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Stat-st-ics

Course s bosed on [CB] Statistical “inference.
Probobility ond Stotistics

rob

statistics
I Probability
1.1 Probability space
Ingredients
9 S=0) 45 o set colled the SAMPLE SPACE &f & SopShiems”
2) Any subset ACS s called on EVENT
3) An. EVENT SPACE B =F s a collection of events satisfy-ing :
¢ ond S€B iﬁm;%f:i ‘
DIf ASB then AS= S\A S i i Ans € B "G - ALGEBRA
DIF A; €8 for §=1.2,3, Gomutie fomiy then J.g A; €1
Recall: (AUBY® = A“NBC
ey } De Morgam’s Law
Examples
DI S=da., os, . ant then B ={all subset of S} Tof 5™
2)If S=R, then we choose B as the fumily of subsets generoted by wntervals (o, b)Va<b
B 4s colled the Borer ALGEBRA of R denoted by as.
(We con do the same for Ca.bl)

WEIGHT” PH some subsets of ‘S to whic,h we wnr:t
4) o PROBABILITY FUNCTION P=F -4s « map P g — R such thet (Sfl;le a weight
NOP(AY20 VAEB 3
2)P(S)=1 ond P(P) =0 oxioms of probobility

H -
BIF AiNA= ¢ ik then P(Ta;) = £ Peap) Hmernss oo
J=

J=




Pm1>os1't—ions

NPAY€d and P(AS) =1-P(A) VAeB

2) P(AUB) = P(A)+ P(B) - P(ANB) <
P(ANB) = P(A) + P (B) - P(AUB) > P(A) + P(B) -

3)If BcA then P(B) < P(A)
HIf C;EB st U C;=S and C;NCx=¢ Vj.k TFic™

then P(A) = Zi P(AncJ) vAe B
Def. (S sonte, B S,Xi"cé, P PREe® ) ds colled o PROBABILITY SPACE.
Exercise : Find the number of owrovgement of wm objects from S. p.14~15 [CB]

i wHthowt replacement weith replacement |

1 Bonfevion: s
ineguality

ordered
unordered

Ex. 1.2.30
Def. If A.BeB and +f P(B)>0 _
We define the CONDITIONAL PROBABILITY of A given B by

_ _PcANB)
RUAIB) = ==bs

Observe that P(ANB) = P(AIBR)P(B)
I
P(BNA) = P(BIA)P(A)

- P(A)
= PLALB) = P (BIA) === T

Exomple of 2 dice
A = {black dice 45 13; B= {red dice 45 1}

= RGAMBY: - A3 A4
P(AIB) = P(8B) 1/6 6

More genervlly : (Bayes Rule) Exercise: check for 4ts opphication
If {C;}Z1 45 o portition of S
o LR EICRED. .
P(C;1B) S P (BICy) P(Cy) “f P(B) #£0
-re

k— — (_
I -
P(BNCk)

Def. Let A.B€B. they ore INDEPENDENT <4f P(ANB)= P(A)P(B)

Def. A collection of events A, As.: €B are MUTUALLY INDEPENDENT f

YA AT P(h A;J-) = fT P (Ai))
J=1 j=1

2
O



1.2 Roandom variable

Def. o. RANDOM VARIABLE X en o probobility spoce (S, B, P)
1s o function X:S— R satisfy-ng
VxeR: {seS|X(s)sx} B
ﬁ .
X' ((-00.%x1) B & {X<x}eB
Def. The CUMULATIVE DISTRIBUTION FUNCTION (CDF) associoted to X
{5 the functien Fy : R+ [0.1] defined for omy x € R by
Fx (x):= P({Xsx})
Properties
1) Fx(x) € Fx(¥) 4f x <€y (dnereasing / monotonic non-decreosing)
2) li_mw Fy(x) =0 3 xfg:\o Fx(x)=1

3) lim Fx (x+€) = Fx (x) (right continuous)

One has :
p Fx (x)
r—'—/t
;/Fx-(‘)x)
2 Ly
) X

Thm. Whenever F: R [0.1] sotisfies properties 1) ~3),
there exdsts (S, B.P) ond o romdom vorioble X such thot

Fx = F.

& )
& non- ANAQUE
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Exercise: Summary tone distribution -n the hondout for this lecture,
writing the properties and on exomple for this distribution.
(do “m padrs)
Remark: From Fx one gets
*Ploe< X<b) = PEweSl X (w) € (&, b1}) = Fy(b) - Fx (o)
* Since P(x<a) = eh\m Fx(a-€)
- = PlasX<b) = Fx(b)-sli{v(\’f:x(a—e) :
3 Pix=a) = Fe(@) - Jin Fx(a-e) T o ™
Unon-zero whenever Fx has o Jump ot o
Def.
1) X 4s CONTINUOUS -4f “Fx has no jump”, or
lm Fx (a-e) = Fx (&) Ya€R
2) X +is (ABSOLUTELY) CONTINUOUS -f
Ify: RR such that Fx ()= [ £, (y)dy 5 fx e L*(R)
L PROBABILITY DENSITY FUNCTION (PDF)
3)X 4s DISCRETE <f X(5) €R s finite or countoble.
(4n bijection w<dth N)
49X com be SINGULAR CONTINUOUS,
or o mixture of abs. continuous, Ssing. continuous omd discrete.
Remark
When X s odiscrete, the function
fxi R R, fy (x):= Fx(oc)-"l_;ig\of:x(x‘e) 45 colled +he
PROBABILITY MASS FUNCTION (pmf).
Observe that r}:;ﬂ( Fxlx) . =4,
And for the pdf [ fx(y)dy = 1.
Use of pdf ond pmf :
If ISR (Borel subset of R), then

' ( £ ces
P(xel) = P({xeS|X(x)eI}) ={f1fx(y)dy e

L fy(x) <N discrete cose
xel




Remark :
The set {X(s)Is€S} +s colled the IMAGE of the random vomioble X.
We denote 4t by Im(X) er Ron(X)
Remork : '
If o pdf or o pmf depends on some porameters 6, 6a, >, 6a, then we write
f(l16,,.6a): R— R
Remourk :
The romge of o discrete r.v. 4s countable, while
the romge of o counbinuous one s mot countable.
1.3 Transformodiors ond expectations
We olwoys use (S,8.P) for o prob. space omd X for a romdom vorioble.
Let g:R— R oand consider g(X):=geX

S22 R-ESR
[\ 2

3o X

Lemma: g(X) 4s o rondom vomioble «f g:R=R 45 BoreL MEASURABLE.
It meons that YV Aeagg : g™ (A) € g :
~Borel olgebra on R
Remark: This s o conditien satisfied by almost oll functiens
(for exomple conbinuous , or plecewise continmens functions).
Def. If X 4s discrete or (obsoutely) continuous w-th pmf er pclf £
then the EXPECTED VALUE or MEAN of X 4s given by
E(X)==f_: xf (cidx or L xf(x)
4f 4t converges obsohk'li\tj <« Exercise: find on exomple when
(e f_o; [l fy (2e) dx <00 or L_Ix|f(x) <o0) E(X) does ot exist.
Thm. If X 4s continuous or discrete and g Borel meosuroble, then
E(g(x) = [ g(x) fy (x)dx
whenever -t converges absolutely.
Def.  Vor(X)= E ((X-Exn?)
4s the VARIANCE whenever 4t ex-sts.

JVor (X) 4s colled the STANDARD DERIVATION.




