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ABSTRACT: Self-diffusion of a monoatomic solute in liquid 1-octanol and n-tetradecane 

was investigated by means of molecular dynamics simulation. The diffusion coefficient 

of a solute as small as argon is much greater than that obtained from the hydrodynamic-

based Stokes–Einstein (SE) relation, as was reported experimentally. Relaxation of the 

memory function of a freely diffusing solute is much faster than that of the autocorrelation 

function of shear stress. However, the SE behavior is recovered when the solute is 
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spatially fixed, and the diffusion coefficient is calculated from the force–force 

autocorrelation function. Relaxation of the autocorrelation function of the force also 

follows that of shear stress. The fast diffusion of a small solute is thus ascribed to the 

decoupling between the structural relaxation of solvent and the solute diffusion induced 

by the self-motion of the solute.  
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The Stokes–Einstein (SE) relation is a hydrodynamic theory that relates the self-diffusion 

of a solute molecule in solution, D, with the shear viscosity of the bulk solvent, η0, given 

as 

𝐷𝐷 = 𝑘𝑘B𝑇𝑇
𝑓𝑓𝜂𝜂0𝜎𝜎

,     (1) 

where kB, T, and σ denote the Boltzmann constant, the absolute temperature, and the 

diameter of the solute, respectively. The coefficient f is determined by the hydrodynamic 

boundary conditions of the solute, f = 3π and 2π, for the stick and the slip boundary 

conditions, respectively. Although the SE relation can describe the diffusion of solutes 

whose size is comparable to a solvent molecule fairly well, it has been reported both 

experimentally and theoretically that it fails for solutes that are much smaller than the 

solvent. In particular, diffusion coefficients more than 10 times higher than the 

predictions of the SE relation have been reported for small gas molecules in alkanes, 

higher alcohols, and ionic liquids.1–7 In this work, we carried out a molecular dynamics 

(MD) simulation study on the diffusion of monoatomic solutes in n-tetradecane and 1-

octanol. These systems have been intensively investigated experimentally by Evans and 

co-workers.1,2 

A self-diffusion coefficient is usually determined through MD simulation from the 

slope of the mean square displacement as the function of time.8 Another way to calculate 
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the diffusion coefficient is through time integration of the velocity autocorrelation 

function. These two methods are equivalent to each other with sufficient statistical quality 

of simulation data. In addition, there are some approximate methods to obtain the 

position-dependent diffusion coefficient of a solute in a heterogeneous environment. The 

method proposed by Marrink and Berendsen (the MB method) is one such method, in 

which the friction coefficient of a solute is approximately evaluated from the time 

correlation function of the force exerted on the spatially fixed solute.9 The MB method 

has been applied to various systems, even though it systematically underestimates the 

diffusion coefficient.10,11 

In the present work, we found that the underestimation is quite large for small solutes. 

Diffusion coefficients much larger than the SE relation were obtained from the mean 

square displacement, whereas those from the MB method approximately follow the SE 

relation. We now report on the above results, with some theoretical analyses, with the 

belief that the difference between the two methods is key to understanding the mechanism 

of the violation of the SE relation for small solutes. 

The systems treated in this work are a solute and 1000 solvent molecules. The solute is 

a monoatomic Lennard-Jones (LJ) particle, whose LJ diameter, σLJ, is varied from 0.2 to 

1.2 nm, while the mass and the depth of the attractive well are fixed to those of argon.12 
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The solvents are 1-octanol and n-tetradecane, both of which are described by the TraPPE-

UA model.13,14 All the molecules are contained in a cubic cell with periodic boundary 

condition, and the long-range part of the electrostatic interaction was calculated by the 

particle-mesh Ewald method. The constant temperature and constant pressure runs at 298 

K and 1 bar were performed using the Nosé–Hoover and the Parrinello–Rahman methods. 

The equation of motion was integrated by the leap-frog method with the time step of 1 fs. 

The production run of 1 µs length was preceded by the equilibration run of 100 ns length. 

