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Abstract  
Spindle speed variation (SSV) is one of the effective methods which suppresses regenerative chatter. 

However, regenerative chatter can grow even if SSV is applied. In the previous work, the chatter growth characteristics 
in SSV were clarified. The chatter frequency changes proportionally to the varying spindle speed, and it causes the 
change of the magnitude of the dynamic compliance. Hence, chatter can be suppressed through SSV since the dynamic 
compliance usually reduces as the chatter frequency changes. A greater compliance reduction can be obtained by a 
higher rate of spindle speeds in two consecutive revolutions at the same angular position, i.e., acceleration rate. From 
the investigations in the previous work, limitation of the conventionally utilized SSV profiles is found as follows: the 
acceleration rate always fluctuates with speed variation and the chatter vibration grows where the acceleration rate is 
insufficient for suppression, and hence suppressing chatter in all sections of SSV is difficult. In this paper, a new SSV 
profile with a constant acceleration rate, namely CAR-SSV, is proposed to overcome the limitation of chatter stability 
improvement by utilizing conventional SSV profiles. The magnitude of the acceleration rate is kept constant to realize 
the chatter suppression effect throughout the cutting process. Through time-domain simulation and cutting 
experiments, the chatter stability of CAR-SSV is investigated based on the previously introduced chatter stability 
evaluation indices. Influence of the parameters of CAR-SSV on the stability is investigated, and an appropriate 
strategy for setting SSV parameters to achieve higher stability is discussed. In addition, in order to verify the 
effectiveness of the proposed profile, the stabilities of conventional SSV profiles and CAR-SSV are compared through 
time-domain simulations and cutting experiments.  
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1 Introduction 
Regenerative chatter [1] is one of the most common obstacles in the cutting process which causes 

poor surface finish and damage of cutting tools. Therefore, the cutting width is limited, which leads to 
smaller productivity. Regenerative chatter is caused by the regeneration of the previous vibration which is 
left on the workpiece as a wavy surface. When vibration occurs during cutting, the phase shift between the 
present and previous vibrations causes dynamic chip load. This dynamic load then excites the vibratory 
structure, and hence chatter grows up. Extensive studies have been conducted to realize chatter suppression 
[2-3]. Improving the design of the machine tool or cutting tool can expand the chatter-free zones [2]. For 
example, a specially designed cutting tool system to improve the damping capacity [4] and a special milling 
tool which can disrupt the regenerative effect with irregular pitch angle [5] or helix angle [6] were studied. 
Chatter can also be suppressed by adopting appropriate spindle speed [7] and rake/clearance angles [8] or 
utilizing actuators [9, 10].  

SSV is one of the effective and practical techniques for regenerative chatter suppression [11]. 
However, regenerative chatter can grow even if SSV is applied [12-15] when the SSV parameters, i.e., 
nominal spindle speed, variation amplitude, and variation period, are set inappropriately. In the previous 
work [15], the chatter growth characteristics in the conventional SSV profiles, e.g., sinusoidal spindle speed 
variation (SSSV) and triangular spindle speed variation (TSSV), were clarified. When chatter occurs during 
cutting with SSV, it is found that the time chatter frequency changes at the same ratio as the spindle speed, 
meaning that the spatial frequency is kept constant (the first chatter growth characteristic) [15]. Here, the 
spatial chatter frequency denotes the number of waves which is left on the cut surface per radian due to the 



regenerative chatter. The change of the time chatter frequency causes the change of the magnitude of the 
dynamic compliance, and hence the chatter can be suppressed since the dynamic compliance usually 
reduces as the chatter frequency changes. Note that a greater compliance reduction can be obtained by a 
higher rate of spindle speeds in two consecutive revolutions at the same angular position [15], i.e., 
acceleration rate, and thus the chatter grows where the acceleration rate is insufficient for suppressing the 
chatter (the second chatter growth characteristic). 

Based on the magnitude of the compliance reduction, two novel indices to evaluate the chatter 
stability of SSV were proposed [15]. The first one is the average of the absolute acceleration rate in one 
period of SSV, and the second one is the number of revolutions in a unidirectional acceleration section. 
Their validity was verified through time-domain simulations and cutting experiments. On the other hand, it 
has been found that conventional SSV profiles has a limitation as follows: the acceleration rate always 
fluctuates in conventional SSV profiles, and hence suppressing chatter in all sections of SSV is difficult 
since the magnitude of chatter suppression effect changes during the speed variation. Especially, the 
acceleration rate decreases in a high-speed region, and thus remarkable improvement of machining 
efficiency cannot be realized. 

In this paper, a novel SSV which maintains a constant absolute acceleration rate, namely CAR-SSV, 
is proposed to overcome the limitation of the conventional SSV. Specifically, it is expected that the chatter 
stability can be improved in all speed regions by maintaining the absolute acceleration rate a constant which 
is higher than the critical value for suppressing chatter.  

The concept of CAR-SSV and its formulation are described in Chapter 2. The time-domain 
simulation model is described in Section 3.1. A comparison of the stability of CAR-SSV and conventional 
SSV is carried out based on the stability indices, and the effects of the CAR-SSV parameters on the stability 
are investigated to propose the strategies for setting appropriate parameters to improve the stability. They 
are described in Section 3.2. In Section 3.3, a comparison of TSSV, SSSV, and CAR-SSV focusing on its 
applicability is carried out to verify the effectiveness of the proposed profile. Experimental verifications are 
described in Chapter 4, and the conclusions of the paper follow in Chapter 5.  

2 Proposal of CAR-SSV  
2.1 Concept of CAR-SSV 

When chatter grows in cutting, it is transferred to the workpiece as a wavy surface. In the next 
revolution, the difference between the wavy surface and the present vibratory locus of the cutting edge 
causes the cutting force fluctuation. As discussed in the previous work [15], the spatial chatter frequency 
𝑓!" [1/rad] can be defined as a number of waves left on the cut surface per unit angle, see Fig. 1, and it is 
expressed by Eq. (1). Note that the figure is drawn as a plunge-turning process where the vibration waves 
can be seen easily, but it is the same in other cutting processes. 

𝑓!" =
60𝑓"(𝑡)
2𝜋𝑛(𝑡)

	 (1) 

Here, 𝑛(𝑡) [min-1] and 𝑓"(𝑡)	[Hz] are the spindle speed and the chatter frequency on the time 𝑡, respectively. 
From Eq. (1), the chatter frequency 𝑓"(𝑡) can be described as follows. 

𝑓"(𝑡) =
2𝜋𝑛(𝑡)𝑓!"

60
	 (2) 

In the case of constant spindle speed (CSS), 𝑓"(𝑡) is constant since 𝑛(𝑡) is constant during the cutting. On 
the other hand, it was clarified that the regenerative chatter generally grows at a constant spatial frequency 
in SSV, i.e., the time chatter frequency changes at the same rate of spindle speeds in two consecutive 
revolutions at the same angular position [15]. The varied time chatter frequency can be expressed as follows, 

𝑓"(𝑡) =
𝑛(𝑡)

𝑛,𝑡 − 𝜏(𝑡)/
𝑓"(𝑡 − 𝜏(𝑡))	 (3) 



where 𝜏(𝑡)	[s], 𝑛,𝑡 − 𝜏(𝑡)/ [min-1], and 𝑓"(𝑡 − 𝜏(𝑡)) [Hz] are the spindle rotational period which varies 
depending on the spindle speed profile, the spindle speed at one revolution before, and the chatter frequency 
at one revolution before, respectively. 
 

 
Fig. 1.  Schematic illustration of plunge-turning process with regenerative chatter [15]. 

