Special Mathematics Lecture
Groups and their representations
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Groups 8 Representotions

D Groups
1.1) Basic def
Def. A growp 4s a set G 'tggeﬁ\er mth
amop G*G—>G (denoted by "-"." ", or "+") 8& sotisfying:
V a,bceG
1) (ab)c = a(bc) ASSOCIATIVITY
2)Je€Gea=0e=q IDENTITY ELEMENT
3)VaeG da'€G: an' =e EXSISTANCE of INVERSE

A If use + rotation, a”'=-a, e=:0; for " notations e=:1
Remark
e’ =e, a'a=e, @ '=a, (ab)" =b"a", a'\e we unigue.
2 ab=ac then b=c i If ba=ca then b=c
Def. number
G 4s Abeliom (or commutedive) 4f Va,b€G: ab=bu gRreg
G s finite 4f containing only a finite number of elements, (- 1G] <o)
EXO\W\P!BS = (0,+00)
I Cih) il Reet)o (R
2) Cyclic graup Cn with Ca={e,a.a’=aa, a* a*, ~, "'} (esa’=a"
with adah = gi*kmedn (i) -a’” (Abehon group)
3)Symmetric group Sw = growp of permitations of n elements
It contodns n! elements
“Not Abelion (4f n>3)
For example, n=3, the elements qre:
loy2ae 3 '23)(]25)(!23)'([2.3)([23)
(IZS)(IBZ el 3 2.48ualil N3 ol 220\B 2.7
I
e

w'(th('wz %x| 5 3):<l 2 3)
21 3AL 3 2 23 1




4) GL (7, R), GL(N,C) * nxn nvertible moatrices with multiplication
SL (R, SL(n,C) * invertible motrices with det =1
U ) -inv. modrices s, U¥ =U7 (U¥+=U7) (3 fdet Ul = 1)
SUM) : {MeU)] det M=1}
O(n) < GL(n,R) with At=A" (Ddet A=21)
So(n) co(n) wAth detp)=1
Def. A SVngrOWP Go 45 & swbset of group G whwh 15 o group.
Go 4s proper 4f Go*G omd Mon-trivial 45 4f Go *{e}
Check 4m examples: which are subgroups 2 Does Cn contain subgrowps?
Def. For a,b€EG. @ 45 conjugate to b 4f
JcelG: a=cbc!
Then we white o~b when @ s conjugate to b.
Remork : ~ 45 an equivalence relation indeed :

1) a~a (choose c=e) REFLEXIVITY

Jdb~a(a=chc'®c'ac=b) sYMMETRY RS P
a=mbm™ L n A E MNAN m”

3)b~d 2 a~d (check 4t) TRANSITIVITY b=ndn™'/” " = mnd(mn)”

Def. ob ore -in the swme equivalence class (or conjugacy class) 1f anb.
Remourk : .

- Eoch clewent 0L€G 15 4N o single confugacy class.

‘e generates o class on 4ts own.

‘If G 4s Abelion, each element Generades its own class,

More generoly, let Go be subgrowp of G :
ond set cG.c”':={cac'|a€G.}, (Va.beG: cac™'chc™ = cabc™ €Go)
Then cGoc™ 4s also a subgrowp of G

Def:cGoc™ s o subgrowp conjwgoted to Gs
If Yc€G: cGoc™ = G, then Go s colled wormal or ivwariont.

(written G.,4G)




Exomples

Ex. Consider (R, +) =G. and (Z,+)=Go 4s a normal subgroug.
 G=GL.C), Go=Claxn -is mormal (ond Abelion) e
Def. The center Z(G) of o growp G s defined by s e
{a€@lob=ba Vbe@}
Exercise : z(G) 45 an Abelion & normal subgrowp. of G
Def.G 4s simple 4f {e} -is the only proper normal subgroup of G.
'G A5 semi-simple 4f {e} -5 the only proper vormal Abekiom subgrow of G.
Def. Let Go b&asulggmu? o G, ond a.bEG
" Weset a~b iff a”'b €Go. then observe
Na~a
Db~a (b= (@b €G.)
prcDdate (@'c=a'bb'cEG,)
D~ 45 o equivalence refotion .
Denote by G,[QJ the eqm'va]ence c[ass af S omtainiv_\ﬂ (3
Indeed ¢[a] = aGo =* Left Coset
 (beG.2 a'ab€G. Da~pb = ab<g.[a))
Simdlarly, a~b 4f ba™ €G,
~» L s on equivalence relodion with equivalence class [0, = Go a=Right Coset
A 0G. & Goo are usually not subgrowps of G.
Prop.
V6.Lod = [0]g, © G, 4G (normol subgroup)
2) GG 2 [ode, [blg, = [ablg,
This mokes {[ade.la€G} a grow.
This group 45 denoted by G/G. omd colled quation growp (or facter growp)
Exomple: G = (R,+), Go=(Z.+). then G/Go = ([0.1), + mod 1)
2§ =({zeClizi=1},-) =T
Prop. If 1Gl=:g<0c0. G.AG with |G| =:9,<g then |G/Gol = g/g,




Def. Let G.G’ be 2 growps swh that
A homomarphism <is o magp ¢ G = G’ 5t ¢ (ab) = ¢ (a) G(b)
If ¢ s bijective. ¢ 45 called an isomorphism, ond we write G =G’
IfG=G, ¢ s called an endomorphism
ond on  outomorphism 4f bijechive (6= elements & multiplication are same)
Prop. Let ¢ be o growp homomorphism from G to G’
DIf G. o Sbyrowp of G, then ¢ (Go) -is & subgroup of G
D¢ (eg) = e ond ¢ (a7'¢) = (p(a) "¢
3)Ker(¢) = {a.€G] $(a) =eg} 4s normal subgrwp of G.
ond G/Ker (#) 4s 1sovn0q>h:c to $(G)
the -somorphism ¢([a] ker9)) = ¢ (o)
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Note: For mxm modrices A, B,
det (AB) = det (A) det (B) = det -is a homomorphism from GL(n,C) to C*
A\ det(A+B)# det () +det (8) gemerally
Question: How to construct 1 group from 2 groups?
Def. Let G,G be 2 groups, ond set
‘ GeG*={a®a’la€G ’EG"}
with (a®a’)(b®b):=ab®ab’, e=e®e’. (a®w)" = o' @)
Then GG’ can be proved to be o group, colled the DIRECT PRODUCT of G&G’
Conversely, if G s growp ard G,,G. are subgroups of G with
1)G,NG; = {e}
)V, €EG; o, 0. 0L,
VaEGI EG, EG:: A= q, s
Then G=G,®G.
Observe this &,,G. 45 unmque (hint: from G.NG,={e})
ond G, G, are normal.
Def . (INNER SEMI-DIRECT PRODUCT)
G 45 o semi-ditect product 4f 3G, G subgroups with
NG, normal 2)G NG, ={e}
IVAEG, a=a,a. with o
Abstract (OUTER SEMI-DIRECT PROPUCT)
Let H.N be 2 growps ond let
¢: H=>Aut (N) be a homomorphism
L = {automorphism on N} Check thot Aut(N) 1s o group.
Then we set NXg H={(nh) eNxH} with the product
(N, ha) (M hs) = (N1 @(ha)Ma, haha) and nmote that
e=(en.en). ("= (") (™), k")
| Ls For het, ¢t =Awt (). ¢(h is o map NN
/'\ISo,\'f/we set G.={(nen)In€N} and G.={en WIheH}
then G, s normal in NYgH and
G, ©G. = NX¥g H.

}We write G=G.0G, = GG,
€q;
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Prop.
The mop R:SU(2)—> SO(3) defined by
R(Wjk = = tr(0; Uo U™) > trace

3 - 0
wse(? el 2 3)os )
o ) g0 (o I

15 & surjective mo w1tk ker (R) = {1,-1}
(typical :'r(\hociw "‘%""’W\eoham cs)
Lemma: O(3)22S0(3)@] w4th J={1.-1}
SL(‘V\ C)<‘ GL(n.C)
( det (cac™) = det (@) .. narmal)
Back to examples
5) Euclideon grovp E(W =4£(A,b)| A€O(, bER"™}
with (A,b)(A"b") = (AA’, b+Ab).
e=(1,0) ond (A.b)™" =(A",-A"'Db)
Observe E(n) = (LLR)X (00, 0) (inner semi-direct product)
Exercise * represent 4t os an owter semi-divect product (find ¢)
6)If g= (O Y )€M4(R) the Lorentz qroup L 45 g1ven by
Ly = Maxa (R) = R*
L={AeM, )| A*gA=g}
Voincard growp P={(Ab)IAEL, beR}
with (ABY(A'b) = (AN, b+ Ab")

= P=(4,R*)~(L,0)




Def-f\gmv«P of transformation of o set X 4s - - 7 -4
aset X, o growp G, ond o map o: GxX=>X st
ao(box) = (ab)ox, and eex =x
<X G
Also called: X 4s a G-set.
Def: ¥x€X The set O(x) = Ox={asx|la€G}cX called the ORBIT of x.
S(x)=Gx:={asGlasx=x}<G, colled the STABILIZER of x.
Lemma :
VThe set of orbits defines o partition of X.
2)S(x) 4s a subgronp of G
9 If x'€0(x) then Slx)=S(x’)
Lemma. :
Let G be o finite grow of transformation of X, then
VxeX: ISl 10(x)| = 1G]

Remark:
The Euclidean growp As the 5)’0«/\!) of tmnsformouhovx of R leoving [|x-y|| nvorignt
The Poincaré growp s of R*

leaving X"y, := % Yi = XayYs - X3 Ys = Xa Yy Anvoriont.
Remark.: O(3) = S0(3) U (579) SO3) (U: disjoint undon) AUB means AUB with ANB=¢
VRES0(3) INERE with nll =1 : st Rn=n
Then n o bosis (n.exes) R tokes the form

1 0 0
0 cos(®) -sin(8) ] 3S € [0, 2r)
0 sin(®) cos(®)

We can parameterize R with n and $.