I Remark: If E(X)=p and Vor(X) =0, then by setting
Z = X2K (the STANDARD FoRM)
one has E(2)=0 and Var(z)=1.
F Def. The k*-moment of X are defined by E(X*), ond
the central k*-moment of X by E((X-E(X)*) whenever they exist.
Also Mx (t) := E(e?*) for t€R s colled the moment generoting fnction (mgf).
1.4 Multiple romdom vorinbles
We ore geing to consider n romdom voriables X., Xa, =, Xv: SR
- - e
[ Def. The joint cumulative distribution finction ossocioted with X s o function
Fx - RN — [0.1] olef—\'ned for = (x5, Xq) by
ExleainsiBe e laiilond ~iac.)
1= P({s€S| X, ()< x,, Xs(s)<€xs, +, Xnl(s)€x,})
=P(Xjsx; Vje{d, -, N})
If X tokes only o« countoble number of volves +n RY,
the joint probobility moss function <s defined by
Fx (i, xw) = POX =20, o, XN =)
X 45 an obsolutely continuous rondom vector *f
Fr (e orend = [ [ [ 0 Y ) Ay ol
R joint  probablity density ﬁmotq'a?\
If AcR" (Borel subset) then
P(XxeA) = [[-f fi (i, xn) dix, - dx,
DEf K X Uaire b decentlind oty uf
P(Xi €% X2€%x2, . XnSxn) = P(X,€2,) P(X; €xa) ++- P(Xn S Xn)

L F_)_(_ (xl ) = Tr FX, (D(_,
3} €- cnl_y in the case of disorete or obs. Continuous
.)Cé (E,. = = Tr ‘fo (i)
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Remork: From Fx we com obtodn Fx, by the formula
Fxl (xl) = hm P(X| <x, ’ Xzéy,hx_; sy, LA XNsy)

y-r00
]-marg{no.t calf

And stmilarly 4n the continueus cose
fx| (x,) =fnz [R f_g (%1, %, =, 3a) doc, - doy

N —1 -integral
[’margmo»l p&?’@ >

As before g R™+— R  continuous

E(g(x) = ﬂmeg () fy (x)dx
- T dx,dxc; - dxen
N -k random v,

e M|
Def. Conditional pdf or pmf for Xisy., =, Xy knowing X, -, Xy 45 gdven by
T fx (e, e, )
fX. ’ "‘1Xk (xll | xk)

-)F (xk-fl 2y x‘N,xll T xk) =
if the denomimotor +s mot O.
(Exomple 4.2.2 + 4.2.4 for mobivation)

1.5 Covorience ond correlotion
Consider X ond Y yomdom voriobles en S,
with E(X) =pe, ECY) =y, Vor (X):i=0x, Vor (Y)= GF ey oxior.
Def. The covordence of X ond Y s olef'iv\enl by
Cov (X, = E ((X-px)(Y-py)) = E(XY) = Gx Oy

The corelation of X omd Y 4s defined by

_ Cov(X/Y) s
Prr= =g g e[-1.,4]
ensy

Lemma: If X ond Y ore «independent then Gov(X.Y) =Pyy =0 grercise
I\ The converse 4s not true.
The covarience meosures o hnear relotionship :
lPx] =1 4f P(Y=ax+b) =1 Jo.beR

The poges 3.4 <4n Appendix 3 ore helpful and eosy.




1. Romdom  sample

1.1 Bosic definotions

Def. A rondom somple of size N s o fomily of vomdom voriables
Aall having the same pdf TN or pmf R and

2) oll mutmrodly }‘jwlépanalent.
We speak obout <4d rondom voriables. =
4)3@2%@1@ dhistributed
The condition of -fndq;vender\oe 45 very strong s

&We toke 4t os o fivst opprowimseon.
= F ., Kl = iy, 00 = P, L) S

Def. If Y: RN— R? 45 Borol measwrmble (& continwons)
ot XSG o b . e Y

colled o stodistic.

Examples

1) Sample mean: X =L i X
2) Sample variance: S* =G%}i (Xs=%)"
3) Swm?ﬂe stomdord d«'\/mtw'o*n:v J’|S= ,f_S—"_

Thm. Let X = (X, . %n) be o rondom'\soample, with E(X) = ond Var (X) =a*.
Then E(X)=p 5 Vw(?)=%:-s E(SY)=a? ki’ S pomed
(Thm 5.2.6)

A useful relotion: My (+) =(Mx; (‘l:/N))N 4f My, exdst

1.2 Somple from o normol distribution
Let X,, =, Xy be¥rondom somple: with. X; ~n(m, a?) ‘,i"ei.,"“Ld;iTZf?}fﬁm"’;z

wHth the pdf of n(w,0?) given by  having or following
f-(le’ a?) = o LT e—(x—P-)‘/Zo"

NP
One has E(X;) = and Var (X5)=a?

Propositions
DX ond S* are “ndependent yondom voriobles (Thm 5.3.1)
2) X~ n (K, 0%/N)
3) (N-14) S’/ hos o chi squowed distribution with porameter N-1. (xy-,)

8



Remark: If Y~ n(u,0%), then L ~n(0.1) fiing. Thus
2R N2~ n0.1)

G/dN - =
I we co X-p _ (X-W/(g/IN) — ~nTl0,1)
f mpute N 23 R s

The vatio 4s the student’s distribution (= +t-distribution) ond does not depend on o.

~~ We com deduce p.

I.3 Order statastics

Def. The order statistics of & romdom  soomple X, -, Xu
are the somple volues Placed in oscending ovder -

Xy € X €€ X

Exomples © Xy = min X5 5 =3 Xy = moax X;
J&€{l,~ N} Je{l. N}
Bosed on them one has
* Somple romge = R:= Xny = Xewy
X 4f N odd
. Somple mediom:  M:= { (55 f ©
_2,-_ (X (N/2) +X(N/z+|)) “‘f N even

A Soample medion # Somple meon
- For p€(0.1) we define the IOOP"}‘ sample percentiles to be
the observation st. Np obsenotions one smaller ond N (4-p) owe lorger
Xanpyy — if sR<p<+ .
={ X(N+1-{nca-pp) if £ <P <1-3% i

{-d gb<i+l with ieN =2 {b}:= 4 :}g\vgéﬁ:r

One often uses

lower quartile 1= 25% soanple percentile

upper  quartile 1= T5% spmple percentile
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Computation rveloted 0 X(;
Prop. (discrete cose)
Suppose Y, SO WA . - 44d wHith X; dliscrete w{thh
Ran (X;) = i} iew sl [Solye
ond st X €Xjug s:/\d ij(xi)‘:“Pi W"’Ch gi- 13; =4. Then
P (X €xi) = L (R) Pi* (4-PO™™ awith
Pi = Fy; (xi) = P(X €x1) = 3P,

Proof i
Set Y:= ;#{Xj €xifor il e N} :W:fli; :fnj;m’gx;
But {X;} are {.4.d and P(X; € xi) = Pi
Then Y~ binomdal (N, Pi).
Then {X(jy €xi = £Y 233 ;5 (both are subsets of Sx-~x$)

=% P X Swy) P(Y 24) because of binomiol
L—‘——Vﬁ‘——d N

erSl ol = § Bl ek L 5 (;’) S E s DT

k=J k=j

Prop. (continuous case) (Thm. 5.4.4)
If X; has cdf F ond pdf f. then
N ! ; j=1 4 N-J
fx(s) (x) = m f () F(x)! " (1-F(x))

ﬁif for hoving § r.v. X toking o volue smoller thon .

I

1.4 Compwtdng with vomdom samples

Adm: compute (¥) numericolly w-ith rondom  soamples .

Ideo: use the weak law of large number (from Appendix 3).
Consider X of 4.4.d. rv, with E(X;)=p ond Var (X;) = a2
Then Xy =»-§i_;x,~ (scample meom)

Xy 225 4 in probability

S VYe>0, P (IXy~-pul2e) 22 0




1) Consider Xq,*, Xy discrete T.v. sotisfying the prescribed distribution
of the prewious propersitien.

2) {i f ot least j Xe take. o volue € x;
Set Yy := ,
otherwise

3) Observe that Y ~Bermoulli (q) wrth

q= P(X(;)SX:’), CX’V\A E(.Yk)':"q

HThen £Yk3 O srammine 5 on dA4.d fomily with ECY,) = q.

