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Abstract This paper presents a method to reduce the computational time re-
quired to solve shape optimization problems. A volume minimization problem
under the mean compliance constraint is chosen as an example of the shape op-
timization problem. To solve this problem, an iterative algorithm based on the
H1 gradient method is considered as a conventional approach. In this study, we
attempt to use a method of model order reduction for solving the linear elastic-
ity problem based on the idea by Karhunen-Loève expansion (KLE). We consider
the displacements obtained by the conventional method to be sampling data of
a random variable; the orthonormal bases of KLE are defined as eigenfunctions
of the eigenvalue problem obtained as the optimality condition of the variance
maximization problem for the random variable. The feasibility of the proposed
method is illustrated by testing the numerical scheme to a linear elastic body of
the connecting rod type.
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1 Introduction

Demand for numerical analysis has been increasing in product design. To under-
stand accurately the phenomena occurring in products, it is important to note
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that the degrees of freedom of numerical models tend to increase rapidly. At the
same time, it is required that the results be obtained quickly. Particularly, in the
optimization process, this requirement becomes more critical, so as not to dis-
turb the designers’ rhythm of trial and error. In this study, a method to reduce
the computational time for solving the shape-optimization problem is presented.
This method is based on the idea of model order reduction by Karhunen–Loève
expansion (KLE), also known as the Kosambi–Karhunen–Loève expansion used
in various fields. The sampling data used for the KLE is created by a normal
calculation using the shape optimization method. For the model order reduction
presented in this paper, we use the H1 gradient method for the shape optimization
problem and investigate the effectiveness of the use of the KLE.

The KLE is also referred to as singular value decomposition (SVD), principal
component analysis (PCA), or proper orthogonal decomposition (POD). It has
been known that the basic idea of POD was presented by Eckart and Young [8] in
mathematics. The similar idea in the function space of POD was shown by Kosambi
[15]. The term POD was used by Lumley [18] to identify coherent structures in
turbulent flows [26–28]. After the study, this method has been used extensively
to pick the features of turbulent flows (for example, [12,25]). In the field of solid
mechanics, Cusumano et al. [4] used POD to extract the dominant modes from
the vibration of a beam. In addition, we can find some studies using the POD
for vibration modes of elastic bodies (for example, [9]). Recently, Kayvantash et
al. [13] presented some results of highly nonlinear and time evolution problems of
solid structures involving crashes using commercial software (LS-DYNA, ANSYS),
the arbitrary Lagrangian–Eulerian method, and the POD. In their approach, non-
square matrices with an original model order and a number of solutions obtained
at normal time steps are created and used to reduce the model order by the POD.

The application of the POD to shape optimization problems began in the
2010s. Toal et al. [29] used POD to filter out undesirable geometries from an op-
timization process using a kriging-based surrogate model, and applied the results
to a two-dimensional airfoil. Ghoman et al. [11] presented the use of POD to
extract dominant modes from an ensemble of candidate configurations given by
geometrical parameters, and applied the method to parametric shape optimiza-
tion problems of a wing shape in an air vehicle, and sought optimum shapes with
respect to various cost functions using an evolutionary algorithm. Xiao et al. [31]
presented an idea to use the POD not only for geometrical parameters but also for
constraint conditions and demonstrated that this approach makes it easy for a de-
signer to choose the most suitable solution from a Pareto set on the reduced order
space using the results from a two-dimensional airfoil. Poole et al. [22] demon-
strated results for six airfoil shape recovery problems in which modes extracted by
the POD from four different airfoil libraries and a gradient-based optimizer were
used. An approach to extend the seeking domain of a two-dimensional airfoil using
libraries for sampling data in the POD was shown by Li et al. [17]. Yamazaki [33]
introduced a variable fidelity concept in the POD approach and used the results
of a low-fidelity evaluation to select good designs that are used as the input data
for the re-parameterization by the POD. He applied this approach to two multi-
objective aerodynamic shape optimization problems of a two-dimensional airfoil.
Applications of the POD-based approach to aerodynamic products can be found
in the literature (for example, [23,7,5]).



Title Suppressed Due to Excessive Length 3

A theory of model order reduction based on the KLE was presented by Diez et
al. [6]. They formulated a maximum variance problem of the shape modification
vector, and obtained an eigenvalue problem as its optimum condition. Using the
eigenvectors, the shape modification vector was transformed into the coefficients
of the eigenvectors. In a numerical example, they demonstrated the shape opti-
mization of a high-speed catamaran using computational fluid dynamics and a
free-form deformation technique.

