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1 Introduction

The index of a nonconstant meromorphic function g on a compact Riemann surface is

an invariant of g, which is defined as the number of negative eigenvalues of the differential

operator L := —A — |dG|?, where A is the Laplacian with respect to a conformal metric
ds?> = A\d(d( on the Riemann surface, defined by A := §%5 using a local coordinate

¢, G: M — S? is the holomorphic map corresponding to the meromorphic function g
and |dG| is the norm of the differential dG of G. The multiplicity of the eigenvalue 0
of L is called the nullity of g and denoted by Nul(g). The operator L depends on how
to choose a conformal metric, but the index and the nullity do not depend on how to
choose a conformal metric.

The index of a meromorphic function is closely related to the index (Morse index)
of a complete minimal surface with finite total curvature. Huber [6] and Osserman [11]
proved if the total curvature of a complete oriented minimal surface in R? is finite, this
minimal surface is identified with a Riemann surface given by excluding finite points from
a compact Riemann surface, and the Gauss map on this minimal surface is extended to a
meromorphic function on the compact Riemann surface. Fischer-Colbrie[3] and Gulliver-
Lawson [4],[5] proved that for a complete oriented minimal surface in R3, the index is
finite if and only if the total curvature is finite. This is a qualitative study of the index.
Fischer-Colbrie proved when the total curvature a complete oriented minimal surface
in R? is finite, the index coincides with the index of the extended Gauss map of this
minimal surface. Tysk [12] proved the index of a complete oriented minimal surface in
R3 is bounded from above by some scalar multiple of the total curvature. This is the first
quantitative study of the relationship between the index and the total curvature. Study
of lower bound of index was done by Choe [1] and Nayatani [9]. Nayatani [10] studied
for the index and the nullity of the operator L, associated to any meromorphic function
g on a compact Riemann surface M, how they change under a certain deformation g;
of g (t is a positive real number). He considered the derivative g’ of the Weierstrass
p-function corresponding to the square lattice Z & 1Z as a meromorphic function g, and
computed the index of g; when ¢ is sufficiently small and the nullity of g, for all ¢. In
particular, he showed that there are two values t1, t5(t; < t3) of t such that the nullity is
4. Furthermore, he investigated the change of index when ¢ becomes large. He showed
that the indices of t1g,t2g are 5, and since t5g is the Gauss map of the Costa surface,
he could conclude that the index of the Costa surface is 5.

In this paper, we study the index Ind(g) and the nullity Nul(g) of certain nonconstant
meromorphic functions ¢ from a compact Riemann surface M to C = CU {oo}. In order
to compute Nul(g), we recall the real vector space H(g)(see (2.5)) which was introduced
by Ejiri-Kotani [2] and Montiel-Ros [7]. By the formula Nul(g) = 3+ dimg H(g), we can



compute Nul(g). If the genus of the Riemann surface M is 1, that is, M is homeomorphic

to the torus, H(g) can be defined as follows.

H(g) :{fw | f: M — C is a meromorphic function,
D(f) + B(g) = 0,Res,, (fw) = 0,i=1,--- ,p,

Re/(l — g%, i(1+ ¢%),29)(fw) = 0,Va closed curve},

where w is a fixed nonzero holomorphic one-form on M, py,--- ,p, are the ramification
points of g with ramification indices ey, --- ,e,, and D(f) is the divisor of f, and when
P(g) is the polar divisor of g, B(g) is the divisor defined by B(g) = Y eipi —2P(g).
Since the definition of H(g) is complicated as it includes the period condition, we intro-

duce the complex vector space
}AI(g) :{fw | f: M — C is a meromorphic function,

D(f) + Blg) > 0,Res,, (fw) = 0,i =1+, u}

that is easier to handle, excluding the period condition. H(g) is a real subspace of H (9).
For t € C\ {0}, H(tg) # H(g) in general, but H(tg) = H(g).

As already mentioned, Nayatani[10] computed the index of Costa surface. The com-
pact Riemann surface of the Costa surface is C divided by the square lattice Z @ iZ,
which is homeomorphic to a torus, and the Gauss map of Costa surface is a scalar

multiple of the derivative p’' of the Weierstrass p-function. C/Z & iZ is isomorphic to
M, = {(z,w) eC? | w? = 2(2% — 1)}

as a Riemann surface, and ¢’ coincides with the meromorphic function w except for a
scalar multiple. As a generalization of Nayatani’s setting, we consider a one-paramenter

family

Ma—{(z,w)€@2|w2—z(z—a) <z+%)},a>1

of Riemann surfaces homeomorphic to a torus and the meromorphic function w, and
we tackled the problem of computing the index and nullity of tw, ¢t > 0. We note
that M, is isomorphic, as a Riemann surface, to C divided by the rectangular lattice
Z & icZ,c > 0. As a result, we are able to determine Ind(tw) for all a in the range
1 < a < ag (where ag can be numerically evaluated) and all ¢ > 0. This is the main
theorem of this dissertation.

First we determine H (w).



Lemma 1.1. (Lemma 4.1) H(w) is a three dimensional complex vector space spanned
by

2 %(Al + Ay) dz
A2 A2 w
2 A A, dz

P T ARG AR
= z— 3(A1 + Ay)
(z — A1)?%(z — Ag)

de.

Then we determine ¢ > 0 so that the dimension of H(tw) is 1 or more, and find
exactly two values t = t;(a),t2(a) (t1(a) < t2(a)). We then determine Nul(tw).

Lemma 1.2. (Lemma 4.4) For each a in the range 1 < a < ag (where ag can be
numerically evaluated) there are positive real numbers ¢;(a), t2(a) (t1(a) < ta2(a)) such
that

1, t=ti(a),ta2(a),

dimg H (tw) =
07 t>07t7£t1(a)7t2(a)‘

Therefore,

Nu](tw) _ 4, t = tl(a), tg((l),

3, t#tia)ta(a).

By using the fact that Nul(tw) also changes if Ind(tw) changes when a,t move, we
determine Ind(tw) for all a in the range 1 < a < a¢ (where ap can be numerically
evaluated) and all ¢ > 0.

Theorem 1.3. (Theorem 5.2) If ¢;(a) and t5(a) are as described in Lemma 1.2, then

o, 0<t< tl(a),tg(a) <

A =96 @) <t < ta(a)

for any a in the range 1 < a < a¢ ( where ag can be numerically evaluated ).



