n-EXANGULATED CATEGORIES (I):
DEFINITIONS AND FUNDAMENTAL PROPERTIES

MARTIN HERSCHEND, YU LIU, AND HIROYUKI NAKAOKA

ABSTRACT. For each positive integer n we introduce the notion of n-exangulated
categories as higher dimensional analogues of extriangulated categories defined
by Nakaoka—Palu. We characterize which n-exangulated categories are n-exact
in the sense of Jasso and which are (n + 2)-angulated in the sense of Geiss—
Keller-Oppermann.

CONTENTS
1. Introduction
2. n-exangulated categories
2.1. [E-extensions
2.2. n-exangles
2.3. The categories C?XQC) and K?j‘%)
2.4. Realization of extensions
2.5. Definition of n-exangulated categories
3. Fundamental properties
3.1. Fundamental properties of n-exangulated categories
3.2. Relative theory
4. Typical cases
4.1. Extriangulated categories
4.2. (n+ 2)-angulated categories
4.3. n-exact categories
5. Examples
References

1. INTRODUCTION

A fundamental idea in Iyama’s higher dimensional Auslander—Reiten theory [I1]
is to replace short exact sequences as the basic building blocks for homological
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algebra, by longer exact sequences. A typical setting is to consider an n-cluster
tilting subcategory % of an abelian category . For instance one may take .o/ to
be the category modA of finitely generated modules over an n-representation finite
algebra A in the sense of [IO] (see [HI1], [HI2] for further examples). Then modA
has a unique n-cluster tilting subcategory % . In this case there is also an n-cluster
tilting subcategory of the bounded derived category 2°(modA), obtained by closing
% under shifts by +n and direct sums. To generalize, one may take A to be an
n-complete algebra in the sense of [12] (see [P1] for further examples). Then modA
has a distinguished exact subcategory that admits an n-cluster tilting subcategory.

To summarize n-cluster tilting subcategories of abelian, exact and triangulated
categories play a crucial role in higher dimensional Auslander—Reiten theory and
what is sometimes called higher homological algebra. These three settings have
all been axiomatized leading to the notions of m-abelian and n-exact categories
introduced in [J] as well as the notion of (n + 2)-angulated categories introduced
in [GKO)] (see also [BT] for more discussion of the axioms and [BJT] for a more
recent class of examples). Setting n = 1 recovers the notions of abelian, exact and
triangulated categories. Any n-cluster tilting subcategory ¢ of an abelian or exact
category is n-abelian respectively n-exact (see [J, Theorem 3.16] and [J, Theorem
4.14]). Similarly [GKO, Theorem 1] show that if % is an n-cluster tilting subcate-
gory of a triangulated category closed under shift by n, then it is (n+ 2)-angulated.
The condition that % is closed under shift by n is crucial and no reasonable axiom-
atization of arbitrary n-cluster tilting subcategories of triangulated categories has
to our knowledge been proposed.

The notion of extriangulated categories was recently introduced in [NP] as a
common generalization of exact and triangulated categories. The data of such a
category is a triplet (¢, E,s), where € is an additive category, E: €°P x ¢ — Ab is
a biadditive functor (modelled after Ext') and s assigns to each § € E(C, A) a class
of 3-term sequences with end terms A and C such that certain axioms hold. The
aim of this paper is to introduce an n-analogue of this notion called n-exangulated
categories. Such a category is a similar triplet (¢, E,s), with the main distinction
being that the 3-term sequences mentioned above are replaced by (n + 2)-term se-
quences. The precise definition is given in Definition 2.32 (see also Definition 2.22).
It is a true analogue in the sense that l-exangulated categories are the same as
extriangulated categories (see Proposition 4.3). As typical examples we have that
n-exact and (n + 2)-angulated categories are n-exangulated (see Proposition 4.34
and Proposition 4.5).

One of the purposes of introducing n-exangulated categories is to provide a
common ground for studying the different settings of higher homological algebra.
Compared to the classical case (n = 1) many important questions regarding the
interplay of n-abelian, n-exact and (n + 2)-angulated categories remain open. For
instance, from any abelian category we obtain a triangulated category by taking
its derived category. As far as we know, no satisfactory higher analogue of this
procedure has been proposed and in view of [JK] it seems that finding such is non-
trivial. It is our hope that by providing the common framework of n-exangulated
categories we might contribute to answering some of these questions.

The paper is organized as follows. In Section 2 we introduce n-exangulated cate-
gories and related notions. In Section 3 we present basic properties of n-exangulated
categories. In Section 4, we show that 1l-exangulated categories are the same as
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extriangulated categories. We also characterize (n + 2)-angulated categories as n-
exangulated categories (%, E,s) for which E = ¥(—,X—) for some automorphism
¥ of ¥. Similarly we characterize n-exact categories (defined in a slightly modified
way) as n-exangulated categories for which inflations are monomorphisms and de-
flations are epimorphisms. In Section 5, we introduce a family of examples which
are neither n-exact nor (n + 2)-angulated.

It is natural to ask if there is a reasonable notion of n-cluster tilting subcategories
of extriangulated categories and when they are n-exangulated. This question will
be addressed in the next article n-Exangulated Categories (II).

2. N-EXANGULATED CATEGORIES
2.1. E-extensions. Throughout this paper, let 4 be an additive category.

Definition 2.1. Suppose € is equipped with a biadditive functor E: €°Px% — Ab.
For any pair of objects A,C € €, an element § € E(C, A) is called an E-extension
or simply an extension. We also write such ¢ as 4d¢ when we indicate A and C.

Remark 2.2. Let 4d¢ be any extension. Since E is a bifunctor, for any a € € (A, A”)
and ¢ € €(C’,C), we have extensions

E(C,a)(d) € E(C, A’) and E(c, A)(d) € E(C', A).
We abbreviately denote them by a.d and ¢*d. In this terminology, we have
E(c,a)(d) = c"axd = a.c*o

in E(C’, A").

Definition 2.3. Let 4d¢, ppp be any pair of E-extensions. A morphism (a,c): 6 —
p of extensions is a pair of morphisms a € € (A4, B) and ¢ € €(C, D) in €, satisfying
the equality

axd = c*p.

Remark 2.4. Let 46¢c be any extension. We have the following.
(1) Any morphism a € € (A, B) gives rise to a morphism of E-extensions
(a,1¢): § = a4o.
(2) Any morphism ¢ € (D, C) gives rise to a morphism of E-extensions
(1a,¢): c"d = 0.

Definition 2.5. For any A,C € €, the zero element 40c = 0 € E(C, A) is called
the split E-extension.

Definition 2.6. Let 40¢, ppp be any pair of E-extensions. Let
C-%SCaeDD

and
A AoBE B

be coproduct and product in &, respectively. Remark that, by the biadditivity of
E, we have a natural isomorphism

E(C ® D,A® B) = E(C,A) @ E(C, B) 8 E(D, A) ® E(D, B).
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Let 0@ p € E(C® D, A® B) be the element corresponding to (4,0,0, p) through
this isomorphism. This is the unique element which satisfies

E(ie,pa)(d®p) =6 , E(c,pp)(d®p) =0,
E(tp,pa)(d®p) =0 , E(p,pp)(d&p)=p.

If A= B and C = D, then the above isomorphism relates the sum §+p € E(C, A)
of §,p € E(C, A) coming from the abelian group structure on E(C, A), to the ‘Baer
sum’, i.e.,

§+p=E(Ac,Va)(d®p),

where A¢ = [ﬂ C—-CaC,Va=[11:A0A— A

2.2. n-exangles. Let ¥ be an additive category as before, and let n be any fixed
positive integer.

Definition 2.7. Let C¢ be the category of complexes in %. As its full subcategory,
define C%+2 to be the category of complexes in ¥ whose components are zero in
the degregs Qutside of {0,1,...,n+ 1}. Namely, an object in C%“ is a complex
X' ={X*d%} of the form
X0 By By By B en

We write a morphism f*: X — Y simply f* = (f°, f1,..., f*"1), only indicating
the terms of degrees 0,...,n + 1.

We define the homotopy relation on the morphism sets in the usual way. Thus
morphisms f*,g° € C%“(X',Y') are homotopic if there is a homotopy, i.e., a
sequence of morphisms " = (¢!, ..., ") of ¢! € F(X, Y1) satisfying

go_fo = Solodg(V
g —f = dylogi+yTlody (1<i<n),
gn+1 _ fn+1 — dr; o SOnJrl-

In this case we write as f* ~ g°, or f* ~ g". We denote the homotopy category by

©
K%“, which is the quotient of C%” by the ideal of null-homotopic morphisms. If
fe C%JFQ (X", Y") gives an isomorphism in K%ﬁ, we call it a homotopy equiva-
lence, as usual. Similarly a homotopy inverse of f* is a morphism ¢g* € C%+2(Y', X)
which gives the inverse of f* in K%+2.

Claim 2.8. Assume that f" € CZ;ZFQ(X', Y") is a homotopy equivalence in CZZJQ.
For a homotopy inverse ¢g* of f*, we have the following.

(1) If X°=Y%= A and f° = 14, then g° can be chosen to satisfy ¢g° = 14.

(2) Dually, if X! = Y7+l = C and f**! = 1¢, then g° can be chosen to
satisfy ¢g"t! = 1¢.

(3) If fO =14 and f**! = 1¢, then g* can be chosen to satisfy both ¢ = 14
and g"t! = 1.

Proof. Let h' be any homotopy inverse of f*, and let f*oh’ ~ 1., h'o f" ~ 1.
ch P
be homotopies.
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(1) Modifying A" by a homotopy (¢!,0,...,0), we obtain a morphism g*: Y —
X" of the form (14, h*+d%op!, %, ... h"F1). Since h* ~ ¢’, this is also a homotopy
inverse of f'.

(2) Dually to (1), ¢° = (h°,..., A" L A" + "1 o d% 1¢) gives a homotopy
inverse of f* with the desired property.

(3) g =(1a,ht +d% o', h?, ... A" R 4T 0 d 1) satisfies the desired

properties. (If n =1, we put g° = (14,h! +d% o' + 92 0di 1¢).) O
Definition 2.9. Let %,E,n be as before. Define the category £ = JE?C;'?E) as
follows.
(1) An object in PE?(;JQE) is a pair (X*,0) of X" € CZ" and § € E(X"*!, X0)
satisfying

(d%)«0 =0 and (d%)*6=0.
We call such a pair an E-attached complex of length n 4+ 2. We also denote
it by
x0 By x1 BT 1 0,
When we emphasize the end-terms X° = A and X"+! = C, we denote
the pair by 4(X",d)¢ or just by 4(X",d) or (X", )¢, depending on our
purpose.
(2) For such pairs (X",0) and (Y, p), a morphism f*: (X',0) — (Y p) is
defined to be a morphism f* € C%+2 (X", Y") satisfying
(f%)«0 = (f"*)"p.

We use the same composition and the identities as in C%JFQ.

Proposition 2.10. Let f*: (X ,§) — (Y, p) be any morphism in A&.

(1) If a morphism f" € C%“(X',Y') satisfies f* ~ f" in C%“, then f"* also
belongs to B((X",0),(Y",p)). Thus we may consider the same homotopy
relation ~ in AE.

(2) If f° has a homotopy inverse g°: Y™ — X" in C%*Q, then g° belongs to
E(Y", p), (X", ).

Proof. (1) Suppose that we have f* ~ f’* as in Definition 2.7. Then we have
o

(f0)6 = (f* + ¢! 0d%)<0 = ()0 + (1)u(d% )0 = (f°):9,

(f" ) p = (" dg o™ ) p = (f"T) p+ (") (d3) p = (f*F1)*p
since § and p satisfy (d%).0 = 0 and (d}%)*p = 0. As f" satisfies (f°).6 = (f**1)*p
by the assumption, so does f'.

(2) By assumption, there are homotopies g" o f* ~ 1. and f'og" ~1,.. Asin
the proof of (1), this implies

(g°0 )6 =0 and (f"og" ) p=p.
Since (f°).6 = (f™*1)*p by the assumption, it follows that
(") 6 = (¢")" ("0 fN)8 = (") (") (f°)0
(") (@) (") = (8 (f" T og"™ ) = () p
which means ¢g* € E((Y", p), (X", )) by definition. O
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Definition 2.11. By Yoneda lemma, any extension § € E(C, A) induces natural
transformations

5: €(—,C) = E(—,A) and §*: €(A,—) = E(C,-).
For any X € €, these (§;)x and Jg( are given as follows.
(1) Gp)x: €(X,C) = E(X, A) 5 [ 6.
(2) 0% : € (A, X) = E(C,X) ; g+ g.d.
We abbreviately denote (03)x (f) and (5&(9) by 8;(f) and 6*(g).
Proposition 2.12. Let Q € € be any object. Then the Hom functor
C(Q,—): € — Ab

induces the following functor Yg: £ — C’Xf’. Here Ab denotes the category of
abelian groups.

(i) An object (X',8) € K is sent to the complex YDo((X",9)) defined as

0 n
@1 Qx0T T g xm) 2 EQ,X0).
(ii) A morphism f* € BE({(X",9),(Y",p)) is sent to the morphism of complezes
Vo(f) = (€(Q.f),....€Q, "), EQ, ).
Similarly, €(—,Q): €°° — Ab induces a functor BP — CyF? which sends (X", 5)
to the complex
o 0
D (x0,Q) T E(XTL Q).
Proof. This is straightforward. We remark that for any pair of X" € C%+2 and
§ € E(X™1 X0, the sequences (2.1), (2.2) are complexes for all Q € ¥ if and only
if (X", 0) belongs to &. O

22wt

Definition 2.13. An n-ezangleis a pair (X", 8) of X" € CZ" and § € E(X"+!, X©)
which satisfies the following conditions.