 
Since regenerative chatter tends to occur near the resonance, the change of the time chatter 

frequency causes a reduction of the magnitude of the dynamic compliance of the vibratory structure. A 
larger compliance reduction can be obtained with a larger change of time chatter frequency. Since the 
acceleration rate 𝑟# [%] is equivalent to the rate of the change of the time chatter frequency, it	was proposed 
as a key parameter to evaluate the chatter suppression effect by speed variation [14, 15]. For SSV, the 
average of the absolute acceleration rate in one period of SSV |𝑟#|22222 was proposed as one of the indices to 
evaluate the chatter stability [15]. In the previous work, 𝑟#	[%] and |𝑟#|22222 [%] were defined as follows. 

𝑟#(𝑡) = 3
𝑛(𝑡)

𝑛,𝑡 − 𝜏(𝑡)/
− 15 × 100	 (4) 

 

|𝑟#|22222 =
1
𝑇
8 |𝑟#(𝑡)|	𝑑𝑡
$

%
	 (5) 

In general, the variation amplitude is set high to suppress regenerative chatter when utilizing SSV. 
This increases the number of revolutions in a unidirectional acceleration section 𝑁, which is the second 
stability index of SSV. However, it has been found that the acceleration rate inevitably fluctuates with this 
increase, and it becomes small in the high-speed region. Thus, the chatter suppression effect decreases. This 
is the limitation of the conventional SSV, and a remarkable improvement of the machining efficiency cannot 
be realized when utilizing them.  

To overcome the limitation of the conventional SSV, CAR-SSV, where the absolute acceleration 
rate is maintained a constant which is higher than the critical value for suppressing chatter, is proposed. It 
is expected that the chatter stability can be improved in all speed regions.  

Examples of the spindle speed and the acceleration rate in CAR-SSV and TSSV are shown in Fig. 



2. The red solid and blue dashed lines represent the profiles of CAR-SSV and TSSV, respectively. 𝑛&'(, 
𝑛&#), 𝑛%,$, and 𝑛%,+  in the spindle speed profile are the minimum spindle speed, the maximum spindle 
speed, nominal spindle speed in TSSV, and reference spindle speed in CAR-SSV, respectively. Note that 
𝑛%,+  is defined as the spindle speed at half the time period of a unidirectional acceleration, e.g., spindle 
speed at 𝑇/4. To maintain |𝑟#| constant in the acceleration section in CAR-SSV, the speed change in each 
revolution becomes larger according to the increase of the spindle speed. In other words, a larger 
acceleration is necessary for higher spindle speeds, and thus the time period for changing a certain amount 
of spindle speed will be smaller in the higher spindle speeds compared to the lower spindle speeds. From 
this reason, the average spindle speeds in TSSV and CAR-SSV denote different values. 

In order to make the spindle speed profiles in the acceleration and deceleration sections 
symmetrical against the spindle speed axis, |𝑟#| in those sections are maintained unequal as 𝑟!,#"" and 𝑟!,,-" 
shown in the acceleration rate profile of CAR-SSV in Fig. 2. Specifically, assuming that 𝑛. is a high spindle 
speed and 𝑛/ is a low spindle speed, 𝑟!,#"" and 𝑟!,,-" can be expressed as 𝑟!,#"" = (𝑛./𝑛/ − 1)	× 100 and 
𝑟!,,-" = (𝑛//𝑛. − 1) × 100 , respectively. The absolute values of those are unequal. However, the 
discrepancy between 𝑟!,#"" and 𝑟!,,-" is not large since they are usually small values. For instance, when 
𝑟!,#"" is set to 5%, 𝑟!,,-" is about 4.8%. For the generation of the spindle speed profile, 𝑟!,#"" is defined first, 
and then 𝑟!,,-" is determined subordinately. Therefore, 𝑟!,#"" will be utilized as set (aimed) acceleration rate 
𝑟! [%] in this paper. Note that 𝑟!,,-" can be set equal to 𝑟!,#"", but the time period for the acceleration and 
deceleration sections will differ in that case. In the sections where the acceleration direction switches, i.e., 
switching from acceleration to deceleration (= 𝑡0,+) or from deceleration to acceleration (= 𝑡1,+), |𝑟#| is 
close to zero.  

As for TSSV, it can be confirmed that 𝑟# in TSSV fluctuates largely throughout the speed variation 
region. ±𝑟&#),$  and ±𝑟&'(,$  represent the maximum and minimum acceleration rates of TSSV in all 
sections, respectively, except for the sections where the acceleration direction switches. 𝑡. represents the 
time length where |𝑟#| in CAR-SSV is greater than that in TSSV, and 𝑡/ represents the time length where 
|𝑟#| in CAR-SSV is less than that in TSSV.  

Chatter suppression effect throughout the cutting is expected in CAR-SSV since |𝑟#| is maintained 
constant regardless of the speed variation except for the sections where the acceleration direction switches. 
Furthermore, when the critical |𝑟#| necessary for suppressing the chatter is larger than >𝑟&'(,$> but smaller 
than |𝑟!|, chatter can be effectively suppressed throughout the cutting when CAR-SSV is utilized. On the 
other hand, chatter grows during 𝑡. when TSSV is utilized. 

 



 
Fig. 2. Profiles of spindle speed and acceleration rate in CAR-SSV and TSSV. 

2.2 Formulation of CAR-SSV profile 

This section introduces the formulation of the CAR-SSV profile in order to utilize it in the time-
domain simulation. The formulations of TSSV and SSSV have been introduced in the previous works [12, 
15]. The spindle speed of CAR-SSV in the acceleration section 𝑛#"",+  [min-1] and the deceleration section 
𝑛,-",+  [min-1] can be formulated as a function of 𝜃 as follows: 

⎩
⎪
⎨

⎪
⎧𝑛#"",+(𝜃) = 𝑛'(' D1 +

𝑟!,#""
100 F

2
13

𝑛,-",+(𝜃) = 𝑛'(' D1 +
𝑟!,,-"
100 F

2
13

 (6) 

where 𝑛'(' [min-1] is the initial spindle speed in that section. The following differential equation in the 
acceleration section can be obtained: 

𝑑𝜃
𝑑𝑡

=
2𝜋𝑛#"",+(𝜃)

60
=
2𝜋𝑛'(' D1 +

𝑟!,#""
100 F

2
13

60
 

(7) 

This equation can be transformed as follows: 



𝑑𝑡
𝑑𝜃

=
60
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𝑟!,#""
100

F
4 2
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60
2𝜋𝑛'('

𝑒4
2
13 56708

9!,#$$
0%% : (8) 

Next, Eq. (9) can be obtained from the integration of Eq. (8): 

𝑡 = 8
𝑑𝑡
𝑑𝜃

𝑑𝜃 =
60

2𝜋𝑛'('
8𝑒4

2
13 56708

9!,#$$
0%% :𝑑𝜃 = −

60

𝑛'('ln D1 +
𝑟!,#""
100 F

𝑒4
2
1356708

9!,#$$
0%% : + 𝐶 (9) 

where 𝐶 is an integral constant, and 𝐶 can be determined by utilizing the initial condition (𝑡(0) = 0) as 
follows: 

𝐶 =
60

𝑛'(' ln D1 +
𝑟!,#""
100 F

 (10) 

From Eqs. (9) and (10), 𝜃(𝑡) can be calculated as: 

𝜃(𝑡) = −
2𝜋

ln D1 +
𝑟!,#""
100 F

ln K1 − D
𝑛'('
60

ln D1 +
𝑟!,#""
100

FF 𝑡L (11) 

The following differential equation is obtained: 
𝑑𝜃(𝑡)
𝑑𝑡

=
2𝜋𝑛'('

60 − K𝑛'(' ln D1 +
𝑟!,#""
100 FL 𝑡

 (12) 

By using Eqs. (7) and (12), 𝑛#"",+(𝑡) can be derived as follows: 

𝑛#"",+(𝑡) =
𝑛'('

1 − K𝑛'('60 ln D1 +
𝑟!,#""
100 FL 𝑡

 (13) 

In the same manner with Eqs. (7)-(12), the formulation of 𝑛,-",+(𝑡) can be derived as: 

𝑛,-",+(𝑡) =
𝑛'('

1 − K𝑛'('60 ln D1 +
𝑟!,,-"
100 FL 𝑡

 (14) 

In this paper, 𝑟!,#"" is defined as the set acceleration rate 𝑟! [%]. 
|𝑟#| is close to zero at the sections where the acceleration direction switches. Since the angle of 

these sections is one revolution, i.e., 2𝜋 rad, the time lengths 𝑡0 and 𝑡1 satisfy the following equations. 