Organization of this thesis

This paper is organized as follows. In Section 2, first we prepare basic concepts
and materials on the Riemann surface and the meromorphic function and differential.
Then we define the index and nullity of a meromorphic function on a compact Riemann
surface. We also recall the vector spaces which are used in the computation of nullity
and were introduced by Ejiri-Kotani [2] and Montiel-Ros [7]. In Section 3 we consider a
certain family of meromorphic functions g, of degree three defined on Riemann surfaces
M,, a > 1, homeomorphic to the torus, and describe the above vector spaces in these
special cases. In Section 4 we compute the nullity of tg, for all £ > 0 and a in the range
1 < a < ag, where aq is a constant which can be numerically evaluated. In Section 5 we

compute the index of tg, for all ¢t and a in the same range.
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2 Preliminaries

In this section, we prepare basic concepts and materials which will be used in this
thesis.

2.1 Preliminaries on a Riemann surface and meromorphic func-
tion

As this thesis is concerned with a meromorphic function on a Riemann surface, we

recall their definitions. We begin with the Riemann surface.

Definition 2.1. Let M be a connected Hausdorff space. When there is a set A =
{(U1, 1), (Ua, ¢2), - - - } of the pairs (U;, ¢;) of open subsets U; in M and homeomorphisms
¢; from U; to an open subsets in C, and A satisfies the following conditions, (M, A) is
called Riemann surface.

(i) Uy, Uy, - -+ cover M.

(ii) For any 7,7 = 1,2,---, when U; N U; # @, the coordinate change

¢jo bt ¢i(U;NU;) — 6;(UiNTy)
is holomorphic.

Next we define the meromorphic function and related functions/differentials.

Definition 2.2. A complex-valued function f: M — C is called holomorphic if f o ¢;*

is a holomorphic function on ¢;(U;) for all 7.

Definition 2.3. If a differential 1-form w can be locally written as w = h(()d¢ with a lo-
cal holomorphic coordinate ¢ and a holomorphic function A((), w is called a holomorphic
differential on M.

Definition 2.4. A function f : M — C = CU{oc} is called meromorphic if there exists
an open set M’ C M which satisfies the following conditions,

(i) M ~ M' is empty or discrete in M.

(ii) f|ar is holomorphic.

(ili) For any p € M ~ M’, lim,_,, | f(2)| = oo.



Definition 2.5. When w satisfies the following conditions, w is called a meromorphic
differential on M : There is an open set M’ C M such that M ~ M’ is discrete and

(i) w|pr is a holomorphic differential on M.

(ii) For any p € M ~ M’, there is a local holomorphic coordinate ¢ with ((p) = 0
such that w = m({)d¢ near p, where m(() is a meromorphic function and has { = 0 as

a pole.

Finally, we collect basic notions related to the meromorphic function and differential

which will be used later.

Definition 2.6. Let w be a meromorphic differential on M, let p € M, and we express
w as w = m({)d¢ for a local holomorphic coordinate ¢ with ((p) = 0. The residue of

the meromorphic function m(¢) at ¢ = 0 is called the residue of w at p.

In the following two definitions, let g be a nonconstant meromorphic function from

a compact Riemann surface M to C = C U {oo}.

Definition 2.7. Let p € M. If there exists a local holomorphic coordinate ¢ with
¢(p) = 0 such that

g(0) + ¢¢, if p is not a pole,
9(¢) =

C—le, if p is a pole,

then e(> 1) is called the ramification index of g at p. If e > 2, then p is called a

ramification point of g.

Definition 2.8. Let py,---,p, be the ramification points of g and ey,--- ,e, be their

ramification indices. Then

is called the ramification divisor of g.

2.2 Preliminaries on the index and the nullity of a meromor-
phic function
In this subsection, we define the index and nullity of a meromorphic function on

a compact Riemann surface. We also recall the vector spaces which are used in the

computation of nullity.



Let M be a Riemann surface, and g be a nonconstant meromorphic function from a

compact Riemann surface M to C. We fix a conformal metric ds? = AdzdZzZ, where A is

a positive function on M, and consider the differential operator L = —A — |dG|?. Here,
A = % (% + g—;> = %%:)z is the Laplace-Beltrami operator of ds?.

_ ( 2Relg) 2Im(g) 9 =1\ L o2
gl + 1" |g[* + 1" [g]* +1

is the holomorphic map corresponding to the meromorphic function g, where S? is the
unit sphere of R?. |dG |2 is the square of the norm of dG with respect to the metric ds?,

2
o i, 467 = 3 (221 + ) = 1421

Lemma 2.9. For functions v and v on M,

9G
Oy

/M(Au)vdA:—/ (du, dv) dA, (2.1)

/M (AuyodA = /M f(Av)dA, (2.2)
/M(Lu)vdA:/Mu(Lv)dA (2.3)

hold. Here, dA = A\dz A dy is the area element with respect to ds?.

Proof.

Mz A dZ = Ndx + idy) A (de — idy)
= —iAdz A\ dy + iAdy N dx
= —2i\dx N dy.

Therefore,

dA = \dz A\ dy

R
-2
— %)\dz A dz.

Thus, the left side of (2.1) becomes

2 .
/ (Au)vdA = / 10 u_v Iz A dz
M M

X020z 2
2u
= 21 dz Ndz
. Z@z@EU z N\ daz,

10



and the right side (2.1) becomes

- / (du, dv)ydA
M
ou . Ov ov

o : -
_ <azdz + iz, adz n &dz> Az A dz

. (8u v 6u ov
=

20z oz 8z) dz dz.

On the other hand, let § = —v (—g—”;dz + %dﬁ). We obtain

ou 3
0 ou 0 ou 0 ou 0 ou\ . _
= {@ (—Ua> dz + % <—U&) dz| Ndz + [& <U£> dz + ; <’UF> d2:| Ndz

0 ou 0 ou
—£<—v$)d_/\dz+£( 32) dz N dz

2 2
:—(@@+Uau>d_/\dz+<a vou vau)dz/\cﬁ
0

920, 0207 9.5 V9:0%
_ (62} 8u ov Ou 2

u _
920 0:0% gz Nz
= 1 ((Au)vdA + (du, dv)dA) .
1

z0z

dz Ndz + 2
>z z+va

Since [,,d(i3) = 0 by the theorem of Stokes,
/ (Au)odA + (du, dv)dA) = 0.
M

Therefore, (2.1) is proved. (2.2), (2.3) follow from (2.1). This completes the proof of

the lemma. N

Remark 1. For two different eigenvalues A, p of L, an eigenfunction u of L corresponding

to A, and an eigenfunction v of L corresponding to u, we have
/ uvdA = 0.
M
Actually,

(Lu)vdA = X

J (rerar=n ]
/ u(Lv)dA = ,u/ uvdA
M M

uvdA,

11



by Lu = Au, Lv = pw. By (2.3), we obtain

(A—M)/MuvdA —0.

