
1.  Introduction
The O+-O collision controls the interaction between the neutral atmosphere and the F region ionosphere 
of the Earth. Its frequency, ν(O+-O), is necessary to calculate the drag force, the electric conductivity, and 
the ambipolar diffusion. Thus, an accurate ν(O+-O) model is critical for quantitatively understanding the 
ionosphere.

Currently, there are three types of models for ν(O+-O) in the ionosphere, as summarized in Figure 1 and Ta-
ble 1. They are (1) the classic high-energy theory type (e.g., Banks, 1966; Schunk & Nagy, 2009), (2) the later 
wide-energy theory type (e.g., Stallcop et al., 1991, hereinafter S1991), and (3) the correction-factor type 
(e.g., Salah, 1993). There has been no laboratory experiment of the O+-O collision at ionospheric thermal 
energies (∼0.1 eV), but at superthermal energies (Stebbings et al., 1964, hereinafter S1964). Laboratory ex-
periments have been used to justify theoretical ν(O+-O) models, but have not been directly used to construct 
a ν(O+-O) model. The present study constructs a laboratory-based model for the first time (see Section 4.2).

Collision frequency can be directly calculated from the collision cross section. The classic high-energy the-
ory type model is based on the theoretical calculation of cross sections at energies above 1 eV. The resultant 
cross section is then extrapolated down to ionospheric energies. This classic model was constructed by 
Knof et  al.  (1964, hereinafter K1964) and has been adopted to formulate widely known sets of models 
(e.g., Banks, 1966; Schunk & Nagy, 2009), which include models of collision frequencies of other particle 

Abstract  The collision between atomic oxygen and its first positive ion plays a major role in Earth's 
F region ionosphere. An accurate corresponding collision frequency model is necessary to quantitatively 
understand the ionosphere. However, the widely used classic Banks theoretical model typically provides a 
collision frequency that is 30% lower than the expectation from ionospheric observations. Accordingly, the 
classic collision frequency is often adjusted by multiplying it by a constant known as the Burnside factor. 
This correction-factor model adopted the classic model as its basis due to a misunderstanding that the 
classic model was based on a laboratory experiment; that is, the correction factor was originally meant to 
compensate for laboratory contamination. In this study, a collision frequency model is constructed based 
on the laboratory experiment, and the resultant laboratory-based model is found to be consistent with 
ionospheric observations. In this construction, the impact of laboratory contamination is determined to be 
small (7%) and is mostly canceled by a misinterpretation regarding the conventional definitions of energy. 
Thus, the 30% difference is mainly caused by a theoretical error in the classic model itself. This error 
is energy-dependent and corrected by the later wide-energy theoretical model. Thus, the classic model 
cannot be corrected by a temperature-independent constant and should be replaced by the later model.

Plain Language Summary  Earth's ionosphere is a region at altitudes between 60 and 
800 km. The ionosphere includes both neutral atmosphere and plasmas and is thus the interface between 
Earth and space. The plasma density reaches its maximum at an altitude of about 300 km, where the 
dominant species are atomic oxygen and its first positive ion. Collisions between this particle pair play 
an important role in the structure and dynamics of the ionosphere. However, the collision frequency 
calculated from the widely used classic model has been reported to be about 30% lower than ionospheric 
observations for unknown reasons. In this study, the major reason for this underestimation is clarified to 
be that the classic model has adopted a less accurate collision cross-section model. Thus, the classic model 
should be replaced by the later wide-energy model.
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pairs. This classic model has been widely used in ionospheric studies (e.g., Adachi et al., 2017; Brekke & 
Hall, 1988; Fang et al., 2013; Ieda et al., 2014; Kiene et al., 2019; Lomidze et al., 2015; Takeda, 2016), in par-
ticular, to calculate electric conductivity.

In contrast, the later wide-energy theory type model directly calculates the cross section at the ionospheric 
energy range. This later model was constructed by S1991 and was refined by Pesnell et al. (1993) and Hick-
man et al. (1997a). The present study does not focus on the differences between these later models, which 
are numerically small at ionospheric temperatures (6% at 1000 K). The later model has been compared with 
ionospheric observations (e.g., Anderson et al., 2013; Joshi et al., 2018; Nicolls et al., 2006) but has not been 
adopted for applications such as constructing conductivity models or running ionospheric simulations.

The classic collision frequency has been reported to be underestimated when compared to collision fre-
quencies inferred from ionospheric observations (e.g., Burnside et al., 1987). The ratio of the inferred colli-
sion frequencies to the classic ν(O+-O) model is called the Burnside factor. Salah (1993) multiplied the clas-
sic model by the Burnside factor to construct the correction-factor type model. This type of model has been 
widely used for ionospheric studies (e.g., Fang et al., 2013; McDonald et al., 2013; McGranaghan et al., 2015; 
Zossi et al., 2019), in particular, to run ionospheric simulations.

The Banks (1966) model has often been used as the basis model of the correction-factor model (e.g., Nicolls 
et al., 2006; Oliver & Glotfelty, 1996). In this study, we follow this tradition for calculations of the Burnside 
factor (FB66) and the percentages. FB66 of various models is summarized in Table 1. For clarification, other 
classic models have been used as the basis model in some previous studies. Their temperature dependence 
is slightly different from the Banks (1966) model. Accordingly, FB66 of the Salah (1993) model is not constant 
in Figure 1b although it is recognized by them to be nearly constant between 700 and 1500 K. In such cases, 
we refer to FB66 at 1000 K. The Salah (1993) model corresponds to FB66 = 1.752 at 1000 K.

FB66 has been deduced using observed ionospheric parameters and momentum or energy equations. Esti-
mated FB66 ranges from 0.7 to 1.9 (e.g., Dyson et al., 1997; Vickers et al., 2013; Wu et al., 2012) to date. This 
large variation is presumably due to various assumptions in the equations (e.g., Dang et al., 2015; Nicolls 
et al., 2006).

In particular, the neutral atomic oxygen density is not measured simultaneously with other ionospheric 
parameters but is assumed empirically. Note that a collision frequency model in the present study refers to 
a model of the collision frequency coefficient. This coefficient model is multiplied by the neutral density to 
obtain the collision frequency. Thus, the Burnside correction may not be relevant to the collision frequency 
coefficient model itself but to the assumed atomic oxygen density instead (e.g., Joshi et al., 2018).
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Figure 1.  (a) Existing models of O+-O momentum-transfer collision frequency. They are for the unit number density of atomic oxygen and are a function of 
the ion-neutral reduced temperature (Ti + Tn) / 2. A representative model of each of the three types of models is shown: (1) classic high-energy theory type 
(Banks, 1966), (2) later wide-energy theory type (Stallcop et al., 1991), and (3) correction-factor type (Salah, 1993). (b) The ratio of (a) to the Banks model, 
known as the Burnside factor, for each of the representative models. (c) Burnside factors of three additional models. See Table 1 for additional explanations.
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Nevertheless, appropriate statistical ionospheric observations have the potential capability to calibrate 
theoretical collision frequency (coefficient) models because the deviations of the simultaneous neutral 
atomic oxygen density from empirical models are expected to be averaged out. Later statistical observa-
tions tend to report FB66 ∼ 1.3 (e.g., Joshi et al., 2018; Nicolls et al., 2006). Although this number has not 
yet been fully accepted, it is close to the later wide-energy theoretical model, labeled “Stallcop1991” in 
Figure 1c.

Thus, the later model could replace the classic model based on current ionospheric observation. However, 
the classic models are still widely used and have also been adopted as the basis of the correction-factor mod-
els. It is unclear why the later wide-energy model is not adopted for ionospheric applications.