Other than flow fields, Sato et al. [24] used a model order reduction using
the POD in a parametric shape optimization problem of a spiral antenna. Lee
and Cho [16] presented a parameterization technique for solid structures under
dynamic loads using the concept of equivalent static load and POD.

In contrast to parametric optimization problems, non-parametric optimization
problems in which the POD was used in the solution to reduce the model order
can be found in the 2010s. Yoon [34] used three model order reduction schemes
to reduce the size of a finite element model for a dynamic structure in topology
optimization problems formulated by the solid isotropic material with penaliza-
tion (SIMP) method. These schemes are the mode superposition method using
eigenmodes of an original dynamic structure, the Ritz vector method using a dis-
placement with respect to an external force and quasi-displacements sequentially
constructed using a quasi-inertia force calculated from the displacement or the last
quasi-displacement, and the quasi-static Ritz vector method in which the coordi-
nate of frequency is shifted near a center frequency of interest in the Ritz vector
method. Based on the numerical results, it was confirmed that the Ritz and quasi-
static Ritz vector methods can effectively and accurately reduce the model order of
an original dynamic system and show good convergences in topology optimization.
In topology optimization problems by the SIMP method, Ferro et al. [10] used the
POD approach for density to reduce the order of the design variable. They con-
structed a rough structure on a fixed grid, which became the input of a SIMP
procedure performed on an anisotropic adapted mesh. In addition, we can find the
use of the POD approach in a level-set topology optimization problem. Xia and
Breitkopf [30] presented a method to construct a surrogate model for a level-set
topology optimization problem of a multiscale elastic structure that maximizes
the stiffness of the macroscopic structure using the POD approach. Xiao et al. [32]
introduced some numerical results by applying the PCA approach using stored
solutions of displacements to topology optimization problems formulated by the
SIMP method of three-dimensional elastic structures minimizing mean compliance
and a two-dimensional compliant mechanism.

Contrastingly, little has been reported on the application of POD to non-
parametric shape optimization problems. In the study by Nakazawa [19] and
Nakazawa and Nakajima [21], POD was used to extract the dominant modes of a
flow field at a low Reynolds number from snapshots of a numerical solution of the
Navier–Stokes problem. Using the eigenvalues obtained by the POD, they formu-
lated a shape optimization problem of the boundary variation type to moderate
the flow field, and showed a solution to the problem. In the aforementioned studies,
the authors applied a formulation and solution of a shape optimization problem
of the flow field to improve hydrodynamic stability presented by Nakazawa and
Azegami [20] (also refer to [14]). In [20], the authors used the maximum value
of the real part of the eigenvalues of a linear disturbance flow on a solution of a
stationary Navier–Stokes flow as an objective cost function, and a solution using
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a gradient-based method known as the H1 gradient method for domain variation
[1, Section 9.12] (referred to as the traction method [3,2]).

In this study, we use the KLE approach to solve the shape optimization problem
of linear elastic continua. Because function spaces will be used in the formulation,
the term KLE is used. This method was inspired by Kayvantash’s approach [13]
introduced above. They used solutions of a nonlinear and time evolution problem
of a solid structure obtained at normal time steps as snapshots used in the POD.
In this study, we consider the process of domain variation in a shape optimization
problem as a nonlinear and time evolution problem of a solid structure, and use the
solutions during iterations as the snapshots in the POD to reduce the order of the
target model. This paper will be dedicated to confirming the effectiveness of this
idea. Thereafter, for simplicity, a volume minimization problem under the mean
compliance constraint of a linear elastic body will be used as a sample problem of
the shape optimization problem.