(1) The following sequence of functors €°P — Ab is exact.

_ 40 _qn
(2.3) @ (-, x0) TEdY) LT g xR X0)

(2) The following sequence of functors 4 — Ab is exact.
<€ ”7, <€ 0 — #
(2.4) g(xm o) Ty T g x0 ) L p(xmH )
In particular any n-exangle is an object in A. A morphism of n-exangles simply
means a morphism in A. Thus n-exangles form a full subcategory of /.

Remark 2.14. In &, a coproduct of objects (X", 9),(Y", p) is given by (X" ®Y",d®
p), where X" @Y is the direct sum in C%H and 0 @ p is the one in Definition 2.6.
Remark that (X" @Y ", 0@ p) is an n-exangle if and only if both (X*, ), (Y", p) are
n-exangles.

Claim 2.15. For any n-exangle 4(X",d)¢, the following are equivalent.
(1) 6§ =0.
(2) There is 7 € € (X!, A) satisfying r 0o d = 14.
(3) Thereis s € €(C, X™) satisfying d% o s = 1¢.
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Proof. The equivalence (1) < (2) follows immediately from the exactness of

—od? #
7(X',A) 2% g, 4) 2L EC,A).
Similarly for (1) < (3). O
Proposition 2.16. Let (X", 8),(Y", p) be any pair of objects in E. Suppose that

fre E{(X,8),(Y",p)) is a homotopy equivalence. Then (X°,8) is an n-exangle if
and only if (Y", p) is.

Proof. Let g° be a homotopy inverse of f*, and let g" o f* ~ 1., ffog" ~ 1,. be
®° y°
homotopies. Let QQ € € be any object.

By Proposition 2.12, we obtain complexes X" = 9o ((X",8)), Y =D (Y, p))
and morphisms

F'=9q(f): X =Y, G =9q¢) Y =X

in C’Xg‘g. For the composition G* o F*

€(Q,d% €(Q,d} € (Q,d% )
w(Q,x0) L2 g, x1) L. TR, xnt) s E(Q, X0)
\ \ \ \
GOoFo O GloF! 6} GnHloFn+l O Gn+2oFn+2
v v v v
XO X1 e XnJrl E X()
%(Qa ) m %(Qa ) C@J(dei() €(Q,d7%) %(Qa ) T> (Qa )

the sequence of morphisms in Ab
CI)I = %(Qv 901)3 BERE) (I)n+1 = %(Qa <Pn+1)
satisfies
1-G o F'=%(Q,dy") o ® + " 04(Q,dy) (1<i<n)
and
1— Gn+1 o Fn+1 —_ %(Q, d&) o (bn—&-l.
This shows that G* o I* induces Hi(G' o F") =1 on cohomologies for any 1 <1 <
n+1. In the same way, by using ¢°, we can show H(F oG") =1for 1 <i <n+1.
Thus
HY(F): H/(X") — H(Y') (1<i<n+1)
are isomorphisms. In particular X" is exact if and only if Y* is. Similarly for the
exactness of (2.4). O

2.3. The categories C?X,é) and K?X’QC). We consider the complexes of length
n + 2 with fixed end-terms, as follows.

Definition 2.17. For any pair of objects A, C' € €, define the subcategory 0?(23470)

of C%+2 as follows. We abbreviately denote CEZ;,QA o) by C?XQC), when € is clear

from the context.

(1) An object X' € C™ belongs to C?XQC) if it satisfies XY = A and X"t =

C. We also write it as 4 X when we emphasize A and C.
(2) For any X', Y" € C?X%), the morphism set is defined by

CUZ (XY ={[ € CL(X,Y") | [ =14, "' =1c}.



8 MARTIN HERSCHEND, YU LIU, AND HIROYUKI NAKAOKA

This category C?:QC) is no longer (pre-)additive. However we can take the

quotient C?:QC) by the same homotopy relation ~ as in C%“. Namely, morphisms

g € CZZJQ(X',Y') are homotopic if there is a sequence of morphisms ¢° =
(o1, ..., ") satisfying

(2.5) 0 = ¢lody,
g —f = dylogi+yTlody (1<i<n),
(2.6) 0 = dioyp"th

We use the same notation f* ~ ¢" and f° ~ g* as before. We denote the resulting

©

category by K?X%), which is a subcategory of K%Jrz.
For any morphism f° in C?X,QC), its image in K?X,zc) will be denoted by f°.
As the usual terminology, a morphism f* € C?XQC) (X°,Y") is called a homotopy

equivalence if it induces an isomorphism f” in K?XQC). Two objects X', Y" € C?Xé)

are said to be homotopically equivalent if there is some homotopy equivalence X ™ —
Y. We denote the homotopy equivalence class of 4 X, by [4X (] or simply by [X].

Remark 2.18. Let X' Y" € C?XQC) be any pair of objects. By Claim 2.8 (3), if a
morphism f° € C?XQC) (X", Y") gives a homotopy equivalence in C%H, then it is
also a homotopy equivalence in C?’I QC).

However in general, a homotopy equivalence g° € C%+2 (X", Y") does not nec-

essarily give rise to a homotopy equivalence in C?ch), and thus there can be a

difference between homotopy equivalences taken in C?ch) and in C%"'z. To distin-

guish, we use the notation [X°] exclusively for the homotopy equivalence class in

+2
Clioy
Claim 2.19. Let f* ~ g°: X" — Y be homotopic morphisms in C%+2.
o

—od} —od$,

(1) If f9 = ¢° and if (X2, Y") — € (XL, Y9) — €(X°Y?) is exact,
then ¢" can be modified to satisfy ! = 0.
dy To— dy o

(2) Dually, if f**! = g"*! and if €(X" L, vyt (Xt yn) X
€ (X" Yyntl) is exact, then ¢ can be modified to satisfy ¢"*! = 0.

(3) If both assumptions of (1),(2) are satisfied and if n > 2, then ¢* can be
modified to satisfy ¢! = 0 and "1 = 0.

1

Proof. We only show (1). By ¢! 0d% = ¢° — f% = 0 and the exactness of

odt —od®

Z(X2,Y0) 2 (X1 Y0) 2% ¢(x0,v0),
there is h € €' (X?2,Y?) which gives hod’ = . Then (0, % +d$ oh, 3, ..., o"t1)
gives the desired homotopy. ([

Morphisms in C?X%) behave nicely with n-exangles. The following is obvious
from the definition.

Remark 2.20. Let 40c be any extension, and let (X", ), (Y",d) be objects in /.
Then any morphism f° € C?X%) (X", Y") gives a morphism f*: (X", 6) — (Y",0)
in A.
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Proposition 2.21. Let sd¢ be any extension, let (X', 0),(Y",8) be n-exangles,
and let f* € C?Z%)(X Y") be any morphism. If CELXQC)( LX) #£D, then £ is a

homotopy equivalence in C(A o)

Proof. By the exactness of € (Y™, X™) ol Y™, C) Sy E(Y™, A) and (d%)*0 =
0, there is h € €(Y™, X™) which gives d’% o h = d}.. By assumption, there is some
y € C?XQC Y, X").

Put ¢! =0 € ¢(X!, X°). By the exactness of

—od’ st

€(C,—) 2F g(xn,—) 2K 2 g4, L B0, ),
we obtain ¢’ € €(X*, X?71) for 2 <i < n+ 1 satisfying
Hody —&—dé(_lo(pi:l—yiofi (1 <i<n).
Then, since
d?(ogp”"'l ody = d&ogp"""lod}oh
= }o(l—y"of”—d?{loapn)oh
— (k- Yoy o f)oh = 0,
the sequence
9 =0y Ty e T e d 10)
gives a morphism g° € CE’X%) (Y", X"). We can easily check that g satisfies g"o f* ~
1 for the homotopy (¢!,...,¢", 0). Thus f* has a left homotopy inverse g°.

Applying the argument so far to ¢g' instead of f°, we see that ¢g' also has a
left homotopy inverse f’*, which necessarily satisfies f'* = f. This shows g° =

(fH)" O
2.4. Realization of extensions.

Definition 2.22. Let s be an association which assigns a homotopy equivalence
class 5(0) = [4X(] to each extension 6 = 4dc. Such s is called a realization of E if
it satisfies the following condition for any s(d) = [X '] and any s(p) = [Y].
(RO) For any morphism of extensions (a,c): § — p, there exists a morphism
e C%”(X',Y') of the form f* = (a, f1,..., ", ¢). Such f is called a
lift of (a,c).
In such a case, we abbreviately say that “X° realizes §” whenever they satisfy
5(0) = [X7].
Moreover, a realization s of E is said to be ezxact if it satisfies the following
conditions.
(R1) For any s(d) = [X '], the pair (X', d) is an n-exangle.
(R2) For any A € ¥, the zero element 400 = 0 € E(0, A) satisfies

5(400) = [A S A—=0— - —0—0].

Dually, §(¢04)=[0—-0—--- 20— A RN A] holds for any A € ¥.

By Proposition 2.16 (and Remark 2.20), the above condition (R1) does not depend
on representatives of the class [X"].

Definition 2.23. Let s be an exact realization of E.



10 MARTIN HERSCHEND, YU LIU, AND HIROYUKI NAKAOKA

(1) An n-exangle (X°,0) is called an s-distinguished n-exangle if it satisfies
5(0) = [X"]. We often simply say distinguished n-exangle when s is clear
from the context.

(2) An object X* € C%Jr2 is called an s-conflation or simply a conflation if it
realizes some extension § € E(X" 1 XV).

(3) A morphism f in ¥ is called an s-inflation or simply an inflation if it admits
some conflation X" € CLt? satisfying d% = f.

(4) A morphism g in ¥ is called an s-deflation or simply a deflation if it admits
some conflation X € C%+2 satisfying d% = g.

Lemma 2.24. Let 40¢ be any extension, and let (X, d),(Y",d) be n-exangles. If
a morphism f* € BE((X",d),(Y",d)) satisfies f"™ = 1, then there is a morphism
f" which is homotopic to f* and belongs to C?;%).

Proof. Since f° satisfies (f°).0 = (f*+1)*§ = 6, there exists h € € (X, A) satisfy-
ing hod% =1— f° by the exactness of

G(XY,A) =% ¢4, 4) 2 B, A).

If we modify f° by a homotopy ¢ = (h,0,...,0), then the resulting morphism f’*
satisfies the desired properties. (Il

Proposition 2.25. Let s be an exact realization of E. Suppose that a morphism
e B(a(X",8)c, (Y, p)c) satisfies f*T = 1¢ and gives a homotopy equivalence
n C%*z. Then (X", 8) is a distinguished n-exangle if and only if (Y", p) is.

Proof. By Claim 2.8, there is a homotopy inverse g° € C%fZ(Y', X") of f* satistying
g"t! = 1¢, which gives a morphism ¢": (Y", p) — (X", §) by Proposition 2.10 (2).
Thus it suffices to show the ‘if’ part, since the statement is symmetric in (X", ¢)
and (Y, p).

Assume that (Y",p) is a distinguished n-exangle, and put f° = a,¢° = b
for simplicity. By Proposition 2.16, the pair (X", §) is also an n-exangle. Take
5(8) = [Z7], to obtain a distinguished n-exangle 4(Z",d)¢. Since (Y, p) is also a
distinguished n-exangle, morphisms (a,1¢): 6 — p and (b,1¢): p — 0 have lifts
h':(Z",0) = (Y, p)and £ : (Y, p) — (Z",§). Composing with ¢* and f*, we ob-
tain g'oh” € B((Z",0),(X",8)) and L'of" € B((X",d),(Z",4)). Since g"Tloh" 1 =
1¢, it is homotopic to a morphism k° € C?ZQC)(Z', X") by Lemma 2.24. Similarly
for ¢" o f*. Then by Proposition 2.21, we have [X'] = [Z°] = $(J), which means
that (X", d) is distinguished. O

Corollary 2.26. Lets be an exact realization of E. For any distinguished n-exangle
A<X', 5>c, i.e.
0 1 n—1 n
AL xr Ay e B6 0,
the following holds.
(1) For any isomorphisms a € €(A,A’) and c € €(C',C),

A dg(o_fl X! i d?‘__; X" Ciﬁl;’z‘ o ey
s again o distinguished n-exangle.

(2) If an object (Y",p) € E is isomorphic in B to (X",0), then (Y, p) is also
a distinguished n-exangle.
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Proof. (1) We have the following sequence of isomorphisms (X *, ¢) EAN (X", c*0) 2o

(X", axc*d) in AE.

&% L L
A . l —
d% d;'(’._l c” odX c*d
A/ o Xn C/ - — >
d%oa~ d% dg( dnt clod% a.c*é
Since f© = 14, the middle row becomes a distinguished n-exangle by Proposi-

tion 2.25. Then, since g"t! = 1o/, the bottom row becomes a distinguished n-
exangle by the dual of the same proposition.

(2) Let * = (RO R, ..., h"): 4(X",0)c — B{(Y",p)p be an isomorphism. By
(1), the isomorphism h° € €(A, B) induces the following distinguished n-exangle.

