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ABSTRACT. We investigate the concept of orbital free entropy from the viewpoint of matrix
liberation process. We will show that many basic questions around the definition of orbital free
entropy are reduced to the question of full large deviation principle for the matrix liberation
process. We will also obtain a large deviation upper bound for a certain family of random
matrices that is an essential ingredient to define the orbital free entropy. The resulting rate
function is made up into a new approach to free mutual information.

1. INTRODUCTION

This paper is a sequel to our previous one [29] on the matrix liberation process, and devoted to
explaining how the matrix liberation process is connected to the orbital free entropy xor,. Here,
the negative of orbital free entropy may be regarded as a possible microstate approach to mutual
information in free probability.

The key concept of free probability theory, initiated by Voiculescu in the early 80s, is the so-
called free independence, which is a kind of statistical independence. Voiculescu then discovered
around 1990 that the large N limit of independent (suitable) random matrices produces freely
independent non-commutative random variables. In the 90s, in order to understand the notion
of free independence deeply, Voiculescu introduced and studied several notions of free entropy
(the microstate and the microstate-free ones), which are both analogs of Shannon’s entropy and
expected to agree. Then, these notions of free entropy were further studied by Biane, Guion-
net, Shlyakhtenko and many others from several viewpoints, including large deviation theory and
optimal transportation theory. (See [31] for early history on free entropy.)

On the other hand, the information theory suggests us to introduce a free probability analog of
mutual information that should characterize the freely independent situation as a unique minimizer.
The main difficulty in such an attempt is the lack of free probability analog of relative entropy,
and thus a completely new idea was (and probably still is) necessary. It was also Voiculescu [30]
who first attempted to develop the theory of mutual information in free probability. His approach
is based upon the liberation theory that he started to develop there with the microstate-free
approach to free entropy. The most important concept in the liberation theory is the liberation
process, a natural non-commutative probabilistic interpolation between given non-commutative
random variables and their freely independent copies. Voiculescu’s idea of liberation theory is
completely non-commutative in nature, and has no origin in the classical probability theory. Hence
the liberation theory is quite attractive from the view point of noncommutative analysis.
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Almost a decade later, we introduced, in a joint work [15] with Hiai and Miyamoto, the second
candidate for mutual information in free probability, which we call the orbital free entropy, and its
definition involves the adjoint actions of Haar-distributed unitary random matrices to the matrix
space MR of N x N self-adjoint matrices and follows the basic idea of microstate approach to
free entropy. (Some considerations looking for better variants of orbital free entropy were made
by Biane and Dabrowski [5], and a direct generalization dropping the hyperfiniteness for given
random multi-variables was then given by us [27].) The liberation process is exactly the large N
limit of the matrix liberation process introduced in [29] and its ‘invariant measure’ (or its limit
distribution as time goes to oco) exactly arises as the ‘distribution’ of the adjoint actions of Haar-
distributed unitary random matrices. Thus it is natural to consider the matrix liberation process
for the conjectural unification between Voiculescu’s and our approaches to mutual information in
free probability.

As a very first step, we proved in [29], following the idea of [4], the large deviation upper bound
with a good rate function that completely characterizes the corresponding liberation process as a
unique minimizer. The next ideal steps on this line of research should be: (1) proving the large
deviation lower bound with the same rate function, (2) applying the contraction principle to the
resulting large deviation upper/lower bounds at time T' = oo, and (3) identifying the resulting rate
function with Voiculescu’s free mutual information.

In this paper, we will mainly work on item (2). As a consequence, we will clarify how the matrix
liberation process might resolve several technical drawbacks around the definition of orbital free
entropy. As another consequence, we will get a large deviation upper bound result by applying
the established contraction principle at T" = oo to the one for the matrix liberation process in our
previous paper [29]. We will then make the resulting rate function up into a new microstate-free
candiadate for free mutual information. Items (1) and (3) are left as sequels to this paper.

The precise contents of this paper are as follows. Sections 2 and 3 are preliminaries, and sections
4,5 and 6 form the main body of this paper. The subsequent sections concern related materials.

In section 2, we will give one of the key technical lemmas. It is about the long time behavior
of the large N limit of the logarithm of the heat kernel on U(N) divided by N?2. This seems to be
of independent interest. Then we will give a slightly modified definition of orbital free entropy in
section 3.

In section 4, building on the previous work [29] we will prove that any large deviation upper or
lower bound with speed N? for the matrix liberation process starting at given several deterministic
matrices, say &;(IV), with limit joint distribution implies the corresponding one with the same

speed for the corresponding random matrices Uﬁ)fij(l\f YU 1(\;)* with independent Haar-distributed

unitary random matrices UJ(\;). This explicitly relates the matrix liberation process with the orbital
free entropy. Combining this with the main result of [29] we will obtain a large deviation upper
bound for UV &;(N)UW*.

In section 5, we will investigate the resulting rate function for U ](\;)ﬁij (NU ](\;)* in some detail; we
will prove that it admits a unique minimizer, which is precisely given by freely independent copies
of the initially given non-commutative random multi-variables. This fact supports the validity of
full large deviation principle with speed N2 and the same rate function for U](\;)fij (N) U](\;)*, because
this unique minimizer property also follows from the conjectural full large deviation principle as well
as the fact that the orbital free entropy completely characterizes the free independence (under the
assumption of having matricial microstates). Moreover, this unique minimizer property suggests
that the rate function can be regarded as a possible microstate-free candidate for free mutual
information, and hence that the rate function ought have to have a coordinate-free fashion.

In section 6, we will give such a coordinate-free formulation. The coordinate-free formulation
will be shown to be a quantity for a given finite family of subalgebras in a tracial W*-probability
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space, which satisfies a desired set of properties (see subsection 6.7) that any kind of free mutual
information has to satisify and, of course, Voiculescu’s one does.

In section 7, we will explain how the proofs given in the previous paper [29] also work well for
several independent unitary Brownian motions with deterministic matrices (which are assumed to
have the large N limit joint distribution), and compare its consequences with the corresponding
results on the matrix liberation process. In section 8, we will give an explicit description in terms of
free cumulants for the conditional expectation of the (time-dependent) liberation cyclic derivative
EN(T)(W;(HS(ng)P))) (see section 4 for the notation), which is the most essential component
of the rate function. The description is a complement to a rather ad-hoc computation made in
section 5. Finally, in the appendix, we explain some basic facts on universal free products of unital
C*-algebras for the reader’s convenience.

Glossary.

e | — ||oc denotes the operator norm.

o My D MR denote the N x N complex matrices and the N x NN self-adjoint matrices. For
each R > 0, (M3*)r denotes the subset of A € M3 with |4l < R.

e Try denotes the usual (i.e., non-normalized) trace on My, and try does its normalized
one. We consider the Hilbert-Schmidt norm ||A4| s := /Try(A*A) on My. It is known
that M3® equipped with || - || s is naturally identified with the N?-dimensional Euclidean
space RV*. Thus My = M3P ++/—1M3? equipped with || - || s is also naturally identified
with the 2N2-dimensional Euclidean space R2NV? = RN ¢ RV,

e U(N) denotes the N x N unitary matrices equipped with the Haar probability measure
vn; n.b., the symbol vy differs from the one vy in [15], [27]. A Haar-distributed N x N
random unitary matrix means a random variable with values in U(N), whose probability
distribution measure is exactly vy.

e T'S(A) denotes the tracial states on a unital C*-algebra A. For a given subset X of a
W *-algebra, we denote by X" its closure in the o-weak topology (i.e., the weak* topology
induced from the predual). For a unital *-homomorphism 7 : A — B between unital
C*-algebras, 7* : T'S(B) — T'S(A) denotes the dual map ¢ € TS(B) — pom € TS(A).

e For a random variable X in the usual sense, E[X] denotes the expectation of X. Moreover,
for a random variable Y with values in a topological space, we write P(Y € A) := E[14(Y)]
for any Borel subset A; this is the distribution measure of Y. Here 14 denotes the indicator
function of A.

Remark on Part I. We have investigated the matrix liberation process Z'P(N) starting at
(deterministic) Z(N) = (Z;(N))7 with Z;(N) = (fl-j(N));(l)1 € (M§)"®. Here, we remark that
r(i) = oo is allowable; namely, each Z;(N) may be a countably infinite family of N x N self-adjoint
matrices, and all the results given in part I still hold true in this more general situation without
essential changes. In fact, we only need to change the metric d on the continuous tracial states
TS°(Ch(weo(+))) (see subsection 4.3 below) as follows. Let W<, be all the words of length not
greater than ¢ in indeterminates z;; = x;‘j with 1 <7< n+1,1<j </ (remark this restriction
on j, which guarantees that W<, is a finite set), and we define

(1.1)  d(ri,72) ZZWH sup  (Im(w(ts, ... te)) = ma(wlty, ... te))| A1)

1= w€W<1z (t1,...,te)€[0,m]*

for 71,72 € TS°(Ch(xeo(--+))). Here, w(t1,...,t¢) is constructed by substituting z;,;, (tx) for
T4, in a given word w = x;,j, - - - 24,5, with £/ < L.
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Added in proof. We have further investigated the rate functions in this paper after the submis-
sion. As one of its simple consequences, we confirmed that IJ* (7) = IIP(7) certainly holds if

I (1) < 400 (see subsection 4.6 for the notation). We will give those details elsewhere.

2. THE LONG TIME BEHAVIOR OF THE LARGE N LIMIT OF THE HEAT KERNEL ON U(N)

In this section, we will investigate the long time behavior of the large NV limit of the logarithm
of the heat kernel on U(N) by utilizing a recent work on the Douglas and Kazakov transition due
to Thierry Lévy and Mailda [21] (based on Guionnet and Maida’s work [14]) as well as Li and
Yau's classical work on parabolic kernels [22]. The consequence (Lemma 2.1) will play a key role
in section 4 to establish the contraction principle at time T = oo for large deviation upper/lower
bounds with speed N? for the matrix liberation process Z'(N).

Consider U(N) as a Riemannian manifold of dimension N? by the inner product on the corre-
sponding Lie algebra u(N) = /1M

(X|Y):= —NTry(XY), X,Y €u(N).

Let Ric be the Ricci curvature associated with this Riemannian structure. It is known, by e.g., [1,
Lemma F.27], that

Ric(X, X) = g(<X|X> —(X[(1/N)V-1In)*) > 0

for every X € u(N).

Let pn+(U) be the heat kernel on U(NN) with respect to this Riemannian structure as in [21,
section 3.1]. Looking at the Fourier expansion of py,; (see e.g., [21, Eq.(21)]) we observe that

U) = I
Uren&%pm( ) =pn:(IN)

holds for every ¢t > 0. Recall that py(U) = pn(U, In,t/2), where py(U,V,t), U,V € U(N),
t > 0, is a unique fundamental solution of the heat equation dyu = Awu with the Laplacian A
on U(N) equipped with the above Riemannian structure. See e.g., [10, p.135] for the notion of
fundamental solutions of heat equations. It is well known, see e.g. [10, Theorem 1 in V.IIL.1], that
pn is strictly positive. Since the Ricci curvature is non-negative as we saw before, we can apply
Li-Yau’s theorem [22, Theorem 2.3] to (U, t) := pn (U, In,t) and obtain that

(dN(IN7 U)2 )

41 —e)t

for every t > 0, 0 < e < 1 and U € U(N), where dn(Iy,U) denotes the Riemannian distance
between Iy and U. Since maxyey(n) dn(In,U) = N7 (see e.g. the proof of [20, Proposition 4.1]),
the above inequality with ¢ = T'/2 implies that

(N)? ) N2 /2 dn(In,U)?
TN < (T (— 7) < U
21— gr) Seyrwe Few (- 57 ) < pvr()
for every T > 0,0 <e <1 and U € U(N). Consequently, we have obtained that
2

1 1 s 1 1
—1 e (1 -1 - < U)< —1 In).
Nz o8Py, r(IN) + 5 loge ST = N2 ogpn,r(U) < N2 ogpn,T(IN)

pn(Un, In,et) < pn(U, INﬂf)E*NQ/2 ex

NZ2/2

pner(In) € exp ( -
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for every t > 0,0 < e <1 and U € U(N). By [21, Theorem 1.1], it is known that

. 1 .
F(T) = Jim o logpnr () = Jim olog ( s pyr(U)

exists and defines a continuous function on (0, +OO). Thus7 we have
(eT) *11 *72 T<1. Tlrl (U) < li Tl,l (U) < F(T)
9 oge 1m (¢] 1m (0]
F(eT) + B g 21— )T — oo N2 gpnr(U) < I 5 108PN,T U)<F(

for every T > 0,0 <e <1 and U € U(N). In particular, we obtain that

2

1 1
(2.1) F(eT) + 3 loge — < lim —log ( rr(ljin pN,T(U)) < F(T)
ve

i
2(1 —e)T = NSoo N? (N)
for every T >0 and 0 < e < 1.

Assume that T > 72 in what follows. We need the complete elliptic functions of the first kind
and the second kind:

1 1.2
:/ ds . E=B(k) = Ll
0 VI-2)(1_ k) o Vi—s

With T = 4K (2E — (1 — k?)K), [21, Propositions 4.2, 5.2] show that

K = K(k)

KQ2E - (1-k)K) 1 1 1
) = 6 21oe (5 @E - (- RE )
21+ kK (1-k*K)?
32E — (1 -Kk)K) 1202E — (1 - k2)K)?’
Recall that
Kzlog\/lll_ikaJro(l) = glongélog(l—k)Jro(l) ask—1—-0

(see e.g. [8, p.11]). This immediately implies that limj_,1_o(1 — k)*K = 0 for any o > 0. We also
have E = 1 at k = 1. By the well-known formulas dK/dk = (E — (1 — k*)K)/(k(1 — k?)) and
dE/dk = (E — K)/k, 0 <k < 1 (see [8, p.282]), we have d(2E — (1 — k*)K)/dk = (1 — k*)dK /dk.
It is clear that K is increasing in k. Hence T is an increasing function in k. Then, we observe that
T — +o0 if and only if k — 1 — 0. Moreover, we have

_(E 2(1+ k%)

F(T) = <§ * 3(2E — (1 — k2)K)

(E-1)K 2((1-k)K?-(1-k)K -2(E—-1)K)
3 32 — (1 - k?)K)

1
)K— glog2+ ilog(l —k)+o(1)

(K—flog2+ log(1 —k)) +o(1
_(E-1)K  2((1—-k)K*—-(1—-k)K -2(E )K)
N 3 32F — (1 - k2)K) +o(l)

as k — 1—0. Since dE/dk = (E— K)/k, 0 < k < 1 again, L'Hospital’s rule (see e.g. [26, Theorem
5.13]) enables us to confirm that limy_,;_o(F —1)/(1 — k)'/2 = 0 and hence

, b -1 2R o
kgllllO(E 1)K7kgl1rlo((1—k)1/2 (1-k) K) =0.

Consequently, we get limy_, o, FI(T) = 0.
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Taking the limit of (2.1) as T'— 400 we have

1 1
Sloge < lim  lim — log ( 0))
278 %y e e P Ll P

< =
i Jim 57 108 (g pr(0) =0

for all 0 < € < 1. Since € can arbitrarily be close to 1, we finally obtain the next lemma, which
will play a key role in §4.