1> Crysta(logmphicO f\aez;%ﬁ's\dep —
Def.Let by, bz, bs be 3 lin. indep. vectors 4n R% and set
- L={mb+m.b.+msbs|m; €Z} = (0.0,0eL
L 4s colled a LATTICE 4n R® (used for discribing a crystal)
Def. A CRYsTaLLoGRAPHIC POINT GROUP 4s o Subgrowp of O(3)
which leaves a lodtice d_ tnveriant,
Lvaecrg: AL=2
(we'll find 32 such Growps)
Remork: Given o c.p.g, the lattice £ 4s not arbitrary
~> determination of all finite subgrows of O(3) and SO(3)
Let’s construct 2
Consider G finite non~trivial subgrowp of SO(3). and let’s ddentify
neRMI=1} with $°
We set X={n€F’|Rn=n IREG\{1}}
At most 1XI<2(g-1) with g =16
T beconse of “dentity
Observe that G 4s o growp of tromsformation of X .
Toke ne€X:Rn=mn. Consider R'n and check RmeX.
Indeed, (RRR™)Rn=R'Rn=Rn = R'neX
€q
= X=04U0:U-~U0r wAth each O; the orhit of a point nEX.
Let S be the stabilizer for ame point of the orbit Oj. then
- 25]Ssl=g;¢g
'[—-identity + ot lenst one R
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Aim: find all finite subgrowps of O(3)
VnE€0; =X, the number of R(#1) which leaves n 4nvardont 45 g; -
Let p; +=10;|. Then L pj(g;-4) =2(g-1) (%)

L’# of elements of §* invariant by 21 element of G, multiplicity counted

8% f =201

<=)rg ZP, -z(g 1)

@z——-r—i T ()
Since g;22, {'_,_‘L<__ - i 9; /"’E'

iz Jj =)

S2-F =r- é'gj: zr-—4—=L
P r<4, At most X 4s decomposed to 3 orbits.
Also : 1 >1. Since otherwise 2-7 =1- -1' <=>-§"1- =4-1<0
S red23}
Kre2:2-Fe2-gmg Sgufag (k)
We have 9;<9 g, 52_3
= Each element of X 4s dnvardant under all elements of G
= 6=Cq= Cychc gmup vototions by £k for k€{0.-~, g-1}
fr=3®&2-5°34-4"5 Qg4 % =1+5
Wlog (Withowt [oss ofjememhtg) 9. <9 sg, D3> ?'z' > EJ;
If ,>2(©4,23) g +g-+3; €7 €1 29<0 controdiction
= g,=2. (*)<’>-'—+g =L 3$ :
If .24 D g+ g —g's—z'— = g<0  contradhiction agaim
= 9.€1{2.3}.
Similarly, 4f g, =3, then g; <5
= All possibilities of (g, 92, 95)
(2.21) for LEN,\{1} 539=21 group D, (dehedral)
(2,3,3) 29=12 growp T (tetrahedral)
(2,3,4) = §=24 gyoup O (octahedral)
(2.3, 5 =g=60 group I (fcosahedral)




]
I Lemmailet G be a cpy and consider {R= (n, FEk)IkE€{0,1, L-133CG be subgroup.

Then (€41,2,34,6}
Proof : Compute trace(R) 4N tweo different boses.
| According to prop of trace, they are equol.
1 0 0
In 1 basis R = [ 0 0‘793'5"‘5];5“5"“()=:1+2ws$
O sinS s
Recall £ = {c, b, +cab:tcsbslc;EZY ond by~by 3 lin indep. glements of R3
Then Rb; = 2 Cik by with cjx €Z
= 4r(R) = ¢, +Coa +C3s €L
D1It2wsSEL S 2wsSEL D Se{k|k={0 -1}, |€{1,2,34,6}} @O
Remark: Soane. result for matrix -1R for RESO(3)
In swmmaary: The cpg of 1% type are
%I:Cz, Ez Clr, Co.Da; Ds, D4, De., T.0 :
trivial group (I hos a rotation with £=5)
Let us now stwly the finite subgrowps of O(3).
Recall O(3)=S03)@{1,-1} =S0(3) U (-1) SO(3)
det 0%1) S%s) o{f»g\sots) : b=
2 cases: Edther G =G*U8_ contouns T or dhes not contain T
VIf TEG then TEG. ond G- =TG-+ by using det (AB) =det (A) det (B)
=11 vew cpg made of G.UTG, with G 4n the list of 1% type.
They are called cpg of 2™ type with “nversion.
2LISG R <f ReGy
Let us set ¢+ G50, $®)={ feyies
Observe G+NTIG. = . (empty set)
(Indeed 4 Gy2a.=Tb ., bEG. then T=ab € G)
and also ¢ 4s o homomorphism awd om dsomorphism between G © G
Also 1G+1=1G-I (exercise) S E=Gs UG, |Gl =2
=G 15 o finite subgroup of SOB) contwindng o subgrowp Gs and a subset B(G-)

ond set G:=P(G).

10
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By -inspection, the possible pairs (G+. G) ove
(Cn,Can) for ne{4,2,3}
(Cn, D2n) "
(Dn,Dzn) !
(T, 0)
Implicit: Golumn 1 are subgroups of column 2
Now we hove . oll 32 ff'l"ﬂ'fte SMlyYOMFS Of 0]€)] Hc ‘~, "'?«,muc o ’olca \.%’\,'?SCl){«GT.nT
Next step: for o given subgroup, find the correspording dnvawriont lattdce
— T lodtice systems
14 Bravais lattices
Exercise: Do the same -l:lviy with E(3) (contadning tramsletion) instead of O(3)
—> 230 finite subgroups leaving a lodtice dnvoriont.
Or fvr 0(2)

10 solutions

|

Chagter 1 : Linear representation
I.1 Generdlities
Def. A Hilbert space 1s o complex vector space together with an 4nner product
<, (linear 4n the second orgument)
and complete for the vorm ||| = J<F£>
Example = (R “real Hilbert spoce™)
C" with &= (&, an), b= (b, ba) €C" <a,bd -; & b
‘L*(R") with <f.g) = fkn )":'(Tc)g('x) dx
L*(Z") with <a.bd= )2:;55, b;
Remark : <a,by=<bad and <a.a> >0 with equlity iff a=0
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I Linear representation —
Def. A bounded linear operator —ismap Tidp=240 sk
Je<ooVfede - ITFI <clfl
The infinum over ¢ 4s colled the NORM of T =:UITI
B(42) (= Ma(C):= the set of all b. L. op. on . (It 45 a group).
Def. Linear mop T* sa‘bisfy‘l‘vg T*,g>=4f£. Tg> Vfge#
is called the ADJOINT of T. (olways exist)
iIn finite dimension, [T*] = [T smmraiion
Def. If <f, Tf>» Vfede, T 4s POSITIVE. (then T*=T)
Def. Let TEB (£2)
)T 45 UNLTARY 4f T*T=TT*=1.
2T 45 an ORTHOGONAL PROJECTION 4f T¥=T = T*
3)T 45 INVERTIBLE (jn BU#) <f
T:H—$ 45 bijective @ IT € B@H):TT " =T T=1
For linear representation
Def let G be o growp and ¥ o hilbert space.
A[LINEAR] REPRESENTATION of G +n 42 45 o hovmomorphism
U:Ggr— B(H)
it means  Ulab) = U@ U and Ule)=1 = Ula™) = Ul)”
Remark: This definition can be generdzed to won-linear or to projective, - representss
If Ulo) 4s vmit%ry, Va<€G, we speak abowt o unttmry vepreserdodtion.
U: G—=U) cBXK)
Def-U: G = B(#) 4s TRIVIAL. 4f Ula)=1 Vae€G
‘U G B(#) 4s FAITHFUL 4f Ula)# LYo € G\e} = injective
"The DIMENSION of the representation 15 +the dimension of 4.
Lemma U:G > B(L0).
DIf GG, and 4f Vo:G/Ge =B (H) 15 « representation
Then V()= ([alg,) defines o vepresentation of G in # (a€G)
2)The set G,:={a=GlU@)=1}<G.
3)In partiodar 1f G 4s simple, then all non-trivial representations are faithful.

see lectwe 1
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Def.Let G be o group, UG BEL) omd U G=BEH) 2 representations of G.
They ave SIMILAR or EQUIVALENT -f
3S:H = I « linear gperator which s bijective ond st. &
U'(a) =S-U()S™ YVaea.
They are UNITARILY EQUIVALENT <f -in addition
g* =g
Thm.Let G be finite and U'G—>B@) be a linear representation
Then U s similor to o« unitooy  representuction U'=Gr->’(/;((}(;)
set of unitary elements in #
1.2 Reducible or Irreducible Representation
Recall 4f Ho 45 o closed subspuce of H, there exists Hy also closed subspace of
H osuch that Ho @ Hy = H
org\ogona! Sum
If TeBW) then T con be written as
( Tos Tol)
Te T
(always true for modrices, but be coreful when infeindtely dimensional)
Def. Let (G, U.#) be a group and a linear representation.
“ ‘A closed Subspace W, ds INVARIANT wnder the representation if
U@H, c I, (@vfeHo UfeR,) Facg
“Ho 15 FROFER 4f #Ha# H and NON-TRIVAL «f H, #{o}
“Ho s MINIMAL 4f A4 {0} #H, EHo with s dnvariomt
(U3) (= the lineor representation) 4s IRREDUCIBLE -f
{0} and H are the only nvariant closed subspaces.
EH 45 minimal) Otherwqse +t 45 REDUCIBLE.
Lemma: If G s finite, and (U #) s on drreducible representation of G, then
dim H# <IGl. Proof as exercise
Obseyvasion: Consider (G.U.#) ond #o I invoriomt, then