0 o 0y—1 1 n hO *6
2.7) BT x1 By xS o)
Since (1p,ht, h?,..., h") gives an isomorphism from (2.7) to (Y, p) in /&, the dual
of Proposition 2.25 shows that (Y, p) becomes distinguished. O

2.5. Definition of n-exangulated categories.
Definition 2.27. For a morphism f° € C%Jrz(X'7 Y") satisfying 0 = 14 for some
A=X"=Y7" its mapping cone M; e C%‘*‘2 is defined to be the complex
@ 2 By ) 5y
X' A x2qpy! A x3qpy? ... L xntlgyn —>Y”+1

where

—d
de = [ le },

oo [0 1<i< 1
M; = i (I<i<n-1),
My = [ fretay ]
The mapping cocone is defined dually, for morphisms A’ in C%+2 satisfying

hntl =1,
Proposition 2.28. Suppose that a diagram in C%JFQ

5

X' —Y
I‘L o l/y
W' —>z
g
satisfies the following conditions.
(i) =" € C”;g)(X' W), with X =W° = A and X"+ = W+l = C,
(ii) y C”+2 (Y, Z), with Y = Z2° = A and Y™+ = 2" = D,

(111) fO _g = lA;
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(iv) g"oax" ~ 1y o f* is a homotopy satisfying ' = 0.
o

Then the following holds for the mapping cones Mf and M, .
(1) We have a morphism F" € C%"’Q(M}, M,) given by

. 22 0 2"t 0
F :(_le,|: @2 yl e SDnJrl Y ,ID).
(2) Assume that X°,Y ", 7", W" satisfy the assumption of the exactness in Claim 2.19

(1). If x° and y" are homotopy equivalences in C?Z%) and C?XQD) respec-

. . . . . +2
tively, then the above F" is a homotopy equivalence in CL~.

Proof. (1) This is straightforward.
(2) Let w* € C?:{ZC)(W',X') and 2" € C?X%)(Z',Y') be homotopy inverses of
' and y°, with homotopies

T ow "jlW' , W ox Ale.,
w §

Yy oz rx:lZ. , Z oy rx:ly..
¢ n

As in Claim 2.19, we may assume w' = 0,0 = 0,17t = 0,¢* = 0. Then
wi :zi_logi_lowi—zi_logoiowi—niofiou)i (l §i§n+1)

gives a homotopy f"ow" ~ 2" o g" satisfying 1! = 0. Thus (1) applied to
o

<=
*.i s e

N <—N

gives a morphism G € C%+2(Mg;7MJ}) defined in the same way as F". We can
show that

oo (e ol [E 2] 20 )

give a homotopy G" o F” :;. I" where I' € C(T(?D)(M}’ Mf) is a morphism of the

I':(l,[alg ?]l:anl—i-l ”1)

for some a’ € €(X*, Y 1). Since I" is an isomorphism, this shows that F" has a
left homotopy inverse.

Similarly, ¥" induces a homotopy F" o G° ~ J* to an isomorphism J°, and F"°
also has a right homotopy inverse. Thus F" is a homotopy equivalence. O

form

Proposition 2.29. Let f*: A(X",0)c — a{Y", p)p be a morphism in IE, satisfying
fO=14. Then (M3, (dS)«p) also belongs to .

Proof. By the definition of d?wf and drfvffl, this follows from

(d%)e(@%)ep =0, (F)o(d%)-p = (d)up =0
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and
(") (d%)ep = (d%)20 =0, (d3)"(d%)«p = (d% ) (d3)*p = 0.
U

Corollary 2.30. Let f*,g": a(X",8)c = a(Y ", p)p be any pair of morphisms of
n-exangles, satisfying f©=¢° =14. If g" ~ " in C%ﬁ, then M = M, holds in

%3
C?;IQ py- In particular we have [M;] = [Mg].

Proof. By Claim 2.19 (1), we may modify ¢ to satisfy ¢! = 0. Applying Proposi-
tion 2.28 to

X‘>Y

X‘?Y
g

we obtain a homotopy equivalence
. 10 1 0 . .
F:(lxl’[¢2 1],...,{@%1 1},1D):Mf—>Mg
in C%+27 which is indeed an isomorphism. [l

Corollary 2.31. Let f': A(X",8)c — a(Y ', p)p be a morphism of n-exangles,
satisfying fO =14. Ifw € C?;{zc (W', X") andy" € C?XQD)(Y', Z") are homotopy
equivalences in CF (A C) and C(A7D) respectively, then the following holds for g° =
yof ow

(1) If (M, (d%)+p) is an n-ezangle, then so is (M, (djy ).p).

(2) Moreover, if (M}, (d%)«p) is distinguished, so is (M, (d%y)«p)-

Proof. By Proposition 2.16 (and Remark 2.20), the pairs (W",d) and (Z°, p) are
n-exangles. Let 2" € CE’;‘WC) (X, W") be a homotopy inverse of w", and take a

homotopy w* oz ~ 1,.. If we define ¢ by
e

=y Tlof ol (1<i<n+l),
this gives a homotopy g*oz" ~ y o f". Since (X", ) is an n-exangle, we may assume

]
! = 0 by Claim 2.19. Then by Proposition 2.28, we obtain a homotopy equivalence
F' e CUP(M;, M;) satisfying FO = 2! and F"*!' = 1p. By (2').(d%).p =
(W )«p, this gives a morphism F* € EB((M;, (d%).p), (M, (dYy)«p)). Thus (1)
follows from Proposition 2.16, and (2) follows from Proposition 2.25. (]

Definition 2.32. An n-ezangulated category is a triplet (¢, E,s) of additive cate-
gory %, biadditive functor E: ¥°P x ¥ — Ab, and its exact realization s, satisfying
the following conditions.

(EA1) Let A Jy B 25 Cbe any sequence of morphisms in €. If both f and g
are inflations, then so is g o f. Dually, if f and g are deflations then so is

gof.
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(EA2) For p € E(D, A) and ¢ € €(C, D), let 4(X",c*p)c and Ao(Y",p)p be dis-
tinguished n-exangles. Then (14, ¢) has a good lift f°, in the sense that its
mapping cone gives a distinguished n-exangle (M}, (d%)«p)-

(EA2°P) Dual of (EA2).

Remark 2.33. Concerning (EA2), the following holds. Similarly for (EA2°P).

(1) By Corollary 2.30, if g ~ f*: (X ,0)¢ — a(Y",p)p are lifts of (14,c),
then f° is a good lift if and only if ¢° is.

(2) By Corollary 2.31, condition (EA2) is independent from representatives of
the classes [X"] and [Y”].

3. FUNDAMENTAL PROPERTIES

3.1. Fundamental properties of n-exangulated categories. We summarize
here some properties of n-exangulated categories, which will be used in the proceed-
ing sections. Let (¢, E,s) be an n-exangulated category, throughout this section.

Proposition 3.1. Let 4d¢ be an extension. Suppose that for any Q € €,
3:6(Q,C) - E(Q,A) and 5 6(A,Q) = E(C,Q)
are monomorphic. Then, the following holds for any n-exangle (X", 6).
(1) d% =0 and d% = 0.
(2) X* is homotopically equivalent in C?ch) to the object

) 42400 00 0
which will be denoted by O = AQD¢ in the rest.

In particular, such 6 should satisfy s(§) = [D°].

Proof. (1) This immediately follows from §*(d%) = 0 and 64 (d’%) = 0.

(2) Remark that the assumption of the monomorphicity of §; and &* is equivalent
to that (", ) is an n-exangle. Since there are morphisms

f. = (1A,0,...,0,lc): X — @.,

g = (14,0,...,0,1¢): O —» X~
in C’(XQC) by (1), these are homotopy equivalences by Proposition 2.21. O
Remark 3.2. Let us explain the motivation behind Proposition 3.1 using the case of
(n+2)-angulated categories. As we will see in Subsection 4.2, any (n+2)-angulated
category (¢, X%, 0) (triangulated category if n = 1) can be regarded as a particular
case of an n-exangulated category. In this case, an n-exangle 4(X", §)¢ corresponds
to an (n + 2)-angle

n—1

d$ dj d d%
AS XS xS o 0wy,
from which we can obtain its right rotation
D 10 S I d} dy ! d
(3.2) wolo 0 4 Iy xn Ay e IR o
Then the conditions d$ = 0 and d% = 0 correspond to that X' is an isomorphism,
and that (3.2) becomes weakly isomorphic to

qyns—1
1o N 6A~>0~>~~~>0%C,
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whose left rotation gives (3.1).

Proposition 3.3. Let (X", 8¢, 5{(Y", p)p be any pair of objects in . Then the
following are equivalent.

(1) (X" @Y ", p) is a distinguished n-exangle.

(2) Both (X,6) and (Y, p) are distinguished n-exangles.

Proof. As in Remark 2.14, (X" ®Y",0 @ p) is an n-exangle if and only if (X", ¢)
and (Y, p) are n-exangles.

(1) = (2). Put s(6) = [Z°], and let us show that [X'] = [Z°] holds in C?X%).
For simplicity, for any pair of objects I, J € €, denote the inclusion and projection
to the 1st component by

jlz[é}:f—)I@J and pr=[10:1¢J—1,

respectively. Since (ja,jc): 0 — 0 @ p and (pa,pc): 6 ® p — 0 are morphisms of
extensions, they have lifts f* € C7*(Z", X" @Y ) and " € CLP*(X @ Y", Z"). If
we compose them with

p. = (pAvala s 7pC) € C%’+2(X 2] Y.vX‘)
and

§" = (asixt,-- - do) € CEP(X, X @Y
respectively, we obtain p* o f° € C?X%)(Z', X )and g'oj € C?X%) (X", 7). Thus
Proposition 2.21 shows [X '] = [Z°]. Similarly for s(p) = [Y].

(2) = (1). Put s(6 ® p) = [W’], and let us show [X" @ Y'] = [W']. Let

€ CLP(X",W') and ' € CLMP (W', X") be lifts of (ja,jc) and (pa,pc),
respectively. Similarly, let y* € C%"’Q(Y',W') and v° € C%+2(W',Y') be lifts of

(m m) and ([0 1], [0 1]). Then

(1, [zt yl],.. . 2" Y], 1) X Y = W,
1 n
(1, [“1} [un} )W s X eY
v (%
are morphisms in C{{2 5 o py- Proposition 2.21 shows [X* © Y] = [W]. O

The following is an analog of [Hu, Lemma 5].
Corollary 3.4. Suppose that
1 w 2 n
(3.3) X0mA b xtaalxy 2 dx A opngr 9

is a distinguished n-exangle, where d is as follows.

d= ["”5 ”e%(XO@A,Xl@A)

Then for d% =z —uov and p=1[10]: X’ ® A — X,

dS d; d? dy P06
(3.4) X0 X xS x2S L S Xl T

becomes a distinguished n-exangle.
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Proof. For pand ¢ = [0 1]: X°® A — A, put § = p.0 and p = ¢.0. Then 6

corresponds to Lﬂ through the natural isomorphism

(3.5) EX", X0 A) 2 E(X"T, X0) @ E(X"H, A),

and the equality d.6 = 0 implies v,d + p = 0. Thus

(a“ ?],b“ _1“]111)

gives an isomorphism in & from (3.3) to

(3.6) X0 A DO y1 g g O 0 o B B yng a2

with a6 corresponding to [(ﬂ through (3.5). Since (3.6) is isomorphic to a coprod-
uct of (3.4) and

AN A0 502
in &, Corollary 2.26 and Proposition 3.3 shows that (3.4) is also a distinguished

n-exangle. ]

The following lemma is an analog to parts of the classical [ML, Theorems I11.3.2
and 111.3.4]. Especially, the treatment of sums of extensions in the proof is quite
parallel to that in [ML, Theorem 2.1]. One can also compare with [NP, Proposition
3.3].

Lemma 3.5. For any distinguished n-exangle 4(X",d)¢, the following holds.

(1) €(=,C) =2 B(—, A) ‘B B(—, X1) is exact.
2) €(A ) = E(C, —) B B(X, ) is exact.

Proof. We only show (1), since (2) can be shown dually. Let us show the exactness
of

0
(3.7) %(D,C) 2 E(D, A) ‘X B(D, X1

for any D € €. Suppose that § € E(D, A) satisfies (d%).0 = 0. Put s() =
[Y], to obtain a distinguished n-exangle 4(Y",0)p. By Proposition 3.3, coproduct
A0A{X @Y ,0 ® 0)cgp is also a distinguished n-exangle.

Let V4 =[11]: A® A — A be the folding morphism. Put u = (V4).(d ©0)

and s(uu) = [Z'], to obtain a distinguished n-exangle 4(Z", u)cep. If we write
dy = ]z : Z" — C @ D, then (d%)*u = 0 means

(3.8) k*6+ 076 =0.

Since (1) : C — C®D satisfies [(ﬂ *,u = (Va)« [(ﬂ *(5696) = §, we have a morphism

of extensions (1,4, [(ﬂ ): 0 — p. By (EA2), it has a good lift f*: (X", 0) — (Z", ),
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which gives a distinguished n-exangle (M}, (d%)«p). By definition, the last two

b

cCezZ» - — ~CaoD.
Remark that the assumption (d%).0 = 0 shows
(d%)sn = (d5%)+(Va)u (0 @ 0) = [d% d].(0

diyy
terms MJI‘ —4 M}LH of Mf is

0) = 0.