Lemma 2.1. With

. 1 1
L(T) = Jim ¥z log (UglUl(nN)pN T(U)) U(T) = lim 7 log (Ug%%)pzv T(U)) = F(T)

we have

lim L(T)= lim U(T)=
T—+oco T—~+o00

3. ORBITAL FREE ENTROPY REVISITED

Let Z = ()" with Z; = (:z(N))NeN be a finite family of sequences of (deterministic) multi-

matrices such that each Z;(N) = (&; (N ))] )1, 1 <4 < n+1, is chosen from ((M3#)g)") Wlth r(i) €

NU{oo} for some R > 0. We sometimes write 2 = (E(N))yen with E(N) = ((&;(N )) )”+1 As
in [29] we consider the universal C*-algebra CJ;(xes) generated by z;; = z,1<i<n+1,7>1,
such that ||z;;]|cc < R for all 4, j, into which the universal unital *-algebra C(xeo) generated by
the z;; = z}; is faithfully and norm-densely embedded. Similarly, we define C(zio) — Ch{xio) by
fixing the first suffix ¢ of generators. These universal C*-algebras are constructed as universal free
products of copies of C[—R, R], and each generator z;; is given by the coordinate function f(t) =t
in the (i, j)th copy of C[—R, R]. The above embedding properties are guaranteed by Proposition
A.4. The xhomomorphism given by z;; ~ &;(N) enables us to define tracial states tr=(V) ¢
TS(Ch{xes)) as well as tr¥ V) € TS(Ch{zis)), 1 <i<n+1, by P = P(e) = try(P(£es(N)))
(n.b., these notations differ a little bit from those in [29]). Remark that we can alternatively define
tr=i (V) to be the restriction of tr=Y) to OF(wi6) (= Cf(weo) faithfully by [6, Theorem 3.1] with
Lemma A.1). We also assume that each =;, 1 < i < n+1, has a limit distribution as N — oo;
namely, there exists a 0g; € TS(Ch(wio)) such that imy_, o tr=i i(N) = 00,; in the weak* topology.
(This is the minimum requirement for = to define xob(0 | Z) below.) In what follows, we denote
by T'Staa(Ch(zis)) all the tracial states that arise in this way for a fixed 1 < i < n+ 1. We also
define T'St4a(Ch (T eo)) similarly.

Let us introduce a variant of orbital free entropy, say Xorb(o | E) for o € T'S(Ch{(%eo)), which
is essentially the same as the old one in [15, section 4] for hyperfinite non-commutative random
multi-variables. B _

Define U = (U;)7-;, € UN)" v trg™) € TS(Ch{wes)) by g™ = try 0 @5, where
CIDIEJ(N) : C’E(x.0> — My (C) is a unique *-homomorphism sending z;; (1 <4 < n+1) to U;&;;(N)U/
with U = (U;)7; and &p415 to £np1 (), respectively. Consider an open neighborhood Oy, 5(o),
m €N, § >0, at o in the weak™ topology on T'S(C%(2eo)) defined to be all the ¢’ € T'S(C(2eo))
such that

=(N)

o' (2iyg, -+ Tiyj,) — 0(Tiygy - Tiy5,)| <0
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whenever 1 < i, <n+1,1<j,<m,1<k<pand1<p<m. Then we define

Xorb (0 | E(N) s Nym, ) i=Tog vy ({U € UN)" |65 ™ € Oms()}),

- 1
(3.1) Xorb(0 | E5m, ) := A}gn N2Xorb(0|~»N m,d),
Xorb(o | E) = rr}gnoo Xorb(o | =ym, 6)
50
with log 0 := —oo. Remark that xom(0 |E) = —o0, if o does not agree with o ; on Ch{x;s) for

some 1 < ¢ < n+ 1. This is a natural property; see [17, Proposition 3.1] as well as Remark 6.2.

We could prove in [15, Lemma 4.2] that xo, (0 | Z) depends only on the given gg;, 1 <i <n+1,

that is, it is independent of the choice of =, when each tuple (x”) r® 1 produces a hyperfinite von
Neumann algebra via the GNS construction associated with og ;. However, we suspected that
this is not always the case. Hence, in [27], in order to remove the dependency of = we took the
supremum of b (0 | A; N, m,0) all over the tuples A of multi-matrices in place of Z(NN) to define
Xorb(X1, ..., Xnt1) (see the review below). Here, we will examine another simpler way of removing
the dependency. So far, we have only assumed that each =; has a limit distribution as N — oo,
that is, limpy_, e tr= V) = 09,i- In what follows, we need the stronger assumption that the whole
E has a limit distribution as N — oo, that is, limy_, o tr=®) = gy.

Let another oy € T'S(C},(xes)) be given in such a way that its restriction to C'}(z,0) is o¢; for
every 1 <i <n+ 1. Then we define

(3.2) Xorb (| 70) = s5up { Xor (7| Z)

We define it to be —oo if o does not fall into T'Siga(Ch(%es)). Remark that Xorb(o | E) is well
defined in the above definition, since limy_,qo tr5Y) = o implies that limy o tr=: V) = g ; for
every 1 < i < n+ 1. Moreover, taking the supremum all over the possible approximations = to
o is motivated from the large deviation upper bound for the matrix liberation process starting at
Z(N) [29] (see the next section), because the rate function that we found there is independent of
the choice of approximations Z. We will prove two propositions, which suggest that Xom (o | 00)
should be the same for a large class of gg.

= = (BN wers Jim 0= = o).

We next recall the original orbital free entropy introduced in [27] (with a non-essential mod-
ification [28, Remark 3.3]) in the current setting. Let 7, : C{(Teo) ™~ H, be the GNS rep-

resentation associated with o. Set X{’j = me(xi5), 1 < i < n+41,j > 1, and then write
X7 = (ij)j(z)l, 1 <i < n+ 1 Remark that the joint distribution of those X{,..., X7

with respect to the tracial state on m,(Cj(Zeo))” induced from o is exactly o. On the other
hand, if we have uniformly norm-bounded non-commutative self-adjoint random multi-variables
X, = (le);(:ll),...,an = (X,H_l]);("IH) in a W*-probability space (M,7), ie., X5 = Xjj
and R = sup, ; [|[Xijll < +00, then we have a unique tracial state o(x,) € TS(C}%(.’E.O» natu-
rally, that is, o(x,)(Tirj, =+ Tipj) = T(Xirjy -+ Xi,nj,) for example. For any A = (A;)!H]" with

A, = (Am);(z)1 € (M3)r)"™, 1 <i<n+ 1, we define
Xorb(X1, -, Xpt1; A, N,m, §) := 1ogy ({U e gN)" |trU € Oms(ox ))}),
)_(orb(Xla cee 7Xn+1;Nam75) = SipXorb(Xlw . 'aXn+1;AaNam7§)7

Xorb(Xh s aXn+1;ma6) = lim

N —o0

Xorb(Xh B Xn+1) = "}E)noo Xorb(Xh s 7Xn+1; m, 6)3
5,0

1
WXOrb(Xh e aXn+1;N7ma5>7
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where tr{} is defined in the same manner as the tr%(N) above. Note that the above definition clearly

works even when r(i) = oo for every 1 <i <n+ 1.

The next proposition suggests which approximating sequences = are suitable to define the orbital
free entropy.

Proposition 3.1. We have
Xorb(U ‘ UO) < Xorb(Xllfv s »XZ+1)7

and equality holds when o = oy.

Proof. Let = = (E(N))nyen with Z;(N) = (&j(N));g, 1 <i < n+1, be as in definition (3.2).
Clearly,

Xorb(g ‘ E7N7m76) = Xorb(thj7 o .,XZ+1;E(N),N,TTL,(5) S )Zorb(x(lrv s 7XZ+1;N7m75)

holds for every N, m and . This immediately implies Xorb(0 | Z) < Xorb(X{,..., X7, ). Since 2
has arbitrarily been chosen, we obtain xob(0 | 00) < Xorb(X7, ..., X7, 1).

We next prove the latter assertion. We may and do assume that yon(X7,..., X7, ) > —oo;
otherwise the desired equality trivially holds as —oo = —oo by the first part. We can inductively
choose an increasing sequence Ny in such a way that

- o o 1 1 - o o
XOYb(Xla"'7 n+1;k71/k>_z<m>(0rb( 1r---> n-‘,—l;Nkakal/k)
k

1
< Xorb(XT, .., X7 11k, 1/k) + %
holds for every k; hence

Xorb(XaTa cee 7XZ+1) = lim

k—o0

1
W)Zorb(xtf7 e 7X17L+1;Nk7’ k, 1/k)

k
For each k one can choose A(Ny) = (A;(Ny))H! with A;(Ng) = (AZJ(Nk));S)l € (M3 )R)™™,
1 <i<mn+1,in such a way that

—00 < )zorb(XTa . ,XZ+1;N]€, k, ]./]i)) —-1< Xorb(Xga - ,XZ+1;A(N;€),N]€,]€, 1//€)

By definition, for each k there exists U(Ny) € U(N;)™ such that trﬁ%%zg € Opa/k(o). With

U(Ny) = (Ui (Ni))jy we define B(Ny,) = ((Bi; (Ni));))i%! by

Ui(Ni)Aij(N)Ui(Ng)* (1 <d < n),

BU(Nk) = {An-i-lj(Nk:) (Z =n++ 1)

Let & = (E(N))nen with Z(N) = (&; (N));(:l)l, 1 <i¢<n+1, be the one chosen at the beginning

of this proof. (The existence of such a sequence follows from Xor, (X7, ..., X7, ;) > —o0; see e.g.
[17, Lemma 2.1].) Define 2’ = (E'(N))nen by

—roary . ) BWVE) (N = Ny),
=)= {E(N) (otherwise).

Since
o A
(= (Vi) trUE%’S € Op1/k(0),

(N)

it is easy to see that tr= (V) converges to o in the weak* topology on T'S(C%(xes)). Since

='(Ng A (N, n n
g™ = g e U= (Ui € U
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for every k and since vy is invariant under right-multiplication, we observe that
Xorb(X 7, ..., X7 13 A(Ng), Ni k, 1/k) = Xorb(0 |25 Ny, k, 1/k)
for every k. Thus, for each m € N, § > 0, we have
Xorb (0 |E"; Nk, k, 1/k) < Xorn (0 |E"; Ni,m, 0)
for all sufficiently large k. Thus, for every m € N, § > 0, we obtain that

o o 3 1 'y o g
Xorb(xl s 7Xn+1) = khargo F%XMb(Xl s 7Xn+1; Nka k, ]-/k)

: 1 = (o8 g

_ kll)n;oN—E(Xorb(Xl,..., 7 i Nk, 1/k) — 1)
— 1

< lim —5 =

>~ k:ll}l’rolo N]g Xorb(U| 7Nkvm75)
— 1

< lim —Xorn(0|E'5 N, m, )

N—oco N
= Xorb(o— | E/; m, 5)
Therefore, by taking the limit as m — oo, § N\, 0 we have
XOrb(Xlljv e 7XZ+1) é Xorb(JO | E/) S Xorb(U | J)~

With the former assertion we are done. O

Another natural choice of initial tracial state og is available; the tracial state is determined
by making the resulting random multi-variables X7°, 1 < ¢ < n + 1, freely independent. The
Xorb(0 | 00) with this choice of oy is nothing but an unpublished variation of orbital free entropy
due to Dabrowski, and the proposition below shows that it turns out to be the same as our original
Xorb(X9, ..., X9, ,) in [27].

Proposition 3.2. When the X7°, 1 < i < n+ 1, are freely independent, then Xom(o|0og) =
Xorb(thr; ey XZ+1).

Proof. By Proposition 3.1 we may and do assume Xorb(X9,..., X7, ;) > —oo, and it suffices to
prove

Xorb(0]00) > Xorb(]0) (= Xorn(X], ..., X7 1)).

To this end, let = = (2(N))%_, with (V) = (Zi(N))I, Zi(N) = (€5 (N))) € (M32) )™,
1 < i < n+1, be such that limy_, tr=™) = ¢ in the weak* topology. Choose an independent fam-
ily of Haar-distributed unitary random matrices Vls,i ), 1 < < n. It is known, see e.g. [16, Theorem

4.3.1], that VJS,U, cee Vjs,n), E(N) are asymptotically free almost surely as N — oo and moreover
that the subfamily Vls,l)7 ey VIS,") converges to a freely independent family of Haar unitaries in

distribution almost surely as N — oo too. Thus, thanks to the almost sure convergence, we can
choose deterministic sequences V;(N), 1 < ¢ < n, from random sequences VJE; ), 1 < i < n such

that Vi (N), ..., V,(IN),E(NNV) converge to the same family of non-commutative random variables in
Sistribution as N — co. Define =/ = (2/(N))F_, with Z'(N) = (ZL(N)1HL, EL(N) = (€5(N)7Y)
Yy

€,(N) = {WN)&j(N)wN)* (=i
Ent1;(N) (i=n+1).

Then, the ZL(N), 1 < i < n+ 1, are asymptotically free as N — oo. Therefore, we conclude that
Impy oo tr= (V) = 0p in the weak* topology. Remark that
(N E(N n n
g™ =i e U= (UL, € UW)
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holds for every N. Therefore, thanks to the invariance of v under right-multiplication, we con-
clude, as in the proof of Proposition 3.1, that

Xorb(U | E) = Xorb(U | E/) < Xorb(a ‘ 0—0)'

Since = has arbitrarily been chosen, we are done. ([l

The above proof suggests that xom(0 | 0g) coincides with xob (X9, ..., X7, ;) for a large class
of tracial states o9 € T'Staa(CR(Teo))-

4. ORBITAL FREE ENTROPY AND MATRIX LIBERATION PROCESS

Building on our previous work [29] we will clarify how some fundamental questions concerning
the orbital free entropy xo.1, are precisely reduced to the conjectural large deviation principle for
the matrix liberation process. Lemma 2.1 will play a key role in what follows.

4.1. Non-commutative coordinates. Let C},(Teo(-)) C Chi(Zeo(-),ve( -)) be the universal uni-
tal C*-algebras generated by z;;(t) = x;;()*, 1 <i<n+1,7 > 1,t >0, and v;(t), 1 <i <mn,
t > 0, with subject to ||z;;(t)|lcc < R and v;(t)*v;(t) = v;(¢)v;(¢t)* = 1 = v;(0). These univer-
sal C*-algebras are constructed as universal free products of uncountably many C[—R, R] and
C(T), and generators z;;(t) and u;(t) are given by coordinate functions f(t) =t in ¢t € [-R, R]
or g(z) = z in z € T of component algebras. Proposition A.3 guarantees the inclusion of two
universal C*-algebras. Recall that 7 may run over the natural numbers N as we remarked at
the end of section 1. The universal x-algebras C(Zeo(-)) C C(Zeo(-),ve(-)) generated by the
same indeterminates z;;(t) and v;(¢) can naturally be regarded as norm-dense x-subalgebras of
Ch{Teo(+)) C ChH{Teo(),ve()), respectively. Proposition A.4 guarantees this fact. For each
T > 0, the correspondence x;; — x;;(T), 1 < i < n+1,j > 1, defines a unique (injective)
s-homomorphism 77 : Ch(Tes) = Ch{Teo(-)) with notation C%(xe,) in section 3.

4.2. Time-dependent liberation derivative. We introduce the derivation
0 s Clao(-)) = Clzao(- ), va(-)) atg Clzao(- ) va(-)), 1<k <nys >0,
which sends each z;;(¢) to
i k(0,0 (8) (@rj (O)vr(t — 8) @ Ukt — 8)* — vkt — 8) @ vt — 8)*“ap;(t)).

Then we write @i’“) =00 5§k), 1 <k <n,s >0, where 6 denotes the flip-multiplication mapping
a® b ba.