Va€G: U(a) = (U(a)"" U(a),,) in H, @ H:
' 0 U,

13
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[ ot implysng the existance of o
Def. (G.U,¢) 4s COMPLETELY REDUCIBIE 4f V#, < ¢ invarfant one hos

Ul = (U(a)w U(o) )VaGG (& #; 4s 4nvariant too)
o)y

Tlm:\.?lf (G, U.#) s o unitory represendmtion then 4t's completely rechacible.
DIf G s finite then (G,U42) 4s completely reducible.
Shrur Lemma
Let (G,UL#) be a finite dimensional drveducible rep of G
(U 3¢) be another (maybe dim=oo) frreducible rep of G.
Let Z:8 =3 be lnewr sitisfying ZU(a) = U(0)Z Va&G
Then either Z=0 or Z 45 o similarity tronsformation.® U and U’ ore similar)
Carallory
Dlet (G.U.F) be & j"i“rr’{t‘e dimensiona) rreducible rep Of G
let TeR(#) st. U@WT=TUlW YVaeG
Then T=Ad FIA€C. (and Ads the e'iﬂenvalue of T)

Proof
Since dim#H <00, T4s a matrix and has at lesst one eigenvalue A.
Then (T-AD U@ = Ula) (T-A1) Vaeqg LayT-Af)v=0

=) not inversible
By Shrur Lemma, since T-A1 cannot be asi'rm'farﬂy ’cromsformatioln,

(since T-AL As mot -nversible), one has
T-AM=0 -
¢ DIf G 45 abelion, ony Finite dimensional Anveducible vep of G
4s of dimension 4. (Proof s exercise)

I’YOP‘- Let G be a fimte group ond Go an abelian S‘ubgmuf‘
iG

Then any finite dim. inveducible rep. of G 45 of dimension < g




1.3 Representotions of Finite Growp
Prop. (U40) (0, #8) be 2 lin. vep. of o finite group G, and let

T:32~ & bounded
_ _1_ / — -1
ZT:_]G,QZ&;G U'(e) TU(a)
.Theﬂ » no‘t similar

DIf W7 U4 then Zr =0 tomce
DIf (UE) = (U8, then Z; =5+ tr(T)1 With n=dim #.
Proof-One checks U(WZ7=Z: U VbeGq
By Schur Lemma = Z;=0.
2)By the previous cordllary, Zz =A1. Then

tr(Z7) =Atr (1) =An
I

(g U@ TU)™) =18 22 tr (T U™ Ued) =17 Z, tr(T) = $r(T)

e
(1) -
S A=Y 57 - Ftr(Md =
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Let (UK, 32°) be a unitary ond irreducible representation of G,
and n{'Lk}k with 1°:= [(u",M")]WWW s DB gn enumernion of such rep.
"F\_K S K.‘H: =i‘m‘k
Let{e)}j,i be a.ofya‘?;:m(?fﬁ, with W = dim
let us set 2
uJLa)-<e.,u @eS) i
ond - (U @)aeg € 12(G) —>*= (g, ayap] 2 € C, fla)l%oo}
£(G) 4s a #€ with <a.b>= f{aj ; d:mf(G)—lGl :q
Consider T:=les><es| B (44", L)
If L#¥R then Zs=0
= 0=(ef, Zsel) = Z<er,u (wed><ef, u)e
3# > US @ U5 O
= (Uij (e L (U (a))aéc.,
If L k then Z;=x ‘tl"“@e)(ﬁ,l)ﬂ y\k éSJ:ll
> 3 ;_u,;(oou., (a) -<er Z.ef) = 7= S5 Sei
In swonmary, 4 2 Ufs (@) US @) =7 Sk Ssj Sri k)
Corollowy: E!N<oa inequivalent umnto\ry irreducibk representations of G
with Z:rK =g

ik

€l

Fraof Uf ,—+of dimension g
For each rep. (UY, #%) one has Ny elements of £7(G) which are orthogonal
éijrkéd\mf(u)gg |
For ony -fm\t'e dimensional representation of'G; we set X (@)= tr (U (@)
IX@}yeq 15 colled the set of the chaacters of G.in #£.
Again X () e *(G)
Corollary: Let (U*, #5) W) be 2 wnitoery irreducible rep of G then
< 1
13 %) el ={ 2 £ U 9~ (U, #9)
* 0 otherwise
Proof
Observe thit the churacter dejends anly on the equivelent closs of rep.

omd not on the represey\tm—ive,.
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Since )C(a) ZU,, @ one has

n Nic
_.1_2_ X ((A) )(k(&) _3—: 2 i urr (& 3 (Ck) :i %ékf = ‘Sk‘f D
\ Q@Gl =4 r=1 3=1
: an Sk‘f Sr) So «
gl $2) 4s o completely reducible ond fumte o(;m rep (75 G, ‘Ehem
Heguat - usGor Uy e
— LN < L Wl 08 Rl
modulo rearrangement gﬁi’:{:{.oﬁ gf%GYl’e x o\ [Us/

Thm. Let (U, #2) be a finite dim rep of G, then
1) V= é-z X(a) X (a)&- character in reyJ'e
2) This rep is irreducible i if -2 [X(@]?=1
3)If (U"d2) 45 another finite dim rep of G, then (U.F)~(U,82) ff their X are equal.
We introduce the regmlar representoction of G
Def.Let G be finite growp ond set ¥ =1(G)
and [Ur(f] (b) =fa'b) for fed™
Fxercise: Check lf it 15 o representation.
(U™, 42"™) is called the reqular representadion.
This representudion is oomyletel/ reducible Smce G is finite.
SH™ = @VKH" U = @v “U* and kank—g dim#"™
Let us defme Saef(G) by Sa(b) 1 1f a= b and Sa(b) =0 otherwise
ond {Salaeq 15 an orthonormal basis of 3£ -
One has Up? () = €S, U™ (0) S = <Sb, Se (') = Z S;,(d)&(a"o()=Sc(a"b)={; ;fth:;g

In particular if b=c, Usy (@)= { if b=a™b _ s1if a= . S (0) = {3 if ace

0 otherwise 0 otherwise 0 otherwise
T"\YY\UL V\k = g
i U = @ n U"
| L"MM’ttpllcltj dim#e" (only true for regular rep)
Prof v = T x®) x*ie) =F 5 X&) =i o

> The regular representotion conteins ofl 4rreducible representations.
17

————— [



Lemma
Let C* -, C™ be the list of conjugacy clusses of finite growp G
with d{ =|C*. Then

.._.,_._.—_—-

idf}:x (e XK€ =8¢

k=1~ Character on oy element of ct  (soame)

Thm. For any finite growp N = M

M N ;
> Fde 3| €y =m
=1 k=1
Also

N . NG, M M b .
N=4‘;—§—Zx?‘(a>cha)=Z-§—z:le ()] 5 i—}del‘x"(cf)l‘

k=1 06 k=1 P=1 aec’ k=1 7 9=1

iV
=324, 2 [ x* () =M o
=3 k=1
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1.4 Tensor Product of Representations
let #s, H. 2 Hilbert space, let g, €H. . . €EH.
Set @, @@, #ax H.C, P.0Q, (. P,) 3= LWy, @, 4, K, P2 Ve,
Then @, 8¢, s o bi-antilinear moyp.
(©@,0¢, (YA, ) =@, (4§, §.) + X D¢, (¢ . §2) and same for ¢.)
Let € be the set of fimite linesr combinodtion of @@‘Pz(:{,g”,)\}q’u,j®<P;,3IN€N*, A;EC})
(Observe = s a Hilbert space)
ond define the scalar Frodfmct @@, P @P; e = P, 0 > 40, KPs, P D12,
Lemma : <o, ) 4s well-defined and positive definite,
L6 <@@¢., 9,905 20
,Def. 45 the completion of € with vespect to the norm ossocioted with <+, *>¢.
Ls called the tensor Froduct of . with ..
Lemma: If {ep, ;1.& {ep, \J, ore orthonormal boses of #ts & 4., vespectively, then
{605 8@uidipe is on orthonormal bosts of ¥y @ ¥,
let Aj €B(@R;), and set A1®A; € RO R>) with J s Tl
(A @A@® ¢2):= A, 9@ As P rd Hhom by Tinearlizy - o orse” Frooms 13 o
. we define A® Ax on any element of 4t @ H..
If A/®A. B OB, e (3@dt:) Then (A®AN(BDB:) =A B OA, B
ond i§ 4 & H. are finite dimensional then tr (A@A:) =15, (A) tr(A:)
Let (G, U.38) (&', U ") be 2 representotions of 2 groups
for (a,a)€GOG we set Ul o)) = U ® Ua) € B (HD )
Then (GOG, UH@ ') 45 o hnear Tepresentation
And 4f H. H are findte dimensional, X (o 0) = Xy (@) Xy @)
.Drop.If (G.U.R)(G.U.H) are drreducible representations of finite groups then
) (GOG, U, R #) vis rreducible. :
-2 All dirreducible rep. of GOG 15 of thedis form.
Lonsider now the vep of o single growp.
Le,tu:G‘:Da "g E{(Z)@ u/(g GgMMi')? (2@ #7)
This defines rep of G. and 1§ U, W are irreducibe then (U, HR #£) might be reducible

19



If (U4 (U, &) ore Finite dim, t}\er\ since. Xy (@ =X, @ Xy (o) one gets
U U 4s equivalent to U@ U, The de(LomPOSItlvn of U= ®vku coan be
Yeomputed with Vg =5 2 X, ) Xy (@) %X (o)