8
𝑛(𝑡)
60

𝑑𝑡
;$
1 8<%

;$
1

= 1 (𝑘 = 2, 4, 6, 8… ) (15) 

8
𝑛(𝑡)
60

𝑑𝑡
;&$
1 8<'

;&$
1

= 1 (𝑘= = 1, 3, 5, 7… ) (16) 

3 Analytical investigations of CAR-SSV 

3.1 Time-domain simulation model  

Time-domain simulations are carried out to investigate the influence of the parameters of CAR-
SSV on the chatter stability and to verify the validity of CAR-SSV through comparison with SSSV and 
TSSV. Fig. 3 shows a schematic illustration of the dynamic model in a SDOF vibratory system. It is assumed 
that the cutting tool is flexible in the thrust (𝑧) direction, and the regeneration occurs only in the 𝑧 direction. 
The dynamic uncut chip thickness ℎ(𝑡)	[m] and dynamic cutting force in the thrust direction 𝐹>(𝑡)	[N] can 
be expressed as follows: 
ℎ(𝑡) = ℎ% + 𝜇𝑧,𝑡 − 𝜏(𝑡)/ − 𝑧(𝑡) = ℎ% + 𝜇𝑧(𝜃(𝑡) − 2𝜋) − 𝑧(𝑡) (17) 
𝐹>(𝑡) = 𝐾>𝑎ℎ(𝑡) (18) 

where ℎ% [m] is the static depth of cut, 𝜇 is the overlapping factor (𝜇 = 1 in orthogonal cutting process such 
as pipe-plunging), 𝜏(𝑡)	 [s] is the time-varying spindle rotational period, 𝑧(𝑡)  [m] is the dynamic 



displacement, 𝜃(𝑡) [rad] is the spindle rotational angle, 𝑧(𝜃(𝑡) − 2𝜋) is the dynamic displacement of one 
revolution before at the spindle rotational angle 𝜃(𝑡), 𝐾>	[Pa] is the specific cutting force in the thrust 
direction, and 𝑎	[m] is the cutting width.  

The equation of motion of the tool can be expressed as follows: 
𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑧(𝑡) = 𝐾>𝑎(ℎ% + 𝜇𝑧(𝜃(𝑡) − 2𝜋) − 𝑧(𝑡)) (19) 

where 𝑚 [kg], 𝑐 [N/(m∙s)], and 𝑘 [N/m] are the modal mass, damping coefficient, and stiffness of the tool, 
respectively. The time-varying spindle rotational period 𝜏(𝑡) can be calculated by the following equation. 

8
𝑛(𝑡)
60

𝑑𝑡
<

<4?(<)
= 1 (20) 

In the time-domain simulation, 𝑧(𝑡) is calculated by solving Eq. (19) directly, and the solution is 
approximated by the 4th order Runge-Kutta method. In order to calculate 𝜃(𝑡), 𝑧(𝜃(𝑡) − 2𝜋), and 𝑟#(𝑡), 
the values of 𝑧(𝑡) and 𝑛(𝑡) at each calculation step of the time-domain simulation are memorized. For 
instance, 𝜃(𝑡) can be calculated by integrating the spindle speed by Eq. (21), and the time difference 
between the present and previous revolutions at the same angular position 𝜏(𝑡) is determined by finding the 
minimum value of 𝐾 satisfying the following modulo function: mod(𝜃(𝑡) − 𝜃(𝑡 − 𝐾 × 𝑡9-!), 2𝜋)	≒ 0, i.e., 
𝜏(𝑡)=min(𝐾) × 𝑡9-!, where 𝑡9-! is the time resolution of the simulation. 

𝜃(𝑡) = 2𝜋8
𝑛(𝑡)
60

𝑑𝑡
<

%
 (21) 

The static depth of cut gradually increases at the beginning of the simulation, and this is the only source of 
chatter applied in it. Note that the tool disengagement from the workpiece due to the chatter growth, i.e., 
ℎ(𝑡) = 0, and the multiple regenerative effect [16] from this phenomenon are considered in the simulation. 

 

 
Fig. 3. Schematic illustration of dynamic cutting model with SDOF vibratory system. 

 

3.2 Comparison with conventional SSV based on stability indices and clarification of effects 
of CAR-SSV parameters on stability  

In order to verify the effectiveness of CAR-SSV, a comparison of the stability of CAR-SSV and 
conventional SSV is carried out based on the stability indices [15], i.e., |𝑟#|22222 and 𝑁. The parameters utilized 



in the time-domain simulation are shown in Table 1. The cutting width is increased by 0.1 mm increment, 
and the cutting width where chatter occurs is searched. Note that the growing vibration in each period of 
SSV is considered as chatter. By subtracting one increment from that width, the stability limit 𝑎/'& [mm] is 
determined. 

 
Table 1. Parameters used in time-domain simulation. 

Workpiece properties   
Diameter 𝐷 [mm] 70 
Specific cutting force in thrust direction 𝐾> [MPa] 711 
Modal parameters   
Mass 𝑚 [kg] 0.2266 
Damping coefficient 𝑐 [N/(m∙s)] 44.19 
Stiffness 𝑘 [N/m] 1.118×107 

Parameters of CAR-SSV   
Reference spindle speed 𝑛%,+  [min40] 600-3500 
Variation period 𝑇 [s] 1.0 
Set acceleration rate 𝑟! [%] 2.5-10.2 
Cutting conditions   
Feed rate (static depth of cut) ℎ% [mm/rev] 0.05 
Cutting width 𝑎 [mm] 0.1 – 12.0 

 
Fig. 4 shows the stability limits against the stability indices |𝑟#|22222 and 𝑁 in (a) SSSV [15], (b) TSSV 

[15], and (c) CAR-SSV at 𝑇 = 1.0 s. In the case of SSSV and TSSV, 𝑛%,B and 𝑛%,$ is proportional to 𝑁 at a 
constant 𝑇 [15]. Meanwhile, since the average spindle speed in CAR-SSV is different from 𝑛%,+ , the values 
of 𝑛%,+  and 𝑟! in CAR-SSV at each condition in Fig. 4(c) that satisfy the defined values of |𝑟#|22222 and 𝑁 are 
searched. The magnitude of the stability limit (critical cutting width) is represented by utilizing a color map. 
From Fig. 4, the following remarks are found.  
 

 
1) When |𝑟#|22222 and 𝑁 are the same, the stability limit of CAR-SSV is always equal to or higher than 

those of SSSV and TSSV. The increase of the stability limit of CAR-SSV to those of SSSV and 
TSSV at each condition is calculated. From the result, it is confirmed that the larger the |𝑟#|22222 and 𝑁, 
the larger the increase. Especially, the stability limit at |𝑟#|22222 = 10 % and 𝑁 = 30 in CAR-SSV (𝑎+  
in Fig. 4(c)) is about 2.70 times those of SSSV (𝑎B in Fig. 4(a)) and TSSV (𝑎$ in Fig. 4(b)). 