®
Thus by Claim 2.15, morphism d’](/[f has a section s = [ I; (i } :CeD —-CeapZm,
and the equality d?/[f os = 1 implies in particular g+ kot =0 and fot = 1p. Then
q € € (D, C) satisfies
0(q) =q¢"6=—(kot)"0 =t"(—k"0) =t"0"0 =0
by (3.8). This shows the exactness of (3.7). O
The following is a consequence of (R0) and (EA2).

Proposition 3.6. Let 4(X",0)¢ and g(Y", p)p be distinguished n-exangles. Sup-
pose that we are given a commutative square

40
XO HX. Xl

o o ]

Yo?Yl

in €. Then the following holds.
(1) There is a morphism f': (X',8) — (Y',p) which satisfies f° = a and
fi=b.
(2) If X =Y = A and a = 14 for some A € €, then the above f° can be
taken to give a distinguished n-evangle (M, (d%)«p)-

0
Proof. By Lemma 3.5, €(C, D) Ly E(C, B) @) E(C,Y1) is exact. Thus by
(dY)«(axd) = b, (d% )6 = 0, there is ¢ € €(C, D) satisfying py(c) = a.d. This gives
a morphism of extensions (a,c): 6 — p.
By (R0), it has a lift g": (X",d) — (Y", p). Then by the exactness of

1 0
(3.9) 7(X2, Y1) 2% ¢ (x!,Yl) 2% ¢xO, v
and (b — g') o d% = 0, there is m € €(X?2,Y!) which gives mod} = b — g'.

Modifying ¢° by the homotopy ¢ = (0,m,0,...,0), we obtain a morphism
I =(a,b,g> +d3 om,g>,...,g", ¢g"""), which satisfies the desired condition.

(2) The same construction as (1) works, except for that we take a good lift in
the second step. Indeed as above, there is ¢ € €(C, D) which gives a morphism
(1a,¢): & — p. By (EA2), it has a good lift ¢": (X",d) — (Y, p), which makes
(M, (d%)«p) a distinguished n-exangle. Then the exactness of (3.9) gives a ho-
motopy ¢° = (0,m,0,...,0) from g° to a morphism f° satisfying f° = 14 and
f' = b. By Corollary 2.30, it follows that (M;, (d%).p) is also a distinguished
n-exangle. ([l
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3.2. Relative theory. In this subsection, we study relative theory for n-exangulated
categories and show that n-exangulated structures can be inherited in any relative
theory. This is just an n-exangulated analog of the argument for exact categories
in [DRSSK, Sections 1.2 and 1.3]. We also remark that subfunctors F C E for
extriangulated categories, namely, in the case where n = 1 (see Proposition 4.3),
are investigated in [ZH].

Definition 3.7. Let € be a category, and let E: €°P x € — Ab be a biadditive
functor.
(1) A functor F: €°P x € — Set is called a subfunctor of E if it satisfies the
following conditions.
o F(C, A) is a subset of E(C, A), for any A,C € ¥
e F(c,a) = E(c,a)|r(c,a) holds, for any a € (A, A’) and c € €(C’,C).
In this case, we write as F C E.
(2) A subfunctor F C E is said to be an additive subfunctorif F(C, A) C E(C, A)
is an abelian subgroup for any A,C € . In this case, F: €°P x € — Ab
itself becomes a biadditive functor.

Definition 3.8. Let F C E be an additive subfunctor. For a realization s of E,
define s|p to be the restriction of s onto F. Namely, it is defined by s|p(d) = s(9)
for any F-extension §.

Claim 3.9. Let (¢,E,s) be an n-exangulated category, and let F C E be an
additive subfunctor. Then s|p is an exact realization of F. Moreover, the triplet
(¢,T, s|p) satisfies conditions (EA2) and (EA2°P).

Proof. This immediately follows from the definitions of these conditions. O

Thus we may speak of s|p-conflations (resp. s|p-inflations, s|p-deflations) and s|g-
distinguished n-exangles as in Definition 2.23. The following condition on F C E
gives a necessary and sufficient condition for (¢,TF,s|r) to be an n-exangulated
category, as will be shown in Proposition 3.16.

Definition 3.10. (cf.[DRSSK]) Let F C E be a additive subfunctor.
(1) F C E is closed on the right if

0 1
F(-, x°) ‘G F(-, x1) S F(-, x?)
is exact for any s|p-conflation X".
(2) F CEis closed on the left if
n o\ * dnfl *
Fxm,—) B R, ) A Rt )
is exact for any s|p-conflation X".

Proposition 3.11. Let (¢,E,s) be any n-exangulated category. If s|p-inflations
are closed by composition, then F C | is closed on the right. Dually, if s|p-deflations
are closed by composition, then F C K is closed on the left.

Proof. We only show the first statement. Suppose that s|p-inflations are closed by
composition. Let 4(X", )¢ be any s|p-distinguished n-exangle, and let us show the
exactness of

0y (A% )« 1y (dx)« 2
F(F,X") = F(F,X") = F(F,X?)
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for any F € €. Since (d% ). o (d% ). = 0 follows from d o d% = 0, it is enough to
show Ker(d} ). C Im(d% ).

Let 0 € Ker(dy). be any element, and let g(Y",0)r be an s|p-distinguished
n-exangle realizing it as follows, where we put X! = B.

A% 1 Ay (2 e 0
B—Y —Y —-...=2Y" —F--.
Since d% and d) are s|p-inflations, their composition df. o d% becomes an s|p-

inflation by assumption. Thus there is some s|p-distinguished n-exangle 4(Z",7)p
which satisfies Z! = Y1 and d% = d% o d% as follows.

d% od$ di d% dy
Ayt S5 g2 T g 5 p D

By Proposition 3.6 applied to the following commutative diagram,

0

Ahxl

A‘>Y1

we find a morphism of n-exangles f*: (X",d§) — (Z°, 7) which satisfies
ff=1a, fl=a&
and makes (M}, (d%)«7) p an s-distinguished n-exangle. Since (d%).7 € F(D, B),

this is an s|p-distinguished n-exangle. Then by Proposition 3.6 applied to the
diagram

B—1x2gY!

| o ey

B——>Y!
a3
7
where we put d = d((i)X :B — X?2@Y!, we find a morphism of n-exangles
Y

gt (M}, (d%)«T) — (Y",0) which satisfies
¢ =1p, ¢'=1[01]
and makes (M, d.0) an s|p-distinguished n-exangle. In particular it satisfies
(3.10) (g" 1) 0 = (d% )7
By definition, this n-exangle (M, d.0) is of the following form.

n+1 n
Xoy' s X*e ey s X'e 2oy ... sDoyr Y _ptl

Then d.0 = 0 follows from (d% ).0 = 0 and (dY).0 = 0, which means that [¢g" ! d}]
has a section [z;] :F—DaY™ If we put 8 =siT € F(F, A), then the equalities
g" " os) 4+ di osy = 1p and (3.10) show

0= si(g"1)"0 + s3(dy )"0 = s1(dX )u = (d%).5,

X )+

and thus 6 € Im (F(F, X°) =% (& =5 F(F,X")) holds. O
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Corollary 3.12. For any n-exangulated category (€,E,s), the sequences
E(—, X°) (d% ) E(—, X1 (d )« E(—, X?)
and
B+ —) G gy xn, ) ) gyt
are exact for any s-conflation X".

Proof. This immediately follows from Proposition 3.11 applied to F = E, as (¢, E, s)
satisfies condition (EA1). O

In view of the classical case one might expect that the the exact sequences in
Lemma 3.5 and Corollary 3.12 are part of longer exact sequences involving E(—, X*)
for i > 2, respectively E(X?, —) for i < n—1. The following example shows that this
is not the case in general and so in this sense Lemma 3.5 together with Corollary 3.12
is optimal for n-exangulated categories.

Example 3.13. Let k be field, @ the quiver

a b
— T — T
1 2 3
N~ N~
a” b

and A = kQ/(aa*,a*a—bb*,b*b), i.e., the preprojective algebra of Dynkin type Aj.
The Auslander—Reiten quiver of A is

A e
3 3 i
I N N
2 2»13»13 2
N oSN NS
2 1 3
3/ \
2 2
1 3

where each indecomposable is labelled by its Loewy structure and the dotted lines
should be identified.

The subcategory ¢ = add(A® 1 ® 2 @ %) is a 2-cluster tilting subcategory
of modA, and according to [J], it is a 2-abelian category. Hence € has the structure
of a 2-exangulated category, where E is just Exti‘ (see Subsection 4.2 for details).
Notice that there is an exact sequence

0— 2 =3 =52 5 2 =0,
which is a 2-exact sequence in €. However, the following complex
2 2 2 2
EXtA( % )y 2 )_>EXtA( % ’ %)ﬁEXtA( % ’ %)%EXtA( % ’ 2)
is not exact at Ext3( 2, 2 ). Indeed, it is isomorphic to 0 — 0 — k — 0.

Lemma 3.14. Assume that an additive subfunctor F C E is closed on the right.
Let 6 € E(C, A) be any E-extension. If it satisfies .0 € F(C, B) for some s|p-
inflation = € € (A4, B), then 6 € F(C, A) follows.
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Proof. Take an s|p-distinguished n-exangle 4(X',d) satisfying d% = x. We have
the following commutative diagram, whose bottom row is exact by Lemma 3.5 and
Corollary 3.12.

T s (dﬁ()*

F(C,A) —=TF(C, B) —=TF(C, X?)

[

t * %)
By assumption, the upper row is exact at F(C, B). Thus there exists some v €
F(C, A) satisfying z,v = z,0. Then by z.(6 — v) = 0, there exists f € € (C, X" 1)
which gives § — v = 64(f). Thus it follows § = v + 03 f € F(C, A). O

Lemma 3.15. For any additive subfunctor F C E, the following are equivalent.

(1) F is closed on the right.
(2) F is closed on the left.

Thus in the following, we simply say F C E is closed, if either of the conditions are
satisfied.

Proof. We only show (1) = (2). Let (X",d)c be any s|p-distinguished n-exangle,

(@* n (d?(il)* n—1
and let us show the exactness of F(C, A) F(X™ A) =’ F(X" ' A) for any

Ac?.
Take any element 6 € F(X™, A) satisfying (d’s ')*0 = 0. By the exactness of
o * n—1y%
EB(C, A) B g(xn, 4) ") Bt a),

there exists v € E(C, A) satisfying (d% )*v = 6. It suffices to show v € F(C, A). Re-
alize 0 by an s|p-distinguished n-exangle 4 (Y, 0) x», and v by an s-distinguished n-
exangle 4(Z",v)c. Take a good lift f* of (14,d%): 6 — v, to obtain s-distinguished
n-exangle (M}, (dy,).v) as follows.

n n d(J U
y! —>Y2EBZ1 —>..._>Y"€BZH*1 S X" Zn [dx_d>z]0(_y_)_)

By the dual of Proposition 3.6 applied to the following diagram,

a%

Xn c

O/ B

Xre s — >
O e ¢

we obtain a morphism of n-exangles g": (X", 8)c — (M}, (dy,).v) satisfying g" ' =
1c. In particular we have (d%).v = (¢°).6 € F(Y!,C). Since dY is an s|p-inflation,
Lemma 3.14 shows v € F(C, A). O

Proposition 3.16. For any additive subfunctor F C E, the following are equivalent.
(1) (€,F,s|r) is n-ezangulated.
s|p-inflations are closed under composition.

(2)
(3) s|p-deflations are closed under composition.
(4) F CE is closed.
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Proof. (1) holds if and only if both (2) and (3) hold, by Claim 3.9. Proposition 3.11
means that (2) or (3) implies (4). Since (4) is self-dual by Lemma 3.15, it remains
to show (4) = (2).

Let 4(X",8)¢c, (Y, p)r be any pair of s|p-distinguished n-exanlges with X! =
B. Under the assumption of (4), let us show that d9- o d% becomes an s|p-inflation.
Since dy o d% is an s-inflation, there is an s-distinguished n-exangle 4(Z',7)p
satisfying d% = d% o d%.. Similarly as in the proof of Proposition 3.11, we obtain
by Proposition 3.6 a morphism of n-exangles f*: (X",d) — (Z°,7) which satisfies
fO =14, f' = d} and makes (M}, (d%).7) an s-distinguished n-exangle as follows.

—dt
[d?/X] 2 1 n (d[))()ﬂ'
B — X@Y —»---=>Caq@Z"—>D - .

Applying Proposition 3.6 to the following diagram,

[
dY

B X?’aY!
| o e
B —y!

dY
we obtain a morphism of n-exangles g": (M}, (d%)«7) — (Y, p) satisfying ¢° = 1p
and g' = [0 1]. In particular we have (d%).7 = (¢"™')*p € F(D, B). Since d% is
an s|p-inflation, Lemma 3.14 shows 7 € F(D, A). O

Corollary 3.17. Let {Fx}xea be a family of additive subfunctors of E. If each

Fy CE is closed, then so is their intersection (| Fx CE.
AEA

Proof. Tt can be easily confirmed that the intersection satisfies condition (2) in
Proposition 3.16. (]
Definition 3.18. Let Z C € be a full subcategory. Define subfunctors Ez and EX
of E by

Ez(C,A) = {0e€E(C,A)|(0s);r =0 for any I € T},

EX(C,A) = {6 €E(C,A)]|ds =0 forany I eI}
Proposition 3.19. For any full subcategory T C €, these Er and EX are closed
subfunctors of E.