The production run was performed twice for each simulation condition, and the results of 

two runs were averaged. The total momentum of the system was removed at every 100 

fs, which has been confirmed as sufficiently small to avoid the artifact due to the 

momentum conservation.15 All the simulation runs were performed using GROMACS 

2019.1 or 2020.3.16 

The SE relation (eq 1) with f = 3π defines the hydrodynamic radius of the solute, σH, 

as 

𝜎𝜎H ≡
𝑘𝑘𝐵𝐵𝑇𝑇
3𝜋𝜋𝜂𝜂0𝐷𝐷

.     (2) 

The shear viscosities of model 1-octanol and n-tetradecane, 4.35 mPa s and 1.12 mPa s, 

respectively, were taken from our previous MD simulation work using the same force 
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field.17 The finite-size effect on the diffusion coefficient was corrected as proposed by 

Yeh and Hummer18 as 

𝐷𝐷 = 𝐷𝐷MD + 2.837297𝑘𝑘𝐵𝐵𝑇𝑇
6𝜋𝜋𝜂𝜂0𝐿𝐿

,     (3) 

where L denotes the size of the cubic simulation cell. 

 

Figure 1. Hydrodynamic diameters of the solute, σH, in (a) 1-octanol and (b) n-tetradecane, plotted against the LJ 

diameter, σLJ. The red and blue symbols show the values obtained from the mean square displacement and the force–

force correlation function, respectively. The raw values are plotted with the filled symbols, and the finite-size correction 

(eq 3) was performed for the open symbols. The solid and dotted lines show the SE relation with the stick and the slip 

boundary conditions, respectively. The green plus signs indicate the experimental values reported by Evans and co-

workers.1,2 
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The hydrodynamic diameters are plotted as functions of the LJ diameters of the solutes 

in Figure 1. In both solvents, σH from the mean square displacement is much smaller than 

σLJ for solutes as small as argon (σLJ = 0.34 nm). On the other hand, the MB method 

underestimates the diffusion coefficient, as reported in the literature,10,11 and the 

underestimation becomes severe with decreasing solute size. Surprisingly, the values 

obtained by the MB method lie between the predictions of the SE relation with the stick 

and the slip boundary conditions, which suggests that the violation of the SE relation for 

small solutes can be attributed to the difference in these two methods. The finite-size 

effect is small for all the systems considered in this work (Figure 1). 

The experimental values reported by Evans and co-workers for nearly spherical 

solutes1,2 are also plotted in Figure 1 for comparison. The estimation of σLJ follows their 

work, and σH is calculated using the experimental shear viscosity values, 7.538 mPa s and 

2.104 mPa s, for 1-octanol and n-tetradecane, respectively.2 The deviation from the SE 

relation is larger in 1-octanol than in n-tetradecane in both the MD simulation and the 

experiment, and the degrees of the deviation quantitatively match with each other. It 

should be noted that the quantitative agreement of the absolute values of the diffusion 

coefficient is poor due to the difference in the absolute values of the shear viscosity. 
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In our simulation, the mass of the solute is kept constant, independent of the molecular 

size. On the other hand, the larger solute tends to possess the larger mass in real systems. 

The diffusion coefficient is a decreasing function of the mass of the solute, and it must 

theoretically reduce to that of the MB method in the infinite mass limit.10 However, the 

agreement between the simulation and the experiment demonstrated in Figure 1 suggests 

that it is the size and not the mass of the solute that is the essential factor that causes the 

large deviation from the SE relation. As we shall show below, the difference in the results 

of the two methods stems from that in the dynamics in the ps regime, where the 

translational dynamics of the solute is diffusive. 

We then analyzed the difference between the results of these two methods based on the 

generalized Langevin theory. The generalized Langevin equation for a freely diffusing 

solute is given by19 

𝑚𝑚𝑋𝑋�̈�𝒓𝑋𝑋(𝑡𝑡) = −∫ 𝑑𝑑𝑑𝑑𝛾𝛾𝑅𝑅(𝑡𝑡 − 𝑑𝑑)�̇�𝒓𝑋𝑋(𝑑𝑑)𝑡𝑡
0 + 𝑹𝑹𝑋𝑋(𝑡𝑡),  (4) 

where mX and rX(t) denote the mass and the position of the solute, respectively, and RX(t) 

stands for the random force acting on the solute. The memory function, γR(t), is related to 

the random force as 

𝛾𝛾𝑅𝑅(𝑡𝑡) ≡ 1
3𝑘𝑘𝐵𝐵𝑇𝑇

⟨𝑹𝑹𝑋𝑋(0) ⋅ 𝑹𝑹𝑋𝑋(𝑡𝑡)⟩.    (5) 