In the following sections, we use the notation W s,p (Ω;R) to represent the
Sobolev space for the set of real-valued functions defined in Ω, which are s ∈ [0,∞]
times differentiable and p ∈ [1,∞]th-order Lebesgue integrable. Furthermore,
Lp (Ω;R) and Hs (Ω;R) are denoted by W 0,p (Ω;R) and W s,2 (Ω;R), respectively.
In addition, the notation C0,σ (Ω;R) is used to represent the Hölder space with a
Hölder index σ ∈ (0, 1]. In particular, C0,1 (Ω;R) is called the Lipschitz space. For
a common set W s,p (Ω;R) ∩ C0,1 (Ω;R), we use the notation W s,p ∩ C0,1 (Ω;R).
With respect to a Banach space X, we denote its dual space by X ′ and the dual
product of (x, y) ∈ X ×X ′ by ⟨x, y⟩. Specifically, f ′ (x) [y] represents the Fréchet
derivative

〈
f ′ (x) ,y

〉
of f : X → R at x ∈ X with respect to an arbitrary variation

y ∈ X. Additionally, we use the notation ∀ as “for all”, A ·B as the scalar product∑
(i,j)∈{1,...,m}2 aijbij with respect to A = (aij)ij , B = (bij)ij ∈ Rm×m, ∂Ω as

the boundary of Ω, and Ω̄ as Ω ∪ ∂Ω.

2 Formulation of the shape optimization problem

We review a formulation of the shape optimization problem for a volume mini-
mization problem under the mean compliance constraint of a linear elastic body.
Let D be a bounded d ∈ {2, 3}-dimensional domain (open set) being fixed and
large enough, and Ω0 ⊂ D be the initial domain of a linear elastic body. We as-
sume that Ω0 is perturbed by a continuous bijective mapping i + ϕ : Ω0 → Rd

as (i+ ϕ) (Ω0) = { (i+ ϕ) (x) | x ∈ Ω0}, where i represents the identity map-
ping. Because the domain (i+ ϕ) (Ω0) is formed by ϕ, it is denoted by Ω (ϕ).
Similarly, with respect to an initial domain or boundary ( · )0, ( · ) (ϕ) represents
{ (i+ ϕ) (x) | x ∈ ( · )0}. The linear space and admissible set of ϕ are defined as

X =
{
ϕ ∈ H1

(
D;Rd

) ∣∣∣ ϕ = 0Rd on ∂D,

homogeneous Dirichlet boundary conditions for ϕ
}
, (1)

Y = X ∩
(
H2 ∩ C0,1

(
D;Rd

))
, (2)

D =
{
ϕ ∈ Y

∣∣∣ ∥ϕ∥H2∩C0,1(D;Rd) ≤ β
}
, (3)
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where β is a positive constant. The requirement that D should be a compact
set in X, is assured by the condition, H2 (D;R) ⋐ H1 (Ω0;R) obtained from the
Rellich–Kondrachov compact embedding theorem [1, Chapter 9].

For ϕ ∈ D, a linear elastic deformation problem is defined on Ω (ϕ). We assume
that a displacement u : Ω (ϕ) → Rd is fixed to 0Rd on ΓD (ϕ) ⊂ ∂Ω (ϕ), and a
volume force b : D → Rd and a nonzero boundary force pN0 : Γp0 ⊂ ∂Ω (ϕ)\Γ̄D (ϕ)
are given. The linear space and admissible set containing a displacement u are set
to be

U (ϕ) =
{
u ∈ H1

(
Ω (ϕ) ;Rd

) ∣∣∣ u = 0Rd on ΓD (ϕ)
}
, (4)

S (ϕ) = U (ϕ) ∩ C0,1
(
Ω (ϕ) ;Rd

)
, (5)

respectively. Moreover, we use the definitions of bilinear and liner forms:

a (ϕ) (u, v) =

∫
Ω(ϕ)

S (u) ·E (v) dx, (6)

l (ϕ) (v) =

∫
Ω(ϕ)

b · v dx+

∫
Γp0

pN0 · v dγ, (7)

using the notations of strain E (u) =
(
∇u⊤ +

(
∇u⊤)⊤) /2 and stress S (u) =

CE (u) (C denotes the stiffness) to define a linear elasticity problem in the weak
form as follows:

Problem 1 (Linear elasticity problem) For ϕ ∈ D, find u ∈ U (ϕ) such
that

a (ϕ) (u, v) = l (ϕ) (v) ∀v ∈ U (ϕ) . (8)

Using the design variable ϕ and solution u to Problem 1, we set the objective
and constraint cost functions representing the volume and the deflection of mean
compliance from the initial value c1 for Ω0, respectively, as

f0 (ϕ) =

∫
Ω(ϕ)

dx,

f1 (ϕ,u) =

∫
Ω(ϕ)

b · u dx+

∫
Γp0

pN0 · u dγ − c1.