2) When 𝑁 is the same, the stability limit increases with an increase of |𝑟#|22222 regardless of the type of 
SSV. 

3) When |𝑟#|22222 is the same, the stability limits of SSSV and TSSV are the largest at a certain 𝑁, e.g., 20 
in the case of |𝑟#|22222 = 10, but the stability limit of CAR-SSV increases with an increase of 𝑁 under 
all |𝑟#|22222. The reason for this can be considered as follows. In the cases of SSSV and TSSV, the 
fluctuation amplitude of |𝑟#| becomes large with an increase of 𝑁 [15], and hence the chatter can 
grow when |𝑟#| is insufficient to suppress the chatter. In contrast, when utilizing CAR-SSV, |𝑟#| is 
sufficient in almost all sections since |𝑟#|  is kept constant except for the sections where the 
acceleration direction switches. Therefore, a larger change of chatter frequency can be obtained 
with a larger 𝑁, and it increases the stability limit. 

 



 
Fig. 4. Stability limits against stability indices |𝑟#|22222 and 𝑁 in (a) SSSV, (b) TSSV, and (c) CAR-SSV at 𝑇 =

1.0 s. 
 

Next, the relations between the CAR-SSV parameters and the stability are investigated to propose 



the strategies for setting appropriate parameters. The parameters of CAR-SSV utilized in investigation are 
shown in Table 2. Fig. 5 shows the simulation results at multiple variation periods: (a) 𝑇 = 0.5 s, (b) 𝑇 =
1.0 s, (c) 𝑇 = 2.0 s, and (d) 𝑇 = 4.0 s. Each graph represents the stability limit against the acceleration rate. 
The black dotted line with crosses represents the results at 𝑛%,+ = 1000	min-1, the blue dashed line with 
triangles represents the results at 𝑛%,+ = 1500	min-1, and the red solid line with circles represents the results 
at 𝑛%,+ = 2000	min-1. Figs. 6 (a), (b), and (c) show the profiles of the spindle speed	𝑛(𝑡), the acceleration 
rate 𝑟#(𝑡), and the spindle rotational angle 𝜃(𝑡) which correspond to A, B, and C marked on Fig. 5, 
respectively. Here, the set acceleration rate 𝑟! in the three profiles are the same, i.e., 3 %, but 𝑛%,+  and 𝑇 are 
different: (a) 𝑛%,+ = 1000 min-1, 𝑇 = 0.5 s, (b) 𝑛%,+ = 2000 min-1, 𝑇 = 0.5 s, and (c) 𝑛%,+ = 1000 min-1, 
𝑇 = 4.0 s. Note that even if 𝑛%,+  and 𝑟! are the same, the larger the 𝑇, the higher the maximum spindle 
speed and the lower the minimum spindle speed as shown in Figs. 6 (a) and 6 (c). From the results, the 
following remarks are found. 

 
Table 2. Parameters of CAR-SSV used in time-domain simulation. 

Parameters of CAR-SSV   
Reference spindle speed 𝑛%,+  [min40] 1000, 1500, 2000 
Variation period 𝑇 [s] 0.5, 1.0, 2,0, 4.0 
Set acceleration rate 𝑟! [%] 1, 2, 3, 4, 5, 6 

 
1)  The stability limit increases with a higher 𝑟! under most 𝑛%,+  and 𝑇, except for when 𝑟! increases 

from 5 % to 6 % at 𝑇 = 4.0 s shown in Fig. 5(d). Hence, in order to increase the chatter stability, it 
is desirable to set a larger 𝑟! as long as the limit of the spindle motor load is not exceeded. 

2) When 𝑟!  is the same, the stability limit mostly increases with an increase of 𝑛%,+  and 𝑇 . To 
investigate this reason, |𝑟#|22222 [%] and 𝑁 of the profiles shown in Fig. 6 are evaluated. Note that 𝑁 is 
calculated as follows: 

𝑁 =
∫ 𝜃(𝑡)	𝑑𝑡$
$/1

2𝜋
=
∫ 𝜃(𝑡)	𝑑𝑡D$/1
$

2𝜋
 (22) 

𝑡0 is the time period of the section where the acceleration directions switches from deceleration to 
acceleration, 𝑡1 is the time period of the section where the acceleration direction switches from 
acceleration to deceleration, 𝑡D is the time period of the acceleration section, and 𝑡E is the time 
period of the deceleration section. The calculated values of (|𝑟#|22222, 𝑁) at the conditions of A, B, and 
C are (2.68 %, 4.18), (2.86 %, 8.35), and (2.99 %, 36.1), respectively. From these, it is confirmed 
that the larger the 𝑛%,+  and 𝑇, the larger the |𝑟#|22222 and 𝑁 even though the set value 𝑟! is the same. 
Thus, the stability increases because the chatter frequency can be greatly changed, and the dynamic 
compliance can be greatly reduced. Assuming the initial chatter frequency 𝑓%, the change of chatter 
frequency can be expressed as 𝑓% × (1 + 𝑟!/100)F. The value of (1 + 𝑟!/100)F at A, B, and C are 
1.12, 1.27, and 2.90, respectively. The dominant reason for the reduction of the compliance is the 
increase of 𝑁 because |𝑟#|22222 in all conditions show a similar value. One more reason can be the 
increase of |𝑟#|22222 from the decrease of 𝑡0 and 𝑡1, which means that the length of the section where 
|𝑟#| is insufficient decreases as shown in Fig. 6. For reference, the ratio of the sum of the time 
periods where the acceleration direction changes (𝑡0 + 𝑡1) to the sum of the time periods where 𝑟# 
is maintained a constant ( 𝑡D + 𝑡E ) is calculated. The calculated (𝑡0 + 𝑡1)/(𝑡D + 𝑡E)  at the 
conditions of A, B, and C are 0.3256, 0.1358, and 0.0312, respectively. From these two reasons, by 
setting a large 𝑛%,+  and 𝑇, a remarkable improvement of the machining efficiency can be realized 
by utilizing CAR-SSV since a large cutting width, i.e., large stability limit, can be adopted. Hence, 
CAR-SSV can be an effective solution to overcome the limitation of conventional SSV. 

3) The tendency of the increase of the stability with a higher 𝑛%,+  is not confirmed at 𝑇 = 4.0	s. This 
is thought to happen because the chatter frequency changes excessively due to an extremely large 



𝑁  at a large 𝑇 . More specifically, when the chatter frequency excessively changes from the 
resonance, the reduction effect of the dynamic compliance reaches a certain asymptotic value since 
the compliance is nearly constant far away from the resonance. Therefore, the increase of the 
stability against the increase of 𝑁 becomes smaller.  
 

 
Fig. 5. Stability limits against acceleration rate under varied 𝑛!,#  and 𝑇. 

 



 
Fig. 6. Profiles of spindle speed, acceleration rate, and spindle rotational angle. 

3.3 Comparison with conventional SSV focusing on its applicability 

To verify the effectiveness of CAR-SSV focusing on its applicability to the actual industry, the 
machining efficiency against the thermal load of the spindle motor in CAR-SSV, TSSV, and SSSV are 
compared.  

The spindle speeds of TSSV 𝑛$(𝑡)	[min-1] and SSSV 𝑛B(𝑡)	[min-1] can be described as follows.  

