,0r,0r). This fact is easily understood by coming back to

four by four matrix notation, where the transformation law (A.15) and (A.16) are
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collectively expressed as

€(7) £u() N ;
( éR(W)) - ( éR(T('/)) ( gR> ( éR(W)>b . (A17)

Now it is clear that the upper-left matrix and the lower-right matrix in h must be
identical, otherwise b is not a group element of unbroken symmetry SU(2)y, which
rotate fL and éR in the same angle.

Cartan one-form defined by Eq.(3.58) is written in terms of £ given by Eq.(A.9)

as
1+
a,(m) = ;f (m)0,&(m). (A.18)
The next step is decomposing «, into unbroken generator part and broken generator
part like
Q= o)+ oy, (A.19)
oy = Tr[a,5 S, (A.20)
o, = Tro, X" X°. (A.21)

At this point, it is important to focus on the commutation relation of generators.

S ST I 7 (A.22)
' %ﬁ%aufR dRu
o, can be trivially decomposed as
1(a g 1 ( ap, —a
o, = 5 (aL“ * Ry . N ) + 5 (OZL“ i . . > . (AQS)
QL + QRry —Qr, + ARy

We consider operating the parity transformation 7, introduced in Eq.(A.7) to the

Cartan one form cy,. As we previously commented, parity transformation 7, cor-
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responds to the exchange of SU(2), and SU(2)g generators. For &y, and gy, 7

operate as an exchange &y, <» dg,. Under this exchange, the first term of RHS of
Eq.(A.23) remain invariant, but the second term of RHS of Eq.(A.23) flip its overall

sign. Comparing it with Eq.(A.7), we can conclude

Y =3

)

1 dLu+d/Ru
ar, + agy

. 1 ary — ARy
ay, = 5 R R .
—Qr, + Qry

Now we can write down a kinetic term of NG bosons:
02
,CW = ?TI" [OéJ_MOélj_] .
Expressing the kinetic term (A.26) in terms of £, and &g, we get

2 2

£ = ST (0 — a6 — )] = T [0, (6161) 104 (6080

Defining
U:= éLé;rz )
we finally get
L, = ZTr [@LU 8“U}

where the transformation law of U under SU(2), x SU(2)g is given as

U—U =g Ugg.
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(A.30)



Appendix B

In this section, we will treat the power counting formula for the electroweak chiral
perturbation theory (EWChPT) [8,13]. The EWChPT is the effective field theory
written in terms of the SM fields other than the Higgs boson, and its leading order
Lagrangian is obtained by setting h — 0 in the leading order HEFT Lagrangian
(3.2).

In the first raw of Table 1, we listed all types of the interaction vertices found in
the leading order of the EWChPT. Note that ¢ denotes the would-be NG bosons w™®
and z, collectively. X, expresses weak gauge boson fields W, and B,,, and v ,(r) de-
notes left-handed (right-handed) SM fermions. From now on, we will consider L - loop
diagram Dj, containing a n; number of p*-vertices, v, Yukawa-type ¥r(r)¥r(r)¢"-
vertices, a m; number of gauge-NG boson vertex X, ¢!, a ry numer of Xﬁgps—vertex,
a x number of four point gauge self-interaction Xﬁ, a v number of three point gauge

self-interaction X 3, and a g number of 1/_}L(R)1/}L(R)X u-vertex.

Table 1: LO interactions, corresponding vertices, and the number of vertices in Dy,

interactions % VrryUrme® | Xup' thﬁs Xﬁ XS YR VL(R) Xy
factors of vertices | p?/v? 2 y/ vkl gp/v'=2 | g2 /v | g | gp g
# of vertices in Dy, n; Vg my T T | u 21,(2R)

The L-loop diagrams Dy with B NG boson propagators, V gauge boson propa-
gators, and Fp(p) left-handed (right-handed) fermion propagators can be expressed
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as

2L Ek”k Elml+252rs+2$+u+z
v
Dy ~ YTy
A2L ,UEZ(21—2)n1+2k(k—l)uk+21(l—2)ml+25 (8—2)7‘5
—rl 2 _pl 2
AL+ 20,4+ mi+u—2B—-2V—F—Fr—V Fr FL 7Fr Fr B v
Xp Yt R R e (X)), (BU)

where F}, F?, F}, and F3 denote the number of external fields of left-handed anti-
fermion, left-handed fermion, right-handed anti-fermion, right-handed fermion, re-
spectively. B denotes the number of external NG boson fields and V' denotes the
number of external gauge boson fields which should appear in the form of field
strength.