Hereafter, a shape optimization problem minimizing the volume under the mean
compliance constraint is written as follows:

Problem 2 (Volume minimization problem) Assume that the mean cur-
vature of Γp0 is zero, Γp (ϕ) varies as ϕ (Γp0) · ν = 0 in terms of the domain
variation, pN varies with boundary measure [1, Definition 9.4.4] and u on Γp (ϕ)
becomes constant in order to allow the shape gradient based on pN to be neglected
later. Seek Ω (ϕ) satisfying

min
(ϕ,u)∈D×S(ϕ)

{f0 (ϕ) | f1 (ϕ,u) ≤ 0, u solves Problem 1} .
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3 Solution to the shape optimization problem

In this study, we solve Problem 2 by an iteration scheme using the H1 gradient
method. In this solution, the shape derivatives (Fréchet derivatives with respect to
domain variations) of the cost functions are needed. Referring to [1, Section 9.12],
we can confirm that the shape derivatives of f0 (ϕ) and f1 (ϕ,u (ϕ)) = f̃1 (ϕ) are
obtained as

f ′
0 (ϕ) [φ] =

∫
Ω(ϕ)

∇ · φ dx = ⟨g0,φ⟩ ∀φ ∈ X,

f̃ ′
1 (ϕ) [φ] =

∫
Ω(ϕ)

(
GΩ1 ·∇φ⊤ + gΩ1∇ · φ

)
dx = ⟨g1,φ⟩ ∀φ ∈ X,

where

GΩ1 = 2S (u)
(
∇u⊤

)⊤
, gΩ1 = −S (u) ·E (u) + 2b · u.

Hereafter, we denote f̃1 as f1.
When the shape derivatives gr = grk for r ∈ {0, 1} at ϕk ∈ D for iteration

number k ∈ {0, 1, 2, . . .} is obtained, we can find domain variation that minimizes
the cost function fi, respectively, by applying the H1 gradient method for the
domain variation problem as follows:

Problem 3 (H1 gradient method for fr) For a shape derivative grk ∈ X ′

of fr at ϕk ∈ D, find φgr ∈ Y (φgr · ν = 0 is satisfied on Γp (ϕ)) such that

caaX (φgr,ψ) = ca

∫
Ω(ϕk)

S (φ) ·E (ψ) dx = −⟨grk,ψ⟩ ∀ψ ∈ X. (9)

Here, ca is a positive constant to control the magnitude of the domain variation
φgr.

Using φg0 and φg1, a search vector that minimizes f0 satisfying f1 ≤ 0 can be
obtained by

φg = φg0 + λ1φg1. (10)

Here, the Lagrange multiplier λ1 ∈ R for the mean compliance constraint is deter-
mined based on the Karush-Kuhn-Tucker conditions by

λ1 = −⟨g1,φg0⟩
⟨g1,φg1⟩

. (11)

A simple algorithm for solving Problem 2 using the H1 gradient method is
shown below.

Algorithm 1 (Conventional algorithm)

1. Set Ω0, ϕ0 = 0Rd , ca, and k = 0.
2. Obtain uk by solving Problem 1 at ϕk, and compute f0 (ϕk) and f1 (ϕk,uk).
3. Calculate g0 and g1 at ϕk.
4. Use (9) to solve φg0 and φg1 in Problem 3.
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5. Calculate λ1 by (11).
6. Compute φg using (10), set ϕk+1 = ϕk + φg, solve uk+1 in Problem 1 at
ϕk+1, and compute f0 (ϕk+1) and f1 (ϕk+1,uk+1).

7. Assess |f0 (ϕk+1)− f0 (ϕk)| ≤ ϵ0.
– If “Yes,” proceed to 8.
– If “No,” increment k by 1 and return to 3.

8. Stop the algorithm.

In the algorithm, we need to solve Problems 1 and 3. In general, a state deter-
mination problem (Problem 1 in this study) scales up and becomes nonlinear in
actual analysis, while Problem 3 is always a linear problem. Hence, in this study,
we will consider reducing the order of the model in Problem 1 by the KLE.

