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Abstract

This thesis is a summary of the works of the author. We discuss problems
whether a given set contains arithmetic progressions or not. By Szemerédi’s
theorem, any subset of positive integers with positive upper asymptotic den-
sity contains arbitrarily long arithmetic progressions. However, it is still
difficult to find long arithmetic progressions of a sparse set. We mainly in-
vestigate arithmetic progressions of Piatetski-Shapiro sequences and more
general sequences which have upper asymptotic density 0. Here for every
non-integral o > 1, the sequence of the integer parts of n® (n = 1,2,...) is
called the Piatetski-Shapiro sequence with exponent «, and let PS(«) be the
set of those terms. We present three main results.

Firstly, in the case 1 < a < 2, we reveal the explicit density of the set of
n € N such that the integer parts of (n+rj)* ( =0,1,...,k — 1) forms an
arithmetic progression for all integers £ > 3 and r > 1. This density is equal
to 1/(k — 1) which is independent of o and r. We get an extended result for
more general sequences. This work is collaborated with Yuuya Yoshida.

Secondary, fix a,b,c € N. For every 2 < s < t, we study the set of
a € [s,t] such that the Diophantine equation az 4+ by = cz has infinitely
many solutions (z,y,z) € PS(a)® with z,y, 2z pairwise distinct. We show
that the Hausdorff dimension of the set is greater than or equal to 1/s%. As
a consequence, there are uncountably many « > 2 such that PS(«) contains
infinitely many arithmetic progressions of length 3. This work is collaborated
with Toshiki Matsusaka.

Thirdly, we investigate Diophantine linear equations with two variables
in Piatetski-Shapiro sequences. Let a,b € R with 0 < b < a and a # 1
satisfying that y = ax + b has infinitely many solutions of positive integers.
Then we reveal the Hausdorff dimension of the set of o € [s,¢] such that
y = az + b has infinitely many solutions (x,y) € PS(a)?. This dimension
is coincident with 2/s for all 2 < s < ¢t. Furthermore, we show that for all
1 < a < 2,y = ar + b has infinitely many solutions (z,y) € PS(a)?. As
a consequence, we obtain a partial result of the existence of a perfect Euler
brick.
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Chapter 1

Introduction

This thesis is a summary of the articles [SY21] (collaborated with Yuuya
Yoshida), [MS20] (collaborated with Toshiki Matsusaka), and [Sai20]. The
article [SY21] is on the distribution of arithmetic progressions of Piatetski-
Shapiro sequences and more general sequences. We will define Piatetski-
Shapiro sequences in Section 1.2. The article [MS20] is on linear Diophantine
equations with three variables in Piatetski-Shapiro sequences. The article
[Sai20] is on them with two variables. In this chapter, we present backgrounds
of these researches.

1.1 Problems on the existence of arithmetic
progressions
Let N be a set of all positive integers. Let k& € N. We say that a sequence

of real numbers (a;)"=4 is an arithmetic progression of length k (k-AP for
short) if there exist @ € R and d > 0 such that

a; = a+1d
forall e =0,1,...,k — 1. We mainly discuss the following problems:

Problem 1.1.1. Fiz any k > 3. If a subset of real numbers is given, then
does the set contain an AP of length k, or not?

For example, if the set of all perfect squares is given, then this set consists
of the following elements:

1, 4, 9, 16, 25 36, 49, 64, 81,

3



We can find that (1,25,49) is a 3-AP. Hence the set of all perfect squares
contains infinitely many 3-APs since (n?,25n2 49n?) is a 3-AP of perfect
squares for every n € N. Euler showed that the set of all perfect squares does
not contain any 4-APs in 1780, according to the book written by Dickson
[Dic66, pp.440 and 635].

Many researchers have been approaching Problem 1.1.1 by Ramsey the-
ory. This theory focuses on the existence of given structures in a set with
large size. For example, van der Waerden firstly gave the Ramsey theoretical
result on APs in 1927. To assert this result, for all sets A and B we say
AUB:=AUBif AN B =, and define [n] = {1,...,n} for all n € N,

Theorem 1.1.2 ( [Van27]). Letr € N. [f N=C,UCyU---UC,, then there
ezists at least one i € [r] such that C; contains arbitrarily long APs.

Theorem 1.1.2 is called van der Waerden’s theorem. A proof of this
theorem also can be seen in [GRS90, Theorem 1 in Chapter 2]. The case
when r = 2 was conjectured by Baudet in 1926. By this theorem, we may
expect that if a given set had large density, then we would be able to find long
APs of the set. In 1936, Erdés and Turan started to study this implication.
More precisely, for all N,k € N, they defined

ri(N) = max{#A: A C [N] does not contain any APs of length k},

where # X denotes the number of elements in a set X. They proved that

Theorem 1.1.3 ( [ET36, Theorem II}). For all ¢ > 0, there exists Ny =
No(g) > 0 such that for all integers N > Ny, we have r3(N) < (4/9 +¢)N.

Note that m(N) = 0 and ro(N) = 1 for all N € N. Thus we assume
k > 3. This is a non-trivial case. In the same article [ET36], Erdds-Turdn
conjectured that r3(N)/N — 0 as N — oo. This conjecture was affirmatively
solved by Roth [Rot52]. He applied the Hardy-Littlewood circle method.
Szemerédi studied more general cases when the length of APs is longer than
3. He reached at the following celebrated result which is called Szemerédi’s
theorem.

Theorem 1.1.4 ( [Sze75]). For all k € N,

1;
Nl—r>n<>o N

— 0. (1.1.1)



Hence, Szemerédi affirmatively solved generalizations of the Erdds-Turan
conjecture for arbitrary length. Further, Theorem 1.1.4 immediately implies

Theorem 1.1.5. If A C N satisfies
— #(ANI[N])

lim

Jim P >0, (1.1.2)

then A contains arbitrarily long APs.

Proof. Fix an arbitrary integer & > 3. Let 0 = limy_,o #(AN[N])/N. Then
there exists a sequence of positive integers N; < Ny < --- such that

#ANIND 2 SN

for all © € N. By Theorem 1.1.4, there exists iy = ig(d,k) € N such that
#(AN[N;]) > re(N;) for all ¢ > ip. This implies that A contains a k-AP. [

The inverse implication is also true, that is, Theorem 1.1.5 implies The-
orem 1.1.4. Thus Theorem 1.1.4 and Theorem 1.1.5 are equivalent. Theo-
rem 1.1.5 is also called Szemerédi’s theorem. The left-hand side of (1.1.2) is
called the upper asymptotic density of A.

From Theorem 1.1.5, we can find arbitrarily long APs of a set with posi-
tive upper asymptotic density. For example, let A be the set of all square-free
integers. Then A contains arbitrarily long APs since
. #ANIN]) _ 6
i e A

However, it is still difficult to find long APs in a sparse set which has
upper asymptotic density zero. For example, let P be the set of all prime
numbers. By the prime number theorem, there exists an absolute constant
C > 0 such that N

#PIN) _ 1
N — log N
for all N € N. Thus the upper asymptotic density of P is zero. It was a
long standing open problem whether P contains arbitrarily long APs or not.
Surprisingly, Green and Tao gave affirmative solution to this problem.

Theorem 1.1.6 ( [GT08, Theorem 1.1]). The set of all prime numbers con-
tains arbitrarily long APs.



More precisely, Green and Tao showed a much stronger result as follows:

Theorem 1.1.7 ( [GT08, Theorem 1.2]). Let A C P. If A satisfies

— #(AN[N])
lim ——————= >0 1.1.3
N (P O[N]~ (113)
then A contains arbitrarily long APs.

This theorem is called Szemerédi’s theorem in the primes. In this thesis,
we also focus on the existence of APs of sparse sets. We investigate to find
APs of Piatetski-Shapiro sequences and some general sequences which also
have upper asymptotic density zero.

1.2 Piatetski-Shapiro sequences

For all x € R, let us |x] denote the integer part of z, and {z} denote the
fractional part of z.

Definition 1.2.1. For all non-integral o > 1, we say that (|n®])>2, is the
Piatetski-Shapiro sequence with exponent .. Define

PS(a) = {|n%|: n € N}.

A sequence (a,)>2, of integers is called a Piatetski-Shapiro sequence if there
exists a non-integral o > 1 such that a, = |n®| for all n € N.

This sequence is named in honor of Ilya Piatetski-Shapiro. He showed
Theorem 1.2.2 ( [PS53]). For all1 < o < 12/11 =1.0909- - -, we have

xl/oz

#{p € PN L, z|: there exists n € N such that p = [n|} ~ (1.2.1)

log x

as r — 0Q.

A prime number formed as |n®] is called a Piatetski-Shapiro prime with
exponent . We refer [GK91, Section 4.6] to the readers who want to study
this proof in English. Many researchers extended the range 1 < o < 12/11
in Theorem 1.2.2 [Kol67, Lei80, HB83, Kol85, LR92]. Most recently, Rivat
and Sargos proved that for all 1 < o < 2817/2426 = 1.1617--- (1.2.1) is
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true [RSO1]. Interestingly, Deshouillers [Des76] showed that for Lebesgue
almost all a > 1

#{p € P: there exists n € N such that p = [n®]|} = oo. (1.2.2)

It is conjectured that the range of the exponent in Theorem 1.2.2 would be
1 < a < 2 but we have not reached it. Remark that in the case a = 2, there
is no prime number p such that p = n? for some n € N.

In 1933, Segel started researches on additive structure of Piatetski-Shapiro
sequences earlier than the work by Piatetski-Shapiro.

Theorem 1.2.3 ( [Seg33]). Let a > 1. If k > a?2%, then for every suffi-
ciently large N € N there exist xq,...,x; € NU{0} such that

) o+ L) = .

This is an analogue of Waring’s problems. Many researchers studied War-
ing’s problem on Piatetski-Shapiro sequences. For example, see [AG16,AZ84,
Des73, Lis02]. We will discuss linear Diophantine equations in Piatetski-
Shapiro sequences with three variables and two variables in Chapters 4 and
5, respectively.

1.3 APs of Piatetski-Shapiro sequences and
main results

Let a > 1 be a non-integral real number. For all N € N, we have

#PS(@)N[N) =#{neN: [n*] <N} < Y 1< (N+1)Y~

n*<N—+1

Therefore PS(«r) has upper asymptotic density zero. We can not apply Sze-
merédi’s theorem to Piatetski-Shapiro sequences. Let us discuss the following
problem:

Problem 1.3.1. Given an integer k > 3. Which does a non-integral o > 1
satisfy that PS(«) contain k-APs?

Remark that PS(a) = N for every 0 < o < 1. Thus it is trivial that
PS(a) contains infinitely long APs in this case. Further, it is known that
PS(«) contains arbitrarily long APs for every 1 < av < 2. More strongly, we
have the following:



Theorem 1.3.2. Let 1 < o < 2. For all integers k > 3 and r > 0, there
ezist infinitely many n € N such that (| (n + jr)aj);?;é is an AP.

This result essentially follows from the work of Frantikinakis and Wierdl
[FW09, Proposition 5.1]. In the case when 1 < o < 2, we can analyze more
details on APs of Piatetski-Shapiro sequences. For example, we will give the

distribution of n € N satisfying (|(n + jr)”‘])g’:& is an AP as follows:

Theorem 1.3.3 ( [SY21, Corollary 1.2]). For all 1 < a < 2, all integers
k>3, and r € N, we have

: 1 . - o | \k—=1 _ 1
A}me N#{n € [N]: ([(n+yr)*])j= is an AP} = 1 (1.3.1)
We will prove this theorem in Chapter 3. Remark that the right-hand side
of (1.3.1) is independent of av and . Further, in the case @ = 1, the right-hand
side of (1.3.1) is equal to 1 since {n € N: ([(n +j7“)°‘J)§_1 is an AP} = N. In

the case a = 2, there is no n € N such that (|(n + jT)O‘J)?;é is an AP since
(n+r)?—n*=2r+r"£2r+3r* = (n+2r)? — (n+1)%

Thus, the right-hand side of (1.3.1) is equal to 0 in this case. Hence we
may expect that the limit (1.3.1) would be decreasing with respect to «, but
actually, that is constant.

In the previous research of the author and Yoshida, they presented

Theorem 1.3.4 ( [SY19, Theorem 4]). Let A be a subset of N with pos-
itiwe upper asymptotic density. Then for all integers k > 3, there exists
(ag,...,ax_1) € AF satisfying

(a))=¢ is a k-AP  and  (|a®])¥=} is also a k-AP. (1.3.2)

Theorem 1.3.4 can be considered as Szemerédi’s theorem on Piatetski-
Shapiro sequences. Indeed, Theorem 1.3.4 implies that

Theorem 1.3.5. Let 1 < a <2, and let A C PS(«). If A satisfies

= #(An[N)
N3 #(PS(a) N [N])

> 0, (1.3.3)

then A contains arbitrarily long APs.



Proof. Fix an arbitrary A C PS(a) with (1.3.3). Let B be the set of all
n € N such that [n*| € A. By (1.3.3), there exist § > 0 and a sequence of
integers N1 < Ny < --- such that

#(AN[N;]) = 6 - #(PS(a) N[N;])

for every j € N. Without loss of generality, we may assume that N; € PS(«)
for every j € N. Let n; be the integer such that [n] = N; for every j € N.
Then for every j € N we have

#BN) = Y 1=#An[nf]]) = #AN[N,)

[n®]eAn<n;

This yields that B has positive upper asymptotic density. By Theorem 1.3.4,
A contains arbitrarily long APs. ]

Note that Theorem 1.3.5 is an analogue of the Green-Tao theorem (The-
orem 1.1.7) for Piatetski-Shapiro sequences. It is elementary to prove The-
orem 1.3.4 but the idea of this proof is important for the study of this the-
sis. For all finite sequences of integers P = (a( j))f;é and for all functions

f N — N the author and Yoshida defined the semi-norm

N

-2

Ne(f) = |(foa)(i+2)=2(foa)(j+1)+(foa)()l (1.3.4)

<.
Il
o

If Np(f(n)) = 0 and f is strictly increasing, then ((f o a)(j))f;é should
be a k-AP. Here, Np(-) satisfies the triangle inequality. Therefore if we set
f(n)=1|n], fi(n) =n® and fo(n) = {n}, then we have

Np(f) < Np(f1) + Np(f2).

By this inequality, if Np(f;) and Np(fy) are small, then (|n®|),cp is a k-AP.
By this discussion, it is important to control the continuous part Np(f;) and
the fractional part Np(fz). In Chapters 3-5, we will use this idea.

In the previous article [SY19], we control the continuous part by Sze-
merédi’s theorem and Taylor’s expansion. To see this, we now evaluate
Np(f1). Let A be a subset of integers with positive upper density. Then
by Szemerédi’s theorem (Theorem 1.1.5) A contains infinitely many APs of
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length k, where & > 3 is a fixed arbitrary integer. Let P be such an AP.
Then P = (dj + e)?;& for some d > 0 and e > 0. By Taylor’s expansion,

fi(dj +€) = fi(e) +djfi(e) + Or(df"(e)),

which implies that

e

-2

Np(f1) = } |fi(d(j+2) +e) =2fi(d(j + 1) +e) + fi(dj + e)|

1
o

k—2
Ok.a (Z dea2> = Op.o(de®?).
=0

Therefore, there exists Cy, > 0 such that Np(f;) < Cpode® 2. Recall
that 1 < o < 2. Hence 0 < Np(f1) < 1/2 holds if we may take an AP
P = (dj + e)?;& of A such that e > (20},,d)Y =%, Actually, we can find
such an AP but it is slightly complicated. Thus we refer [SY19] to the readers
who want to know more details.

From this observation, one of important conditions is a < 2 in this dis-
cussion since the error term Ok,a(dea”) must be large for a > 2. Moreover,
in the case a = 2, we mentioned that PS(2) (=the set of all squares) does
NOT contain any 4-APs in Section 1.1. Hence it seems that there is some
barrier at a = 2. Additionally, in the case a > 3 and o« € N, it is known
that PS(«) (=the set of all ath powers) does not contain any 3-APs. This
result was partially solved by Euler (according to [Dic66, pp. 572-573]) and
Dénes [Dénb2], and finally solved by Darmon and Merel [DM97]. From those
reasons, the author and Yoshida proposed the following question:

Question 1.3.6 ( [SY19, Question 13]). Is it true that
sup{ae > 1: PS(«) contains arbitrarily long arithmetic progressions} = 27

We do not get any answer to this question here. Remark that we can
find 4-APs of Piatetski-Shapiro sequences with a > 2 by calculation. For
example,

(1222, (1122, 11522, [18%2)),
( L142'655015J , L392.655015J ’ L502.655015J , L582.655015J ),
(|-272.720398J ’ L892.720398J ’ |-1 142.720398J , L1322.720398J )
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We did not have any theoretical approaches to find APs of Piatetski-Shapiro
sequences with o > 2 even if the length of APs is 3. However, in Chapter 4,
we will show

Theorem 1.3.7 ( [MS20, Corollary 1.3]). For all 2 < s < t, there are
uncountably many « € [s,t] such that PS(«) contains infinitely many 3-APs.

Surprisingly, by Theorem 1.3.7, the supremum of « such that PS(«) con-
tains infinitely many 3-APs is positive infinity. Further, we will discuss more
general linear Diophantine equations ax+by = cz where a, b, ¢ € N. Precisely,
we will show the positiveness of the Hausdorff dimension of the set of « € s, ]
such that az + by = cz has infinitely many solutions (z,y, z) € PS(a)?. Re-
mark that (z, z,y) is a 3-AP if and only if z+y = 22, and z, 2, y are distinct.
Hence results on 3-APs are special cases of results on ax + by = cz.

Glasscock studied linear equations with two variables in Piatetski-Shapiro
sequences. Before stating, for all polynomials f(xy,...,z,) with real coeffi-
cients and for all sets X C R, we say that f(z,...,z,) = 0 is solvable in X
if there are infinitely many (z1,...,x,) € X" such that

flxy,...,xz,) =0 and xy,...,2, are pairwise distinct.

Let £ C R, and let S(z) be a statement depending on x € E. We say that
S(x) holds for Lebesgue almost all x € E if {x € E: S(x) does not hold} has
1-dimensional Lebesgue measure 0.

Theorem 1.3.8 ( [Glal7,Gla20]). Suppose a,b € R, a ¢ {0,1}, are such
that y = ax + b is solvable in N. For Lebesque almost all o > 1, the equation
y = ax + b is solvable or not in PS(«) according as o < 2 or a > 2.

In addition, he gave the following result by Theorem 1.3.8.

Theorem 1.3.9 ( [Glal7, Corollary 1]). For Lebesgue almost all 1 < a < 2,
there exist infinitely many (k,m, () € PS(«)? such that all of

k, m, £, k+m, m+4{l (+k k+m-+/{ (1.3.5)
are in PS(«).

This result is related with a long-standing open problem whether there
exists (k,¢,m) € N? such that all of (1.3.5) are in PS(2) which is the set
of all squares. If there was such a tuple (k,¢,m) € N? we would prove
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the existence of a perfect Euler brick that is a rectangular cuboid of which
all the edges, face diagonals, and body diagonal have integral lengths. In
Chapter 5, we will discern more details of geometric structure of the set of
a € [s,t] such that the equation y = ax + b is solvable in PS(a). We will
show that the Hausdorff dimension of this set is coincident with 2/s for all
real numbers 2 < s < tif 0 < b < a and a # 1. Further, by Dirichlet’s
approximation theorem, we will show that Theorem 1.3.9 is still true if we
replace “for Lebesgue almost all” with “for all”, that is,

Theorem 1.3.10 ( [Sai20, Corollary 1.3]). For all 1 < a < 2, there exist
infinitely many (k,m, () € PS(a)® such that all of (1.3.5) are in PS(a).

The rest of the thesis is organized as follows. First in Chapter 2, we intro-
duce notions of the uniform distribution and the Hausdorff dimension, and
describe some known useful results. In Chapter 3, we discuss Theorem 1.3.3
and related results. In Chapter 4, we investigate linear Diophantine equa-
tions with three variables in Piatetski-Shapiro sequences, and present a proof
of Theorem 1.3.7. Finally we study linear Diophantine equations with two
variables in Piatetski-Shapiro sequences, and give a proof of Theorem 1.3.10.