The power of the momentum in (B.1) express the superficial degree of divergence
for the diagram D;, which is denoted by “d” with

d=4L+) 2n;+ Y my+u—2B-2V—F, - Fp—V. (B.2)
i l

Note that, in Eq.(B.2), 4L powers of momentum comes from the integration with
respect to the loop momentum, Zz 2n; + Zz m; + u powers of momentum comes
from the derivative interactions listed in Table 1, —2B — 2V — F; — Fgr powers of
momentum comes from the NG boson, gauge boson, and fermion propagators, and
—V powers of momentum comes from the field strength of the external gauge boson
fields X,,,, which can be obtained by replacing one of the external momentum with
a derivative acting on the external gauge field.

We can eliminate the number of internal fields, Fp(g), B, and V from Eq.(B.2)
by using the following identities,

Fi+2F, =) v +22, (B.3)
k
Fr+2Fr =Y vi+2zg, (B.4)
k
B+2l3:ZZini+Zka+Zlml+Zsrs, (B.5)
i k ! s
V+2V:Zml+22rs+4x+3u+z. (B.6)
l s

108



Note that the LHS’s of (B.3)-(B.6) express the sum of the external fields and the
internal fields. The number of internal fields, Frg), B, and V, are multiplied by
two because we need to contract two internal fields to get a propagator. The sum
of the external fields and the internal fields should be equal to the total number of
particle fields appearing in the diagram Dj, through the interaction vertices, which
are expressed by the RHS’s of (B.3)-(B.6).

After eliminating the number of internal fields, Fp gy, B, and V in (B.2), we get

Fr + Fg ,
d:4L+B—|—T+Z(2—22)ni—zk:(k+1)yk—zl:lml—2(s+2)rs
—4dxr —2u —2z. (B.7)

Applying the topological identities for Feynman diagrams,
L:.FL‘F.FR"‘B‘FV—ZTL@‘—ZV,%—ZWLZ—ZT’S—ZE—U—Z+1, (BS)
) k l s

we get the final expression for d,

Fp + F
d:2L—|—2—%—V—y—m—%—kc—u—z, (B.9)

with
V= Zuk, (B.10)
k
m::Zml, (B.11)

ro= er. (B.12)

The important thing in (B.9) is that all the vertices have negative contributions to
the superficial degree of divergence, d. Given the fixed value of the loop order “L.”
the diagram Dj has loop divergence when d takes the non-negative value, d > 0.

Thanks to the negative contributions from the interaction vertices, however, d has
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the maximal value, and this means we can absorb all the divergence in the various
loop diagrams by the finite number of counter terms: listing all the combinations of
(Frery, V, v, m, r, , u, z) for each non-negative value of d, and introducing corre-
sponding operators to the L-th order HEFT Lagrangian, we can pursue perturbative
calculations systematically.

The formula (B.7) gives the power counting rules for the HEFT, because once we
give the loop order L, we can write down all the counter terms needed for absorb-
ing the divergence by using the formula (B.7), which correspond to the L-th order
operators in the loop expansion.
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Appendix C

In this Appendix, we list the dictionary for converting the original GHEFT La-
grangian (4.49) into its geometrical form (6.1). We express the metric tensor g;; in
Eq.(6.1) in terms of G, Gar, and Gy in Eq.(4.49). Not that w* := w®/v with
a=1,2.
(27]) = (a7 b)
1 1
g1 = G — Grsw? + 3 (—Guw*w® + Gw'w®) + ZGgngW +0((=)*), (C.1)
1 - -
g12 = G12 + 5 (Glgwl — G23w2)