Proof. We only show for the statement for Ez. To show that Ez is a subfunctor of
E, it suffices to show
a.c*(Ez(C, A)) CEZ(C', A")
for any a € €(A,A") and ¢ € €(C’,C). Let § € Ez(C, A) be any element. Then
a.c*d € E(C', A') satisfies
(axc™0)s(f") = f"awc"d = a.(04(co f')) =0
for any I € 7 and any f' € €(I,C"). Thus ((a+c*0)4);r = 0 holds for any I € Z,
which means a,c*§ € Ez(C’, A"). Thus Ezr C E is a subfunctor. Moreover, since
Oﬁ:() and (575,))3:51175’3
holds for 0 € E(C, A) and any 4,6’ € E(C, A), we see that Er C E is additive.
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For any s|g,-distinguished n-exangle (X", d), let us show the exactness of

(

0y (%)« 1y (dx) 2
Ez(—, X") Ez(—,X") Ez(—, X7).

0 1

Remark that E(—, X?) (@x) E(—,X1) (@) E(—, X?) is exact. Thus for any C' € €,
if 0 € Ez(C,X") satisfies (d%).0 = 0, then there is v € E(C, X") which gives
(d%)«v = 0. 1t is enough to show v4(f) = 0 for any I € Z and any f € €(I,C).

0
Since 0 — E(I, X°) (@) E(I, X1) is exact, this follows from the equation

(d%) (e (f)) = (dX) f*v = 70 = 0:(f) = 0.

4. TYPICAL CASES

4.1. Extriangulated categories. In this subsection, we consider the case n = 1.
Let € be an additive category, and let E: €°P x ¥ — Ab be a biadditive functor.

Lemma 4.1. For any A,C € €, let X', Y € C‘E’A,C) be any pair of objects.
Assume that

(4.1) ¢, —) " gxt,-) T A, -,
(4.2) ¢ 4) T g x1) TS R o),

are exact, and similarly for Y. Then for any morphism f° = (14, f!,1¢) €
C% 4,0)(X7,Y7), the following are equivalent.

(1) f° is a homotopy equivalence in C?A’C).

(2) fis an isomorphism in C?, ..

(3) f!is an isomorphism in €.
Thus X, Y" are homotopically equivalent in C? 4,0) if and only if they are equivalent
in the sense of [NP, Definition 2.7].

Proof. (2) < (3) is obvious. (2) = (1) is also trivial. Let us show that (1) implies
(3). Suppose that f* has a homotopy inverse ¢g* € C‘E’A,C)(Y',X').

Let g* o f* ~ 1. be a homotopy. By Claim 2.19, we may assume that ¢ is of

o
the form ¢ = (0,¢?). Then we have p? ody =1—g' o fl. Thus x = g' + p? o d},
satisfies
zofl =glofl+gtody =1,

and gives a left inverse of f! in ¥. Similarly we can show that f! has a right
inverse, which means it is an isomorphism. O

Lemma 4.2. Assume that (¢,E,s) is a 1l-exangulated category, and suppose we

’ 5 ’ 6/
are given distinguished 1-exangles A LB p S andB Lo LR s
Remark that h = g o f is an s-inflation by (EA1), and thus there is also some

distinguished 1-exangle A o L/) E --».
Then, there exist d € €(D,E) and e € ¥ (E,F) which satisfy the following

conditions.

e iy
(i) D L E-SF AN is a distinguished 1-exangle.
(i) d*§" = 4.
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(iii) fid" =e€*d'.
Proof. This is an analog of [Hu, 3.5]. By Proposition 3.6 (2), there is d € ¥(D, E)
which satisfies do f/ = h' o g, d*6"” = § and makes
B pac gty
a distinguished 1-exangle for u = {_gf/} . Again by the same proposition applied to

the following,

u [d r] _ f.8"
B DoC E—-—->

e
B g C ' F*(Sj)

we obtain e € € (F, F) which satisfies eo [d h'/] = ¢’ o [0 1], e*¢’ = f.6” and makes

(4.3) DaC - EaC L Y
—d -l

0 1 } . Thus Corollary 3.4 shows that

a distinguished 1-exangle for v = [

_ —fe
D=4F -5 F o5

e fi
is a distinguished 1-exangle. This is isomorphic to D L E-SF --», and thus
Corollary 2.26 can be applied. O

Proposition 4.3. Let € and E be as before. Then, a triplet (¢,E,s) is a 1-
exangulated category if and only if it is an extriangulated category.

Proof. First, suppose (¢, E,s) is a 1-exangulated category, and show it is an extrian-
gulated category. By duality, let us just confirm conditions (ET1),(ET2),(ET3),(ET4)
in [NP, Definition 2.12].

(ET1) is already assumed. By Lemma 4.1, the homotopy equivalence class s(d) =
[X°] is equal to the equivalence class of X" in the sense of [NP, Definition 2.7] for
any extension 6. Thus (ET2) follows from (R0),(R2) and Proposition 3.3. (ET3)
is shown in Proposition 3.6. Lemma 4.2 shows (ET4).

Conversely, suppose (%, E, s) is an extriangulated category. By [NP, Proposition
3.3], sequences (4.1) and (4.2) are exact for any X" realizing an extension ¢. Thus
the equivalence class of X" in the sense of [NP] is equal to the homotopy equivalence
class of X" in C?A’C), by Lemma 4.2. Similarly as above, let us just confirm
conditions (R0),(R1),(R2) and (EA1),(EA2).

(R0O),(R2) follow from (ET2). (R1) is shown in [NP, Proposition 3.3]. (EAI)
follows from (ET4), as stated in [NP, Remark 2.16]. (EA2) follows from the dual
of [LN, Proposition 1.20]. O

4.2. (n+2)-angulated categories. In this subsection, we consider the case where

the additive category % is equipped with an automorphism >: & =, ¢%. Then ¥
gives a biadditive functor Ey, = €(—,X—): €°P x % — Ab, defined by the following.
(i) For any A,C € €, Ex(C,A) = €(C,ZA).
(ii) For any a € €(A,A4") and ¢ € €(C’,C), the map Ex(c,a): €(C,2A) —
E(C', 2 A") sends 6 € €(C,XA) to c*a.d = (Xa)odoec.
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The aim of this subsection is to show the equivalence of the following (I) and (II).
(I) To give a class of (n + 2)-X-sequences O which makes (¢, %, 0) an (n + 2)-
angulated category in the sense of [GKO].
(II) To give an exact realization s of Ex, which makes (%, Ex, 5) an n-exangulated
category.
First let us show that (I) implies (II). Let (¢,%,©0) be an (n + 2)-angulated
category as in [GKO]. We assume that X is an automorphism as above. For each
0 € Ex(C, A), complete it into an (n + 2)—angle

2
A% x1 O e B xm 5o 2na
by (F1)(c) and (F2) in [GKO]. Then define 5@(6) = [X"] by using X" € C?:((é)
given by
0 2% 1 Ik, y2 kA n n+1 0 n+1
X' S XS XS S XS X (X’ =4, X" =0C).
Lemma 4.4. For each 40¢, the above sy (6) = [X7] is well-defined.

dn 1
Proof. Let A —> vy &y &y L Y, yn B 0 %5 %14 be another choice of
(n + 2)-angle, and let Y~ be the corresponding object in C?XQC) given by

0 4 1 dv o dy o dyT] +1 0 +1
yo Byt By By By Y'=AY"" =0).
Let us show [X'] = [Y']. By (F2),(F3) in [GKO], there is a morphism f° €
C?XZC)(X', Y") as follows.
n—1 n
A dg{ Xl dﬁ( X2 d‘%( ...dX Xn dx C
| oo sl o n] o |
1 2 n
4 a3 Y dy Y a2 d;’,"lY dy ¢

Similarly, there is g* € C?X%(Y', X"). Remark that by [GKO, Proposition 2.5] and

its dual, sequences (2.3) and (2.4) are exact for X" and Y, which means (X", ¢) and
(Y", ) are n-exangles. Thus f* is an homotopy equivalence by Proposition 2.21. [

Proposition 4.5. With the above definition, (¢, Ex,s¢) becomes an n-exangulated
category.

Proof. Let us confirm the conditions. (RO) follows from (F2) and (F3). (RI)
follows from [GKO, Proposition 2.5] and its dual. (R2) follows from (F1)(b) and
(F2). (EA1) becomes trivial, since any morphism is both inflation and deflation by
(F2).

Let us show (EA2). The following argument has been given in (the dual of) [BT,
Lemma 4.1]. Let ¢ € €(C, D) be a morphism, and let 4(X",d = c*p)c, a(Y ", p)p
be n-exangles. By the definition of sy and Remark 2.33 (2), we may assume that
they correspond to (n + 2)-angles

0 1 n
AB Ay e B 0 vy
dU dl n—
A—Y>Y1—Y>~~Y—>Y Hop_tysAl
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By (F2), we can ‘rotate’ them to obtain (n + 2)-angles
_1\yny—1 dO dl dnfl an
TR SR N B USRI SN T NPo]
_1\yny—1 d° dl dr—1 dn
woip TR e g Dy Dy B

By (F4), we obtain a morphism of (n + 2)-X-sequences

(-1)"s~ts  d d} dy ! d?
tle) A—> X1 = T X" ——>(C
o o | er e )
—1 1 n
R s A IR A

which gives an (n + 2)-angle
(4.4)

0 1 2 n—1 n n+41
Aey~'D L xlad L x2eyt L Xyt D oyt LS vAeD

where

—db, 0 ; —d 0
0 _ X (- X . :
d’ = |: 1 (_1)n2—1p :| ’ d'= |: fz dif_l :| (1 <1< n)7
g _ [ (FDTE 0
N c ay |-

Then the sequence of isomorphisms in ¢

({1 (—1)”2%} [0 1]11 1{1 (—1)";)})
0 1 R AR 1
gives an isomorphism of (n + 2)-sequences from (4.4) to
(4.5)
—1py 1 ey 4 "} o yn—1 d” n et
ARY ™D — AX — XY — - — X"®Y — CRY" — SA®D,
with

o |1 0 1[0 —=dY nt1 | 00
“Tlo (=D)nd%onp |0 S T lo 0 T e dp
and the same d?,...,d". Thus (4.5) belongs to ©. Since this is equal to the direct
sum of
A A505- 50524 and
0 1 mn— n n+1
46)21D L x1 L x2qpyt L I yngynt Y ogyn T p
with
0 n 30 —1 1 _dﬁ( n+1 m
q :(_1) dXOE P q = fl ) q :[C dY]a
we see that (4.6) also belongs to & by (F1)(a). Rotating it by (F2), we obtain an
(n + 2)-angle
1 n— n n+1 0 o
X' x2eyt L xngynt D ogyn O p GBI gy
By the definition of sy, this shows that f* = (14, f1,..., f%¢): (X',8) — (Y",p)
gives a distinguished n-exangle

1 2 n—1 n il a2y,
XlL)Xz@YlL}d—>Xn@Yn71d—>C@an_>D(,X,)_)p7
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that is what we wanted to show. O

Conversely, let us show that (IT) implies (I). Suppose we are given an exact
realization of Ey, which makes (%, Ex,s) an n-exangulated category. Remark that
any object in /&

X0 B, x1 Ox, A ynn 3,
can be naturally regarded as an (n + 2)-3-sequence

0 9% 1 dx d%, ynt+1 0 0
(4.7) X'=X = =X — XX
in the sense of [GKO, Definition 2.1].

Remark 4.6. The above correspondence gives a fully faithful functor from & to
the category of (n 4 2)-X-sequences. In this way, we may identify /& with the full
subcategory of the category of (n + 2)-X-sequences, consisting of (4.7) satisfying
diftodi, =0(0<i<n—1),00d% =0 and (2d%)od = 0. This subcategory is
closed by isomorphisms, and by taking finite direct sums and summands.

Lemma 4.7. For any A € %, let us denote 1n4 € € (XA, XA) by ¢t = atna €
Es (XA, A) when we regard it as an extension. For this extension, we have s(:) =
[@°]. Namely,

L

ALo% .. Lo Loa-t

is a distinguished n-exangle.
Proof. This immediately follows from Proposition 3.1 applied to 6 = ¢. O

Proposition 4.8. Define Oy to be the class of (n + 2)-X-sequences obtained as
(4.7) from distinguished n-exangles. Then (€¢,Es, Os) becomes an (n+2)-angulated
category.

Proof. By Corollary 2.26 and Remark 4.6, the class 04 is closed by isomorphisms
of (n+ 2)-X-sequences. Thus we do not have to take any isomorphism closure. Let
us confirm conditions (F1),...,(F4) in [GKO]. (F1)(a) follows from Proposition 3.3
and Remark 4.6. (F1)(b) follows from (R2).

(F2) Let 4(X",d)c be any distinguished n-exangle. It suffices to show that we
can rotate (X',0) in both directions to obtain distinguished n-exangles. As in
Lemma 4.7, the pair 4(@",t)s4 is also a distinguished n-exangle. By (EA2), the
morphism (14,8): § — ¢ has a good lift f*: (X",d) — (@, ), which should be as
follows without any other possibility.

0 1 2 n—1 n
A 4x x1 x X2 dx_ . x xXn % C,‘i>
H o oo oo lo 0 ia
A o 0 5 0 T 0 0 YA-->

Its mapping cone induces a distinguished n-exangle

5 e - (@)

1 —dx 2 —d3 n—1 "% g —9 5
(4.8) X' 3Xx* 3. 5X = X" -3C -5 3A -
Remark that we have (d% ).t = (3£d%) o 1s4 = %d% by definition. Since
((71)713 (71)71717 L1 e, ]-EA)
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gives an isomorphism from (4.8) to

77. 1 0e 1 "Edo
(4.9) PO NI SRS INPTCTC NPOTING i

this (4.9) becomes a distinguished n-exangle by Corollary 2.26. Rotation to the
opposite direction can be performed in a dual manner.