Remark _

Consider 2 irreducible YePresenwt\on (Uk KU, #)
Since 34'® 2~ @v\.s{ and W ® (JF = @v u?
One can express a suitalle basis of @1}{ in terms of the basis {e}i'®e§}r,s
The coeffecients relate to the cko«rge of bosis are called the
Crepsc ™ Gorvan COEFFICIENTS.
Selection Rules
Let G be o group ond (U,#) one representation.
Let Uz G Aut (B (R)  (awvomorphism BHHE)
with U@ T:= U@ TU™" fee V TER@R)
one has UA(ah) = UIUWL), Ule) T=UETU)! =T
We have o |inear vep of G on o vector space R(#R)
AN\ B@) 4 :@ not. g H1")er'£9 spo«:e‘
If 48 ds finite then K(FH) 1 of finite dimension M ond then
BW) con be decomposed = OuyL* and U =@ Vi U
15 the decomposition into irreducible rep.  with CLU‘ ) SRS Sl TA)
Tt means 3¢ =15 biective = ¢ (U@ f) = U (e ¢(f> uww J U™
Thas we hove o decomposition of &(H)
which is based on irveducible rep. of G.
Thm (Selection Rule)
Let (G,U,38) be o unitary rep and consider 32= @VK #<, U= =6 Vi "
Let (G,UL#)be one irred. rep. o G and
Let ¢4 PREV) with GU°@F;) = U dF) Y@~ Vf, e &’
Then Vfe e U cRVF e CH: (Fi ) fe> =0
EXCEPT 4f (3, U") aypears in the deconposition of (100 H*) & (e U")
M osum of irved. rep.
Remark: This result is olso reluted to the Clebsch=Gordan cosf. (Wigner = Eckant Thm.)
20



- 1.5 Symmetries and Projective Representetion
Consider. #H o Hilbert space, ond W= ®/c
which means ilj’\tS(fJ ={peR|y=apIueC}
This interest of £ is that 4ts elements cae in bigection with oll pure states,
which means with all 1D prejection of the form
Py = 10><el with g and Ilwll = 1.
For 2 such pure states Pg omd Pg
the tronsition probabily is defioed by
_ Tr(PePy) = 1<@,>1” with ¢ €. g, Nell=1=1yl
' Def. A SYMMETKY 45 o mop
S: {2 sotisfying
TrPsg Psg) = Tr(pg Pg)

21
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Consider (| q unitooy oferotor” R H (& UeB(#),U*=u™)
And set Sy: #t—>#, S, —uq» with ¢ € ¢
Then Su 4s o sywmetry. Im(eeo‘
Toke f=ally with ¥4 = Ifl = ol UGl = I8 Uiy
g=pgUe with 1= gl l6) 1l
Then T2(Pss Psg) = |F.9l" = [KetUy, BUQD =<t podl = T (P3 P3)
The same holds +f U 4s oanti- uﬂ‘l‘haq
(which means U (f +etg) = Uf Tl Ug ,<Uf, Ug). = {fig)
Thm, (WAgner's Thm)
Let S: 4> £ be a symmetry.
Then 3Y:H+~ J'f wﬁk whnc}\ 15 e'lﬂ\er lM\’I‘tO\g or a‘r\ti-uwimg st. S=Su.
U 45 unigue modulo AEC with [o]=
since U and olll define the same gy'mme,try.
Now. consider o growp of symmetries. which means o
homomorphism  S+G > {symmetries on ¥y ...
(each Sta) : ¢t > #)
st. Sle)Sth) = Slab) Yo, b€EG 35 Se)=1
Bj W*igner’s Thm, YaE€GIUW@ unitary or a'nti-ummg s.t. S(&) = Sya.
Suppose all Ula) are unitary.
Noctual guestion: Ul) U) = Ulab) * Ng ‘if\\geneml (problem of phose )
L Projective Projections

\

Indeed 45 we fix UC) we usually have
U) U) = wla,b) Ulab) with wlab) €C, [wlab] =1
and ~if we set U'(a) =plaUla) with p:G— T :={z€C]| [|=1}
then U’(e) U'(b) = pla) Ula) p(b) Uh) = pla)p(blw(e,b) Ulab)
ool EEE o,k Wb

=w’ (e, b) U (ab)

= w'a,b) = L5 w(a,b)




Def.Let V be a complex vector space and let G be a group.
A PROJECTIVE REPRESENTATION #sof G 4n V 4s a wmap
U: G — GL(VX> set of 4dnvertible operators 4nV) s.t.
U@Ub) = wlo,b) Ulab) with wla,b)e C* and
Ue)= 1. \called 2-cocycle (M) .or Schuy: (Ph) multiplier.
Def. Two 2-cocycles w, w’: G = G > C* are EQUIVALENT 4f
Ip: G C* wlab =FER wab) Yabeg
w 4s TRIVIAL 4f -t 4s equivalent to 1, which means
3pr@C*w @b = 5
Remarks
* Projective representations ave essential in QM.
*A linear representation +4f s a special case of o prof. vep.
‘If w ds trivial, them by setting U’(a)=p(a)™'U(a)
we get & linear representation. Indeed,
U'(a) U’(h) =f>(ab)p(a)"p(b)"w(ab)p(ab)"u(ab) =’ (ech)
b =1
CIf (U, W% 3) are prof. rep. and 4f U @=pa)U 3p: G—>C* then
the 2 pvof. rep. owe EQUIVILENT.
Question: Can one alwoys trivialize o 2-cocycle ?
( Do we olwoys have 3Fp:G—>C*: w(a,b) =%‘t—’fé}’3 7) No
For o given group. the omswer «is i the study of GROWP COHOMOLOGY.
What 4s often useful 45 to consider o ager group omd 4ts lin. rep.
Exomple : Consider G ond o second group G with a normal subgroup G. s.t.
G/Go =G (Letsdenste by p: G/Ga>GC the <somorphism)
Let (U, 30 be a linear rep. of G st.
veel,: J=c@1 Ic@ec* @ U(G)cC*1)
Vae€G let’s choose € G with @ ([&1g,) = a ond H-G—>-8BLwith—bHe)=
U: G~ B with U = (@)
Then U defines a projective rep. of G.

23
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Trdeed let obeG ond set ol:=ob. Condsider & 5.& 4n G. Then
¢((A1g) = d=ab= ¢ ((A1g) ¢([Ble) = ¢((ale [B1g) = p((6B]&)
= [dlg = [&Blg, (for ¢ 45 om {somorphism = bifective)
=3JceG.: &b = cd (for they are the same eguivalent class)
L deponds on a ond b
Finally U@ Uk = UG T (B) = U @F) = U (cd) = Ucer Ud) =ebertiédr
= c@U@ =g U =dle)Ulap) 3ale)eCH o
Remark: If [ s wunitary then U 5. ako vnitawy.
Question: Cam we olways do this constructiont No
but 4f G exists (® ony prog. rep. of G 45 indwced by o lin. rep. af G)
then we call G the UNIVERSAL COVER of G.
(Importont 4n  mony places)
Remok: If £ G 4s finite, a wndversal cover exists.
The pmiversal cover of SO(3) 45 SU(2).
We are going to comstract the undversal cover of finite groups.
Observe that 4f (U(a) U(b) = wlab) Ulab)
ond a=e or b=e, then we know w(oa.e) =w(eb) =1 ®
Also Ua) UthUCe) = wlab) U (ab) Ule) = wla,b) wlab,c) Ulabe)
L = U(o) wib. ) Uthe) = wla, be)w(b,e) U (abe)
S w @b wlab,c)= w (o, bc) wlb,c)  (2-cocycle relation) Q@ |
Def. A 2-COCYCLE on G 45 map w: G =G = C* satisfy ing ©Q@.
w~w’ (EQUIVALENCE) 4f 3p: G C*: w'(a.b) < Z&EH w(ab)
and we dencte by [w] the eqpivoule'y\ce class contodining w.
We con check [wl [w1:= [ww] defines o PRODUCT ON THE EQUIVALENCE
CLASSES of 2-cogycles on G.
Prog.){[wj} with the obove multiplication 4s a Abelian group, denoted by M(G)
called the VSCHUR.\ MULTIPLIER. or -the SECOND COHOMOLOGY GROUP HI(G,C*).
DIf G s finite, then M(G 4 also finite. and

VIwIeMG) Jwe [wl, keN: w(ab) €{e ™ Ine{o 1, k-1}} Va,beG

: Ls called the ORDER of [w].
Proof os exercdse

24
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x4 equivalence classes
finite

Let G be W ard let E,1,% denote the elements of M(G) cein
L€t{§1 '“} b€ tl‘\ea manimal generating set of M(G), which meons
v;eM(G) E=EMEY & An, -, nxeN
ond one canmot do 4t with less elements.
For each &; one sets Ks for the K(order) defind by Prop (%) for g, .
and set S =2k
In addition Jws € & st. ws(ab) = €"“Y InGxGr{0.1, ke 1}
By the 2-cocycles relations, one has
n(a,e) =0 =n(e,b)
n(a,b) + n(ab,c) = n(a,be) +n(b c)
Finally we set ¢ GxG+— M(G) by
¢ (a,b) = Tr £ eMa)
Thm, Let GEl) da f1mte group ond M(@G) +its Schur multiplier
Let G:={(£ a) EM(G)*G} with the product
(£.0):(n.b) = (Eng (b, ab). X
Then
1)G writh the above mult.phcahan 15 o group
3G, ={(k. e)]iEM(G)}dG ond G/Go=G. l’?’oof 0S exercAse
2)If (U3 4s a proj. vep. of G then
[ 2 C C* and ‘;—Ti)is defines an equivalent proj. rep
0.4 o linear rep. of G st. Ula) =p@)U([11, ) Proof as exercise




II. Lie groups

L1: Main Definitions and Froperties
Exomples: 0(3), SUn), SO25) are Lie groups.