1 o L . o 1 o
+ G (G11w1w2 + Gypuwtw? — Gu'tat — G12w2w2) — ZGggwlwz + O((7)?),

(C.2)
1 ~2 1 ~2 ~2 ~1 ~2 . I J 1 ~2 ~2
g1z = Glg — §G33w + 6 (—Glgw w* + G23w w ) — GlI[ZQ¢] J¢ 1— 611) w
1 , . 1 . 1~
+ §G31[ZQ¢]1J¢JUJ2 - 6G21[2Q¢]1J¢Jw1w2 +0((n)%), (C.3)
1 1
go2 = G22 + G23’LZ)1 + g (_GQQ'J)LLDI + G12U~}1U~}2) + ZG33U~]1U~)1 -+ O((W)B) s (C4)
1 5 1 1 - 1~ . 1.
go3 = G23 + §G33w1 —+ 6 (G13w1w2 — ngwlwl) — GQ[[ZQ¢]IJ¢J <1 — 6w1w1>
1 ) . 1 ) 1 ~
- §G31[ZQ¢>]1J¢JUJ1 - 6G11[2Q¢]1J¢JU}1U}2 + O((W)g) ) (C-5)
933 = Gz — 2G31[iQq) 10”7 + G1i[iQy) k[iQs) L™ ¢, (C.6)

(Z>]) = (CL»I)

111



1 1 1
gir = Gl] + —G3]’U~12 — —G1[U~J2QIJ2 + EGQIIZ)IUN)Q + O((ﬂ')g) s (C?)

2 6
1 1 1
gor = Gor + 563@1 + EGlew? — gGg,wlwl +0O((7)?), (C.8)
gs1 = Gar — Gy[iQy) k™, (C.9)
(t,5) = (I, J)
grs =Gry. (C.10)
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Appendix D

In this appendix, we will derive one-loop correction to the Lagrangian

£ = 30u(0)(Du0) (D"6F — V(6). (D.1)

with D, denoting gauge covariant derivative,
(Duo)' = 0u¢’ + Ajto(9)- (D.2)

The authors of [41] derive the one loop correction to the Lagrangian (D.1), which is

given by
oo 1 [1 1
A‘Cgivl b= (471’)26 Etr(}/lwyu )+ §tl”(X2) ) (DS)

where € is dimensional regularization parameter and is written in terms of spacetime

dimension D as

e:=4—-D. (D.4)

Y,, and X are given as
Vil = Rin(Dyuo)"(Du9)' + F, () (D.5)
[X]' = R'jia(Dug) (D"9)' + g7 Vi, (D.6)

where covariant derivatives for Killing vectors ¢/ is given by

J
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The aim of this appendix is to derive Eq.(D.3).

In order to calculate one-loop correction respecting gauge invariance, we use the
background field method.

Firstly, let us decompose ¢’ into a background field é' and a fluctuation field &

as
6= re - T+ (D3)

where T, is Affine connection evaluated at ¢' = ¢'. For the definition of Affine

connection, see Eq.(5.30). We consider variating the action

5= [ die| gaeND.0) ey - vio)] 09

with respect to the fluctuation field . Expanding the metric tensor g;;, the Killing

vector ¢!, and the scalar potential V' around ¢’ = ¢, we get

9i(9) = gij — léikjl gl (D.10)
to(d) =1, + 1,6 — % e 4 (D.11)
V() =V + Vi + % Vi€ + o (D.12)

To get Eq.(D.11), we used the following relation coming from the Killing equation,

gi(wl) e = Rigjuw, - (D.13)

In order to make the callcuration easy, we consider the Riemann Normal Coor-
dinate (R.N.C.) in the remaining of this appendix. Note that, in the R.N.C., the

following relations are satisfied,

Fl(jljé) =0, (D.14)
l(jleij) = O? (D15)
Féjljz,jsjz;) =0, (D.lﬁ)
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where parentheses indicate the symmetrization with respect to indices: 7 j,) =
2(T51jo + Tiyjy )- Note that, in the R.N.C., Riemann curvature tensor R';y; appearing
in Eq.(D.11) can be expressed as

éijkl - f;‘l,k - f;k,l ) (D.17)
because of Eq.(D.14).