4.3. Continuous tracial states. A tracial state 7 on Cg(Zeo(-)) is said to be continuous if
t — m(x5(t)) is strongly continuous for every 1 < i <n+1,j > 1, where 7, : C(Teo(-)) ™~ H~
is the GNS representation associated with 7. We denote by T'S°(C}(zes(-))) all the continuous
tracial states. The space T'S°(C}(Zeo(-))) becomes a complete metric space endowed with metric
d defined by (1.1), which defines the topology of uniform convergence on finite time intervals.

4.4. Liberation process 7° starting at a given time. We extend a given 7 € T'S°(C}(Teo( - )))
to a unique 7 € T'S(CF(Teo(-),ve(+))) in such a way that the v;(t) are x-freely independent of
Ch{Teo(+)) and form a #-freely independent family of left-multiplicative free unitary Brownian
motions under this extension 7. This extension of tracial state can be constructed, via the GNS
representation 7, : Ch(Teo(-)) ™~ H,, by taking a suitable reduced free product. We write

(N(1) € M(7)) := (72(Ch(Tao(-)))" C m7(Chlzas(+),va()))")
on H,, where 77 : Ch(ZTeo(-),ve(-)) ™ Hs is the GNS representation associated with 7. Write
x7;(t) == 7 (2i5(t)) and o] (t) := 7 (v;(t)) and the canonical extension of 7 to M(7) is still denoted
by the same symbol 7 for simplicity. We denote by E () the 7-preserving conditional expectation
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from M(7) onto N (7), which is known to exist and to be unique as a standard fact on von Neumann
algebras. Consider an ‘abstract’ non-commutative process in C}(Zeo( ), ve( "))
fos ol (1) = vi((t—s) VO0)xii(s At)v((t—s) V0)* (1 <i<mn),
Tni1 (1) (i=n+1)

and the corresponding ‘concrete’ non-commutative stochastic process in M(7)

ol ((t—=5) V0)zT;(s At)v] ((t—5) VO)* (1 <i<n),
Ty 5(t) (i=n+1).

t xzjs (t) == mz(xi;(t) = {

By universality, this process 1:{; (t) clearly defines a tracial state 7° € T'S°(Ch(Teo(-))).

By the shomomorphism I' : C{(zeo(:)) — Chk{(Zes) sending each z;;(t) to x;;, we obtain
[*(0g) == 0g o' € TS(Ch(reo(+))) with a given o9 € TS(Ch(Teo)) and set ofi® := I'*(00)? €
TS(Ci{Teo(+))) (I'*(00)? is defined in the same way as 7° with s = 0), which we call the liberation
process starting at oq (precisely its empirical distribution).

4.5. New description of 7°. By universality, we have a unique unital *-homomorphism II® :
Ch{Teo(+);ve()) = Cr(Teo(+),ve(-)) sending z;;(t) and v;(t) to xj;(t) and v;(t), respectively.
By using this #-homomorphism we obtain a unital x-homomorphism

T20Il ¢ ChTes(-),ve()) o ChlTeo(-),val(+)) M(7)
(ij(t), vi(t)) = (23;(t), vi(t)) = (2] (1),07 (1))

Then ﬁ;(Hs(’ng)P)), P € C{xeo()), becomes the element of M(7) obtained by substituting
(7 (), 07 (1)) for (zi;(t), vi(t)) in DL P. Moreover, we have 7° = 7 o II* on O (zeo( ).

4.6. Rate function. To a given oy € TS(Ch(ze)) we associate two functionals IJP, I8P -

TS (Ch{reo(-))) = [0,400] as follows. For any 7 € T'S¢(Cp(Teo(-)), P = P* € C{zeo(-)) and
t € [0, 00] we first define

i i 1 - ! s
@) P =)o (P) = 5 S [ B (o O P s
k=1
with regarding 7 as 7°° (since 7/(P) = 7(P) when ¢ is large enough), where || — |72 denotes the 2-

norm on the tracial W*-probability space (M(7),7). We remark that the integrand in (4.1) agrees
with that given in [29] (though their representations are different at first glance), and moreover

that the integration above is well defined even when t = oo, because @gk)P = 0 when s is large
enough. Then we define
lib/y . lib lib ._ lib
I;)0(7) = sup 1,;°.(r,P), 1 (1) := sup I (1, P).

00,t 00,00 00,00
P=P"€C(zes(")) P=P*€C(zes("))
t>0

Each of the functionals I, I s shown, in [29, Proposition 5.6, Proposition 5.7(3)] (n.b., their

g0 7 700,00 |
proofs work well even for the modification I (l;é’oo without any essential changes), to be a well-

defined, good rate function with unique minimizer. Moreover, the minimizer for both functionals
is identified with the liberation process o starting at oo for both functionals. Remark that the
proofs of [29, Proposition 5.6, Proposition 5.7(3)] do not use the assumption that oy falls into

TStaa(Ch (o)), and thus the functionals 1P 1P " can be considered in the general setting.

Remark that IP () < Ib(7) obviously holds, but it is a question whether equality holds or not.
Here is a simple lemma, which can be applied to I = I},i['f or I = I}}f’m. Recall that 7y :
Ch(Teo) = Ch(Teo(-)) is the unique injective *-homomorphism sending each z;; to x;;(7"). In the
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lemma below, we will use the map 7 : TS (C*(zeo(-))) = TS°(C*(zes)) induced from 7mp, see
the glossary in section 1.

Lemma 4.1. For any functional I : TS(C*(zeo(-))) — [0, +00], the new one J : TS(Cf(Teo)) —
[0, +00] defined by

J(o) := lim_ T@o inf {I(7) | 7 € TS(Ch(zeos(+))), 77(T) € O 5(c)}
50

= i‘;%T@ inf {I(7) | 7 € TS(Ch(2eo(-))), 77(T) € Om5(0)}
6>0

for any o € TS(Ch(xeo)) (with notation Op, s(0) in the previous section) is a well-defined rate
function, where T'S(Ch(xeo)) s endowed with the weak* topology and the infimum over the empty
set is taken to be +o0o. Moreover, replacing Op, s(0) with the closed neighborhood F, 5(o) in the
above definition of J(o) does not affect its value, where F, 5(0) is all the o' € TS(Ck(Teo)) such
that

0" @iy @iy5,) = 0 (irgy o @a,5,) <6
whenever 1 < iy <n+1, 1< <m, 1<k<pandl1 <p<m.
Proof. If m; < mg and &1 > d2 > 0, then Oy, 5,(0) 2 Oy, 6,(0) so that
T inf {I(7) | 7 € TS*(C(ao(-))). 75 (7) € Oy 5, (0))
< T inf {1(7) | 7 € TS*(Cilaeo( ). 75(7) € Oy (0.

Therefore, taking lim,, . s5%,0 in the definition of J(o) is actually well defined and coincides with
taking the supremum all over m € N and ¢ > 0.

We then confirm that J is lower semicontinuous. Assume that o — o in T'S(C}(Tes)) as
k — oo. Choose an arbitrary 0 < L < J(o). Then there exist mo € N and dy > 0 such that

Jim inf {I() | 7 € TS*(Ch(weo(-))). 77 (7) € Om.5(0k) } > L.
Then, there exists ko € N such that if & > ko, then O, s5,/2(0k) € Omg,s,(0) and hence
J(og) > T@o inf {I(7) | 7 € TS(Ch(%es())), 77(T) € Oy .50/2(0%) }
> T inf {1(7) | 7 € TS*(Ch(aeo( ). 75(7) € Oy ()} > L,

where the first inequality follows from the fact that lim,, o0 55,0 = sup,, s in the definition of
J(o) as remarked before. Therefore, we obtain that lim, ,  J(ox) > L, which guarantees that J
is lower semicontinuous.
Since Op,5(0) C Fy 5(0) € Oy 25(0), we have
inf {I(7) | 7 € TS*(C(wao(+))), 77 (7) € Oms(ow)}
> inf {I(7) | 7 € TS*(Cilrao( ), 75 (r) € Frvs(o)}
> inf {I(7) | 7 € TS*(Ch(Teo(+))), 77(7) € Om s (k) }

for every m € N and § > 0. This implies the last assertion. O

The above lemma clearly holds true even if limy_,« is replaced with lim;._,  in the definition
of J. We also remark that T'S(C};(2eo)) is weak® compact, and hence J is trivially a good rate
function.
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4.7. Matrix liberation process. Let Z(N) = ((&;(IV ))T( ))”Jr1 with &;;(N) € (MR*)r be an ap-

proximation to a given og € T'St4a(Ch(Teo)). Let Ul )( t), 1 <i < n, be independent, left-increment
unitary Brownian motions on U(N), and we define the matrix liberation process Z'P(N)(t) =
(EP ) O);E)is, ¢ 2 0, starting at Z(N) by

(V) (1) o= {US)(t)gij(N)Ux)(t)* a<i<n),
Y En+15(NV) (i=n+1).

Then, via the *-homomorphism mzin(y) : Ch(Zeo()) = My determined by z;(t) — &P (N)(t),
1 <i<n+1lj>1¢t>0, we obtain a tracial state Tzuv(ny := try o mzuv(xny, which falls
into TS°(CF(zes(-))). This tracial state is a random variable in T'S°(Ch(Zeo(-))) in the or-
dinary sense, and hence we can consider the probability P(rziny) € ©) of any Borel subset
© C TS°(Ch{xes(-))). By [29, Theorem 5.8] we already know that the sequence of probability
measures P(rziv () € - ) satisfies the large deviation upper bound with speed N? and the above rate
function I},i?.

4.8. Contraction principle at T'= co. Let Uy = (U( ))l 1 be an n-tuple of independent N x N
unitary random matrices distributed under the Haar probability measure vy on U(NN). The random
tracial state trIEJ(]]VV) € TS(Cr(Teo)) is defined in the same manner as in §3. A well-known, standard
result on the heat kernel measure on U(N) implies that E[n7. (=i () )(a)] converges to E[try (V) (a)]
as T — oo for every a € C},(Zes). The usual method to obtain the large deviation upper/ lower
bound with speed N? for P(tr“(N) € ) from that for P(7ziw(y) € -) in the same scale is to
show that (a kind of) the exponential convergence of 7 (7=ub(yy) to trIEJ(JiV) as T — oo (see e.g.
[13, §4.2.2]). Nevertheless, we will be able to prove the next proposition by utilizing Lemma 2.1
without establishing the exponential convergence.

Proposition 4.2. Assume that the sequence of probability measures P(rzin(y)y € -) satisfies
the large deviation upper (lower) bound with speed N2 and rate function I (resp. 1=). Then
P(tr%(fvv) € -) also satisfies the large deviation upper (resp. lower) bound with speed N? and the
following rate function:

Jt(o):= hm lim inf{IT(7) | 7 € TS(Ch{zes(+))),m5(T) € Opms(o)}
5\

5 O T — 00
(resp. J(0) = lim_lim inf{I" (1) | 7 € TS (Ch{zas(-))), mh(7) € om,é(a)})
5\‘0 T—o

for every o € TS(C},(Tes)), where the infimum over the empty set is taken to be +oco.
In particular, if the sequence of probability measures P(tzuv(ny € -) satisfies the full large

deviation principle with speed N2, that is, the above large deviation upper and lower bounds with
IT=1",then J:=J" =J and

Xorb(0 | 00) = Xorb(0 | E) = —J(0)

1 =
= lim lim — log V9" ({U € U(N)™ | trfJ(N) € Oms(0)})
5\0 N—o00 N2

holds for every o € TS(Ch(xes)) and any choice of approzimating sequence = = (E(N))nen to
00 € TStaa(CR(Tes))-

Proof. Set
IE(0) = mnf{I5(7) | 7 € TS (Chfaas( ), Th(r) = 0}, 0 € TS(Chlwas)).
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By the contraction principle (see e.g. [13, Theorem 4.2.1]), P(77 (7= (n)) € -) satisfies the large
deviation upper (resp. lower) bound with speed N? and the rate function qu (resp. I ). Write
Un(t) = (U](\})(t))?zl, t > 0, and define the random tracial state trI:J(J]VV()T) in the same manner as

trIEJ(JiV ! Let L(T) < U(T) as well as vy, 7 and vy be as in the previous sections. Observe that
7 n =Z(N
P(?TT(TEub(N)) S ) IP>(trU(N()T) € ) - VN T({U € U( ) | tI'U( ) S })
as well as
(4.2) Py € ) =v§" (U e UN)" [ 65N € ),

Since

< <
(UénUl(n PN, T(U>)VN <vnr < (Umlg(x PN, T(U))VNa

we observe that

2log min pyr(U) + 2log}P’(trU( ) e )

N2 P ucu(n) N
1 \
< 77z log P(n} (72 () € )
< N2 log mt?(x)pNT(U) 1Og]p(tr“(N) )

Now, we will use the functions L(T),U(T) in T introduced in Lemma 2.1. If we assume the large
deviation upper (resp. lower) bound for P(77.(7zib(n)) € -), then

nL(T) + hm — logIP’(tr“(N) €A)

1
< lim N2 logIP’(ﬂT(Tﬂ,b( ) € A) < —inf{If(0) |0 € A}

~ N—oo

for any closed A C T'S(CE(Teo)) (resp

nU(T) + lim 1ogIP’(trU( ) eT)

N—o00
1
> lim N2 log P(77(T=iv(ny) € T') > —inf{l; (o) [0 €'}
N—o00
for any open I' C T'S(C}(es))). It follows by Lemma 2.1 that
lim Iim log —P(tr“(N) € Oms(0) < — lim_ Tim inf{If(0') | o’ € Fin 5(0)}
7%\80 T—o0

m—00
5,0 N—o00

(resp lim  lim log —P(tr“(m € Oms(0)) > — hmOo lim inf{I;(c") | o' € Omﬁ(a)})

m—
5\0 N —oc0 5N\.0 T—o0

for every o € T'S(Cj(%eo)). Observe that
inf{IF(c") | o' € O} = inf{IE(1) | T € TS (Cp(Tec(-))), () € O}
for any © C T'S(C%(%es)). By Lemma 4.1,
lim lim 1nf{[+( "V]o' € Oms(o)} = lim lim inf{I}(c") | o' € F5(0)}

im
N TEge oo

(resp. the same identity with replacing lim7_, . and I;f with lim,_,  and I, respectively) holds
and defines a rate function. Since T'S(C(zes)) is weak® compact, we finally conclude by [13,
Theorem 4.1.11, Lemma 1.2.18] that P(tr{](N ) € -) satisfies the large deviation upper (resp. lower)
bound with speed N2 and the rate function J* (resp. J 7).
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For the last assertion, we first point out that

—J (o) < lim_ lim —log]P’(trU(N) € Op,5(0))
N—
(4.3) RN

E(N) +
grégr%o A}lm N—log]P’(trU € Op5(0)) < —=J7(0).
Since I = I~, we have —J (o) > —J* (o) for every o € T'S(Cj(eo)). Therefore, we conclude
that equality holds in (4.3). This together with (4.2) immediately implies the last assertion. [

It is plausible that the definition of the orbital free entropy Xorb (X1, ..., Xn+1) can still be de-
fined independently of the choice of approximating sequence = = (Z(N))yen (under the constraint
that tr=(Y) converges to the joint distribution of the X;) without assuming the hyperfiniteness of
each random multi-variable X,.

As mentioned before, we have already established that the sequence of probability measures
P(7=in () € - ) satisfies the large deviation upper bound with speed N 2 and the rate function I},if.
Hence, we can prove the next corollary.