By weok low of loge nwmber, Y —for momy

7 experiments q
What -is missing : how +to generate rondom numbers following o prescribed —distributio

There are solutdiens. See sectien 5.6 (exercqse :

report on this)




I Dota veduction
‘[w\known porometer

: - o . only interested
Idea: Suppose X s o romdom somple with X; ~ f L= 16) ohstnbutm:\'(u o )":L:?: parameter

Con. we f«'vw( o statdstic T(X) which keeps oll -informotion en g7 ¢ L
(with the odm of reducing the mecessory 4nformatien)

.1 Sufficient = stotistics
Sufficient principle : T(X) 4s o sufficient statistic for 6 +f

two sample points x omd y with T(x) =T(y) One gets some -nfluence on ©.
Def. T(X) 4s o sufficient stobistic for 6 +f i

the conditienal pmf or Polf Of the SD\W\P[Q X 34\/(:»1 T(X) does mi; okpeno( on 6.
Exomple : Consider X; ~ Bernowlld (8) with 8 e (0.1) ond T(X):= JZ X; with N fixed.

eq. % =(0,1,0001,1,0,+, 1) pog. <TG et T F 3,
Observe 'tkod: T(X) ~ binormdal (N, 0).
Shta (R0 Sens Ve _the conditionol pmf of given T(X) s
i Bernxile) _ T o™ -y _ T E - ) Tin (- gt g-pyn-t
binomial (£ 1IN, ) (_’:) et -Vt (X)etu-e)N" t (l%l)ef (1-0)N"*

"ié—) indep of ©.
= T +s o sufficient statistics for § = omy x, Y with L x;, Yy; provides
Thm. ( Foctorizotion Thm) S ki,
A stotistic T(X) 4s sufficient for 6 <4f and only -f
fx (210) = g(T(x)1€) h(x) VxeRN

" A indep o‘F )
Exomple: X;~ (m.a?) omo( covmder =K. @ 4s known,
> = I
Fx (% |, o) '"IT(zncr eaq;( S “L) %= L
= (2no®) *exp (' L '(XJ-;OZJN(I ).

A 2 -8 T AW
s N(x-p)?/20a (27(0'2) T o JZ(xJ x)*/20

~ — | J

9(%7#) Andeyp ;? I
= T(X):=X 4s & sufficient stutistic for u.
Remonrks :
1) Sufficient stotistics are 8 ~dependent amd wode! dependent(X;).
2)Vector volued T(X) ond vector parometers © ore possible.
HWe com look ot mdndmel sufficient stotistics. (moaybe mot unigue)

@ny other sufficient stotistics showld be o function of o minimal one)
12
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Def. A stotdstic T(X) whose pdf or pmf does mot depend on 8 45 colled
on oncillory  statistic.

Exomple: Let X .= (X.. . Xn) a vondom soample with Xj ~ unif (6.6 +1) with

pdf
I o sho
-1 4f xe€ (8,0+1)
[— > 'ij (x) = JL f
Ol 8 6+1

0 otherwise
moximal- stot .
Then we set R(X)I2V3¢ 1

statistic = K(N) ~ >i(1)_
Then the pdf of R(X) «s the 'ﬁm&t’ienmm'mal i
x> N(N-1) xN2 (1-x) for x € (0.1) ST’ Someone

which 4s 6 - independent.

= R(X) 45 om oncillory stotistic.
I\ A sufficient statistic com be reloted to om ancillowy  stotAstic.
Exomple: -n the previous exomple,

(R(X), M(X) 2= 3 (X(g) *+ X)) s o0 suffictent . statistic for 6,

It means thot both -informotion ore necessory,

ond R(X) olone does nmot wsay omything en 6.

0.2 Likekhood principle
Def. Let X:= (X, . Xn) be a 7. comple with joint pdf or pmf frul=lien.
For o given observotion x, the function
60— L(elx) := fx (x]6)
4s called the [ikelthood function at x .
Likelthood principle
If x and y sotisfy L(6lx)=cL(8ly) VO ond a fixed c.
then the 4nference on 6 from x omd y showld be the some.

Exomple: For X = (X., =, Xn) with X; ~n (4.0%). one has
f_x_ (X ar?)= e~N(E—M)z/zal(bcc‘)"'\”le‘zj: (x;-%)*/20?

For 6=, ore has -t"r‘\,dep of ©
L(Blx) =clOly) 4 X =% ond c=exP(Z _(xrxi)ajwry) )
Thus from this principle, <f X =% the 4nference en 8 s same from x or y.

13



IV Point estimodion

Aim: 4nfer expressions for some porometers 6 from o rondom sample X
or from o reslized wmeoswrement x.

2 ports: 1) finding estimation for @ (several methods)

2) evalumotion of this estimotions

Fromework: X= (X, =, Xn) & v.s. with X; =X o pdf or pmf fCl6).
fx (-16) s the joint pdf or pmf.

1.1 Method of moments (ke N)

M = E(x*) =IK x* f(x]|g)dx
~ o
Set. my = - f; X% and solve the system of equation
m, = WU,
M, = M:.
M= b oo e

Exomple (used for estimating the crime rode)

X; = X ~ binomial (k,p) wdith REN, pe (0.1)

Prumber of crimes T reporting rote of crime
reported to the police L— *real” number of crime every doy
every day

Ky =kp s g, =kp(L-p) +kp*  (from toble)

{m. 2 57 = ke
N

wMa=-5 2 Xj = Rpld-p) +ke?

The - solwtion +s

-2

I

ks R N S
k X- Lo -x)r RoEks

1.2 Moxtimum likelhood estimotor (MLE)
Reeall L(6Ix) = f, (x[6)
- AN
Def: For ony fixed somple point = let 8(x) be the point where §— L(o}x)

=R ; Ny .
tokes <its maximal value. o2 3 €5 Then the mowimum ltkekheod estimotor

for @ on oo somple X s B (x).
Then given x we estimate 6 by 6 ().

Justificotion: The mosdmum |dkelihood estimotor ¥s the parameter point
which 45 observed wost |ikely by the soample.

45



| Drawbacks :
- requires heavy computotion (compute derivotives ond Stw:\‘y the Hession moatr4x)
-not alwoys  undque
- the moxAmum con be on the boundoay of the parcameter spoce
- problems  wAth the discrete poroameters.
Remark: since s+ n(s) «s s’cﬂ'c’cjy ncreasing, one com olso s-bw{g
0+ InL(Olx) ond get the same maximum.

One speoks obowt log likelthood fumetions,

Example
X ~nl0.4) +£( =
_ ;-
[ (8]) =(—2r§m€ 3=
One has

N N

F50lx)=0 &3 (6 =0 & 0 =% =
J= J=

ond 4t twrms out to be & moxAmum. Thus
A N
0(x) =43 x;
i=1

1.3 Boyes estimator
Idea: we suppose thot 8 follows a certodin prob. distribution
(called prior distribution) which 4s going to be updoted with the sample

to o posterior distribution. The update <is bosed on Boges formula.

Recall that Bayes forw\uda reods :

If {C;} 45 a portition of the soample spoce S UC; =S) +then
P(C;IB) = P(BlCiIPCC;) : ]
J %P(BlCK)P(CK)
-EXOU"\PIQ =0e(0.1) Mor ohstmbu't‘lol

Let X = (X. S Xa) s, wath X ~ Bernowlli () ond suppose p~be,ta(ot p)

Set Y= L X; ~ binoxmial (N.p) ﬁ"@d

lD(CJ, B) ~~~ f(8lY =1y) posterior distribution
PLBIC ;) PCC;) binomial (¥ [N .#) beta (| X, B)
EEP(BfCK)P(CK) fbmomml('le s)bet&(slok g)ds

1S compurioataon  wH vshed mext \week.