(F1)(¢) Any morphism f € %(A,B) can be regarded as an extension f €
Ex(A, ¥ 1B), and then there exists some distinguished n-exangle

0 1 n
R B NG G NISNING ‘¢ NI
Applying (F2) repeatedly, we obtain a distinguished n-exangle of the form
AL oanxt 5. nxn o,

(F3) This follows from (F2) and (R0), or from Proposition 3.6.

(F4) The same argument on the axioms of triangulated category [Hu] works.
Suppose that we are given distinguished n-exangles (X", 0),(Y", p) and a commu-
tative square

d
X0— x!
(4.10) f"l/ o) lfl
Yo —v!
dy

in ¢. Let us construct a morphism f* = (f°, f1, f2,..., ") : (X*,8) — (Y, p)
to fulfill the requirement of (F4) Remark that

YOl yo s 0D
X0 50— —0—3X0-5

are distinguished n-exangles by (R2) and Lemma 4.7. Taking coproducts with
(X", 6) and (Y, p), we obtain distinguished n-exangles

n—1
(4.11) XOEBYO X@ Xl @YO[X ]X2 dX d_>Xnd_X>Xn+1 _’_‘_n
0
0 o [0 19y o 9% dnl [ } 0 41 v
(4.12) X'aY O L N £ eyY"

by Proposition 3.3, where € Eg(X"™, X' @Y%) and v € Ex(XX Y+ X0
Y?) correspond to

{ 8 } e F(X", X e xY"),

{ 120)"“ 2 ] c¢EX’ay "t vX e 1YY

respectively, through the natural isomorphism
(4.13) Y(X'a YY) 2eXx'exy?,

Using the automorphism

a= [ }& H;X‘J@Yoixo@yo,
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we can modify (4.12) to obtain a distinguished n-exangle
H
0 ° 0 40 1 2 n—1 n v
(4.14) X'pY? [de_le] yld_Y>y2i>...dY_>yn & YX0 @yt 25

by Corollary 2.26 (1), where a,v corresponds to

-1 0 0 n+1 0 0
[Zfo p]e%(zx oY1 2X0 @ xY?)

through (4.13). By Proposition 3.6 (2) applied to the following commutative square,

0
X' Y? B x eY?°
| o Jra
0 0 Syl
R I ih
we obtain a morphism

g = (1,[f1 v, £, [;])

from (4.11) to (4.14), which makes (M, (d% @ 1).a.v) a distinguished n-exangle.
If we put fT! =y, then the equalities

o fg)or [

imply z = —§ and f""!od% =d} o f, and

(Bf%) 08 =po fr,

which means (f°).0 = (f*"*1)*p. Thus f° = (fO, f4 f%,..., "™ (X",8) —
(Y", p) is a morphism. Moreover, the obtained distinguished n-exangle (M, (d% @
1).a.v) is of the form

—1 ;
dl " dn
Mg Mg Mg

€0
Xl@YO£>X2@Y1*>...‘>Xn+1@Yn*)EXO@Yn+1,Z>

where

; —dift 0 , " -0 0
dMg_{ fifl d1i/:| (0<i<n-1), dMg—{an d’{,]’

and T = (dg( @ 1),a.v corresponds to

[ Xy 0 ] c (XX ey uX o XY?)
ZfO p )

through the isomorphism (X! @ Y?) = £ X! @ XYY This yields the desired
(n + 2)-angle. O
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4.3. n-exact categories. In this subsection, we will see the relation with the no-
tion of an n-ezxact category introduced in [J]. We briefly recall its definition and
related notions from [J].

Definition 4.9. (cf. [J, Definitions 2.2 and 2.4]) Let % be an additive category,
and let X* € C%H be any object.
(1) X" is called an n-kernel sequence if the following sequence of functors €°P —
Ab is exact.
0= %(_aXO) %(_7X1)
In particular d$ is a monomorphism in %

(2) X is called an n-cokernel sequence if the following sequence of functors
€ — Ab is exact.

€ (—,dS € (—,d} € (—,d%
(—d%) ( x)“' (=,d%)

(5(_7xn+1)

€ (dY,— G drt—) € (d%,—
(d%,—) X o Cldx)

0= ¢(X", ) ¢(X"™, -)
In particular d% is an epimorphism in .

(3) X is called an n-exact sequence if it is both n-kernel and n-cokernel se-
quence.

%(Xovi)

Remark that n-kernel (respectively, n-cokernel, or n-exact) sequences are closed by
homotopy equivalences in C%Jrz.

The following can be shown easily.

Proposition 4.10. Let € be an additive category, and let X' Y " € C%+2 be any
pair of n-exact sequences.

(1) Let k€ {0,...,n} be any integer. For any commutative square

dk:
Xk —> xkt1

al O \Lb
Yk — Yk+1
dy
in €, there exists f° € C%”(X',Y') satisfying f* = a and fF*1 = b.
Moreover, such f* is unique up to homotopy. FEspecially, if both a,b are
isomorphisms, then f* becomes a homotopy equivalence in C%+2.
(2) Leta € €(X°Y?),ce € (X, Y1) be any pair of morphisms. If there
exists f* € C%+2(X',Y') satisfying f° = a and f*t' = c, then such f is
unique up to homotopy in C%+2.

Proof. This is straightforward. (See [J, Proposition 2.7] for (1), and [J, Comparison
Lemma 2.1] for (2).) O

In particular, the following holds in C?XQC).
Corollary 4.11. Let € be an additive category, let A,C € € be any pair of objects.

For any pair of n-exact sequences X', Y" € C?XQC), we have

K48 (XY <L

Thus if C?X%)(X',Y') # 0 and C?ch)(Y',X') £ 0, then X* and Y" are homo-

topically equivalent in C72

(A,C)"
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Proof. This is an immediate consequence of Proposition 4.10 (2). O

Definition 4.12. Let ¥ be an additive category, and let A,C' € € be any pair of
objects. Denote the class of all homotopy equivalence classes of n-exact sequences

in C?ch) by A?ch). This is a subclass of Ob(K?zzc))/ o

For [X'],[Y"] € A?;é), we write [X '] < [Y']if C?X,?C)(X.7 Y") # 0. By Corollary

4.11, this relation makes A?X%) a poset (provided it forms a set).

Corollary 4.13. For any n-exact sequence X" € C?X?C), the following are equiva-

lent.

(1) [X"] is isolated, in the sense that
X< [X"] or X]<[XT] = [X]=[X"].
holds in AT{,-
2) X satisfies the following (I1) and (I12) for any n-exact sequence Y~ € C%F2.
¢
I1) If there is f* € CZM2(X",Y") in which f° = a and f*t! = ¢ are
(I1) % ;
isomorphisms, then f* is a homotopy equivalence in C%+2.
12) Dually, if there is g € CEF2(Y", X") in which ¢° and g™ are iso-
( y g & g g
morphisms, then g° is a homotopy equivalence in C%H,

Proof. Assume that [X '] is isolated in A?X%), and let us show (I1). Suppose that
Y € CLM(X",Y") is an n-exact sequence, and let f* € CZ?(X",Y") be a mor-
phism in which f° = a, f**! = ¢ are isomorphisms. Then

dYoa 4 dv dy=t ., ¢ lody
(4.15) A—Y =Y —-... =YY" —"C
is an n-exact sequence in C?XQC), with an isomorphism (a,1,...,1,¢) to Y in

C%”. Since (1, f1,...,f" 1) gives a morphism from X' to (4.15) in C?X,QC), it
becomes a homotopy equivalence by (1). As their composition, f* gives a homotopy
equivalence in CZZ™2. Similarly for (I2).

Conversely, assume that X satisfies (I1), and suppose [X'] < [X”'] holds for

some n-exact sequence X'* € C?XQC). Then there is a morphism f* € C?:{%) (X", X",
which becomes a homotopy equivalence in C?;{QC) by (I1) and Remark 2.18. This
means [X°] = [X”]. Similarly, (I12) shows [X”'] < [X'] = [X'] = [X"]. O

Definition 4.14. ([J, (dual of) Definition 2.11]) Let Y" € CZ" be any object. A
commutative diagram in ¢

1 2 n—1 n
Xl dx X2 X N dx X" ii Xn+1
(4.16) fll 0 f?l e f"l O if"”
1 2 e n n+1
R S G

is called an n-pullback diagram if

0 1 2 1—1 0
417) X' L x2ev! Lixtey? L. D xrtlgyn L yntd
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is an n-kernel sequence, where d’ are defined by

—dt
dO = |: le :| ’
d = X ; 1<i<n-—1),
|: f +1 dY ( )
dar = [ fn,+1 dgl/ ] .

An n-pushout diagram is defined dually.

Remark 4.15. Let (4.16) be an n-pullback diagram. If we put X° = Y, then the
exactness of

0 40 0 ;1 p
) ox0 x2a vt T e (x0, X2 e v?)

0—?(X X1
gives a unique morphism d$. € €(X°, X!) satisfying f'od% = d% and d} od% = 0.
Then the sequence

X0 ﬂXl ﬁ)...d_%X"H
gives an object X" € CZ', and £ = (1, f1,..., ") € CL™(X",Y") becomes a
morphism. Sequence (4.17) is nothing but the mapping cone M} (in Definition 2.27)
of this morphism f*.
Definition 4.16. Let YY" € C?Z%) be any n-exact sequence, and denote its ho-
motopy equivalence class in C?X%) by [Y’], as before. Let ¢ € €(C’,C) be any
morphism.
If there exists an n-exact sequence X" € C?ch,) equipped with a morphism

Fr=Qafh =) e CEXTLYT)
which makes (4.16) an n-pullback diagram, then we define ¢*[Y"] to be
(4.18) Y =[X7].

Dually, for a morphism a € % (A4, A’), the class a.[Y "] is defined by using an n-
pushout diagram when it exists. Well-definedness of this definition will be shown
in Proposition 4.18.

Lemma 4.17. Let f* = (14, fY,...,f" "t =¢) € C%H(AX'C,,AYC') be any
morphism, which makes (4.16) an n-pullback diagram. Then for any morphism

g‘ = (a7gl7' . 7gnvc) S C%+2(A’ZE;'/,AYC")7

there exists a morphism A" = (a,h',...,h",1) € CZ**(Z",X") and a homotopy

0 = (0,0%, 3, ...," 0) which gives g° ~ f* oh’. Moreover, such h" is unique up
o

to homotopy.

Proof. This is shown in a straightforward way, only using the fact that M} is an
n-kernel sequence (cf. dual of [J, Proposition 2.13] and Remark 4.15). O

Proposition 4.18. For any n-ezact sequence Y/ € C?XQC) and any ¢ € €(C', C),

the class c*[Y"] in (4.18) is unique if it exists, only depending on the homotopy
equivalence class [Y"].
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Proof. Suppose that there are X* € C{{Z,) and f* € CLF*(X",Y") with the

required properties in Definition 4.16 to give ¢*[Y"] = [X']. Lemma 4.17 shows
that [X'] is unique for Y". Let us show that it only depends on the class [Y"].
Assume that Y and Y'* are homotopically equivalent in C?:Qc). Then Y is also

an n-exact sequence. Take a homotopy equivalence y° € C?;QC) (Y, V") in C?,IQC)’

and put f”* =y o f'. Proposition 2.28 applied to

gives a homotopy equivalence between M and M}, . In particular M}, also becomes

an n-kernel sequence. Thus X* € C?ZQC,) and f" € CL™(X',Y") satisfy the

required properties to give ¢*[Y""] = [X]. This shows ¢*[Y"] = [X]|=¢*[Y]. O

The following is the definition of an n-exact category in [J]. Later we will rephrase
it in Definition 4.21 (see Proposition 4.23).

Definition 4.19. ([J, Definition 4.2]) Let € be an additive category, and let X' be
a class of n-exact sequences in . The pair (¢, X) is called an n-ezact category if
it satisfies the following closedness (EC) and conditions (EO0),(E1),...,(E2°P).

In the following, a morphism a € ¥ (A4, B) is called an X-admissible monomor-
phism (respectively, an X -admissible epimorphism) if there is some X° € X of the
foom A 5 B — X? — ... — X" (resp. X0 = ... = X" 5 A% B).

(EC) The following holds for any morphism f* € CZM (X", V") between n-exact
sequences X, Y.
(i) If f¥ and f*+! are isomorphisms for some k € {0,...,n}, then X" € X
holds if and only if Y € &.
(i) If 9 and f**! are isomorphisms, then X* € X holds if and only if
Y'eX.
(E0) The sequence @y € CiLt? (see Proposition 3.1)

0—=0—=.--—=0

belongs to X.
(E1) X-admissible monomorphisms are closed by composition.
(E1°P) Dually, X-admissible epimorphisms are closed by composition.
(E2) For any X' € X, any Y° € € and any f° € (X%, Y?), there is an n-
pushout diagram in ¢’ as follows, such that dJ is an X-admissible monomor-

phism.
0 1 2 n—1
XogXlk)X2d$.dL>Xn
fol o j/flo iffz . ifn
YO Yl Y2 YY"

0 1 2 —
dy dy d3 dpt
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(E2°P) Dually, for any V' € X, any X" € € and any f*t! € ¢(X" Y+l
there is an n-pullback diagram in %" as in (4.16), such that d% is an X-
admissible epimorphism.