We had hesitated to employ the later model because the following points had been unclear; thus, it ap-
peared that the later model might include pitfalls. (1) In particular, both classic and later models are 
claimed to be consistent (within 6%) with the S1964 laboratory experiment; however, these consistencies 
appear to contradict the significant (30%) difference between the classic and later models. (2) It is also 
not clear whether the curved trajectory effect (Pesnell et al., 1994; Salah, 1993; Stubbe, 1968) is the pri-
mary cause of the difference between the classic and the later models. (3) Furthermore, the reference 
laboratory experiment (S1964) is contaminated by excited-state O+ ions. Although the impact of this 
contamination on S1964 had been unknown, Salah (1993) supposed that this contamination caused the 
lesser cross section in the classic model. (4) Finally, the theoretical association between the classic and 
the later models is unclear because S1991 did not refer to K1964. A new model is not necessarily better 
than an old model.

The purpose of the present study is to confirm that the classic high-energy type O+-O collision frequency 
model should be replaced by the later wide-energy-type model. We review the construction and verification 
of the classic model in Section 3. We then revise interpretations of the laboratory experiment that is used 
to justify theoretical models in Section 4. We clarify theoretical differences between the classic and later 
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Model type; Method; Original work Ratio to Banks (1966) at 1000 K

(1) Classic high-energy theory type 1: Banks (1966)
1.046: Banks and Kockarts (1973)
1.049: Schunk and Nagy (2009)
1.047: Ieda (2020)

Theoretical calculation at superthermal energies and extrapolation down to 
ionospheric thermal energies; 

Knof et al. (1964) (“K1964”) at 1–10,000 eV

(2) Later wide-energy theory type 1.28: Stallcop et al. (1991)
1.31: Pesnell et al. (1993)
1.25: Hickman et al. (1997a)

Theoretical calculation directly including ionospheric thermal energies; 
Stallcop et al. (1991) (“S1991”) at 0.027–52 eV

(3) Correction-factor type 1.75: Salah (1993)
1.26: Nicolls et al. (2006)
1.57: McGranaghan et al. (2015)
1.27: Joshi et al. (2018)

A constant is multiplied to the classic model to be consistent with various 
ionospheric observations; 

Salah (1993) based on the classic model

(4) Laboratory-experiment type 1.22: “Unconverted” (present study)
1.15: “Converted” (present study)
1.23: “Ground-state” (present study)

Ion beam experiments at superthermal energies and extrapolation down to 
ionospheric thermal energies; 

Present study based on Stebbings et al. (1964) (“S1964”) at 40–10,000 eV

Note. Some models are shown in Figure 1. Models represent collision frequency for the unit number density of 
atomic oxygen and are a function of temperature. The collision frequency ratio to a reference model is called 
the Burnside factor. The Burnside factors to the Banks (1966) model (FB66) at 1000 K are shown. The laboratory-
experiment type models are created in the present study in Section 4.2. The “ground-state” model is appropriate 
for ionospheric study. The definition of energy differs between laboratory experiments and theoretical studies 
(see Appendix A).

Table 1 
Models of O+-O Momentum-Transfer Collision Frequency
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models in Section 5. Implications of the correction-factor model are considered in Section 6. In Section 7, 
we discuss why the later model has still not been adopted.

2.  Definitions and Basics
2.1.  Definitions of Physical Parameters

The physical parameters used in this study are defined in Table 2. We use subscript D for the diffusion or 
momentum-transfer cross sections and subscript E for the charge-exchange cross sections.

2.2.  Polarization Collision and Charge-Exchange Collision

There are two types of collisions between an ion and its parent neutral particle, such as between an O+ 
and an O; these are scattering electric-polarization collision and resonant charge-exchange collision (e.g., 
Banks & Kockarts, 1973). The polarization collision is caused by the long-range attractive force that is due 
to the polarization of the neutral particle by the approaching ion. The charge-exchange collision is caused 
by the transfer of an electron from a neutral particle to an ion. The polarization collision dominates at low 
temperatures (i.e., low particle speeds and, thus, low kinetic energy), and the charge-exchange collision is 
dominant at high temperatures.

For the O+-O collision, the transition temperature of the two collision domains has been thought to be 
approximately 230 K (Banks & Kockarts, 1973; Ieda, 2020; Schunk & Nagy, 2009), corresponding to 109 km 
altitude (COESA, 1976). Below this altitude (i.e., in the polarization domain), the O+-O collision is usu-
ally not considered as important for ionospheric physics as the collision of other particle pairs such as 
NO+-N2. Accordingly, only the charge-exchange collision frequency is traditionally considered for the 
O+-O collision.
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Physical parameters Definition

e Fundamental charge, 1.602176634 × 10–19 C

kB Boltzmann constant, 1.380649 × 10–23 J/K

g (m/s) Relative velocity of an ion with respect to a neutral particle

mi, mn (kg) Mass (ion, neutral particle)

µin (kg) Reduced mass mimn/(mi + mn)

ɛi (eV) Ion kinetic energy mivi
2/2e, where vi is the ion velocity in the laboratory frame

ɛr (eV) Reduced energy µing2/2e (also known as the kinetic energy of relative motion, see Table A1)

Ti, Tn (K) Temperature (ion, neutral gas)

Tr (K) Reduced temperature (mnTi + miTn)/(mi + mn)

qD(ɛr), qE(ɛr) (m2) Energy-dependent cross section (diffusion, charge-exchange)

Q T Q TD r E r m( ), ( ) ( )2 Temperature-dependent or average cross section (diffusion, charge-exchange)

ν (1/s) Momentum-transfer collision frequency in the laboratory frame

nn (1/m3) Number density of neutral gas

ν/nn (m3/s) Collision frequency coefficient

Note. “Ion-neutral collision frequency” in the present study refers to the momentum-transfer collision frequency for 
momentum transfer from neutral gas in the laboratory frame.

Table 2 
Definitions of Physical Parameters in This Study
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2.3.  Basics of Construction of Collision Frequency Model

A collision frequency model refers to a model of the collision frequency coefficient, which is the collision 
frequency divided by the number density of neutral gas. The collision frequency (coefficient) model for the 
ionosphere is traditionally expressed as a function of the reduced temperature, which is the mass-weighted 
average of ion and neutral temperatures. At a given temperature, particles with various kinetic energies 
contribute to the collision frequency. Accordingly, the energy-dependent diffusion cross section qD(ɛr) is the 
main body of a model. Once qD(ɛr) is obtained from theoretical or laboratory results, the collision frequency 
coefficient is calculated as follows.

qD(ɛr) is integrated over energy for each temperature to obtain the average cross section Q TD r   as

Q T q x x dxD r D    


1
2

2
0 exp ,-

� (1)

where x is defined by ɛr = xkBTr/e. See Table 2 for the definitions of the physical parameters. This equation 
is equivalent to Equation 3 of Dalgarno et al. (1958) and Equation 7 of Hickman et al. (1997a). Numerical 
integration is necessary for general cases.

Q TD r   is associated with the momentum-transfer collision frequency coefficient as


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in the laboratory frame. This equation is equivalent to Equation 9.78 of Banks and Kockarts (1973) and 
Equation 8 of Hickman et al. (1997a). This equation means that this collision frequency is defined as being 
independent of the relative bulk velocity between ion and neutral fluids, as is usual. This definition is rea-
sonable for the charge-exchange collision when the relative bulk velocity is lower than the thermal velocity 
(Pesnell et al., 1994).

2.4.  Approximation on Charge-Exchange Collision

The classic model neglects the long-range force in the resonant charge-exchange collision. Then, the reso-
nant charge-exchange cross section qE(ɛr) can be given in the form of

  2
E r 0 0 10 r( log ) ,q A B  � (3)

where A0 and B0 are constants that depend on the particle species. These constants are obtained from the-
oretical calculations or laboratory experiments. This approximate form was theoretically established by 
Dalgarno (1958b).

When qE(ɛr) is given by Equation 3, the integration (Equation 1) can be approximated using

Q T A R B B TE r T r      0 0 0 10
2

log ,� (4)

where RT ∼ 3.668 and other constants are defined in Equation 3 (Banks, 1966; Ieda, 2020; Mason & Vander-
slice, 1959; Pesnell et al., 1994). The neglect of the long-range force also implies an approximation:

q q

Q T Q T
D r E r

D r E r

      
     







2

2
.� (5)

The corresponding collision frequency can be obtained using Equation 2.