1S
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P(C;) e A ¢ e ot | ) prior distribution
P(C;|B) ~~—— 0+ Tpost (61 =y)  posterior distribution
PCBICs) ~ y — fy (¥]8)

L P(BICK) P(C) ~ y — [, (y16) T (o) do
Suppose Y = L X ~ binomial (N, )

W
Tr(17) ~ beta (o\,ﬁ) g€lo, 1]
-Fi!lxe‘f:‘
= Tlpost (ply) = binomdel (¥IN,p) beta(plet,p) }@

J, biroxmial (¥IN, S) beta(slo, p) ds } ®

O =(¥)p? (L-pI" B pant (1-pP

_ (N ™ (a +ot=1 N- -1
'"<'5) F(ok);:s)ﬁs Py (1-) i & Goamma function:
= - (N) L@+ T (y+=)[T(N-y+p)
®= [0ds = () FOT (B (N+a+8) 1
,-i o &
> Teoe (ply) =G = S T kel C ) A

= beta (Y +of,N-y+p). ()
By takiv\\g expectation of the prior ond 1>0Ste_r’i0r distributions

EPrinr (P) = R_i‘a

& S N Y ok +@ l"oz‘:—-)es'eimoctim onp
Epest (p) = N+o+E ~ R+B+N N T L+p+N FE | withowt any prior idea

The posterior expectotdon -s, o [tneor combination

of prior expectotion ond experimental expectotion.

Remark: As N becoming larje_ the prior expectotion s becoming less ond less 4mporta
Remark: The Mneor combination 4s mot on occident 3

~~ notion of confugate fomily of o distribution .

N2 Evalmatﬁ\g estimators

Different estimators for @ con give yow different values for 6.
Which one showld we choose?




2.4 Meoan squore error
Framework X = (X. =, Xn) wdth X; =X~f(-]0).
Let W =WI(X) be an estimator (= stotistic) for 6.
Def. The mean square error (MSE) of W s alch"neo( by
E ((W—O);) ?ifﬂtig:\ of ©
A We mode the choice of s> s*. Later there will be o generotion.

Observe that
E ((w-86)*) = E ((W-EW) +Ew)-6)%) constant
2
= E((W-EW)?*) +E (2(W-EW)LEW) - 8)) + E ((EwW)-6)})
Y oo i
= Var (W) - (E{w)-8) i constant

Def. If W 4s an estimator for 6, we set
Bias g (W) = Ew)-0
If Biasg(W)=0 we soy that W 4s unbiased.
=3 Eo((W-9)%) = Vargw) + (Biasg(w)*
Remork: In Section 1.1, we Sow that -f E(X)=pm and Var (X) = a? then
E(X)=p omd E(S*) =g
T sample’ Variance
2 E(X) ond E(S?) are unbounded estimotors for m ond o resp.
Now 4 X~n(u,a?) then E((X-p)?) = Var (X) =<
tond ond E((Sz'd‘)z) = Nii a”
Question: Com we find better ;v,,:ﬁeraMgE estimator for ,uomo( a*?
Remork: for X~n(u,a?) cons-ider
§z;=—iN_.:N-(XJ'~)—()z - N’-\-,'f g2
= E(3*) = Nt 52 = S ds biased
But E((8*-¢2?) = —2-5';‘:;1-0"* <-,;j—%-i—cr"
= 5° hos o lower MSE, despite being bioased.
~> Finding o better estimoter 45 mot oo simple question.
We. shall consider only unbiosed estimators.

V]




Def. An estimator W* for 6 E&T:Ze:i:kxﬁ 4s the best unbiased estimotor for ©
4f Var,(W*) € Vargw) for ony estimotor W for 8 for ony 072w, 4
with W* and W unb-osed.

Thm. (7.3.19) The best unbiased estimator s undque. <f -t exdsts.

But 4t does not tell yow how to f»wwl 1t.

Question: Con we get Varg(W) =07

Thm: (7.3.9 + 1.3.10) (Gramer - Rao inequality) (based on Couchy - Schwartz -inequality)
If o W)= S5 [ WG i (x10)dix = [R5 [W () fg (x160)]dx
ond Vor g (W) <00 then © =6

Eaow) ) k=
Vorg (W) > NEL(ZInfx (o]

~"
Anformoation number
or Fisher +information

IF Var g (W) Soturotes Sootie in this -inequality ,
then W s the best unbiased estimater for ony value of ©.
[\ Otherwise for two W the Varg (W) Moy Cross.

Remark: The follow-ing 'refod'AOr\ holds :
If TE(ae nf (1) = [Z[-ZInf-10)] £(x16)dx then

E[(ZInf-10)°] = ~Ey(Z= InfC-19))
2.2 Loss function optimality

| So for, MSE=E((W-8)*) = E(£(W.8)) with £ (5,0) = (s-6)*
but other fumetion L= loss function cowld be chosen. For exomple:

-4 (s.8) = |s-0l pifiils 9)-—@',—_33"
(s—@)* for s<8
- i_ (S 93' Jo(s— 9)2 fUY‘ s>e L(S 9) = —'i ln( )

Then the Tisk function vs defined by K (8. W) E(L(W 0))
ond we wanmt t0 hae a value of R close to 0.
Remork: the wice feature E ((W-6)*) = Voar (W) +Bdas (w)*
wAll not be possible <n general,
= Mmintmizing R(, W) com be complicoted for other -ﬁmdmv\ I
> It 4s o complicated question.

2




V' Hypothesis test
Def. A hypothesis 45 o Statement oabout o populobion of parameter !
Two complementary hypotheses ore colled the null hypothesis (denoted by H.)
and the alternative hypothesis (denoted by Hy)
Exomple: Let B, B P
Ho:0€ B8, ond Hy : 95&\’_\_5‘_2
=h
) Def. A hypothesis test 4s o rule which specifies for which volues of x
the hypothesis Ho -s occepted or rejected.
Def. The subset of the sample space for which Ho 4s refected s denoted by R
ond colled the vejection tegion. More precisely :
R ={x|He 45 rejected bosed on x}
Exomple: A hypothesis test consisting 4n checking—if the stotic W.(x)e(1.3]
(for exomple % €[1,31) 4n which case we accept Ho
(for exomple H.: W(X) = 1.5)
“g
V.1 Finding tests
1) | 1kelyhood rotio test :
If X= (X, = Xe) with X;~f(-10), ond recall thot
L(olx) = f, (210) = IT £ (xil0)
The L-kelihood votio test (LRT) for testing © € Bo ©€B consists in defining
et sup L (81x) . [0.13
Sup L(8lx) 45 big 4f 0€B. s likely
The rejection region s R={z[A(x)<c} for a fixed ce€(01).
(recall Ho: 6 €8,) £ 4
Exomple 1: Xj~m(0.1). Ho:6=6,_ Then
exp (= I (x;°04)%/2)
exp (- - (x -%)*/2)

vz

2
Mv,c)=< W =

TS = exp (-N(X-60)*/2)

AMzx) € @ -N(X-00)/2 € Ine) & |X-86a] > [~ Inlc)




unknown

Exomple 2: Suppose Xj~n (m.a?) 35 Ho: = p, (given)

Al)=~€c &S 2‘%‘—]%"'}‘? c  (computation done in Appendix T)
A sampke varionce - == =< follows a student t distribution

2) Boyesian test
' ~~~> prob. distribution for @
Pidor distribution TT for 6, ond we want to compute Tleesy for .

Then we ore going to accept Ho: 6 €Bo f
Ppost (8 € Bolx) = [ TMposs (812) d6 > €
Exomple: X; ~n (9,05 T~ n (73 with o> p, 7° known.