Corollary 4.3. The sequence of probability measures P(tr%(ljvv) € -) satisfies the large deviation
upper bound with speed N? and the rate function
J},if(a) = hm lim mf{Ihb( )| T €TS(Cr{zeo())), 77 (T) € O 5(0)},

m—oo
5,0 T—o0

where the infimum over the empty set is taken to be +00. Moreover, Xorb(0 | 0g) < —J}Tif(a) holds
for every o € TS(CF(Teo))-

Proof. The first assertion immediately follows from Lemma 4.1 and Proposition 4.2.
For the second assertion, we first observe that
=) — - =N < _ glib
(o |2) = Ji g log P65 € O 5(0)) < ~Jb(0)
for every o € T'S(Cy(Zeo)). Since JEP is independent of the choice of approximation = to o, we
conclude that xo(0 | 09) < —J3>(0) for every o € TS(C}(wao))- O

Remark 4.4. Several questions on the matrix liberation process Z'"P(N) toward the completion
of developing the theory of orbital free entropy are in order.

(Q1) Show that JIP(0) = 0 implies that the X7 are freely independent. (This is a question
about minimizers of JJ".)

(Q2) Identify JEP (o) with Voiculescu’s free mutual information i*(W*(X§);...; W*(X9,,)) (at
least when o = 0 or when the X7° are freely independent) if possible. Here each W*(X?)
denotes the von Neumann subalgebra generated by X¢ = (ij);(;)l

(Q3) Prove a large deviation lower bound with speed N? for the sequence of probability measures
P(7zib(ny € -). Tt is preferable to identify its rate function with e

The affirmative answer to (Q2) shows Xorb < —i*. On the other hand, as we saw in Proposition 4.2,
the affirmative complete answer to (Q3) enables one to define X, independently of the choice of
approximating sequence at least when o = oy or when og is the ‘empirical distribution’ of a freely
independent family as in (Q2). Also, the affirmative complete answers to both (Q2) and (Q3) show
Xorb = —t*. Finally, the affirmative answer to (Q2) or (Q3) solves (Q1) in the affirmative; hence
(Q1) is a test for both (Q2) and (Q3).
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5. MINIMIZER OF THE RATE FUNCTION JJP

In this section, we will solve (Q1) of Remark 4.4 in the affirmative.

The next lemma is probably known to specialists, but we include its proof for the sake of the
completeness of this paper.

Lemma 5.1. The limit off := limz_,o0 75 (00P) exists in T'S(Ch{xes)), and we have
(i) off agrees with og on each C(wis), i =1,...,n+1;
fr
(ii) the X7°, 1 <i<mn+ 1, are freely independent.
Proof. By construction it is clear that 7 (olP) agrees with og on Cj(z;,) for each 1 <i <n+ 1.
Hence (i) trivially holds. Thus it suffices to prove only (ii).

Let (M, T) be a tracial W*-probability space and N' C M be a W*-subalgebra. Let {v;(¢)}*,
be a *-freely independent family of free left unitary Brownian motions in M such that the family
is #-freely independent of A. Set v,41(t) := 1 for all ¢ > 0 for the ease of notations. In order to
prove (ii), it suffices to prove that

|7 (vi, ()25 i, (T) i, (T) 2503, (T)* - - - 03, (T) 25,04, (T)7)]
< (9m—1 _ . o\ .-T/2
<ot g bl

whenever m > 1, iy, # ig41 (1 <k <m—1) and z; € N with 7(z) =0 (1 < k < m). When
m = 1, the left-hand side must be 0; thus the desired fact trivially holds. Thus we may assume
m > 2.

Recall that 7(vi(t)) = e~*/2 for every t > 0 and 1 < i < n. This is a particular case of Biane’s
result [3, Lemma 1]. Since v;, (T') and v;,_, (T) are *-freely independent, we have

e—T/2

6.) osﬂvik(m*ww(m)=r<vik<T>>T<vW<T>>={eT<6T/2 o e s L

(otherwise)
for every 1 < k < m — 1. Hence we obtain that
|7 (3, (T)7vi, (T) iy (T) 2303, (T)" - - - 04, (T) 27,05, (T)7)|
< 7 (i, (T) iy (1)) 17 (v, (T) 212503, (T)" - - 05, (T) 3,03, (T)7)]
+ |7 (vi, (T3 (vi, (T) 03, (T) 303, (T)* - - i, (T) 05, (T)")]

S(;‘E’ ||I§||oo) T2 4 |7 (03, (T)as (v3, (T) 03y (T)) 2503, (T)" - - i, (T)ag 03, (1))
>jsm

with (v, (T)* v, (T))° = vy (T)* v, (T) — 7(viy, (T)*vi,(T))1.  We continue this procedure for
iy (T)*v;,(T') and so on until v;,_, (T')*v;,, (T) inductively, and obtain

7 (vir (T) 2703, (T) 03, (T) 2503, (T)" - - - v, (T 05, (T)7)]

<24 427 suwp [aflle) e T2
1<j<m

+ |7 (i (T2 (03, (T) 03, (T) 5 (v (T) 03 (T))° - -+ (Vi (T3, (T)) 03, (T) ),
where we used ||(vi, (T)*vi,(T))°]|co < 2. By the -free independence between N and {v;(¢)}?,,
7 (i, (T)27 (03, (T) 03, (T)) 5 (v, (T) 035 (T))* -+ - (Vi o (T) 04, (T)) 23,04, (T)7) = 0,
implying the desired estimate. O
Lemma 5.2. For any 7 € TS¢(Ch(Teo(-))) with INP (1) < +00 and any P € C(z4,) we have

00,00

1Bz (7 (T (D P 77(P)))) oo < C g 1y(s) et~/
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for some constant C'= C(P) > 0 depending only on P.

Proof. Tteratively performing the decomposition Q = 0¢(Q)1 + Q° with Q° = Q — 00¢(Q)1 we
observe that P is a sum of a scalar and several monomials of the form:

Q7 Qs
where Qf € C(z;,o) with 0¢(Q7) = 0 such that m > 1 and iy # 41 (1 < ¢ < m —1). Hence
we may and do assume that P = Q9 --- Q2, in what follows, since any scalar term vanishes under

332’“). We also observe that each 5£k)7rT(Q‘l?), 1 < ¢ < m, becomes

T (Q7)vk(T — 8) @ (T — 8)* — v (T — 5) @ (T — 8)* 77 (Q7)  (k=1ir,s <T),
0 (otherwise).

Hence we may and do restrict our consideration to the case s < T, and obtain that

m

(5.2) ZW) () i= Exry(m (I (@ P (P)))) = Y128 (s), (Q9)s),
/=1

where Zék)(s) is defined to be 0 when i, # k; otherwise to be

EN(r)Wigigsr (Q741) s+ Wiy iy (@) sWi iy (QF) sWiy iy - (QF_1)sWip_y i) (i 7# 00),
EN(T) (wiéﬂ'u—l (Q;-i-l)s Cr Wi, iy (anQT)Swihiz T (Q;—I)Swiz—l,ie) (im =
and we write w; i 1= 0] (T — s) v (T —s) (1 <i#4 <n+1). (n.b., v, (t) :=1forallt>0)
and (Q)s := m#(ms(Q)) for Q € Cwao). By [29, Proposition 5.7(1),(2)], which still holds for I |
without any essential changes, I _(7) < +o0 guarantees that 7((Q)s) = 00(Q) for all Q € C{x;,)

) Lo(,00

with each fixed i = 1,...,n+ 1. Hence the first case i,, # i1 can be treated essentially in the same
way as in the proof of Lemma 5.1. Namely, when 4, # 4 (and iy = k), we have, for any y € N(7)
(see subsection 4.4 for this notation),

(42" (s)
= T(YWigipsr (Qiy1)s * Win_r i (@) s Wi iy (Q1) sWiy i+ - (Q7-1)sWip_1i,)
= T(Wiigr )T W(QU11)s Wiy i (@) s Wi i Ts (QT) Wi i -+ - (Qf—1)sWiy_y i)
F T W ( Wiy igs0) (Qps1)s Wiy i (Q5,) sWiyy iy (QF)sWiy i -+ - (Q7_1)sWiy_y i),
and obtain that
2{(s) =
T(Wigipe ) EN () (QF41) s+ Wiy 1 (@) Wiy i (QF) s Wiy g+ -+ (Q7—1)sWip_y i)
+ En () (Wigigsn)*(Qg1)s Wi (Qon) s Wi i3 (QF) sWis i+ (QF—1) s Wiy i)
with (w; /)° := w; » — T(w;,+)1. Making the same computation for the second term and iterating

this procedure until w;, , i, ,, we finally arrive at the following formula: Zék)(s) is the sum of

7(wi; i;,,) times
delete
Envr) (@igioss)* Q1)+ (Wi,1,6,) (@) Bty 2 (Q5 416y - (QF-1)stin i)
overall j=1,...,m,1,...,£ —2 (where we read m + 1 as 1). Therefore, we have obtained that

m—1
129 () oo < 2" = 1) sup Q) el
1<j<m
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since ||(w; i1)°[|oo <2 and 0 < F(w; i) = F(WI (T — s)* v (T — s)) < e~ 1)/2 with i # i’ (see (5.1)
for a similar computation). Hence we get

(5.3) 11257 (5), (QF)s]lloo < Cres= /2

with a positive constant C7 depending only on P and /.
We then consider the case i,, = i1 (and s < T'). This case is a bit complicated, but can still be
treated similarly as above. In fact, if i,,_1 # i2, then

k ~ o o o o
Z8 (s) = F((Q%Q3) ) En(r) Wipsig s (QF11)s - Wiy 1oiz -+~ (QF_1)swiy 1 i,)
+ En(r) (Wigigy (Q1)s - Wiy, iy (@ Q7)) sWiy i+ (Qp—1)sWi_y i)

since w;,, ,.i; Wiy iy = Wi, _,,i,- Lhus, we apply the previous procedure to the first and the second
terms, respectively, and conclude

(k) m—3 m—2 o m=L e—1))2
12,7 (s)lloo {2 =D+ "2 =D} sup [|QF]o e :
1<j<m
Iterating this procedure in the cases e.g. i,, = @1, 9m—1 = @2 and i,,_o #* i3, we can estimate
||Z£k)(s)||oo by e(*=T)/2 times a positive constant only depending on P except the case when
im = 01,8m—1 = G2,...,0041 = t¢—1 (i.e, m is odd and £ = (m + 1)/2). In the remaining case, we
can easily observe that

Z8 (s) = 00(Q2,Q3)50(Q%_1Q3) -+ 00(Q4 1 Q1)1 + ZF (s)™

with an element Zlgk)(s)w € N(7) whose operator norm ||Z§k) (5)™||oo is not greater than e(s=7)/2
times a positive constant only depending on P. Then we have

54) 128009, @)l = 1125 (5)7, (Q7)s]lloo < 20128 (8) oo | QEllow < Co e~ TI/2,

with a positive constant Cy depending only on P and /.
Consequently, the expansion (5.2) of Z(¥)(s) together with the above norm estimates (5.3), (5.4)
shows the desired norm estimate. O

A more explicit description on Eu - (mz(I1° (’ng)P))) is possible based on the combinatorial
techniques introduced by Speicher (see e.g. Nica—Speicher [23] as a standard textbook). See section
8.

With the above lemmas we will prove that the rate function J},i(])o admits a unique minimizer,
and moreover, we will explicitly compute the minimizer. Moreover, we will also prove that the

modification J;i('ioo of JUP by replacing I with I},i(f”oo, ie.,

Toyoo(0) = Jim  Tim inf{IJ0 (r) | T € TS (Ch(was(-)), m}(1) € Oms(0)}
OO0

admits the same unique minimizer.

Theorem 5.3. For any 0 € TS(Ck(Teo)) the following are equivalent:
(1) o =ok.
(2) Ji(o) =0.
(3) Jib (o) =0.

agp,00
Proof. (1) = (2): Since Ii*(o8®) = 0 and moreover since 75 (oi*) — off as T — 400 by Lemma
5.1, we have JIP(of) = 0.

(2) = (3): Trivial because 0 < JEP < JiP which follows from 0 < I1P__ < ThP,
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(3) = (1): JUP_ (5) = 0 implies that for every m € N and § > 0 we have

00,00
Tlim inf{I}Tiﬁoo(T) | 7 € TS(C* {(xeo(+))), mp(T) € Omv(s(a)} =0.
— 00
Thus we can choose a sequence 0 < 1} < Ty < --- < 1T, /" 400 as m / oo and 7, €

TS¢(C*(xeo(-))) for each m € N such that %, (77,,) € O 1/m(0) and 1P (77,)) < 1/m for
every m € N. For each P = P* € C(z4,) we have

|o(P) = o5 (P)| < |o(P) = 7%, (7,,)(P)|
+|11,, (77, (P)) = 03" (77, (P))|
+ |7, (05°) (P) = o5 (P)]
< |o(P) =7, (r2,,)(P)| + |77, (05")(P) — o (P)|

+ 21&3300(TTM)Z/0 1B (o (7 (DL (7, (P))))I2 5 dis
k=1

by [29, Lemma 5.3] that still holds true for T },%’700 without any essential changes. Now, we use
Lemma 5.2 to get

n oo T
3 / | By (2 (I (®) (. (P))))|2.0 ds < C / ¢~ Tn ds = C(1— e Tn) < C
k=1

for all m with a constant C' > 0 only depending on P. Consequently, we obtain that

r * * i T 20
|0(P) = o' (P)| < |0(P) = w1, (70, )(P)| + |77, (05") (P) = o (P)| + 4/ —,
whose right-hand side converges to 0 as m — oo thanks to 77, (71,,) € Op.,1/m(0) (that guarantees

that o = limp, 00 75, (77,,) in T'S(C}(240))) and Lemma 5.1. Hence we conclude that o = off. O

Thanks to the standard Borel-Cantelli argument (see e.g. the proof of [29, Corollary 5.9]) the
above proposition together with Corollary 4.3 implies that trIEJ(IiV) converges to off almost surely
as N — oo. This is nothing less than a consequence of the asymptotic freeness of independent
Haar-distributed unitary random matrices. On the other hand, the corresponding result for the

matrix liberation process [29, Corollary 5.9] was not known prior to it.

We would also like to point out that both JJP, JERDO can be regarded as a kind of mutual
information in free probability, since they characterize the free independence as a unique minimizer
(see the third paragraph of section 1). Thus it is natural to reformulate the functionals Jg('f, J},ig”oo
as well as their sources I1P, > in a coordinate-free fashion. This will be done in the next section.

oo ) Top,00

6. A COORDINATE-FREE APPROACH: A NEW KIND OF FREE MUTUAL INFORMATION

Let (M, 7) be a tracial W*-probability space. We consider unital C*-subalgebras A; C M,
1 < i < n+1, and define a kind of free mutual information i**(Ay;...; A, : Apy1), without
appealing to any kind of (matricial) microstates, whose definition comes from the rate functions
discussed so far.