Note that this method is not used for the later wide-energy model because it includes the long-range force. 
Hence, Equation 3 does not strictly hold. Instead, numerical integration is used in Equation 1.
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3.  Original Construction and Justification of the 
Classic Model
3.1.  Original Construction of Classic Model

The classic ν(O+-O) model was originally constructed by K1964. There are 
many classic ν(O+-O) models (e.g., K1964, Banks, 1966; Banks & Kock-
arts,  1973; Ieda,  2020; Schunk & Nagy,  2009; Schunk & Walker,  1973). 
They are based on qE(ɛr) of K1964 and are essentially the same, although 
they may appear slightly different because of different output styles, 
small errors, and numerical rounding. The classic model was recalculat-
ed from the K1964 cross section by Ieda (2020). This result is supposed to 
be accurate and is shown in Figure 1c by the line labeled “Ieda2020.” The 
Banks (1966) model is an underestimation of this accurate model by 4% 
(Table 1), presumably due to a minor error (Ieda, 2020).

Before the classic model, Dalgarno  (1958a) introduced the O+-O 
charge-exchange collision concept for the diffusion of the F2 layer. How-
ever, Dalgarno  (1964) noticed that the collision frequency of Dalgar-
no (1958a) was approximately three times that of the S1964 laboratory 
experiment. Accordingly, Dalgarno (1964) divided the Dalgarno (1958a) 
model by a factor of three to be close to the S1964 laboratory experiment. 
In other words, the Dalgarno (1964) model is conceptually similar to the 
correction-factor type model, where the Dalgarno (1958a) model is the 
basis.

K1964 improved the electric potential curve of the O+-O system by in-
cluding available spectroscopic data (see Section 5). K1964 calculated the 

qE(ɛr) above 1 eV and extrapolated the results down to ionospheric energies. This extrapolation is implicitly 
included in Equation 3. They insisted that their resultant qE(ɛr) is much closer to the S1964 laboratory ion 
beam measurement (5.5% difference) than the Dalgarno (1958a) model is.

Banks (1966) adopted the K1964 energy-dependent cross-section model from existing models because of 
this closeness. Banks (1966) stated, “according to Knof et al., the average deviation between the predicted 
and measured values is only 5.5 per cent. Therefore, the charge exchange cross section of Knof et al. will be 
used here.” (p. 1115). That is, Banks (1966) does not appear to have confirmed this closeness. The Dalgar-
no (1964) model is consistent with the S1964 results by definition. However, Banks (1966) did not adopt the 
Dalgarno (1964) model, presumably because it includes a correction factor.

3.2.  Original Justification of Classic Model

K1964 justified their results by insisting the closeness to laboratory measurements as follows. K1964 calcu-
lated the O+-O qE(ɛr) at 1–10,000 eV and compared the results with the S1964 laboratory measurements at 
40–10,000 eV in their Table 5. This comparison is shown in Columns 2 and 3 of Table 3. Figure 2a shows 
these values and Figure 2b shows their ratio. K1964 stated, “The average absolute deviation between the 
calculated and experimental values over the experimental energy range is only 5.5%.” (p. 3553). Although 
we cannot determine how to reproduce this 5.5%, the deviation between the K1964 results in Column 2 of 
Table 3 and the S1964 results in Column 3 do appear small at superthermal energies; that is, 2% (21.5 to 
22.0) at 100 eV.

However, we find that the slopes differ at ∼100 eV, as shown in Figure 2b. As a consequence, the deviation 
is much larger at ionospheric energies, that is, 18% (36.8 to 43.3) at 0.1 eV. Thus, the K1964 results are not 
strongly supported by the laboratory measurements in the practical ionospheric context. Note that S1964 
estimated ±25% uncertainty in the absolute magnitudes of the cross sections in their experiment. Accord-
ingly, discussions of laboratory results are not definite within this order but focus on the most probable 
values for relative justification.
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Energy 
(eV)

Cross section (10–20 m2)

(2) Knof 
et al. (1964)

Stebbings et al. (1964)

(3) 
Unconverted

(4) 
Converted

(5) Ground-
state

0.1 (36.8) [43.3] [40.8] [43.9]

1 31.2 [35.4] [33.2] [35.6]

10 26.2 (28.3) [26.3] [28.3]

100 21.5 22.0 [20.3] [21.8]

1,000 17.3 16.5 [15.0] [16.1]

10,000 13.6 11.8 [10.5] [11.3]

Note. The O+-O charge-exchange cross sections qE as a function of 
reduced energy, also shown in Figure  2. See detailed explanation in 
Figure  2 caption. The values shown in square brackets are calculated 
in this study. The other values are listed in Table 5 of Knof et al. (1964) 
(“K1964”), where the round parentheses indicate extrapolated values. 
K1964 compared their theoretical result in Column 2 with the Stebbings 
et al. (1964) laboratory result in Column 3. For clarification, we calculate 
the values 43.3 and 35.4 in Column 3 using Equation 37 in K1964, which 
is the same as Equation 7 of S1964. This equation is consistent with the 
other values in Column 3.

Table 3 
O+-O Energy-Dependent Charge-Exchange Cross Section
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In summary, the classic ν(O+-O) model was constructed theoretically by K1964. The K1964 model was 
adopted by the famous Banks (1966) model because K1964 insisted that their theoretical model was close 
to S1964 laboratory results. The S1964 laboratory measurement is not directly used to construct the classic 
ν(O+-O) model; S1964 was used only for justification at superthermal energies.

4.  Revised Interpretation of Laboratory Results
In this section, we correct and refine the original interpretation of the laboratory results made by K1964. As 
a result, we confirm that the classic model is not consistent with laboratory measurements, in contrast to 
the original interpretation by K1964.

4.1.  Conventional Energy and Laboratory Contamination

Both classic and later theoretical models of O+-O cross section qE(ɛr) justify themselves by consistency with 
the ion-beam laboratory experiment of S1964. However, there are two problems in the interpretation of 
the laboratory experiment. They are (A) conversion of energy and (B) contamination of excited-state O+, 
as detailed respectively in Appendices A and B. The two problems are briefly explained in the following:

�(A)	� Conversion of energy: The conventional definition of kinetic energy is two times different between theo-
retical studies and laboratory experiments. For example, 1 eV in theoretical studies corresponds to 2 eV 
in laboratory experiments. Thus, when the cross section is obtained by experiments, the corresponding 
energy should be divided by two in theoretical studies. However, K1964 shows the S1964 results with-
out this conversion (Column 3 of Table 3). In contrast, we converted these “unconverted” qE(ɛi,LAB) val-
ues in Column 3 to the “converted” qE(ɛr) values in Column 4 in Table 3. As a result, the “unconverted” 
values overestimate the “converted” values by approximately 9% at 100 eV (Figure 2c).

�(B)	� Contamination of excited-state O+: The S1964 laboratory measurements are contaminated by the ex-
cited-state O+ ion, although the ground-state O+ is relevant to the ionosphere. The impact of this con-
tamination has been unknown and is not included in the classic model. We estimate that the original 
S1964 model has underestimated the cross section in the ionospheric context by 6.9%. Accordingly, we 
adjusted the “converted” values by multiplying it by 1/0.931∼1.0741 to obtain the “ground-state” values 
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Figure 2.  The O+-O charge-exchange cross section qE as a function of reduced energy, also shown in Table 3. The dashed lines indicate extrapolated energy 
ranges. (a) The Knof et al. (1964) (“K1964”) theoretical result and the Stebbings et al. (1964) (“S1964”) laboratory result. (b) The ratio of (a) to the K1964 values. 
(c) Similar to (b), but the S1964 results are shown in three formats: (3) “unconverted”: as-is in K1964; that is, the energy of S1964 should be converted when 
referred in theoretical studies but is left unconverted in error; (4) “converted”: energy of S1964 is converted correctly in the present study; (5) “ground-state”: 
“converted” S1964 model is further adjusted to the ground-state O+ case in the present study, assuming that measured O+ is contaminated with the excited-state 
O+ by 23%. This "ground-state" is our best interpretation of the laboratory results for ionospheric study and is higher than the K1964 result by 19% at 0.1 eV.
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in Column 5 of Table 3. As a result, “ground-state” results are close to the 
“unconverted” results within approximately 1% between 0.1 and 100 eV, 
as shown in Figure 2c.