: ot on occident
Ho 2 6 < eo ‘f"'(@d EI’ 1.2
. - Pl e N73x+g* | - e
Tlpost (+1%) = TMpose (-1X) = n( rj-;’+a= s
If we choose c= 3, we get by summetry
.\ Ny*x+g?
Pt (0 €00 XY b D ETm 0,

7 3 3
& X-£.0 +———‘*—-¢r\fi°z )

3) Umdon-4{ntersection omd -intersection—undion tests

Cose 1:Ho» €€V Boy = R Ry  (U-T st
Y&l - fomily of condition ver

Case 2: Ho : 06 € U A, 4 = R=() R, (I-U, test)
repn ver

7 85 ) Evafuoct'i‘rg the tests
Tdea: evoluote the possible mdstokes of a hypothesis test:
DecAsion (on x)

QCCe.Pt Ho 're.jeC't Hc

Ha (7 Type-1

X error
"Truth”

o Type-1 @

eryor

If 6B, ond R denotes the rejection region (for H.),
then on error of type 1 takes place +f XE€R. Its probability is Py (x<R)
Conversely «f @ e85, the prob. of a type I error 45 1-Py(x&R)

20




| Def. The power function of a hypothesis test ) With the refection region R s
B: 6 > Py (x€R)
Jdeol sitwation: <f © €Bo., B(8) ~0
if 6€B;, p@ ~1
Exomple : X; ~n (6. O %) Ho: ©< 6o <=) A, = (-00,6,]

R known .
The hypothesis Ho 4s refected <4 2 c. Thus
Yy ! j f U./ R fixed loter on

po) = Pa ( é-/ﬁ—c # C) Pe( 0-/,["' ZCH ?J"',/_J;l-)
= Po(Z2c ?;Ns_) w4th  Z ~n(0.1)

NF®

d —

. : N with o= P(Z>c)
o] 6 “6<R

Experimentors w4sh 1:
Error type I with prb < 0
S BOS0L VOO OSP) =01 sine B 4s dncressing
© Pe(Z2c)=0.1 B o =128
Experimentor’s wish 2:
For 62> 6.+0, Ervor of type I should howe o prob. <
S B(O.+a) =03
S PglZ2c+3 r) og“i&-084> 1.28- N
GNss
A\ Tt 45 not olweys possible to adjust both errors.
We usually concentrate on error of type I.
Def. For omy o€ [0.1], o test of power function p .
1S o size «-test Af FuP B(O) =, ond } woy to measure the

15 o level o-test <f Sup B(O) <t , prob. of type-1 error.
€Ho

2
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Usually we fix o= 0.05, 001 or 01. &:M%P:I‘It?;:
In example 1 of Section N1 with
X o= (%™, K ), Xj~nl6.1)
we obtodined from the LRT that A(x) <€ ce(0.1) &
d-21nte) € ’;N%i i (@:4) Hor
Ho: @ = 8o for o fixed 6,
Thus. +f we set Z ~m(0.1) and P(Z>24,) L2
Thus, we con look for zy, s.t. P(Z 2d2In(0) = %
[ given by tables (& P 0zl 2J2Ih () =
& {20 = Zan & c= Z‘*”/Z
~ o level-a test
Def. Let C« be the set of all level-o sets for om level-a test H..
A test 4n Ca 45 the undformly wost powerful (UMP) Cy-test
4f the correspomldvg power function g sod:«sf«es
(@) > p'(8) for any 6 € BT omd \
for the power function B’ of omy o’cher ‘test i Co

1 Cdetast sl 3=
—~F control_on B o)
+ I error
/\/p ©) ype T err Wﬁ,w)
of = g : i) o e - = r )

Remork. Since different power function com cross,
it ds rovehy possible to define the UMP Cu-test. 2 solutions :
1) Further divide B% omd +toke the UMP Cu—test on each part;
2) The plansible part of BS 4s meglected.




V.3 p-volues (= stotistical significomce)
~ give less ourbitroriness to the volue ¢

Adm: A p-value reports the result of a test on a more continuows Scale
Tother than “accept H.” or “reject H."

Def: Consider Ho:6<€B, ondH.: 6€Bs and let W(X) be o (test) stotdistic
such that lorges volues of W(X) give evidence thet Hy +s true.

(for exomple W(X) =[X-6]) For ony x we set
p(x) = sup Py Py (W(X) 2 W(x)) €L0.1]
Then we consider p(X) omd call 4t o p-value (for W(X))

Remorks :
1) p(X) +4s o rondom wvariable.
2) Given x, p(x) gives the probobility of equal or more extreme values of W(X),

kv\ow—ivxg thot He 4s true.& ©0€ P

pdf of W(X) for
a f‘lxed 9E|3e

VR
W (x)

0}
plaesuy of orn of
umknfwn f«xe&
Example 1: X; ~m (., 0?), VS ,L&a ond 02 orbitroory.
Set W (X):= —STF:L -for w;\'td\ {m:ge velues 34ve evidence of H,. gf_;o)di K
and which fallows o |student +-distributien| vath parooneter et
p(x) = Sug?R(P W(X) 2 —‘/‘J—&}l) i ll’(_rn-| Z s/.f" )
e
because of abs. and Symmetrﬁr student T dist. I el

Exomple 2: Xj ~m (U, o), Ho ' K€ e & pEBL= (-0, o)

Again W (X) := -ij’é‘ wAth the property on W (X) satisfied. Then

= p (%) = sup POW(X)> W() = sup P(ZtUb 5 w ()
WE Mo [dN
0'330 20 W (x)




Remark
Here. all computotions were explicit, but -t 4s mot olwoys the cose.
In gererol, At 4s mot so explicit but a computer con compute p () ensily.
Interpretotion (p(x) €[0.4])
The p-volue p(x) showld be interpreted <n terws of repetition of
the some experiment. p(X) gives the prob. thot the mew volue W (')
will be further oway -n the prob. distribution of W(X), assuming
thot He. 45 correct.
P dnterpretotion
p>0.1 No evidence agairst Ho
= +the dota oppear to be consistent with He
[0.05)<p< 01 weak evidence ogoinst He
0.01 <p< 0.05 moderate evidence cgadnst He
p<0.01 strong or very strong evidence ogainst Ho
A\ Thony controversies about the use of p-value :
P; (observation | hypothesis) # Pi Chypothesis| observotdon)
T p-value L whot we wont
Exomple: Roll o dice ! dis
Heo: the dice -s fadr (same prob of + for each foce)
X = (X . Xn), . X;.= discrete  wdf. dist. £1,2,~, 6%
<><>—}J—ZZ><J—35] =|X -3.5] s e s (SREE
If the suwrface of the shode s smoller than 0.05 laksone e

then we reject Ho, which meons that,

B4

we consider that the dice 4s not fbc("r‘. ‘ ’ 3
Remark: 4t 4s a rother weak appmmch.

And 4f Ho s rejected. 4t does mot soy onything on the chice.
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| VI Interval estimation
|

(linked to hypothesis test)
Interval estimotion covers severnl related notions :
— -« confidence ntervals

‘credible  dntervals (Boyes afproach)

« [{kelthood  dmtervals

- toleronce  -mtervols

VI.1 Confidence -intervals
Def: A confidence -interval for o porameter 6 ds o podr of Stotdstics
L (X), U(X) with L(X)< U(X) (Lower & Upper)
together with o confidence coefficdent ¢ given by
yo= inf P (02 LLUX), U]) Wet" Tomprie.
N 4f there exdsts odditiensl porameters. we olso toke the -nfimum on them
Remorks :
.+ One con occept that L(X)=-00 ond U(X)=+co but mot both.
- Usually g 45 denoted by 1-o omd we speak about o (1-ot) confidence.
Exomple :
. Let X = (X,, . Xn) with Xj ~ uniform (0.6)
| Let Y= moax {X. . Xn} = X (n) 'Ztit?;ﬁfd ond set T:= —je/‘
What 4s the distribution of T2 T has o distribution fr with
f; ()= NE e for t€[0,1] (exercdse based on §1.3)

f. v
N NI
N7 1 f

i »_—({I | £34

o 1% 0 Y e X;