Notations

e Let Z be the set of all integers, Q be the set of all rational numbers, R
be the set of all real numbers, and C be the set of all complex numbers.

e For all intervals I of real numbers, Iz denotes I N Z.
e For z € R, let [2] denote the minimum integer n such that z < n.

e Let /=1 denote the imaginary unit, and define e(z) = ¢>*V=1* for all
z € R.

e We write O(1) for a bounded quantity. If this bound depends only on
some parameters ap,...,a,, then for instance we write Og, 4,...a, (1)
As is customary, we often abbreviate O(1)X and O, .. 4, (1)X to O(X)

.....
,,,,,

-----

e The class of C* denotes the set of all real functions which can be k-th
order continuously differentiable.
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Chapter 2

Preparations

2.1 Uniform distribution modulo 1 and Hardy
fields

To prove main results, the theory of uniform distribution modulo 1 is one of
key points. For x = (21,2, ...,74) € R?, define the notation

{x} = ({@ip {wa}s o {wa)).

Let (x,,)%, be a sequence of R?. We say that (x,,)%°, is uniformly distributed
modulo 1 if every convex set C C [0, 1)¢ satisfies that

lim ~#{n € [N]: {x,} € C} = u(C), (2.1.1)

Nooo N

where p denotes the Lebesgue measure on R?. It is known that (x,)%, is
uniformly distributed modulo 1 if and only if

lim —
N—o0

M =

e((h,x,)) =0 (2.1.2)

n=1

for all non-zero h € Z¢, where (-,-) denotes the standard inner product
on R%. One can also say that (x,)22; is uniformly distributed modulo 1 if
and only if ((h,x,))%, is uniformly distributed modulo 1 for all non-zero
h € Z? Due to this equivalence, the following facts hold: if a sequence

(xn)521 = (10, - .- ,xd,n))f;l is uniformly distributed modulo 1, then
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e so is the sequence (x,A)5°, for every integer matrix A of order d and
rank d;

e so is the sequence (x;,)32, for every i € [d].

For the details, see [KN74, Theorem 6.2].

Next, we describe Hardy fields which are convenient to extend Piatetski-
Shapiro sequences to more general ones. Let B be the set of all real-valued
functions on intervals [zg, c0), where the real numbers xy depend on the func-
tions. The set B forms a ring under the induced addition and multiplication
by the following equivalence relation: two functions fi, fo € B are equivalent
to each other if and only if there exists z(, € R such that fi(z) = fo(z) for
all z > z{. Using this equivalence relation, we define Hardy fields as follows.

Definition 2.1.1. A subfield of the ring B closed under differentiation is
called a Hardy field. We denote by H the union of all Hardy fields.

The notion of Hardy fields was first introduced by Bourbaki [Bou61],
and has been used in analysis, e.g., differential equations [Bos81, Bos82,
Bos87,Ros83a,Ros83b], difference and functional equations [Bos84b, Bos84al,
and uniform distribution modulo 1 [Bos94, BKS19, Fra09]. The set H is
so rich that H contains the set L£E of all logarithmico-exponential func-
tions. A logarithmico-exponential function, which was introduced by Hardy
[Har24, Har12], is defined by a finite combination of the ordinary algebraic
symbols (viz. +, —, X, +) and the functional symbols log(:) and exp(-) oper-
ating on a real variable x and on real constants. For instance, the function
% = e*1°8% helongs to L& for all o € R.

To investigate uniform distribution modulo 1, we need to estimate ex-
ponential sums in general. However, if a function f € H is subpolynomial,
ie, f(xr) < z™ for some n € N then it is easy to investigate whether the

sequence (f(n))pZ,,, is uniformly distributed modulo 1.

Proposition 2.1.2 (Boshernitzan [Bos94|). Let ng € N. For every subpoly-
nomial [ € H defined on the interval [ng,o0), the following conditions are
equivalent.

o (f(n))e=, —is uniformly distributed modulo 1.

n=ng

e For every polynomial p(x) € Q[x], the ratio (f(x)—p(x))/logx diverges
to positive or negative infinity as r — oo, where the sign of infinity
depends on p.
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The next corollary is a simple application of Proposition 2.1.2.

Corollary 2.1.3. Let ng = [e°] = 16, and let f be a function in (3.2.3).
Then the sequence ((f(n), f'(n))) s uniformly distributed modulo 1.

Proof. Take a non-zero (hg, hy) € Z?* arbitrarily. All we need is to show that
the sequence (ho f(n)+h1 f'(n))p,, is uniformly distributed modulo 1. It can
be easily checked that for every p(z) € Q[z] the ratio (hof(z) + hyf'(x) —
p(z))/logx diverges to positive or negative infinity as @ — oo. Since the
function hof + hyf’ belongs to ‘H and is subpolynomial, Proposition 2.1.2
implies that the sequence (hof(n) + hyf'(n))S,, is uniformly distributed

n=ng

n=ng
modulo 1. Therefore, we conclude this corollary. O

For the function f(z) = ith 04 € (d,d+1) and d € N, it can be
proved that the sequence ( n), f"(n)/2!,.... f@D(n)/d))"" | is uni-
formly distributed modulo 1 the same way as the above corollary.

2.2 Discrepancy and exponential sums

Let (x,,))_, be a sequence composed of x,, € R? for all n € [N]. We define
the discrepancy D((x,)Y_,) of the sequence (x,)_; by

#{n € IN]: {xu} € [icyglasb) |

sup - H(bl —a;)|-
a;i<b; N
==t icld)

In order to evaluate an upper bound for the discrepancy, we use the following
inequality which is shown by Koksma [Kok50] and Sziisz [Szii52] indepen-
dently: there exists C'; > 0 which depends only on d such that for all K € N,
we have

N
1 1
N
D((xn)22) < Ca | 7 + ( NZe ((k,%,) ‘ . (2.21)
0<||k||lcc <K n=1
kez4
where we define
1k|oe = max(|k1, ..., |ka), vl Hmaxl i)
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This inequality is sometimes reffered as the Erdds- Turdn-Koksma inequality.
We refer [DT97, Theorem 1.21] to the readers for more details on discrepan-
cies and a proof of (2.2.1). In particular, if d = 1, then for all K € N

1 N
n=1

This is called the FErdds-Turdn inequality of which a proof can be found
in [KN74, Theorem 2.5 in Chapter 2|. These inequalities reduce the estimate
of the discrepancy to that of exponential sums. Furthermore, the exponential
sum is evaluated by the following lemmas.

D((wn)n=1) < % +>° % (2.2.2)

Lemma 2.2.1 (Kusmin-Landau). Let I = [a,b) be an interval withb—a > 1,
and f: I — R be a C'-function such that f' is monotone. Let Ay > 0.
Suppose that
A1 < min{|f'(z) —n|:n € Z}
for allx € I. Then
Y elf(n) < A

nEIZ

Proof. See the book written by Graham and Kolesnik [GK91, Theorems 2.1].
[

Lemma 2.2.2 (van der Corput). Let I = [a,b) be an interval with b—a > 1
and f: I — R be a C*-function. Let T > 0 and Ny > 0. Suppose that

Ay < |f"(2)] < TAe
forallx € I. Then

> e(f(n) <z (b—a)ry?+ 272,

nely

Proof. See the book written by Graham and Kolesnik [GK91, Theorems 2.2].
]

Lemma 2.2.3 (Sargos-Gritsenko). Let I = [a,b) be an interval withb—a > 1
and f: I — R be a C3-function. Let T > 0 and X3 > 0. Suppose that

Az < |f(2)] S TAs
for all x € I. Then

Y elf(n) <r (b= a)n® + 25"

nely
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Lemma 2.2.3 was shown by Sargos [Sar95, Corollary 4.2] and Grisenko
[Gri96, Theorem] independently. In general, we have

Lemma 2.2.4 (van der Corput’s k-th derivative test). Let I = [a,b) be an
interval with b —a > 1. Let f: I — R be a C*-function, where k > 4. Let
T > 0 and A\, > 0. Suppose that

Ao < [fE (@) < T
for all x € I. Then

> elf(n)

TZEIZ

Proof. See Titchmarsh’s book [Tit86, Theorem 5.13]. O

<<T,k ((b — a,))\’i/(Qk_Q) + (b o a)1_22—k/\;1/(2k_2)> |

Using Lemmas 2.2.1-2.2.4, we will evaluate discrepancies.

2.3 Hausdorff dimension

We next introduce the Hausdorff dimension. For every U C R, we define the
diameter of U by diam(U) = sup, ,¢yy |2 — y|. Fix § > 0. For all FF C R and
s € [0, 1], we define

= inf {Z diam(U;)*: F C | JU;, (¥j € N) diam(U;) < 5} ,
j=1 j=1

and H*(F) = lims_, o Hi(F) is called the s-dimensional Hausdorff measure
of F. Remark that for all 0 < s < ¢ < 1, we have H'(F) = 0 if H5(F) < oo.
Indeed, we assume that p = H*(F) < co. Let 0 < § < 1/2 be an arbitrary
small real number. We take a family (U;)32, of subsets of real numbers such
that ¥ C (J;2, Uj, diam(U;) < 0 for all j € N, and

diam(U;)* < p+ 1.
Z

We observe that

Zdlam Zdlam Dediam(U;)" ™ < (u+1)6"°.
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This implies that HE(F) < (p+ 1) — 0 as § — +0. Hence H'(F) = 0.
By this discussion, the set {(s, H*(F")): 0 < s < 1} should be described as

H(F)

0 —

0 S0 1

Remark that this graph has the unique singularity at s = so. We call this
point the Hausdorff dimension of F'. More precisely, we define the Hausdorff
dimension of F by

dimgF = inf{s € [0,1]: H*(F) = 0}.

Note that the Hausdorff dimension can be defined on all metric spaces, but
we use only R in this article. By the definition, the following basic properties
hold:

e (Monotonicity) for all F' C £ C R, we have dimygF < dimyFE;

e (Countable stability) if Fy, Fy,... C R is a countable sequence of sets,
then we have dimy | J7~ | F,, = sup,,cy dimpF,.

e (Bi-Lipschitz invariance) let F' C R, and let f : F' — R be a bi-Lipschitz
map, that is, there exist C,Cy > 0 such that

Cilzr =yl <[f(2) = fy)| < Colw —y|
for all z,y € F. Then dimgF = dimy f(F).

We refer the book written by [Fall4] for the readers who want to know
more details on fractal dimensions. In this book [Fall4, (4.3)], we can see a
general construction of Cantor sets and a technique to evaluate the Hausdorff
dimension of them as follows: Let [0,1] = Ey 2 E; D Ey--- be a decreasing
sequence of sets, with each F, a union of a finite number of disjoint closed
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intervals called k-th level basic intervals, with each interval of Ej containing
at least two intervals of Fj 1, and the maximum length of k-th level intervals
tending to 0 as k — oo. Then let

F=()E (2.3.1)
k=0

Lemma 2.3.1 ( [Fall4, Example 4.6 (a)]). Suppose in the general construc-
tion (2.3.1) each (k — 1)-st level interval contains at least my > 2 k-th level
intervals (k = 1,2,...) which are separated by gaps of at least 0y, where
0 < g1 < O for each k. Then

logmy -+ -myp_q

dimyF > 1i
= k%o — log(m6y)

Since the Hausdorff dimension is stable under similarity transformations,
the initial interval £y may be taken to be an arbitrary closed interval. More-
over, let E; be the set of interior points of Ej for all k& € N. Then the
Hausdorff dimension of (-, Ey is equal to that of (,—, Ex. To see why,
let NV, be the boundary of Ej, that is, the set of all end points of k-th level
intervals. We easily see that

N :=F\ (ﬁEg) C GN"? = N.
k=0 k=0

Since each N}, is a finite set, the set N is a countable set. By monotonicity,
and the fact that the Hausdorff dimension of a countable set is 0, we get

0 S lelHN S diHlHNoo = 0,

that is, dimg/N = 0. Therefore by countable stability, we have

dimyp F = max {dimH( m Eg) , dimH./\/} = dimH< ﬂ E,Cc’)
k=0 k=0
By summarizing this discussion, we have the following:

Lemma 2.3.2. Let Ey be any open interval, and let Ey O Ey D FEy--- be a
decreasing sequence of sets, with each Ej a union of a finite number of disjoint
open intervals, and the maximum length of k-th level intervals tending to 0
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as k — oo. Suppose each (k — 1)-st level interval contains at least my > 2
k-th level intervals (k = 1,2,...) which are separated by gaps of at least Oy,
where 0 < 011 < O for each k. Then

logmy -+ -my_q

dim E. > lim
H,DO P e —log(midy)

By the bi-Lipschitz invariance of the Hausdorff dimension and the mean
value theorem, we immediately obtain

Lemma 2.3.3. Let U C R be an open set and let V C U be a compact set.
Let f: U — R be a continuously differentiable function satisfying |f'(z)| > 0
for allz € V. Then for all F CV, dimy f(F') = dimy F.

For all v > 2 and sets X C R, define

A(X,v) = {x € X : there are infinitely many (p,q) € Z x N

1
x—g‘g—}.
q q

In particular, if X = R and v = 2, we know that A(RR,2) = R. This result is
referred as Dirichlet’s approximation theorem. In addition, in the case when
v > 2 and X = [0, 1], the following result is known:

such that

Theorem 2.3.4 (Jarnik’s theorem). For all v > 2, we have
dimy A([0,1],7) = 2/7.
Proof. See [Fall4, Theorem 10.3]. O

Lemma 2.3.5. For all non-empty and bounded open intervals J C R, we
have
dimp A(J,y) = 2/7.

Proof. There exist m € Z and h € N such that J C [m,m + h]. When x €
A(J,7), there are infinitely many (p,q) € Z x N such that |z —p/q| < ¢ 7.
Then for all € > 0, and for infinitely many (p,q) € Z x N,

T—m _p-mg|_ 1 1

< .
h gh | = hqy = ¢
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Thus f(A(J,7)) € A([0,1],y — &) where f(z) = (z — h)/m. By the bi-
Lipschitz invariance and monotonicity of the Hausdorff dimension and The-
orem 2.3.4, we obtain

By taking ¢ — +0, dimgA(J,7y) < 2/7.

We next show that dimyg.A(J,y) > 2/v. There exist £ € Z and M € N
such that J 2O [¢/M, (¢ + 1)/M]. Take such ¢ and M. Then for all z €
A([0,1],7), there are infinitely many (p, ¢) € ZxN such that |z —p/q| < ¢ 7.
Then for infinitely many (p, q) € Z x N, we have

E+x_€q+p<ii<l.
M gM | — M ¢ — ¢

This inequality and (¢+x)/M € J imply that g(A([0, 1],7)) € A(J,~y) where
g(x) = (¢ + z)/M. By the monotonicity and bi-Lipschitz invariance of the
Hausdorff dimension and Theorem 2.3.4, we have dimg A(J,~v) > 2/v. O
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Chapter 3

Distribution of finite sequences
represented by polynomials in
Piatetski-Shapiro sequences

This chapter is based on [SY21]. We define the d-th order difference operator
of sequences by

Aa(n) =a(n+r)—a(n), A" :=A7A0A™" (m=23...).

for all finite sequences (a(n))*Z{ of integers. A subset A of N is naturally
identified with a strictly increasing sequence of N, and vice versa. We study
the sets

Pk, ._ { (a(n»ﬁ;é g N :(Ad (n))k—d—l

) : : a _
strictly increasing ! n=0

is a constant Sequence}

with integers d > 1 and k > d + 2. A sequence (a(n))*Z} of N belongs to
Pp.q if and only if (a(n))¥Z} is represented as a(n) = p(n), n € [0,k) N Z, by
using some polynomial p(z) € Q[z] of degree at most d. In particular, when

d =1, a sequence belonging to Py ; is a k-AP.

3.1 Results on Piatetski-Shapiro sequences

We find that every PS(a) with a € (d,d + 1) and d € N contains infinitely
many sequences belonging to Py 4. This fact can be deduced from the work
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of Frantzikinakis and Wierdl [FW09]. Precisely speaking, for all d € N,

€ (d,d+ 1), and integers k > d + 2 and r > 1, there exist infinitely many
n € N such that ([(n+rj)*])5Z) belongs to Pjq. However, the asymptotic
density of such numbers n was not known. In this chapter, we show the

asymptotic density, which can be expressed as the volume of a convex set of
Rd+1.

Theorem 3.1.1 ( [SY21, Theorem 1.1]). Let d € N. For all « € (d,d + 1)
and all integers k > d+2 and r > 1,

Jim e € [N]: ({004 1)) € Pra) = (o).

where i denotes the Lebesque measure on R and the convex set Cp a1 of
R+ s defined as

d .
Ck,d+1:{(yz> W ERM0< <1, 0< Z()yz<1 VJE[k—l])}-

(3.1.1)
Also, u(Cr.a+1) is bounded below by 1/ Hle (k_.l).

(2

Note that for integers n,l > 0 the binomial coefficient (7) is defined as

where (z); denotes the falling factorial: (z); = z(z — 1)---(xz — [ 4+ 1) if
l €N, and (z); = 1if I = 0. Hence, (}) = 0if 0 < n < l. From the last
sentence in Theorem 3.1.1, it follows that p(Cgq+1) is positive. When d = 1,
Theorem 3.1.1 implies Theorem 1.3.3.

Proof of Theorem 1.3.3 assuming Theorem 3.1.1. Since the convex set Cj o is
equal to {(yo,y1) ER*: 0<ys <1, 0 <yo+ (k— 1)y <1}, Theorem 3.1.1
implies Theorem 1.3.3. O

The lower bound 1/ Hle (kzl) of u(Cxay1) is not equal to pu(Cyg41) in
general, although the two values are equal to each other when d = 1. Also,
the volume (Cy, 441) can be computed by using a convex hull algorithm if nec-
essarily. The definition of Piatetski-Shapiro sequences uses the function x®,

which is generalized to a function f with certain properties (Theorems 3.2.1
and 3.2.2).
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Theorem 1.3.3 and Theorem 3.1.1 and can be regarded as the case when
the common difference 7 is fixed. We next consider the case when the common
difference r is not fixed.

Theorem 3.1.2 ( [SY21, Theorem 1.3]). Let d € N. For all « € (d,d + 1)
and all integers k > d + 2, there exist Ay, Bay > 0 and N, € N such that
for all integers N > N 1,

AgpN?>7/@D) < P C[N]: P € Pry, ([n%))nep € Pral (3.1.2)
< Ba kNQfa/(d+1).

Since the number of k-APs contained in [N] is about N?/2(k — 1), the
asymptotic density of the set in (3.1.2) is zero. We give explicit values of
An and B, in Section 3.4.

3.2 Results on Hardy fields

Recall that H denotes the union of all Hardy fields. The function x* used in
Theorems 3.1.1 and 3.1.2 is generalized to a function f € H with z%logz <
f(x) < 291 Such a function f satisfies that f/(z) > 1 for every sufficiently
large x > 0, since the relation f(z) = x?logz implies f'(x) = 2% 'logx
(see Section 3.3). From now on, we assume that a differentiable function
f: [no,00) — R satisfies inf,>,, f/(x) > 1 in order to make the sequence
([f(n)])se,, an increasing sequence. However, this assumption is not essen-

n=ng
tial in any proofs of theorems.

Theorem 3.2.1 ( [SY21, Theorem 2.2]). Let ng,d € N, and let f: [ng,o0) —
R be a differentiable function in H satisfying that

(a1) z¢logz < f(z) < z¢;
(a2) inf,>n, f'(x) > 1.
Then, for all integers k > d+2 andr > 1,

lim < #{n € [0, NJz + (LF(n +77)Ji=d € P} = (Charr),  (32)

N—oo

where p denotes the Lebesque measure on R and the convex set Cyg11 of

R is defined as (3.1.1). Also, ju(Cr.as1) is bounded below by 1/ [, (*1.

(]
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Theorem 3.2.2 ( [SY21, Theorem 2.3]). Let ng,d € N, and let f: [ng,c0) —
R be the same as Theorem 3.2.1. Then, for every integer k > d + 2,

#{P C[no, N|z: P € Pra, (Lf(n)])nep € Pra}t

3.2.2
xc(-),k,d Nf(d+1)(N)—1/(d+1) (N N OO) < )

When d = 1, one can apply Theorems 3.2.1 and 3.2.2 to the following

functions:

2 2
N x x

(logz)?”  (loglogz)?’ (323)
where o € (1,2), f > 1 and v > 0. Note that all the above functions belong
to LE and a fortiori H. Hence, Theorems 3.1.1 and 3.1.2 are special cases of
Theorems 3.2.1 and 3.2.2, respectively. Also, the implicit constants of (3.2.2)
only depend on ¢(-), k and d. This fact is seen in Section 3.4 by giving explicit
values of the implicit constants. For special ¢(-), the explicit values can be
simplified, e.g., the case when f(z) = x* with « € (d,d+ 1). For details, see
Remarks 3.4.6 and 3.4.7.