4 Karhunen-Loève expansion of u

Let n ∈ N be the number of sampling data set by the iteration number k = n in
Algorithm 1, and u0, u1, u2, . . ., and un denote the displacement vectors of linear
elastic bodies defined in Ω0, Ω (ϕ1), Ω (ϕ2), . . ., and Ω (ϕn) obtained in Algorithm
1. In this study, we assume the following stochastic process for displacements:

Assumption 1 (Random variable) Let Ω (ϕn) be a reference domain, and let
ũk = uk ◦ (i+ ϕk) ◦ (i+ ϕn)

−1 (◦ denotes the composite mapping) for k ∈
{0, 1, 2, . . .} denote the displacements uk, for which the domains are transferred
to Ω (ϕn). In this study, ũk for k ∈ {0, 1, 2, . . .} are assumed to be the sampling
data of a stochastic process of the displacement ũ defined in Ω (ϕn).

The Karhunen-Loève expansion of ũ is defined by the expansion

uK =
∑

k∈{0,1,2,...}

αkψk = α⊤Ψ (12)

of orthonormal bases ψk ∈ S (ϕ), which minimize the expected value of the square
of L2

(
Ω (ϕn) ;Rd

)
error norm

e (α,Ψ) = E

∫
Ω(ϕn)

∥∥∥ũ−
∑

k∈{0,1,2,...}

αkψk

∥∥∥2
Rd
dx

 , (13)

where α and Ψ represent (α1, α2, . . .)
⊤ and Ψ = (ψ1,ψ2, . . .), respectively, and

E ( · ) denotes the expected value, and ψk and αk satisfy∫
Ω(ϕn)

ψk · ψl dx = δkl, (14)

αk =

∫
Ω(ϕn)

ũ · ψk dx. (15)
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The symbol δkl represents the Kronecker delta. Equation (13) can be converted as

e (α,Ψ) = E

(∫
Ω(ϕn)

∥ũ∥2Rd dx

)
+ E

 ∑
k∈{0,1,2,...}

α2
k

− 2E

ũ ∑
k∈{0,1,2,...}

αk


= E

(∫
Ω(ϕn)

∥ũ∥2Rd dx

)

− E

 ∑
k∈{0,1,2,...}

∫
Ω(ϕn)

∫
Ω(ϕn)

(ũ (x) · ψk (x)) (ũ (y) · ψk (y)) dxdy


= E

(∫
Ω(ϕn)

∥ũ∥2Rd dx

)
− σ2 (α,Ψ) , (16)

where we used the definitions

σ2 (α,Ψ) =
∑

i∈{0,1,2,...}

E
(
α2
i

)
=

∑
k∈{0,1,2,...}

∫
Ω(ϕn)

∫
Ω(ϕn)

R (x,y) ·
(
ψk (x)ψ

⊤
k (y)

)
dxdy, (17)

R (x,y) = E
(
ũ (x) ũ⊤ (y)

)
. (18)

We notice that the first term on the right-hand side of (16) becomes constant
and that the negative value of the second term, σ2 (α,Ψ), gives the variance of ũ.
The basis ψ that minimizes e (α,Ψ) is determined by the condition that σ2 (u)
becomes maximum. This problem can be written as follows:

Problem 4 (Variance maximization problem) Seek ψ such that

max
ψ∈S(ϕn)

{∫
Ω(ϕn)

∫
Ω(ϕn)

R (x,y) ·
(
ψ (x)ψ⊤ (y)

)
dxdy

∣∣∣∣∣
∫
Ω(ϕn)

ψ · ψ dx = 1

}
.

The condition that the solution of Problem 4 is satisfied is obtained in the
following way. Let us define the Lagrange function of Problem 4 as

LV (ψ, µ) =

∫
Ω(ϕn)

∫
Ω(ϕn)

R (x,y) ·
(
ψ (x)ψ⊤ (y)

)
dxdy

− µ

2

(∫
Ω(ϕn)

ψ · ψ dx− 1

)
, (19)

where −µ/2 is a Lagrange multiplier. The stationary condition with respect to an
arbitrary variation of ψ is given by∫

Ω(ϕn)

∫
Ω(ϕn)

R (x,y) ·
(
ς (x)ψ⊤ (y)

)
dxdy = µ

∫
Ω(ϕn)

ψ · ς dx ∀ς ∈ U (ϕ) .