The diffusion coefficient is given by the time integral of the memory function as 
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𝑘𝑘B𝑇𝑇
𝐷𝐷

= 𝛤𝛤𝑅𝑅,0 ≡ ∫ 𝑑𝑑𝑡𝑡 𝛾𝛾𝑅𝑅(𝑡𝑡)∞
0 .    (6) 

In the MB method, the random force, RX(t), is replaced with the force acting on the 

spatially fixed solute, FX(t). The corresponding memory function, γF(t), and ΓF,0, are 

defined in the same way as in eqs 5 and 6, and the diffusion coefficient is given by kBT/ΓF,0. 

Therefore, the difference in the results of the two methods in Figure 1 originates from 

that between γR(t) and γF(t). The running integral of γR(t) is defined as 

𝛤𝛤R(𝑡𝑡) ≡ ∫ 𝑑𝑑𝑑𝑑𝛾𝛾𝑅𝑅(𝑑𝑑)𝑡𝑡
0 ,    (7) 

and that of γF(t), denoted as ΓF(t), is also defined similarly to clarify the difference in 

their slow relaxation parts. 

A comparison between eqs 1 and 6 shows that the integrated memory function, ΓR,0, is 

equal to 3πση0. The shear viscosity is also given by the integral of a time correlation 

function as19 

𝜂𝜂0 = 𝑉𝑉
𝑘𝑘𝐵𝐵𝑇𝑇

∫ 𝑑𝑑𝑡𝑡 〈𝑃𝑃𝑥𝑥𝑥𝑥(0)𝑃𝑃𝑥𝑥𝑥𝑥(𝑡𝑡)〉∞
0 ,    (8) 

where V and Pxy denote the volume of the system and an off-diagonal component of the 

pressure tensor, that is, the shear stress. Since ΓR,0 and η0 are related to the time 

correlation functions of the random force and the shear stress, respectively, a comparison 

between these two correlation functions should give detailed information on the validity 

of the SE relation. Based on this idea, we define the running integral as 
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𝜂𝜂(𝑡𝑡) ≡ 𝑉𝑉
𝑘𝑘𝐵𝐵𝑇𝑇

∫ 𝑑𝑑𝑑𝑑 〈𝑃𝑃𝑥𝑥𝑥𝑥(0)𝑃𝑃𝑥𝑥𝑥𝑥(𝑑𝑑)〉𝑡𝑡
0 ,   (9) 

and compare it with ΓR(t), defined by eq 7. 

 

Figure 2. Normalized running integral of the memory function, ΓR(t)/ΓR,0 in (a) 1-octanol and (b) n-tetradecane. The 

LJ diameters of the solutes are 0.2 (purple), 0.34 (blue), 0.6 (green), 0.8 (orange), and 1.2 nm (red). The corresponding 

function for the shear viscosity, η(t)/η0, is taken from our previous work17 and is now plotted with black curves for 

comparison. In (a), the vertical dotted lines show the time 1/Dq2, where q = 4 nm–1. 

The memory functions of the solutes are calculated from the mean square displacement 

through the generalized Langevin equation (eq 4), and their running integrals are plotted 

in Figure 2. The normalized running integrals of the shear stress are taken from our 

previous MD work on the neat liquids17 and are plotted together for comparison. 
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The relaxation of the memory function of small solutes is much faster than that of the 

shear stress in both the solvents considered here. The faster relaxation means that the 

diffusive motion of the solute is decoupled from the slow collective relaxation of the 

solvent that governs the shear viscosity, and is in harmony with the diffusion coefficient, 

which is much larger than the SE relation. The relaxation of the memory function 

becomes slower with increasing solute size, which would be related to the decrease in the 

deviation from the SE relation (Figure 1). The relaxation of both functions is in agreement 

for the solute of σLJ = 1.2 nm in 1-octanol, while a difference remains in n-tetradecane. 