This indicates that the (A) conversions and (B) adjustments coincidental-
ly cancel each other. Accordingly, the closeness in values and the differ-
ences in slopes at high energies between the K1964 and the S1964 results 
are not significantly altered by this revision. Note that the contamination 
effect is now included as a result of our revision.

4.2.  Construction of a Laboratory-Based Collision Frequency 
Model

In this section, we construct collision frequency models based on labo-
ratory experiments. “Unconverted,” “converted,” and “ground-state” ver-
sions of S1964 qE(ɛr) discussed in Section 4.1 are given by Equations A2, 
A3, and B3, respectively. Because these qE(ɛr) values are already expressed 
in the form of Equation 3, Q TD r   can be obtained using Equations 4 and 
5. Accordingly, the collision frequency can be obtained using Equation 2. 
For example, the resultant “ground-state” S1964 model is

  2 20
E r 10 r1.0741 (8.0712 0.63 log ) 10 ,Q T T     � (6)

2 16
n r E r 10 r/ 34.297 2 0.4800 (1 0.07806 log ) 10 .LAB n T Q T T     � (7)

Figure 3 shows the Burnside factor of these models. The “ground-state” model is our best interpretation of 
the S1964 laboratory measurement for ionospheric study. The value at 1000 K exceeds the value obtained 
from the Banks (1966) model by 23%.

4.3.  Curved Particle Trajectory Effect

The laboratory-based models do not include the curved trajectory effect by definition. In this section, we 
discuss that the curved trajectory effect was overestimated (28% at 1000 K) by Stubbe (1968).

The long-range attractive polarization force makes particle trajectories curved, and thus increases the ef-
fective charge-exchange cross section. Accordingly, the actual O+-O charge-exchange cross section is in-
creasingly higher than Equation 3 as the temperature decreases. This effect is not included in the classic 
high-energy model. Knof et al. (1964) and Banks (1966) recognized that this effect was small; i.e., at most 
11% at the transition temperature (235 K), implying that this effect is negligible at 1000 K.

In contrast, Stubbe (1968) insisted that the curved trajectory effect should be included; they estimated that 
the effect increased the collision frequency by 28% at 1000  K from the Banks  (1966) model. This Stub-
be (1968) result was mentioned by Salah (1993) and Pesnell et al. (1994) and is likely to be recognized as 
responsible for the 30% difference between the classic and later models.

However, Stubbe (1968) incorrectly assumed that Banks (1966) adopted the S1964 cross section. In reality, 
Banks adopted the K1964 cross section instead, as explained in Section 3. This misunderstanding is also 
pointed out by Carlson and Harper  (1977). Accordingly, the contribution of the curved trajectory effect 
is not 28% (from “Banks1966” to “Stubbe1968” in Figure 3), but only 5.8% (from “Unconverted” S1964 to 
“Stubbe1968” in Figure 3) at 1000 K. For some clarification, Stubbe (1968) did not convert energy. We calcu-
late that the ratio of the Stubbe (1968) model to the Banks (1966) model is 29%, not 28%.

Nevertheless, the slope of the Stubbe (1968) model appears close to the later wide-energy model (S1991) at 
approximately 1000 K in Figure 3. This closeness suggests that the Stubbe (1968) calculation of the curved 
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Figure 3.  O+-O momentum-transfer collision frequency models 
constructed in this study. They are a function of the ion-neutral reduced 
temperature and are shown as the ratio to the Banks (1966) model. Three 
versions of the models labeled (3), (4), and (5) are constructed based on a 
laboratory experiment by Stebbings et al. (1964). See detailed explanation 
in Figure 2 caption. The version labeled (5) “ground-state” is the best 
interpretation of the laboratory results for ionospheric study and is higher 
than the Banks (1966) result by 23% at 1000 K. The Stubbe (1968) and the 
Stallcop et al. (1991) models are also shown.
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trajectory effect itself is correct and that this effect is consistent with the long-range force that is included 
in the later wide-energy model.

4.4.  Summary of the Revised Interpretation

The result from the “ground-state” laboratory-based model (FB66 = 1.23 at 1000 K) is close to that from the 
S1991 model (FB66 = 1.28 at 1000 K), particularly when the curved trajectory effect (∼6% at 1000 K) is added. 
Hence, the classic model (FB66 ∼ 1) should be replaced by the later model, based on laboratory results.

The 28% difference in ν(O+-O) at 1000 K between the Banks (1966) and S1991 models includes the core 
difference of 19% as well as the nonessential error of 4% in the Banks (1966) model (see Section 3.1). The 
remaining 5% is presumed to be due to the curved trajectory effect (∼6%). The core difference corresponds 
to the difference of approximately 19% between the classic and the “ground-state” laboratory results at ap-
proximately 0.1 eV, as shown in Figure 2c. The core difference implies that the slope or energy dependence 
of the cross section is less accurate in the classic theory. Note that values are calculated or measured only at 
high energies in the classic high-energy model and in the laboratory experiment; values at low energies are 
obtained by extrapolating the slope.

5.  Theoretical Differences
In this section, we clarify the theoretical differences between the classic high-energy model and the later 
wide-energy model. There are several updates from K1964 (the classic model) to S1991 (the later model), 
but it is often difficult to identify the impact of each update. We broadly discuss selected updates in this 
section. The key difference is in the potential curve as explained below.

5.1.  Potential Curve

Collision frequency or cross-section models depend largely on the electric potential of the ion-neutral parti-
cle pair system. This potential is a function of the internuclear separation distance and is called the interac-
tion potential curve. The classic models are based on the potential curve constructed by K1964 for the O+-O 
system, whereas the later models are based on the potential curve constructed by S1991.

Dalgarno (1958a) speculated the potential curve by referring to the ionization potential of atomic oxygen. 
K1964 enhanced Dalgarno (1958a) by including spectroscopic data of dissociation energy for some electron-
ic states to improve the potential curve. K1964 had been the best-known approach (Capitelli et al., 1977). 
However, K1964 is not cited by S1991, presumably because it was recognized as outdated.

The energy dependence of the charge-exchange cross section depends on the functional form of the poten-
tial curve. Stallcop (1971) pointed out that the functional form used for the potential curve in K1964 should 
be modified depending on spin multiplicity, as Capitelli et al. (1977) explain that Stallcop (1971) improved 
the K1964 approach, “by constraining the doublet molecular wavefunctions to transform properly also un-
der inversion through the middle-point of the internuclear distance.” (p. 269). That is, the energy depend-
ence of K1964 at high energy was in error and was corrected by Stallcop (1971).

Capitelli et al. (1977) suggested that the N+-N cross section of K1964 is underestimated by 30% without this 
correction. This is presumably associated with the fact that the energy dependence of the N+-N cross section 
is less significant in K1964 than in Capitelli et al. (1977), as seen in Figure 3 of Capitelli et al. (1977). Thus, 
the O+-O cross section would also be significantly affected.

Stallcop and Partridge  (1985) do not refer to K1964, but updated Stallcop  (1971) by including the outer 
boundary area of the charge exchange. This update appears to increase the N+-N cross section by 5% in Fig-
ure 3 of Stallcop and Partridge (1985). Thus, it is likely that the O+-O cross section was also affected by about 
5%. S1991 also included several revisions to the potential curve without any explanation of the impacts, as 
outlined in Partridge and Stallcop (1986).
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5.2.  Mechanics and Long-Range Force

Differences between the mechanical methods for K1964 and S1991 are not likely to have a significant im-
pact at high energies, as explained in the following paragraphs. Approximations in quantum mechanics 
may be introduced for atomic and molecular collisions because the de Broglie wavelength is relatively short. 
Both K1964 and S1991 invoke semiclassical approximations.