Roughly, & lie group 4s o group together with o differientiol structure
compoible wiith the grow operossion and with taking the -inverse.

Def.G 4s a SMOOTH MANIFOLD if G s o second-countable Hausdalf topologica
space with focal bifective and bi-continuous, maps from the monifold to R
st. @] oy and ¢;'oqp; are C* where def, > M and M aure continuons
Housdalf = 2 points olwoys have disjoint neighborhood = *

Topological space: Open sets d?fjneo(

o K|
TN T {
\-f”'; | { | ~4 ) |
N 4 . ¢;'0Y) ) —
Dall ke / ety | - ;
A momifold 4s mot

necessardly o group.

Also (Us. ;) 4s called a LOCAL CHART,
{Us.)} with the compatibility (@5oqs, i o9; €C°) conditions 45 called
an ATLAS. omd we hawe ‘
G=UUj.
= Locally ‘the mosifold com be parmmeterized by n reol parameters.
When G 4s also o growp, ond the map
GxG2 @by~ abeG omd G2a > a'€EG are smooth ,
Tt means WV (Uj. @3) for 4€41,2,3}
D0, = LYY EQ U % @2 (U] 7 () @7 () € Us} cR™ and then
Qs 2 O0Y) = @ (@7 0@ ) €R s smaoth
L0, ={X Eg¢ W) 1(¢;'x)™ €U, ¥R and then
.2 X =@ ((07x)") €R" s smooth.
Then G 4s a LiE GROUP.
Examples
(R,+),(Rs,*), (T, *) are Lde groups, with =1z <C|lzI=1}

26
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Def.G +is a COMPACT Lic GROUP +f it s & grow omd ;
every cover of G by open sets admits a finite subcover. .
For subsets of R" compactness means bounded ond open. E==S3

= (T,-) 4s o compact Lie grovp but (R.+) omd (Ry,s).are mot.

A fundamentol property of compact Lde group G

Prop. C(G):={f:G > C|f 4s continuous}

JI:CG@)~» C sit.
DI +af:) = I(f) +al(f.) Vfi€C@), o(€G L1r\eocr«|ty

2f20=>1(f) >0 and f=1>1¢)= Posttivity & Normalization
AI(fa) = I(f) =1(fw) Ir\var'iomce under Left & Rdght Multipli cation
HIfE™)=1) Invariance wnder Toking the Inverse

= This moap I corresponds to “ntegrotion ” omd s often denoted by
o f@ da  (called the Haar measure)
The Hoor measwre com be explicitely constructed locally
1f G 4s mot compact (but web. locally compact), ond
such o measure also exdsts but wth less properties
(f=10If) =15
(34 are not true ond it -is divided to left Hoor & right - Haar meo\swes)
A Haoar measure 1s very convendent because

—LZ Ula) TU) ™ (4f G s )C‘!‘Mte)’\’S Ul TUW " da

I 55 Ls €8 (3¢) Lse L(V) linear moaps on a
vector space
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Lie growps omd Lie olgebras are useful in GM and n particle physics.
Lemma: Let T:G =8 with G o compact growp, s.t.
this map 4s weakly continuous. > inner product on Hilbert space 3¢
Weakly cortinuous 1€ G sa> (F, Tg ) eC 4s continwouws Vf.g€H)
Then I T B : (. Tg) =J¢ <f T@gdda Vf,gER.
It means that Yive Qoo cl)udaigs o Siaey
Ideo of the proof: riroduced in <he
Choose {f;}jen basis of H and compute = (f;  T(@fd d
ond we et F;. Tfe)>:= otk Then we should check T 45 a bounded gperntor-.
To give a meaning of f U@ TUl)™ da
For Lie group G we shall consider unitury representotions
(4t meons Ya€G : Ul) € BI) 15 unitary) -
which are strongly continuous, 4t means G2a > U f e H 4s Continuous
& li_)ra"ucb)f-u(a)ﬂl =0 Vfei |
1Wheﬂ using €-8, § can be dependent on f.

3 O
ol

(If continwous on norm, 3 is independent, on {)
con be Jefineo( by the local charts
Corollory: If UG > U Sl in e 45 Strongly continwous
Pof asexertise * ond G o compact Lde group, sc o
Then for any T€BUE): the map Goar Ul TU) ™ 45 strongly continnow
(= weakly continuous) and ;
then Mg (T):= fUl) TUWL ™ da € B($2)
Me(T) satisfies U Ma(TIUD™ = Ma(T) VbEG
A deep thm (Peter-Weyl theorem (Part 1))
Let U:G=>UMER) be o strongly conbinuous unitary representocdion
of & compact Lde grow G.
Then #t =@ #t, wAith dim #,.< 09 iEst-ce possible qu'il v o infini d #n’

ond Uy, 45 &N 4rreducible representation of G,
= All “rreducible vepresentations of & compact [de growp are finite dimensional.

28
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We denote by My = [(Ux.#)) the- equivalence class ontaining the drreducible

representation (U, H). We—set
Prop. Let (U.#8) be omy findte dim rep of G.
Recall the choracter L () := tr (U@)
NH =@V € with Vi =j€= b L (b) db
- 2)(U, &) s +rreducible 4ff [ db =1
g)sm x{(b) db = 8re

4) [Ubse Ub)k db = Sy Ssp Stg
These relations con still be “nterpreted as orthogoml velations “in L*(G)

L*(@):={f:G>CIfIfh)1*db < 00} (L*--integrable on G)

Note that dim (L*(G) = oo
Now we Py odtention to the props oround the ‘lldhehtitji Of A L."egw_

(which leads to Lie-Algebra)
Recall that G -is CONNECTEDHf any a,b€G can be connected by o continmons pacth,
1t means 3f:[0,11 =G continuons w4ith f(o)=a. f(1)=b.
G 4s SIMPLY CONNECTED <f any closed cuve conbe deformed to o point in G.
In & Lde growp, the IDENTITY COMPONENT Go= Ge s
-the set of all elements of G which are connected to e

Prop God G proof s exertise
2) If (U %) 45 a representation or o projective representation of G
Then G. 45 alwoys ve presented by wnitary operators.
Froof of 2)
Va€Ge ra=a)a; - aq fora finite family of elements 4n Go e iates

Then we observe U(a3) = wla, &) Ul) Ula) with
@ (Uf, Ugd> =<F.9> = Ul)Ul) 15 witary.

Proof S exercise

unitory

U(O..) '13{ or
anti-unitary : & <UF, Ugd =<g,£) = Ula) U@) 15 unitary

> U(OK) 'iS \/LVl\‘bary.




1.2 Linenr (or matrix) Lde growps amd Lie olyebra

A Most, (4f not all) statements are true for geneval L4e growps,
but the statements are more complicated. |
Def.A LINEAR (or MATRIX) Lie GROUP 4s a L1e Subgroul; of GL(n.C)or GL(nK)
M\ Even in GL(n,C) we consider some parametrization with real coefficients.
(up to 2n*  parameters)
Topology on GL(n, C) 4s <induced by the distance s
d: GLn, ©)%GLU,C), d(A, B).-(Zkzla,k bik|*)¥ with A= (a5, B= (b
Let G be a Lie subgroup of GLG.C) and let (Uo, o) be a cheart near e=1€G:.
Suppose (for simplicity) q(e) =0<R™. Let us. set
Y)=-m—‘&i€—-’l—1 EMaC)  forf=L-m

Here the linear assumption plays o role -
(Y35)m = [35 (45 )4 ] (O

Fn%fcl;tsse,xerax 'RMHC r>d‘YJ "‘ﬁYk —O&&ok p&ﬂ(
1) The matrices Y., - Ym ove linearly <ndependent (over R) 40

1 and i are linearly <dndependent over R but not gver C)

but each Y; con be made of complex numbers.

9If (-1,1) 2t X(t) €R™ with X(0)=Q 45 smooth

Then (-1,1) 9t =@ l-X()EG 15 a smooth o omd
@7 eX () =e and [ @, X )]0 = ZY X (0)

It means that the derivotive ot 0 of any Smooth ourve n G possing to e at 0 |
45 o linear combination (over R) of {Y; },-, :

The vector space generated by {Y;} +s called the TANGENT SPACE at e.

Note: Tangent spoace As defined in any Lie growp.
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In compact Lie groups, like findte groups all representations are equivelont
to some unitary groups; but 4f the Lde group 4s not compact, mot true.
So we consider mot only unitary valued but more general representations
with values +n GL(V)
example : (R, +) 5%~ e € My (R)

In I,2 last time,
Y) .—h L(E\E’—)—-’i—GMn (C)

€-20

Let K be either € or R.
Pef. A L1e ALGEBRA £ over K s a (finite dim.) vector space over K
wAth o ComPoSl'hon Lorod:d xd—d st VX.Y. Zei_ A, ﬁE}K
V[ X+pY, 2] = [X, 2] +BLY. 2]
2 [ X ek
3)[X,CY.z1] + [Y[z.x)] + [Z, £xY3] =0 (Jacobion identity)
Remark: 4f X,Y,Z € Ma(C) and [X,Y1:=XY-YX (COMMUTATOR)
then the 3 conditions are satisfied
So we only have to check - that, .
X.Yed » xyiedl
Def. Given a basts {Y., =, Ya} of L, the coefficients - 1
{c§F ke defiend by [Yi. ;1 =§C5 Ye are called
STRUCTURE CONSTANTS or STRUCTURE COEFFICIENTS of &
= C:j' = - c;(; and relation from Jocobion 'l‘a‘enti'bj.
Lemmo: Let G be o linear Lie growp ond L(G) be its tangent spoce.
Then 4.(G) -s a Lie algebra of the same dimension. (Proof os exercise)
Sketch of the proof: One just hos to show [Y: Y;1€L(G).
Consider smooth curves
 (-1,1)2t -, AL)eG with A) =1 oand A'Q) =Y
C1,1)9t» B®) €G with B0 =1 and B =Y;