𝑛$(𝑡) = i
𝑛%,$ + 𝑛G,$ −

4𝑛G,$
𝑇

mod(𝑡, 𝑇)																																	𝑖𝑓				0 ≤ mod(𝑡, 𝑇) < 𝑇 2⁄

𝑛%,$ − 3𝑛G,$ +
4𝑛G,$
𝑇 mod(𝑡, 𝑇)																															𝑖𝑓			 𝑇 2⁄ ≤ mod(𝑡, 𝑇) < 𝑇

   (23) 

𝑛B(𝑡) = 𝑛%,B + 𝑛G,B sin p
2𝜋
𝑇
𝑡 +

𝜋
2q

 (24) 

Here, 𝑛%,$ [min-1] and 𝑛%,B [min-1] are the nominal spindle speeds in TSSV and SSSV, respectively, and 
𝑛G,$ [min-1] and 𝑛G,B [min-1] are  the variation amplitudes in TSSV and SSSV, respectively. The profiles of 
CAR-SSV are created at first, and then the profiles of TSSV and SSSV are created with identical thermal 
load and identical average spindle speed as those of CAR-SSV so that the three profiles can be compared 
from a practical viewpoint. As a first step, the average spindle speed of CAR-SSV 𝑛#H- [min-1] is calculated 
by Eq. (25), and 𝑛%,$ and 𝑛%,B are set equal to 𝑛#H-. 

𝑛#H- =
2
𝑇
8 𝑛#"",+(𝑡)	𝑑𝑡
$

$/1
 (25) 

The thermal load of the spindle motor is basically proportional to the square of the current. Since 
the current increases proportionally to the spindle acceleration, the thermal load of the spindle motor 
increases proportionally to the square of the acceleration. Hence, the average of the square of the spindle 



acceleration 𝐻s [rev2/s4] is equivalent to the average thermal load increase of the spindle motor. The average 
of the square of the spindle acceleration in SSV 𝐻s [rev2/s4] can be calculated as follows. 

𝐻s =
2
𝑇
8 3

𝑑
𝑑𝑡
𝑛(𝑡)
60

5
1

𝑑𝑡
$

$
1

 (26) 

𝐻s in CAR-SSV is calculated, and then 𝑛G,$ and 𝑛G,B are determined to satisfy the following relations in 
order to set the same thermal load from Eqs. (23)-(26).  
𝑛G,$ = 15𝑇t𝐻s (27) 

𝑛G,B =
30𝑇t2𝐻s

𝜋
 (28) 

The utilized parameters of CAR-SSV are shown in Table 2 and the parameters of TSSV and SSSV 
are determined by Eqs. (26)-(28). The machining efficiency 𝑃 [mm3/min] is defined with material removal 
rate (MRR) as follows: 
𝑃 = 𝑎/'&𝜋𝐷ℎ%𝑛#H- (29) 

As shown in Table 1, 𝐷  and ℎ%  are fixed values which are set the same as those in the experimental 
conditions. Fig. 7 shows the obtained 𝑃 against 𝐻s in the three types of SSV under varied 𝑇: (a) 𝑇 = 0.5 s, 
(b) 𝑇 = 1.0 s, (c) 𝑇 = 2.0 s, and (d) 𝑇 = 4.0 s. Red circles represent the results of CAR-SSV, blue triangles 
represent the results of TSSV, and green crosses represent the results of SSSV. Note that the variation 
amplitudes of TSSV and SSSV should be set smaller than their average spindle speeds because the spindle 
speed cannot be lower than 0 min-1. Therefore, the conditions which do not satisfy this constraint are 
neglected, and those are not plotted in Fig. 7. 

Fig. 8 shows the profiles of the spindle speed and the acceleration rate in CAR-SSV, TSSV, and 
SSSV which correspond to A, B, and C marked on Fig. 7: (A) 𝑇 = 0.5 s, 𝑛%,+ = 1000 min-1, and 𝑟! = 3 %, 
(B) 𝑇 = 0.5 s, 𝑛%,+ = 2000 min-1, and 𝑟! = 6 %, and (C) 𝑇 = 2.0 s, 𝑛%,+ = 1000 min-1, and 𝑟! = 3 %. 
From Figs. 7 and 8, the following remarks are found. 
 

1) When 𝐻s is the same, 𝑃 of CAR-SSV is almost equal to or higher than those of TSSV and SSSV. It 
is verified that CAR-SSV is more effective to suppress chatter, and the applicability to the actual 
industry is superior to that of the conventional SSV profiles. 

2) From Fig. 7, it is confirmed that the increase of the machining efficiency in CAR-SSV compared 
to those of TSSV and SSSV becomes larger with a larger 𝐻s and 𝑇. The reason for this can be 
explained as follows. As shown in Fig. 8, the larger the 𝐻s and 𝑇, the larger the fluctuation amplitude 
of 𝑟# in TSSV and SSSV. Consequently, the sections where |𝑟#| in TSSV and SSSV is smaller than 
|𝑟#| in CAR-SSV (near the transitions from acceleration to deceleration) becomes longer. Hence, 
the change of chatter frequency becomes smaller in those sections in TSSV and SSSV, and the 
stabilization effect decreases since a sufficient compliance reduction cannot be obtained. In contrast, 
in the case of CAR-SSV, the time periods 𝑡0 and 𝑡1 of the sections where |𝑟#| decreases, i.e., the 
transitions of the acceleration direction, become shorter with a larger 𝐻s and 𝑇, and thus CAR-SSV 
can overcome the limitation of TSSV and SSSV. 

 



 
Fig. 7. Simulation results of material removal rate (MRR) 𝑃 against average of square of spindle 

acceleration 𝐻s under varied 𝑇. 
 



 
Fig. 8. Profiles of spindle speed and acceleration rate corresponding to A, B, and C marked in Fig. 7. 

 

4 Experimental investigations into CAR-SSV 

4.1 Experimental setup 

Two series of experiments are carried out to verify the effectiveness of CAR-SSV. Fig. 9 shows a 
photograph of the experimental setup for the pipe-end plunging and Table 3 shows experimental conditions 
for two series of experiments. A 2-turret CNC lathe (Okuma Corp., SIMUL TURN LU3000EX) is utilized, 
and a tool insert (Mitsubishi Material Corp., TCMW16T308 HTi10) mounted on a tool shank (steel, ISO 
C45) with a rectangular cross-section is used to cut a pipe-shaped workpiece (brass, ISO CuZn35). The 
rake and clearance angles of the tool are 0 and 7 deg, respectively. The spindle speed and vibration 
acceleration signals are obtained from the spindle motor encoder and a 3-axis accelerometer mounted on 
the tool shank, respectively. 

 



 
Fig. 9. Experimental setup for pipe-end plunging. 

 
Table 3. Experimental conditions for two series of experiments 

Tool   
Tool insert information  Mitsubishi Material Corp. TCMW 16T308 HTi10 
Tool shank material  Steel, ISO C45 
Rake angle [deg] 0 
Clearance angle [deg] 7 
Workpiece   
Workpiece material  Brass, ISO CuZn35 

 

4.2 Measurement of dynamic compliance of tool shank 

The dynamic compliance of the tool shank is measured with an impact hammer (PCB Electronics 
Inc., 086E80), an accelerometer (PCB Electronics Inc., 356A01), and a dummy tool insert with flat 
perpendicular faces. These faces are perpendicular to the principal and thrust directions, and they are 
utilized for accurate force input. The width and the height of the utilized tool is 25 mm and 15 mm, 
respectively. The projection of the tool shank is set as long as 80 mm, and the workpiece is rigid in the z 
direction. The impact for each direction is repeated 10 times, and their average is utilized for higher 
reliability of the measurement. After the measurement of the dynamic compliances, their modal parameters 
are identified in order to utilize them in the time-domain simulations and compare the results with those of 
the cutting experiments. The details of the identification of the modal parameters are described in the 
previous work [15]. The identified modal parameters are shown in Table 4. 

The measured and fitted dynamic compliances are shown in Fig. 10, where (a) shows the cross 
dynamic compliance 𝐺>I  and (b) shows the direct dynamic compliance 𝐺>> . The equivalent dynamic 
compliance [15, 17] in the thrust direction 𝐺>(𝑠) is calculated by utilizing Eq. (30), and the measured and 
fitted equivalent dynamic compliances are shown in Fig. 11. Here, 𝐾I and 𝐾> in Eq. (30) are the specific 
cutting forces in the principal (𝑦) and thrust (𝑧) directions, respectively, and they are measured in advance. 