6.1. Universal algebras. Let 2 := *?illAi be the universal free product C*-algebra. Let 2(t),
t > 0, be copies of 2, and define A(R) to be the universal free product C*-algebra ¢ ;>o2(¢).
(Here we write Ry = [0,400).) We denote by A; : A; — A and p; : A — A(t) C A(R,) the
canonical *-homomorphisms, which are known to be injective, see the appendix for an explicit
reference about this fact. Write py; := pro A : A; — A(R4). By Lemma A.1, A(Ry) with
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*-homomorphisms p; ; can naturally be identified with the universal free product of the copies of
A, 1<i<n+1, over Ry,

6.2. Time-dependent liberation derivatives. Let B be the x-subalgebra of 2 algebraically
generated by A;(A;), 1 < i < n+ 1. Consider the %-subalgebra PB(Ry) of A(R,) algebraically
generated by pi(B), ¢ > 0. Remark that A\;(A;), 1 < i <n+1, and p;(A), 1 <i < n+1,
t > 0, are algebraically free families of x-subalgebras, and the resulting 8 and B (R ) are naturally
identified with the algebraic free products of the A;(A;), 1 < i < n + 1, and of the p;;(A;),
1<i<n+1,t>0, respectively. See Proposition A.4.

We extend A(R,) to A(R,) by taking its universal free product with the universal C*-algebra
generated by w;(t), 1 < i < mn, t > 0 with subject to u;(t)*u;(t) = u;(t)u;(t)* = 1 and u;(0) = 1.
This procedure is justified by Proposition A.3. Consider the derivation AP P(Ry) = AR ) Dalg

A(R4), 1 <k < n, sending each p; ;(z) with x € A; to

G,k Lo, (s) (pee(@)ur(t — s) @ up(t — )" — ur(t — s) @ ug(t — )" pe.r(x))
(n.b., the algebraic freeness among the p; ;(A;) makes every Agk) well-defined). Therefore, with
the flip-multiplication map 6 : A(R1) Qaz ARy) — A(Ry) sending a ® b to ba, we obtain the
cyclic derivative v i=goAl . PRy — ARY).

6.3. Continuous tracial states. Differently from the previous sections we will use symbols @, 1,
etc., instead of T for tracial states on A(R,), etc., in order to avoid any confusion of symbols.

A tracial state p € T'S(A(R)) is said to be continuous, if ¢ — 7, (p¢(x)) is strongly continuous
for every x € 2, where 7, : A(Ry) ~ H, denotes the GNS representation associated with 7. In
what follows, we denote by T'S®(2((R,)) all the continuous tracial states on (R ).

Lemma 6.1. For a given ¢ € TS(A(R,)) the following are equivalent:
(i) ¢ is continuous.
(ii) For every m € N and every x1,...,x,, € A the function
(tl’ s 7tm) = (p(ptl (.’1?1) Pt (l‘m))
18 continuous.
(iii) For every m € N and every v, € A;;, 1 <ip, <n+1, 1 <k <m, the function
(11 o) > (01,50 (22) P ()

18 continuous.

(iv) For every 1 < i < n+ 1, there exists a C*-generating set X; consisting of self-adjoint
elements in A; such that for every m € N and every z; € X;., 1 <i; <n+1,1<j<m,
the function

J’

(t1 s tm) = ©(Ptr,i2 (T1) Pty i (Tm))
s continuous.

Proof. Since ||p1(x)]|co = ||2||oo for every x € 2 and since the p,(2) over ¢t > 0 generate A(R) as a
C*-algebra, the proof of [29, Lemma 2.1] works for showing that item (i) < item (ii) without any
essential changes. Item (ii) = item (iii) is trivial. The standard approximation argument using
the norm density of the unital x-algebra algebraically generated by A;(A;) in 2 shows that item
(iii) = item (ii). Item (iii) < item (iv) is also confirmed similarly by using the norm density of
the unital x-algebra algebraically generated by X; in A;. (I

We extend each ¢ € T'S¢(A(R4)) to a unique ¢ € T'S(A(R4)) in such a way that the u;(t)’s are
x-freely independent of (R, ) and form a *-freely independent family of left-multiplicative free
unitary Brownian motions under this extension . It is not difficult to see that ¢ is ‘continuous’,
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that is, both t — 7z (pi(z)) with 2 € A and t — 7z (u,(t)) are strongly continuous. Denote by

7 A(Ry) ~ Hp the GNS representation associated with ¢. We have a unique surjective unital
s-homomorphism A® : A(Ry) — A(R;) sending each p; ;(x) with z € A;, ¢ > 0 to

ui((t = )V 0)psari(@)ui((t —s) vV0)* (1 <i<n),
Ptn+1(2) (i=n+1)

(6.1) pi ) = {

and keeping each u;(t) as it is. Note that each pi; clearly defines a unital *-homomorphism from
A; to Q((R+) for every 1 <i < n+ 1, and moreover, by universality, those p; ; give rise to a unital
s-homomorphism p§ : A — A(R,). Observe that A® o p, := p¢ holds for every s,t > 0. We define
©® :=¢@oA® on A(R,). Since
@ o N (pryiy (1) -+ Pt i, (Tm)) = P07, 5, (1) -+ P74, (Tm))

we observe, by (6.1), that ¢® is a continuous tracial state.

By the *-homomorphism I' : (R ) — 2 sending each p; ;(z) with x € A; to A;(x) we construct
[*(0g) := 09 o' € TS¢(A(R,)) with a given og € T'S(2) and set ofi® := I'*(0¢)° € TS (A(R)).

6.4. The new free mutual information. For a given oy € T'S(2) let us define two functionals
Zhb 7hib o TSe(AR,)) — [0, +oc] as follows. Let ¢ € TSC(A(R,)) be arbitrarily given. Let

g0 ?7700,00
Eg(y) denote the @-preserving conditional expectation from P(p) := 75 (A(Ry))"” onto Q(p) :=
75 (A(R4))”, where the double commutants are taken on Hg. For any P = P* € B(R;) and

t € [0, 00] we define
i i 1 S ‘ s
I, P) = ¢ (P) = A (P) = 5 3 [ 1P (mpla (P
k=1

with regarding ¢ as > (since ¢'(P) = ¢(P) when t is large enough). We observe that s —
||EQ(¥,)(7T¢(AS(V£;]€)P)))||92572 is piecewise continuous in s and becomes zero when s is large enough
thanks to P € (R ). These two facts guarantee that Z1®, (¢, P) is well defined for every ¢ possibly
with t = co. Then we define

()= sup I (p,P), I (p)= sup I (o, P).
P=P*cP(Ry) P=P*cA(R,)
+>0

lib lib o : : ;
Clearly, Z,°(¢) > Z;; - () holds, and it is a question again whether equality holds or not.

oo

We then introduce two functionals Jh, Ji> : TS(A) — [0,40c] as before. To this end, we

have to endow T'S(2) with the weak* topology. Let o € T'S() be arbitrarily given. Let O(o) be
the open neighborhoods at ¢ in the weak* topology on T'S(2(). Then we define

(6.2) Toy (o)== sup lim inf{Z;7(¢) | ¢ € TS(ARy)), p7() € O}
0€0(g) T—o0

and also J)° (o) in the same manner as above with replacing ZUP(¢) with ZUP (). Here the
infimum over the empty set is taken to be +00 as usual. Remark that the supremum over O € O(o)
coincides with the limit over a neighborhood basis at 0. We also remark that O(o) can be replaced

with the smaller neighborhood basis consisting of
Owys(o) :={c" € TS| |o'(W)—c(W)| <¢ for all W € W}

all over the finite collections W of words W like A; (a1)--- A, (am,) with a;, € A;, and § > 0,
since all the linear combinations of words form a norm dense *-subalgebra of 2.
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Definition 6.1. Thanks to the universality of A, we have a unique *-homomorphism Y : A — M
sending each \i(z) to x withx € A; C M, 1 <i<n-+1. Then we define

T3 An s Anir) = TEP(C (7)) 2 T (T4 (1) = T (Avi 5 A = Awg).
Moreover, we write
Ay A s Apr) = j"r 2, oo(Al,...;An:AnH).

These quantities will be shown to satisfy that (i) characterizing free independence, (ii) invariance
under taking closure A" and (iii) the monotonicity in A;. Hence they can be understood as a
kind of mutual information in free probability. Here is a remark on the choice of .

Remark 6.2. If j;iob(Al; coy Ap s Apga) s finite, then Af(og) must agree with T on A; for every
1<i<n+l.

Proof. Assume that \f (o) does not agree with 7 for some 4. Namely, there is an element = € A;
such that og(A;(x)) # 7(x). Remark that 7(z) = T*(7)(N\;(x)). Then we can choose an open
neighborhood O € O(T*(7)) in such a way that o(A\;(z)) # oo(Xi(x)) for every o € O. As in the
proof of [29, Proposition 5.7] we have

r(pr(9)(Ni(2)) = 00 (Ni(2) = Ty oo (@1 p7i(2)) < Lo7 oo ()

for all r € R and T > 0. It follows that ZJ® (¢) = 400 as long as p;(p) € O. It follows that
Tog (Ars- 5 An s Ang) = 1ﬁwﬂ)ﬁﬂﬂﬂi*ﬁﬂz+%- O

Consequently, we will assume that Xf(0q) agrees with T on A; for every 1 < i < n+1 throughout
the rest of this section. In particular, the natural two choices of oo are T*(7) and the so-called free
product state (A (T).

6.5. Relation to the matrix liberation process. Assume that each A;, 1 < i < n + 1,
generated by a self-adjoint random multi-variable X; = (Xij);()l as in section 3, that is, A; =
C*(X;). Assume further that R := sup, ; [[Xij[lc < +oc. Then we have two unique surjective
unital *-homomorphisms @ : O (o) — 2 and ¥ : Ch(Tes(-),ve(-)) — A(R,) sending 5, 2;(t)
and v;(t) to A\i(Xij), pri(Xij) = pe(Xi(X5)) and w,(t), respectively. Clearly, ¥(Ch{zeo(-))) =
A(R,4) and U(x;;(t)) = pi(P(z4;)) hold. In particular, the latter implies that ¥ o my = pg o .

For the reader’s convenience we summarize the notations of algebras and maps that we have
introduced so far. The algebras and the maps between them are:

Ch(zeo) — > Chltao(- )= Cilzac(-),va())

Lk e

A — s — P S AR )~ AR,).
Pt,i=ptoN;

The liberation cyclic derivatives ok (see subsection 4.2) and the maps II® (see subsection 4.5) on

the upper line of the above diagram correspond to ng) (see subsection 6.2) and A® (see subsection
6.3) on the lower line, respectively. Moreover, the spaces of (continuous) tracial states and the
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dual maps between them are:

TS(Cpao) < TS (Cplrao( ) = TS (Ciplrao( ), va( )

; Pt

TS(A) < TS(A) =~ TS(AR,)) ———= TS (Chlwas ), va( )

\_//'//

pi=Aion;

Lemma 6.3. For any ¢ € TS°(A(R)) we have ¥*(p) == po ¥ € TS (Ch(Teo(-))) and U* (@) =
U*(p)~. Hence U*(p)® = U*(p®) holds for every s > 0. Moreover, for any P € C{Zeo(+)), we
have

| Eg(e) (ma(A*(VW(P)))) |52 = | En(we (o)) (Twe (o)~ (I (D P)))|

T (p)~,2
for every 1 <k <n and s > 0.

Proof. Observe that

U (0) (i gy (T1) -+~ @i (Em)) = 2(Pt1i2 (Kirj) * Posion (Xirnji )

which implies that U* () falls in T'S°(Ch(xeo(-))) by [29, Lemma 2.1] and Lemma 6.1. Moreover,
we have

V(@) (arvi, (t1) « - - ami,, (Em) ™) = (P (a1)ui, (1) - Vlam)ui,, (Em) ™)

for any ap € CH(zeo()), 1 < ip < m, ty > 0 and ¢, = £1. Since Y(Ch(zeo(-))) = ARY), we
conclude that the v;(t) are freely independent of C};(zes(-)) and form a freely independent family
of left-multiplicative free unitary Brownian motions under ¥*(p). Therefore, we conclude that
U*(p) = U*(¢)~. We observe that

WL (2i(2))) = (a3 (2))
U(v;((t—s) A0y (s At)vi((t—s) A0)*)
- — us((t — ) A O)punsa(Xep)usl(t — 5) A0 (1< <),
U(2n41;(t) = pent1(Xnt15) (i=n+1)
= 1 (X3)
= (o1 (X)) = A (Wi (1),

implying that U o II* = A® o ¥ on C},(Zes(-)). Therefore, we obtain that

UH(p®) = @oA oW =poVoll” = V(@) o [I” = U¥(p)~ o II* = W ()",
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Choose an arbitrary monomial P = x;,;, (t1) - - - 4,5, (tm) € C{Zeo(-)). By definition we have
U(P) = pty,i (Xivge) - Peonsio (Xinj ). We observe that
(9" P)
=Y I ([t = 8) @iy (1) - i (o) vk (t = 8), 24,5, (5)])
i
= D okt = )8,y () 2 (oot — 8), 25, (s)],
t1>s
AS(V(k)(‘I’(P)))
= Z As tl - 5 ptl+17il+1 (Xiz+1jz+1) Pt (Xizfm'zfl)uk(tl - S), Ps,iy (Xizjl)]))

(6.3)

= Z uk ptz+1,lz+1 (Xil+1jz+1) T pfl,l,il,l (Xil—ljl—l)uk(tl - S), Pi,il (Xiljl)b)'

Since \IJ*(QO)N = U*(p) and since U(x;;(t)) = pr,s(Xs;) and U(v;(t)) = wi(t), we observe that the
joint distribution of the x;;(t) and the v;(t) under ¥* ()~ coincides with that of the p; ;(X;;) and
the u;(t) under p. Moreover, N'(¥*(¢p)) is generated by the mg+ ()~ (2i;(t)) and also Q(¢) is by the
75(pr,i(Xij)). These together with the definitions of z3;(¢) and p; ,(X;;) imply the desired 2-norm
equality. O

Proposition 6.4. With ®*(0¢) := 090 ® € T'S(Cf(xeo)) we have

I8 (U7 () = T (), I8, (F7 () = TH0(p).

for any ¢ € TS (A(RL)). Moreover, U*(T'S¢(A(RL))) is an essential domain of both the func-

tionals I}Iilf(ao), I(lllb(m)) oo that is, the functionals take +oo outside it.

Proof. We first remark the following facts:

o U ()" (P) =¥ (¢")(P) = ' (¥(P)) for any P € Claeo(+)). _

o If pj(p) = 00, then 75 (U*(¢)) = poWomy = popyod =& (0g). Thus, ®*(0¢)"P(P) =

olb(W(P)) for any P € C(reo(-)).
Thus, (the last equation in) Lemma 6.3 shows that
I52(50) £ (P (9), P) = I50 (0, ¥ (P))
holds for any P € C(Zeo(-)). Note that U(C(zeo(-))) C P(R4). Hence the above identity at least
gives . _ _ _
L2y (T (9)) ST50(9)s 152 (00,00 (T (9)) < Ty oo ()

To show the reverse inequality in both, it suffices to prove:

(¢) For any Q = Q* € A(Ry) there is a sequence Q = Q5 in U(C(zeo(-)))
such that 75, (7, Qx) — ZUP, (7, Q) for all t € [0, ).

UOt 00,t

Remark that @ is a finite sum of monomials, say W = py, 4, (z1) - - pt,. i, (Tm) With zp € A;,.