Consider (-1,1) 3t » AWT)BHT) AWE) " BWE) ™ &)

Then AWE) =1+ Yi+~, BWE) =1+t AWE) ' =1-4F i+, BUE)'=1-JEY; +-

Then ) =1+4[Y, Y; T+ = k)@ =L[Y;,Y;] D
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Importont properties of G or L(G):
Some proofs ove very wice but too long.
Let G be a Lde group and 1.(G) be -ts Lie olgebra.
DVYX e L(@), teR: exp(tx)= £ Fr 4% eG
2)exp (sX) exp (tX) 71 exp((s+t)X) ) exp tX)in 6 =exp(-tX)
3) t = exp (tX) s the only one-parameter subgroup of G satisfying
£ exptX) [g=0 = X.
Prop. (Some framework)
@) Fan gpen set V=G .contadining 1 s.t.
VVAeU AXeL(G) : A=exp(X)
¢ 2)VAe P IBEV: A=B*:=BB
b)VAE Go A X, -, Xy €L(G) : A =exp(X,) exp(Xa)---exp(Xn) (not dways unigue)
QIf G 4s compact, we can choose N=1(<‘-'—‘>'A=exp()<,))
D exp(X,) ---exp(Xna) # exp (X, 4ot Km) «t‘ngenero\’
In fact exp(X)Yexp(¥Y) =exp (f(X,¥)
with F(X,Y) called the CampBeLL~ BAKER ~ HAUsPORFF  FormuLA. (€L.(G)
Exercise : find f(X,Y). (o series)
What obout the relation between vepresentations of G ond omes of 4.(G)3
Def: a. REPRESENTASION of a Lie olgebra. £ s neay map
& pair (h,V) with Vo veetor space and h:L — V) o homomorphism
R(X+a&Y) = h(X)+hC(Y) b
It means {h(D(,Y]) = h(X)h(Y) =h(Y) h(X) (Of =OVf€V)
h©) =0
Lemma: Let (U.V) be o representotion of o Lde group G-
in o finite dimensional vector space V.
Then M™:2.(G) = L(V), T(X): =-—U(exp(SX))lg 0
defines o representation of 4.(G).

In oddition exp (SC(X) = U (exp (SX)) €3
€eLw eGLwY)
€GLlly)

Proof s exercise
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I\ A kind of converse s mot true:
o representation of & Lie algebra does not define
a representation of a unigne Lie group by ).
If two Lie groups are -somorphic close to the ddentity,
then the corresponding Lie algebras are <somorphic.
Aﬁ)licaﬁor\ ielf—ow‘jaint operator (extension of Hermitian matrix into oo-dim Hilbert spaces)
If {e™M}ier with e e B describes the evolution of o quontum system
And 4if 3 a Lie group G and wnitary vep. (U, #0) st
U e M = e ™ ) Vaeg
Then any X<€d(GQ) defines o constant of motion.
More precisely I'(X):H = H which satisfies (not mecessavily I™(x) € R#t)
e ™M) = Nx)e™™ @ e rx)et = P
.3 SO(3), 0(3) and SU)
Recall that 3¢ : SU(2) = SO(3) surjective and with kernal {1,-1}
Prop. (Proofs oS exercises) ~ maybe diffialt to show
10003), S03) and SU(2) are compact L4e groups.
2)0Q) 4s mot connected.
3)SO(3) 45 connected but mot Simply conmected.
4SUE) 45 simply conmected. * the neighborkood (see the nate for meiric & opolegieal spues in e
550 and SUC2) “soxmorphic near the -identity (L (50(3) =4 (SUC2)) last term)
6)The Pouli motrices 6., G2, G5 generate SU(2) -n the following sense

{;—i-g, ;‘i" 0., ;'EGS,} jenero\te Su2) with L[Yi,Y;] =§r:_£.',‘k Yk €3)

\l/| Y;, YS;
E.;; =€.3 =€32 % 1 .

wAth E':TE-—{ €32 €23 =€33 =71

5 gk =0 otherwise
1) The following 3 matrices define the Lie olgebra of S0O(3)

O 0 0 0O o | 0 -1 o
) Y|= 0 O -1 ,\rzz 0 o Y 5 Ygz’ ‘ 0 O
o | 0 -1 0 © 0 0 0

with the some relations of (k)
33
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IV Semisimple theory
~~>SUn)
IV. 1) Complexificotion and linear independence
Note : SUM) 4s & Lie growp ond swem 4s o Lie algebra.
Recall that a bosis of su(2) 45 given by
0z Dt They are lin. -ndep.
{—l{(l ('))'_2L<-1 O) (O '!) mfgbutalsoondg
On the other hond, o basis for sl(2,€) 4s
) )
{(G 2055002000 5.5 )02 ))
and they are lin. dndep. on R bt not on C.
Let us define the complexification of any veal Lie algebra L of dim n.
Consider ;L@L w-ith
i) (X, Y) = (AX-RY, JX+AY) VAUER, XYL,
Exercise: Check that this defines a complex vector space of dim n
with (Xi, 0), -+, (Xa, 0) with {X,, -, Xa} & bosis of &.
[OX, Y2 0%, 000 = (DX T= DY X D5 Dt sl X 20)
Lemma: 4@ {_ witht the obove scalar mult. & the above [, ]
is o Lie olgebra over C of dim n.
Proof as exercise
Def. This 4. @4 s colled the COMPLEXIFICATION of L and denoted by 4.
Lemmo: Iff L has o basis QJS(;J&:{‘M&P. over € and 45 & reol linear Lie olgebra
then the mogp
¢ L= M€, X, Y) = X+iY
defines on -injective homomorphism,
ond 4t 4s on dsomorphism en -dts Amage on Ma(C).
Proof o5 exercise
Exercise

gt.R)g = gt (n, C) sumn)e < sf{n,C)
wn) ¢ = gtn, C) st R)¢ = s1(n.C)
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V.2
Exercise
PXE sum € X*¥=-X and tr(X)=0 (us exponensial)
2) sum) 4s of real dimension n*-1
NAny basis of sum) 45 lin. Andep. over C
> the second lemma applies
IV.2) Properties of Lde algebra .y
Def."a SUBALGEBRA of a Lie olgebra 5 o subspace £.* s sit.
[x.ylelleXxyel’
2) A subspace L of L 45 an IDEAL “if
[X.Y]Jel ' VXel and YeL
It 45 & PROPER IDEAL 4f &L # L
3)The CENTER of L s defined by
{Xel|lX.Yl=0VYedl}
Note that the center 4s always on abelian -deal.
Def. A Lie olgebra L with dim & >1 4s SIMPLE Af
. {0} ds the only proper <deal of L.
And L with dimd_>1 4s SEMI-SIMPLE 4f
{0} s the only abehom proper <deol of L.
Def. A connected Lie jmu? SIMPLE Af )
4t does not contain any proper normal L1e subgroup. S Zstﬁl"ﬁ;f,,,f PRI
A connected Lie growp 45 SEMI-SIMPLE 4f
it deos mot contain amy normal abekian proper Lie subgronp.
Lemma. Let G be a com\ected L—te growp and L(G) 4ts Lie olgebra (over R)
DA Lie subgrowp G’ -5 'r\ormod 4G s om -ideol 4n .(G)
2)G 4s simple 4f 1.(@) 45 simple }smaﬂ exercises
3G As semi-simple Aff L(G) 45 semi-simple
DL(G) ¢ 45 semi-simple Af T }mom des
5)If 4(G)g 4s simple then 1.(G) 4s simple
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Remark (task for mothematitians)

N-Lie olgebro
e >

[ _ASmpic) \L ! ﬁ\n‘! Lie olgebro

\___'7 1syaple g IS 4\@ sem -djrec proguct
\ <alvualle ‘/’CO“’ naction ‘{ sem -~ mple r | 3 lael
\ \;_ JAVIE / MoINATIon  OF e S\ M C" o Sem v‘\»:\e Lye 0\95"'}”?‘3
\ i -!" ’ i = 1 1
N and saveble Lie olyebras ond o solvable Lie nfgebro.

Let & be o Lie a@ebm and consider -ts ao(Jomt representotion defined by
ad: 4 = L) onhe Veeeor Space &
X = ody with od (Yl X ]
indeed ody € L(L) since
ady (Y+AZ) =[X,Y+AZ] = [X,Y1+A[X.Z]
It 4s a representation . since

X dda =0
‘ol yagy = ody totody (since [, ] -5 bi-hinear) ()
i ad[x,” E adx &AY '&d\( &Ax‘ (use Jacobian -identitj)

Note that

ady (Y. 22 = Ladx (¥), 21 +[Y. adx(2)] becanse of Jacobian ‘dentity
Def. the KiLLinGg FoRM of L ds the_symmetric bi ﬁ!w)sar mop
K 1xL~C, KXY = tr(adx ady) €C
ExerciseTllustrote the theolvgj ﬁwﬂh L =su(2)
DIf {1, Yn} 45 & basis of L with
[YiYids= Z Cu Tk
Then g;; := K(Y. Y;) = Z Cio Ciy
KXY Z2) = KX, [Y Z]) N X e ds
skon=0vyet sx=0 & detg;)].) #0
In such & case we say that the Killing form 45 non degenerate




A quite dmportant thm (Cartom’s criterion) -
A Lie olgebra £ 4s semi-simple ff dts Killing form 4s non-degenerate.
Lemma: A semi-simple connected Lie qrowp 4s compact
1iff the Killing form of -its Lie algebra s negative def;mte It meons
K(X,x)<0 VXed X#0
Example :  suwy, one has K(X,Y) = 2ntr(XY) and 4t follows that
KX, X) = 20 1r (XX) =-2n-tr (X*¥X) #
=-2n 32;"1(65 X*Xe;> = -an}; {Xe;;Xe;» = —27\32'; IXe;ll* <0
By knowing that SUn) 4s semi-simple, <t follows that 4t 45 compact.
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Iv.3
Thm. L s semi-simple ff 1= jI' 993'13 @@ %’N wAth each 4; simple Ldie algebra
Example: For £,.8 4, They don't speak to each other