Finally, let us focus on PS(a) with o € (1,2). Recall that the asymptotic
density (1.3.1) is equal to 1/(k—1). However, Theorem 1.3.3 does not give us
any information about convergence speed. The convergence speed of (1.3.1)
is estimated as follows.

Theorem 3.2.3 ( [SY21, Theorem 2.4]). For all o € (1,2) and all integers
k>3 andr > 1,

%#{n € [N]: (L(n+75)*))=h € P}
1

-1 + Oapr(F(N)) (N — 00),

where
p(1=)/2 a € (1,5/4),
F(z) =< 203/ (log2)/? o €[5/4,11/6),
2@=D/0(log 2)V/2 o € [11/6,2).
Theorem 3.2.3 gives an upper bound for the convergence speed of (1.3.1).
We show an extended statement (Proposition 3.5.1) in Section 3.5, which can

be applied to a short interval [N, N + L). Theorem 3.2.3 is derived from the
extended statement.

25



So far, we have stated only asymptotic results. In general, an asymp-
totic result does not give the information how long an interval containing no
numbers n in the set in (1.3.1) is. Hence, we need a non-asymptotic result
in order to know such information. To state a non-asymptotic result, let us
define the minimum length L, . (z) as

Lojy(z) =min{y >0:3n € [z, +ylz, ([(n+ Tj)aj)?;é € Prat

for « € (1,2), x > 1, and integers k > 3 and r > 1. The following theorem
gives an upper bound for L, s ().

Theorem 3.2.4 ( [SY21, Theorem 2.5]). For all € (1,2) and all integers
k>3 andr > 1, we have Ly, (2) <apr (£27) for all z > 1.

At glance, the growth rate Og,(2>7®) is strange because it becomes
smaller when « increases. However, for all o € (1,2) and all integers k > 4
and r > 1, the growth rate Oavkvr(xQ*a) is best in a certain meaning. When
k = 3, we expect that Ly, (%) = Ou,(217%/2) for all a € (1,2) and 7 € N,
For details, see Section 3.6.

3.3 Key propositions

By using uniform distribution modulo 1, we obtain two propositions that
imply Theorems 3.2.1 and 3.2.2.

Proposition 3.3.1 ( [SY21, Proposition 3.3]). Letng,d € N, and let f: [ng, 00) —
R be a (d+ 1)-times differentiable function satisfying that

(A1) The (d+ 1)-st derivative f(d“)(x) vanishes as x — 0o;

(A2) ((f(n), f'(n), f"(n)/2!,. @ (n )/d')) is uniformly distributed mod-

ulo 1;

(A3) infysp, f'(x) > 1

Then, for all integers k > d + 2 and r > 1, the equality (3.2.1) holds. Also,
(1(Cr.as1) is bounded below by 1/ [, (1),

)

Proposition 3.3.2 ( [SY21, Proposition 3.4]). Letng,d € N, and let f: [ng, 00) —
R be a (d+ 1)-times differentiable function satisfying that
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(B1) The (d + 1)-st derivative f9*1)(x) eventually decreases, and vanishes
as r — 0o;

(B2) lim, o 2@+ 4D (7) = oo;
(B3) For every ¢ € (0,1), there exist ¢(6) > 1 and xo(d) > no/d such that
every & > x0(0) satisfies fT)(6x) < () f9HY(z);

(B4) (f(n)oZng: (F'(0)oln: (f7(n)/20)520g, s (fD(n)/dD)3L,, are uni-

formly distributed modulo 1;
(B5) inf,>p, f'(z) > 1
Then, for every integer k > d + 2, the equality (3.2.2) holds.

The above propositions do not use the notion of Hardy fields, but uni-
form distribution modulo 1 is used instead. In general, it is not so easy
to investigate uniform distribution modulo 1, but it is easy for f € H as
stated in Proposition 2.1.2. This is why we have used the notion of Hardy
fields in Theorems 3.2.1 and 3.2.2. Propositions 3.3.1 and 3.3.2 are proved
in Section 3.4.

Before proving Theorems 3.2.1 and 3.2.2 while assuming Propositions 3.3.1
and 3.3.2, we remark some properties of functions in H [FW09]:

(H1) Every f € H has eventually constant sign;
(H2) Every f € H is eventually monotone;

(H3) For every f € H, the limit lim f(z) exists as an element of RU{+o0};

T—00

(H4) If f € H and if g € LE is eventually non-zero, then f/g € H;

(H5) For every f € H and every g € LE that is eventually non-zero, the
limit hm f(z)/g(x) exists as an element of RU {+o0};

(H6) If eventually positive f € H and g € LE satisfy f(z) > g(x) (resp.
@) < o)) and it Jim f(z) = Iim ¢(x) = oo, then ['z) = ¢'(2)
(resp. f'(z) < ¢'(x)).

(H7) If f € H is eventually positive, then log f(-) € H
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Property (H1) is derived from the fact that f € H is eventually zero or has
a reciprocal. Property (H2) follows from (H1) by considering the derivative
f' € H. Property (H3) follows from (H2) and the monotone convergence
theorem. Property (H5) follows from (H3) and (H4). Property (H6) follows
from (H5) and L’Hospital’s rule. For (H7), see [Bos81, Theorem 5.3]. The
remaining (H4) is verified as follows. The set L£E is a Hardy field by the
equivalence relation in Section 3.2 [Har24,Har12], and is contained in every
maximal Hardy field (a Hardy field F is called maximal if there are not any
Hardy fields strictly containing F) [Bos81,Bos82]. Also, for every Hardy
field F, there exists a maximal Hardy field containing F (use Zorn’s lemma).
Therefore, for f € H and g € LE in (H4), the ratio f/g belongs to H.

Proof of Theorems 3.2.1 and 3.2.2 assuming Propositions 3.3.1 and 3.3.2. Let
f: [no,00) — R be a differentiable function in H and satisfy (al) and (a2).
All we need is to show (B1)-(B4) and (A2).

Proof of (B1) and (B2). The relation ' < f(@+Y(z) < 1 follows from
(al) and (H6). Thus, £ (z) converges to 40 as x — oo. This and (H2)
imply (B1). Also, since the relation f@+9(z) = z~' yields that xf(@+(z)
diverges to positive infinity as z — oo, so does x@+! f(d+1(g),

Proof of (A2) and (B4). Properties (al) and (H6) imply that x4 ¢logz <
fO(z) < 2™~ for all i € [0,d]z. This fact and Proposition 2.1.2 imply
(A2). Finally, (B4) follows from (A2) immediately.

Proof of (B3). All we need is to show that for every § € (0,1),

— f(dH)((Sa:)

Let g(z) = 1/ (z). Instead of (3.3.1), we show that for every 3 > 1,
— 9(p)

lim
T—00 g(:p)

< 00, (3.3.2)

which is equivalent to (3.3.1). First, the relation 1 < g(z) < x follows from
r~t < fl+H)(z) < 1, and moreover the function log g(-) belongs to H due
to (H7). These facts and (H5) imply that the ratio log g(z)/logx converges
to some finite v € [0, 1] as x — oo. Since both log g(x) and logx diverge to
positive infinity, L'Hospital’s rule and (H5) yield that

vg'(z) _ . g@)/g(x) . logg(z)

1 P B e _— =
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Thus, there exists zp > 0 such that z¢'(x) < (y+1)g(z) for all x > z,. Also,
since the relation ¢’(z) < 1 holds due to (H6), the derivative ¢’ is eventually
decreasing due to (H2).

Let 8 > 1. The mean value theorem implies that g(fz) — g(x) = (8 —
Dxg'(p'x) for some ' = p'(x) € (1,5). Since ¢ is eventually decreasing,
every sufficiently large = > z( satisfies

9(Br) — g(x) = (B — Dag'(f'z) < (B — 1)xg'(x) < (B —1)(y + 1)g(x).

Therefore, the left-hand side in (3.3.2) is bounded above by (5 —1)(y+1) +
1. [

3.4 Proofs of Propositions 3.3.1 and 3.3.2

First, we begin with the proof of Proposition 3.3.1, which is a basis of sub-
sequent proofs.

Proof of Proposition 3.3.1. Without loss of generality, we may assume ng =
1. Fix integers k > d + 2 and r,d > 1. Taylor’s theorem implies that for
every n € N and j € [1, k)z there exists § = 0(n, j) € (n,n + rj) such that

D) gy 4 DM
=) —= At 0). 4.1
f(n+7j) ; TARCRR e TANMCE) (34.1)
The falling factorials satisfy the formula 2" = " | S(n,)(z);, where S(n, ),
i € [0,n]z, denote the Stirling numbers of the second kind. Thus, (3.4.1) can
be rewritten as

. . J (TJ')dH (d+1)
f(n—l—rj):;ai(i)—i—mf (n+6),
where ;
,l
a; = a;(n) =Y _ i fOm)S(1, )il (3.4.2)
I=i

For convenience, we set so = 0 in this proof. For every s = (s;)L, € Z¢,
n € Nand j € [1,k)z, we have

Fontri) = (lai] — ;) (j) + ds, (3.4.3)

, 1
=0
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where

i) = S ay + s (T 4 T i
ds = 0s(n, j) : Z<{az}+31) i +(d+1)!f (n+6).

Let € € (0,1/2) be arbitrary. Thanks to (Al), we can take zy > 1 such that
every x > x, satisfies

(r(k = )™

(d+1)! [f ()] <e.

Now, let us show that

lim #{n € [N (L4 )]s € Pra > ilCian(€), (3.44)

N—o0

where the convex set C, ;. ,(¢) is defined as

d .
Crar(€) = {(yz-)?:o ERM0<y << (Z)y <l-e(Vje [Lki)z)}.
=0

(3.4.5)
If the relations s = (s;){_, € Z% n > xo, and ({ai(n)} + i)y € Cpygpq(€)
hold, then 0 < é¢(n,j) < 1 and

)] = 3 (et = 50 (j)

1=0

for all j € [1,k)z. This implies the inclusion relation

U {n el 00)z: ({a(n)} +si)ilg € Crypa ()} (3.4.6)

C{neN:([f(n+ rj)J)?;é € Pra}-
The union (3.4.6) is disjoint because

1. the vectors ((1)), € RY, j € [1,k)z, span R
2. thus, if (s;), (s))%, € Z%are not equal to each other, then 3¢ | () (si—

s;) is a non-zero integer for some j € [1,k)z.
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Also, the vectors a(n) = (ag(n),a1(n),...,aq(n)), n € N, can be expressed

as
a(n) = (f(n), f'(n), f'(n)/2L,.... fD(n)/d}) A

by using the integer matrix A = (a;j)o<ij<d Whose entry a;; is equal to

r'S(i,5)j! if i > 7, and zero if i < j. Note that A has full rank. Since

(a(n))22, is uniformly distributed modulo 1 thanks to (A2), it turns out

that

J&lj}noo—#{n € [L, Nz = (Lf(n+75)])i=0 € Pra}
> N% > N#{n € [z0. Nz : ({as(n)} + )iz € Cpapi ()} (3.4.7)

where all the sums in (3.4.7) are finite sums because of the boundedness of

Cr.ar1(€). Therefore, (3.4.4) holds.
Next, let us show that

lim —#{n € [LN]z: (Lf(n+717)])i20 € Pra} < u(Claa(€)),  (3.4.8)

N—>oo

where the convex set C;l () is defined as

Ciigii(e) = {(yz) L ERT 0 <y <1, —€<Z()yz<1+8(w€[1 k)z )}.

(3.4.9)
Take an arbitrary integer m > xq such that (A4 Lf(m +7j)])hZ0 " is a con-
stant sequence. Then the sequence (| f(m + rj)])Z; is expressed as

(m+ry)] Z Allf ( )
due to Newton’s forward difference formula. Recalling the definition of a;(m)

and putting s; = |a;(m)| — AL| f(m)] for i € [1,d]z, we have that |ao(m)]
[f(m)] and

ftm )] =S (as(m)] = 50(1) (¥ € 0,032



This and (3.4.3) imply that f(m 4+ rj) = |f(m+717)] + ds(m, ) and 0 <
ds(m,j) < 1 for all j € [1,k)z, whence ({a;(m)} + s;){_y € Cf 41 (€). There-
fore, we obtain the inclusion relation

{n € [x9,00)z : (|f(n+7j)])iZ5 € Pra}
c |J meN:({am)}+s)lye€Ci)})

Since (a(n))$2, is uniformly distributed modulo 1 thanks to (A2), it turns
out that

T A € [Nz (L)) € P
= T A0 € foo, Nz (L + ) D)) € Pra)

< lm - %#{ne [1, Nz : ({as(n)} + s:)Ly € Cf gy (6)} (3:4:10)

N—o0
S1yeney SqEZ
d
= Z M(C/:—,d—kl(g) A H[Siv Si + 1)) = M(Cljjdﬂ(g))»
S1,..,SqE€EL =0

which is just (3.4.8).
Finally, once letting ¢ — +0 in (3.4.4) and (3.4.8), we conclude the limit
in Proposition 3.3.1. Also, the inequality p(Cga+1) > 1/ H?:1 (kfl) is derived

from the lemma below. ' L]

Lemma 3.4.1 ( [SY21, Lemma 4.1)). Let k > d+ 2 and d > 1 be integers.
Then p(Crat1) > 1/ H?:I (kil)

Proof. Define the convex set C, 4., as

J
k—1 .
Cras1 = {(3/07?/1,---,%) ER™:0<y<1,0< Z( ; )yi <1(Vje [Ld]z)}-

=0

We show the inclusion relation C; 4., C Crar1- Let (Yo, y1,---,vd) € Cp g1y
and j € [1,k)z. Set the real numbers ¢y, ¢q,...,¢q > 0 as

() ()02 reva
()
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Then the inequality 0 < ZZ 0 ( )yl < 1 in the definition of Cj 441 is equal to

the sum of the inequalities 0 < Zi:O (kz.l)yZ < 1,1 € [0,d]z, multiplied by
Cr.

gclg( fl)yzzi( fl)yzzd:q

S MG TC I o

Since j € [1,k)z is arbitrary, the point (yo, 1, ..., ya) lies in Cy 44+1. There-
fore, C; 4,1 C Crar1. Finally, we conclude that p(Cray1) > p(Cpgpq) =
1/ Hle (kzl) by easy calculation. O]
Remark 3.4.2 ( [SY21, Remark 4.2]). Let f(z) = xlogx. Then the sequence
((f(n), f’(n)))zoz1 is not uniformly distributed modulo 1 because (f'(n))32,
does not satisfy the second condition in Proposition 2.1.2. However, one can
show that for every convex set C C [0,1)? and every r € N,

%#{” € [LNlz: ({f(n)}.{rf'(n)}) € C}

1 ely—{rlog N})/r
— //(].S{r]og]\/'}(y) + r 1) dxdy (N — o0),
I e — T

where 1<.(y) = 1 if y < ¢, and 1<.(y) = 0 if y > ¢. This implies that for
every convex set C C [0,1)? and every r € N,

) € i € (1N s () (s () €€}
_ el/r
< T n € (LN ()} 4rf (n)}) € C} £ fign(©)

Since the equalities ag(n) = f(n) and a;(n) = rf’(n) hold due to (3.4.2) with
d =1, it follows that for all integers k > 3 and r > 1,

. w_f) o © M e [N (L ) € P

< lim —#{n € [1,N]z ([f(n+7“j)J) ) € Pra} < (el/r

N—>oo

el/r

—Drk—1)

in the same way as the proof of Proposition 3.3.1. The above both-hand
sides converge to 1/(k — 1) as r — oo.
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Next, to prove Proposition 3.3.2, we need to evaluate exponential sums
S°F e(p(r)) for polynomials p(x). Such an evaluation is achieved by induc-
tion on the degree of p(x). The following lemma is often used to make the
degree of a polynomial decrease.

Lemma 3.4.3. Let z1,29,...,2y € C and H € [1,N]z. Then

2

N N-—h
N H
S| < <HZ|znl2+2ZH MRS 20enZ).
n=1 n=1
Proof. See [KN74, Lemma 3.1]. O

Lemma 3.4.4 ( [SY21, Lemma 4.4]). Let N,,, R,, € N diverge to positive
infinity as m — oo, and d > 0 be an integer. For n € N, let q,(x) be a
polynomial of degree less than d; let ¢, € R and p,(x) = c,z® + qu(x). If
(€n)5ey is uniformly distributed modulo 1, then

m m
lim E g
m—)oo 1

Proof. We show the desired statement by induction on d. First, assume
d = 0. Then p,(z) = ¢, for all n € N, and thus the uniform distribution
modulo 1 of (¢,)52,; implies that

Nm R 1 N,

M p=1 r=1

Next, assuming that the desired statement is true for d—1 with d > 1, we
show that the desired statement is also true for d. Take an arbitrary H € N.
Lemma 3.4.3 yields the inequality

2

R H-1 Ry —h
Soeloatr)| < T (HR 4230 (H - R Y ().
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The above and Cauchy-Schwarz inequalities imply that

2

N, R
m 'm. 1 m m
o 2 2 o) < g | S elpal)
n=1 r=1 matm o1 | r=1
H-1 Ny Rm—h
R, +H—1 m
< v (HNmRm+2Z(H —hRY Y e(Ahpn(r»)
h=1 n=1 r=1
H—-1|N,, Rm—h
< BN IE (HNmR +2HY 1> e(Ahpn(T))D
h=1 |n=1 r=1
H— Rm—h
< Bntll 5 e<Ahpn<r>>|)
HR ( h= m M p=1 r=1

(3.4.11)

Now, for all h,n € N, the polynomial A,p,(z) is expressed as dhc,z? 1 +
qnn(x), where the degree of ¢, () is less than d — 1. Since (¢,)52; is uni-
formly distributed modulo 1, so is (dhc,)s, for every h € N. Thus, the
hypothesis by induction 1mphes that for every heN

Nm Rm—h

mosos N R Zl Zl e(Anpa(r)) = 0.
It follows from (3.4.11) that
1 N Bm 2
I < ]

Due to the arbitrariness of H, we find that the desired statement is true for
d. O

Lemma 3.4.5 ( [SY21, Lemma 4.5]). Let d > 0 be an integer and A be an in-
teger matriz of order d+1 and rank d+1; let x(n) = (zo(n), x1(n), ..., zq(n)) €
R*! and

y(n,7) = (yo(n,7),y1(n,7), ..., ya(n, 7)) = (xo(n), rx1(n), ..., r%24(n))A

for n,r € N. If N,,,, R, € N diverge to positive infinity as m — oo and if
each entry (z;(n))s, of (x(n))e, is uniformly distributed modulo 1, then

n=1
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for every convex set C C [0,1)%!,

hm#{nr € 1, Nplz x [1, Rplz : {y(n,r)} € C}

= u(C),

where p denotes the Lebesque measure on R

Proof. 1f the following criterion holds, Lemma 3.4.5 follows in the same way
as Weyl’s theorem on uniform distribution. Weyl’s criterion: for every non-
zero h = (hg, hy, ..., hq) € 2%,

lim —— > ) el(y(n,r),h)) =0. (3.4.12)

Hence, taking a non-zero h € Z4! arbitrarily, we show (3.4.12). For i,j €
0, d]z, denote the (¢, j)-th entry of A by a;;. For n € N, regard (y(n,r),h)
as a polynomial p,(r) of r:

M=

pn<7a) = (y(n,r),h> =

d d
yj(n,r)h; = Z ra;(n) Z ai;h;
i=0 =0

Jj=0

Take the maximum number iy of all i € [0, d]z such that Z;l:o a;;h; is not
zero (such a number ¢ exists because the square matrix A has full rank).
Then, for every n € N, the degree of p,(x) is at most ig. Since (z;,(n))>2, is
uniformly distributed modulo 1, so is the sequence (z;,(n) Z;l:o @igjhi) .
Therefore, Lemma 3.4.4 implies (3.4.12), and we obtain Lemma 3.4.5. ]

Now, let us show Proposition 3.3.2. Since (3.2.2) consists of the following
inequalities:

#{P C[L,N]z: P € Pra, (LF()])nep € Pra}

(liminf) NIL_H; Nf”( ) /(d+1) > 0,
(limsup) ]\}l_rgo #{ C [ } ]\fff( P}; , 1y (dL—Hg )J )neP S Pk,d} < o0,

we prove the above inequalities. Also, note that f(@+Y(x) > 0 for every
sufficiently large > 0 because of (B2).
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Proof of Proposition 3.3.2 (liminf). Without loss of generality, we may as-

sume ng = 1. Fix integers k > d+2 and d > 1, and let N € N be sufficiently

large. Take arbitrary ¢ € (0,1) and 0 < §; < -+- < 0y < 041 = 1. Put

(e(d + 1)H1/(d+1
kE—1

for i € [t} and N € N. Then all z > 6;N and r € [1, R;]z satisty

Ry = R(N) = { )f(d+1)(6iN>1/(d+1)J

r(k — 1))t (B (R;(k —1))%+t
Now, the following inequality holds:

#{P C[L,Nz: P € Pr1, (Lf(n)])nep € Pra}
> #{(n,r) € 1, N — (k = 1)R]z x [1, Rz - ([f(n+75)])}=5 € Pra}
> #{(n,r) € [1, N]z x [, Rz : (Lf (n +75)])VZ) € Pra} — (k — 1) R}

Y5 M) - (k- DR,
- (3.4.14)
where for i € [1,]z and N € N the value M;(N) is defined as
MA(N) = #{(n, 1) € (:N, 851 N]z % [L Rl (L + 7)) € Pra),

and the monotonicity Ry < Ry < -+ < R, is used to obtain (a). For n,r € N
and ¢ € [0,d]z, define the real number a; = a;(n,r) as the right-hand side in
(3.4.2). Then the vectors a(n,r) == (ag(n,r),a1(n,r),...,aq(n,r)), n,r € N,
can be expressed as

a(n,r) = (f(n),rf'(n),r*f"(n)/2!,....r"fD(n)/d)A,

where the integer matrix A = (a;;)o<; j<q is defined as a;; = S(4, j)j! if i > 7,
and a;; = 0 if i < j. Also, define the convex set C; ;, () as

d .
Crai(€) = {(yi)?o ER™:0<y<1,0<) (Z)y <1l-c(Vje€ [Lk:)z)}.