 

Figure 3. Normalized running integral of the force–force autocorrelation function of the fixed solute, ΓF(t)/ΓF,0 in (a) 

1-octanol and (b) n-tetradecane. The LJ diameters of the solutes are 0.2 (purple), 0.34 (blue), 0.6 (green), 0.8 (orange), 
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and 1.2 nm (red). The corresponding function for the shear viscosity, η(t)/η0, is taken from our previous work17 and is 

now plotted with black curves for comparison. 

A different situation arises when the solute is spatially fixed. The normalized running 

integral of the force–force autocorrelation function is shown in Figure 3. Although the 

relaxation rate is still a decreasing function of the solute size, its variation is much smaller 

than the memory function of the free solute. Compared with the corresponding memory 

function in Figure 2, fixing the solute retards the relaxation of the force–force correlation 

function. The retardation becomes larger with decreasing solute size. Since the slower 

relaxation leads to greater friction on the solute, the larger retardation for the smaller 

solute is in harmony with the larger difference in the diffusion coefficients determined by 

the mean square displacement and the MB method. 

Liquid 1-octanol possesses a heterogeneous structure composed of polar hydroxyl and 

nonpolar alkyl domains. The intermolecular interaction in the latter is weaker than that in 

the former, and it is expected that the structural relaxation would be faster and the “local” 

viscosity would be lower in the nonpolar domain. Since the nonpolar solute in this study 

prefers the nonpolar domain, one may interpret the violation of the SE relation and the 

fast relaxation of the memory function of freely diffusing solute in Figures 1 and 2 as 

being because the solute feels the local environment of the nonpolar domain with low 
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viscosity. However, such a naïve idea cannot explain the recovery of the SE behavior on 

fixing the position of the solute. The solvation structure of a solute does not depend on 

whether the solute is spatially fixed or not; a fixed solute is also partitioned into the 

nonpolar domain. The fixed solute thus feels the same local environment as the free solute, 

and the difference in the “local” viscosity cannot be the reason for the different diffusivity. 

Mode-coupling theory (MCT) for simple liquids gives γR(t) as20 

𝛾𝛾R(𝑡𝑡) = 𝜌𝜌𝑘𝑘𝐵𝐵𝑇𝑇
6𝜋𝜋2 ∫ 𝑑𝑑𝑑𝑑 𝑑𝑑4𝑐𝑐(𝑑𝑑)2𝐹𝐹𝑠𝑠(𝑑𝑑, 𝑡𝑡)𝐹𝐹(𝑑𝑑, 𝑡𝑡)∞

0 ,   (10) 

where ρ, c(q), Fs(q,t), and F(q,t) denote the number density of the solvent, the solute–

solvent direct correlation function, the self-part of the intermediate scattering function of 

the solute, and the collective intermediate scattering function of the solvent, respectively. 

On the other hand, the shear viscosity of the solvent is also related to F(q,t) in MCT as20 

𝐺𝐺(𝑡𝑡) ≡ �̇�𝜂(𝑡𝑡) = 𝜌𝜌2𝑘𝑘𝐵𝐵𝑇𝑇
60𝜋𝜋2 ∫ 𝑑𝑑𝑑𝑑 𝑑𝑑4 [𝑐𝑐′(𝑑𝑑)]2𝐹𝐹2(𝑑𝑑, 𝑡𝑡)∞

0 .   (11) 

Therefore, if F(q,t) at the same q is responsible for both γR(t) and G(t), they are expected 

to exhibit similar relaxations, with a small difference due to the difference in that the 

former is linear and the latter is quadratic to F(q,t). 