[Xi# X2, Yo+ Ya] = [Xi, Y] 40X, Ya]
Corollory : Any semi-simple Lie olgebrac of dim 2 or 3 s simple.
(Since any simple Lie olgebm 45 of dim >1)
IV.3 Roots of semi-simple complex Lie algebra
Recall that any veal Lie olgebm con be complexified.
Recall that for any Xed, odx:d 2L lineor
= We can look at eigenvalues of ads, which meons
AeC:IX,YI=adx(Y) =AY IYedL
If L 4s of dim n, then det (adx -A1) 4s & polynomial with deg m, with n root
Clearly 0 45 on eigenvolue since ady (X)=[X,X] =0 = 0%
Recall olso that adx odmits m 5enemf1zeo( elgem/ectors
(Jordan normal form of & matrix) (o0
Def. Let 4 be o semi-simple complex [-e aljcbm.
A CARTAN SUBALGEBRA d, of & 45 a moximol abelian subalgebra. of L
with all adx$with Xed.> simultoneously diagonalizoble .
It means Lo 45 o complex  wector space st.
DYXiX:€do: [X, X:]=0
NIf for YEL, [X,YI=0VXELo, then Yel,
AVXeL,: adx 4s d’l'ogoi\oJ*l'zo\He
Remoark: One showld show that for semi-simple Lde agebms,
such Cartan subalgebra always exsts ;
and f there are >1, then they have the soame dimension.

We coll the RANK of L =:m,<n the dim of L.
L becouse of semi-simple




Let us )qX Lo a Cm’to.v\ smbolgebm n L, l—)fvr ady s olwgon«h zoble @
and choose a basis {Y., =, Ya} of L st. ade(Y;) =A;(X)Y; \7'X€Lo
Let us observe that +4f X.X' €L, and « € C then X+aX €L, ‘so
Ay X+ X)Y; = od xaqxlY5)= [X+a X, Y5 2EX, Y5 ) 4ol 5]
= od x(Y5)* & adwCY5) = (0 () +ek A (XD Y
DN (X+aX) = AR +a X (X) AL C s linear Vo=1,.n
;& A; € 4% (DUAL of 4.) (of dhim no)
Remark: Since adx (Y) =0 4f X,y ed,, we con choose a basis of L s.t.
40, o Yo, Ynotr, -2, Y}
=+ o )
Remark: Observe that A; (X)=0 4f jef1.-.no} and Xed,
Is 4t possible that A; (X)=0 Vie{l, . n} and Xed,?
No. Becomse amy Y€ {5 conmot commute with oll elements of L,
(max&mo«li-ly osswmption) @ |
Def. (independent of the choice of a basis)
A ROOT of £ (relative to o Cfxed Garton subslgebra 4.5) s
an clement d e L¥7 050 Sk, IYCLMOY: ady (V) =a ()Y ¥X €Ly |
The set of all roots ds denoted by Rels
It corresponds to the generabization of an eigenvolue,
For oy a € R we set
do={Yellady (N =a(x)YV¥YXe Lot #Ls (or a=0)
= Since all adx can be diagonolized simultoneously, one -11\)Cers that

L=1,9 (O i-ok I;« A€
A No notion of orthogom\hty |/ AL
In this representation ody = 0 @dg)ﬂd(x) | i —— isa

| Exercise: think about +this, L EER

We. now 3mw:|ize o= {{O} if Q&R but a2t
- Lemma: VoL ﬁei. X«Gi_ot X@eip Doﬂxese\/eml cms&SSéPaM‘bClyﬁﬁﬂL
[Xa, Xpl €L g Proof as exercise, use Jacobion ~1dentnty
= If . g€R but dtp&R then [Xa,Xpl =05 but if a+g=0 then [X4,Xpled,
39
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Frop?)lf * €R then -a €R
2)dim o = 1 }Book of Hall, Pies~1e6
3)span (xlaeR) = L3
With an odditionel cho@e of basis, one con construct & basis
{Hy . Huo, Ea,~, Ez} of Lo st
)[H;. He1=0 |
2)[H;, Eal=a (H;) Ea with & (H;) € R
o o (M) Hs if atp=0
B E. Eal ={7ap Ea+p «f atgER
0 otherw-se

In this basis (g3;);; =(‘tr(adx.-0~0lx3));,- =
(1 O \
1
ho :
e
0 4.
Lok Q EM. (R)
O 10
S

\ 19
Def. Sdnce at(H;) &R -n this basis, we say thot the voot > for jedt. i}
o 45 POSITIVE (&:a€R+) 4f the first hon-zero entry of ot (Hj) 4s positive
o {s NEGATIVE (®:deR.) +if negative
= R=R+UR.

If .,.pe R, then a>p: @ d-peRy
called the [LEXICOGRAPHIC ORDER on R"
Def. With respective to this basis a root 4s SIMPLE
4f 4t cannot be expresed a5 a linear combiration of other positive yoots.
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In def of POSITIVE (NEGATIVE) ROOT, the “first non-zero" entry -is
-n the reverse order: & (Hu,), k(Hn,-1), =, ok (Hy)
Prop. Let & be a Semi-simple complex Lie algebra,
omd consider the comomical bosis {H. . Ha., Ex, -, Ep} or 4.
V) There are n, simple roots &, -, a™ A'n." # “no”
2)These n, roots generate 4 => they are lin. -indep.
3If BER not simple. then Ja,, ', 0, €Z: f = a,t’ +:+ap, ok
wAth either Q.. an, 20 o S "l(%mtw i6 in SUG)
Recall that sumy ={XE€Ma(C)]X*=-X and trx)=0} ond dlm(sucm) n*-1 (over R)
What s the dimension of oy Corrtam 8uba’ﬁebm N SUuln)g ?
Observotion : 4f X €suwm then (iX)* =~-i(-X) =X = iX 45 Hermition
How many elements -in {YEMn (€)Y * =Y and tr(¥)=0} are diagoral & lin. -indep?
Arswer @ m=1=:n,
Example :
Nsu(2) of dim 3, and no = 1. A basis for sud¢ -is given by the Pamli matrices.
We choose the following basis -
H=fg6;=(ﬁ';j_):E (owc){o ¢> E_=%(6,-ic.) -(? -
0 -7%/ (Ex d’ Dan 05 ) OIS 0 0/ (.0 =10

Pawmo\tnces
In this basis =ot(H) =75 , ady (Eu) =75 Bu, ond g =<é ? Z)
The roots are T i [Eq, E-a1=FH |
2sue3) of dim 3 and no = contains 6 elements, Choose

2

__1_10°>. —_1<°
= N 0-10 Ey = 0
Hio= 25 00) =% \o

Qoo & ¥

In this basis g has expected form and s\Va
= Ly i Ls o
Sty Sw\ﬂe; s1mple/ 1\
positive roots

—



IV.4 Weights of semi-simple complex Lie algebras
Let 4 be a complex Lde algebra, omd let
(h,1?) be o representation 4n ¥ of finite dimension. It meoms
h:d L) st. b -
RONX+Y) = Xh(X) +h(Y) 5 h(IX, Y1) =hOORY) -A(NA(X)5 k(@) =0.
Def. As for adjeint map. we look for ve1? s.t.
v#0 and h(H)v=uHlv YHE L,
In t;n's case, v -is called a WEIGHT VECTOR; and
| the mop - 1,-C a WEIGHT
In fact peds (© W(H+NH) = w(H) * Mi(H:) |
More generally, Vuedd we set V4= {vevlh(kl)v~&£H_)v} and
dim (W) = MULTIPLICITY of m fEEL’ 5T
Remark : Roots are speciol weights when 1# =4 . (= Muftlphat)’ €40.1%)
Choose  ogain the canonical basis {H,, - Hn., B« -, Ep} of & and set
Rh(H;) =% 5 h(Ey)=: Eus k(l-])==)(rfor Hed,
I, €ud = (M) €Eu 5 £
[X:, %;1=0; A{H;, €T are not
f_g,olCHs))'(; 4f wtp =0 abways [in. “ndep.
[€..€6] {’T}p €usp  4f d*pER
0 otherwise
Prop. Let (h,1?) be vep. of &5 Eet
Let  be o weight with o weight vector veUVu\{o}.
NEav e Vum, and p+at 4s a weight 1f dim (Vusa) #05
2) The weight vectors associoted with different weights are fin. indep.
3) There exdsts < dim (1) weights for (h, V).
Proof: 1) Consider X€av = €. Xu  + X, €10 ,_./C,E‘Lt
= Ca pm(HV+ ol (H) Eu v = (Utd) (H) EaV € Vs, =

2) os exercise ond 2) = 3)




 Def. For Vol eR ond any weight ,uei’:, we set
defh:=ToagueC (g upper part of the Killing form)
Exercise:
Dots ik 4s independent of the choice of a basis 4n L.
DI we choose VP=4_, then lltl*:=ck ot = S (H;)* >0
Question: For which k€Z one has u+ka s a weight
(& Vprka # {03) 3
Lemma (technical but based only en [X;.€ul=-- ond [€«, Epl=":")
Do u €R
2N = -2 7=k € Z (con be positive or megative)
IV EZNIONT: w+ka 45 a weight < 1hihe 38\ 1
HIn the stomdard basis writh o; =t (H;) €R, we have M= pm(H;) €R (= (1)

ot ={xeR™|x-aa=0}

A

Sl .
Ia::[k—li-&

PR M otll®
X are weightss o s sometimes o weight
ot

0
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Example for su(2)¢

Let (h, V) be a finite drreducible vep. for su(2)¢, ond

ard let p be the moximal weight (since no=1, 45=C and all ueR)