K1964 used the impact parameter method. This relatively simple method is valid only at high energies 
because it assumes straight particle trajectories. That is, the long-range polarization force and the resultant 
curved particle trajectory effect are not included. In addition, this method does not determine the rapid 
quantum oscillations of the electron transfer probability against the impact parameter that characterize 
close collisions. Instead, it invokes the random phase approximation, which means that the probability of 
electron transfer from a neutral particle to an ion in a close collision is taken to be 1/2.

S1991 used quantum mechanics with the semiclassical Wentzel-Kramers-Brillouin approximation; that is, 
only the first-order perturbation of the Planck constant is considered for the nuclear wave function in the 
O+-O quasi-molecule. This method can include the long-range force, which, however, is negligible above 
1 eV. It can also include some discrete structures such as orbiting and glory resonances. However, such 
structures are mostly averaged out when the cross section is integrated over energy (Heiche & Mason, 1970).

For clarification, Hickman et al. (1997a) used full quantum mechanics, although we classify it the same type 
as S1991 because the potential curve is mostly based on S1991. Quantum spin-orbit interaction effects are 
important below approximately 300 K, but average out at higher temperatures, where the particle kinetic 
energy is much larger than the spin-orbit splitting. Accordingly, the differences in method between Hick-
man et al. (1997a), K1964, and S1991 do not cause significant differences in cross sections at high energies 
(i.e., above 1 eV).

5.3.  Summary of Theoretical Difference

We have discussed theoretical differences between K1964 and S1991 that potentially cause the difference 
in the cross section. Several improvements were introduced to K1964. Although we are unable to precisely 
estimate the impact of each factor, the major cause appears to be in the potential curve and not mechanics, 
presumably associated with the correction by Stallcop (1971). This error associated with spin multiplicity 
appears to cause an error in the energy dependence (slope) of the cross section of K1964.

Because many corrections were applied to the K1964 model, it is theoretically outdated. Thus, we hesitate to 
use the classic model that is based on K1964. The later model (e.g., S1991) is the corrected descendant of the 
classic model; they share the core idea, which is electronic structure calculations combined with available 
spectroscopic data to construct their potential curves. Thus, from the theoretical point of view, the classic 
model should be replaced by the later model. In addition, the later model includes the long-range force 
because the mechanics were also improved for describing lower energy.

6.  Implications of Correction-Factor Model
The correction-factor type ν(O+-O) model is a correction of the classic model with a constant factor (see 
Section 1). In this section, we consider the implications of this model.

6.1.  Original Proposal

Salah  (1993) proposed the correction-factor type model, motivated by ionospheric observations at that 
time (FB66 ∼ 1.75). Salah (1993) claimed that “It is clear that the early values derived by Dalgarno (1964), 
Banks (1966), and Schunk and Walker (1973) are too low, since they are primarily based on laboratory meas-
urements that require confirmation due to the effects of beam contamination. Theoretical formulations 
such as Stubbe (1968), Stallcop et al. (1991), and Pesnell et al. (1993) favor a 30% increase over the early 
models” (p. 1545). Salah (1993) also stated that “Unpublished theoretical calculations [A. Dalgarno, private 
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communication, 1992] result in a collision cross-sections that are a factor of 1.5 larger than the results by 
Stallcop et al.” (p. 1544).

Thus, Salah (1993) believed that the classic model is based on laboratory results and is underestimated due 
to laboratory contamination. They presumably thought that laboratory contamination can be corrected by 
a constant. Accordingly, they selected the classic model as the basis to be corrected by a constant. Salah did 
not select the later theoretical model (e.g., S1991), presumably in anticipation that this model will be taken 
over by a future correct theoretical model (i.e., the private communication), which would be more consist-
ent with ionospheric observations at that time.

For clarification, we state for simplicity that Salah  (1993) adopted the classic model as the basis model. 
Strictly speaking, their basis model is neither the same as the Dalgarno (1964) nor the classic models but 
is a simplified version of these models. Salah (1993) recognized that these models (the Dalgarno, classic, 
and their models) were primarily based on laboratory measurements and were essentially the same in their 
context.

6.2.  Misunderstanding in Original Proposal

However, it is a misunderstanding that the classic model is based on laboratory measurement. In reality, the 
classic model is based on the K1964 theoretical result (see Section 3). This misunderstanding could have 
been noticed if the classic model and the laboratory result were numerically compared (Figure 3). In other 
words, the laboratory result was not shown in Salah (1993) presumably because they misunderstood that 
the classic model was based on the laboratory result.

Due to this misunderstanding, the correction-factor model adopted the classic model as its basis, intending 
a calibration of laboratory contamination. In contrast, the classic model is based on theory, and thus labo-
ratory contamination is irrelevant. Hence, the physical reasoning behind the correction-factor model does 
not make sense.

Salah (1993) also recognized that the result of the S1991 model was 30% higher than the laboratory expec-
tation. This second misunderstanding presumably occurred due to their first misunderstanding. In reality, 
the S1991 model is close to laboratory expectation (within ∼5% at 1000 K, Figure 3). Furthermore, there is 
no follow-up theoretical study to verify the private communication (see Section 6.1).

6.3.  Current and Future Implications

The classic model is not based on a laboratory experiment. Thus, the original correction-factor type con-
cept should be rejected. Although a constant correction factor to collision frequency may still be useful, a 
constant cannot correct the classic model, because the error of the classic model is temperature-depend-
ent. Thus, the basis model should be the later wide-energy model. This model is already consistent with 
the contamination-adjusted laboratory model. Accordingly, the correction by a constant is neither for the 
contamination nor the later wide-energy collision frequency (coefficient) model itself, but for the neutral 
atomic oxygen density.

7.  Discussion
7.1.  Primary Concerns in This Study

As introduced in Section 1, we had hesitated to employ the later wide-energy model because we were con-
cerned that the following four points were unclear. We have clarified them in support of this model as 
follows:

�(1) � The classic and the later models are different by 30% at 1000 K even though both models had been 
claimed to be consistent with laboratory experiments. We clarified this discrepancy in Sections 3 and 4. 
That is, the later model is consistent with the laboratory-based model, but the classic model is consist-
ent only at superthermal energies (∼100 eV).
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�(2) � The S1964 laboratory experiment was contaminated by excited-state O+. We estimated that the impact 
of this contamination on the measured cross section was small (7.4%). Meanwhile, we noticed that 
conventional laboratory energy was misinterpreted in previous theoretical studies, causing a conversion 
error. We estimated that the contamination and this misinterpretation coincidentally tend to cancel 
each other (see Section 4.1).

�(3) � The curved particle trajectory effect had been estimated to be 28% at 1000 K (Stubbe, 1968). We clarified 
that the curved trajectory effect contributes only 6% at 1000 K to the cross section (see Section 4.3).

�(4)	� Theoretical association between the classic and the later models was not readily clear because K1964 is 
not referenced by S1991. We now recognize that the S1991 model is the correction and update of K1964 
(see Section 5).

7.2.  Why Has the Later Model Still Not Been Adopted?

As explained in Section 1, it is known that the later wide-energy model is closer to current statistical iono-
spheric observations (FB66 ∼ 1.3) than the classic high-energy model is. Thus, the classic model should have 
been replaced by the later model from the ionospheric observation point of view. In this section, we discuss 
why the later model has still not been adopted.

A possible reason may be tradition. The later model has not been adopted by previous studies, in particular, 
by Salah (1993). The later model is not widely known because it is not mentioned in key textbooks (i.e., 
Brekke, 2013; Kelley, 2009; Schunk & Nagy, 2009).