=0

Due to (3.4.13), the same argument as the proof of Proposition 3.3.1 implies
that if integers n > 6; N and r € [1, R;]z and a vector (sj)?zl € 79 satisfy

37



({aj(n, )} +s;) € Craz1(€), then ([ f(n + Tj)J) ) belongs to Py 4, where
so = 0. Thus,

#{P C [L,N]z: P € Pet, (Lf(0)))nep € Pra}
Nf(d+1)<N)—1/(d+1)
BL0 S~ M(N) (k — DF;
= Z N f+D(N)=1/(d+1) N fd+1)(N)-1/(d+1)

57,757,4—17 ) (k — 1)R?
> Z Z Nf d+1) —1/(d+1) N f+D(N)=1/(d+1) (3.4.15)

=1 81,...,84€Z

where for i € [1,t]z, N € N and y > x > 0 the value M/(x,y, N) is defined
as

M;(xz,y, N) = #{(n,7) € (@N,yN]zx[L, Rilz : ({a;(n,r)}+5;)j=9 € Crapi(€)}-
The absolute value of the second term of (3.4.15) is bounded above by

(k= 1)R? kE—1 _ (e(d 4 1))/ @+ (@+1) (§,N) =2/ (@+D)
Nf(d+1)(N)—1/(d+1) - Nf(d+1)(N>—1/(d+1) (k‘ _ 1)2
(BL)  fld+1)()=2/(d+1) ' (e(d + 1))/ (d+D) < 1 ' (d+1)! N—oo
= N fE+)(N)=1/(d+D) E_1 = Nf@D(N)/@HD) k-1 (s
Also, the following inequality holds:
Mi/(éia(si-l-l)N) (]i’)) M/(52757,+17N)
Nf(d+1)<N)—1/(d+1) - (5 )1/ (d+1) Nf d+1)((5 N) 1/(d+1)

M;(0, 641, N) — M;(0,6;, N)
(5 )1/(d+1 Nf d+1)(5 N) 1/(d+1)
_ M;(0, 0541, N) ()" VDGR M(0,6:, N) _ 0(5 )"YVEEGR,
= 0; 11N R; fd+1)(5 N)- 1/(d+1) 5, NR; fld+ (5 N)- 1/(d+1) "

Once taking the limit N — oo in the above inequality, Lemma 3.4.5 implies
that

M](0;,0;41,N)
o NfU+D(N ) 1/(d+1)

_ e(d + 1))@+ ¢(§,) 1/ (D)
> p(Ck’dH(e) N H[Sj,Sj + 1)) (e )Y — (9:) (611 — 60).
=0

hm
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Therefore, letting N — oo in (3.4.15), we obtain

#{P C[1,N]|z: P € Py, ([f(n)])nepr € Pra}
NTH;O N @D (N)-1/(@+D)

d
d+1)! 1/(d+1)c 51 —1/(d+1)
>3 % wfCiantern s + 1) S )

t
- c(6;) "1/ (d+1)
= [U(Chgir (€))(e(d + NV S (ziT

i=1

(041 — 0;) > 0,

where the last inequality is derived from u(Cy 44 (€)) > (1—€)*/ e, (Y >

1

0 (see Lemma 3.4.1). O

Remark 3.4.6 ( [SY21, Remark 4.6]). Let us consider the special case
f(x) = 2* with « € (d, d+1). Then we can take c(§) in (B3) as ¢(§) = 5«41
Thus,

#{P C [ , ] : P e Py, (LnaJ)nep S Pk,d}

Nhf; (@) ra) /@D N2=af(d+1)
t
(Crgr () (e(d + DNV DN G0 (5, —65,).

i=1
Since € € (0,1) and 0 < §; < -+ < & < ;41 = 1 are arbitrary, we obtain

#{P C[1,N]|z: P € Pr1, (|n*])nep € Pra}
N2-a/(d+1)

lim
N—o0

1
> de((d+ 1)!>1/(d+1)/ plma/(d+1) 7o
0

(d + 1)1\ 1/(@+D) 1
) 2—a/(d+1)

= Aa,ka

where

d+1.1/(d+1)

— sup, z 1—2x
Cra = sup N(Ck d+1(x)) /(@) > 0<a<i )

0<z<l 7 Hj_l (kz 1)

because the inequality u(Cy 4 () > (1 — )/ [T, (%71) is derived from
Lemma 3.4.1. Therefore,Nthe constant A, in Theorem 3.1.2 is an arbitrary
value in the interval (0, Aq ).
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Proof of Proposition 3.3.2 (limsup). Without loss of generality, we may as-
sume ng = 1. Fix integers k > d+ 2 and d > 1, and take an arbitrary § > 1.
Due to (B2), we can take an integer Ny > x¢(1/f3) such that every xz > Ny
satisfies that f(@+Y(z) > 0 and 1 + (k — 1)R(x)/z < 3, where

(o) = (200" posn gyasoen

First, we show that if integers n > Ny and r > 1 satisfy (|f(n+7j)])}=) €
Pr.a, then r < R(n) by contradiction. Suppose that integers mg > Ny and
ro > 1 satisfied that (| f(mo + roj)J) y € Pra and 19 > Ry = R(my). The
derivative of the function

g(x) = A f(mo + (k — d = 1)z) — A7 f(mo)

_ ; (j)(—l)if(mo+( —1—i) i( > f(mo + (d = 7)x)

1=

is equal to
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Using the equality ()i = d(?_}), we have
g @)= (k=D)AL (mo+ (k—d— 1)z +dZ(Z_1) D (mo + (b — 1 —i)2)
—dAlf dZ( ) 1) f(mo + (d = 4)x)
= (k—DAYf (mg+ (k—d— 1)z +d2( ) Fimo + (k — 2 —i)z)

d— )
—dAd dZ( ) (m0+(d—1—i)x)
= (k=DA% (mo+ (k —d —1)z) +dA f'(mg + (k —d — 1)x)
— dAG f'(mg) — dAT f'(mo)
= (k=DA% (mo + (k —d — 1)z) +dA f'(mg + (k —d — 1))
—dAT f (mg + ).
The mean value theorem implies that for all x > 0 there exist 01,...,04 €
(0,2), 0, €[0,(k—d—2)z] and 0. ..,60, € (0,z) such that
g (x) = (k— D)zA¥ " (mo+ (k —d — 1)z + 6))
+d(k —d —2)zA " (mg 4+ = + 60))

= (k= Da?f " (mg + (k —d — 1)z +0)
+d(k—d—2)z%f @ (mg + 2+ 0')

(@)
>0,

where § = 6 +--- + 604 and 0’ = 0] + - - - 4+ 6/; the inequality (a) follows from
the fact that f{@*Y(y) > 0 for all y > Ny. Thus, ¢'(x) is positive, and g(z)
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increases. Recalling that (| f(mo + TQJ)J) 5 belongs to P4, we have

2 = AL Lf(mo + (k= d = ro)| = Af [ f (mo) ] + 2°
> AL f(mo+ (k—d — 1)rg) — A f(my)

(b)

> Af, f(mo + (k —d — 1) Ro) — A%, f(mo)

© (k — d — 1)RoAY, f(mo + o) (3.4.16)
©... 9 (k—d— 1)Rd+1f(d+1)<m0 +6)

f4 D (mg +0)
27¢(1/p) FED (mg)

where the monotonicity of g and the inequality ro > Ry have been used
to obtain (b); the mean value theorem has been used to obtain (c¢); 6y €
(O,(k —d - 1)R0), 017---7951 € (O,R(]), and 0 = 0y + 60, + ---+ 6, Put
Bo =14 (k—1)Ry/mg. Since the inequality Sy < f holds due to mgy > No,
it follows that

ﬂ“WmmeEU@mmm+@—nR@=f“W%mw

- (3.4.17)
> fD(Bmy) > c(1/8) 7 £ (my).
Thus, (3.4.16) and (3.4.17) yield that
2 > 2d (1//3) f(d+1)(m0 + 9) (1/6) (1/6) d+1 (mo) — 2d’

fE+D (my) fe 1)(m0)

which is a contradiction. Therefore, if (| f(n + Tj)J)?;é € Pra, n > Ny and
r > 1, then r < R(n).

Next, we show Proposition 3.3.2 (limsup). Let N € N be sufficiently
large. Since the inequality

Jz: P € Py, (Lf(n )J)nePEPkd}
1, Nz x [LN]z : ([f(n + i) )5 € Pra}
1, Nolz x [1, N]a} + #{(n,7) € [No, N]z x [1, N]z. : r < R(n)}

#{P C [1,N
<#{(n,7) €|
<#{(n,r) €|

< NN+ ) R(n)

n=~Np
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holds, it follows that
m #{P C [17 N]Z P e Pk,h (Lf(nﬂ )'rZEP € Pk,d}
N-voo N f@D(N) /(@)

(d+1) ( )1/ (d+1) N (B1)
[ > R(n) < Jim fED(N)VEHD R(N)
—00

n=Np

< lim
~ N—xo N

de B) \ 1/(d+1)
-(F15)

< 0Q.

O
Remark 3.4.7 ( [SY21, Remark 4.7]). Let us consider the special case
f(x) = 2* with « € (d, d+1). Then we can take c(§) in (B3) as ¢(§) = §* 1.
Thus,

im #{P C[1,N]z: P € Pr1, ([n®|)nep € Pra}
N0 (@) 1)~ /(@D N2-a/(d+1)

— f(d+1)(N)1/(d+1) 20c(1/B) \1/@+) B
< I ( ) (d+1) 1/(d+1)
- Nl—rgo N E—d—1 f (n)

N
2d5d+1 o\ 1/(d+1)
_ a/(d+1)— 1-a/(d+1)

g vy (o)

9434 +1-0 \ 1/(d+1) 1
_<k—d—1> 2—a/(d+1)

The arbitrariness of 5 > 1 yields
T #{P - [1,N]Z P e Pk,l, (Lnaj)nep S Pk,d}
Neroo N2—a/(d+1)
24 1/(d+1) 1 .
< ( ) —  — B..
= \(@)ar(k—d—1) 2—a/(d+1) *
Therefore7~ the constant B, in Theorem 3.1.2 is an arbitrary value in the
interval (B, 00).

3.5 Further analysis: discrepancy and short
intervals

In this section, we show Theorems 3.2.3 and 3.2.4. These theorems are
derived from the following proposition.
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Proposition 3.5.1 ( [SY21, Proposition 5.1]). Let a € (1,2) and ¢ > 0, and
let k > 3 and r > 1 be integers. Then, there exists Ng = No(a, k,7) € N
such that for all N € [Ny, 00)z and L € [1,¢N]z,
1 e 1
Z#{n €[N, N+L)z: ([(n+7rj)*])h=) € Pea} — 1
N@-D/S(1og N)IU2 + NGO/ e (1), (35.1)
Lapyre § N/ M (log N)/2 4 NC-0/2/112 o € (1,3/2),
(N(=3)/14 1 NB=)/6 /T 1/2)(1og N)V/2 o € [3/2,11/6).

Remark 3.5.2 ( [SY21, Remark 5.2]). The first one of (3.5.1) is the best
of the three cases when a € (1,5/4] U [11/6,2); the second one of (3.5.1) is
the best of the three cases when « € (5/4,3/2). However, it depends on the
growth rate of L whether the third one of (3.5.1) is the best of the three cases
when a € [3/2,11/6). For instance, if L = N and « € [3/2,11/6), then the
third one of (3.5.1) is the best of the three cases; but if £ € (0, (2 — «)/3),
L = N*°" and a € [3/2,11/6), then the first one of (3.5.1) is the best of
the three cases.

Proposition 3.5.1 is an asymptotic formula for the number of integers
n > 1 in a short interval such that ([(n—i—rj)"‘])f;é is an AP. We prove
Proposition 3.5.1 at the end of this section. Note that (3.5.1) is meaningless
when L = L(N) is sufficiently smaller than N. This is because in the case,
the right-hand side in (3.5.1) diverges to positive infinity as N — oo. Before
proving Proposition 3.5.1, let us show Theorems 3.2.3 and 3.2.4 by using
Proposition 3.5.1.

Proof of Theorem 3.2.3 assuming Proposition 3.5.1. Let o € (1,2), and let
k > 3 and r > 1 be integers. Also, define the set Q as

Q={neN:([(n+r))* )} € Pe1}. (3.5.2)

Then Proposition 3.5.1 implies that

#(QnN[zx,2z)) 1
T - E—1 + Oa,k,r(F0<$))a

where
rO/0(log )2 4 2002 g€ (1,5/4) U[11/6,2),
Fy(z) = < x(@=3)/M(log 2)1/2 4 z(1-9/2 o € [5/4,3/2),
(-9 g0/ loga) 2 o€ [3/2,11/6),
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Noting the ranges of «, we have Fy(z) < F(z), where F is defined in
Theorem 3.2.3. Let N € N be sufficiently large and take M € N with
M < N < 2M+1 Then

#(QN[1, N])

1 u —-m 1-m
ogT—Nmzl#(Qmp N,2'"™N)) < 2/N,

1 M M 9—m M
T I HQNRTIN2TIN) = Y S+ Ougr (Y27 F(27N))
m=1 m=1

m=1

1—2~M 1
= 1 + Oanr(F(N)) = =7 + Oapr (1/N + F(N)).

Therefore, Theorem 3.2.3 holds. O

Proof of Theorem 3.2.4 assuming Proposition 3.5.1. Let o € (1,2), and let
k > 3 and r > 1 be integers. Define the set Q as (3.5.2). Thanks to
the first inequality of (3.5.1), there exist constants C' = C'(«a, k,7) > 0 and
No = No(a, k,r) € N such that for all N € [Ny, 00)z and L € [1, Nz,

#(QN[N,N+L)) 1
L k—1

< CEy(N, L), (3.5.3)

where Eo(N, L) := N(©@=2/6(log N)'/24 N2=)/2 /[}/2 Without loss of gener-
ality, we may assume that N(©~2/6(log N)/2 < 1/2C(k —1) for every integer
N > N,. Putting L = L(N) = [4C?(k — 1)2N*7*], we have

1 1

1
20h—1)  20(k=1) Clh-1)
for every integer N > Ny. Therefore, for every integer N > Ny, the left-hand
side in (3.5.3) is less than 1/(k — 1), whence #(Q N[N, N + L)) > 0. Finally,
the length L' = L'(N) = max{No + L(Ny), L} = On(N?"?) satisfies that
#(QN[N,N+ L") >0forall NeN. O

Eo(N, L) <

To prove Proposition 3.5.1, we need to estimate the convergence speed of
(2.1.1) for a uniformly distributed sequence. For this purpose, let us apply
discrepancies. For a sequence (x,,)Y_, of R%, define the isotropic discrepancy
Jy as

Ty = ) = s [FAER Bl €C) ey

cclo,1)?

convex
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where p denotes the Lebesgue measure on R?. Let Dy be the discrepancy of
(x,)M_,. Although the inequality Dy < Jy is trivial, the following reverse
inequality holds [KN74, Theorem 1.6, Chapter 2]:

Jy < (4dvd+1)D}* (3.5.4)

for every d, N € N and xi,...,xy € R% Thanks to (3.5.4), it suffices to
give an upper bound for the discrepancy in order to estimate the conver-
gence speed of (2.1.1). The Erdds-Turan-Koksma inequality (2.2.1) is useful
to evaluate discrepancies. Thanks to this inequality, it suffices to evaluate
exponential sums in order to find upper bounds for discrepancies.

Lemma 3.5.3 ( [SY21, Lemma 5.7]). Let a € (1,2), r € N, and ¢ > 0.
Then, there exists No = No(a,r) € N such that for all N € [Ny, 00)z and

L € [1,¢N]gz, the discrepancy D(N, L) of the sequence ((na,rana_l))nNijéfl
satisfies

N@=2/3log N + N>~ /L a € (1,2),
D(N,L) <ae { NO@3/Tlog N + N7 /L a € (1,3/2),
(N@=3/T 4 NG=)/3/[)logN « € [3/2,11/6).

Proof. Let f(x) = x*. The inequality (2.2.1) with d = 2 implies that for all
L N, K e N,

1 1 1 N+L-1
D(N, L — —_ = h hyrf! .
(VL)< 2+ Y S| > elhof(n) + harf'(n))
|hol,|h1|<K n=
(hO»hl)#(oﬂ)

Taking an integer
No = No(a, 7)
> max{(?r)3/(1+a), 23/(2—04)’ (47,)3/2(2—04)’ (27,)7/(4-&-04)’ 27/(3—04)’ (47,)7/(11—604)}

Y

we evaluate the right-hand side above in two ways.
Step 1. Let us show that for all N € [Ny, 00)z and L € [1,¢N]z,

D(N,L) €4 N 221og N + N>°/L. (3.5.5)

Take N € [Ny, o0)z and L € [1,cN]z arbitrarily, and put K = [NZ=)/3],
Then, note that rK/N < rN-(+e)/3 < 7“]\70_(1“1)/3 < 1/2 and log K > log 2.
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Consider the case when |hg|, |h1| < K and hg # 0. When z € [N, N+ L —1],
the function g(z) = hof(x) + hyr f'(z) satisfies that

9" (@)] < |hol f"(x)(1 +rK |f"(x)/ " (2)])
< |ho| N*2(1 4+ rK/N) < |ho| N*72,

19" (@) = |hol f(x)(1 = rK [f"(z)/f"(2)])
o |ho| (N + L)*2(1 —rK/N) >, |ho| N* 2.

Thus, Lemma 2.2.2 implies that

+
E Z (hof(n) + harf'(n)) <a.c |h0\1/2 N@=2/2 ‘h0’—1/2 N@-2/,
n=N

Therefore, it follows that

1
Z ( Ovhl)

v
|hol,|h1| <K
ho#0

N+L-1
1

7 > clhof(n) + hirf'(n))

|1/2 Nle=2)/2 | Ih ’—1/2 N(Q—a)/Z/L

‘ho 0
La,e
7 Z V(h07 hl)

|hol,|h|<K
ho#£0

—1/2 a— —-3/2 a
(ZEH)Z N(@=2/2 4 p=3/2 \(2-a)/2 1)

h1=1 ho=1
< (log K)(K1/2N(a 2)/2 + N(?—a)/Q/L) < (N(a—Q)/S + N(2—a)/2/L) log N.

Next, consider the case when 1 < |hy| < K and hg = 0. When z €
[N, N + L — 1], the function g(z) = hyrf'(x) satisfies that

\g'(x) —r ’hl‘ f”(ZU) < 2,,4KN04—2 < 2T,N(2/3)(a—2) < 2rNé2/3)(a—2) < 1/27
g/ ()] > [ha] (N + L)% 3> |ha| N*2.