The following is a consequence of being an n-exact category, shown in [J].

Fact 4.20. ([J, dual of Proposition 4.8 (iv) = (ii)].) Let (¢, X) be an n-exact
category. For any 4 X', Y € X, if f* € C%H(X',Y') satisfies fO = 14, then
Mf € X holds. Dually for f satisfying f7*! = 1.

In order to rephrase the definition of an m-exact category, let us consider the
following conditions.

Definition 4.21. Let ¥ be an additive category, and let X be a class of n-exact
sequences in %. Define conditions (EC’),(E2),(E2°P) and (EI) as follows.

(EC’) For any A,C € €,

{(XeX|[X%=A,X"" =C} COD(CIE,)

Cn+2

is closed by homotopy equivalences in (A.C)"

(E2') The dual of the following (E2/°P).

(E2°P) (i) For any ¢ € €(C’,C) and any AY. € X, there exists 4 X, € X
equipped with a morphism f* € C%H(X', Y") satisfying 0 = 14 and
fn+1 =c.

(ii) For any 4X(,, aY5 € X and any f° € CL?(X",Y") satisfying f° =
14, we have M; € X.
(EI) [X'] € A?;QC) is isolated, for any 4 X € X.

In Proposition 4.23, we will see that conditions (EC),(E2),(E2°P) in Defini-
tion 4.19 can be replaced by the above conditions. First let us show the following.

Lemma 4.22. Let % be an additive category, and let X be a class of n-exact
sequences in €. If (%, X) satisfies (EC’),(E2'),(E2°P), then the following holds.

(1) Let A,C € € be any pair of objects. If 4 X/, Y, € X, then any f* €
C?X%)(X ", Y") is a homotopy equivalence in C?Z,QC).

(2) Forany c € €(C’,C), the class X is closed by ¢*. Namely, for any 4Y, € X,
there exists 4 X/, € X which gives ¢*[Y"] = [X']. Dually, X is closed by
ay for any morphism a in €.

(3) Forany 4 X € X,anya € €(A,A’) and c € (C’,C), we have a,(c*[X']) =
c*(ax[X’]) in A?:{,zc,).

(4) X is closed by homotopy equivalences in C%Jrz.

Proof. (1) By (E2°P), we have M; € X. In particular M} is n-exact. Since

dy;,: C @Y™ = C has a section [1

0} :C — C@®Y™, we can construct a homotopy

0~ 1y : M} — M;
©

(1)} (cf. dual of [J, Proposition 2.6].) If we write ©* as

satisfying ¢"t! = [

o= ¢ X?oY! - X1,
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karl qk
Wk:{rk+1 Sk]:xk+1@yk—>xk@yk1 (2 <k<n),

then by definition they satisfy
plody, =1 and dlx/[_flogpk+cpk+lod§€wf =1 (1<k<n).
In particular we have
o+ 2] o= []
¢trodh =dbogt (1<k<n-1),
dy =d% oq™.
Then the monomorphicity of d?\/ff and the equality

2
S, 0q o dy = m od) — [gz} ody ody =dS, ody

shows ¢'ody. = d%.. Thus¢ = (1,q",...,¢", 1) gives a morphism ¢' € C?;{’QC) (Y, X).
Corollary 4.11 shows that f° is a homotopy equivalence in C?XQC).

(2) This follows immediately from (E2°P) and the definition of ¢*[Y"]. Dually
for the closedness by a..

(3) By (2), there are oY/, arZ¢, € X which give
ax (" [X7]) = [Y] and  c™(a.[X7]) = [Z7].
By Lemma 4.17 and its dual, we find a morphism f* € C?;?c,)(Y', Z"). By (1)
this becomes a homotopy equivalence in C?X,%,), and thus [Y'] = [Z°] holds.

(4) Let f* = (a, f1,..., f"¢) € CL?(4X(, pY)) be a homotopy equivalence
in C%H, with a homotopy inverse g° = (b, g%, ..., ¢",d). Assume X' € X, and let
us show Y € X. Existence of a homotopy equivalence implies that Y is also an
n-exact sequence. By (2), there are U, AV}, € X which give

a[X|=[U’] and d*[X']=[V"].
By (2) and (3), there is gZ;, € X which gives [Z'] = d*[U’] = a«[V"]. Remark
that there are morphisms v’ € CZ"*(X",U") and v* € CL™(V", X") satisfying
u? = a,u"! = 1g and v0 = 14,v"! = d. Applying Lemma 4.17 to u" o g° €
CLP2(Y",U"), we obtain some y* € C%“(Y', Z") satisfying 4° = aob and y" ! =
1p. Since f'og" ~ 1,. by assumption, there is ¢! € € (Y*', B) which gives
plod) =1 —aob. Modifying 3°, we obtain a morphism

(g, +dz ooty ...y 1p) € CIF T (Y, Z0).

Similarly, the dual of Lemma 4.17 applied to f" o v’ gives z° € CL*(Z,Y")
satisfying 20 = 15 and 2"t! = cod, and thus we obtain

(1p, 24 . 2" 2"+ " odR, 1p) € C’&;QD)(Z',Y').

By Corollary 4.11, it follows [Y'] = [Z]. Thus (EC’) shows Y™ € X. O
Proposition 4.23. Let € be an additive category, and let X be a class of n-exact

sequences in €. Assume that (¢, X) satisfies (E0),(E1),(E1°P). Then the following
are equivalent.

(1) (¢, X) is an n-exact category.
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(2) (¥, X) satisfies conditions (EC'),(E2"),(E2°P) and (EI) in Definition 4.21.

Proof. (1) = (2). (EC') is a particular case of (EC)(ii). (E2°P)(i) follows from
(E2°P) and Remark 4.15. (E2°P)(ii) is given in Fact 4.20. Dually for (E2’). Thus
we can apply Lemma 4.22 to (¢, X). Then (EI) follows from (EC)(ii).

(2) = (1). Let (¢, X) be as in (2). Let us confirm conditions in Definition 4.19.
(EC)(i) follows from Proposition 4.10 (1) and Lemma 4.22 (4). To show (EC)(ii),
let f* € C%JFQ(X', Y") be a morphism between n-exact sequences X", Y" in which
f% and f*! are isomorphisms. If one of X*,Y" belongs to &, then (EI) implies
that f° is a homotopy equivalence in C%+2, by Corollary 4.13. Thus the other also
belongs to X by Lemma 4.22 (4). (E2°P) follows from (E2’°P). Dually for (E2). O

We proceed to show that each n-exact category is n-exangulated. By the equiv-
alence shown in Proposition 4.23, we may use conditions (EC’),(E2'),(E2/°P) and
consequently Lemma 4.22. Indeed, we can avoid using (EI) (see Remark 4.35). We
begin by defining the bifunctor E similarly to the usual Yoneda extension functor.
The procedure follows very closely the classical case of exact categories (see e.g.

[FS]). This is also shown in [L, Section 5] in the case of n-abelian categories’.

Definition 4.24. Let (¢, X) be an n-exact category. For A,C € €, let E(C, A) be

the subclass of A?IQC) consisting of all [X "] such that X" € X'. This is well-defined

by (EC’). From now on we assume that E(C, A) is a set for all A,C € €. We
consider the assignment (C, A) — E(C, A) as a functor

E: P x € — Set

by defining E(c, a)[X ] = a.(c¢*[X"]) for all (¢,a) € €(C",C)x € (A, A") and 4 X, €
X. That E is well-defined is shown in Lemma 4.26.

Remark 4.25. To compute the functor E, it is useful to note that

X =Y
holds for 4 X*, AY" € X if and only if there is f* € C%+2(Y°,X') such that fO =14
and f"*! = ¢. This follows from (E2/°P) (or alternatively from [J, Proposition 4.8]).
Dually,

ax[X'] = [Y7]
holds for X(., Y, € X if and only if there is f* € CL™*(X",Y") such that f° = a
and f*t! = 1g.
Lemma 4.26. The functor

E: €°P° x € — Set

in Definition 4.24 is well-defined.

Proof. First note that E(c,a): E(C, A) — E(C’, A’) is a well-defined map by Propo-
sition 4.18 and Lemma 4.22 (2).

Considering the identity morphism on 4 X, € X and Remark 4.25 we find
(10)*[X'] = [X} and (1A)*[X] = [X] and so E(lc, 1A) = l]E(C,A)-

Now let 4 X", 4AY", 4Z" € X and suppose that ¢*[X']| = [Y'] and d*[Y"] = [Z7].
By Remark 4.25 there are f*: Y — X" and ¢': Z* — V", with fO = 1,4, f**l =¢,

IThe authors wishes to thank the referee for introducing them [L].
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g° = 14, g™ = d. By considering f"og’: Z° — X' we find that (cd)* = d*c*.
Similarly (ab). = a.b.. By Lemma 4.22 (3) it follows that

E((d,b) o (¢,a)) = E(cd, ba) = (ed)* (ba). = d*c*beasx = d*bic*a, = E(d,b) o E(c, a).

(I

Next we want to endow E(C, A) with the structure of an abelian group. As for
exact categories this is done using the Baer sum.

Remark 4.27. In an n-exact category (%, X),
XY eX = XY ek
holds. This has been shown in [J, Proposition 4.6]. We also remark that if (¢, X)

satisfies (EC'),(E0),(E1),(E1°P),(E2’),(E2/°P), then the same proof as in [J, Lemma
4.5, Proposition 4.6] works, because of Lemma 4.22.

Definition 4.28. Let 4 X[, 4Y5 € X. Asin Remark 4.27, the direct sum X ' ®Y" €
X. Moreover, [ X" @ Y] only depends on [X "] and [Y"] so we may define

XTeY|=[X"aY'].
Finally define the Baer sum of [X'] and [Y"] to be
X+ Y] = (Ac)" (Va)([XT] @ [Y]) € E(C, A).
Remark 4.29. By Lemma 4.22 (3), we also have
(X + Y] = (Va)(Ac) (X ] @ [Y7)).
Using this together with X" @& (Y" @ Z") = (X" @ Y") @ Z" one easily checks that
(XT+ YD+ 2] =XT+ [V T+ 27D

To show that E(C, A) with the Baer sum is an abelian group, we will use the
following result.

Lemma 4.30. Let 4 X, 4Y, € X and f': X° — V" with f0 = a, f**! = c.
Then

a[X] = Y.
Proof. By Lemma 4.17 and Remark 4.25, there are 4-Z; € & and morphisms

¢g: X —=Z,h:Z =Y satisfying ¢° = a, g"t! = 1¢, h® = 14 and A" =¢
(see also [J, Proposition 4.9]). Hence a.[X'] = [Z°] = c*[Y]. O

The following lemma is analogous to [F'S, Proposition 6.10] and has a similar
proof, which we include for the sake of completeness.

Lemma 4.31. Let 4 X, 4Y, € X and a,b € €(A, A’). Then the following state-
ments hold.

(D[“0}<w1@ww=mw1@mr}

0 b
(2) (a+b).[X"] = a.[X7] + b.[X7]
(3) au((X7]+ [V]) = a.[X7] + a.[Y7]
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Proof. (1) Write a.[X"] = [Z"] and b,[Y"] = [W"]. Then there are f* € CIu™*(X", Z")
and g° € C%Jrz(Y',W') such that O = a, f**! = 1¢, ¢° = b and ¢g"*!' = 1¢ by
Remark 4.25. Considering h' € CLP*(X @ Y',Z" & W") given by

we find that

_[fF0
hk[o f}

[ 0 2 ]* (XleY)=[Z]eW]=a[X]oblY]

(2) Consider A" € C%JFQ(X',X' ® X") defined by A*¥ = A vx. By Lemma 4.30,
@ .

we get (A4)«[X

m+m4xq=(vm[

1= (Ac)"([X'] @ [X7]). Now by (1)

b aa) =@ | § )| @ax)

o

~ a0 | § y | @oraxten

*

—(Va@er | § )] @xren
1

= (Va)u(Ac) (a:[X] @ b [X7])
= . [X7] + b [X7).

(3) Using (1) we compute

= a.[ X'+ ax[Y'].

O

Proposition 4.32. ([L, Section 5] for the n-abelian case.) For all C,A € € the
Baer sum defines the structure of an abelian group on E(C, A). This enhances the
functor E in Definition 4.24 to a biadditive functor

E: €°P x € — Ab.

Proof. Since this is well-known for n = 1, we assume n > 2. Let 4 X5, aY, € X
and consider the canonical isomorphism ¢t: X" @Y " — YY" & X'. By Lemma 4.30

we get

()X T [Y]) = ") (Y] & [X7])
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Now
X+ Y= (Ac)" (Va)([XTa [Y7]) = (Ac)” (VAtO) (X e Y]
Ac) (Va) () (XTT@[Y]) = (Ac
Ac)* (™) (Va) (Y] @ [X7])
" AC) (Va) (Y] @ [X7])
= (Ac)" (Va) (Y@ [XT]) =[] + [X7].
Together with Remark 4.29 this shows that E(C, A) is an abelian semigroup.
Let 4 X, € X and N' be the complex

<l
2

3

+

—
rt
==
&®

>

(
= (
= (
= (

(4.19) A A0 50050 2SC

It follows from (E0) and Lemma 4.22 (4) (or alternatively from [J, Remark 4.7])
that N* € X. By considering f* € C%+2(X'7N') defined by f"*! =1¢, f* =d%
and f* = 0 for k < n, we find that 0,[X'] = [N']. By Lemma 4.31, we have
[N']+[X"] = 0.[X ]+ 1.[X"] = [X’], and so [N"] is the neutral element in E(C, A).
Similarly, (—1).[X"] is the inverse of [X"]. Hence E(C, A) is an abelian group. From
Lemma 4.31 and its dual it follows that

E: €°° x € — Ab
is well-defined and biadditive. O

Remark 4.33. As in the above proof, the element 0 € E(C, A) is given by the

;)
sequence (4.19) if n > 2. Iif n =1, it is glvenbyA—>A€BC o1

— C.
Proposition 4.34. Let (¢,X) be an n-exact category such that E(C, A) is a set
for all A,C € €. For all § € E(C,A), set 5(0) = [X'], where 6 = [X']. Then
(¢,E,s) is n-exangulated.