/ uwvdA = 0.
M

Claim 1. N(g) = {u € C>(M) | Lu = 0} does not depend on how the conformal metric
ds? is taken.

Thus, since \ # u,

Actually,

L=¢L, ¢:%>0

for two conformal metrics ds? = \dzdz, ds? = \dzdz. (Note that ¢ is globally defined
on M.) Therefore, Lu = 0 if and only if Lu = 0. Thus, N(g) does not depend on the
choice of conformal metric ds?. m

We now define the index and the nullity of g.

Definition 2.10. We define the index Ind(g) of the meromorphic function g as the
number of negative eigenvalues (counted with multiplicities) of the operator L, and
define the nullity Nul(g) of g as

Nul(g) = dim N(g).

The nullity Nul(g) does not depend on the choice of conformal metric ds? by Claim 1.
The index Ind(g) also does not depend on the choice of ds? by the following discussion.

The bilinear form associated with L is represented by Q: C*(M) x C*(M) — R.
That is, for u,v € C°(M), we define Q(u,v) as

Q(u,v) = / (Lu)vdA
M
= / (—Au — |dG|? u)vdA.
M
By (2.3), Q(u,v) = Q(v,u), that is, @ is symmetric. By (2.1),
Qlu, u) = / (Iduf® — |dG*a?) dA
M

for a function v on M.

Remark 2. @Q does not depend on the choice of conformal metric ds? on M.

12



Actually, if we let ds? = \(dx? + dy?), we obtain

Qu, 1) = /M (|duf? — |dG[2u?) dA
LY - 5)) A (T [5) ) e
_ /M ((%)2 4 (Z—Z)Q - ( g S| 2) u2> dady. (2.4)

y
Since A is not included in the rightmost side of (2.4), @ does not depend on the choice

oG 1> oG

ox

of conformal metric ds? on M.

Let the eigenspace V), corresponding to the eigenvalue A of L be V) = {u € C*°(M) | Lu = \u},
< pg < -+ < pp < 0 be the set of all negative eigenvalues of L, and V =
Vi ®Vy @--- @V, C C®(M).

Claim 2. @ is negative definite on V', that is, Q(u,u) < 0 for any u € V ~ {0}.

Actually, for any u € V', u can be written as

k
uzg Ui, U € V.
i=1

Then
Q(u,v) = / (Lu)udA
M
k k
M i=1 j=1
k k
M =1 Jj=1
k
:/ Zum,) ( u]) dA
M\ =1 j=1
k
— / Z ,u,-uiuj) dA
M o\ =1
k
= Z i wu;dA
ij=1 M
k
=Y [ waa
i=1 M
where we have used Remark 1. Therefore, when u # 0, Q(u,u) < 0. m

13



In fact, one can show that V' is a maximal subspace of C*°(M) on which @ is negative
definite. Thus, the index Ind(g) coincides with the dimension of a maximal subspace of
C*(M) on which @ is negative definite. Hence, by Remark 2, Ind(g) does not depend
on the choice of conformal metric ds?.

Let ds3, = mdzdi be the standard Riemannian metric on C. Let ¢ be a local
holomorphic coordinate on M. The pull-back ds?, of ds%, by g can be written as ds; =
grdsy, = Ad(CdC, where \ = %. Let A, = %%;E be the Laplacian of dsf]. If L
corresponding to this dsf] is represented by L,, L, = —A, — 2.

Since A = 0 at the ramification points of g, dsg = 0 at the ramification points. Al-
though ds? is not strictly a conformal metric, one can show that Ind(g) can be computed
as the number of negative eigenvalues (counted with multiplicities) of L, and Nul(g) can
be computed as the multiplicity of the eigenvalue 0 of L,. In other words, we have the

following.

Lemma 2.11. Ind(g) can be computed as the number of eigenvalues (counted with mul-
tiplicities) of —A, which are smaller than 2. Nul(g) can be computed as the multiplicity
of the eigenvalue 2 of —A,.

Remark 3. Let M’ be a complete oriented minimal surface in R?® and ds? be the first
fundamental form on M’. The operator L corresponding to ds? becomes the Jacobi
operator L = —A + 2K. Here, A is the Laplacian corresponding to ds? and K is the

Gaussian curvature of ds?. Then the (Morse) index of M’ is defined as
Ind(M") = sup{dimV | V C C§°(M’), Q is negative definete on V}.

Here, Q(u,v) = [, (Lu)vdA, u,v € C§°(M’). Furthermore, Fischer-Colbrie [3] proved
that when the total curvature of M’ is finite, the index of M’ coincides with the index

of the extended Gauss map of M'.

Example 1. The index of the catenoid is 1. In fact, the catenoid is identified with
C—{0} as a Riemann surface, and its extended Gauss map is the meromorphic function
g(z) = z on C. Therefore, dsg = ds?gg, the standard metric of the unit sphere. Thus,
Ind(g) coincides with the number of eigenvalues (counted with multiplicities) of —Age2
which are smaller than 2. Since 0 is the only such eigenvalue and has multiplicity 1, we
conclude that Ind(g) = 1. Thus, the index of the catenoid is 1 by Remark 3.

Proposition 2.12. Nul(g) > 3.

Proof. We define L(g) as L(g) = {a-G | a € R*}. Since G = (G1,Go,G3): M — 5% C

14



R3 is a holomorphic map, G satisfies the harmonic map equation AG + |dG |2 G =0.

3
, =1
i=1
3

a;(—AG; — |dG|* G)

-
Il
—

Il
e

Therefore, a-G € N(g). Thus, L(g) C N(g). The dimension of L(g) is three. In fact, if
this is not true, we have a linear relation a1G; + a2Go + a3Gs = 0, and this means that
the image of G lies in a great circle of S%. But this implies G is a constant map (and g
is a constant function) as it is holomorphic. This contradicts the assumption that g is
nonconstant. Therefore, dim L(g) = 3 and dim N(g) > 3. This completes the proof of
the proposition. O]

As mentioned in the above proof, L(g) C N(g), and Nul(g) > 3 if and only if
N(g)\ L(g) # 0. In order to compute Nul(g), we recall the work of Ejiri-Kotani [2] and
Montiel-Ros [7]. They observed that an element of N(g)\ L(g) appears in the following

way.