This yields that min{|¢'(z) —m| : m € Z} = |¢'(z)| for all 2z € [N, N+ L —1].
Thus, Lemma 2.2.1 implies that

+
Z (harf'(n)) ae ||t N?*72/L.

Z
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Therefore, it follows that

1 1 N+L—-1
> v(ho ) | T > e(hof(”)‘l-hl?”f/(n))‘
1<|hy|<K VO n—=
ho=0 (3.5.6)
|ha| " N2/ L 2
a,C N @ L.
Coe 2 Ty <N

1<|h1|<K

Summarizing the above two cases, we have

1 1 1N+L—1
D(N, L — _— | = h hyrf'
(VL) <2+ D, i) | T Y elhof(n)+urf'(n)
[hol,|h1|<K =
(ho’hl)#(ovo)

Loe N(@=2)/3 4 (N(a—2)/3 + N(Q—a)/Z/L) log N + Ng_a/L
< N@2B1og N 4+ N> /L,

which is just (3.5.5).
Step 2. Assume «a € (1,11/6). Let us show that for all N € [Ny, 00)z and
L € [1,¢N]g,

N(a=3)/7 log N + NQ_O‘/L a€ (1,3/2),

3.5.7
(N(O‘_3)/7+N(3_a)/3/[/) l()gN o€ [3/2711/6) ( )

D(N, L) <a. {
Take N € [Ny, 00)z and L € [1,cN]z arbitrarily, and put K = [NG=)/7],
Then, note that rK/N < rN~-@+a)/7 < rNO_(4+a)/7 < 1/2 and log K > log 2.
Consider the case when |hg|, |h1| < K and hg # 0. When z € [N, N + L —1],
the function g(z) = hof(x) + hirf'(x) satisfies that

19" ()] < Jho " (2)| (L + 7K [ f"(x)/ f"(2)])
< |ho| N *(1 +rK/N) < |ho| N2,

19" (2)] = |ho| f"(2)(1 —rK | f"(x)/f"(x)])
> [hol (N 4+ L)*3(1 —rK/N) > |ho| N*72.
Since 0 < |ho| N*™3 < KNo=3 < N6/70(@=3) < 1 Lemma 2.2.3 implies that

+
Z (hof (n) + har f'(n)) <ae [hol'/® N9/ 4 |fyy| V3 NG=)/3 /1

Z
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Therefore, it follows that

> mai|T X elhof )+ hurf )
lhol b <K N 07T N
ho#0
< Z |h0|1/6 N(=3)/6 |h0|—1/3 N(S*O‘)/?’/L
" hol <K v(ho, hi)
ho#0
K 1 K
(5 L) ey ey
h1:1 hO:]-

< (log K)(KI/GN(afiS)/ﬁ + N(3fa)/3/L) < (N(af3)/7 + N(Bfa)/B/L) lOg N.
Next, consider the case when 1 < |hy| < K and hg = 0. When = €
[N, N + L — 1], the function g(x) = hyrf'(z) satisfies that
g ()| = r|hy| f/(x) < 2r K N2 < 2p NO1I0/T < 0 N(6a=ID/T < 1 /9
19" ()] >ae [ NO72.

This yields that min{|¢'(z) — m| : m € Z} = |¢'(z)| for all x € [N, N +
L —1]. From the same calculation as Step 1, the inequality (3.5.6) follows.
Summarizing the above two cases, we have

1 1 1 NI
D(N.L) < — - = h hyr f!
VL) <2+ D, o) | Y elhof(n)+urf'(n)
[hol,|h1|<K n=
(ho,h1)#(0,0)

Lae N@=3)/7 4 (N(afs)ﬁ + N(B*&)/B/L) log N + N2/

< (N(af?,)/? + N(3fa)/3/L) log N + NQ,Q/L

- {N(a—3)/7 log N + N2/ o e (1.3/2),
(N(a—3)/7 +N(3—a)/3/L) logN ac [3/2,11/6),

which is just (3.5.7).
Finally, combining (3.5.5) and (3.5.7), we obtain Lemma 3.5.3. O

Proof of Proposition 3.5.1. Take Ny = Ny(a,7) € N in Lemma 3.5.3. Let
flx) =,

Nj = Ni(ev, b, r) = max(No, [ (r*(k = 1%a(a = 1))/*7]),
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N € [Nj,00)z and L € [1,¢N]z. Then

e—e(N) = Mf”(zv) € (0,1/2).

The discrepancy and isotropic discrepancy of the sequence ((ao(n), a;(n))) 5:15 -

are denoted by D(N, L) and J(N, L) respectively, where ag(n) and a;(n) are
defined by (3.4.2) with d = 1. Note that ag(n) = f(n) and a1(n) = rf'(n).
Also, define the set Q as (3.5.2). Recall the proof of Proposition 3.3.1. The
sets Ci,(e) defined by (3.4.5) and (3.4.9) with d = 1 satisfy the inclusion
relations

U {n €N 00)z: ({ao(m)}, {ar(n)} + 1) € Ciy(e)} € Q.

S1E€EZ

QNI[N,) C | J{neN: ({a(n)}.{a1(n)} +s1) € ClL(e)}.  (3.5.8)

S1E€EZ
Thus, we have that

#(QN[N,N+ L))

5 e (V. + L) o) i)+ 1) € i)
> Z( (€a(©) 1 (10.1) X sas1 + 1)) = TN, 1) ) 2 n(Cie) - G (N 1)
and
#HQN[N,N + L)
) € (V. + L) (o). o) + ) € ()
= SZGZ@(%(@ N ([0,1) x [s1,51 + 1))) + J(N, L)) < u(Ciy(e) + G J(N, L)

for some C;7 € N, since all the above sums are finite sums. (Indeed, we
can take C}f = 2, but this fact is not used here). Now, the sets C;7,(¢) are
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simplified as

Cin(e) ={(yo, 1) eR?: 0<yo <1, e <o+ (k—Ly1 <1—¢},
Cia(e) ={(yo, 1) ER*:0<yy <1, —e <yo+ (k— yn < 1 +¢},

whence u(Ci,(e)) = (1F 2¢)/(k — 1). Thus,

#QNINN+L) 1 |_ 2
L k—1] " k-1

+ max{C;} - J(N, L).

Using the inequality (3.5.4) and Lemma 3.5.3, we obtain
‘#(QO[N,N+L)) 1 ‘ %

— < o +max{C} - 2(8v2 + 1)D(N, L)'/

L k—1
e N* 4+ D(N, L)'/
N©@=2/6(log N)V/2 4 NC-/2/[12 o € (1,2),
Koo 4 NO3/U(Jog NY/2 4 NC-)/2/[12 o g (1,3/2),

(N(O‘_3)/14 X N(3—a)/6/L1/2)(10g N>1/2 a € [3/2,11/6),

where the inequality (z + y)/? < x'/2 + y/2 for 2,55 > 0 has been used to
obtain the last inequality. O

3.6 Optimality of the growth rate O, (v*~°)
Throughout this appendix, let f(z) = x As stated in Theorem 3.2.3,
the relation Ly, (7) = Oup.r(227*) holds. We show that the growth rate
Ok (z*7%) is best for every k > 4 in the following meaning.

Proposition 3.6.1 ( [SY21, Proposition A.1]). For all « € (1,2) and all
integers k >4 and r > 1,

m La,k,r(x) 2 k — 3 '
T—00 2@ O[(CY — 1)7“(]{3 — ].)

(3.6.1)

Proof. Let k > 4 and r > 1 be integers, and let a € (1,2) and 8 € (0,k —
3). Since (rf'(n))o, is uniformly distributed modulo 1 and the inequality

n=1
1/(k—1) <1—=(B+1)/(k—1) holds, there exist infinitely many N € N such
that . 51
< ! <1——. .6.
<y <10 (362
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Take a sufficiently large N € N that satisfies (3.6.2) and

k- 1)%?
e=e(N) = %f”(i\f) € (0,1). (3.6.3)
Now, define the set Q as (3.5.2), and take m € [0, Lok, (IN)]z such that

N +m € Q. Recall the proof of Proposition 3.3.1. The set
CH(e) ={(o.pn) ER*: 0<yg < 1, —e<yo+ (k- L)y <1}  (3.6.4)

satisfies the inclusion relation (3.5.8), where ag(n) and a;(n) are defined by
(3.4.2) with d = 1. Note that ag(n) = f(n) and a;(n) = rf'(n). Due to
(3.5.8), the vector ({f(N +m)}, {rf' (N +m)} + s1) lies in C[,(¢) for some
s1 € Z. The integer s; is equal to 0 or —1, which is proved at the end of this
proof.

If s; = —1, then the inequalities —e < {f(N +m)} + (k — 1)({rf'(N +
m)} —1) < 1 and (3.6.2) and the mean value theorem imply that

1— ;fi <A{rf'(N+m)} < {rf(N)} +rmf"(N)
g1—§%%+rhmANMWN%

whence Lok, (N)f"(N) > (8 —¢)/r(k —1). If s; =0, then the inequalities
— e <{f(N+m)}+ (k—D{rf'(N+m)} <1and (3.6.2) yield

B+1

/ 1 !
{rf(N+m)} < = < {rf' (N} s 1- 71—

Since f" and f” are increasing and decreasing functions respectively, the mean
value theorem implies that

/8+ ]‘ / / " "

S <P N ) = (N) S (V) € L, (N)f(N),
whence Lok, (N)f"(N) > p/r(k —1). Since ¢ = £(N) vanishes as N — oo,
it turns out that

I La T
lim —2% (z) > b )
zoo00 2o Oé(Oé — ]_)T’(k’ — 1)

Letting f — k — 3, we obtain (3.6.1).
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We show that if (zo, 21 4 s1) € Cj4(€), (z0,21) € [0,1)* and s, € Z, then
51 € {0, —1}. (The assumption k > 3 suffices here.) The definition of C;,(¢)
yields that

(k—1s1<xo+(k—1)(x1+s5)<14+e<2,
0§l‘0+(l€—1)(l’1+81)<1—|—(k’—1)(1—|—81),

whence —3/2 < —k/(k—1) < s; < 2/(k —1) < 1. Therefore, the integer s;
is equal to 0 or —1. O

When k£ = 3, the above proof does not work well, since there does not
exist N € N satisfying (3.6.2). The relation L 3,.(7) = Oq,(2!7%/2) probably
holds, but we do not have its proof. However, if L,3,(x) = Oaﬂﬁ(xl*a/z)
holds, then the growth rate Oam(xl*a/ 2) is best in the following meaning.

Proposition 3.6.2 ( [SY21, Proposiiton A.2]). For alla € (1,2) andr > N,

— Lo, 21
i Lesr(®) V2

emoo 102 = Jola 1)

To prove Proposition 3.6.2, we need to choose infinitely many N € N
with certain properties instead of (3.6.1). For this purpose, let us show the
following lemmas.

Lemma 3.6.3 ( [SY21, Lemma A.3]). Let a € (1,2) and r € N. Then there
exist infinitely many N € N such that 0 < {f'(N)} —1/2r < f"(N —1).

Proof. Take an arbitrary N € N such that f”’(N) < 1/2r and Nf"(2N) > 1.
Since the inequality f'(2N) — f/(N) > Nf”(2N) > 1 holds, some m € Z
satisfies f”(N) < 1/2r +m < f"(2N). Also, the sequence (f'(N +n))Y_,
increases and the difference f'(N +n+ 1) — f/(N + n) is bounded above
by f”(N) < 1/2r. Thus, we can take the minimum n € [1, N|z such that
f'IN+n—-1)<1/2r4+m < f'(N +n) <1+ m. Then it follows that

0<{f/(N+n)}—1/2r< f(N+n)—f(N+n—-1) < f"(N+n-—1).
The arbitrariness of N implies Lemma 3.6.3. O

Lemma 3.6.4 ( [SY21, Lemma A.4]). Let o € (1,2) and r € N. For all
co > 2r'/? and ¢; > r~Y2, there exist infinitely many N € N such that
{f(N)} <erf'(N)V? and 0 < {f'(N)} = 1/2r < co f"(N)"2.
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Proof. Let ¢g > 2r'/? and ¢; > r~'/2. Take a sufficiently large N € N
such that 0 < {f'(N)} —1/2r < f"(N — 1) (see Lemma 3.6.3). Also, take
s € [1,2r]z such that —1/2r < {f(N)} — s/2r < 0. Defining n,, = 2rm — s
and z,, = f(N +ny,) —m —n, | f/(N)] for m € [1, M + 1]z, we verify the
following facts.

L 0< g1 — T <2rf"(N—1)+4r2(M + 1) f"(N) for all m € [1, M]z.
2. Tprer — x> 2 M2 f(N + 2r(M + 1)) — 2r2 f"(N).
3. =1/2r <ay — | f(N)] <2rf"(N —1)+2r*f"(N).
Fact (1):
Tma1 = T > 20 f'(N) =1 =27 [ f((N)] = 2r{f'(N)} =1 =0,
L1 — T < 20 f'(N + nppgr) — 1 = 2r [ f'(N)]
<2r(f'(N) + 1 f"(N)) =1 = 2r[f'(N) ]

<PV} — 1+ 2 (V)
< 2rf"(N —1) +4r*(M + 1) f"(N).

Fact (2):
Tp41 — X1 > f(N + nM—i—l) (N + N1 M — QTMLf/(N)J

) =
= PN+ ) — (N +m) — 20MF(N) + M2r{f(N)} 1)
> f(N+nM+1) (N+n1) - 2er< )

> (FOV) - mara POV + P PN )

= (FV) +nf(N) + "; ['(N)) = 2rMf(N)

2 2

= LN 4 mag) = (V)
> 22 M2 f7 (N + 2r(M + 1)) — 2r2 f”(N).
Fact (3):
= Lf(N)] = f(N +n1) = 1= ni[f'(N)] = LF(V)]
> f(N)+m f'(N) = 1L—ni[f/(N)] = |f(N)]
={f(N)} +m{f (N)} -
2 {f(N)}+m/2r =1 ={f(N)} —s/2r > =1/2r
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and

7= LIV) = SN+ = L=l (9] = L)
< FN) +m () + SN = 1= m (V)] = LF(V))
= LAV} + ma P} + ) -
< Y+ ma(1/2r+ N = 1) + ) -1
<L) = sf2r 4 m " = 1) + L)
<nf'(N-1)+ %%f”(zv) < 2rf"(N — 1) +2r*f"(N).

Now, we have the following two cases:
Loz = [f(N)] 20,
2. 1 — | f(N)] <O.
Case (1). The sufficiently large N satisfies that

PN +n0)) = {an) =P 2 /(N = 1) 4 22 (N < cof (N + )2,

{/'(N+n)} <{f(N)}+nf"(N) <1/2r + f"(N — 1) + 2r f"(N)
< 1/2’/“ + le”(N + nl)l/g,
{f'(N+m)} > {f(N)} >1/2r
Case (2). Take 1 < B < B = min{cy/2r'/?,¢c;/r */?} and put M =
[Bf"(N)~12/2r3/2] = O(N'=%/2). Since the sufficiently large N satisfies

f'(N +2r(M +1))

Tpf41 — L1 > 27“f”<N) - 2r2fl/(N)
_ ﬁ N e o i
_ZT(N+27’(M—|—1)> 2t (N)>2r’

we can take the minimum m € [1, M|z such that x,, 1 — [ f(N)] > 0. Then
the sufficiently large N satisfies that

{f(N+nmi1)} = {Tmi1} < Trngr — T Fai@) 2r f"(N — 1) + 4r*(M + 1) f"(N)

< 2r' 2B fU(N + nps1) ' < co f" (N + npar)
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and

LF/N )} < PO} + ra (V) < 1/2 4+ (N = 1) + 20(M + 1) (V)
<1/2r + 7723 (N + )Y < 1/20 + e f"' (N + 1)V,

{f'(N+nm)}>{f(N)} >1/2r.

Therefore, Lemma 3.6.4 holds. O

Proof of Proposition 3.6.2. Let co > 2r'/?, ¢; > r Y2 and 0 < ¢y < /3 +1/r—
¢1. Thanks to Lemma 3.6.4, we can take a sufficiently large N € N such that

L {f(N)} < cof"(N)"2,
2. 0 < {f'(N)} = 1/2r < e f"(N)V2,
3. re f(N)Y? < 1)2.
Moreover, the inequality
4.0 < {rf'(N)} = 1/2 < re f"(N)V?

follows from (2) and (3). Set ¢ = ¢(N) = 2r2f"(N) € (0,1), which is just
(3.6.3) with k = 3. We show that L,3,(N) > cof”(N)~Y/2 by contradiction.
Suppose that Ly 3,(N) < cof”(N)~Y/2. Take m € [0, Lo s,(N)]z such that
(LF(N 4+m+rj)])i_, is an AP. Since the set C;,(¢) defined by (3.6.4) satis-
fies the inclusion relation (3.5.8), the vector ({f(N+m)}, {rf' (N+m)}+s;)
lies in C;l,(e) for some s; € Z. The integer s, is equal to 0 or —1 (see the
end of the proof of Proposition 3.6.1).

If s; = 0, then the inequalities —e < {f(N +m)} +2{rf' (N +m)} <1,
m < Loz, (N) < cof"(N)™Y/2 and (4) yield that

{rf'(N+m)} <1/2 < {rf (N)} < 1/2+rc f"(N)V?
and thus
1/2 —re f"(N)YV2 < rf' (N 4+m) —rf (N) < rmf"(N) < reg f"(N)V2,

which is a contradiction because N is sufficiently large.
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Next, consider the case s; = —1. Then the inequalities —e < {f(N +
m)}+2({rf'(N+m)} —1) <1, m < Loz, (N) < cof"(N)"*/? and (4) yield
that

{f(N+m)} +¢

1-— 5 S{Tf/(N+m)}S{Tf'(N)}+rmf”(N)
< 1/24 e f'(N)2 + ey f(N)2,
whence
U +m)} > 12 = 20(er + ) /(N2 (365

Since Taylor’s theorem implies that
2

FIN +m) = F(N) +mf (N) + = f"(N +0)

for some 6 € [0,m], the inequalities (1) and m < Ly3,.(N) < cof”(N)~Y/2
yield that

2

{F(N +m)} < {F(N)} + {mf (N)} + - f"(N +0)
< cof"(N)'2 + {mf'(N)} + 3 /2.

Also, the inequalities (2) and m < Ly 3,(N) < cof”(N)~Y2 yield that

(3.6.6)

0 <m{f'(N)} —m/2r < eymf"(N)? < ci¢9,
whence

{mf' (N)} <{m/2r} +cieo <1—1/2r + cieo. (3.6.7)
Recall the definition of ¢ = ¢(N). Using (3.6.5)(3.6.7), we have

1—2r f'(N) = 2r(er + ) f/(N)2 < {f(N +m)}
< cof "(N)Y2+ (1 —1/2r 4+ c165) + ¢2/2,

whence
1/2r — crea — )2 < 2P f"(N) + (co + 2r(c1 + ¢2)) f"(N)Y2, (3.6.8)

Since the assumption 0 < ¢y < /¢ + 1/r — ¢; implies 1/2r — ¢jco — 3/2 >
0, the inequality (3.6.8) is a contradiction because N is sufficiently large.
Therefore,

o Loa,S,r(l') Co

lim

T—00 ;L‘l_O‘/Q - O[(CY—]_)‘
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Finally, letting c; — +/c? +1/r — ¢; and ¢; — r~'/2, we obtain Proposi-
tion 3.6.2. ]

Finally, let us show the following proposition that supports L, 3, (x) =
Oaﬂ‘(l'l_a/Q).

Proposition 3.6.5 ( [SY21, Proposition A.5]). Let a € (1,2) andr € N, and
let w(x) be an arbitrary positive-valued function such that x®/>~‘w(x) — 0
and w(zxr) — 0o as x — oo. Then

. #{N € [1,M]y : Loz, (N) < N2 (N)}

Proof. For N, L € N, define D(N, L) as the discrepancy of the sequence
(f(n)Ntw" Let L= L(N) = [N'=*/?w(N)] and K = K(N) = [N@=)/3],
The inequality (2.2.2) and Lemma 2.2.2 imply that for every N € N,

N+L-1

5 <n>>\

ol 1/K+K1/2N“/2 Ly N2/« N2 1 Jw(N).

D(N, L) <<—+LZ

Thus, there exists C' > 0 such that for every N € N,
D(N,L) < C(N@=2/3 £ 1/w(N)).
Now, let € € (0,1/6) be arbitrary. Define the sets C3,(¢), Vo, Vi and V as

Cia(e) = {(yo, 1) €ER*:0<yo <1, 0<yo+ 2y < 1—¢},
={NeN:{rf(N)} <1/2 -3¢},
Vi={NeN:12+e<{rf(N)} <1—¢},
V={N€eN: Lys,(N) <N u(N)}.