The dashed blue lines and the solid red lines in Figs. 10 and 11 represent the measured and fitted dynamic 
compliances, respectively. 
𝐺>(𝑠) = y𝐺>I	𝐺>>z {

𝐾I/𝐾>
1

| = 𝐾I/𝐾> × 𝐺>I + 𝐺>> (30) 
 

Table 4. Numerically identified modal parameters. 
Modal mass   
𝑚II [kg] 0.0658 
𝑚I> [kg] 0.0221 
𝑚>I [kg] -0.0107 

𝑚>> [kg] 0.1807 
Modal damping coefficient   
𝑐II [N/(m∙s)] 32.73 
𝑐I> [N/(m∙s)] -42.28 
𝑐>I [N/(m∙s)] 13.61 
𝑐>> [N/(m∙s)] 84.99 
Modal stiffness   
𝑘II [N/m] 8.203×106 
𝑘I> [N/m] 2.624×106 
𝑘>I [N/m] -5.478×105 
𝑘>> [N/m] 2.076×107 

 

 
Fig. 10. Measured and fitted dynamic compliances: (a) cross dynamic compliance and (b) direct dynamic 

compliance. 



 

 
Fig. 11. Measured and fitted equivalent dynamic compliances. 

4.3 Cutting experiments with constant spindle speed 

Cutting experiments with constant spindle speed (CSS) are conducted to confirm the validity of the 
dynamic compliance by means of comparing the predicted and experimental stability limits. In addition, 
the degree of the stability improvement by utilizing CAR-SSV and TSSV compared to CSS can be 
investigated by comparing the stability limits. 

Experimental conditions for cutting with CSS are shown in Table 5. The feed rate, i.e., static depth 
of cut in pipe-end plunging, is fixed to 0.05 mm, the cutting width, i.e., the thickness of the pipe, is changed 
by means of pre-cutting, and the spindle speeds are set variable from 1000 to 3000 [min-1]. The stability 
limits are calculated by utilizing the measured and fitted equivalent dynamic compliances. The predicted 
stability limits and experimental results are shown in Fig. 12. The blue and red solid lines represent the 
predicted stability limit with the measured and fitted compliances, respectively. As for the experimental 
results, the measured vibration acceleration is short-time Fourier transformed to confirm the chatter 
frequency and the maximum vibration amplitude 𝑎&#). The circles and the crosses in Fig. 12 represent the 
cutting results without chatter (𝑎&#) <	1.0 µm%4J) and with chatter (1.0 µm%4J ≤ 𝑎&#)), respectively. As 
can be observed in Fig. 12, chatter occurs regardless of the spindle speeds when the cutting width is 1.4 
mm, and the experimental results represent higher stability than the predicted stability limit especially in 
the high-speed region (2500 min-1 and 3000 min-1). This may come from the change of the specific cutting 
force in the wide cutting speed range, i.e., the specific cutting force generally decreases with the increase 
of the cutting speed. Meanwhile, it can be confirmed that the predicted stability limits with measured and 
fitted compliances are almost equal, and the predicted and measured chatter frequencies are all in good 
agreement; hence, the modal parameters can be used in the time-domain simulation with SSV.   

 
Table 5. Experimental conditions for cutting with CSS. 

Workpiece properties 



Material  Brass CuZn35 
Diameter 𝐷 [mm] 70 
Specific cutting force in principal direction 𝐾I [MPa] 1284 
Specific cutting force in thrust direction 𝐾> [MPa] 711 
Tool properties 
Width (feed dir.) × Height (cutting dir.) [mm] 25×15 
Projection length [mm] 80 
Cutting condition 
Feed rate (static depth of cut) ℎ% [mm/rev] 0.05 
Cutting width 𝑎 [mm] 0.8, 1.0, 1.2, 1.4 
Spindle speed 𝑛 [min-1] 1000 - 3000 

 

 
Fig. 12. Predicted stability limits and experimental results of CSS. 

4.4 Method for generating CAR-SSV profile and experimental conditions 

Cutting experiments with CAR-SSV and TSSV are carried out to verify the effectiveness of CAR-
SSV as well as to confirm the relations between the parameters of CAR-SSV and the stability. The 
experimental conditions are shown in Table 6. Experiments with TSSV are carried out by utilizing a 
commercially available function (Okuma Corp., Machining Navi L-g). Note that the variation amplitude 
ratio 𝑅𝑉𝐴, which is defined as the ratio of the speed variation amplitude to the average spindle speed 
𝑛G,$/𝑛#H-, is limited to 0.5 or lower. The values of the parameters of CAR-SSV and TSSV specified in 



Table 6 represent the set values, and the actual values are directly measured from the obtained spindle speed 
signals. 

 
Table 6. Experimental conditions for cutting with CAR-SSV and TSSV. 

Parameters of CAR-SSV   
Reference spindle speed 𝑛%,+  [min40] 1000, 1500, 2000 
Variation period 𝑇 [s] 0.5, 1.0, 2,0, 4.0 
Set acceleration rate 𝑟! [%] 1.0 – 6.0 
Parameters of TSSV   
Nominal spindle speed 𝑛%,$ [min40] 1000, 2000 
Variation period 𝑇 [s] 1.0, 2.0, 4.0 
Variation amplitude ratio 𝑅𝑉𝐴  0.1 - 0.5 
Cutting conditions   
Feed rate (static depth of cut) ℎ% [mm/rev] 0.05 
Cutting width 𝑎 [mm] 1.0 - 5.0 

 
Since CAR-SSV, which maintains a constant absolute acceleration rate, cannot be realized by 

existing NC commands, specially designed cutting experiments are conducted. The dummy turret of the 
CNC lathe shown in Fig. 9 is utilized to control the spindle speed. The spindle speed is controlled by the 
constant peripheral speed control function in which the spindle speed changes according to the 𝑥-axis 
position of the dummy turret. Here, the dummy turret is moved in accordance with previously prepared 
commands so that |𝑟#|22222 is kept constant in the acceleration/deceleration section. For example, the spindle 
speed at the 𝑘-th revolution at a certain spindle rotational angle 𝑛; [min-1] can be expressed by Eq. (31) 
using the set constant peripheral speed 𝑉	[m/min] and the distance from the center of the workpiece to the 
dummy turret at the 𝑘-th revolution 𝑅; [mm] for the acceleration/deceleration section. In order to maintain 
|𝑟#|22222 as 𝑟!, the spindle speeds in two successive revolutions, i.e., 𝑛; and 𝑛;40, should satisfy Eq. (5). From 
Eqs. (31) and (32), 𝑅; can be calculated by Eq. (33).  

𝑛; =
1000𝑉
2𝜋𝑅;

 (31) 

𝑛; = D1 +
𝑟!
100

F𝑛;40 (32) 

𝑅; =
𝑅;40

D1 + 𝑟!
100F

 (33) 

The dummy turret position in each revolution are calculated by utilizing Eq. (33), and they are interpolated 
with constant time steps.  

An example of the experimental signals of the spindle speed, the acceleration rate, the spindle 
acceleration, the dummy turret position (𝑥 axis), the tool position (𝑧 axis), and the feed rate of the tool (𝑧 
axis) at 𝑛%,+ = 1000 min-1, 𝑇 = 4.0 s, and 𝑟! = 2.0	% are shown in Fig. 13. In order to calculate 𝑟#, the 
spindle rotational angle is memorized in every moment, and then the moment of one revolution before as 
well as the spindle speed at that moment are determined. From the 𝑟# profile, |𝑟#|22222 is stably maintained as 𝑟! 
in almost all sections except for the small overshoots near the sections where the acceleration direction 
switches. In addition, the feed rate of the tool is kept almost constant, and this denotes a constant static 
depth of cut. Every profile under each experimental condition is confirmed beforehand, and the conditions 
in which 𝑟! can be stably maintained constant are selected for the cutting experiments. Since the original 
thickness of the pipe, i.e., the maximum cutting width, is 5.0 mm, the cutting width is varied from 1.0 mm 
to 5.0 mm with increments of 0.5 mm.  