Definition 2.13. Let X: M’ = M\{p1,--- ,p,} — R? be a complete branched minimal
immersion of finite total curvature, where M is a compact Riemann surface. An end p;
is said to be planer if there exists a unit vector a; € S? such that (X, a;) is bounded in

a neighborhood of p;.

Proposition 2.14 (Ejiri-Kotani [2] and Montiel-Ros [7]). Let g: M — C be a noncon-
stant meromorphic function on a compact Riemann surface M, and G: M — S? be the
holomorphic map corresponding to g. Let X: M’ = M\ {p1,--- ,p,.} — R® be a com-
plete branched minimal immersion of finite total curvature whose extended Gauss map
is g and whose ends are all planer. Then u = (X, G): M’ — R, the support function of
X, extends to M smoothly and gives an element of N(g) \ L(g).

On the contrary, Ejiri-Kotani [2] and Montiel-Ros [7] proved that any element of
N(g) \ L(g) appeared as the support function of a complete branched minimal surface

with planer ends.

Theorem 2.15 (Ejiri-Kotani [2] and Montiel-Ros [7]). For any u € N(g) \ L(g), there

exists a complete branched minimal immersion X : M’ = M ~{p1,--- ,p,} — R? whose

15



ends are all planer and whose extended Gauss map coincides with g such that u = (X, G)
on M, where G: M — S? is the holomorphic map corresponding to g. In terms of the
Weierstrass representation formula, this assertion is stated as follows. Let H(g) be the

real vector space defined by
H(g) :{w e HO(K(M) + B(g)) | Respw = 0,Vi=1,--- , p,
Re/((l —¢%),i(1+ ¢%),29)w =0, Ya € H (M, Z)}, (2.5)

where K (M) is the canonical divisor of M, p; are the ramification points of g, P(g)
is the polar divisor of g and B(g) is the divisor defined by B(g) = ' eipi — 2P(g).
Then for any v € N(g) ~\ L(g), there exists w € H(g) \ {0} such that u = (X,,G) on
M, where X,,: M ~ {p1,--- ,p,} — R? is the branched minimal immersion defined by

x;@>:Rg/Qu—g%Ju+g%aww. (2.6)

po

In particular, we have the linear isomorphism N(G)/L(G) = H(g).

Corollary 2.16 (Ejiri-Kotani [2] and Montiel-Ros [7]). Nul(g) can be computed from
the dimension of H(g) by the following formula:

Nul(g) — 3 = dimg H(g). (2.7)

The complex vector space H (g9) defined as follows plays an auxiliary role in the
computation of H(g).

Definition 2.17. Define a complex vector space H(g) as

~

H(g) = {w e H(K(M) + B(g)) | Resyw = 0,i = 1,+ i}

For t € C\ {0}, H(tg) # H(g) in general, but H(tg) = H(g).

16



3 Setting

In this section, we consider a certain family of meromorphic functions of degree three
defined on Riemann surfaces homeomorphic to the torus, and describe the above vector

spaces in these special cases.

3.1 Torus

We first define the Riemann surfaces. Let
p~ 1
Ma:{(Z,U))E(CQ|w2zz<2_a)<z+_)}7 CL>1
a

If (r1,61), (r2,09), (r3,03) are the polar coordinates centered at 0, a, —%, then z € C is

represented in three ways as

i1 z=——+1r3e"”?
a

2z =110 2 = a4 ree,

ri,19,73 = 0, 0 < 01,605,605 < 2m.

Define the two branches wy, wy of w by
w, = mei<91+922+93), w0y — mei(91+922+93)+ﬂ. .

Prepare two copies of the Riemann spheres (E, let them be @1 and @2, respectively, and
consider w; as a function on @1 and ws as a function on @2. Put in a slit in the half line
connecting z = a and z = oo on @1, and let the upper part (of the slit) be [; and the
lower part be 71 Put in a slit in the half line connecting z = a and z = oo on @2, and let
the upper part be ls and the lower part be 72 Put in a slit in the line segment connecting
z=0and z = —% on @1, and let the upper part be hy and the lower part be El. Put in
a slit in the line segment connecting z = 0 and z = —% on @2, and let the upper part be
ho and the lower part be EQ. If flvl is attached to [, hqis attached to 77:2, ﬁl is attached
to hy and [; is attached to Tg so that w; and wy are continuously connected, a Riemann
surface M homeomorphic to the torus can be obtained. Let z; € @1, 29 € @2, and define
the map ¢ M, — M, by z1 — (21, w1(21)), 22 — (29, wa(22)). Let 2y € [; C @1 and
Zy € lg C Cg, and suppose z; = zp in M. Then ¢(z1) = ¢(z2) since wy(z1) = wa(zz).
The same holds at the other slits. Therefore, the map ¢ is well-defined. It is confirmed
that ¢ is bijective. Identify M, with M/ by this bijection, and consider M, as a Riemann

surface.

3.2 Vector spaces H(w) and H(w)

In this subsection, we describe the vector spaces, reviewed in the subsection 2.2,

when the mermorphic function is w: M, — C.

17



z: M, 3> (2,w) — z € C is a meromorphic function of degree 2 on M,, has
(00, 00) as a pole of order 2, and has (0,0) as a zero of order 2. dz is a meromorphic
differential, has (oo, 00) as a pole of order 3,and has (0,0), (a,0), (=2, 0) as zeros of order
1, respectively.

w: M, > (z,w) — w € C is a meromorphic function of degree 3 on M,, has (0o, 0)
as a pole of order 3, and has (0, 0), (a, 0), (—%, 0) as zeros of order 1, respectively. dw is a
meromorphic differential, has (0o, 00) as a pole of order 4, and has (A, £B1), (As, £B5)
as zeros of order 1, respectively. Here, A; = L V;u“%H,Ag = L ”;u“%H,Bl is
the value wy(A;) of wy at z = A; € @1, and By is the value wy(Ay) of wy at z = Ay € @1.