Let us consider 2 possible confidence coefficients :
NEL(X), U(X)] = [aY. bY] for 1€a<b
)1 (X). U(K)]= [Y+e,Y+d] for 0<sc<d

25




b)

A

U

For 1)
P(oelaY.bY1) = PlaY<6sbY) = Plas-&
=P(feLed) = [Nt tdt = (1) N ()
{%'F P(eelaY.bY]) = ( Q)N -(—-g—)
For 2)
P(ee[Y+c,Y+d1) = P(Y4+c<O<Y+d)
U< 4= [ N e (1)
mFP(GEET+c Y+d1)= mf((i-—-)”-(i— )"’) =
The 2"°' choice s not really good :
sine for omy c and d, the confident coefficience ¥s 0.
For 1), 4f we +mpose that
(%‘)N'(—?;)N = 1-« for o given o,

we con find some o ond b.

z

no depemclonce on 6!

no urdqueness : different possible chodices for (o,b)
Def. A romdom wvardioble Q(X,6) *("2;:9,:2 4,:"26;:;:::‘:;; gy s called
a pivotal quomtity or o pivot -f -ts distribution fumction does - not
depend on 6.
Exemple : —)e/-
Def. Among all statistdics L(X), U(X) sotAsfying  (fixed)
LX) <UQ) and infP(0€ LLX), UKID) = 1-&
the omes hawing the shortest length U(X)-L(X) define
the (1-«) - confidence nterval with the optimal length.
Exercise: find a and b such that -
()N = ()N = 1-o ond ynivdimem (b-a) 2 among d<a<b

VI.2 Relation wth hypothesis test
Exomple: Suppose X; ~mn (;,L,o") ond Ho: p=p,

given

_______

k
Test : re.ject—mg Ho «f ’ cr/J"' [ =1Z12 Zoyn weith P(1212Z4,) =%
L TR Z ~n(0.1)

= This test -5 an o-level test.

26



<_—:> = Zguz < _>-(;LL0- < Z—GUZ

true for omy u,
- g - o \
P<X"sz:{_§"‘ Mo <X+Zd\yz'jﬁ',bk=}*o>=1’°‘

& P(—)_("Zouz’% <m < —i'*zouzj%} =_i-_cx
S P(ne[X-Zu 'J%’l.Y*Zulz%]} = J -l

Thus., we have obtodned o (1-&) confidence -interval from o hypothesis test.
More generolhy : p<R
Thm. For any Oe 3 P‘Z?&"f

r

set Ho+ 0=0, omd consider a level a-test Tq, for Ho.
Let A (8o) = {x|Tg,(x) = Ho accepted} be the acceptance region of this test
(the complement of the refectien region).
For any x, set
C(x):={pel|x= AO)}
Then C(x) 4s & (1-a) confidence set.
LThm.9.2.21  proof not long
Rewmaurk :
) C(x) 45 not alwoys an -ntervol
(but there are conditions such thot one gets om nterval)
2) Tt s possible to look for om optimal balonce
between the confident coefficient amd the length of C(X).

27
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VI Asymptotic evaluation — (let N— o0)
zll .1: Corsistency, suff4ciency, ond robustress

We shall covsider o fomily of estimodors (= statistics) {Walnew
wath W; (Xg, Xz, =, Xj5)
~ 2
~f(-10)
EXO&YY\'PIE_" W1 = xi; Wz = -%__ (X»( +X;),‘ Wg =",3— (X4+ Xa +X3z) -
—X-n"': W a ='$'\'SZZ:1X3
De;)c A Ssequence Of estimotors {Wr\} neN - wHth W; = W; (& P05 F IR )~
45 o consistent sequence for the porameter € -f
Ve>oveeB: lim P(IWa-6l<e) =1
n=->09
& lim P(IWn-012¢) =0
n=29
simdlar to “convergence 4n. probability”
Exomple:  X; ~n(6.1) omd Wa = Xa =3¢ J_'Z;;XJ-

Recall thot 32 ~m (0.4) =2 %o~ n (0. )
2 —"_;" - )z
P(IX.~0l<e) = fe+€ (—Y-\T;) e 2 ds
S=0.=t S
= = [5(3R)"e” zd’c
RAS K 2
—sr('ijT_t) e
N300, 4
g fixed ) alwoys
Remoark : We connot do these computobiens so exphutly but we're lucky ! T
P(‘Wn elie-) = P((Wn—e) < &%) ' (AP?QY\O(’\')( 3)
M -
‘11\2‘:‘ 01'\(7/3)~. M = '_g? (B*&Se(wn)z -+ Vou—e (Wn))
see IV.2

Thw. If for 628 ond “f
|im B-iase(Wn) =0 omol Jim Vare(W“) =0
Nn->09 N9
Then {Wn} 45 & consistent famdly for 6.
Corollory: If X = (XiXz, ) with E (X;) =6 <00 ond Var(X;) <ed,
then Y. -s o consistent sequence of estimotor for ©.

(Based on §I.1)




What obout efficiency 3 It -is meosured with vordonce.
Def. Let {Wn} be o sequence of estimators for 6, and
let {knl be a notwral family of scaling parameters. _fa,?w r‘;’;ﬁ’; Ei I
DIf lim kn Var (Wa) = T* then 7° s colled +he limiting variance.
2)If ko (Wa=6) == d1:t:i°l:u‘t1on Nn(0,a?), then o™is colled the asymptotic variomce.
ﬁKe,.,all 4n App. 3 4

n-> o9 ST
VxeR: ‘-“(x)___)—i_—zncf e’-"’ ds

T cdf of kn(Wa-9)
Remark: 7% =0? «n general but not alwogs. (See example 10.1.10)

The asymptotic parometer o wHll be o measurement of the efficiency.
Question: Is there a “best” 7
Def. {Wn}nen 45 asymptotically efficient to 6 4f

_ N> 00
I (Wn-86) s o d1s‘tr4bu‘t1m n (0, v (O) W'l'th
1(0):= 1

Ee ((F5in(fC:100)%)

reloted to Groamer - Rao bO}AMJ«'(SGﬁ 10.6.2)
Thm. If X; ~f (<10) with f(+16) satisfying some wenk tedmical c«smz\np’cder\
ond 4f B (X, , Xn) «is the wmoximum likelihood estimodtor for 6.
then {6.\} 4s o consistent omd as_xjmptot«'co\“y efficient fom\ily of estimotors.
MoxAmum likelihood estimodor : see §1v.2
Likelihood function €+ L (81x):= f(x10) omd look for -its global moxcimue
Def. If {Wa} omd {Va} are 2 sequences of estimators for € sotisfy-ing
TR (Wa-8) =232 1n (0, ow) ond

N>

VR (Va=6) 222 n (0, ay)
then the asymptotic relotive efficiency (ARE) of {Va} with respect to {Wn} <5

ARE ({Vn},{Wa}):= ﬁ
Remark : %'(3?) <4
We should look for o sequence of estimators such thot this rotio «is close to 1.
Question: Is there olways o sequence of estimotors with the best o*?
Unfortunotely no.
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What obowt robustness? (See the Appendix 10)
Idea: What hoppens 4f X; 2 f(-10) Ffor some § (rore events) ¥ -
Based en this <dea, <there Showd be o trode-off between eﬂ’«aencd & vobostness.

~> many  books .