 
 



 
Fig. 13. Example of experimental signals of CAR-SSV at 𝑛!,# = 1000 min-1, 𝑇 = 4.0 s, and 𝑟$ = 2.0 %. 

 

4.5 Experimental results and discussions 

Cutting experiments are carried out to confirm the validity of the analytical investigations with the 
time-domain simulation, and the experimental results are described with the same order in Chapter 3. Firstly, 
the stability of CAR-SSV is evaluated based on the stability indices |𝑟#|22222 and 𝑁, and the results are shown 
in Fig. 14 under varied cutting widths: (a) 2.0 mm, (b) 3.0 mm, (c) 4.0 mm, and (d) 5.0 mm. The blue circles 
represent the cutting results without chatter (𝑎&#) < 1.0 µm%4J), and the red crosses represents the cutting 
results with chatter (1.0 µm%4J ≤ 𝑎&#)). Since the maximum cutting width is 5 mm because of the original 
thickness of the pipe, the stable experimental results at 5 mm mean that the actual stability limit is over 5 
mm. |𝑟#|22222 and 𝑁 are directly calculated from the measured spindle speed signals. From Fig. 14, the following 
remarks which have been found from the simulation are confirmed as follows:  

 
1) When 𝑁 is almost the same, the stability increases with an increase of |𝑟#|22222. Especially, when |𝑟#|22222 is 

near 4 %, chatter is stably suppressed under all 𝑁 even if the cutting width is set to 5.0 mm, which 
is 4 times the asymptotic stability limit of CSS. Therefore, it can be said that |𝑟#|22222 is an effective 
stability index in CAR-SSV. 

2) When |𝑟#|22222 is almost the same, the stability increases with an increase of 𝑁. For example, when |𝑟#|22222 
is almost equal to or higher than 2 % and 𝑁 is higher than 10, chatter is stably suppressed even if 
the cutting width is set to 5.0 mm. Hence, it can be said that 𝑁 is also an effective stability index in 



CAR-SSV. 
Consequently, it is desirable to set higher |𝑟#|22222 and 𝑁 to achieve higher stability. 

 

 
Fig. 14. Results of cutting experiments in CAR-SSV against stability indices |𝑟#|22222 and 𝑁 under varied 

cutting width. 
 
Secondly, the relations between the parameters of CAR-SSV and the stability are investigated. The 

results of the cutting experiments and the time-domain simulations are shown in Fig. 15. Figs. 15(a)-15(f) 
show the results under varied conditions of 𝑛%,+  and 𝑇: (a) 𝑛%,+ = 1000 min-1, 𝑇 = 0.5 s, (b) 𝑛%,+ = 1000 
min-1, 𝑇 = 1.0  s, (c) 𝑛%,+ = 1000  min-1, 𝑇 = 2.0  s, (d) 𝑛%,+ = 1500  min-1, 𝑇 = 0.5  s, (e) 𝑛%,+ = 1500 
min-1, 𝑇 = 1.0 s, and (f) 𝑛%,+ = 1500 min-1, 𝑇 = 2.0 s. Note that the measured spindle speed signals and 
the identified modal parameters shown in Table 4 are utilized in the time-domain simulations. The 
horizontal and vertical axes represent the set acceleration rate 𝑟! and the cutting width, respectively. The 
blue dotted line with squares represents the predicted stability limit. Since the acceleration rate cannot be 
maintained nearly constant at 𝑛%,+ = 1500 min-1, 𝑇 = 2.0 s, and 𝑟! = 4 %, this condition is excluded. As 
shown in Fig. 15, it can be confirmed that the experimental results show higher stability than the predicted 
ones. This is consistent with the results of CSS shown in Fig. 12. In addition, the tendency of the stability 
within the experiments and within the simulations are consistent. The following remarks which have been 
found from the simulation are confirmed as follows:  



 
1) The higher 𝑟!, the higher the stability under the conditions with the same 𝑛%,+  and 𝑇. Especially, 

when 𝑟! is 4.0 %, the whole thickness of the pipe, i.e., 5 mm, which is about 3.5 times the maximum 
stability limit in CSS, is cut without chatter regardless of 𝑛%,+  and 𝑇. Hence, it is desirable to set a 
larger 𝑟!, without exceeding the limit of the spindle motor load, to obtain higher stability. 

2) When 𝑟! and 𝑛%,+  are the same, the higher 𝑇, the higher the stability (see Figs. 15(a)-15(c) and 
14(d)-14(f)). In the same manner, when 𝑟!  and 𝑇 are the same, the higher 𝑛%,+ , the higher the 
stability (see Figs. 15(a) and 15(d), 15(b) and 15(e), and 15(c) and 15(f)). As described in the 
analytical investigations, the reasons for these tendencies can be explained as follows. The larger 
𝑇 and 𝑛%,+  under the same 𝑟!, the larger |𝑟#|22222 and 𝑁, and hence the stability becomes higher. It is 
experimentally verified that CAR-SSV is an effective solution to overcome the limitation of 
conventional SSV. 

3) The increase of the stability against the increase of 𝑇 becomes small at 𝑛%,+ = 1500 min-1 (see Figs. 
15(e) and 15(f)). The reduction effect of the dynamic compliance reaches a certain asymptotic value 
since the compliance is nearly constant far away from the resonance. Therefore, there is a limitation 
in the stabilizing effect from the increase of 𝑇. 
 



 
Fig. 15. Results of cutting experiments and time-domain simulation in CAR-SSV against set acceleration 

rate 𝑟! under varied 𝑛%,+  and 𝑇. 
 
Finally, in order to verify the effectiveness of CAR-SSV focusing on its applicability to the actual 

industry, a comparison between CAR-SSV and TSSV is conducted considering the thermal load of the 
spindle. As shown in Section 3.2, the machining efficiency against the thermal load of the spindle motor is 
compared between the two profiles. The average of the square of the spindle acceleration 𝐻s [rev2/s4] is 
utilized as a proportional value to the average thermal load of the spindle motor. 𝐻s is calculated from the 
measured spindle speed signal. The average spindle speed of CAR-SSV 𝑛#H-,+  and TSSV 𝑛#H-,$ are also 
calculated from the measured spindle speed signal, and they are utilized for the calculation of the machining 
efficiency, i.e., material removal rate (MRR), 𝑃 [mm3/min] expressed in Eq. (29). Fig. 16 shows the results 
of 𝑃 against 𝐻s under varied 𝑇’s: (a) 𝑇 = 1.0 s, (b) 𝑇 = 2.0 s, and (c) 𝑇 = 4.0 s.  The red circles and blue 
triangles represent the results of CAR-SSV and TSSV, respectively. The stability limit is determined from 
the results shown in Fig. 15, and it is utilized for the calculation of 𝑃. As in the other experiment, the 
condition where the maximum thickness of the pipe (5.0 mm) is stably cut is excluded. In addition, the 
conditions where the profile of TSSV cannot be generated due to the limitation of 𝑅𝑉𝐴 are excluded. In 



Fig. 16, an increase of 𝐻s means an increase of the acceleration, and hence 𝑅𝑉𝐴 of TSSV and 𝑟! of CAR-
SSV take higher values with higher 𝐻s. Fig. 17 shows examples of the experimental signals of the spindle 
speed, the acceleration rate, the vibration acceleration obtained from accelerometer, and the short-time 
Fourier transform results of the vibration acceleration for the profiles marked as A and B on Fig. 16: (a) 
CAR-SSV (𝑎 = 3.5	mm, 	𝐻s = 39.51  rev2/s4, 𝑛#H-,+ = 1014 min-1, 𝑇 = 2.0	s, and 𝑟! = 2.0  %) and (b) 
TSSV (𝑎 = 2.5	mm, 𝐻s = 38.70 rev2/s4, 𝑛#H-,$ = 1002 min-1, 𝑇 = 2.0	s, and 𝑅𝑉𝐴 = 0.2). From Figs. 16 
and 17, the following remarks which have been found in the simulation are confirmed as follows. 
 

