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1. Preliminaries and Notations

The equation of longitudinal vibration of a thin rod, the cross-sectional form
of which is freely chosen, is expressed by:

a_ 9
Poré=E é?‘ ’

where g is longitudinal displacement. The notations used here are given at the
end of this paragraph. Taking into account the lateral motion of the material
points of the bar, the equation is modified into;

2 - 2g? o EZ
p 8t2 g patﬂazog azo g’

where K is the radius of gyration of a cross-section about the central line.

In this paper, begining with the equations of elasticity, we are going to de-
duce the equation of the longitudinal vibration of a circular cylinder of radius a,
in which case K* corresponds to «*/2, taking into account the higher order de-
formations of the cross-sectional plane. The radius of the bar being small, the
approximative procedures can be generally performed successively. The detailed
calculations are carried out up to the terms of order K.

Notations

7, ¥, 2: cylindrical coordinates,
uy, %y, 4. components of displacement,
p: density,
t: time,
A, #: Lamé’s constants.
We shall write in order to simplify denotations as follows:

(m, n) =mi+ ny,

(2, m, n) =I2*+ mip+ ny®, etc.
E=p(3, 2)/(1,1): Young’s modulus,
o=12/{2(1, 1)} : Poisson’s ratio.

51



52

Research Reports

We also use the following abbreviations.

aQ
[a, B1= o2+ Boss

n

ot
[a, B, 1= apﬁ;+ﬁpat og T 1o etc

o a‘
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2 Fundamental Equations and Longitudinal Vibration
of a Circular Cylinder

The equations of motion, when no body force exists, are written as;

aa;‘” a, 2)—1—?—@——2 % +2u%“2—’-, (1)
where 2 &y —-},——a—%z- au,,
2%, =20 e ~ @)
2oL - 25)
and o=L20ur) 1 O ®3)

Let the cylinder occupy the region: 7 £ a, — o« <z < + oo, and let us take no sur-
face traction acting on the peripheral surface. Considering the symmetric properties
of the displacement of the longitudinal vibration, which is finite at the central line
=0, we put

@«
Uy = S fur ™,
n=0

2‘ o
Uy =D\ Gn 7",
.

uy =0, %— =Q.
Then, from (2) and (3) we obtain:
5, = 52 =0,
do= 355 L0 — (et Vg )y,

6 =31 {2(1+1) 72 ag,, e

The equations of motion (1) become:
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iop%g’ sl = 2[2(1 2) (1) {201+ 2) fss + Og’z’“ }

; { a'f n | _agru 1 2
P\ oz 2(n+1) oz }]r "
(4)

z"’,pagn =3[ 2{2m+D L)

— 22+ D{ 22 —2(n+1) g } |,

Equating the coefficients of the same powers of 7 in (4), we obtain a system of
equations as follows:

o Zln = I 4L, D+ D) 1+ 2w +2 (1, Dt 1) e Baus,

Z8 =1, 28 4 4 p(n+ 1 gan+20, D +1) L2, %)
(n=0,1, 2, 3, )
The boundary conditions, that the cylinder is free from surface traction, are:
r=a; 20 +2p a“’ £ =0,
Ouy | Uty _
or =0,
ie. 0= io{z(nﬂu 1, 274 1)fn+ X—é‘}g,,}a“”,
(6)
0 = { af” +2(7Z+ 1)gn+]}a'”
u=0
3. Approximative Calculations for Moderately Thick Bar
From (5) we obtain:
R S S 11y 2
ny1= Lan+1)e [1, (1, 2)J1ga 2un+1) azfn
_ 1 (1, 1) 2
fn+l—‘4(1’ 2)(ﬂ+1)(”+ 2) ll:la —ﬂ]fn 2(1 2)(”_1_2) 52 =8n41
41, 2)(n+D(n+2)L7 4 "
_ (1, 1) - 9
SaL D (nt ity b~ 215, 8 )

Introducing a new variable ¢:

A 98
¢=Sotoq 1) oz

and taking operators Gn, G, Fn and F,, which are successively defined as ;
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g,,=Gngn+ gﬂ @, } (8)
fn=ann+Fn¢, (n=1,23, . )
we obtain, from (6) and (7).
0= ¢+§1(Cfgn+5isv)a”, )
. _GHL 264D ., A B
together with Ci= a1 Fi+ 901, 1) 2 Gi,
: (10)
= _G+L 2+, A B~
Ci= (1, 1) F‘+2(1,1) azG”
and 0=[1, —Elg+ Ho +§Z,I‘(Digu +Dig)a*, (11)
together with Di=2uFi+4p(i+ DG, ]
(12)

"Iji =2/ ~—§—F;+4#(i+ l)éi'?”
gz

where H=— 2/2—3——-.
oz
Some of the explicit expressions of the operators in (8), (10) and (12), are as
follows :
-1 Foo_ (L1 2
Gl—"atly _2#]9 Gl—"‘ 2# oz 3