The core reason is presumably that the classic model (e.g., Banks, 1966; Schunk & Nagy, 2009) is misunder-
stood as based on laboratory experiments. Namely, it is often misunderstood (e.g., Buonsanto et al., 1997; 
Lindsay et al., 2001; Pesnell et al., 1993; Salah, 1993; Stubbe, 1968) to be the case that the classic model is 
based on the S1964 laboratory result. In reality, the classic model is based on the K1964 theoretical model. 
This misunderstanding could have been noticed if the classic model and the laboratory result had been 
numerically compared (Figure 3). In other words, this misunderstanding is likely why there has been no 
explicit collision frequency model that is based on laboratory measurement.

The cause of this misunderstanding may be a coincidence as follows. Dalgarno (1964) thought that the col-
lision frequency of the Dalgarno (1958a) theoretical model was approximately three times higher than the 
S1964 laboratory experiment, and divided the Dalgarno (1958a) model by a factor of three (see Section 3.1). 
The resultant Dalgarno (1964) model (FB66 = 1.01 at 1000 K) is similar to the Banks (1966) model (FB66 = 1).

This similarity (1%) may give the impression that the Banks (1966) model should also be extremely close 
to laboratory results. Furthermore, the extreme closeness may appear to support the recognition that the 
classic model is based on the laboratory result. Note, however, that Dalgarno (1964) presumably intended 
a rough calibration, using the factor of three. The resultant Dalgarno (1964) model is not so close to the 
laboratory results (e.g., 14%–22% at 1000 K, as shown in Table 1).

In some other previous studies, the classic model was recognized as a theoretical model, but was often 
interpreted as being in “reasonable agreement” with laboratory results (e.g., Burnside et al., 1987; Nicolls 
et al., 2006). This lack of clarity was partly inevitable because the impact of laboratory contamination was 
unclear.

In summary, the Dalgarno (1964) model is extremely close to the Banks (1966) model by a rare coincidence. 
This coincidence presumably endorsed the misunderstanding that the classic model is based on laboratory 
results. The classic model was adopted as the basis due to this misunderstanding, and is still used presuma-
bly by tradition. As a consequence, the superior merit of the latter model has not been appreciated.

7.3.  Slope of Lindsay Laboratory Results

Lindsay et al. (2001) performed the most recently reported laboratory measurement of the O+-O collision 
cross section. They insist that their results are consistent with the Salah (1993) model (FB66 ∼ 1.75). This 
conclusion prevents definitive consensus on the Burnside problem (e.g., Nicolls et al., 2006) and thus is 
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likely another reason why the later model (FB66 ∼ 1.3) is not adopted in 
ionospheric applications. We clarify this conclusion as follows.

S1964 measured the cross section at 40–10,000 eV, where O+-states are 
mixed. Lindsay et al. (2001) measured the cross section at 500–5,000 eV, 
where O+-states are separated. They identified that the S1964 result with 
mixed-state O+ lies between their ground- and excited-state results (Fig-
ure 4) and, in this regard, insisted that their experiment is consistent with 
the S1964 results.

Confusingly, Lindsay et  al.  (2001) also concluded that their results are 
consistent with Salah (1993). Lindsay et al. (2001) did not show a line that 
represents an extrapolation of their results in Figure 4 of their paper but 
pointed to the cross section that is 1.7 times greater than that of S1964. 
This factor of 1.7 implicitly invokes the Salah (1993) model. As a result, 
their conclusion may tend to be interpreted that an extrapolation of the 
Lindsay et al. (2001) ground-state results is consistent with Salah (1993).

However, this interpretation is incorrect, as shown in Figure 4. An extrap-
olation of the Lindsay et al.  (2001) ground-state results corresponds to 
qE = 104 × 10–20 m2 and FB66 = 2.8 at 0.1 eV, which is much larger than the 
Salah (1993) model (FB66 ∼ 1.75). For clarification, Lindsay et al. (2001) 
misunderstood that the classic model is based on laboratory results and 
thus overestimated the Salah (1993) model.

The unrealistically high cross section (FB66 = 2.8 at 0.1 eV) stems from 
the steep slope. The slope or energy dependence of the cross section is 
steeper in their ground-state results than in the S1964 results (Figure 4). 
However, Lindsay et al. (2001) did not discuss the difference in slope. In-
stead, Lindsay et al. (2001) prohibited extrapolation of their results down 
to ∼ 0.1 eV, stating that “The present results for ground state ions cannot 

be used to estimate the thermal energy cross section with any degree of accuracy because of their limited 
energy range and the associated uncertainties.” (p. 8202). Thus, neither an extrapolation nor the slope is 
relevant to their conclusion.

Instead, the reason of their conclusion is that “the charge transfer cross section for ground state ions is larg-
er than that for excited ions and may thus be considered as lending support to a larger value for the thermal 
energy cross section than was inferred from the earlier laboratory work” (p. 8202). That is, they intended to 
state that a correct model should be higher than the S1964 result because of the contamination.

However, the impact of contamination is only 7%, as estimated in Section 4.1. Thus, the S1964 model is 
valid, especially after the small adjustment for this impact. For clarification, the contamination is independ-
ent of ion energy, as Lindsay and Stebbings (2005) do not mention a dependence on ion energy when they 
discuss the contamination.

In summary, Lindsay et al. (2001) concluded that their result of O+-O cross section is consistent with the 
Salah (1993) model. Note however that Lindsay et al. (2001) prohibited extrapolations of their results. Thus, 
they do not intend to exclusively support the Salah (1993) model in their logical flow. The adjusted S1964 
model is consistent with the later model, which means that the result of Lindsay et al. (2001) is more con-
sistent with the later model than with the Salah (1993) model.

8.  Conclusion
This study compared the various O+-O collision frequency coefficient models. Currently, the classic the-
oretical model (e.g., Banks, 1966; Schunk & Nagy, 2009) is widely used, often with a correction factor. In 
contrast, the later theoretical model (e.g., Stallcop et al., 1991) is not used for ionospheric applications. We 
conclude that the classic model should be replaced by the later model, primarily because the later model is 
the theoretical correction and improvement of the classic model.
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Figure 4.  The O+-O charge-exchange cross section qE against ion kinetic 
energy in the laboratory frame ɛi. Laboratory measurements by Stebbings 
et al. (1964) (red) at 40–10,000 eV and Lindsay et al. (2001) (black) are 
compared. Circles indicate the Lindsay et al. (2001) measurements at 
five ion energies (500, 850, 1500, 2800, and 5000 eV). Corresponding 
least-square regression lines are calculated in the present study: 
qE

1 2/  × 1010 = 8.838 − 1.364 × log10ɛi, correlation coefficient cc = −0.997 
for the ground-state; qE

1 2/ × 1010 = 6.576 - 0.8852 × log10ɛi, cc = −0.974 
for the excited-state. The green diamond shows the Salah (1993) model 
qE = 58.3 × 10–20 m2, which is independent of energy.
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It has often been misunderstood that the classic model is based on laboratory results. Owing to this misun-
derstanding, the correction-factor model (e.g., Salah, 1993) has adopted the classic model as its basis, in-
tending a calibration of laboratory contamination. In reality, the classic model is based on Knof et al. (1964) 
theory. Thus, the original purpose of the correction-factor model does not make sense. The energy-depend-
ent error in the classic model cannot be corrected by a temperature-independent constant.

A correction factor to collision frequency may be useful if its basis is the later theoretical model. In this case, 
the constant essentially implies a correction of assumed neutral atomic oxygen density. Simultaneous ob-
servation of atomic oxygen is necessary for further evaluation of the collision frequency coefficient model. 
The later model may not be final but is better than the classic model from all points of view (ionospheric 
observation, laboratory experiment, and theoretical study).

Appendix A:  Conventional Energy in Laboratory Experiment and Theory
We detail the conversion of kinetic energy that is mentioned in Section 4.1. Kinetic energy is not defined 
with an equation in previous studies. Accordingly, it may not be remembered that the conventional defi-
nition of kinetic energy is different across laboratory experiments and theoretical studies. For the collision 
of a parental particle pair such as O+-O, the conventional energy in a laboratory ion beam experiment is 
twice that in a theoretical study (Appendix A1). This relationship should have been used in previous studies 
(Appendix A2). However, the energy used in the S1964 laboratory experiment was not converted in K1964 
and S1991 theoretical studies. As a result, the energy-dependent cross section of the laboratory results is 
overestimated in these theoretical studies by approximately 9% at 100 eV (Appendix A3).