Due to the assumptions z®/2~1

positive number x, such that

w(z) — 0 and w(z) — oo, we can taking a

1. C(z*=253 4+ 1/w(x)) < 2¢ for all z > x,
2. rafa — 1)z*?tw(z) < € for all x > o,

3. 2r2f"(z) < ¢ for all z > x.
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Let us show the inclusion relation (V, U V;) N [z, 00) C V below.
First, assume N € Vy N [xg,00). Then the set Wy :={n € [0,L)z : ¢ <
{f(N +n)} < 3¢} satisfies

#Wy/L > 2 — D(N,L) = 2¢ — C(N“ 23 1 1/w(N)) 2o.

Take an element m € Wy # (). Then the assumption N € V, implies that
{rf'(N+m)} < {rf (N)} +rmf"(N) <1/2 —3e +ra(a—1)(L — 1)N*2

_ (2)
<1/2 =3 +rafa— 1)NY* Lp(N) < 1/2 — 2.
Thus,
0<{f(N+m)}+2{rf(N+m)} <3c42(1/2-2)=1—¢,

whence ({ f(N+m)}, {rf'(N+m)}) € C55(¢). Therefore, (| f(N +m +1j)])7_,
is an AP (see the proof of Proposition 3.3.1). Since the inequality Ly 3, (N) <
m < L holds, it turns out that N lies in V.

Next, assume N € Vi N [zg,00). The set Wy = {n € [0,L)z : 1 —2e <
{f(N +n)} <1—c¢} is also not empty in the same way as Wy # (). Take
an element m € W;. Since the difference rf'(N + m) — rf'(IN) is bounded
above by

2
rmf"(N) < ra(a—1)(L = 1)N*7? < ra(a — 1)N*/?>1y(N) (<) £,
the assumption N € V; implies {rf' (N +m)} > {rf'(N)} > 1/2 4+ ¢. This
and 1 —2e < {f(N +m)} <1 — ¢ yield that
{f(IN+m)}+2({rf(N+m)} —1) < 1—c¢,

{f(N+m)}+2({rf'(N+m)} —1)>1—-2e+2(1/2+e—1) =0,
whence ({ f(N+m)}, {rf'(N+m)}—1) € C3,(¢). Therefore, (| f(N +m + rj)J)?ZO
is an AP (see the proof of Proposition 3.3.1). Since the inequality Ly 3, (N) <
m < L holds, it turns out that N lies in V.

The inclusion relation (Vo U Vy) N [29,00) C V has been proved above.

Since the sequence (rf'(N))%_, is uniformly distributed modulo 1 and the
sets Vy and V; are disjoint, it follows that

g ZVOLMD o #OANLM) o #FOAN[L M)
M—o0 M—o0 M Moo
>(1/2—-3e)+(1/2 —2¢) =1 — 5e.
Letting € — +0, we obtain Proposition 3.6.5. O
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Chapter 4

Linear Diophantine equations
with three variables in
Piatetski-Shapiro sequences

This chapter is based on [MS20]. We investigate the solvability in PS(«) of
linear Diophantine equations with three variables.

4.1 Results for o > 2

For any fixed a, b, c € N, does the equation
ar + by = cz (4.1.1)

have infinitely many pairwise distinct solutions (z,y,z) € PS(«)?, where
a > 27 By the result of Glasscock [Glal7, Gla20] (Theorem 1.3.8), if the
equation y = fx + n has infinitely many solutions (z,y) € N2 then for
Lebesgue-a.e. « > 1 it is solvable or not in PS(«) according as o < 2 or
a > 2. As a direct consequence, for Lebesgue-a.e. 1 < a < 2, the equation
z = (a/c)x + (b/c) is solvable in PS(«) for all a,b, ¢ € N with ged(a, ¢)|b. In
other words, the equation (4.1.1) with ged(a, ¢)|b is solvable in PS(a)). On
the other hand, for o > 2, we did not know at all whether the equation
(4.1.1) is solvable in PS(«) or not.

Our main result provides an answer to this question. We consider the
set of a in a short interval [s,t] C (2,00) so that (4.1.1) is solvable. The
following theorem asserts that its Hausdorff dimension is positive.
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Theorem 4.1.1 ( [MS20, Theorem 1.1]). Let a,b,c € N. For all real numbers
2 < s <t, we have

dimp({a € [s,t]: ax + by = cz is solvable in PS(«)})

<8+ (24 {s} - QiLSJ)(Q_ {S}))_l ifa=b=c

2 (5 + 25 (5] = {8})) otherwise.

Note that the lower bound in either case is greater than 1/s* for all
2 < s < t. The positiveness of the Hausdorff dimension implies that this set
is uncountable for any closed interval [s, t] C (2,00). Moreover, we can easily
conclude the following.

Corollary 4.1.2 ( [MS20, Corollary 1.2]). For any closed interval I C
(2,00), the set of a € I such that ax + by = cz is solvable in PS(«) is
uncountable and dense in I.

In particular, for a = b = 1,¢ = 2, a pairwise distinct tuple (z,z,y)
satisfying (4.1.1) forms an arithmetic progression of length 3. Therefore
Corollary 4.1.2 implies Theorem 1.3.7. Glasscock posed a related question
to the equation (4.1.1) fora=b=c=1.

Question 4.1.3 ( [Glal7, Question 6]). Does there exist an ag > 1 with
the property that for Lebesque-a.e. or all o > 1, the equation x +y = z is
solvable or not in PS(«a) according as a < ag or o > ag?

By Corollary 4.1.2; the case with “all &« > 1”7 in Question 4.1.3 is false
since the supremum of o > 0 such that (4.1.1) is solvable in PS(«) is positive
infinity. However, the case with “Lebesgue-a.e.” in Question 4.1.3 is still
open.

4.2 Lemmas I
Let us consider the solvability of the equation (4.1.1). In this and subsequent

sections, we fix a,b,c,d € Nwithd > 2and 8,y € Rwithd < 8 <~y <d+1.
Unless it causes confusion, we do not indicate their dependence hereinafter.
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Take a large parameter o = xo(a,b,c,d,3,v) > 0. For all integer x > x,

we define
( Rl 1/8
L—i—g T, <9> z| \(2N) ifc<a,
cr?logr ¢ c N
1/8 1/
Ja,b,c('r) = @ g if
<<c—b(w210gx)1 “ (c) * . ra<e

1
(21/7 (x+ ), 21/6x> ifa=0=c,
( z[log z] N

where let Iy denote I NN for all intervals I of real numbers, and let zN =
{zn: n € N}. Note that J,;.(z) is non-empty if z is sufficiently large. In
the case when a = ¢ and b # ¢, J,p.(x) is not defined above, however this
case comes down to the case when a # ¢ by switching the roles of (a,z) and
(b,y). Thus the three cases in the definition of J,;.(x) are sufficient.

Lemma 4.2.1 ( [MS20, Lemma 3.1]). Assume that a # c. Then there exists
C > 0 such that for all integers x > xo and for all z € Jup (), we can find
a=a(z,z) € (B,7) so that az® + b= cz*, and

log(a/c)
a R—
log(z/x)
Proof. Fix any © > zg and z € J,p.(z). For all u € R, define a continuous

function f(u) = az* 4+ b — cz*. We prove the claim by considering two cases
a>cand c> a.

¢ (4.2.1)
x?log x

Case a > c¢. Let

g — log(a/c) o — log(a/c + b/(cx*logx))
log(z/x)’ log(z/x) '

Then, z € Jy () implies 8 < ap < a1 < 7. It follows that f(ag) = b > 0.
If necessary, by taking a larger xq, we have

flay) = 2™ (a+ b~ — c(z/x)*) < 2 (a +b/(2*log z) — c(z/x)*) = 0.
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Therefore, by the intermediate value theorem, there exists a zero a = a(x, z)
of fsuch that f < ap < a < ay < 7. Since log(1+u) < uforallu € (-1, 00),
we have

log(1 + b/(az*log x)) o b 1

o = aof = log(z/x) = ax?logz log(z/z)

By this inequality and 1/log(z/2) <. 1, we obtain (4.2.1).
Case c > a. Let

o — log(c/a) o — log(c/a — b/(az*log z))
° 7 log(a/z) ! log(z/2) '

Since z € Jape(x), b < o) < ap < v and ¢ <4p 5, 2 hold. Then by the
calculation in Case a > ¢, f(ag) = b > 0. Further 2 < z implies 271 <
2z P <« x7f. Thus if z, is sufficiently large, we have 2~ < 1/(2?logx),
which yields that

fla)) = zo‘ll(a(x/z)all + bz — c) < zo‘ll(a(a:/z)all +b/(x*logx) —¢) = 0.

Therefore, by the intermediate value theorem, there exists a zero a = «a(x, z)
of f such that f < of < a < ag < 7. Since |log(l — u)| < 2u for all
u e (0,1/2),
|log(1 — b/(cx?logx))| <2 1

log(z/z) ~ cx?logx log(x/z)

g —0/1| =

provided xz is sufficiently large. By this inequality and 1/log(z/2) <a.cq 1,
we obtain (4.2.1). O

Lemma 4.2.2 ( [MS20, Lemma 3.2]). There exists C' > 0 such that for all
integers x > xo and z € Jy11(x), we can find « = oz, z) € (B,7) so that
%+ (z + (z[logz])™H)" = 2%, and
log 2
a —

log(z/x)
Proof. Take any x > xo and z € J; 1 1(x). For all u € R, define a continuous
function f(u) = 2%+ (z + (z[logx])™!)* — 2%, and set

< ¢ . (4.2.2)
z?logw

log 2 log 2

~log(z/z) T . ‘
g(z/z) log (m+(m[logaﬂ)—1>
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By z € J111(x), B < ap < a; < 7y holds. By the definitions of ag and «;, we
have

flag) > 2z (%4—%—1):0, flag) < 2™ (%%—%—1):0.

Therefore, by the intermediate value theorem, there exists a zero a = «(z, 2)
of f such that ayg < a < ay. Further, we conclude (4.2.2) since

| e g (14—t )< 2 !
o — 0 : .
! o = log 2 & x2logx ) ~ log2 x?logx
[

Lemma 4.2.3 ( [MS20, Lemma 3.3]). Let € > 0 be an arbitrarily small real
number. For all X,Y,Z € N, and o € R with f < o < 7, if we have

aX*+bY* =cZ?, (4.2.3)

then there exists ng € N such that

0l (2 X)?] + Bl (nY)"] = ¢l (no2)"), (4.2.4)
max({(n0 )"}, {(mo¥)"} {(n02)")) < . (4.2.5)
no <o (X + Y )©/@HB-2" D)+ (4.2.6)

Proof. Choose X,Y,Z € N and a with f < a < 7 satisfying (4.2.3). For all
n €N,

cl(n2)*] = c(n2)* = c{(n2)"} = al (nX)*] + b[(nY)*| + d(n),

where define 6(n) = a{(nX)*} + b{(nY)*} — c{(nZ)*}. Let

A= {n e N: [o(n)] < 1, max({(nX)*}, {(nY)"}, {(nZ)"}) < %}

and note that any n € A satisfies (4.2.4) and (4.2.5). Let us show the
existence of n € A satisfying (4.2.6). Take a small £ = &(d, 5,v,¢) > 0 and
take a sufficiently large parameter R = R(a,b,c,d, 3,7,¢€). Set

N = [R(X + vy /@e-2 et (4.2.7)
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and set ¢ = {8} — 2 + (2772 — 2)(1/2¢ — 2¢). Since this is reformulated to
v =2+{p} -2V +0(9), (4.2.8)

we have 0 < ¢ < < « for a small enough £. Moreover, we let L(hy, he) =
(hi X+ hoY) /c.

Case 1. We firstly discuss the case when
|L(h1, ha)] > N7¥ (4.2.9)

holds for all hy, hy € Z with 0 < max{|hy|, |ho|} < N¢. In this case, define

A = {n eN: 0 < {(nX)/c} < %&c’ 0 <{(nY)¥/c} < 4%0} (4.2.10)

Then we have A; C A. Indeed, take any n € A;. We see that
(nX)* =c|(nX)*/c] + c{(nX)*/c}. (4.2.11)

Since the first term on the right-hand side of (4.2.11) is an integer and the
second term belongs to [0, 1) by n € A;, we get {(nX)*} = ¢{(nX)*/c}. This
yields that {(nX)*} < 1/(4a). Similarly, {(nY)*} < 1/(4b) holds. Further,

{nZ2)*} ={a(nX)*/c+b(nY)*/c} < a{(nX)*/c} +b{(nY)*/c} < %

Hence we have
0(n)] < a{(nX)*} +{(nY)*} + c{(nZ2)*} < ;1 + i + % =1.

Therefore A; C A holds.

We now evaluate the distribution of A;. Let D;(N) be the discrepancy
of the sequence ((nX)*/c, (nY)*/¢)nN<n<an. The inequality (2.2.1) with
K = | N¢| implies that

1 1
Dy(N) < N™* — = S e(Llh b))
1< )<< + Z V(h17h2> N 6( ( 1 2)”)
0<||(h1,h2)[|c0 <N N<n<2N

For all v € R, define f(u) = L(hy, ho)u®. For each N < u < 2N,

L, ho) | N4 < £ ()] [ (T, )| N84
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Therefore Lemma 2.2.4 with £ = d + 2 yields that

1 o
v 2 oLl hon?)
N<n<2N
a- ar2_gy | (|L(hy, ho)|NO—(d+2))1/@72-2)
< (|L(hy, )| N2 VETEZ2) N1/
NC@—{B}+)/(24+2-2)

< (L(NE, NE)N{V}—Q)l/(Qd“—?) +

N1/2¢ )
where in the last inequality we used that « —d < {7} and d+2—a < 2—{f}.
By the definition of 1, it follows that (2 — {8} +1)/(242 —2) —1/2¢ = —2¢.
Then

1

20+2_2)

~ Y e(L(hy, ho)n®) < (X + Y)VN{V}—N&)V( LN

N<n<2N

Therefore, since
1 2
Y < (log N < NE/T2),
V(hla h?)
0<||(h1,h2) [0 <N
we have
¢ {r)-2+26) 1/ (272-2)
Di(N) ¢ N78+ (X + V)N - (4.2.12)

Let E1(N) be the right-hand side of (4.2.12). By the definition of the dis-
crepancy,

#(A N (N,2N])) 1
N ~ 16abc? + Og (E1(N))

By (4.2.7), we have
(X + Y)Y NOI=2H28 « pII=2026 (x4 y)e, (4.2.13)

Here the exponent e of (X +Y') on the right-hand side of (4.2.13) is negative
since
2

Y
e=v+ ({1} -2+29) ((2+ {8} =202 = {}) +€)

g
(1 e ) — 22— 0D +0

<y g — 2= () 4 0(€) <0
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holds for a small enough £. This yields that
Ei(N) <¢ R+ RUI-2+26)/(242-2)
Therefore if € is sufficiently small and R is sufficiently large, then the following

holds:

1
16abc? 32abc?’

Hence, in this case, #(A N (N,2N]) > #(A; N (N,2N]) > N/(32abc?) > 0,
which implies that there exists ng € A satisfying (4.2.6).

+O0¢ (E1(N)) =

Case 2. We next discuss the case when (4.2.9) is false, that is to say,
there exist hy, hy € Z with 0 < max{|h1], |ha|} < N¢ such that

|L(hy, k)] < N7¥. (4.2.14)

We observe that h; and hy are non-zero and that h; has the opposite sign of
ha, since if not, 1/c¢ < |L(hy, he)| < N7% holds, which causes a contradiction
when R is sufficiently large. Thus we may assume that hy < 0 < hy by
multiplying the both sides of (4.2.14) by |(—1)]| if necessary. Let h} = —hy,
and 0 = L(hl, hg)/hg

In the case 8 > 0, by letting

A, = {n c [1’N¢/a/(8bc)l/a] NN: 0 < {(nX)%/(chg)} < 8ab1:N5} ’

(1.2.15)
Ay C Aholds. To see why, suppose n € Ay. Then (nX)*/c = hy|(nX)®/(chy) |+
ho{(nX)*/(chs)}, of which the first term is an integer and the second term
belongs to [0,1). This yields that {(nX)*/c} = ho{(nX)*/(ch2)}. Thus we
obtain 0 < {(nX)*/c} < 1/(4ac). Further, since

/

(nY)*/c = %(nX)O‘ +n%0 = hy[(nX)*/(chs)| + h{(nX)*/(chy)} + n®0,

Clg
1 1 1
/ o < / [e% [e}% - -
Ri[(nX)*/(cha)] € Z, 0 < hi{(nX)"/(chs)} +n%0 < Sbe + Sbe  4be’

we have {(nY)*/c} = R {(nX)*/(che)} +n%0 and 0 < {(nY)*/c} < 1/(4bc).
Hence, we obtain Ay, C A; C A.
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We next evaluate the distribution of Ay. Let V = N¥/@/(2(8bc)"/*), and
Dy(N) be the discrepancy of the sequence ((nX)®/(chs))v<n<av. Then by
the inequality (2.2.1) with K = | N%],

Z e((h/(chy)) Xn®)| .

V<n§2V

Dy(N) < N2€+ Z

0<|h|<N2€

From Lemma 2.2.4 with k = d + 2, the following holds:

[hl X Va—d—2> —1/@72-2)

1 h| X 1/t =2) <—
+ Z _ <‘ ‘ Va d—Z) + ha

1/2d
0<|h|<N2E 1A chy V
We see that
« 1/(24+2-2
3 1 <|h|X va_H) /)
0<|h|<N2E Id chy
< (va{v}fz)l/(2d+z,2) .9 Z po1+1/(2042-2)
1<h<N2¢
< (XYY | N2/
In addition, by d — @ < 0 and hy < N¢, we see that
1 (‘h‘Xa Va—d—2) —1/(2d+2_2)
cho
Z T 1 2d
0<|h|< N2 |h| vy
h 2d+2 2) 00
< (C 2> V(2+d—a)/(2d+2_2)—1/2d ' 22 h_l_l/(2d+2_2)
S\ xa

< N¢. Vl/(2d+171)71/24 NEY (12 4) /(24+1_1)
Hence we have

D (N) < L% + (X’YN%V{'Y} 2)1/(2d+272) n N£V(71+27d)/(2d+171)
N

<« + (XN 2)/7)1/(2 T NERH-12 /(@ -
N%
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Let Ey(N) be the most right-hand side. Now by (4.2.7), we have

XINZEHU=2)/7 R2£+1/)({7}—2)/7(X + Y)e" (4.2.16)
The exponent €’ of (X +Y') on the right-hand side of (4.2.16) is equal to
¢ =+ 26+ Lt -2) ( i ve)
g 2+{8} -2")2 - {7})

_ 2+ {8} -2"W+0() v
I R ) R Y
v

= —€- ;(2 — {7} +0(9),
where we used (4.2.8). This yields that for a small enough &,

E2(N) < N72€ -+ (R2£+¢({7}*2)/’Y(X + Y)e’)l/(2d+272)
4 NEHU(=14279) /(241 -1))
< N7%,
Therefore, if necessary, by making £ smaller and R larger, we get
#(A, N (V,2V)) 1 )

— FEs(N)) > ——— .
\% S8abeN¢ +O(Ex(N)) = 16abeN¢é >0

Hence, there exists ng € A such that

(2=1{}) +0(©)

no <o (X + Y)Play?/(@{s-2Phe-{h)+e.

which implies the inequality (4.2.6) since ¥y < «. In the case § < 0, let
¢ = L(hy,hy)/hy > 0. By switching the roles of (6, X*) and (#',Y®) and
repeating a similar argument to the case 6 > 0, we also find ng € A satisfying
(4.2.6). 0

Lemma 4.2.4 ( [MS20, Lemma 3.4]). For alla >0 and X,Y,Z € N, define
log (W] + HW™)
log W

Foralla >0 and X,Y,Z € N, ifa| X*]| +b| Y| = c|Z%| holds, then for all
T € (,a+n(a, XY, 7)), we have

al XT|+bY"| =c|Z7].
Proof. The claim is clear since we observe that
(X =[X"], Y] =1Y"], |2°]=[2"]
for all 7 € (o, 0 + (e, X, Y, Z)). O

n(oz,X,Y,Z):min{ :W:X,Y,Z}.
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4.3 Lemmas I1

Let 2 < 8 < v, and let a,b,c € N as in the previous section. Let zy > 0
be a large parameter. For each = > x, let K(z) C N be a non-empty finite
set. For each x > z and z € K(x), let 6(z, z) and ¢(z, z) be positive real
numbers, and define an interval I(z, z) = (0(x, 2), 0(x, z)+{(z, z)). For each
x > w0, define

G.= |J I(z.2).

z€K ()

Let us consider the following conditions:

(C1) for all integer x > x¢, K (x) does not contain any multiples of ;

(C2) for all integers z > xp and z € K(x), if z # max K(z), then z + 1 €
K(z) or 242 € K(x);

(C3) there exists Q1 > 0 such that for all x > x,

max (inf{|8 — a|: @ € G,}, inf{|y + 27> — a|: a € G,}) < Qra™;

(C4) there exists a real number x € (0,00) \ {1} such that for all z > z, and

z € K(x),
log 1
0 =— —_—
(7, 2) log(z/x) 0 <x2 logx) ’
(C5) there exist Q2,3 > 0 and ¢ > 2 such that for all z > x¢ and z € K(z),
Qo™ < l(w,2) < Qsa™";
(C6) for all integer x > xy, G, C (B, + 2~2) holds;

(C7) for all integers © > xy and z € K(x), there exists a pairwise distinct
tuple (X (z, 2),Y (2, 2), Z(z, 2)) € N? such that for all 7 € I(z, 2),

a| X (z,2)"| +0|Y(x,2)"| =c|Z(x,2)"], X(z,z)>zx.
Proposition 4.3.1 ( [MS20, Proposition 4.1]). Suppose that there exist xy,
K(x), 0(x, z), and {(z, z) satisfying (C1) to (C7). Let q be as in (C5). Then

we have

dimp({a € [5,7]: ax + by = cz is solvable in PS(a)}) >

=N
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Remark 4.3.2 ( [MS20, Remark 4.2]). The idea of the proof of Proposi-
tion 4.3.1 comes from the proof of Jarnik’s theorem (Theorem 2.3.4) in the
book written by Falconer [Fall4, Theorem 10.3].