1) When 𝐻s is almost the same, the machining efficiency is increased by utilizing CAR-SSV under all 
conditions. Therefore, it is experimentally verified that the effectiveness of CAR-SSV is superior 
to that of TSSV considering the motor load.  

2) As shown in Fig. 17, although the cutting width of CAR-SSV (A of Fig. 16) is 40% larger than that 
of TSSV (B of Fig. 16), the vibration amplitude in CAR-SSV is extremely small except for the 
vibration at the beginning of the cutting caused by the initial cutting force input. On the other hand, 
in the case of TSSV, the growth of the vibration with a decrease of |𝑟#| can be observed where the 
acceleration direction switches. From these results, it can be concluded that the superior chatter 
suppression effect of CAR-SSV is verified experimentally. 
 



 
Fig. 16. Experimental results of material removal rate (MRR) 𝑃 [mm3/min] against average of square of 

spindle acceleration 𝐻s	[rev2/s4] under varied 𝑇: (a) 𝑇 = 1.0 s, (b)	𝑇 = 2.0 s, and (c)	𝑇 = 4.0 s. 
 



 
Fig. 17. Example of experimental signals of spindle speed and acceleration rate, corresponding vibration 

acceleration obtained from accelerometer, and short-time Fourier transform result of vibration 
acceleration under cutting conditions marked as A and B on Fig. 16: (a) CAR-SSV (𝑎 = 3.5	mm, 𝐻s =
39.51 rev2/s4, 𝑛#H-,+ = 1014 min-1, 𝑇 = 2.0	s, and 𝑟! = 2.0%) and (b) TSSV (𝑎 = 2.5	mm, 𝐻s = 38.70 

rev2/s4, 𝑛#H-,$ = 1002 min-1, 𝑇 = 2.0	s, and 𝑅𝑉𝐴 = 0.2). 

5  Conclusion 
A new SSV profile, which was named CAR-SSV (SSV with constant acceleration rate), is proposed 

to overcome the limitation of the chatter stability improvement in conventional SSV. Since the absolute 
acceleration rate is maintained a constant, chatter suppression throughout the cutting can be achieved. 

Analytical investigation was conducted to reveal the potential of the proposed profile. Firstly, the 
relations between the stability limit and the proposed stability indices in SSSV, TSSV, and CAR-SSV were 
investigated, and the results of CAR-SSV were compared with those of SSSV and TSSV. From the 
investigation, the following remarks were found.  

1) When |𝑟#|22222 and 𝑁 are the same, the stability limit of CAR-SSV is always equal to or higher than 
those of SSSV and TSSV. The larger the |𝑟#|22222 and 𝑁, the larger the increase of the stability limit.  

2) When 𝑁 is the same, the stability limit increases with an increase of |𝑟#|22222. 
3) When |𝑟#|22222 is the same, the stability limit of CAR-SSV increases with an increase of 𝑁 under all 

|𝑟#|22222.  
 
Secondly, the following relations between the parameters of CAR-SSV and the chatter stability 

were revealed: 
 



1) The stability increases with a higher 𝑟!, and hence it is desirable to set a larger 𝑟! under the imposed 
limitation of the spindle motor load. 

2) When 𝑟!  is the same, the stability limit increases with larger 𝑛%,+  and 𝑇 in most cases. This is 
because the larger 𝑇  and 𝑛%,+ , the larger |𝑟#|22222 and 𝑁 .  This denotes that CAR-SSV can be an 
effective solution since the machining efficiency increases with higher 𝑇 and 𝑛%,+ , i.e., higher 
stability limit (cutting width). 

3) The increase of the stability with higher 𝑛%,+  is small under a long 𝑇. Because the reduction effect 
of the dynamic compliance reaches a certain asymptotic value since the compliance is nearly 
constant far away from the resonance. Consequently, there is a limitation for the improvement of 
the stability with an increase of 𝑛%,+  and 𝑇. 

 
Thirdly, to verify the effectiveness of CAR-SSV considering its applicability to the actual industry, the 
machining efficiency 𝑃, i.e., material removal rate (MRR), against the thermal load of the spindle motor 𝐻s 
was compared with the conventional SSV profiles. The results were summarized as follows: 
 

1) When 𝐻s is the same, 𝑃 of CAR-SSV is equal to or higher than that of conventional SSV in most 
conditions.  

2) The increase of 𝑃 by utilizing CAR-SSV becomes larger with larger 𝐻s and 𝑇. The larger the 𝐻s 
and	𝑇, the larger the fluctuation amplitude of 𝑟# in TSSV and SSSV, and the sections become longer 
where |𝑟#| in TSSV and SSSV is smaller than |𝑟#| in CAR-SSV. Hence, the stabilization effect 
decreases in TSSV and SSSV since a sufficient compliance reduction cannot be obtained.  

 
A series of experiments were carried out to confirm the relations between the parameters of CAR-

SSV and the stability as well as to verify the effectiveness of CAR-SSV. Since CAR-SSV cannot be realized 
by existing NC commands, specially designed cutting experiments were conducted. 

The stability of CAR-SSV was evaluated based on the stability indices |𝑟#|22222 and 𝑁. When 𝑁 is 
almost the same, the stability increases with an increase of |𝑟#|22222. Next, when |𝑟#|22222 is almost the same, the 
stability increases with an increase of 𝑁. Hence, it can be said that |𝑟#|22222 and 𝑁 are effective stability index. 

The experimental results showed that a higher stability can be obtained by setting a higher 𝑟!, and 
this is consistent with the results of the simulation. Especially, when 𝑟! is 4.0 %, the whole thickness of the 
pipe, which is 3.5 times larger than the maximum stability limit in CSS, was stably cut. Next, when 𝑟! and 
𝑛%,+  are the same, a higher stability was obtained with a higher 𝑇. In addition, when 𝑟! and 𝑇 are the same, 
a higher stability was obtained with a higher 𝑛%,+ . These results were exactly the same with the analytical 
results. From these results, it was verified that a remarkable improvement of the machining efficiency can 
be realized by utilizing CAR-SSV, and CAR-SSV is an effective solution to overcome the limitation of 
conventional SSV.  

From the comparison between CAR-SSV and TSSV focusing on their practicality, higher 
machining efficiency was obtained by utilizing CAR-SSV under all conditions. These results indicate that 
the superior effectiveness of CAR-SSV when considering the motor thermal load was experimentally 
verified. Furthermore, although the cutting width in CAR-SSV was set 40 % larger than TSSV, the vibration 
amplitude diminished when utilizing CAR-SSV, and the amplitude near the end of cutting was extremely 
smaller than that in TSSV. On the other hand, in the case of TSSV, the growth of the vibration with a 
decrease of |𝑟#| was observed at the transitions from acceleration to deceleration. Therefore, it was verified 
that CAR-SSV can effectively suppress chatter throughout the cutting when 𝑟! is set larger than the critical 
value. From these results, it can be concluded that CAR-SSV is a valid solution to overcome the limitation 
of conventional SSV. 
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