Since the unital *-subalgebra A; o algebraically generated by (X”);g)l is norm-dense in A;, we

can choose norm-bounded sequences J:gp ) in A;, 0 in such a way that x@p ) s 2, in norm as p —

oo for every 1 < £ < m. Since U(x;;(t)) = pti(Xi;) and p;; is a unital *-homomorphism,
Wy := py iy (xgp)) Pl i (x&,f)) falls into U(C(xeo(-))) and converges to W in norm as p — oo.
Moreover, using expression (6.3) we can easily see that both AS(ng)Wp) — AS(ng)W) and
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A8 (ng)W;) — AS(ng)W*) in norm and uniformly in s as p — co. Since all the maps involved
are linear, we have proved the desired assertion () by taking, if necessary, the (operator-theoretic)
real part of the approaching sequence that we have obtained. Hence, we complete the proof of the
first part of the proposition.

We will then prove the second part of the proposition. Choose ¢ € T'S(Ch(Teo(-))) with
I}I;b(oo) () < 400. By (the proof of) [29, Proposition 5.7] we have 7 (¢) = ®*(0g) on Cx (),
the unital C*-subalgebra generated by the x;;, j > 1, with fixing ¢, for each 1 < ¢ < n+1. Denote by
®; the restriction of ® : CF(xes) — 2A to each Cf(xi0). Since O, : Cf{zio) — Ai(A;) is a surjective
s-homomorphism, we obtain a bijective unital *-homomorphism A;(A;) = Ck(xies)/Ker(®;) sending
Ai(Xij) to z;; + Ker(®;) for j > 1. Consider the GNS representation m, : C (Teo(+)) ™~ Hy. For
any y € Ker(®;) we have

(my) me(y) = m (V) (y"y) = @ (00)(y™y) = 00(Pi(y)"i(y)) = 0,
and hence my(m(y)) = 0 thanks to the trace property of ¢. Therefore, by the C*-algebraic
freeness among the p; ;(A;) (2 Ai(Ai) = Ch(wio) /Ker(®;) by pi(Xij) < Ai(Xij) < x5 + Ker(P;)
as remarked before), we obtain a unique unital *- homomorphlsm from 2A(R;) to B(H,/) sending
each p;;(X;;) to my(me(xij)) = my(zi;(¢)). Then the pull-back of ¢ by this *-homomorphism
defines a tracial state ¢ on (R ), under which the p; ;(X;;) have the same joint distribution as
that of the x;;(t) under ¢. This means that ¥*(¢) = ¢ and the continuity of ¢ follows thanks to
Lemma 6.1. Hence we are done. 0

Corollary 6.5. In the same setting as in Proposition 6.4 we have
(6.4) JE o (@ (0)) = (o), T (@7(0)) = T (o)
for any o € TS(A). In particular, the following are equivalent:
(1) .AZ-', 1<i<n+1, are freely independent.
(2) j;Lb(Aﬁ cos At Apgr) = 0.
(3) Tooo(Ars s A s Anyr) =
Moreover,
(65) Xorb(X17---;Xn+1) S _j;iob(Al;“ A An+1) j(,l-l()b(,o(Ala-“wAn : An+1)a
at least when oq is either T*(1) or *""'1( Dy (7).

Proof. We will first prove two identities (6.4), which enables us to derive the equivalence of (1)

— (3) from Theorem 5.3 immediately. In the current setting, an open neighborhood basis at o in

T'S(A) should be given as a collection of O,, s5(c), where Oy, 5(0) is all the ¢’ € T'S() such that
|0 Ny (Xiyj0) - Xy (X 5,)) = 0Ny (X ) - X, (X 5,)) ] <0

whenever 1 <ip <n+1,1<jr <m, 1 <k<pand1<p<m. Thus, suppcp(r) and pr(p) € O

can/should be replaced with lim,, s and p¥.(¢) € O s(0), respectively. By definition we observe
that

7 (U (@) (@i -~ Tis,) — R (0) (@irgy - - i, )|
= lpr (@) Niy (X)) - X, (Xi3,)) — o (Niy (Xiyg) - - iy, (X 5,))]-
Hence 7%(U(7)) € Op5(®*(0)) if and only if ph(p) € O (). Moreover, U*(T'S(Ch{(Teo))
is an essential domain for the functionals by Proposition 6.4. Therefore, the main identities in
Proposition 6.4 imply two identities (6.5).
Since
(Y (M) (@irjy + Tigjn) = T(Xirji =+ Ko )s
O (ki T (M) @ingy  Tig) = K2y A7) (1) Ny (X)) - Aiyy (X))
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Corollary 4.3 together with Propositions 3.1, 3.2 implies inequality (6.5). O
Remarks 6.6. (1) The part characterizing free independence by J;ib as well as Jhb in the above

g ,00
corollary can directly be proved by using the same argument as in §5 without appealmg to generators

of each Aj;.

(2) The last two assertions of the above corollary suggests that T2 (Ay;- -+ 5 An : Any1) may be
independent of g, at least under some constraint. However, this question is untouched yet due to
the lack of techniques to discuss ‘minimal paths’ of tracial states under the functionals.

6.6. Invariance under weak closure. Corollary 6.5 suggests that JI>(Ay;...; A, © Apy) as
well as T (Ar;.. ;3 An ¢ Apy1) are W¥-invariants, that is, they are unchanged if each A; is
replaced with its o-weak closure A;". This is indeed the case, as we will see below. The proof is
rather technical, but the idea behind it is simple.

Let us denote by 9t and M(R,) C DJT(R+) the C*-algebras corresponding to 2 and A(R,) C
2(R, ) when each A; is replaced with M, := A;". Observe that the original A and 2A(R ) c A(R, )
are naturally embedded into 9t and 9)?(R+) C m(R+). See Proposition A.3. Notations \;, pt 4, pt
of morphisms are used simultaneously in what follows. To this end, we need several technical,
purely operator algebraic facts (Lemmas 6.7-6.9).

The first lemma seems a folklore among operator algebraists, but we do give its proof because
it plays a key role in the discussion below.

Lemma 6.7. Let A be a o-weakly dense, unital C*-subalgebra of a W*-algebra M and ¢ be a
normal state on M. Let m: A ~ H be a unital x-representation with a distinguished vector &y € H
such that &y is separating for w(A) and that (m(a)éo|€o)n = ¢(a) holds for every a € A. Then there

is a unique normal unital x-representation @ : M ~ H extending 7w such that 7(M) = mw

Proof. Let (H,,m,,&,) be the GNS triple of (M, ). Set K := m(A)&, a reducing subspace
for w(A). Observe, by the uniqueness of GNS representations, that the restriction of m to K
with & is a realization of (H,, 7, [4,&,). Since & is separating for 7(.A), 7 is quasi-equivalent
to m, by [19, Theorem 10.3.3(ii)]. This means that there exists a normal unital, bijective *-
homomorphism p : 7,(M) = WW(A)w — 7(A)" sending m,(a) to m(a) for every a € A. Thus,
Ti=pomy, : M — 7(A)" is the desired *-homomorphism. O

We need the next two state extension properties. The proofs crucially use the previous lemma
with the universality of universal free products.

Lemma 6.8. Any o¢ € T'S() with A (0¢) =7 on A; for all1 <i<n+1 has a unique extension
go € TS(M) with A\ (5g) =7 on M; for all 1 <i<n+1.

Proof. Let (Heoy, Toy,Eoy) be the GNS triple of (A, 0p). Since oy is tracial, ,, must be separating
for my, (20). In particular, &, is separating for each 7y, (A;i(A;)) t00. Set Tpy i == Mgy 0 A 1 A
Hoo- Then we have (74,.:(a)E0q|E0q )1, = 00 © Ai(a) = Af(0p)(a) = 7(a) for every a € A;. Thus,

0
the previous lemma shows that there exists a unique normal extension 7, ; : M; := A~ Ho,
such that s, ;(M;) = 74, (/\i(Ai))w and 7y, [A,= To,,:. By the universality of universal free
products, there exists a unique *-homomorphism 7., : 9 — B(H,,) such that Ty, 0 \j = Ty -
M; ~ H,, is normal for every 1 < i < n+ 1. By construction, it is clear that 7,, [a= 7s,. Set
00 := (oo ()00 00, € TS(M). Trivially, 7o [gl 00 For each z, € M,;,, 1 <k < m, by the
Kaplansky density theorem, one can choose a net ak ) e A; (with a common index set) such that

||ak loo < |lZk |0 and a,(C *) _s 21, in the o-strong* topology on M,, . Since each 7y, ; is normal on

M, we observe that

T Niy (a0 -+ N, (9)) = g iy (a87) - T i, (a4
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= Torg,in (A1) -+ Ty i (al))

= Too,in (w1> C Togim (l‘m) = Toy ()‘11 (331) T )‘im (l’m)),

and hence (A, (1) -+ A, (Tm)) = lim, Uo(Ail(a(lK)) N (a%))). Since the A;(M;) generate
M as a C*-algebra, we conclude that Gy is a unique extension of og. Moreover, Af(Go)(x) =
ao(Ai(z)) = lim, 09(Ai(ax)) = lim,; Af(00)(ax) = lim, 7(a,) = 7(z) for every x € M; with approx-
imation a, — = as above. (]

Lemma 6.9. Any ¢ € TS°(A(Ry)) with pf ;(¢) =7 on A; for allt >0 and 1 <i<n+1 has a
unique extension ¢ € TS (M(Ry)) with pf (@) =T on M; for allt >0 and 1 <i<n+1.

Proof. Let (Hy,,7m,,&,) be the GNS triple of (A(R4),¢). The same argument as in the previous
lemma shows that there exists a x-representation 7, : M(R4) ~ H, such that T, 0 py; : My —
B(H,) is normal as well as that 7, 0 py; [ 4,= 7, 0 p;; holds for every t > 0 and 1 <i <n+1.
Define @ := (T, (- )€pl&p) 1, € TS(M(R,). Remark that p; ;(p) = 7 on M; holds for every t > 0
and 1 <7 <n+ 1. By the uniqueness of GNS representations, the triple (H,, T,,§,) is identified
with the GNS triple of (M(R,),¢). Namely, we may and do assume that 7y = 7, Hy = H, and
5@ = gap-

Since the given ¢ is continuous, the mapping t — 75 (p¢,:(a)) = 7, (ps,:(a)) is strongly continuous
for every a € A;. We claim that this is the case even when a € A; is replaced with an arbitrary
x € M;. By the Kaplansky density theorem, we can choose a net a, € A; in such a way that
laslloo < [|Z]l0o and |lay — |72 == /7((as — 2)*(ar, — z)) — 0. We have

75 (pe,ilan — x))&plln, = \/P?,i(@((an —z)*(ax — )
= \/T((an —x)*(ax — 7)) = |lax — 33”7',2-

For any n € Hg and any € > 0, there is a Y’ € mz(IM(R,))’ such that || — Y&, <e (n.b., &,
is separating for 7z (MM(R4)), and the existence of such a Y’ is guaranteed). Then

1w (pri(an = 2))nllae, < 20lzlloolln = Y Eallae, + [V loollme (pr,i(an — 2))E512,
< 2fzfloce + 1Y oo llaw — =

| 7,25
and hence

lim (sup |75 (pt,i(an — 33))77HH¢) =0.
k>0

Then, we can see that t — mgz(ps(x)) is strongly continuous for every x € M;. It follows thanks
to Lemma 6.1 (iii) that @ is continuous. O

Here is an important remark obtained from the above proof.

Remark 6.10. We keep the notations ¢, @, etc., of the previous lemma. If a bounded net a™™ in
A; converges to x € M, in || - ||lr2 or equivalently, in the o-strong* topology on M;, then

lim (sup || (pr,i(at™) — 2))€]ln,) =0
K t>0
for every & € Mg, that is, the convergence Ty(pri(al™)) — Ts(pri(2)) in the strong operator
topology is uniform for t > 0.

Lemma 6.11. For any ¢ € T'S*(AR,) with p; ;,(p) =7 on A; for allt >0 as well as \f(09) =T
on A; for all 1 <i < n+1, we have IJP(p) = TP (@) as well as Tj> | (o) = TIP (p) with the
notations in the previous lemmas.
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Proof. The same pattern as in the proof of Proposition 6.4 (and Lemma 6.3) works well by replacing
the norm convergence :Eép ) zy with a bounded net convergence a&'ﬁ) — xy in the o-strong*

topology with the help of Remark 6.10. (]

Here is the desired statement. Namely, the next proposition tells us that taking the o-weak
closure does not give any effect to J;lob as well as J;ﬂfoo. This is analogous to [30, Remarks 10.2].

Proposition 6.12. With the notations as in the previous lemmas we have
j;iob(Aﬁ v An t Apgr) = j(iiob(Mﬁ s Myt M),
Ty oo(ALs 5 A s Ang1) = Tal oo (M -+ s My - My ya)
as long as X (o9) =7 on A; for all1 <i<n+1.

Proof. For the ease of notations we will write o := Y*(7) € TS() and & := Y*(7) € TS(M),
where T : 2l — M and T : 9 — M the unital *-homomorphisms sending each \;(a) with a € A;
to a and \;(x) with © € M, to x, respectively. In particular, T is an extension of T, and hence &
is an extension of ¢ too.

We denote by W a word whose letters from the \;(A;) and also by W a word whose letters from
the A\;(M;). According to this notation, we will also denote by W a finite collection of words W
and by W a finite collection of words W. These play parts of parameters to define neighborhood
base of the weak* topologies on T'S(2() and T'S(90), respectively.

Let T >0, > 0, and ¢ € TS°(M(R4)) be arbitrarily chosen. Denote by v the restriction
of ¢ to A(R,), which clearly falls into T'S¢(2A(R,)). By construction, it is easy to see that
T8 (yp) < ZUP (1) holds in general. Hence

inf{Z"(¢) | ¢ € TS(ARL)), () € Ow,5(0)}
< inf{Z}"(¥) | 1 € TS“(M(R4)), p(¥) € Ow,5(0)}
< inf{Z2(¥) | ¥ € TS (M(R4)), o (¥) € Ow,6(3)},

where we use that p5.(¢) € Ow s5(0) < pp(¥) € Ow (), since every W € W falls into 2 (and
hence o(W) = a(W) and ¢(p:(W)) =
get

¥(ps(W))). Taking the limy_, ., of the above inequality, we

Jim inf{Z;7(¢) | ¢ € TS*(A(R)), p7(p) € O s(0)}
< Jim inf{Z50(v) [ ¢ € TS (M(R4)), o (v) € Ow,5(0)}

< sup im inf{Zi0(¢) | ¢ € TS (MRY)), pi (1) € Oy 5(3)} = T (0)-
Since (W, 0) is arbitrary, JiP(Ar;...; A, @ Any1) = TiP(0) < JiP(6) = TEP(My;-- s My, -
M11). The same assertion also holds with the same proof even if j;iob and j;iob are replaced
with J;‘Oboo and Jghoboo, respectively. We remark that the discussion in this paragraph uses only
inclusion relation A; C M;, 1 < i < n + 1. This remark will be summarized into the corollary
following this proposition.