If ‘fu—z becomes zero, then dz becomes zero or w becomes pole, and %’Z becomes pole,
then dz becomes pole or w becomes zero. The possible points are the only four points
(0,0), (a,0), (—%,0), (c0,00). For example, considering at (0,0), since dz and w have

(0,0) as a zero of order 1, these can be written as

dz=a;Cd(+ -, w=b+b*+-, a; #0, by #0

near (0,0). Therefore, % ~ 4rd¢, and % has neither zero nor pole at (0,0) because

= %+ 00, = = 0. Similarly, it can be confirmed that %’Z has neither zero nor pole at
a,0), (—%,0), (00, 00). Therefore, ¢ has neither zero nor pole everywhere.
a w y
Using the nowehre vanishing holomorphic differential %, H(w) can also be written

as follows.
dz . : .
H(w) :{fz | f: M, — C is a meromorphic function,
~ dz .
D(f)+ B(w) > 0, Res,, (fa) =0,i=1,---,u,
d
Re/((l —w?),i(1 +w?),2w) (f—z> = 0, Va closed curve},
N w
where D(f) is the divisor of f defined as follows.

Definition 3.1. Let f be a meromorphic function from a compact Riemann surface M
to @, p1,- - ,Pm be the poles of order ay,--- ,a,, of f, and ¢, ,q, be the zeros of
order by, -+ , b, of f. Then

m n

D(f) = _Zaipi+zijj

1=

is called the divisor of f.
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~

Similarly, H(w) can also be written as follows.

N d N
H(w) :{f—z | f: M, — C is a meromorphic function,
w

D(f) + B(w) >0, Res,, (f%) =0,i=1,---
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4 Computation of Nul(tw)

In this section we compute the dimension of H(tw) and, as a consequence, compute
the nullity of tw. First, we find a basis of H(w).

Lemma 4.1. H (w) is a three dimensional complex vector space spanned by

_ - %(Al + Az) dz
’71_( “AN(z— A2 w

B 2 A A, dz
T AR A2 w

- Z—%(A1+A2)
BT A - Ay

dz.

Proof. First, we prove that ny,n.,n3 are elements of H (w). Note that
B(w) = 2(Ay, £By) + 2(Ay, £B,) — 3(00, 00)

by
B(w) = (A1, £B1) + (A2, £Bs) + 2(00, 00), P(w) = 3(c0, 00).

We compute the divisors of

P (A1 + Ay)
(Z — A1)? (2 — A)*
fy = 22— A1 A,
Pz A2z — Ap)”
fu— — %(A1 + As)

(z— A2(z — A2 "

They are given by

D(f1) = —2(A1,£By) — 2(Ay, £By) + 6(c0, 00) + (1(141 + A,),£Bs),

D(fs) = —2(A1,£By) — 2(Ay, £By) + 4(c0 \/A—AQ, +By) + (—/A1 Ay, £By),

D(f3) = —2(Ay,+£B;) — 2(As, £B3) + 3(00, 00) + (0,0) + (5(/11 + As), £B3) + (a,0)
+(0)

where Bs is the value of w; at 2 = %(Al + Ay) € @1 and B, is the value of w; at
z=—A Ay € @1. Therefore,

D(f;)+ B(w) >0, i=123.
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We compute the residues of 7;, i = 1,2,3. Let { = z — Ay near (A, £B;). w can be
written as
w:iBl+b2<°2—|—

near ¢ = 0. If we compute by using them, we obtain

1

N B A, = A
A (A + Ag)

772 j:Bl(Al . A2)2§2dc’

1

S - e

Therefore,

RGS(T]Z', (Ah :':Bl)) = 0, 1= ]., 2, 3.
Similarly, we obtain

RGS(UZ', (AQ, :tBQ)) = 0, 1= ]., 2, 3.

Next, we prove that 7,19, 13 are linearly independent. For v1,vs,v3 € C we write

I+ el + 313 = 0, (4.1)
If we substitute z = 3(A; + A,) into (4.1), we obtain 7, = 0. Therefore, (4.1) becomes

Y + 3ns = 0. (4.2)

(4.2) can be written as
o+ l+-)+y3(di(+---)=0, co#0,d; #0, near (0,0).

v1co = 0 when ¢ — 0. 73 = 0 by ¢g # 0. Therefore, v3 = 0. Thus, 7,12, 13 are linearly
independent.

Next, we prove that the complex dimension of f](w) is 3. If, dimc¢ ﬁ(w) > 3,
then dimg H (w) > 8. Since there are only 6 simultaneous equations from the period
condition, the dimension of H(w) is 2 or more. By Corollary 2.16, Nul(tw) is 5 or more
for all t. On the other hand, by a result of Nayatani [10, p518, THEOREM 2], to be
reviewed below as Theorem 4.2, the nullity of tw is 3 when ¢ is sufficiently small, which

~

is a contradiction. Therefore, dim¢ H(w) = 3. O

Theorem 4.2 (Nayatani [10]). Let g: M — C be a nonconstant meromorphic function
of degree d. Let v be the number of distinct poles of g. Then the following estimates
hold for all sufficiently small ¢:

Ind(tg) > 2d — v,
Ind(tg) + Nul(tg) < 2d +v +1,
Nul(tg) < 2v + 1.
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In particular, if v = 1, then we have
Ind(tg) =2d —1 and Nul(tg) =3
for all sufficiently small t.

In the proof of the next lemma, we use the perfect elliptic integrals. So we recall the

definition of these integrals.

Definition 4.3.

2 do
K(k):/ —
0 1 —k2sin“60

is called the perfect elliptic integral of the first kind and

E(k) = / V1~ kZsin® 0d6
0

is called the perfect elliptic integral of the second kind.

Lemma 4.4. For each a in the range 1 < a < ag (where g can be numerically evaluated)

there are positive real numbers ¢;(a), t2(a) (t1(a) < t2(a)) such that

1, t=t(a)ts(a),
dimg H(tw) = 1(a), tz(a)

0, t>0,t7£t1(a),t2(a).

Therefore,

We take 1 € H(w) and express it as

n =y +Yene +3n3, v =T; 1y, v,y €R, g =1,2,3.
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We will find the simultaneous equation that 7, v, y3 must satisfy so that the condition
Re/(l — (tw)?,i(1 + (tw)?), 2tw)n = 0 for Ya closed curve in M,

holds for this 7.

To do this, we first compute the integrals of n;, wn;, w?n;, i = 1,2,3, on oy, as.
When we actually compute, we change oy, as and we compute along the closed intervals
[0, a], [—%,O] on the real axis, respectively. Since the denominator of n;, i = 1,2, 3,
has z — A,z — A, and these integrals diverge at z = Aj, Ay, we subtract from
the differentials of meromorphic functions f; with poles at most order one at (z,w) =
(A1, By), (Az, By) on the Riemann surface M, so that the integrals of the meromorphic
differentials n; — df; converge.