Exomple: Consider the somple {1.2,3.4.5, 6,7,%.9. lo, lo0}
Outlier : a point that differs o lot from the others 3
Then sample mean X.= 14  mot robust

sample median = 6 wmore robust
If we . compute the ARE
(If the pdf f 4s symetric = medion = mean)

0.64 mormal
ARE (wmediom, mean) = ¢ 0.82 |ogistic
T ) —
@ basedon Xo (2 double exponential

® define Ma:= medion for o sample (X4, =, Xa)
and then JR (Ma=8) 27229 10 (0, G puodian)
Then for normol and logistic distributions, wmeon has o more efficient behavdors
for double e,xponev\t«'al distribution, wmedion 4s more efficient.
L because. of heowy todl
One woy to toke the best of both sequences of estimotion s
to consider o wnixture :

: =L f lxl gk [olated
Consider 2 p(X;-a) omd pla) = ot od

e Rixl-=+k* 4f lxl>k Feiove
omd set B, (X4, Xn) for the

minimizer (0s o function of a) of this expression.
k 4s o porometer that con be fixed freely.
W-th this mew sequence of estimotors we com. compute (for k=1.5)

normal logistic  d.exp
ARE (new, mean) 0.a6, 108 A3ge Ml o
ARE (new,medion)  1.54 1.34 0.6%
Conclusion: £6n3 4s o balance between meon ond wedion, but 4s more robust.

(n- )
30
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P

I Analysis of voardiance and regression

Vi[.1 “Ong woy" ANOVA
Idea: Consider dato |ike

Treotments
—_—

Observat«'onl Yu Yo Y,  We shall assume that the corresponding r.v.
Y2 Y Yo 'fO”OW un%\nown

’
\

noise or efror

: : Yij = 0i + €
yi“v er\l ykﬂk i= i’ e k
wAth {Mi} <ndependent. j= 4,

Remoark: we could consider

MpenAch Ttk £
’\‘-c,\zﬂltion
but usually “mpose that

e i 7i =0 which fixes ore parometer.
Def The w\ode‘ YU = O + €ij 49 CQ”QA o onewoy ANOVA "1'r

1 (le"\ T
1) €5 4s o r.v. following n (0, 0*) o 3f4nde?en : for ooy .4,
2) €ij and €'y ore dndependent for omy .4 # (4§,

Remark: These assumptions com also be weakened «if necessory.

Def. ANOVA- mull assumption 4s Ho: €, = s == O VoY Strorg
= Hy: 05 # 01 for 21 podr (0. 8k) with y#k
Let us set
A= Ak={a= (..., ax) €R" with ii a; =0}
Exospley » =ftet o £Q, »s  0) OF a=(1,-—z",~J-'— Qo

,0), etc
,tk) a set of kR parameters or of R r.v.
a;t; =a't 4s colled o controst.

& 0 = ensy
& os on exercise

2 »

Def. Consider t:= (t.,
If &€ A, then i
Lemma: Ho & VOLEJ:\ a-
~ Corollory: H, & Ja<A: a-0 #0
Under the ANOVA ossumption ore has
Yij~rn(6i,d®) Vi=1,"k, ¥j=1, . n
= Y -i'tYl,~'r\(e °')
Then for ony e R cons«ler IJ:L_ oY = a-Y one has
a-Y ~ n(Za i, ): ) (Ex. 11.8)
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If o2, 4s not known, then we con define the sample voriance

S. = T, -1 Z (,YIJ Y ) ~Xn -1 (§I[ 2)
Since o' s the some for oll experiments, one con set
2 Z ('V\l"i) S, = —i—;;(\(u i)z CU‘\A

2 Sum

(N- 0 s‘/cr ~ Kok i (Lemma 5.3.2)  with
N:= Efn.

TL\E,V\i 5 Srr

~ tN-k
/s z‘i =

Now for any a R* fixed. o hmycthes-ts test could be
Refect Ho-}:a. =0 «f )f Q:Q_ > tN-k, & for o given o.

Equdvalentally, = -~

.o confident dintervol with oov\f4de7\ce coefficient 1-oL 45 given
k Y

__.L 2 Qa;

4 ga.y. tegifs S =l Za. 6 €L Qi+t g L R

Key foct: If we choose a=(1,-1,0.:~,0) then we ore testing Ho: 6,~6:=0
or for a=(1,-4.,-1.0,,0) then we ore testing Ho: 6, =-L(6,+06s).
Observe thot oll dota ore used for the computation of s*.

A If we choose ld/ifferent a, o’ €RK, the 2 computotions for Ho:a-8 =0
ond He* /-0 =0 are mot <ndependent, which -implies that the 2 confidenc
coefficdents ore mot both 1-oL. A

Remork: The test for the ANOVA null assumption Ho: 0, = 6.=+= O com be
obtained by the hypothesdis undon-—-ntersection

Hoooe M {E=R"|a-E =0}
To obtodn o cr«(tewon for this -mtersection oor*respomfs to o Mmexamizotion
problem. See 11.2.4 .
An ot~ level test for Tejecting Ho +s given by

Z-’Y\ (Y' > (k-1) Fk 1. n-k ot wAith Y ’=%—' : Y'.L
2 J
> LF distribution
Colled
from which one con obtodn a (1-o) confidence -intervol. aAnova F-+est -
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.\_)TLL- 2 S'i'”"P"’— Laneor Ke_gl‘e,S?-ien

Idea: Consider relotion of the form: flxi)
Yi= o+ BXi + €,
1 t . nodse or error
response \ predictor
2 unknown coeff.
Remowk: It 4s colled lineor regression because 4t s linear -n the coefficients o.p

(ond mot becouse of x;i)

Remork: Once some doton ore collected. just evaluating o omd p . o
cor'respar\ols to “data f&i'bbt"vg " but there 4s mo statistical 1 =%, %
“nference.. 2 Ko s
For omy romdom veriables {(Xi,Yi)};ly, let us set - ¥ 4 %

2=—i-fn1x SXX=§;(Xa—7<)’ N Xn Yn
X —LZY SW:;(Y;-?)Z wa=;(Xi'i)(Yi_

About do\ta 'f'\‘tt-\'vg
Lemma: (leost squores) Ome has
m'm E(y = (ot ‘sx,)) _n (y; - (oubac;))z for
b= Sxy/Sxx and a=y- bx
Remork: The previous computotion 4s quite notural 4f we think tht y; 45 o
function of x; with relotion y = o+px, but 4f we qust collect (=i, y;).
4t 45 not clear thot this +s the best choice.
In order to do some statistical -inference let us assume that
Yi=+BxX; + €;
with {€3 4ndep. v v., with E(ei)=0 and var(ei)=o
Then ECYi) = a+pgx; omd vor (Yi)=o

2 4ndependent
1
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Corsider o lineoar estimotor for g of the form td Yi
It 4s unbiased 4f
E (g diYi)=B = B= ):_I oli (ot pac;) =0Li2=:10(i +5§.; di x;
is true for ony B, Thus
L di=0 and ) dixi=1
Whodc abowt the bes‘t linear unbiased estimator (BLUE) ?
The BLUE 45 the one w-4th the smallest wvoriomce :
Vor (%, di Y1) = tdaVar(Y) gl
= We have to mwrindmize : di #;:\ttﬂrf‘}n wvxo'er the condition
}:d =0 ond z:d xi=1 intersection

2 sl
Tlne solut«on d; = (x —x) T

=>Vou’(£dY) ufl(ﬁc‘ -x)*ag? =

o

B

Sxx

Then we get (ofter on experiment)
(x;—=X) » (2;-X)Cy;-y) _ Sxy
b : S::_:c. Yi M ; Sxx Sxx

: (:~%) Y = FE Lot 56 )
This coefficient -s the one obtodned by doto fitking.
We con do the some for o ond one gets the BLUE for o gives o=¥y=-bx.
If we do further onolysis. we meed to <mpose more on the distribution of ;.
We. consider the mormal model: £; ~n (0.c?)
In this context, Yi~n(ax+pxi, o?) 45\?0?5&4
Lemma: Assume Yirmnla+Bxi,o®) then (= ZdY.fmrs)
-the gom:le o('ls-tﬂbv\twn for & ond B e 34\/@'\ by the ISLUL ore given by
B Lo (ﬁr S _EDC. )

xx =1
The somple vordonce S* given by
_ 1 2": (Y _A_a )z The factor 1/(n-2) 4s 4mposed by
=2 i TATBXI) the requirement thet S* s unbiased.