A1 Summary of Conventional Kinetic Energy
The conventional definitions of kinetic energy are summarized in Table A1. For simplicity, the parameters 
in the theoretical study are approximated for collisions between parental particle pairs such as O+-O. That 
is, the ion mass mi and the neutral mass mn are practically the same. We consider the same collision with 
relative velocity g from two different points of view (i.e., laboratory experiment and theoretical study).
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Laboratory experiment Theoretical study

Frame Laboratory Center-of-mass

Relative velocity (m/s) g g

Ion velocity vi (m/s) g ∼ g/2

Neutral velocity vn (m/s) 0 ∼ −g/2

Reduced mass (kg) µin ≡ mimn/(mi + mn) ∼ mi/2

Conventional energy (eV) ɛi,LAB ≡ mivi
2/2e

 = mig2/2e ∼ 2ɛr

ɛr ≡ µing2/2e ∼ (mi/2)g2/2e
 = mig2/4e ∼ ɛi,LAB/2

Term for energy Ion energya Reduced energyb

Note. The conventional definition of energy for the ion-neutral collision is different 
across laboratory ion beam experiments and theoretical studies. These definitions were 
not shown with equations in previous studies and they are inferred by the present study. 
This table is valid only when ion and neutral masses are practically the same, that is, for 
the collision of a parental particle pair such as O+-O.
aAlso termed: ion energy (Stebbings et al., 1964); energy of the incoming ion (Rutherford 
& Vroom, 1974); and projectile energy (Lindsay et al., 2001; Lindsay & Stebbings, 2005). 
bAlso termed: energy (Knof et al., 1964); kinetic energy of relative motion (Banks, 1966; 
Pesnell et al., 1994); collision energy (Stallcop et al., 1991); kinetic energy of the reduced 
mass particle (Pesnell et al., 1993); and kinetic energy (Hickman et al., 1997a).

Table A1 
Conventional Definition of Kinetic Energy for Parental Ion-Neutral Collision
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In this study, the laboratory experiment refers to the ion beam experi-
ment by S1964. Ion beam experiments eject the O+ ion at velocity vi = g, 
which will collide the target neutral atomic O that presumably has initial 
velocity vn = 0 in the laboratory frame. The relative velocity g = vi − vn is 
independent of the frame. As a result, conventional energy in the labora-
tory experiment is twice that in the theoretical study (Table A1). Corre-
sponding examples of numerical values are listed in Table A2.

A2 Indirect Evidence for the Existence of Different 
Conventional Definitions
In this section, we evaluate the conventional definitions of kinetic ener-
gy (Table A1) used in previous studies. Energy is generally not explicitly 
defined with an equation in previous studies, presumably because the 
definition of energy is evident within each scientific community. In other 
words, the same definition is likely used within each scientific commu-
nity if there is no explicit explanation. The frame is also generally not 
explicitly defined in previous studies. In such studies, the frame is pre-
sumably the laboratory frame for laboratory experiments and the center-
of-mass frame for theoretical studies.

We first confirm indirectly that “ion energy” in the S1964 laboratory 
experiment conventionally refers to εi  =  mivi

2/2e that is defined in the 
laboratory frame. This interpretation is numerically consistent with the 

relationship for O+ between ion energy of 1 eV and ion velocity of 3.5 × 103 m/s shown in Table 4 and Figure 
7 of Stebbings et al. (1966). Thus, our interpretation is presumably correct also in S1964.

In contrast, we interpret that “energy” in the K1964 theoretical study conventionally refers to εr = µing2/2e. 
We call this energy “reduced energy” associated with reduced mass to avoid confusion. This equation is not 
explicitly shown in previous theoretical studies (e.g., Banks, 1966; Hickman et al., 1997a, 1997b; K1964; 
Pesnell et al., 1993; Pesnell et al., 1994; S1991). However, our interpretation is consistent with the term “the 
kinetic energy of the reduced mass particle” in Pesnell et al. (1993). Additional indirect evidence for this 
interpretation is that our reduced energy is equivalent to energies used in equations in some other theoreti-
cal studies, including “the energy of relative motion of an ion and a gas particle” in Equation 4 of Dalgarno 
et al. (1958) and “the relative energy of collision” in Equation 16 of Heiche and Mason (1970).

In summary, we have indirectly confirmed that the conventional energies are used in previous studies for 
O+-O collision. Thus, the energy used in laboratory experiments should be converted by previous theoretical 
studies (Table A1).

A3 Conversion of Energy-Dependent Cross Section from Laboratory 
Experiment to Theory
According to the discussion in Section A2, the S1964 laboratory experiment presumably used the ion energy 
in the laboratory frame. Similarly, the K1964 theoretical study presumably used the reduced energy to show 
their results. Thus, K1964 should have converted the S1964 results in their Table 5 (our Table 3). However, 
K1964 showed qE in their Equation 37 as is originally given in Equation 7 of S1964 as

qE S i LAB, ,( . . log ) .1964 10
2 205 95 0 63 10Unconverted     � (A1)

K1964 should have converted this equation using  i LAB r,  2  to

qE S r, ( . . log ) ( . .1964 10
2 205 95 0 63 2 10 5 7604 0 63Converted         log )10

2 2010 r� (A2)
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Table A2 
Correspondence of Conventional Kinetic Energies

(a) Ion energy 
in laboratory,  
ɛi,LAB (eV)

(b) Reduced 
energy,  
ɛr (eV)

(c) Reduced 
temperature,  
TkT (K)

(d) Reduced 
energy,  
ɛr (a.u.)

∼2ɛr (eV) ∼ɛi,LAB (eV)/2 ∼11,604.52 ɛr (eV) ∼ɛr (eV)/27.21139

54.423 27.211 315,775 1

4 2 23,209 0.073499

2 1 11,605 0.036749

1 1/2 5,802 0.018375

0.34469 0.17235 2,000 0.0063336

0.17235 0.086173 1,000 0.0031668

Note. Example correspondence of conventional kinetic energies for 
parental ion-neutral collision. See Table A1 for definitions. A collision 
between a parental particle pair such as O+ and O is supposed; that 
is, the ion mass and the neutral particle mass are assumed to be the 
same. (a) Conventional energy in laboratory ion beam experiment. 
(b) Corresponding conventional energy in theoretical study. (c) The 
reduced temperature defined by T = eɛr/kB. Note that other definitions 
are possible. (d) Similar to (b), but in the atomic unit in the Hartree 
definition.
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For example, the cross section (in 10–20 m2) of Equation A1 is 21.996 at 100 eV and 20.253 at 200 eV, and 
their ratio is 1.09. These values are valid when energy refers to the ion energy in the laboratory experiment 
convention. However, K1964 presumably intended to show the S1964 results against the reduced energy. 
That is, the value of qE at 200 eV in Equation A1 should have been used as the value at 100 eV in K1964. The 
lack of this conversion results in a 9% overestimation (i.e., 20.253 to 21.996) at 100 eV of reduced energy. 
That is, the value of 22.0 in Table 5 of K1964 (Column 3 of our Table 3) should have been 20.3, as shown in 
Column 4 of our Table 3, for example. Similar calculations show overestimations of 10% at 1 keV and 6% 
at 0.1 eV.

Similarly, S1991 should have divided the S1964 energies by two. For example, the value of the cross section 
in S1964 originally at 40 eV (i.e., ion energy in the laboratory convention) should have been plotted at 20 eV 
(i.e., reduced energy) in Figure 5 of S1991. However, the 40 eV (lowest energy) data point of S1964 is shown 
approximately at 40 eV (i.e., 40/27.21 ∼ 100.17 a.u.) in Figure 5 of S1991. It should have been at 20 eV (i.e., 
20/27.21 ∼ 10–0.13 a.u.). Thus, S1991 did not convert the energy in error, as well.