Expanding the covariant derivative (D,¢)" defined by Eq.(D.2) around ¢' = ¢
in the R.N.C. coordinate, we get

(D) = (Do) |, + (DY, + (D], + - (D.18)
with

(Do), = 0" + ALE, = (Duo)’, (D.19)

(Duo)'|,, = 0" + AL(0) 48 = (Dut)' (D.20)

D00, = = (5E0,) + Rt ) €€ (D21

Using Eq.(D.10), Eq.(D.12) and Egs. D.19)-(D.21), we can calculate the second vari-
ation of the action (D.9) with respect to the fluctuation field £, which is denoted by
5S¢, The explicit form of S¢ is given as

S& = %/d% {?}ij(buf)i(ﬁ“f)j — Rty (D) (D"hE'E — V56'¢
9 . 5 o
i (3R - (50, ) D@ D2

where covariant derivatives (D,¢)" and (D,£) are defined by Eq.(D.19) and Eq.(D.20),

respectively. We can easily show that the second line of Eq.(D.22) vanishes: focusing
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on the relevant part of the second line of Eq.(D.22), we get

(gékmjn - (f‘f:m)’])gmgn = - %((f‘ﬁln>,j + <f]:nj),n + (f‘ﬁq]),n> gmen
= 3 (s 4 @ ) )ee. D)

In the first line of Eq.(D.23), we used the expression of the Riemann curvature tensor
in R.N.C., Eq.(D.17). To get the second line from the first line of Eq.(D.23), we
exchanged the dummy indices m <+ n in the third term in the parenthesis. Applying
Eq.(D.15), we can see that the last line of Eq.(D.23) vanishes.

The final expression of S%¢ is therefore given as
1 R
5% = / @'0€’ | = Gy DD — Ry (D) (D"6)! = Vi | (D.24)

Adding Affine connections to Eq.(D.24) appropriately and rewriting Eq.(D.24) in the

covariant form, we finally get
1 O
SE = 3 / d*z¢’ [ — G, 9" — Riuj(D,o)*(D"o)' — vm} ¢l (D.25)
with
(2,8)" = 0,0, + T (0,0M)E + AD[th; + Tiutsle . (D.26)

The second variation (D.25) enters the one-loop effective action,

i v 028
Fone—loop = 5 IOg det (_ng 5§k5£]> : (D27)

Reading out the effective Lagrangian from Eq.(D.27), we finally get the one-loop

correction to the action (D.1), whose explicit form is given by

1
T

(i itr(YWYW)+%u(}@)] , (D.28)

12
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with

[YMV]ij = [@/m @V]ij y (D29)

[XT's = R ju(Duo)’ (D) + g7V, . (D.30)

Calculating the commutation relation in RHS of Eq.(D.28) explicitly, which is done
in appendix D, we get

[Yu ]Zj = Rijkl(Duﬁb)k(Duﬁb)l + Fﬁu(ti);j : (D-Sl)
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Appendix E

In this appendix, we will express the commutation relation
Yiw =D, D)5, (E.1)

in terms of covariant quantities such as the Riemann curvature tensor, the Killing
vectors, and the covariant derivative of the scalar fields. Note that %, denotes a
covariant derivative defined by Eq.(D.26).

Expressing the commutation relation in terms of tensors appearing in the RHS
of Eq.(D.26), we get

(2 215 0 = |Ulig + Dol [ (040" (0007 )0
+ AE (tlﬁ,k)aj(aﬂ¢J)nk + F;l(a#(bJ)Aletla,knk - Alcjtza,lrék(aﬂqb])nk
+ (aquof)tfx,knk + Agtjl,ZA,ft,lB,knk
—(nrv). (E.2)

We will rewrite the first, second, and third line of Eq.(E.2) in turn.