The goal of this section is to prove Proposition 4.3.1. Suppose that there
exist g, K(z), 0(x,z), and £(z, z) satisfying the conditions (C1) to (C7),
and choose such xy, K(x), 6(z, z), and ¢(x, z). Take constants @), Q2, Qs,
K, ¢ which appear in the conditions (C3) to (C5). Let x; > 0 and U; > 0 be
large parameters depending on a, b, ¢, d, 3, v, Q1, Q2, Q3, K, Tg, g. We do
not indicate the dependence of those parameters, hereinafter. Let p denote
a variable running over prime numbers.

Lemma 4.3.3 ( [MS20, Lemma 4.3]). There exists By > 0 such that for
all p > 1 and distinct z,2" € K(p), two intervals 1(p,z) and I(p,2') are
separated by a gap of at least Bip~' if x1 is sufficiently large.

Proof. By the conditions (C4) and (C6), for all p > x; and z € K(p), we

have .
b loer o (4.3.1)

2 7 log(z/p) —
if x, is sufficiently large. This implies that

P <Kz Lp. (4.3.2)
By the condition (C4) and the inequalities (4.3.1) and (4.3.2), there exists

By > 0 such that
1 1 1
log,:_ 0g5+0< 21 )
ogy log? p*logp
log k|| log £ 1
Z| ng gzzl|+0<2 >
| log 2|[log = | p*logp

2 1 1
> b log 2 +0 > Bop ™!
4] log K| 2 p?logp

for all p > 1 and all 2, 2’ € K(p) with 2z < 2’. Further, since £(p, z) < Q3p~>
holds by (C5), there exists By > 0 such that for all p > 27 and distinct
2,2 € K(p), two intervals I(p,z) and I(p,z’) are separated by a gap of at
least

6(p, 2) — 0(p, ') =

Bop™' = Qsp~* > Bip ! (4.3.3)
if x is sufficiently large. ]
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Now we call the open interval I(p,z2) (¢ € K(p)) a basic interval of G,
for all p > x1. For each U > Uq, define

Hy= ] G,

U<pl2U
p: prime

For all U < p < 2U, we also call the basic interval of G, basic interval of Hy;.
Lemma 4.3.4 ( [MS20, Lemma 4.4]). There ezist By, By > 0 such that for
any U > Uy, all distinct basic intervals of Hy are separated by gaps of at

least BoU ™2, and the length of each basic interval of Hy is at least BsU ™7 if
U, s sufficiently large.

Proof. We take distinct prime numbers p and p’ with U < p,p’ < 2U. Then,
for all z € K(p) and 2’ € K(p'), the condition (C4), the inequality (4.3.1),
and the mean value theorem imply that

;o log Kk log k 1
0 — 6 > — O| 5+——
6(p,2) = 82", )] 2 log(z/p)  log(2'/p') (U2 log U )
52 > o

. [p 7 1
PPL of— ).
p Y “{}+ (U21ogy>

We may assume that p’/z’ > p/z. By the condition (C1), z and p are coprime,
which yields that |zp’ — z’p| > 1. Therefore we obtain

>
~ 4|log k|

z 2

p 7 p 7
by the inequalities (4.3.2) and U < p,p’ < 2U. Therefore for all U > Uy, we
have

1
]—?ZT>>U72
z T pz

, 1
0P, 2) =00, )| > 775 (4.3.4)

if U, is sufficiently large. Further, for all U < p < 2U and z € K(p), we have
by (C5) that £(p,z) < U~?, where 8 > 2. Hence there exists D; > 0 such
that for all distinct prime numbers U < p,p’ < 2U, z € K(p), and 2’ € K(p'),
the intervals I(p, z) and I(p/, ') are separated by gaps of at least D;U 2. By
combining with Lemma 4.3.3, there exists Dy > 0 such that distinct basic
intervals of Hy are separated by gaps of at least DU 2. Furthermore by
(C5), for all U < p < 2U and z € K(p), we have @)y - 271U ~1 < {(p, z).
In conclusion, we find that all distinct basic intervals of Hy are separated
by gaps of at least BoU ™2, and have length of at least B3U ™9, where we let
By = Dy and B3 = Qg =274, L]
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Lemma 4.3.5 ( [MS20, Lemma 4.5]). There exists By > 0 such that the
following statement holds: for every U > Uy, if an open interval I C (B, +
p2) satisfies

3B,/diam(I) < U < p < 2U, (4.3.5)
then the open interval I completely includes at least
U2
——— - diam(/ 4.3.
6B 1oz U iam(7) (4.3.6)

basic intervals of Hy .

Proof. By (C4), (4.3.1), and (4.3.2), there exists D3 > 0 such that for every
z € K(p) and the minimum 2z’ € K(p) with 2’ > z,

log k log k 1
O(p,z) —0(p,2)| = — +O(—)‘
97, 2) = 6(p, 2| log(z/p)  log(2'/p) p*logp
4921 / -1
< =z =2+ 0 < Dsp~. (4.3.7)
|log k| = p?logp

Here we apply (C2) when we deduce the last inequality. From (C3) ,(C6)
and (4.3.7), there exists B, > 0 such that

Brv+p )< (B.B8+Bp YUl | (0(.2),0(p.2) + Bip™)

2€K(p)

U(y+p =B ' v+p7?).

Therefore for all U > Uy and U < p < 2U, any open interval I C (3,7+p~?)
satisfying (4.3.5) completely includes at least By 'p-diam(1)—2 > (3B4)~'U -
diam(]) basic intervals of G,. Hence, by the prime number theorem, the open

interval I completely includes at least (4.3.6) basic intervals of Hy, for a large
enough Uj. O

Proof of Proposition 4.3.1. Let By and By be constants as in Lemma 4.3.4
and Lemma 4.3.5, respectively. Let u; = max(Uy,2). For every k=23, ..,
we put

w, = max{ug_y, [3(Ba/Bs)ui_,1},

and B; = Bs/(6B4). Let E; be the open interval (5,2y). For every k =
2,3,..., let B} be the union of basic intervals of H,, which are completely

73



included by Ej_;. Let I be the intersection of all E}’s. Define m; = 1, and
for k > 2, define

2 2,94
U UpUp

-9 _
mi Bgukil = B5

- 6B, log uy, loguy, -

Lemma 4.3.4 implies that each (k—1)-st level interval of F' has length at least
Bsu, ?,. Then, by Lemma 4.3.5, each (k — 1)-st level interval of F' contains
at least my k-th level intervals. In addition, by Lemma 4.3.4, disjoint k-th
level intervals of F' are separated by gaps of at least 6, = Bzu,f. Therefore,
Lemma 2.3.2 implies that

Z lim lOg (m1m2 s mk_l)
koo —log(dgmy)
, 2logug_1 + log (Bé“_gul_q(u2 ) (log ug) "t - - - (log uk_l)*l)
= 11m .
Fmoo qloguy_1 + logloguy, — log(ByBs)

Since uy > u’,ﬁfl for all £k > 2, we have logu, > k!'logu; and u, > up_q.
Further, for a large enough k > 1, u;, = uf_, holds. Thus for a large enough
k > 1, we see that

2log up_1 = 2k tloguy, qlogu,_1 = gk~ loguy,
‘109; (Bg_zufq(w c ) ? " (logug) -+ (log Uk—l)_1)| < loguy_s.
Therefore, since loguy_o/logu, = 1/(k(k —1)) = 0 as k — oo, we get

a1

k=1

ESHN )

We finally show that for any 7 € F, the equation ax + by = cz is solvable
in PS(r) and 7 € [3,7]. If this claim is true, we get the conclusion of
Proposition 4.3.1 by the monotonicity of the Hausdorff dimension.

Take any 7 € F. It is clear that 7 € [, 7] since the condition (C6) yields
H,, C (B,7+ug?), which implies F' C [3,]. Further, by (C7), for all k& > 1,
there exist a prime number uy < pr < 2uy and z; € K(pg) such that we find
a pairwise distinct tuple (X (px, 2&), Y (Pr, 2k), Z (pr, 2z1)) € N? such that

al X (pk, 26)" ] +0LY (pr, 2)" ) = c[Z(pr, 21)" ], X (P, 2k) = P

Since X (pg, zk) > pr > up — 00 as k — oo, the equation ax + by = cz is
solvable in PS(7). O
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4.4 Proof of Theorem 4.1.1

Fix any a,b,c € N. Without loss of generality, we may assume that either
a#cora=>b=c=1. Let £ > 0 be an arbitrarily small real number. Let
d = |s] and choose real numbers 5,7 with d < s < f < < min{t,d + 1}.
Let z¢ = zo(a, b, c,d, 5,7) be from Section 4.2. By the monotonicity of the
Hausdorff dimension, we have

dimp({a € [s,t]: ax + by = cz is solvable in PS(a)})
> dimy({« € [B,7]: ax + by = ¢z is solvable in PS(«a)}). (4.4.1)

Take a(x, z) as in Lemma 4.2.1 and Lemma 4.2.2. Let K(z) = Jyp.(x),
0(z,2) = oz, z). We give £(z, z) later. Let us check the conditions (C1) to
(C7), and apply Proposition 4.3.1.

Case a > ¢. By Lemma 4.2.1, for all > zy and z € J, (),
axa(m,z) +h= Cza(m,z)

holds. Thus by Lemma 4.2.3, there exists ng = ng(z, z) € N such that

al (ngx)®] + blng | = el (no2)°, (4.4.2)
max({(nox)°}, {(n0)"}, {(n02)"}) < 1/2, (4.4.3)
ny <. @/ (EHAI D=l (4.4.4)

Define n as in Lemma 4.2.4. Let {(z,z) = n(a(x, z), nox,ng, noz). The
condition (C1) is clear from the definition of J,;.(x). The condition (C2) is
also clear since we find at most one multiple of = in any 3-consective integers
if g > 3. Lemma 4.2.1 implies (C4). By Lemma 4.2.4, for each x > xy and
2 € Jupe(x), each 7 € (a(z, 2), a(x, 2) + £(z, z)) satisfies

al(nox)”| +bng| = cl(ngz)"], nox > z.

Therefore we have (C7). Let us show (C3), (C5), (C6).
We show (C3). Let x be an integer with x > z,. For each i € {1, 2}, let

= KL + f)m a:J Vi, 2y = |(a))YPx] — i,

cr?logx ¢
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Note that J,;.(z) does not contain multiples of . Thus we do not know
whether 214, 20, € Jup.(2) for each i € {1,2}. However, by (C2), there exist
i1,92 € {1,2} such that z,,, 224, € Jupe(x). Lemma 4.2.1 implies that

o, 2s) = —2BW) g (L> |

" log(zia/r) | \aZlogx

Here we have

log(z1,, /) = log ((L + 9) T O(:r;l)>

cr?logr ¢

_ %log(a/c) +log (1 +0 (m) + O(:cl)>
_ %log(a/c) +0(z7).

Therefore

log(a/c) Lo (

Tlog(a/c) + O(aY) >:”+O“4)

ol 210,) = r2logx
Similarly, we have a(z, z2,,) = 8+ O(z™'). Hence we obtain (C3).

We next show (C5). For all > zy and z € J,p.(x), © < z holds by the
definition of J,4.(x). Recall that

log (((We] +1)W™)
log W ’

g(QJ,Z) = 77(05('%.7 Z)vnﬂ'ranO;nOZ) =

where W is one of ngx,ng, or ngz. By 8 < a(x,z), we have {(x,z) <
log(1+ (now)~?) < 277, Further, by the facts (4.4.3), (4.4.4), 1 <2 < 2 < z,
and o < v, we have

log(1 4 27'W~2)

Uz,2) 2 logW > (ngz)Ylog(noez) e,
where let
_ _ 7
¢=q(B,7,6) = (v +¢) <(2+ T EEN e +e) .
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Therefore (C5) holds (with @3 = 1). The remaining condition (C6) is clear
since 8 < a(x,2) < and a(z,2) +4(z,2) < y+2 2 by (C5) (with Q3 = 1).

Case ¢ > a. Define ng = no(x, z), l(x,z), q(5,7,¢) by the same way
in Case a > c¢. The condition (C1) is clear since z < x by the definition
of Jupe(x). The condition (C2) is also clear since J,p.(z) forms a set of
consecutive integers. Lemma 4.2.1 implies (C4). Similarly to the discussion
in Case a > ¢, we have (C5), (C6), and (C7). Let us show the remaining
condition (C3). Let x be an integer with « > (. Let

We observe that 21,20 € Jup.(z) if 2 is sufficiently large. Lemma 4.2.1
implies that a(x,2z) = 8+ O (z71) and a(z, 29) = 7 + O (27 '). Therefore
we have (C3).

Casea =b=c=1. By Lemma4.2.2, for all z > x¢ and z € J; ;1(x), by
letting X = X(z,2) = 2*[logz], Y =Y (x,2) = 2?[logx| +1, Z = Z(x,2) =
zx[log x], we have

on(:r,z) + Ya(:p,z) _ Za(a:,z).

Therefore, from Lemma 4.2.3, there exists ng = no(z, 2z) € N such that
[(noX)] + [(noY)*] = [(noZ2)°],
max ({(neX)*}, {(neY)*}, {(no2)*}) < 1/2, (4.4.5)
np <. (X 4 V)7 (@HA-2 e )4
Defining 7 = r(v, 8,¢) = v2/((2 + {8} — 21"¥))(2 = {#})) + ¢, we obtain
ng <. e, (4.4.6)

Let l(x, z) = n(a(z, 2),ne X, ngY,nogZ) from Lemma 4.2.4.

The condition (C1) is clear since x < z < 2z by the definition of J; 1 1(x).
The condition (C2) is also clear since Ji;1(x) forms a set of consecutive
integers. Lemma 4.2.2 implies (C4). By Lemma 4.2.4, for all x > z, z €
Jia1(x), each 7 € (a(z, 2), a(x, z) + £(z, 2)) satisfies

L(noX)™] + [(noY)"] = [(noZ)7], noX >
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Therefore (C7) holds. Therefore it suffices to show (C3), (C5), and (C6).
Let us show (C3). Take any integer x > z,. Let

2= 27z + (z[logz]) ™) + 1, 2= |2"P2] -1

It follows that 21,29 € Ji11(2) if z¢ is sufficiently large. Then Lemma 4.2.2
implies that a(z,z;) = v+ O (x71) and a(x,25) = B+ O (z71). Therefore
we have (C3).

We next show (C5). Let = be an integer with x > z¢ and z € Jy 11(x).
It is clear that # < z and X (z,z) < Y(z,2) < Z(x, z). Recall that

log (W] + W ™)

ﬁ(:t,z) = 77(04<37>Z)a”0X> n0Y7 n0Z> =

log W ’
where W is one of ng X, ngY, or ngZ. Therefore, by 8 < «, we have {(z, z) <
log(1 + (noZ)=?) < Z=# < 7. Further, by the facts in (4.4.5) and (4.4.6)

and o < v, we obtain

S g @+

log(1 4 27'W~2)
14 >
(z,2) 2 log W > (noZ)7log(noZ)

Hence, (C5) holds. The condition (C6) is clear since 8 < a(z,z) < v and
a(z,2) + l(z,z) < v+ 272 by (C5).

By summarizing the above discussion, define

2

Dope(B,7,6) = (2 +25)(7 +e)(r(B,v,6) +1)
a(B.~.e) otherwise.

q(B,v,¢)

Case a > ¢, Case ¢ > a, Case a = b = ¢ = 1, and Proposition 4.3.1 imply
that

ifa=0=c,

dimp({a € [5,7]: ax + by = cz is solvable in PS(«)}) > Dyp(5,7,€).
Therefore, by (4.4.1) and by letting ¢ — +0, v — 3, § — s, we have
dimp({a € [s,t]: ax + by = cz is solvable in PS(a)}) > Dgp.c(s, s,0).

By the definitions of ¢ and r, we get the conclusion of Theorem 4.1.1.
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Chapter 5

Linear Diophantine equations
with two variables in
Piatetski-Shapiro sequences

This chapter is based on [Sai20]. We investigate the solvability in PS(«) of
linear Diophantine equations with two variables.

5.1 Improvements on Glasscock’s results
Recall that Glasscock studied the solvability in PS(a) of the equation
y=ar+b (5.1.1)

for fixed a,b € R with a ¢ {0,1}. As a result, he reached Theorem 1.3.8.
The goal of this chapter is to put forward the following theorem which is
an improvement on Glasscock’s result in the case when 0 < b < a.

Theorem 5.1.1 ( [Sai20, Theorem 1.1]). Let a,b € R, with a # 1 and
0 < b < a. Assume that the equation y = ax + b is solvable in N. Then for
all 1 < a < 2, the equation y = ax + b is solvable in PS(«). Moreover, for
all s,t € R with 2 < s < t, we have

dimp{a € (s,t): y = ax + b is solvable in PS(a)} = 2/s.

We avail of two main improvements when 0 < b < a. Firstly, in the
case when 1 < o < 2, we arrive at the same conclusion as Glasscock’s result
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even if we replace “for Lebesgue almost every” with “for all”. Secondly,

in the case when o > 2, his result is equivalent to stating that the set

{a € (s,t): y = ax + b is solvable in PS(«)} has Lebesgue measure 0 for all

2 < s < t. However, from Theorem 5.1.1, we find that the set has a Hausdorff

dimension of exactly 2/s. Hence we can discern more details concerning the

geometric structure of the set. We will show Theorem 5.1.1 in Section 5.4.
From the first improvement, we obtain Theorem 1.3.10.

Proof of Theorem 1.3.10 assuming Theorem 5.1.1 . Fix an arbitrary a € (1, 2).
By Theorem 5.1.1, the equation y = 2z is solvable in PS(«a). Let z; <
Ty < --- and y; < y2 < --- be solutions (z,y) = (z,,y,) € PS(a)? to
y = 2x. By [FW09, Proposition 5.1], for every sufficiently large n, there ex-
ists a, € PS(a) such that all a,, a, + z,, a,+ 2z, are in PS(a)). Therefore,
for every sufficiently large n, by substituting (k,, m,, n, ) = (an, Tn, ), all

kn? mn7 Ena kn+mn7 mn—i_gny En—'—kna k:n—i_mn—}_gn
belong to PS(a). O

Remark that the method of this proof can be seen in [Glal7, Corollary 1].
We next discuss the solvability in PS(«) of the equation

ax + by = cz (5.1.2)
for fixed a,b,c € N. As a corollary of Theorem 5.1.1, the following holds:

Corollary 5.1.2 ( [Sai20, Corollary 1.3]). Let a,b,c € N with ged(a,c)|b,
a>band a # c. Then, for all1 < o < 2, the equation ax + by = cz is
solvable in PS(«). Further, for all 2 < s < t, we have

[\]

dimp{a € (s,t): ax + by = cz is solvable in PS(a)} > —. (5.1.3)

VA

Indeed, from the condition ged(a, ¢)|b, the equation az+b = cz is solvable
in N. By dividing both sides by ¢, we have the equation z = (a/c)z +
(b/c) whose coefficients a/c and b/c satisfy the conditions in Theorem 5.1.1.
Moreover, if the equation ax + b = cz is solvable in PS(«), then by letting
y =1 = [1%], we see that the equation ax + by = cz is solvable in PS(«).
Therefore we conclude Corollary 5.1.2 from Theorem 5.1.1.