For clarification, the unit of energy is “atomic units” in Figure 5 of S1991 without further explanation. We 
notice that the unit of energy is “Eh” in Stallcop et al. (1998). Thus, we assume that the Hartree definition 
(not Rydberg definition) was used in S1991. Accordingly, 1 a.u. corresponds to 27.21139 eV.

Another clarification is that Table 4 of Banks (1966) refers to the S1964 laboratory result as the coefficients 
of A0 = 5.88 and B0 = 0.57 in 10–10 m (see our Equation 3). These coefficients are somewhat different from 
those in Equations A1 and A2 and thus are probably typographical errors. However, these errors do not 
affect the Banks (1966) model because their model is not based on the S1964 result.

Appendix B:  Excited-State O+ Contamination in Laboratory Experiments
The O+-O collision in the ionosphere practically occurs between the ground-state O+ and ground-state O. 
However, the S1964 laboratory experiment is contaminated with excited-state O+. Accordingly, we adjust 
the cross section of S1964 by multiplying it by a factor of 1.0741 for ionospheric study in Section 4.1. In this 
section, we describe our estimation of this factor.

B1 Impact of Contamination
Lindsay et  al.  (2001) measured the ground-state cross section qE,ground in a limited energy range (500–
5,000 eV) using a filtering technique. They also measured the mixed-state (ground- and excited-state) cross 
section qE,mixed. The excited-state cross section qE,excited was not measured but calculated presumably using 
an association of sum:

q f q f qE e m E e m E
mixed excited ground   / / ,1� (B1)

where fe/m is the fraction of number density (excited-state to mixed-state O+), which was measured but not 
reported. As a result, they estimated that qE,excited ∼ 0.7 × qE,ground.

This result is supposed to be independent of the details of each experiment. Thus, substituting into Equa-
tion B1 yields

q q fE E e m
mixed ground/ . ./ 1 0 3� (B2)

The fraction fe/m depends on the details of each experiment and is not measured by S1964. We assume 
fe/m = 0.23, as it will be discussed in section B2. Then, we find that the S1964 O+-O cross section is under-
estimated by 6.9% for ionospheric purposes. Accordingly, we multiply Equation A2 by a factor of 1/0.931 ∼ 
1.0741 to deduce the ground-state O+ cross section (see Section 4.1). That is,

q qE S r E S r, ,. . ( .1964 19641 0741 1 0741 5 7604ground mixed            0 63 1010
2 20. log ) . r� (B3)
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B2 Number Density Fraction of Contamination
In Section B1, we assumed that the fraction of excited-state O+ fe/m was 23% in the S1964 experiment. In 
this section, we detail the basis of this assumption. We first conclude that no measured fraction in exist-
ing studies is appropriate for direct application to the S1964 experiment. We then indirectly calibrate the 
S1964 results.

In laboratory ion beam experiments, the projectile O+ is prepared by electron impact to O2. Such electron 
impact creates both ground- and excited-state O+ (Stebbings et al., 1966). The fraction depends on the ener-
gy of the ionizing electron. Table B1 summarizes reported fractions against electron energies.

S1964 created a projectile O+ using the impact of 200-eV electrons colliding with O2. They were unable to 
measure the fraction of O+ states but they made “a crude estimate” that O+ created by 200-eV electrons in 
their experiment includes 30% of the excited state. This estimate is based on private communication with J. 
W. McGowan, who observed the dependence of cross section on the ionizing electron energy.

Stebbings et al. (1966) provisionally measured the fraction of O+ in the excited state using its dependence on 
the energy of the ionizing electron. The fraction was 34% for 50-eV electrons and 44% for 100-eV electrons. 
However, the fraction was not mentioned for 200-eV electrons used in S1964.

Turner et al. (1968) measured that the fraction of excited-state O+ cross section was 27% for 50-eV electrons 
and 30% for 100-eV electrons. Turner et al. (1968) concluded that approximately one-third of the O+ formed 
from O2 by the electron impacts will be in excited states although they did not state the electron energy 
range for this conclusion. The fraction for 200-eV electrons (i.e., the energy used in S1964) is approximately 
34% in their Figure 10, although they did not mention it.

However, this measurement with 200-eV electrons is likely unreliable as follows. Stebbings and Ruther-
ford (1968) state that “Most of the measurements were carried out using 40-eV electrons” (p. 1037) and 
that “This energy was sufficiently low to ensure negligible production of O2

++, which, if present, could not 
have been separated from O+ in the analyzer.” (p. 1037). We interpret this to mean that Stebbings and Ru-
therford (1968) were unable to clarify the fraction of O+ in the excited state for 200 eV electrons that were 
used by S1964. The possible contamination of O2

++ is presumably the reason why there are no studies that 
discuss the 200-eV electrons used in S1964. Accordingly, we cannot directly calibrate the S1964 results.

In contrast, Stebbings and Rutherford (1968) concluded that the fraction of excited O+ is 23% at 40 eV. This 
result appears established because Lindsay and Stebbings (2005) argue that their indirect estimation of 25% 
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Energy of ionizing electron (eV)

Unstateda 40 50 100 200

Reference Fraction of excited-state O+

Stebbings et al. (1964) – – – – (30%)

Stebbings et al. (1966) Table 3 – – 34% 44% –

Stebbings and Rutherford (1968) – 23% – – –

Turner et al. (1968) 1/3 23%b 27% 30% 34%b

Rutherford and Vroom (1974) – – – – –

Lindsay et al. (2001) – – – – –

Lindsay and Stebbings (2005) (25%) – – – –

Note. Number density fraction of the excited-state O+ against total (excited and ground states). 
The fraction is sorted by the energies of electrons that were used to create O+. Parentheses indicate 
that the value is not measured but discussed. Dashes indicate that fractions were not mentioned.
aThe researchers did not state the corresponding energy range of the ionizing electron. bThis 
value is not explicitly mentioned but can be seen in their Figure 10.

Table B1 
Fraction of Excited-State O+ Contamination in Laboratory Experiment
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is entirely consistent with Stebbings and Rutherford (1968). Accordingly, it is possible to indirectly calibrate 
the S1964 results as follows.

Rutherford and Vroom (1974) measured the O+-O cross section at 60–500 eV and concluded that their val-
ues are in good agreement with those of S1964 at 40–10,000 eV. Rutherford and Vroom (1974) presumably 
used 40-eV electrons to create O+ as they did to create N+. Thus, we can calculate the factor to calibrate the 
Rutherford and Vroom (1974) results and can apply the same factor to the S1964 results.

For clarification, the consistency between Stebbings et al. (1964) and Rutherford and Vroom (1974) is not 
readily clear because the adopted electron energies are different. One possibility is that the difference of 
fraction was small enough to affirm the consistency. Another possibility is that other detailed differences 
between the experiments tend to cancel the differences between fractions. For example, the experiment of 
Stebbings et al. (1964) is presumably also contaminated with O2

++ and excited-state neutral O atom, but that 
of Rutherford and Vroom (1974) is not (Lindsay & Stebbings, 2005; Stebbings & Rutherford, 1968). In other 
words, our calibration using the fraction of 23% does not necessarily imply that the fraction was exactly 23% 
in S1964 but may include other effects.

In summary, the fraction of excited-state O+ is unknown for the S1964 cross section with 200-eV electrons. 
Thus, the S1964 cross section cannot be directly calibrated. However, the cross sections are numerically 
consistent between S1964 and Rutherford and Vroom (1974) (presumably with 40-eV electrons). Then, the 
S1964 model can be indirectly calibrated with a fraction of 23% at 40 eV (i.e., originally not for this model).

Data Availability Statement
Physical constants used in the present study are based on the 2018 Committee on Data for Science and 
Technology (CODATA) recommended values at https://physics.nist.gov/constants and the ninth edition of 
the international system of units (SI) brochure (2019) at https://www.bipm.org/.
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