We will then prove the reverse inequality. To this end, we may assume that j;iob(Al; oA
Ant1) = T2 (0) < 400; otherwise the reverse inequality trivially holds as —oo = —oco by the first
part of this proof. Let (W, ) is arbitrarily given. For each W € W, we can choose a word W in
such a way that

o)~ 5 W) < 3, sup (L) (W) — p(@)(W)] < 3
>0
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whenever ¢ € T'S¢(A(R)) satisfies that p; ;(¢) = 7 on A; for all t > 0 and 1 <i < n + 1, where
@ is in the sense of Lemma 6.11. This fact can be confirmed by the iterative use of the following
observation: Let X,Y € 91 be given. For any = € M; and a € A; we have

[2(pe(X)pei(x — a)pe(Y))| < [(mp(pe (X)) 7o (pri(x — a))ma (e (V)€€ n,
< [ Xloollmg (pt,i(z — a)) Joma (pe (Y ™)) J€p 9.,
SN XMoo lJeme (pe(Y7)) Jpmea (pri(z — a)) & ln,
SN X oo llY ool (pe.i(z — a))€519¢,
= [ Xl [Y llocllz = all+.2
for every t > 0, where (Hgz,7g,&z) is the GNS triple of (M(R),¢) and Jz is the the so-called

modular conjugation, that is, a conjugate-linear isometric map defined by J;Z§; = Z*¢; for every
Z € ms(M(R4))”, the double commutant is taken on Hg. Similarly, we have

[0 (XXi(z — a)Y)| < [[X|[o|[Y [l — al

T,2"

We denote by W the collection of W with W € W obtained in this way. Let ¢ € TS¢(21(R,))
be arbitrarily chosen in such a way that p5.(¢) € Oy 5/5(c) as well as ZUP(¢) < +o0o. The latter
requirement guarantees, by the same proof as in [29, Proposition 5.7], that p; ;(¢) = 7 on A; for
allt > 0and 1 <i <n+ 1. By the above consideration we observe that ¢ € Oy 5(7). Therefore,
we conclude that

inf{Z3) () | ¥ € TS(MR+)), p7(¥) € Oy 5()}
<inf{Z5, () = Lo, (¢) | ¢ € TSY(ARS)), Ly () < +00, p7() € Owg/3(0)}
= inf{Z,) () | ¢ € TS (ARY)), p7(¢) € Ow,5/3(0)}.
Taking limr_,o of this inequality we obtain that
Jim inf{Z50(v) [ ¥ € TSY(M(Ry)), p7(v) € O 5(9)} < Tpy (o),

which implies the desired inequality since (W, §) is arbitrary. The discussion so far in this paragraph
also works again when jghob and J;‘()b are replaced with J;‘U]foo and J[-llokjoo, respectively. Hence we
are done. 0

As remarked in the above proof, we have essentially proved the next monotonicity fact too.

Corollary 6.13. If B; C A; be a unital C*-subalgebra (possibly W*-subalgebra) for each 1 < i <
n+ 1, then

To(Brs-+ i Byt Bui) < T (Avse- 5 A Ang),

where g on the left-hand side should be understood as the restriction of oy to the universal C*-
algebra obtained from the B;.

6.7. Summary of basic properties. We have established the next properties of i** so far.

(A An s A =T W (AL I (AR) - W (Ang).

If B, C A;, then i**(By;--- ; Byt Bpg1) < (Ag;- - 5 An s Angr)-

i**(Ag;- - 3 Ay Apyr) = 0 if and only if A4, ..., A1 are freely independent.

Xorb (X1, ooy Xpp1) < = (WH(Xp); .. s WH(Xy) : WH(Xp41))-

Here W*(A;) and W*(X;) denote the von Neumann subalgebras generated by A; and X, respec-

tively. An important question is whether or not ¢* = ¢**. It is also an interesting question whether
or not jclrlob and j;lgb are independent of the choice of oy.

, 00
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7. UNITARY BROWNIAN MOTIONS

Let =(N) and UI(\;) (t), 1 <i <mn be as in subsection 4.7, that is, Z(N) is a countable family of
deterministic NV x N self-adjoint matrices and the U Jg)(t) are independent, left-increment unitary
Brownian motions on U(N). For the ease of notation, we number the elements of Z(N) as &;(N)
rather than &;(NV). In this section, we will explain how the proofs in [29] work well for the U ](\;) (t)
together with Z(N) and compare their consequences on the matrix liberation process = (N) with
the corresponding results on the UJ(\;) (t) together with Z(N).

7.1. Malliavin derivatives of unitary Brownian motions. We begin with the SDE represen-
tation of U](\f)(t): Let Bé%(t), 1<a,B<N,1<i<n,bethenN? independent Brownian motions
on the real line with natural filtration F;. Consider the system of SDEs in the 2nN2-dimensional
Euclidean space (My)™:

= */; > CapXOWaB(n) - XDt (1<i<n),
1<a,B<N

where C5, 1 < o, 8 < N, form an orthonormal basis of the Euclidean space MR?*. This system of

SDEs are linear, and thus each system of them admits a unique strong solution after fixing initial

X®(0). The unitary Brownian motions U I(\;)(t), 1 < i < n, are constructed as a unique strong

solution X () (t) of the system (7.1) under initial condition X (0) = I.

(7.1) dX (1)

Lemma 7.1. Let ng;a’ﬁ) be the Malliavin derivative along the Brownian motion ng Then

\/%Ca@Uz(\f)(S)),

Cas JUS (UL (1))

DT (1) = b 10 0 (5) (VIO UL ()7
1

ng§a>5)U](\?) (t)* = (sk:,i 1[O7t] (S)( - \/le](\f)(S)*(\/N

for almost every t > 0.

Proof. We also consider the system of SDEs

/=1 A ; 1o, ‘
S YO) CopdBO () — sYD(t)dt (1<i<n).
— [ af =0 >
N 1<a,<N 2

(7.2) dy I (t) =

For a given X € My, it is easy to see that X (¢) := U ()X and YO (1) := XU (t)* satisfy the
systems (7.1), (7.2) of SDEs, respectively. Thus, the unique strong solutions of the system of SDEs
(7.1),(7.2) with initial condition X (0) = X, Y (0) = X must be UJ(\;)(t)X, XU](\;) (t)*. Thus,
U 1(\;) tX, XU 1(\;) (t)* are both linear in the variable X, and hence their gradients (or ‘Jacobian
matrix’) in X become the linear transformations LU}\}”( " and RUﬁ)( py- O My, respectively, where

LaX := AX, RgX := XB for A,B,X € My. By a standard fact on Malliavin derivatives for
strong solutions of SDEs [24, Theorem 2.2.1; Eq.(2.59)] it follows that

o 8) prli (V-1 k
DI AUD (1) = 8 100 (5) Ly ) (Lo )~ (Y CanlU T (9))

VN
= 6iei Loy (5) (VIO (OUR o) (i Cos )UK ().
|

ng;a,ﬂ) UJ(\;) (t)* = 5k,i 1[O,t] (5) RUﬁ)(t)* (RU]Q;“)(S)*)71 ( \/N
1

= b 1[O,t](s)( —VIuP (s)* (—NC'@@>UJ(\;€)(3)UJ(\;€)(2€)*).

UL (5)"Cas )
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Hence we are done. ]
By the linearity and the Leibniz rule of D{***) we have, for a monomial W in U](\f)(t), Ug) ()"
and &;(N),

Dty = 3y (W (VETUP OUP )

W=w1 U ()W
s<t

CocB)UJ(\f)(S))Wz)

2

1
+ 3 try (Wg(f V) U}V’“)(s)*(— aﬁ)UI(\;C)(s)UI(\;C)(t)*)W4).
() VN
W=W3U{ (¢)* Wy
s<t

With these remarks it is a straightforward task to modify the proof of the large deviation upper
bound for the matrix liberation process in [29] to the case of unitary Brownian motions with
deterministic matrices. The consequence is as follows.

7.2. Non-commutative derivations. We assume the norm constraint [|£;(N)|s« < R for all
j > 1, and moreover that Z(N) has a limit distribution as N — co. Thus we consider the universal
C*-algebras Cy(zo) C Cr(To,ue()) C Cr{To,ue(-),ve(-)) generated by z; = 7, j > 1, and
ui(t),vi(t), 1 < i < n, t > 0, with subject to ||z;|lcc < R and u;(t)*u;(t) = ul(t)ul(t)* =
v (1) *v(t) = vi(t)vi(t)* = w;(0) = v;(0) = 1,1 <4 < mn, t > 0. Remark that the universal
x-algebra C(x,, us( ")) generated by the same indeterminates with the same algebraic constraints
(and without the norm constraint) is naturally embedded into Cf(x,, ue(-)) as a norm-dense *-
subalgebra. By formula (7.3) we introduce derivations 5 Clzs, ua(+)) = Clxo,Ue()) Ralg
C(xo,ue(-)) determined by

88 u;(t) = Ori1p0,(s) (V=T ug(t)ur(s)* @ ux(s)),
5§k)ui(t)* = 5k7¢1[0,t](s)( —V—1lug(s)*® uk(s)uk(t)*),
(5gk)$j =0.
(In fact, one can easily check (uégk)uk(t)) cug ()t — ug(t) - (uégk)uk(t)*) = 0 for example, and
hence the above definition works well.) With the linear mapping 6 : a ® b — ba we define cyclic
derivatives D" := 00 6" : Clzo,ua(-)) = Clto,ua(+)). If we denote by P(£,(N), U’ (+)) the

specialization of a given P € C(x,, ue(-)) with x; = &;(IN) and u;(t) = U](\;) (t), then formula (7.3)
admits a ‘compact’ expression

DDt (PE(N).U () = o (O PYE(). UR () (7 Can))

for any P € C(z,,ve()). Thus, the Clark—Ocone formula (see e.g., [18, Proposition 6.11] for any
dimension and [24, subsection 1.3.4] for 1 dimension) shows that

Eltry (P(&(N),US (1) | Fi] = Eftry (P(&(N), US (1))
(o 1
+Z Z/ [ (WP &N, U () (5 Cas) ) | 7:] B 0)

7.3. Continuous tracial states. A tracial state ¢ on Ch(%s, ue(-)) (0 Ch{Zo, Ue( ), ve(+))) is
said to be continuous if t — wuy (t) := m,(u;(t)) is strongly continuous (resp. ¢ — my,(u;(t)), T, (vi(t))
are strongly continuous) for every 1 < i < n, where m, : Ch(zs,ue(-)) ~ Hy, (vesp. m, :
Ch(To,ue(-),ve(-)) ™~ H,) is the GNS representation associated with . We then denote by
TS(Ch{zs, ua(-))) and T'S(CF (s, ue( - ), va( - ))) all the continuous tracial states on CF, (s, te( - ))
and Cp (s, ue( ), ve( ")), respectively. Set z;(t) := x;, t > 0, for each j for the ease of notation
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below. Then, the same facts as [29, Lemmas 2.1,2.2] holds and the metric d on T'S°(C}(xo, te( - )))
can be defined in the exactly same manner as (1.1) by considering words in x;(t) and ul( ), ui(t)*
in place of ;,j,(t1) 4, (tm) for w(ti,... tm). We remark that 7((z;;(s) — z;;(t))?) in [29,
Lemma 2.2(2)] should be replaced with ¢((u;(s) —u;())*(ui(s) —ui(t))) = 2(1 —Re w(u;(s)*u;(t))
in this context.

7.4. Rate function. By universality, we have the *-homomorphism
II” - O (o, ue(-)) = Cr{zo, ue(-),ve(+))
for each s > 0, which sends each u;(t) to uf(t) and keeping each z; as it is, where

ui(t) == ((t—s) VOui(sAt), 1<i<n,t>0.

We can extend each ¢ € T'S(Ch (o, ue(-))) to a unique ¢ € T'S(Ch(xs, ue( ), ve(-))) in such a
way that the v;(t) are freely independent of C}(z,, ue(-)) and form a freely independent family of
left-multiplicative free unitary Brownian motions under ¢. For each ¢ € T'S¢(Cp (2o, ue(-))) we
define ¢*® := @ oII* € TS(Ch{(xo,Ue())), s > 0, and also write

N (@) € M(9)) = (mp(Chio, ua()))" C Tp(Chio, ua(+),va(+)))")
on Mgz, where 75 @ Ch(To, ue( ), ve(-)) ~ My is the GNS representation associated with ¢. We
fix a distribution of the z;, say o9 € T'S(Ch(xs)). Let offBM be ¢ with ¢ € TS¢(Ck(zo, te))
such that the restriction of ¢ to C}(xs) is 0. Such a continuous tracial state ¢° is uniquely
determined; in fact, it is the joint distribution of the x;’s and the v;(t)’s such that the v;(t)
form a freely independent family of left-multiplicative free unitary Brownian motions and are

freely independent of the x;’s, and moreover that the distribution of the z;’s is 0¢. For any
p € TS(Ch{zs,ua(-))), P =P* € Cl{xs,ue(-)) and t € [0, c0] we define

u T 1 - ! S
Logi' (9, P) = " (P) = og "M (P) = 5 Z/O 1B (5 (T (D) P))) 1 2 ds

with regarding ¢ as ¢*°. Then we introduce two functionals I3PM, T3 - TS¢(C (25, ua (- ))) —
[0, +00] defined by

13M () = sup I5M(p, P), I8N () = sup I35 (o, P)
P:P*Egﬁ‘%o,u.(-)) P=P*€C{zs,ue(-))

for o € TS(Ch{xs, ua(+)))-
7.5. Consequences. Here is the main consequence of this section.
Theorem 7.2. Assume that oo € T'S(CE(zo)) is the limit distribution of Z(N) as N — co. We
denote by P € Ch(xs, ua(+,)) — P(Ex(N), U](V.)( -)) € My the x-homomorphism sending u;(t) and
xj to U](\?)(t) and £;(N), respectively. Let cp‘é]?}\\,/l) € TS(Ch(xo,ue())) be the random tracial state
sending P € Ch(2o,ue(+,)) to try(P(&(N), U](V')( -))). Then we have the following large deviation
upper bound:
NR logP(cp— yEA) < —inf{I2PM () | p € A}
—oo N

for every closed A C TS(C}(xo,us())). Moreover, both I13BM > T3BM gre good rate functions

00,00
and admit the same unique minimizer ot BM,

Proving that the rate functions are good along the line of the proof of [29, Proposition 5.6] needs
the formula

En(o) M (D ((ui(t1) — ui(t2))* (ui(t1) — ui(t2)))
= 5k7iﬁ€_%(tlw2_s)1(tmt2,t1vt2] (8)(ur(ts At2)ug(s)” — ug(s)ur(ts Atz)").
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Similarly to [29, Corollary 5.9] the standard Borel-Cantelli argument shows the next corollary.

Corollary 7.3. Keep the same setting as in Theorem 7.2. Let of'BM € TS(Ch(wo,ue(-))) be
constructed in such a way that the distribution of the x; is oo under oM and also that the u;(t)
form a freely independent family of left-multiplicative free unitary Brownian motions and are freely
independent of the x; under a(f)rBM. Then d(cpgl(g}\\,/[), O'(f)rBM) — 0 almost surely as N — oo.

This is a precise statement about the almost sure convergence as continuous process for an
independent family of unitary Brownian motions together with deterministic matrices, and seems
to have been missing so far, even though the almost sure strong convergence for its time marginals

was already established by Collins, Dahlqvist and Kemp [11].