Equation 10 involves the self-motion of the solute through Fs(q,t), and it is kept constant 

for a spatially fixed solute. We thus consider that the difference in the self-motion is a 

possible reason for the difference in γR(t) and γF(t) in Figures 2 and 3. 
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The X-ray structure factor of 1-octanol shows a pre-peak at q = 4 nm–1,21 reflecting its 

heterogeneous structure. In our previous study, we demonstrated that the slowest mode 

of the viscoelastic relaxation is assigned to the dynamics at the pre-peak.17 Therefore, we 

tentatively assume that the integrand around 4 nm–1 is important in eq 10, and the 

relaxation time of Fs(q,t) at q = 4 nm–1 is approximated as 1/Dq2. The relaxation time 

determined in this way is shown in Figure 2(a) as vertical dotted lines of the 

corresponding colors. The value of Γ𝑅𝑅(𝑡𝑡) Γ𝑅𝑅,0⁄  at the time 1/Dq2 is close to 0.9 

irrespective of the solute size in Figure 2(a), which demonstrates that 1/Dq2 

approximately describes the relaxation time of γR(t). The result means that the fast 

relaxation of the memory function and the deviation from the SE relation are ascribed to 

the self-motion of the solute. 

The coupling between the solute diffusion and the pre-peak structure means that the 

solute feels a mean drag force toward the nonpolar domain due to the different stabilities 

in the two domains. In the case of a spatially fixed solute, the fluctuation of the 

heterogeneity induces the fluctuation of the mean force, resulting in the slow relaxation 

mode of γF(t) and the SE behavior of the diffusion coefficient. On the other hand, a free 

solute can escape from the distortion of the heterogeneity through its self-motion before 
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the heterogeneity relaxes, and the relaxation of γR(t) is governed by the time scale for the 

solute to diffuse the characteristic length of the heterogeneity. 

The slowest viscoelastic relaxation of n-tetradecane is assigned to the translation-

orientation coupling mechanism, in which the shear stress is coupled to the collective 

rank-2 reorientational mode.17 Since it is difficult to describe the rank-2 reorientational 

mode in terms of the intermediate scattering function, we cannot estimate the 

characteristic diffusion time for solutes in n-tetradecane. However, we consider that the 

self-motion of the solute can also contribute to the fast diffusion of small solutes in n-

tetradecane. 

In summary, we evaluated the diffusion coefficient of small monoatomic solutes in 1-

octanol and n-tetradecane in two different ways. The relaxation of the correlation function 

of the force on a fixed solute is as slow as the viscoelastic relaxation, and the diffusivity 

follows the SE relation. On the other hand, the memory function of a freely diffusing 

solute relaxes much faster than the viscoelastic relaxation, and a large deviation from the 

SE relation is observed. The decoupling between the solute diffusion and the solvent 

relaxation is then ascribed to the self-motion of the solute based on MCT. We are now 

trying to determine the coupling between the solute diffusion and the solvation structure 

directly. The MD simulation of ionic liquids is also in progress. Araque and coworkers 
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demonstrated that the fluctuation of the translational mobility of a small neutral solute in 

ionic liquids is coupled to the transient variation of the solvation structure,5,7 and it is 

interesting to study how the dynamics of the solvation structure changes on fixing the 

position of the solute. 

Notes 

The authors declare no competing financial interests. 

ACKNOWLEDGMENTS 

We are grateful to Prof. A. Yoshimori (Niigata University) for the idea of the MCT-

based discussion. This work was supported by Grants-in-Aid (KAKENHI) from the 

Japan Society for the Promotion of Science (JSPS) (Nos 19K03768 and 19H02677). 

REFERENCES 

(1) Evans, D. F.; Tominaga, T.; Chan, C. Diffusion of symmetrical and spherical 

solutes in protic, aprotic, and hydrocarbon solvents. J. Solution Chem. 1979, 8, 461–478. 

(2) Evans, D. F.; Tominaga, T.; Davis, H. T. Tracer diffusion in polyatomic liquids. 

J. Chem. Phys. 1981, 74, 1298–1305. 



 18 

(3) Morgan, D.; Ferguson, L.; Scovazzo, P. Diffusivities of gases in room-

temperature ionic liquids: Data and correlations obtained using a lag-time technique. Ind. 

Eng. Chem. Res. 2005, 44, 4815–4823. 

(4) Kaintz, A.; Baker, G.; Benesi, A.; Maroncelli, M. Solute diffusion in ionic 

liquids, NMR measurements and comparisons to conventional solvents. J. Phys. Chem. 

B 2013, 117, 11697–708. 