(20)

Here, µ > 0 can be confirmed from the left-hand side of (20) becomes positive when
ς = ψ. Equation (20) becomes an eigenvalue problem. The normal eigenfunctions
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ψk ∈ S (ϕn) (k ∈ {1, 2, . . .}) give the orthonormal bases of the Karhunen-Loève
expansion. Using the eigenvalues µk, the variance can be given by

σ2 (α,Ψ) =
∑

k∈{1,2,...}

µk. (21)

The eigenvalue problem of (20) and the normalization condition given by the
equality constraint in Problem 4 can be discretized using the standard formulation
of the finite element method.

Let ϕhk = NDϕ̌k ∈ Yh denote the approximate functions of the kth domain
variation for an iteration number k ∈ {0, 1, 2, . . .}, where Yh denotes a linear
subspace of Y defined in (2) spanned by basis functions ND = (nD1, . . . ,nDmD

) ∈
Y mD , ϕ̌k ∈ RmD represents the nodal vector, and mD denotes the number of
variables. For the domain Ω (ϕhk), a solution of the state determination problem
by the finite element method is denoted by uhk = NSkǔk ∈ Uh (ϕhk), where
Uh (ϕhk) denotes a linear subspace of U (ϕhk) spanned by basis functions NSk =
(nSk1, . . . ,nSkmS

) ∈ UmS (ϕhk), ǔk ∈ RmS represents the nodal vector, and mS

denotes the number of variables. In this study, we assume that mS is different from
mD, based on the difference in the boundary conditions or the difference in the
orders of the basis functions as needed. Similarly, the test function is denoted by
vhk = NSkv̌k ∈ Uh (ϕhk).

The simultaneous linear equations for Problem 1 at Ω (ϕhk) are obtained by
substituting ϕhk, uhk, and vhk into ϕ, u, and v in (8), respectively, as

Ǩ
(
ϕ̌k

)
ǔk = p̌

(
ϕ̌k

)
, (22)

where the stiffness matrix and the external force vector are given by

Ǩ
(
ϕ̌k

)
= (a (ϕhk,nSki,nSkj))ij ∈ RmS×mS , (23)

p̌
(
ϕ̌k

)
= (l (ϕhk,nSki))i ∈ RmS . (24)

Using the solution ǔk of (22) for k ∈ {0, 1, 2, . . .}, the approximation func-
tions of ũ (x) in (18) can be constructed using ũhk (x) = NSn (x) ǔk ∈ Uh (ϕhn)
(note that NSn (x) is used instead of NSk (x)). Similarly, the approximation func-
tion of ψ and ς can be constructed using the same basis functions as ψhk (x) =
NSn (x) ψ̌k ∈ Uh (ϕhn) for k ∈ {0, 1, 2, . . .} and ςh (x) = NSn (x) ς̌ ∈ Uh (ϕhn),
respectively. Substituting them into (20), the finite element formulation of the
eigenvalue problem of (20) becomes

(
M̌Ř

)
·
(
M̌ψ̌k ς̌

⊤
)
= µk

(
M̌ψ̌k

)
· ς̌ ∀ς̌ ∈ RmS , (25)

where

Ř = E
(
ǔ ǔ⊤

)
= Ř⊤ ∈ RmS×mS , (26)

M̌ =

∫
Ω(ϕhn)

N⊤
Sn (x)NSn (x) dx = M̌⊤ ∈ RmS×mS . (27)
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Then, by adding the finite element formulation of the equality constraint in Prob-
lem 4 as the normalization condition, we can formulate the eigenvalue problem
with respect to the eigenpairs

(
µk, ψ̌k

)
for k ∈ {1, 2, . . .} by

ŘM̌ψ̌k = µkψ̌k, (28)

ψ̌k ·
(
M̌ψ̌k

)
= 1. (29)

In this formula, it is important to note that the domain Ω (ϕhn) is fixed and
M̌ becomes constant. Thus, ψ̌k and other vectors with ˇ( · ) are independent of the
domain variation.

5 Solution to Problem 1 by KLE

In the last section, the basic formulation of the KLE for the approximate function
ũh of the random variable ũ defined in Assumption 1 was presented. In this section,
KLE is used to solve the shape optimization problem.