Proof. Similarly as before, we only deal with the case n > 2. As for the case n = 1,
a similar proof to the one below works, if we take Remark 4.33 into account. The
case n = 1 also follows from Proposition 4.3 and [NP, Example 2.13].

By Proposition 4.32 we know that E: €°P x ¥ — Ab is a biadditive functor. So
it remains to check the conditions (R0),(R1),(R2) and also (EA1),(EA2),(EA2)°P.

(RO) Let (a,c) : adc — apcr be a morphism of extensions where § = [X']
and p = [Y"]. Then a,[X"] = ¢*[Y'] = [Z7] for some 4/ Z; € X and so there are
morphisms f': X' = Z°, ¢": Z° — Y~ satisfying f® =a, f*t!' =1¢, ¢ =14 and
g"*t! = c. The composition g* o f*: X" — Y~ is a lift of (a, c).

(R1) Let X* € X and § = [X']. We need to check that (X~,d) is an n-exangle.
Since X' is n-exact it is enough to check that

@ (v, x™) 08 gy, x5 By, XO)
and
0
e(xL,Y) " g x0 vy 2 E(x 1Y)

are exact for all Y € €. We only check the first case as the second is similar.
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Let f: Y — X"™! Then &(f) = f*[X] is zero if and only if there is a commu-
tative diagram of the form

X0 X0 0 - 0 Y—Y
XO Xl X2 e > Xn—l — X" — Xn+1 .
d% dy dyt d’

Evidently, this is equivalent to f = d% o g for some g: Y — X", i.e., f is in the
image of € (Y, d%).

(R2) immediately follows from the description of 0 € E(0, A) and 0 € E(A4,0).

(EA1) follows from (E1) and (E1°P).

(EA2) Let oY/, € X and ¢ € €(C',C). Let 4X(, € X such that ¢*[Y'] = [X"].
Then there is f* € C%H(X',Y') such that by f° = 14, f**! = c. We claim that
this is a good lift of (14,c¢). First of all M} € X by (E2"°P). Next, existence of the

morphism g* € C%“(Y',M}) given by ¢° = d%, ¢g"™! = 1¢ and

s [0
=[]

for all other &k shows (d%)«[Y"] = [M}]. The dual case (EA2°P) is similar. O

Remark 4.35. Every n-exangulated category (¢, E,s) coming from an n-exact cat-
egory (¢,X) as in Proposition 4.34 satisfies the condition that all inflations are
monomorphisms and all deflations are epimorphisms. In fact, the arguments so far
show that if (¥, X') satisfies conditions (EC’),(E0),(E1),(E1°P),(E2’),(E2°P), then
it gives an m-exangulated category of this type. Next we will show the converse of
this (Proposition 4.37).

Lemma 4.36. Let (¢,E,s) be an n-exangulated category. Assume that any s-
inflation is monomorphic, and any s-deflation is epimorphic in . Note that this is
equivalent to assuming that any s-conflation is n-exact. If we denote the class of

all s-conflations by X', then we have the following.
(1) For any n-exangle 4(Y",d)c and any ¢ € €(C’, C), if we put s(c*6) = [X'],
then any lift f* € CL7(X",Y") of (1a,¢): 6 — ¢*4 satisfies M; € X. In

particular,
dt d2 dn—l dn
Xl X X2 XX Xn 4§ Xn+1
£t \L & \L O fm J{ o l/fn+1
Yl - Y2 e —— Yy" — Yn—i—l
di d3 dw dy

becomes an n-pullback diagram in %.
(2) For any pair of distinguished n-exangles 4(X",0)c, 5(Y", p)p, we have
CLP(X"Y") = B(X",40), (Y7, p)).
(3) If 4,0 € E(C, A) satisfies s(§) = s(¢’), then § = ¢’ holds. Thus for any
A, C € €, the realization s gives the following bijective correspondence.

(X' eX|X0=A X"+ =(C)}

(homotopy equivalence in C?X,é)) .

E(C, A) 2
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Proof. (1) By (EA2), there is a good lift g* of (14, c), which makes (M, (d%).0) a
distinguished n-exangle by definition. Since f* ~ ¢" holds by Proposition 4.10 (2),
it follows that f° is also a good lift by Remark 2.33 (1), and thus M} € X.

(2) It suffices to show CLT* (X", Y") C E((X",0), (Y",p)). Let f* € CLM (X", V")
be any morphism. By Proposition 3.6, there is some ¢g* € E((X",0), (Y ", p)) satisfy-
ing ¢° = f% and g' = f!. Since X" and Y are n-exact sequences, Proposition 4.10
(1) shows f* ~ ¢g". Thus Proposition 2.10 shows f* € E((X",d),(Y", p)).

(3) This immediately follows from (2). Indeed, 1. € CZ"(X", X") should give
a morphism 1. € E((X",0), (X", ")), which in particular satisfies 6 = ¢’ O

Proposition 4.37. Let (¢,E,s) be an n-exangulated category, in which any s-
inflation is monomorphic and any s-deflation is epimorphic. Let X be the class of
all s-conflations, as in Lemma 4.36. Then, the following holds.
(1) The pair (¢, X) satisfies conditions (EC'),(E0),(E1),(E1°P),(E2’),(E2"P).
(2) Moreover, if (¢,E,s) satisfies the following conditions (a),(b) for any pair
of morphisms A —— B L Cin €, then (€,X) also satisfies (EI), and
thus becomes an n-exact category in the sense of [J] by Proposition 4.23.
(a) Ifboa is an s-inflation, then so is a.
(b) If boa is an s-deflation, then so is b.

Proof. (1) (EC’) is obvious from the definition of X. (E0) follows from (R2). (E1)
and (E1°P) follow from (EA1). (E2°P)(i) follows from the functoriality of E and
(RO). (E2P)(ii) follows from Lemma 4.36 (1),(2). Dually for (E2').

(2) By Corollary 4.13, it suffices to show that any X € X satisfies (I1) and (12)
in Corollary 4.13. Since (12) is dual to (I1), we only show that (b) implies (I1).
For 4 X € X, let f° € C%”(X', Y") be any morphism to an n-exact sequence Y,
in which f° and f"*! are isomorphisms in ¥. Modifying X" using isomorphisms
f% and f*! by Corollary 2.26, we may assume f° =14 and f**! = 1¢ from the
beginning.

By the equality d} o f™ = d%, condition (b) implies that d} is an s-deflation.
Thus there is Z° € & of the form

dn2 nl

ZO dz Zl Z __) Zn 1 Yn Yn+1

Since both Y and Z" are n-exact sequences, the commutative square in €

0 dL qn—2 -t n
0o_~2 1% z n—1 n n+1
YO——yl — ... —yn— 1—>Y”%Y’ﬂ+1

4 b a2 -

can be completed into a homotopy equivalence Z° — Y by Proposition 4.10 (1).
Thus Z® € X implies Y" € X by Lemma 4.22 (4). (]

Remark 4.38. Let (¢,E,s) be an n-exangulated category, and let F C E be a
closed subfunctor. Trivially, if any s-inflation is monomorphic (respectively, if any
s-deflation is epimorphic), then so is any s|p-inflation (resp. s|p-deflation).

Let X, and X;|, be the classes of all s-conflations and s|r-conflations respec-
tively, as in Lemma 4.36. If (¢, Xs) moreover satisfies condition (EI), then so does
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(€, Xy)p). By the arguments so far, this means that any relative theory for an
n-exact category induces an n-exact category.

Remark 4.39. Let (¢,%, 0) be an (n + 2)-angulated category, and regard it as an
n-exangulated category through Proposition 4.5. Then by Proposition 3.16, any
closed subfunctor F C Ey gives an n-exangulated category (¢, F,sq|r), which is
not n-exact unless F = 0. Indeed, if d% is monomorphic in % for § € F(C, A) with
s0(8) = [X'], then d% should be a split monomorphism, which implies § = 0.

It is not (n+2)-angulated either, in general. Especially for the closed subfunctor
F = EZ associated with a full subcategory Z C € as in Definition 3.18, the resulting
n-exangulated category is not (n + 2)-angulated unless Z = 0. In fact if Z # 0, any
object 0 # I € T satisfies EL(C,I) = 0 for any C € €, which cannot happen in an
(n + 2)-angulated category. Similarly for (Eg)z.

5. EXAMPLES

In this section we construct a family of examples of n-exangulated categories
using relative theory as introduced in Subsection 3.2. Since we will start from
an (n + 2)-angulated category, the resulting relative versions will not be (n + 2)-
angulated nor n-exact by Remark 4.39.

We start by considering a finite dimensional algebra A over a field k given by a
quiver with relations (see [ASS] for details on such algebras). More precisely, let A
be the path algebra of the quiver

122 L 3—>4 LA 5  with relation abed = 0.

Next we explain how to get a 4-angulated category % from A. In fact € will be
one instance of a family of (n + 2)-angulated categories that is discussed in detail
in [F, Section 7], where many of the facts used below can be found. In the interest
of brevity, we proceed without precise references to [F] for the most part.

The category modA of finitely generated right A-modules has a unique 2-cluster
tilting subcategory .# consisting of all modules that can be written as a direct sum
of a projective and an injective module. There are 5 indecomposable projective
A-modules and 5 indecomposable injective A-modules. Among these there are 2
indecomposable A-modules that are both projective and injective. Hence .# has 8
indecomposable objects. In fact, one may label these indecomposables as C7, Cs,

Cs, C4, C5, Cg, C7 and Cy in a unique way such that
1 ifo<j—i<
dimkHomA(Ci,Cj) = ! Sj-uss,
0 else.

Note that C; is projective for 1 < ¢ < 5 and injective for 4 < ¢ < 8. Now consider
the bounded derived category DP(modA) and let ¥ = [2] be the twofold suspension
of DP(modA). Since the global dimension of A is 2 it follows from [GKO] that

€ :=add{X"C; |1 <i<8, melZ}
is 4-angulated. By Proposition 4.8 we obtain a 2-exangulated category (¢, Es, s¢).
We denote ™ C; by Cgy,s so that the indecomposables in € are precisely {C; |
i € Z} and satisfy
1 if0<j—i<3,

d XC; = Ciss.
0 else, o e

dimk %(CZ, CJ) = {
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It is useful to note that, if i+ < k < j, then any morphism C; — C; factors through
Ck.
Since Ex(C;, Cj) = €(C;, £C;) we get

1 if5<i—j<8,

0 else.

dimk EE(CZ', O]) = {

Using [F, Remark 7.3] one can show that each non-zero ¢ € Ex(C;, C;) gives rise
to a 4-angle of the form

Oj—>0i_4—>Oj+4—>Oi i> ZCj.
Hence
5@(6) = [Cj—>C¢_4—>Cj+4—)CA.
Now let us consider a relative version of (¢, Eyx, s¢y). Fixt € Z and set Z; = {C}}.
Further set E; = EX and s; = (s¢y)|g. Then (¢, E;, s;) is 2-exangulated.
To calculate E;(C;,C;) we need to consider (5ﬁct: €¢(C;,C) = Ex(C;,Cy) for
0 € Ex(C;,Cy). It 6 = 0, then 6& = 0, so assume that § # 0. Then we claim that
JﬁCt =0 if and only if € (C;,C;) =0 or Ex(C;, C) = 0. Clearly, the ‘if” part holds.
On the other, if €(C},C;) # 0, then j < t, and since § # 0, we get i —j < 8 so
that i < j+8 <t+8. As noted above it follows that any morphism g: C; — Cyyg
factors through C;ig and as dimy 6 (C;, C; + 8) = 1, we get that g even factors
through 6 € €(C;, C; + 8). Hence 5ﬁct is surjective and non-zero if Ex(C;, Ct) # 0.
To simplify our notation we let [a,b] = {z € Z | a < & < b} so that €(C;,Cy) =0
if and only if j & [t — 3,¢t]. Similarly, Ex(C;,Cy) =0 if and only if ¢ € [5 +¢,8 + ¢].
Hence
1 if5<i—j<8andtdl[ji—5
0 else.

dimk Et(Ci, Cj) = {

Since s; is just induced from s this gives a substantial control over the 2-exangulated
category (€, K, s¢).

To generalize we may choose any subset T' C Z and obtain a 4-angulated category
(€,Er,s7), by setting Iy = {Cy | t € T}, Er = B and st = (5¢y)|g,- As above
we find that

1 if5<i—j<8and TNJ[ji—>5 =0

0 else.

dimk ET(CZ‘, Cj) = {

We note that (¢, Er,sr) is 4-angulated if and only if T = ) and that (¢, Er,sr)
is 2-exact if and only if Ep = 0.

Many similar examples can be constructed. See for instance the next article
n-Exangulated Categories (II).
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