When we consider 7;, we obtain

1 w
o T AN G = Ay
_ z—%(A1+A2) dz 1 ( dw _(z—Al)w—i-(z—AQ)de)
(z—A1)2(z—A))?w 2B \(z— A))(z— Ay) (z — A1)%(z — Ay)?

3 dz 1 (2— (A1 + A2))(w? + BY) dz
TiBw B -AG-AP  w

3 dz 1 (2—3(Ai+A)(z+24 — (a— i))d
TiBw B = — A4)w ?

3 dz 1 dz A — As)?
T 4B% w 5 B? w w 4£§%(z - Ag))dez

1 dz (A] — Ay)?

IR w 4B (z — A2)2wdz'

Therefore, by [ d

[
al

. 1 / dz (Al —A2)2/ 1 d
YT 187 ), (z— A2’

1 dt a dt
4B} / z'\/t(a—t)(§+t)+/0 —i\/t(a

(zfAl;LEzng) - O’

(A= Ay)? 0 ¢ dt
4B} /a (t — Ay)? \/t a—t)( /0 (t—A2)2¢\/t(a—t)(§+t)
(A = Ay)? dt

2B? / \/t 287 /o (t—AQ)Q\/t(a—t)(%th).

(4.3)
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We compute the rightmost side of (4.3). By the definition of the perfect elliptic

integral,
E(ia) = /2 V' 1+ a?sin® 0db, (4.4)
0
z df
K(ia) = / _— (4.5)
0o V1-+a2sin®0
2 ___dt
Let asin®@ =t. Then df = Wt and (4.4), (4.5) becomes
RV t
E(ia) = / Vo xa (4.6)
0 2y/tla—1t)
“ dt
K (ia) = / . (4.7)
0 2y/t(a—t)(1+at)
Also,
Elia) — K (ia) = / ' ot dt (4.8)
o 2y/tla—t)(1 + at) '
holds. By (4.7), the first definite integral of the rightmost side of (4.3) is
= 2V/aK (ia). (4.9)

/a dt
0 \/t(a 1L +1)

Next, we compute the second definite integral of the rightmost side of (4.3). If we
set

1
o(t) =13+ (——a> t* —t,
a
“otmdt
I[m]

~Jo V@)
a dt
”M:Au—@W<mf

the recurrence formula

2mp(Az)J[m + 1] + (2m — 1)¢(A2)J[m] + (m — 1)¢" (A2)J [m — 1]

2m — 3 m— 2

+ T (AT — 2]+ = (4) T — 3] = 0
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holds (see [8]). Since
p(A2) = By, ¢'(A) =0, ¢"(A2) =6, ¢"(Az) =0,
this recurrence formula becomes
2mB3J[m + 1] + (2m — 3)J[m — 2] = 0.
Substituting m = 1 into (4.10), we obtain the following equation
2B3J[2] = J[-1].

On the other hand,

By (4.6) and (4.8), we obtain

“ dt
1[0] = = 2v/aK (1a),
" Jia—omen

a / 2(E(ia) — K(ia))
I1] = dt = .
) a0+ Ve

Substituting (4.13) and (4.14) into (4.12), we obtain the following equation
E(ia) — K(ia) — aAs K (ia)

1] =2
J[=1] NG
Since the second definite integral of the rightmost side of (4.3) is J[2],
/“ dt _ E(ia) — K(ia) — aAy K (ia)
- 2
0 (t— A2\ [t(a —1)(L +1) vabB;
by (4.11) and (4.15). Using this, the integral of 7, on «; is obtained as
/an Va . (ia) (A1 — Ay)? 7z (E(ia) — K(ia)) — VaA; K (ia)
1= —5 —_ .
0 By 2B} B3

Other integrals can be computed similarly. The results are as follows.

(A — Ay)?

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

a . . . . .
/ n = \é—;lK(ZG) — Tzfg(a), / wn; =0, / w?n, = 3v/aiK (ia),
[e%1 1 1 [e%1 o751

241 a. ., A+ Ay 2 6
Ny = iK (ia) + ils(a), / wng = 0, / Wy = —
/al B% a1 a1 \/a

3852
/ nz =0, / wns = 3v/aiK (ia), / w’ns =0,
a1 a1 (e3}
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1 i\ (A — Ay)? / / , 3 (i
/az n VaB;3 (a) " 2B;3 J2(a), as win =0, az v Vva a)’
2A, i A+ Ay / / 2
/a2 2 \/aBgK (a) 35 5(a), 5 wny = 0, Mw 12 Vali(a),

3 )
/ n3 =0, / U”73=—K<3>; / w2n3:0.
a2 a2 a a a9

Now we return to the period condition
Re/(l — (tw)?,i(1 + (tw)?), 2tw)n = 0
for n = ~vyim1 + yame + Y313 € fl(w) and closed curves o = ay, ap on M,. First we obtain
Re/ wn =0 <= Im(y3) =0,
a1
Re/ wn =0 <= Re(y3) =0.
as

Therefore, v3 = 0.

Next, we have

Re/(l—wQ)n:ReLi(1+w2)n:0

S iy o 410

When we compute the left and right sides of (4.16) on ay, e, we obtain

[
a1

- " (*é—?m(m) - %m(@) + 7 (QA“/E@'K(@'@) + Mug(a)) ,

v
a1

6
= —3t2%\/EZK(ZO,) — %t2%211 (a),
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-1 7 (Al - A2)2 —2A2 1 Al + A2
- k(L) 42 e ol B T B e
%<\/EB§ (a)+ 2132 Sa(a) )+ JaB2 \a 382 (@) )
/w277

= 2t271

w (i)—wt (o)

Therefore, (4.16) with a = g, ap becomes

(Va0 (A - Ay

2A1\/6K(ZCL> 4 Al + A2

7I(B_%K(m) — 25 Ly(a)) + 7 B 357 Ir(a))
0 N
= =3t°y1vaK (ia) — —=1,(a),
) va (4.17)
1 i (A — Ay)? 24, i AL+ A

71(—WK(5)+4—B§J2(6L))+72(—WK( ) — 382 — g J2(a))

3 7
\ = tQ%ﬁK(a) — 6vat* 7]y (a).