(5) Araque, J. C.; Yadav, S. K.; Shadeck, M.; Maroncelli, M.; Margulis, C. J. How 

is diffusion of neutral and charged tracers related to the structure and dynamics of a room-

temperature ionic liquid? Large deviations from Stokes-Einstein behavior explained. J. 

Phys. Chem. B 2015, 119, 7015–7029. 

(6) Kimura, Y.; Kida, Y.; Matsushita, Y.; Yasaka, Y.; Ueno, M.; Takahashi, K. 

Universality of viscosity dependence of translational diffusion coefficients of carbon 

monoxide, diphenylacetylene, and diphenylcyclopropenone in ionic liquids under various 

conditions. J. Phys. Chem. B 2015, 119, 8096–8103. 

(7) Araque, J. C.; Margulis, C. J. In an ionic liquid, high local friction is determined 

by the proximity to the charge network. J. Chem. Phys. 2018, 149, 144503. 



 19 

(8) Allen, M. P.; Tildesley, D. J. Computer Simulation of Liquids. Clarendon Press: 

Oxford, 1987. 

(9) Marrink, S.-J.; Berendsen, H. J. C. Simulation of water transport through a lipid 

membrane. J. Phys. Chem. 2002, 98, 4155–4168. 

(10) Daldrop, J. O.; Kowalik, B. G.; Netz, R. R. External potential modifies friction 

of molecular solutes in water. Phys. Rev. X 2017, 7, 041065. 

(11) Nagai, T.; Tsurumaki, S.; Urano, R.; Fujimoto, K.; Shinoda, W.; Okazaki, S. 

Position-dependent diffusion constant of molecules in heterogeneous systems as 

evaluated by the local mean squared displacement. J. Chem. Theory Comput. 2020, 16, 

7239–7254. 

(12) Verlet, L.; Weis, J.-J. Perturbation theory for the thermodynamic properties of 

simple liquids. Mol. Phys. 1972, 24, 1013–1024. 

(13) Martin, M. G.; Siepmann, J. I. Transferable potentials for phase equilibria. 1. 

United-atom description of n-alkanes. J. Phys. Chem. B 1998, 102, 2569–2577. 

(14) Chen, B.; Potoff, J. J.; Siepmann, J. I. Monte Carlo calculations for alcohols and 

their mixtures with alkanes. Transferable potentials for phase equilibria. 5. United-atom 



 20 

description of primary, secondary, and tertiary alcohols. J. Phys. Chem. B 2001, 105, 

3093–3104. 

(15) Fujimoto, K.; Nagai, T.; Yamaguchi, T. Momentum removal to obtain the 

position-dependent diffusion constant in constrained molecular dynamics simulation. 

Accepted to J. Comput. Chem., ChemRxiv 2021. 

https://doi.org/10.26434/chemrxiv.14776965.v1 

(16) Abraham, M. J.; Murtola, T.; Schulz, R.; Páll, S.; Smith, J. C.; Hess, B.; Lindahl, 

E. GROMACS: High performance molecular simulations through multi-level parallelism 

from laptops to supercomputers. SoftwareX 2015, 1–2, 19–25. 

(17) Yamaguchi, T. Viscoelastic relaxations of high alcohols and alkanes: Effects of 

heterogeneous structure and translation-orientation coupling. J. Chem. Phys. 2017, 146, 

094511. 

(18) Yeh, I.-C.; Hummer, G. System-size dependence of diffusion coefficients and 

viscosities from molecular dynamics simulations with periodic boundary conditions. J. 

Phys. Chem. B 2004, 108, 15873–15879. 

(19) Hansen, J.-P.; McDonald, I. R. Theory of Simple Liquids. 2nd ed. Academic 

Press: London, 1986. 



 21 

(20) Balucani, U.; Zoppi, M. Dynamics of the Liquid State. Clarendon Press: Oxford, 

1994. 

(21) Tomšič, M.; Bešter-Rogač, M.; Jamnik, A.; Kunz, W.; Touraud, D.; Bergmann, 

A.; Glatter, O. Nonionic surfactant Brij 35 in water and in various simple alcohols: 

Structural investigations by small-angle X-ray scattering and dynamic light scattering. J. 

Phys. Chem. B 2004, 108, 7021–7032. 