7.6. Haar-distributed unitary random matrices. As in section 4, using Lemma 2.1 we can
derive a large deviation upper bound for an independent family of N x N Haar-distributed unitary
random matrices UJ(\?), 1 < i < n, with deterministic matrices Z(NN) from Theorem 7.2. The
resulting rate function is given as in Lemma 4.1. Let Cj(xo,us) be the universal C*-algebra
generated by z;, j > 1, and u;, 1 < ¢ < n, with subject to ||z;]cc < R and uju;, = wu} = 1.
We denote by P € Ci{(xo, te) — P(E6(N), UJ(\,')) € My the *-homomorphism sending x; and u; to
& (N)and U 1(\;), respectively. Then we have the random tracial state @%I({]‘;ﬁr € TS(Cx(zo,ue)) = C

defined by w%f(lﬁ;r(P) = try (P(&(N), UJ(\;))) for P € C} (s, ue). Namely, let mp : Ch(xo, te) —
CF{xs, ue( -)) be the x-homomorphism sending x; and u; to z; and u,(T), respectively, as before.
uHaar

Then we have the large deviation upper bound for the probability measures IP(@E( Ny € -) with
speed N? and the rate function

P € TS(CR(To, Ue))
= lim  lim inf{I}7M(0) | ¢ € TS(Ch(ue(-), 20)), m7() € Om5(¥)} € [0, +00],

"é<‘80 T— 00
where as before the infimum over the empty set is taken as +o0o and Oy, (1) is the open neigh-
borhood consisting of all the x € T'S(Ch (s, us)) such that |x(w) — ¥ (w)| < § for all words w in
zj,u,ul (j <m, 1 <i<n)oflength not greater than m.
We remark that Cabanal Duvillard and Guionnet [9, Corollary 4.2] have also obtained a large
deviation upper bound for the U 1(\;) with seemingly different rate function based on self-adjoint
matrix Brownian motions.

7.7. Relation to the matrix liberation process. We will compare Theorem 7.2 with [29,
Theorem 5.8]. To this end, we re-number &;(N) and z; as &;(IN) and z;;, respectively. Let
Tiib : Ch{(Teo(+)) = Ch{Tes, Ue( -)) be the x-homomorphism sending x;;(t) to w;(t)z;;u;(t)*. This
induces a continuous map 7}, 1 TS(Ch{(Teo, Ue(-))) — TS (Ch{zeo(-))) defined by iy (¢) ==
¢ o M. We observe that ﬂﬁb((p%]?}\\;[)) = Tauv(ny. Therefore, the contraction principle in large
deviation theory implies the large deviation upper bound for ]P’(Tgnb( N) € - ) in the same scale with
the good rate function:

7 € TS (Cr{zes(+)))
= I, P(7) o= inf {157 () | @ € TS*(Crlua(-), 20)), min () = 7} € [0, +00],

where the infimum over the empty set is taken as +o0o. Therefore, we have two large deviation
upper bounds with (seemingly different) rate functions for P(rzin(ny € ).

Let 7 € TS°(Ch(xeo(-))) be given. Consider an arbitrary ¢ € T'S(Ch(Teo, ue(-))) with
i, (@) = 7. It is not difficult to show that

¢ (min(P)) = 7°(P),  En(p) (I (@Pmin(P))) = En(r (D P))

(7.4)
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for every P € C(zeo()) and every s > 0. Therefore, INP, (7, P) = I, 4(p, min(P)) for every
P € C{zes(-)) and every t > 0, and hence

(7.5) Iy (7) S IR (7), Iogoo(7) < 152 (7),
where I3 (7) := inf{I2BM () | ¢ € TS(Ch(us(+).x0)), (@) = 7}. Therefore, the current

approach using unitary Brownian motions directly gives an improved large deviation upper bound
for the matrix liberation process, though the description of the resulting rate function is ‘indirect’.
Remark that the above inequalities between two kinds of rate functions guarantee that I },‘(l)ib > I(‘;éi};o
also have a unique minimizer, which is given by o’. Remark that this fact on the rate functions

I3b > 72 holds even when o does not fall into T'Staa(C* (Zes)).

8. CONDITIONAL EXPECTATIONS OF LIBERATION CYCLIC DERIVATIVES

We will give a technical result on liberation cyclic derivatives @2’“), 1 < k < n, for future work.
The most non-trivial component of the rate functions I, I is Ey(p) (w7 (I1° @ P))), which
will be described in terms of free cumulants when P is a monomial. In what follows, we use the

notations in section 4.

We first introduce some terminology: Let (A, ¢) be a non-commutative probability space, and
ai,...,an € A be arbitrarily chosen. For a ‘block’ V' = (i1 < --- < i5) of [n] = {1,...,n}, we
define id(V)[a1, ..., an] := ai, ---a;, (i-e., the word obtained by arranging a;,,...,a;, in order).
For a partition 7 = {V3,...,V,} of [n], we define

Clp;m)ar, - .., an] ::}j( 11 gp(Vg)[al,...,an]>id(Vk)[a1,...,an},
k=1 1<t<m
T#k

where ¢(Vy)[a1,...,ay] is defined as in [23, Lecture 11]; namely, we have ¢(Vi)[a1,...,a,] =
e(id(Vy)laq, . .., am)).
Proposition 8.1. Write
we =i, ((te—1 = 8)4) v, (te — 8)4), 1< €<,

with 19 := iy and (t — )4 :=0V (t — s). Then, we have

Enry (ms (I (@M iy, (1) - 2,5, ()

= Z Fox[we, o w,] T2 (W C (15 K (m)) iy, (s A1),y i, 5, (s At)]),

TeNC(n)

where NC(n) denotes the non-crossing partitions of [n], k. the free cumulant associated with ,
and K : NC(n) — NC(n) the Kreweras complementation map; see [23, Lecture 11].

Proof. Write P = x;,j, (t1) - - @;,;, (tn) for simplicity. Let y € Cf(Zeo(-)) be arbitrarily chosen.
Then we compute

F(Enr (m7(I1° (D) P)))mz (y)) = 7(I° (D P)y),
where we use the same symbol 7 as a different meaning on each side; see subsection 4.D. By a
direct computation using the trace property, we have

FAP@FP)y) =Y F([wer1iy,jpp, (5 Ates)Wesr -+ Tig_ iy, (8 Ate1)we, 24,5, (s Ato)]y)
o=k
?Ste
= Fwimig, (s A1) - we[wi, g, (5 Ate), Y lwesa i, g, (8 Aten) - wni, g, (5 Aty)),

ip=k
s<tg
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each of whose terms is the 7-value of the monomial obtained from II°(P) by replacing x;,;, (s At¢)
with [2;,5,(s Ate),y]. By [23, Theorem 14.4] we obtain that

D F(wiwi g, (s Ata) - wilwi, g, (s A ), Ylwe1 iy jess (8 A o) -+ wni g, (5 Atn)
o=k
Z'Sl<tg

= Z Z wla n] 7il((‘fr)[xiljd (S/\tl)7"" [:Tim(S/\tz),y],--~,33i”j"<5/\tn)]

iy=k meNC(n)

s<ty
- ¥ nﬂ,[wl,...,wn]<ZTK(W)[xiljl(s/\tl),...,[:Ul-u-[(s/\tg),y],...,xinjn(s/\tn)])
TENC(n) o=k

s<tg

When K(7) ={Vi,...,V,,} with £ € V,, (1 < p <m), we have

D r(wimiygy (s Atr) - wilw g, (s Ate), Ylwera @iy, (5 Atera) - wnmi g, (5 A b))
o=k
<ty

= Z ( H xlljl SAtl) [xieje(s/\tf)ay]a"'7xinjn(3/\tn)])

ip=k 1<q<m
s<ty q#P

X T(Vp)[miljl (A1), (@i (S At Yl iy, (s A t)]
= Z ( H Nwi (s Aty),. ,mizje(s/\tg),...,xinjn(s/\tn)])

ie=k 1<q<m
s<tg q#p

X T(Vp)[xiljl(s/\tl),...,[xiu-[(s/\tg),y],...,xinjn(s/\tn)]
IfV,=(s1 <--- <sy) with s, = ¢, then

T(Vp)[xilh (8 A tl)? R [wizje (s A tf)v y}v s i g (3 A tn)]
= T<[mi59+]jsg+l (8 A\ tsg+1) - xi5g71j5971 (S A tsg71)a ‘Tizjz(s N tg)]y),

which together with the definition of @&’“) implies that

ST (I mVadleug(s At i (s Ate). i (s A )

iv=k 1<g<m
s<te q#p

XT(@is ey oy (SN Esgn) @iy g, (8 N tsy 1), iy, (s Ate)]y)
=F((OWC(1; K (7)) iy (8 At1)s -y @iy, (8 Ate)y ooy, (5 A tn)])y)
%( (:D(k)C(T K( ))[xiljl (S A tl)’ <o Ligge (3 A tf)’ s Lig g, (3 A tn)])ﬂ-?(y))

Hence we conclude that

F(En(ry (m (I (P P))) 7z (y))

= Z Knlwr, ..., w7 (m: (D C(r; K (7w TN@ij  (SAt), .o, i, (S At)])T2(Y))-
TeNC(n)

Hence we are done. O

It is interesting to compute x[ws,...,w,] in the above explicitly.
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APPENDIX A. UNIVERSAL FREE PRODUCTS OF UNITAL C*-ALGEBRAS

The concept of universal free products in the category of unital C*-algebras has been studied
in detail by several hands, including Blackadar [6], Pedersen [25] and others. However, almost all
existing works deal with only universal free products of two unital C*-algebras. We have used
universal free products of uncountably many unital C*-algebras crucially (even in [29] without any
references). Hence, we will collect a few facts on universal free products of arbitrary number of
unital C*-algebras with explicit explanations for the reader’s convenience. However, we do not
claim any credit to the materials in this appendix, because they all seem to be known among
specialists.

Let A;, ¢ € I, be unital C*-algebras. Consider their universal free product %;cr.A; with canon-
ical unital *-homomorphisms A; : A; — Y;crA;, @ € I, which is characterized by the universality
asserting that for any family m; : A; — B of unital x-homomorphisms into a common unital C*-
algebra, then there exists a unital x-homomorphism 7 : ¥ ;c7.4; — B such that w o \; = m; for all
i € I. Note that the injectivity of each \; was established in [6, Theorem 3.1] (or [25, Theorem
4.2]).

Lemma A.1. For any disjoint decomposition I = |_|j€J I; of I into non-empty subsets, we consider
the universal free product C*-algebras ¥ ic1; Ai, j € J. Then kic1Ai = K jei(Kicr; Ai) naturally,
that is, each \;(a) with a € A; is sent to the corresponding element in the jth free product component
*ic1;Ai on the right-hand side when i € I;.

Proof. This follows from the universality of the involved universal free product C*-algebras. O

Lemma A.2. For each finite subset F' € I, we consider the universal free product C*-algebra
Ap = diepA; with setting Ay := C1. Then the following hold true:
(1) If Fy C F3, then the canonical unital x-homomorphism Ap, — Ap, *kAp,\p, = Ap, via
Lemma A.1 is injective.
(2) HierAi = lim A p naturally (see e.g. [19, Proposition 11.4.1(i)] for the latter), that is, the
isomorphism sends each \;(a) with a € A; to the corresponding one in Ap with i € F.

Proof. (1) follows from Blackadar’s result [6, Theorem 3.1]. (2) follows from [6, Theorem 3.1] and
[19, Proposition 11.4.1(ii)] for example. O

Proposition A.3. Let B; C A;, i € I, be unital C*-subalgebras. Then the universal free product
C*-algebra ic1B; is naturally embedded into Yic;A;. Namely, kic1B; can be identified with
the C*-subalgebra generated by the A\;(B;) and the canonical unital x-homomorphisms from B; into
*icrB; is given by the restriction of \; to B;.

Proof. Write Bp := %;erB; for each finite subset F' € I with By := C1. By the iterative use of
Pedersen’s result [25, Theorem 4.2] with the help of Lemma A.1 we can see that Bp — Ap natu-
rally. Then, by e.g. [19, Proposition 11.4.1(ii)] we have a natural unital injective *-homomorphism
from li B into hﬂ » 2z by means of inductive limits. Thus the desired assertion follows thanks
to Lemma A.2(2). O

Proposition A.4. Let *?}EgIA,; be the free product of the \;(A;), i € I, in the category of unital

x-algebras, in which we regard each A; as a unital x-subalgebra. Let X\ : *?legIAi — JkierAi
be the unique *-homomorphism sending a € A; C *?égIAi to A\i(a) € YicrA;, whose existence
is guaranteed by universality. Then \ must be injective. Namely, the x-subalgebra algebraically

generated by the A\;(A;) in ket A; can be identified with *?leg[Ai.

Proof. We have to show that if a € *?legIAi satisfies A(a) = 0, then a = 0. To this end we will use
the reduced free product construction, see e.g. [32], following Avitzour’s idea [2, Proposition 2.3].
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Let a € *?égl.Ai be given. Then a is nothing but a linear combination of words whose letters
from the A;. For each i € I we let A;y be the unital C*-subalgebra of A; generated by the letters
from A; (with fixed 7) appearing in the words in the linear combination description of a. Since
there are only finitely many letters for each i € I, A;p must be separable. By Proposition A.3
we may and do regard ¥;ecrAio as a unital C*-algebra of ¥;cr.A; naturally, and A(a) falls into

*icrAio- Hence we may and do regard each A; as a separable unital C*-algebra.

We claim that for each ¢ € I there exists a faithful state w; on A;. Since A; is separable, it
faithfully acts on a separable Hilbert space, say 7 : A; ~ K. See [12, Theorem 1.9.12]. Then we
choose a dense sequence of non-zero vectors &, € K and set w;(a) :== Y oo, m&(a)fnmn)n
for a € A;. This clearly defines a faithful state.

Consider the reduced C*-free product (2, w) = %;er(Ai,w;) with canonical x-homomorphisms
vi + A; — 2. See e.g. [32]. By universality, we have a unique *-homomorphism 7 : J;cr4; — A
such that v o \; = ~; for every ¢ € I. Write

al o o
*?egIAi = (Cl + Z Z Ail e Aim
m2>1  dpFigy
(1<k<m—1)
with A7 := Ker(w;), where A? ---A? denotes all the linear combinations of words af - - - a;, with
ap € A5 . According to this representation we write

a=al+> Y ali,...,im),

m>1  ipFig4
(1<k<m—1)
where a°(iy,...,im) is an element in A --- A7 . Remark that a(iy,...,im,) = 0 for all but except
finitely many (i1,...,%,). We denote by a°®(i1,...,i,)® in the spacial (or minimal) C*-tensor
product A; ® --- ® A;  the corresponding elements obtained by changing each word af---a;,
appearing in a®(i1,...,%my) to a simple tensor a§ ® --- ®ag, € A1 ® --- ® A; . By universality of
algebraic tensor products sitting inside A; ® - -+ ® A, (which is simply confirmed by the iterative
use of a well-known fact, see e.g. [19, Proposition 11.18] or a more direct statement [7, Corollary
3.1]), we observe that a°(i1,...,%,)® = 0 implies a®(i1,...,%y,) = 0.
Assume that A\(a) = 0. Since

oM @NE = 0o+ 3 S m (M@ i, - im)))r
m>1  ipFikyt
(1<k<m—1)
where (H,,, 7w, &) is the GNS triple of (2, w). By the free independence among the \;(A;), we
can easily see that «&, and the m,(v(A(a®(i1,...,im))))Ew are mutually orthogonal in #H,. In
particular, a as well as all the 7, (v(A(a®(i1,...,4m))))Ew must be 0. Let (Hw,, Tw,,Ew;) be the
GNS triple of (A;,w;). Then, it is easy to see that the norm of each 7, (y(A(a®(i1,...,im))))Ew is
the same as that of

(’R—Wil @ ®71’wim)(ao(i1, s aim)®)(£wi1 Q- ® gwim)a

which must be 0 too. Since w; is faithful, so is m,, and hence the tensor product representation
Ty, @ @My, Aiy @ @A, ~Hy, @ ®@H,, too (see e.g. [19, Theorem 11.1.3]). We
conclude that a®(i1,...,i,)® = 0 so that a®(iy,...,4iy,) = 0. Consequently, a must be 0. O
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