Let

- BA%K(m) = %;j;é)zlg( ) + 3t2K (ia) %K(ia) + ggjzb(a) + %27 (a)
K (2) = YRR 1 (a) 4 32K (1) 2255 + A Jay () — Gat? i (a)

and

LK (ia) — B2 1o () — 32K (ia) 2K 4 Aty g (q) — 82 ()

- B? " 2aB} B 3\[132
o i iy 242:K(3)
BASK(E) — \[(TJQ( ) — 3t2K (a) B% + 3\[32 JQ( ) + 6at2J1(a)
If we use these matrices, then (4.17) becomes
1
v 0
2 2o, (4.18)
O 1% U1
Y2

where v; = x; +1y;, xj,y; € R, j = 1,2. (4.18) has a nontrivial solution if and only
if det U = 0 or det V = 0. The conditional equation det U = 0 is a quadratic equation
of x = t?. This has only one positive real solution for each a. If we denote the positive
square root of this positive real solution by ti(a), then this is the only positive real
t that satisfies det U = 0. The conditional equation detV = 0 is also a quadratic
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equation of x = t2. This has only one positive real solution for each a. If we denote
the positive square root of this positive real solution by t¢5(a), then this is the only
positive real t that satisfies det V' = 0. If we draw the graphs of ¢;(a), t2(a) in the range
1 < a < ag ( where ag can be numerically evaluated ) by Mathematica, we see that
t1(a) < ta(a). When t = ty(a), detU = 0, but detV # 0. Then there is only one
nontrivial solution of (4.18) up to real multiple, and this nontrivial solution is written
as (x1,22,91,y2) = (a1,a2,0,0). When t = t5(a), detV = 0, but detU # 0. Then
there is only one nontrivial solution of (4.18) up to real multiple, and this nontrivial
solution is written as (x1, z2,y1,y2) = (0,0, b1,b2). Therefore, the basis of H(t;(a)w)
is 1 = a;m + agne when ¢ = ti(a) and the basis of H(tz(a)w) is n = ibym + ibane
when ¢ = t3(a). Thus dimg H(tw) = 1 when t = t1(a), t2(a), and dimg H(tw) = 0 when
t # t1(a),tz2(a). Therefore, Nul(tw) = 4 when ¢t = ¢,(a),t2(a), and Nul(tw) = 3 when
t #ti(a),ta(a). O

Remark 4. By using Mathematica, we can check that ¢;(a) < t2(a) for small values of a.
In fact, as the graphs of Figure 1 suggest, the constant ay in the statement of Lemma
4.4 is surely larger than 5. On the other hand, the graphs of Figure 2 suggest that the
values of t1(a) and t3(a) become close to each other rather quickly as the parameter a

becomes bigger.
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Figure 1: Graphs of 1, t5 for a < 5.

Figure 2: Graphs of 1, t5 for a < 10.
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5 Computation of Ind(tw)

In this section we compute the index of tg, for all ¢ and a in the range 1 < a < ay,
where qg is as in Section 4.

As mentioned in Introduction, Nayatani [10] computed the index and nullity of ¢¢',
where p is the Weierstrass p-function corresponding to the square lattice Z & ¢Z. The

Riemann surface C/Z & iZ is isomorphic to
M, = {(z,w) eC?|w®=2("— 1)}

and ' coincides with w: M; — C up to a multiplicative positive real constant. Since

we use Nayatani’s result in the proof of Theorem 5.2, we state his result in our setting.

Theorem 5.1 (Nayatani[10]). For the meromorphic function w : M; 5 (z,w) — w €

C, we have

D, 0<t<t1(1),t2(1) <t

Ind(tw) = 6, t1(1) <t <ty(l),

and

4, t=1t(1),t2(1),

Nul(tw) = 3, t £ (1), ta(1).

Theorem 5.2. If t;(a) and t5(a) are as in Lemma 4.4, then

5, 0<t<ti(a) tya) <t

Ind(tw) = 6, ti1(a) <t < ts(a)

for any a in the range 1 < a < a¢ ( where ag can be numerically evaluated ).

Proof. Let g = tw. We consider at t = t1(a). What we already know is Nul(g) =
4,Ind(g) = 5 when ¢t = t;(1). That is, there are exactly 5 eigenvalues smaller than 2
of —A,. If a moves in the range 1 < a < ag, then Nul(g) = 4 forever. We arrange the
eigenvalues of —A, from the smallest, and we write the i-th eigenvalue as \;(a), i =
1,2,---. When a moves from 1 to ag, A\;(a) changes continuously, so if Ind(g) changes,
then Nul(g) also changes. Therefore Ind(g) = 5 does not change. When ¢t = t5(a),
Ind(g) can also be determined similarly.

Now, take one a in the range from 1 to ag, and we write it as a = ag. We move t.
When ¢ = t,(ap), t2(@), then Nul(g) = 4,Ind(g) = 5. We consider ¢ = $#1(a@) in the
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range from 0 to t;(ap). When ¢ = $¢1(1), then Nul(g) = 3,Ind(g) = 5. If @ moves from
1 to ag, Ind(g) = 5 also does not change since Nul(g) = 3 does not change in the range
from 0 to ¢1(a). Therefore, when t = 1¢;(do), then Nul(g) = 3,Ind(g) = 5. Ind(g) =5
also does not change since Nul(g) = 3 does not change in the range from 0 to t;(ap).
Therefore, when 0 < t < t1(ap), then Ind(g) = 5. We consider t = £(t1(ao) + t2(ap)) in
the range from ¢(dg) to ta(ap). When ¢ = 2(¢1(1) +¢2(1)), then Nul(g) = 3,Ind(g) = 6.
If @ moves from 1 to ap, Ind(g) = 6 also does not change since Nul(g) = 3 does not
change in the range from #;(a) to ts(a). Therefore, When t = 1(¢1(ag) + t2(ao)), then
Nul(g) = 3,Ind(g) = 6. Ind(g) =
not change in the range from t¢;(ag) to ta(ap). Therefore, when ¢;(ag) < t < to(ap),
then Ind(g) = 6. We consider t = 2ty(ag) when t < ta(ap). If ¢t = 2ty(1), then
Nul(g) = 3,Ind(g) = 5. If @ moves from 1 to ag, Ind(g) = 5 also does not change
since Nul(g) = 3 does not change when t < t3(a). Therefore, When ¢t = 2¢5(ag), then
Nul(g) = 3,Ind(g) = 5. When ¢ < t5(ag), Ind(g) = 5 also does not change since
Nul(g) = 3 does not change. Therefore, when ¢ < t5(ay), then Ind(g) = 5. O

6 also does not change since Nul(g) = 3 does

We close this section with concluding remarks.