) ond &A~m(,
xX

sotdsfies B2 S~ Xana
In oddition, S* s -independent of o cod B
but & omd B are mot -ndependent. [Thm. 11.3.3]
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| (B-8)/{Voux - student
Gorollory » ~—= -SNS%: vy Pl ®

G-a)fm8atxl__ &-o
JS*/at . S'Jz:xi:/"\Sx:

From @ w-ith the hypothesdis He : =8
we. fefc the confidence -intervol with confident coef. (1-o) as

A S A S y
B~ thes,an e B*tna e J_S_;] i

ok 'tn-z

Whot obout estimoting Y for o given xo?
If we fix xo, the point  estimotor for the '
. . g 8% o K ' .
corresponding ‘\’A is Y * Bxo. One has - e
EMY= E()+xe E(B) = k+pixas

Vor (Y) = Var (& +Bx.) = Var (&) +x3 Var (8) +2x. Cov (X, )
R 2 ( 4. (Xo=7)
= =0 ('n. +—"—")

As o consequence
Y= oL+'3x°~7\<oL+5xa, < ("L —%L%)')
In order 1o estimote the porometer o (which 4s usually unknown )

we use the somple vorionce S?, which 4s <ndependent of & ond §, ond get
&+ B %o — (Ot Bxe)

S+ &= S
The related wr\fflc'onccz intervel with confident coeff. 1=t s given by
Xo ) AT (Lo-x)
[°L+Bx°~ thaoz SJ L‘f_, el zhs +tn—z,oqu.J'n+ xgxx ]

Remark: we hove o smaller dntervel either by toking v lorge

o by, fixdng x,, -, Xy St xaEX.
N
We con also maximize Sxx.
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| X Keﬂr&ss'iem yodels

I_?_Z,.i Kejvess&on with errors -m the variables

Tdea: Before Y=ot +px; + € with fixed x;
Now  Xi 45 going to be o vondom voa4able .

Def. EIV mode
Y; = oL-f-pE.l +g; with g ~m(0.0¢g).
=N
X; =&, +§; with &; ~n(0.03)

g, and 1, are colled the lotent voaicbles.
Dato. fitting: Since the x- voriable hos some errors
the least squores (bosed on vertical distomce) 45 replaced by
the total least squores. = ; (Coi =202+ (i = 5:)*) i
(wAth the line given a+bx) = -ifgz ?;:1 ((H; - (a+bxi) )z

By minimization over o ond b, ome gets

a=y-bx
b = Z(Sxm=Syy)+ o (Sxx~Syy)* +4S2

B 28
xy o x

N3

Recall: Yi~m (t+BE;,, o)
Xi~m ( E; , 0';)
This leods to the likelihood function for the svmple e e R

LLU\"B’E‘I“.)E'\: Gé ’ o-gl?.':-_,.'.‘i) =

| 1 L (x;-&)* (_ A (Hi'(&-"SE;))")
o) (Gia )" e""( =553 ) e T

36




2019 7 17

Compute the MLE for the different porameters
In this general setting mo local maxdmuen.
One asumgtion: os=AJe for o fixed X €R
W-ith this  assumption
. L
Lle=lm, ) o e e

X‘” (i~ E;)‘+>\(yi—ot—ﬁ§;>‘)
(exp Z o

We are going to look ot focal maxima. for this function,
0s o function of the porameters (see Chopter IV on point estimators with MLE,
1) By toking derivotives wHth respect to E;, ond put the derivective equal to 0,

one gets thot o locol  meocdmuwn 45 observed for

&7 _ Xi+Ag(yi-
gi 1+ Ag*
By substqtmtfmj these expressions 4n L, ome fmols
¥ ’ _j__ A’\’l
L—(OL/PI El: En) O-S‘x 1) Q)" o-lﬂ exP( ZO' (1_'_)‘5;) Z(y - Pi)j

For computing the MLE for o ond B we set
Lol o¥ =N ot ﬁ*==J_>Tp (Tescaliqg)
Ore gets
A n/2 s
L(OL*' B*:E, En; GS 'E _’-i) (lT()" 0=2n KP( '—m E (y. 0(. P b ))
(similor expression os ot the  beginning of the section for it Fitting)

By the result for dotar ffrbtwg one gets

- _,‘L_._.é_~

& = =y -px
J)\

ﬁ* — (Sxx- Sy*y*) -+ -J(Sxx" Sapky* ) +4Sxy*

A
p ZSxy

—— (Socx=ASyy) + -J(Sxx"ASyy)z-i-‘l-}\S;y
2ASxy

Remork :
For \=1, we get the reswt of the dota fitting
(obtadned with the totol least square)
This con be considered os o fjustificetion of the totol lenst squore.
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Remoak : From
W I« A A 2 _ 1 A2 i A G o R
L(ulpl g,;‘“lgnlcs l;lg) = (2n)nll G%ﬂ e—xp( 20'%(1+A32) ;(yl—'ds Px.))
We com oh“ffereﬂcxiate it w-ith Tespect to G; . ond ﬁm{ the criticol point,

One gets
Ay MLE = 4 A A A
GS ‘fOTO‘g‘ Y 2(1_'_}\&:) iZ(Hi"O( ‘Sx_;)z
What obout confidence -intervel for g2~ very complicoted

One woy to get o opproximode solutren : Consider

G2 = (A+NB?) (Sxx Suy = Sy
) e ‘ (Sxx'A$35)z +4 X S:%g in precise sense
45 o consistent, estimotor for g see Chap VIT
Chap VII

[ . g A2 2
when sample size =00, OfF — T¢
Then by the central limit thm, one hos

A

we don't - N=>

from which one obtains the approximete (1-o) confidence intervol
- des A g

) [p Zots2 N P+Zouz—f"f']

It 45 mot a (1-) confidence “Antervol

but for m lorge, 4t converges to o (4-w) confidence Anterval.

-—-—)-/— . . . - N i > :
IX.2 Logistic regression (0.1 model) sbies ThiminOr, =)
Model: <Y} -ndependent wvoriables w4th Y; ~ Bernoulld (TT:) wAth
eoL-l-ﬁxi ]
Ti= Taen P € [0.1] & In —JL—'l—'lT- = o+ B x;

T‘_ prob of success  _
= prob of fodlure T odds

Remork: We commot draw o groph (i, yi) omd use the least squores

but we con use the MLE.,
under the assumption of

Ore hos L (ot Blx,y) = T,[ l(xi)y'&——n-(xmi—i independence of meosurements
with T = T (i) pmf for Bernoulli
A _ eok-fpx
ond T the function oc > TT(x) = EPPRTI
We com then cow\pwte
%L(oﬂ,@l;,g) = 0 and %L(a,p(z,gho

ond sole the system.
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We con not solve this system explicitly, but

Suppose we hove obtadined & ond B mumerically

Y

Y, Yy ==

| |
L
| l
| |
| |
N
(o) X, X, X3 Ao Xs o N

Remember E(Y) = T (x)

We con get some confidence “mtervols.

O computer con do 4t eosi ly.
then we com plot the Tesult

If we wont to consider several meoswres for a given x,

one has o use o binomial distribution.

More precisely, +f w; independent, Bernowlli observotions are meosured ot x;,
then Bernowlli (TT;) has to be replaced by binomial (n;, ;).

. . = . LQ - i
Then L(x,glx,y) =TI (g‘;)'n(x;)”' (4= ™ ¥ =t

with ¥, the number of success ot x;,

ond we con compute the MLE for oo ond for g (with o computer)

Applicotion : see (3.2) of Appendix 13

Conclusion for the cowrse

We have enly +touched the swrface of stotistics, but we hove opened many

doors, and You con continue  An these directions.,

By