-1 23, 7) e s (LD a3 o719

(1, 2) 2 (1,2’
1 p(4,17,19) o (25 _,
Gi= gy b~ 2 1],

. 1 —(1, 3, }_)_ 19
Fi=sam | T2 A D |5

—~ 1 (1, 2)
R Rl

_ -1 71,583 _ ) o 9
Fr= g oy L ey~ A 10, 9), 2L G 2 5

S S - 1, 4 1) “(1,2)(2,1)]
TSI LA, 2 2 ’

-1 1(3,7.3) 2
Cr=ag, el (L 0 % 3|5
=~ _ 1 (2, 3)
C=gai ol t
_ ~1 [ (5, 25, 87, 15) . k2
Co= g T L g — (15, 44, 25), 2L, D) 6 ) |5

-1 ©(4,13,8)
Di=giy L@ D — 2 6 0]
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_—_1_ ,.(_1’4’2) — 1 —a
Dl - 4# (l, 2)“"’ /"(39 2)] oz ’

_ 1 —u(5, 26, 44, 22)
D = 32021, 1)(1, 2) [(1’ D, 2, (1, 2) :

#£(9, 31, 20), =0(1, 2) (7, 6) |-

Approximative Procedure
I. The zero-th order approximation
From (9) and (11), neglecting the terms of O(a?), we obtain:
¢=0 and O0=[1, —E]g, (13)
resulting the usual equation for a thin rod or bar.

Il. The first order approximation
Inserting (13) into the terms of O(a®) of (9) and (11), and neglecting the quanti-
ties of O(a'), we get

_ —Au(5,12,6)

— !
G=C= 21(1, 1)°(1, 2) 2z%°
S M_]."fngh o
PEbi= e na ) o
¢=—a'Cig = —a*Cl g, } 14)
0=[1, —Elg+ a(D! - HC))g, (

where the operators with a prime ’, represent those in which pg—t is replaced by

a2
Eﬁ.
The detailed calculation of (14) leads to the following:
2 =4
0=[1, —Elg— 5 o*E - 8. (15)

The equation (15) coincides with the one obtained by taking into account the
inertia of the lateral motion in the cross-sectional plane of the bar.

III. The second order approximation
Inserting (13) and (14) respectively into the terms of O(a*) and O(a®) of (9)
and (11), we have:
Ci=Ci+d’C{/, Ci=Ci, C=0C,
D1=D£+42Dil, D, =D}, D2=D£,
¢ = —-d'Cig+d'Ca, } (16
0=[1, - Elg+d(Di—-HC)g+a'(HC+ DY + Di— DiClg,
with C=CiCi—Ci - Cs,
where the double primed operators are those in the terms of O(&?) in C, and D;,.
After some complicated calculations, we obtain :
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(1, 9,15, 6) 2
Ci=3d 1), 2) o8

—2°1(8,2)(3.7,.3) @

"
Cr="91, 1), 2) 02"

o1 = = (6, 35, 65, 45. 10) &
2= TT35(1, 1) (L, 2)F 02

=3, 2) 2
Di= %1, 1, 2) &2
u /I'*p(2 3)(3 2) ot

(1, 1)° (L, 2) 02°’

o eu(1,6,7,2) &
D:= 3,951, 1)°Q, 2)° 02°°

—Au ;
C=3a 1@, 2° (1

—23, 68, 208, 170, 44)a -,

A

aﬂ
3025(19 1)5(1’ 2) (—2’ 139 56, 52’ 14) ﬁ-'

and HC + D! + Dy~ D|Cl =

The equation (16) becomes :

_ ’ =z . (=2, 18, 56, 52, 14) o°
O-—[l, -‘E]go IC" E g0+K 3 2(1 1)';(1 2) 028 gﬁ, (17)

where K =a/~/2 is the radius of gyration of a cross-section about the central
line.

In the second term of (17), replacing E 2—- by (p-%_.———J(‘-’a’-’Eg—zq), we

obtain :
_ 2 n?
0= o o8 & E—822 &o — K3? p at aZ" s~ —a &0
. (5, 50, 124, 104, 28) o°
4.2 ] 2 s E)
+ Kid 3.22(1, 1)*(1, 2)(3, 2) P SiEaiz 80 (18)
Putting

&= goea'(wt-'rz),
into (17) or (18), we have the velocity V of propagation of the wave:

W _ [E.fy_ L geon_ g (=7 128, 460, 416, 112)
v ‘\/p {1- g =K 350 1 (1L 2 G, 2) -

V=

Concluding the paper, the author wishes to express his great gratitude to Prof. Z. Sakadi
for his useful suggestions and encouragement.