Remark 5. Since H(tw) # {0} for t = ty(a),t2(a), there exists a (possibly branched)
complete orientable minimal surface in R?® whose extended Gauss map is tw and all of
whose ends are planer for each of t = ¢1(a),t2(a). In particular, the Morse indices of
these minimal surfaces are both 5. If t # t,(a),t2(a), tw is still the extended minimal
surface of some complete orientable minimal surfaces in R3, and Theorem 5.2 computes
the Morse indices of these minimal surfaces.

In the case that the Riemann surface has genus zero, it is a remarkable result of
Ejiri-Kotani [2] and Montiel-Ros [7] that the index of a generic meromorphic function
of degree d has index 2d — 1. On the other hand, in the higher-genus case, there are not
so many complete orientable minimal surfaces nor meromorphic functions whose indices
are computed. Theorem 5.2 should be of some interest as it provides new examples
of meromorphic functions on compact Riemann surfaces of genus 1 whose indices are

computable.
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6 Appendix

We write computations omitted in Section 4 here.

We compute the integrals of n;, wn;, w?n;, i = 1,2,3, on oy, as. When we actually
compute, we change oy, as and we compute along the closed intervals [0, al, [—%, 0] on
the real axis, respectively. Since the denominator of n;, ¢ = 1,2, 3, has z— Ay, z— A, and
these integrals diverge at z = Aj, Ay, we subtract from 7); differentials of meromorphic
functions f; with poles at most order one at (z,w) = (Ay, By), (As, B2) on the Riemann
surface M, so that the integrals of the meromorphic differentials n; — df; converge.

We compute the integrals of wn; on ay. First we compute

+ 1d L
w —
MY T AN — Ay)
Z—%Al—i—Ag) Z—%(Al—f—Ag)
= dz — dz
(z — A1)?(z — Ag)? (z — A1)?(z — Ag)?

=0.

Therefore, by fal %dm =0,

/ wn; = 0.
o1

We compute the integrals of w?n; on ay. First we compute

wn; + 1d
TS AN — Ay)
(2= 5(AL+ Ay))w X dw - Adu+ (2 - A)w i
A A T T AN — Ay 20— Az = Ay ©
~3dz
o2,

Therefore, by fOél dm = O,

3 d
/ wn = = . 3vVaiK (ia).
a1 4 a W
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We compute the integrals of 75 on «y. First we compute

A w
PTBR A - Ay
22 — A1A2 Al w
= dz — —5d
(z — A1)?(z — Ag)*w B? (2 — Ay)(z — Ay)
22— A1 A, Ay dw (z — ADw + (z — Ay)w

(- Az - A2)2wdz - B_%((Z —AN(z—A) (2= A2z — Ay)?

3141 dz i B%(22 — A1A2> -+ A1<22 — (Al —+ A2>>w2

dz)

=T w B2z — A2z — Ay dz

3A1dz  Bi(2%— A1 Ap) + (22 — A Ay)w? — (22 — 224, + AHw?
TR w Bz — A1) (= — 4w dz
_ 3Aidz (22 — A Ay)(w? + B?) dy w o

2B? w  Bi(z— A1)?*(z — Ay)*w B?(z — Ay)?

3A1dz (22— A1 A)) (2 4+ 24 — (a— 1)) w
=— —+ “=dz — dz

2B w B%(z — As)2w B2(z — Ay)?
 3Aidz 2A122+§(22+A1)—%(a—§)d
T 2B2w i B?(z — As)2w :

A dz+A1+A2 dz
2B w 6B? (2 — Ay)?w

Therefore, by fal do—i; =0,

/ _Al/dZ+A1+A2/ dz
o 2 - 2B? o W 6B? o (2= A2)%w

241va .. A+ Ay
= K I .
5 iK (ia) + 357 ils(a)

We compute the integrals of wny on «;. First we compute

wny + d -
T T AN — Ay)
22 — AlAQ z
= dz+d
(Z — A1>2(2 — A2)2 (Z — A1>(Z — AQ)
22— A1 Ay 1 2(z— Ay) + 2(2 — Ag)
= dz + dz — dz
(z — A1)?(z — Ag)? (z—A1)(z — Ag) (z — A1)?%(z — A)?
=0.
Therefore, by fal dm =0,

/ wny = 0.
o1
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We compute the integrals of w?n, on ay. First we compute

w :d(z - Alz)l(uz ~ )
e %(221)_2(131—141)2“ Tz ASIL(Uz —A,)
e lj(;;(fl—Aiydz e Al)uz,z — 4"
8 PRV Iy A e N Ry
w(z® — A Ay) 3

:(z — Az = A2)2dz + %dz

4 w(ZZ - (Al + AQ)Z + A1A2 — 272 + (Al + AQ)Z)
(z = A1)%(z — A2)?

dz

3
:—Zdz

2w

Therefore, by f dm =0,

/wm!/—M—MU

We compute the integrals of 73 on «y. First we compute

1 1
+ =d
BT T AN — Ay)
Z—%(Al—i—AQ) Z—%(Al—f—Ag)
= dz — dz
(z — A1)?(z — Ag)? (z — A1)?%(z — A)?
=0.

Therefore, by f dm =0,

/ ns = 0.
a1

We compute the integrals of wnz on «;. First we compute

dz

1 w
Wit S T AN G = Ay
(- $(A + Ag))wdz N dw (= A)wt (2= Ayw
(z — A1) (2 — Ag)? 2(z — Ay)(z — Ay) 2(z — Ay)%(z — Ay)?
_3dz
=1

Therefore, by fal d(Z_Al“’—_Az) =0,

3 [ dz 6
/ T \/_ZK(W)
ai

4alw
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We compute the integrals of w?ns on ay. First we compute

B2 1
2 1
Sig
It S AN (2 = Ay)

G- b+ )R- BY
(z — A1)%(2 — Ag)?

:(z — %(Al + A2))(z+ 24 — (a — %))dz
(z — A1)%(z — Ay)?

_ 2
—dy — (Al AQ) dz ‘
4 (Z — A2>2
Therefore, by fal dm =0,

2 o _(Al_AQ)Q/ dZ .
/alw773—/aldz 1 al(z_Az)Z—O.
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