1. First line of Eq.(E.2)

It is easy to see that the square bracket in the first line of Eq.(E.2) leads to the

Riemann curvature tensor:

[F;‘k,l + T 01 (0,0 (0,07 ) — (> v)
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= (b + Tl = (6 )] @) (@0
= R'j(0,0") (0,0 )" (E.3)

with
Riyj = Fj.k’l — F;‘,w, + P:’nlr’,g;. — F;‘njrg; . (E.4)

Note that the Riemann curvature tensor defined by Eq.(E.4) satisfy usual anti-

symmetric relation,
Riklj == —Rikﬂ . (E5)

2. Second line of Eq.(E.2)

Next, we will focus on the second line of Eq.(E.2). It is easy to check that the second

line of Eq.(E.2) can be rewritten as

Af(té;k),j(aucbjn’“ + Fé‘l(auW)Agtla;knk - Aﬁti;zfé-k(amj)nk - (M A V)
=A2(0,0 )" (tia,kj + Iy + F;'ltla,k - Féﬂé,z)
+ A2 (Tk) st (8,0 In® + T5y(0,¢7 ) AST )t — AST 10T, (0,0 )"

km « ImYa * jk

—(nev). (E.6)
Applying the following formula
0 =thT% + th Ll 4 th T — th Dk + th (E.7)
to the parenthesis in the second line of Eq.(E.6), we get

Bq.(B.6) = At (0,6 )" (Thyy — i + Do T = Tl ) = (1 )

= _Agtix(au(ﬁj) lenk — (< v)
= 2A%.(0,¢" ) Ryy;m" . (E.8)
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To get the second line from the first line of Eq.(E.8), we used the definition of

the Riemann curvature tensor (E.4). To get the third line from the second line of
Eq.(E.8), we used Eq.(E.5).

3. Third line of Fq.(E.2)

Finally, we will focus on the third line of Eq.(E.2),

<8NAIC/¥)tfx;k77k + Aztfx,lAgtéi,knk - (lu A y) : (Eg)

The second term of Eq.(E.9) can be rewritten as
Aité;lA,ft,lB;knk - (H < V)
lj km «

= ACAD Nt th o+ Dhti 8 + Tthth o 4+ Tl thts — (a 5)}

= A%AD (tgﬁlk + T4, — Fﬂtg,mﬁfy + I}, T thth — (a /@)} — fag ACADE |

@ i i i ] i j I tm myi k @ i
= AMAE <ka,l - Fkl,m + Fjll—‘?cm - ijril>tatﬁ - [toﬂ tﬁ] Fk:m:| no— fOéB,yAuAf v,k

= AZA7 (Rimtfﬁ" - fab’”%;k) " (E.10)

To get the second term from the first term of Eq.(E.10), we replace p <+ v with
a <> (. To get the third line from the second line of Eq.(E.10), we used the following

relation
i 4l i 4l 1 4 14
toz,lt,B,k - tﬁ,lta,k: = tat,é’,lk - t,Bta,lk - faﬁy ) (E-H)

which is obtained by differentiate the Killing vectors’ commutation relation with

respect to scalar index,

[t ts]’ = thth, — thth, = fag ! . (E.12)
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To get the fourth line from the third line of Eq.(E.10), we used

km

which comes from Eq.(E.7). Finally, to get the forth line from the third line of
Eq.(E.10), we used the commutation relation (E.12) and the definition of the Rie-
mann curvature tensor (E.4).

Substituting the final result in Eq.(E.10) into the second term of Eq.(E.9), we
get

(Ou APt u” + At ATt 0" — (1 4 v) = Rl (ASE) (AJEE )" + Lt 0"

nasl v
(E.14)
with
F, = 0,A] — 0,A) — fog" ATAD . (E.15)
4. Total of Fq.(E.2)
Combining Eq.(E.3), Eq.(E.8), and Eq.(E.14), we finally get
(D D)5 = R'jua(Dug)" (Do) + Fite - (E.16)
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