Since =2, = Nl =L and for o(*-—-L one has
N=—2 B =>5ueN > nef

The other possible wejghts ore
W KT, hm T e REW = -

Or equivalently 4f {:=J/iu then the possible values of JZ(weight) are
4.9=1,4-2, =, - with 23N

The missing orgument :

£ Lemma: for any dEN* there exists o wnique rreducible representotion of su(2)

(modulo equivolence), omd An such o representation, j=-§!‘:‘i'
(This 4s wswally 4 guantum mechanics)
Tn the setting we consider £ wAth the canomcal basis
ond let (h,1%) be om Arreducible map. of &.
Let pimax be the moximal weight (once R™ = (., pas) with u; =pmCHs)
s endowed with the lexicograghic  order). ,
Clearly 4f & 45 o positive rogt then £+ ={03, otherwise contradiction.
Exercise If (h,\#) 4s an <rreducible vreprof £, and
ond W A4S a weight, with with ved u.
) span{v, Eav, Ea€p v, = o, E€RI=V, (=g also considered)
2) M= [Amax = Spon {V, €aV, Ex€pv, |k, B, €R.T =V
XS gpan{v, €xv, €« €pv., - g, ~ER+ simple T =V
In addition one has
Prop: Let (h,1*) be on drreducible map of & omd fumax the maximal weight.
NV ] weight : K= hmax = Z Na®t With ng €N
2dim V=77 dim Lp S
3) dim ip:::ﬂL 1
Remark: In order to get all {rreducible representations of &, we

we._showld know all possible U yax . Such formulae exist ond
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(IV.5)

<!

for & given WUmax One has

. _ TTgLelK-pd'(Mmax*S) . -
dim V= Mmoo S with &= z'ek};_l—R_+ok (Wey!l Formula)

and the multiplicity of each weight can be computed by the so-called
Kostont’s formula.

.5 Representations of sw(3)¢
Recall thet dim (su(3) =8 and n,=2, ond the matrices
Hi Ha, Eza, Ezg E;ty ore exibited <4n l—y 3
The roots e o= (2—%,%), B = (—243—,—;), Y= (’.;1;,0)
We set
I;:=J3 H, I,:= J6 Exy (I-spin)
Us=3 Hi-ZH, Us=d8Esp  (U-spin)
Vi=-EHa-ZH,  Ve=ffEsu  (U-spin)

Then
Uz, Us leave {k (3)IkeC} dnvariant
Vi, Vs " (%) "
Ie I3 " (ﬁ) !

These 3 triples generate 3 vepresentations of su(2)¢ which ore not irreducible
since there 4s an dnvariont subspace

Consider o <oa dim. irred. rep. (h,\*) of su3)¢, and set
5= h(H;), €a:= hC(Ea)s Ts:=h(Is), Ws=hUs), V' := h(V3)
As for su(2) before, Ts, s and U5 are diegonalizable with evals in Z/2
(like 5 before)
=24f K is a weight , 3 u, =3 w(H,) €Z/2 and
Fp-BuEZl © 32 +BR S22
Thus w,€Z/23 ond p, € 2/6 Or equivalently
ond. g = (ot 3, moxd) g K
prp= (MFFS pazs) |
Wtg= (g on.)




\A/E [ “11\/‘% Ol(() oGz oM ( KOT A \’ 3))
B J 7 _

b A
R //-}1( /L)‘/(Jmax

—

>
i

If we represent the moximol weights on o so-called weight diagram,
becouse of symmetry there are only 3 different types of position (see picture).
For sim‘alicity we introduce the notation (K. K.)€ Nx N (2) pwdth

‘VLM'th K, =2J§Mmo«x (H4), K. =3/Lqu (Hz)'ﬁ,b\mm( (H4)

& MAmax = ('2_%' y I(IZZK")

From any (K., ka)e NxN we can generate o weight diagram,
ond thus a drred. rep. of su(3)g

It means oll irred. rep. of finite dim. are indexed by the 2 integers (K. K.)

and dim (DR =:m = (K. +1) (Ko +1) (K, + Ko +2)

+the wrresponolilg
rep.

(forom Weyl formulo)
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Lemma. for su(2)¢ last time
VdeN* 3! drreducible unitary rep. of sw(2) 4n the space of dim. d
In rep. (W) h(H) hos eigenvalues 4, 4-1,-, -4 for j= 4254
Since we have . rep. of su(3) of dim. 1.3,3,6.6,8.10,70
Recall that 4f Chy, V) (ha V=) are <rred. vep. of G. then
then (h,@h, V, @) 4s usually not  an drred. vep, = con be decomposed
Eg.3@3 =6@3; 303 = 8@1) 6@3=100¢%;
30303 = (6©3)93 =(6®3)@(3@3) = 00288 {
(urrique modulo commutateion gnd unttory equivolence)
Remark : Each semi-simple complex Lie algebra with & Goaton subolgebra of
dim o has no Andep. Cosimiv operactors.
They are denoted by C.,Cs.-. Cngn ond con be constructed with elem. of £..
They don't €L but ’d\gy commute with emch dement of £, it means
[C.YJ=0VYe€L (one has to give o meaning to L[Ci Y1)
In oddition, in omy finite Tep. of &, one has
h(Ci)=c; 1, wHth c; «C
E.g. for sw(2), C,=J"=3'+J2+J5 omd c.=4(4+1)
For su@)., one has > Casimir operators
Canz How Hee e et e B EgE-g+E-¢ Ep + Ey E-¢ + E-+E,y

omd dn DK one has
,4"“{’?“

Ca= 4 (K5 )0 K 453 ) +5 (K, + Ka)

Cs+s a polynomiol of degree 3 -in the generators of the algebrn,
ond An DY gne has

Cs = (K, = Ko) (2K, +Ka +3) (K, 42K, +3)

(too Oornylico\:tcd)




IV.6 Application of SU(3) to physics
Since the elements of o Coartan subalgebro can be oh’oganalizeo( simualtaneoushy
they ore often used to -index families of particles.
In particdar suB) s often used. One has
I, := 3 H, Gisospin) amd Y:=2H. Chypercharge)
People have cbserved that particles with similar properties gather
5 by foomilies of 1,8, 0r 10 members , (see figures 5.19)
Such fomilies con be je,nem‘teo( @
33 =¢@1 or 30303 = 002%@ 1
deas Brsic bw‘ld-ivg block of ‘the theovy showld be 3 quarks and 3 antiguarks
(see figure 5, 20)
We give the names w.d,s or W.d.5 for weights of 3 and 3
WAth this 4dea, Figure 5.19 (o) 9corresponds to the decomposision 3@1 of 383
or more precisely it 45 colled the family of MEsons of spin O
wode of 1 quark ond 1 guark. (see figure 5.21)
Figure 5.19(b) : BARYON DECUPLET wade of 3 quarks w.ds.
" () BARYON ocTET " !
Recall that o basis of v® Vs s given by x@y
for x o basis of WV, and y o basis of Vs,
In pictwe 5.2], one uses the notation dS for d®5, etc.
Then for 3®3 the symmetric element & (Wi +dd +s3)
corresponds to the representotion 1 n §@ 1.
Nowodays, models are much more complicated  than this.
Also used SU(5), -, SOCl0)
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IV.7 Classification thm
Recall that semi-simple Lie algebras consist of sum of simple Lie olgebras
= The bwildiv\xg blocks are simple complex Lie olgebrms
L 40y s the only proper 4deal
Recall also that roots have very SP@CJOJ properties. In the stondarel basis
-‘lﬁﬁtGZ, —2%% €z for any roots (= weights) *, B
© 24 g=N/ltl* and 2a-g=N:lgl* I N, N.€Z

el _ /ﬂ_ Bl NiNs . o
= Tell - and iarigiz =~ & ) Ni=0+f Na=0

N
Possible (N,, N) : L. |cos (ag)|*€[0,1] = N, N €[0,4]
N, Yy 2" 0y
N, O 1 2 3 4 (NWN2) (2,2) (1,3) (1,2) (1,4) (0,00 (1,1)
0° 30° 45° o N
0 X X X X Dup  180° sivo0 i3 a80° ~9F° 5B
1 X Hali= gl Nl =2Mpll
Da=p DA
5 X % X we dOn'izt\'A_IJC?:l)to cons) der impossible for simple roots
3 X X X X »N,N.>4 dim® pombre de racine:
4 X X X X A,021) O0—m0— --- —0—=0 n(n+2) n(n+1)

. ’ Prop. §.4
One more informetion: A-g<0. in CHalld

= only POSSiHG ongles are
q0°, 120°, 135°, 150°
Then 4f we consider complex simple Lie algebras -
4. ond denote by O any simple root of L
* B,

1 2: 2 2
1Ba(n22) OO e O n(2n+1) 2n?

2

n(2n+1) 2n®

1
—O0—0
1}
< n(2n-1) 2n(n-1)

1 1
Caa23) O0—O0— ---
e

D, (n24)

IHII‘/O 0 11: ¢dp=‘70° v Eg Q._+—I—O——Q 78 K72
O0—0 f Qup =120°
. aeo cannot exist
0=o0 Af d)dF—BS (see book) E, o—o—o—l—w—o 133 126
E} '1{ ¢d‘3=]500
By using J'ch\s notation and that simple roots - = o
are linear <indep, ome can get the list

of all simple complex L+e olgebras — 1 L % "




These olgebras have been extensively studied ond have opplications
4n physics and 4n moathemotics (e Wikipedia on Ex)

Conclusion
We have seen mony concepts which con be used in physics (AM)
but also 4n mathematics. Please remember oll these, omd come bock
to the literatwe os often as possible.