The lower bounds (5.1.3) in Corollary 5.1.3 are better than Theorem 4.1.1
for all 2 < s < t. In particular, we find that the left-hand side of (5.1.3) goes
to 1 as s = 2+ 0 from Corollary 5.1.3 if a, b, ¢ are restricted.
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5.2 Lemmas

The goal of this section is to show a series of lemmas so as to evaluate
discrepancies and calculate the Hausdorff dimension.

Lemma 5.2.1 ( [Sai20, Lemma 3.1]). For every non-integral o > 1, integer
k > 4, and real numbers n >0 and V > 1, if V% < 1 holds, then we have
_92-k

o a— k_ — k_ —a)/(2F—
D((M®)y <ncav) KLap (MY O/ ED 4=t/ (=21 (k=) /(28-2)

Proof. Fix any a, k, n, V given in Lemma 5.2.1 which satisfy nVe=* < 1.
Let fn(x) = hnx® for every h € N and = > 0. Then we have

WV e o |1 (2)] <ap BVt

for all V' < x < 2V. Therefore, the following holds from the Erdés-Turan
inequality (2.2.2) and Lemma 2.2.4 with I = (V,2V], f = f, : for all K € N,

D((nn*)v<n<av)
1
KDY s D elhm?)
h=1 V<n<2v
1 =1 i 1/(2F—2) g2k i\ —1/(2F—2)
Lok K +ZE‘(th ) +V (th ) ‘
h=1
Lok K1 + (Knva—k)l/(Qk—Q) + T’—l/(2k—2)V(k—a)/(Qk—Q)—22*k'
Hence by substituting K = [(5~V**)/2*~D] we get the lemma. O

Lemma 5.2.2 ( [Sai20, Lemma 3.2]). Let o > 1 be a non-integral real num-
ber, v € R with 0 <~v—a <1, and let A > 0 be a real number. Then there

exist Qo = QO(aa’yvA) >0, & = 50(0477) >0, and ¢ = ’QD(O(,’Y) < 0 such
that for all Q@ > Qo and 0 < & < &, we have

D((AQ“N*)y cn<av) Kama QF
where V = Q0r—=8/a,

Proof. Fix any a, 7, A given in Lemma 5.2.2. Let @y = Qo(c,v,A) > 0 be
a sufficiently large parameter, and & = &y(a,y) > 0 be a sufficiently small
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parameter. Take arbitrary real numbers 0 < ¢ < ¢y and () > Q. Then there
exists an integer k = k(a, ) > 4 such that
k—3 k
ak=3) ok

a <

. 5.2.1
vy+k—3 v+k ( )

Indeed, let g(k) = v(k — 3)/(y + k — 3). Then g(k) is strictly increasing for
all k > 4. Since g(4) = v/(v+ 1) and limy_, g(k) = v, we have

o0

a € (1,7) € [Jglk), g(k +3)).

k=4

Therefore, there exists an integer k£ > 4 satisfying (5.2.1). Let us fix such an
integer as k = k(a,7y) > 4. By the condition V = Q0~*=9/% we observe
that

AQ Ve = AQ™

where ¥ ;= a+ (v — a — §)(a — k) /a. Then we have
= ((v + K)o —vk)/a = &(a —k)/a < ((v + k)a = 7k)/(2a) <0

by a < vk/(y+ k), 0 < £ < &), and the assumption that & = &(a, )
is sufficiently small. Therefore AQ*V*~* < 1 holds since @ is sufficiently

large and @) > ). Thus we may apply Lemma 5.2.1 with n = AQ* and
V = QU—o9/ to obtain

722—1@

D((AQana)V<n§2V> <<a,'y,A (Qavafk)l/(Zkfl) + Qfa/(2k72)v(kfa)/(2k72)
— le/@k—l) + Qv

where

o @ y—a—¢ [ k—a A4
LT R, <2k—2 2k>'

Then we have

—a?2k + (v —a)(k — )28 — 4(y — ) (2% - 2)

@Z)Q = 2k(2k _ 2)0& + Oow(g)
(k- (v+k —4)a —49)2% + 8(y — )
N 2k(2k — 2)a O (8-
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Therefore the inequalities « > v(k —3)/(y +k —3), k > 4, v —a < 1,
l<a<~vyand 0 <& <& imply that for sufficiently small £ > 0,

—2% . 4% /(y+k—3)+8
2k(2F — 2)ay
_9k _
2"/(k=2)+8 _ 0
2k+1(2kz —2)a —

1/}2 < + ch,'y(&))

Therefore, there exists ¢ = ¢(a, k) < 0 so that

D((AQ* N v cpn<av) Kama Q.
O

We next present lemmas on the Hausdorff dimension. Recall the definition
of A(J,7) in Section 2.3

Lemma 5.2.3 ( [Sai20, Lemma 3.4]). Let I C (1,00) be a non-empty and
bounded open interval, and let v > 2 and a > 0 be real numbers with a # 1.
Define

E(l,v;a) = {a € I: there are infinitely many (p,q) € Z x N

1
such that |a'/® — ]—9‘ < —}

q q7

Then we have dimy&(1,v;a) = 2/7.

Proof. For all u > 0, let f(u) = a*/*. Fix a compact set V C R with I C V.
Clearly, f is continuously differentiable and |f’(u)| > 0 for all w € V. By
the definitions, f(E(I,~;a)) = A(f(I),~). Since f(I) is also a bounded open
interval, Lemma 2.3.3 and Lemma 2.3.5 imply that

i £(1,750) = dim J(E(7.7:0)) = dimug A1), 7) = =
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5.3 Key Propositions

In this section, we show two key propositions by applying rational approxi-
mations.

Proposition 5.3.1 ( [Sai20, Proposition 4.1]). Let a,b € R with a # 1 and
a>0. Forall1 < B <7, we have

{a € (B,7): y=ax+b is solvable in PS(a)} C E((B,7), B; a).

Proof. Fix B,7 € R with 1 < 8 < v. Take any a € (3,7) such that the
equation y = ax + b is solvable in PS(a). Then there are infinitely many
(p,q) € N x N such that [p®| = a|¢®] + b, which implies that

al a 1/
B _ (a+ b+{p } a{q }) — al/a_’_oa,b(qfa).

q q“

Hence, there exist C' = C(a,b) > 0 such that for infinitely many (p, q) € N?,

al/® p’gggi

q @~ g8

LS

This yields that o € E((5,7), 5; a). ]

Proposition 5.3.2 ( [Sai20, Proposition 4.2]). Let a,b € R with a # 1 and
0 <b<a. Suppose that y = ax + b is solvable in N. Then for all1 < g <~y
with |G| < <y < |B]+1, we have

EW(B,7),v;a) C{a e (B,7): y=ax+b is solvable in PS(a)}.

Proof. Since the equation y = azx + b is solvable in N, there exist distinct
solutions (1, y1), (2, y2) € N? of the equation. Then since yo—1; = a(ro—11)
and (x1,y1) # (72,y2), we have a € Q. In addition, b € Q holds from
b = y; —ax;. Thus we may let a = aj/as, b = b1/bs, (a1,a2,bo € N,
by € NU{0}). By letting ¢ = asby, d = a1y, € = asby, a pair (z,y) € N?
satisfies the equation cy — dz = e if and only if (z,y) satisfies the equation
y = ax+b. Therefore we now discuss the solvability in PS(«a) of the equation
cy —dx = e. Take any a € E((8,7),7v;a) = E((B,7),7;d/c). Let us show
that the equation cy — dx = e is solvable in PS(«).
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By the definition, there is a sequence ((pn,¢,))>2; € (Z x N)N such that
for all n € N,

|(d/c)1/a - pn/Qn‘ < q;77

where ¢; < gz < ---. Since (d/c)"/® > 0 and d/c # 1, there exists ng =
no(d, c) € N such that for all n > ng, we obtain p, > 0 and p, # gp.

From the solvability in N, there exist u,v € N such that cu — dv =e. By
the division algorithm, there exist r, v’ € Z such that v = cr+0v', 0 < v’ < c.
Hence by replacing v — dr and v" with v and v respectively, we obtain

cu—dv=e, 0<wv<ec. (5.3.1)

Take a sufficiently small parameter £ = £(a,y) > 0, and take a sufficiently
large parameter n; = ny(a,7,c,d,e) € N. Let € be a real number with 0 <
e <min(1/2,(d—e)/c). Note that b < a implies e = asb; < a1by = d. Hence
we verify the existence of . Take n € N with n > n;. Let V,, = qﬁ*a*f)/ .
Define

+1—5), (5.3.2)

Here the interval

is non-empty by € < 1/2. If n; is large enough and ¢ is small enough, then
by the definition of the discrepancy and Lemma 5.2.2 with V =V,,, Q = q,,
A = 1/c, there exists ¢ = ¥(a,7y) < 0 such that

#(B, N (V;,, 2V,]) / Vi, = diam(I N [0, 1)) + Oq.,.(q?).

Here we show diam(/ N [0,1)) > 0. Indeed, by (5.3.1), we obtain

u

+5_v+e+5>v
d d ¢ cd d” ¢

Moreover, the inequality ¢ < (d — ¢e)/c yields that

v 1 e—d e v 1
=—+-+ to<-+-<1.

€
+E c ¢ cd d ¢ ¢~

ale
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Hence diam(/ N [0,1)) > 0. Therefore there exists a large enough n; =
ni(a,vy,c,d, e ) € Nsuch that for all n > ny, we get #(B, N (V,,,2V,])/V,, >
diam(/ N[0, 1))/2, which means that B,, N (V,,,2V},] is non-empty.

Hence we may take € B, N (V,,,2V,,] where n > n;. Then

@mwa:CWf%:VJ+C{(%jV}::(c{@i?“J+v>+<c{@i?“}_v>‘

The first term on the most right-hand side is an integer, and the second is
in [0,1) from the definition of B,. Therefore we have

) = |2 ) o

C

Let 0 = p,/q, — (d/c)'/®. By the mean value theorem, there exist C' =
C(c,d,a) > 0 and ¢ € R with |¢/| < || such that (p,/q.)* = ((d/c)* +
0)* = d/c+ CO'. Therefore,

@MW“=(&ﬁthﬂ“:d{Qh@aJ+d{0h@a}+cw%h@a

n c c

_ (d{g%%QiJ—%u) +—<d{£%%2i}——U>-+CWT%ﬂ09

The first term on the most right-hand side is an integer, and the second term
isin [g,1 — ¢) by x € B,,. Further, if necessary, we replace n; with a larger
one, and by x € (V,,,2V,], the third term is evaluated by

qoq) ¢
s "

n

1CO (q2)¥| < 2°C <2°Cq,¢ <2°Cq,f <e.
Hence we obtain

c

()] = |22

By the above discussion, if z € B,, N (V,,,2V,] and n > n;, then

cl(pnz)®] —d|(gnx)*] = cd ancx) J +cu—dc {(qn:) J —dv=cu—dv =e,
which means that ([(g,z)%],|(pnz)®|) € N? is a solution of the equation
cy — dx = e. Therefore the equation cy — dx = e is solvable in PS(«) since

B, N (Vy,2V,] is non-empty for all n > n;. O
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Remark 5.3.3 ( [Sai20, Remark 4.3]). In the case when 0 < a < b, the
interval I in (5.3.2) should be empty. Indeed, a < b implies d = a1by <
asb; = e. Thus we observe that

u U+1 _e—d>0

d c ¢)  cd T
which implies I = ). Because of this technical problem, we restrict the
coefficients a,b to 0 < b < a.

5.4 Proof of Theorem 5.1.1

Fix a,b € R with a # 1 and 0 < b < a. In the case a € (1,2), we apply
Proposition 5.3.2 with § =1 and v = 2. Then

£((1,2),2;a) C{a € (1,2): y = ax + b is solvable in PS(a)}.

By Dirichlet’s approximation theorem, £((1,2),2;a) = (1,2). Therefore the
equation y = ax + b is solvable in PS(«) for all a € (1,2).

We next discuss the case when o > 2. Fix s,t € R with 2 < s < t. By
applying Proposition 5.3.1 with § = s and v = ¢, and applying Lemma 5.2.3,
we have

dimp{a € (s,t): y = ax + b is solvable in PS(«a)} (5.4.1)

2
< dimyg E((s,1),s;a) = 5

Further, let 6 > 0 be an arbitrarily small parameter. By applying Proposi-
tion 5.3.2 with § = s and v = min{s+9J, | s|+1,t}, and applying Lemma 5.2.3,
we obtain

dimp{a € (s,t): y = ax + b is solvable in PS(«a)}
2

= dimy £((s,7),710) = ——

for every small enough 6 > 0. Therefore we get the theorem by taking
o — +0.

Remark 5.4.1 ( [Sai20, Remark 5.1]). Let a € (5,7) where 8 and ~ satisfy
1< B <~vyand |B] < B <7< |B]+1 Ifa/* € Q, then it is clear
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that for infinitely many (p,q) € Z x N we have |a"/* — p/q| < ¢7. By
Proposition 5.3.2, the equation y = ax + b is solvable in PS(«). Therefore,
for all a,b € R with a # 1 and 0 < b < a, and for all non-integral o > 1
satisfying a'/* € Q, the equation y = ax + b is solvable in PS(a).

Remark 5.4.2 ( [Sai20, Remark 5.2]). We apply Proposition 5.3.1 and
Lemma 5.2.3 to show the inequality (5.4.1). Note that the condition 0 <
b < a is not required in Proposition 5.3.1 and Lemma 5.2.3. Hence, for all
a,b € R with a # 1 and a > 0, and for all s,¢ € R with 2 < s < t, we obtain

dimp{a € (s,t): y = ax + b is solvable in PS(«)} <

®» | N
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Chapter 6

Future works

In this chapter, we give some open problems related with this thesis.

6.1 The case when 1 < a <2

We have investigated distributions of finite sequences represented by polyno-
mials in PS(«), and especially done the case a € (1,2) in detail. We have not
proved the convergence in the proof of Theorem 3.1.2, but the middle-hand
side in (3.1.2) divided by N27%/(¢+1) probably converges to some positive
number as N — oo. It is a future work. As other natural questions, we have
the positive-density version and prime-number version.

Question 6.1.1 ( [SY21, Question 6.1] Positive-density version). Let d € N
and o € (d,d+1); let A C N be a set with positive density, and k > d + 2
and r > 1 be integers. Then does

#{P C AN[1,N]: P € Pry, ([n"))nep € Pra} < N>~/ (N 5 0)
(6.1.1)
hold?

Question 6.1.2 ( [SY21, Question 6.2] Prime-number version). How about
the case when A in Question 6.1.1 is replaced with the set of all prime num-
bers? In this case, what is suitable as the right-hand side in (6.1.1)7

Actually, we can replace the first term n in (3.2.1) with a prime number
p: for every f € H that satisfies the same assumptions as Theorem 3.2.1,

Jim e € o, Mo (L + i) )53 € Pagh = nlCo). (612
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where 7(N) denotes the number of prime numbers less than or equal to N.
The proof of this statement is the same as that of Theorem 3.2.1 because
for every subpolynomial f € H defined on the interval [ng, 00), the sequence
(f(P))pprime=n, is uniformly distributed modulo 1 if and only if (f(n));2,, is
uniformly distributed modulo 1 [BKS19]. In (6.1.2), it is only guaranteed that
the first term p is prime. In order to make all terms p,p+7r,...,p+ (k—1)r
prime, we need to study whether (f(p))pes, ,no,c0) 18 uniformly distributed
modulo 1 or not, where Sj, is the set of all prime numbers p such that all
p,p+7,....,p+ (k—1)r are prime. Of course, r must be restricted to some
extent depending on k. The set S, is related to twin prime pairs (when
(k,r) = (2,2)), sexy prime triplets (when (k,r) = (3,6)), and generally
prime k-tuples. It is known that there exists an even number r such that
S, is infinite [Poll4, May15], but it is still open whether S, is infinite for
general k£ and admissible 7.

Finally, we focus on an asymptotic formula when a runs over the interval

(1,2).

Question 6.1.3 ( [SY21, Question 6.3] Asymptotic formula when « run-
ning). Fix a sufficiently large N € N and integers k > 3 and r > 1. Let

Dyvir(0) = #{0 € [1 Nz < (L(n+7)*])ich € Pra).

Can we find any asymptotic formulas of Dy y,(a) when o runs over the
interval (1,2)7

Figure 6.1 illustrates the behavior of Dy ,(«) by numerical computation,
where the points (a, Dyy(a)) are plotted for all & € {1 + 0.001: : i €
[0,1000]z}. In view of this figure, Dy () would be approximated by the
sum of continuous waves and discrete errors. In order to theoretically observe
a phenomenon like this figure, it is probably needed to further analyze the

distribution of the sequence ((n®, an"‘*l));\;l modulo 1.

6.2 The case when o > 2

Question 6.2.1. Does there exist a > 2 such that the set of Piatetski-Shapiro
primes with exponent o contains infinitely many 3-APs.
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(N, k,r) = (100,3,1) (N, k,7) = (100,3,2) (N, k,7) = (100,4,1) (N, k,7) = (100,4,2)

1 1 1 1

0 0 0 . 0
1 2 1 2 1 2 1
(N, k,r) = (1000,3,1) (N, k,r) = (1000, 3,2) (N, k,r) = (1000,4,1) (N, k,r) = (1000, 4,2)
1 1 1 1
0 0 0 WM\ 0 Wm\
1 2 1 2 1 2 1

Figure 6.1: The behavior of Dy () for (N, k,r) € {100,1000} x {3,4} x
{1,2}. The abscissa and ordinate denote values of @ and Dy (), respec-
tively.

Recall that we say that a prime number p is a Piatetski-Shapiro prime
with exponent « if there exists n € N such that p = [n®|. That was intro-
duced in Chapter 1. Mirek [Mirl5] proved that for every o € (1,72/71), the
set of all Piatetski-Shapiro primes with exponent o contains infinitely many
3-APs. Note that we know the existence of Piatetski-Shapiro primes with
exponent a > 2 from (1.2.2).

Question 6.2.2 (Roth’s theorem on Piatetski-Shapiro sequences with a > 2).
Does there exist o > 2 such that any A C PS(«) with

— _#(An[N)

N FES@ N (N

contains infinitely many 3-APs?

In the case when 1 < a < 2, the answer to Question 6.2.2 is “YES” by
Theorem 1.3.5. By Fourier analytic methods, Green showed Roth’s theorem

on prime numbers, that is, if A C P satisfies (1.1.3), then A contains infinitely
many 3-APs [Gre05].
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Question 6.2.3. Fix an arbitrary a,b,c € N. What is the exact Hausdorff
dimension of the set

{a € [s,t]: ax + by = cz is solvable in PS(a)}? (6.2.1)

We only have lower bounds of the Hausdorff dimension of the set (6.2.1).
In general, the lower bounds are 1/s* by Theorem 4.1.1. Further, by Corol-
lary 5.1.2, the lower bounds become 2/s if a, b, and ¢ are restricted. The
author expects that we would get better lower bounds. The Hausdorft di-
mension of (6.2.1) would be 3/s for all a,b,c € N.

Question 6.2.4. Define
ds(n) = dimp{a € [s,00): &1 + -+ - + 1 = @, s solvable in PS(a)}

for all real numbers s > 1 and n € N. Fiz any s > 1. Then is it true that
ds(n) is increasing with respect to n?

This question is related with the Waring problems on Piatetski-Shapiro
sequences. If we ignored pairwise distinctness in the definition of “solvable”,
we would have ds(n) = 1 for every n > (s+¢)?2°t° +1 by Theorem 1.2.3. By
this observation, the answer to Question 6.2.4 would be “YES”. The author
expects that ds(n) would be 1 for all 1 < s < n, and would be n/s for all
n < s.
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