In this study, we assume that ǔk for k ∈ {0, 1, . . . , n} (n ≪ mS) are the known
nodal displacement vectors given by the conventional method of Algorithm 1. On
applying the values, we assume that the Ř in (26) is evaluated as

Ř = Ř⊤ = ǓǓ⊤ ∈ RmS×mS , Ǔ =
(
ǔ0 ǔ1 · · · ǔn

)
∈ RmS×(n+1). (30)

Here, the rank of Ř is n + 1. The eigenvalues are denoted by µ1 ≥ µ2 ≥ · · · ≥
µn+1 ≥ 0 = µn+2 = · · · = µmS . On the other hand, when we use

Ǎ = Ǎ⊤ = Ǔ⊤M̌Ǔ (31)

instead of Ř in (30), we obtain the following eigenvalue problem in which the
eigenvalues µk for k ∈ {1, 2, . . . , n+ 1} are in accordance with those in (28) when
Ř in (30) is used.

Problem 5 (Eigenvalue problem for KLE) Using Ǎ defined in (31), find the
eigenpairs (µk,ρk) ∈ R× Rn+1 for k ∈ {1, 2, . . . , n+ 1} such that

Ǎρk = µkρk, (32)

ρk · ρk = 1. (33)

Whether the eigenvalues µk for k ∈ {1, 2, . . . , n+ 1} when solving Problem 5
are in accordance with those in (28) when Ř in (30) is used, can be confirmed as
follows: By multiplying Ǔ from the left on both sides of (32) and applying

ψ̌k =
Ǔρk√
µk

, (34)

we obtain (28). Moreover, using (34) in (33), (29) can be obtained. Because the
order n+ 1 of the matrix Ǎ is small, it is easy to solve Problem 5. In this study,
we propose using the ψ̌k obtained by (34) as the approximate orthogonal bases of
the KLE.
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Moreover, selecting a sufficiently small positive number ϵµ, we determine nµ

such that µ1 ≥ µ2 ≥ . . . ≥ µnµ ≥ ϵµ. Because ψ̌k (k ∈ {1, . . . , nµ}) become or-
thonormal bases in RmS , we approximate the unknown nodal displacement vector
ǔ in (22) by

ǔϵ =
(
ψ̌1 ψ̌2 · · · ψ̌nµ

)
ξ = Pϵξ, (35)

where ξ ∈ Rnµ represents a coordinate value in the linear subspace of RmS spanned
by
(
ψ̌1, ψ̌2, . . . , ψ̌nµ

)
. Using the transformation in (22), we have an approximate

problem of the state determination problem as follows:

Problem 6 (State determination problem by model order reduction)
Using Pϵ defined in (35), solve ξ for k > n from

Kϵ

(
ϕ̌k

)
ξ = pϵ

(
ϕ̌k

)
, (36)

where

Kϵ

(
ϕ̌k

)
= P⊤

ϵ Ǩ
(
ϕ̌k

)
Pϵ, (37)

pϵ
(
ϕ̌k

)
= P⊤

ϵ p̌
(
ϕ̌k

)
. (38)

Equation (36) is nµ-dimensional simultaneous linear equations and is easy to
solve. Substituting the solution ξ in (36) for (35), we have an approximate solution
ǔϵ of ǔ.

In this study, we propose to change Algorithm 1 as follows: Here, the no-
tations for the finite element approximation are used for the domain variation
ϕhk = NDǔk and for the solutions uhk = NSkǔk and uhϵ = NSkǔϵ of the state
determination problems.

Algorithm 2 (Model order reduction using KLE)

1. Set Ω0, ϕh0 = 0Rd , ca, nS, ϵS, ϵ0, and k = 0.
2. Obtain ǔk by solving Problem 1 at ϕhk, and compute f0 (ϕhk) and f1 (ϕhk,uhk).
3. Calculate g0 and g1 at ϕhk.
4. Use (9) to solve φ̌g0 and φ̌g1 in Problem 3.
5. Calculate λ1 by (11).
6. Compute φ̌g using (10), set ϕ̌k+1 = ϕ̌k + φ̌g, solve ǔk+1 in Problem 1 at
ϕh(k+1), and compute f0

(
ϕh(k+1)

)
and f1

(
ϕh(k+1),uh(k+1)

)
.

7. Assess
∣∣f0 (ϕh(k+1)

)
− f0 (ϕhk)

∣∣ ≤ ϵ0.
– If “Yes,” proceed to 17.
– If “No” and k + 1 < n, increment k by 1 and return to 3.
– If “No” and k + 1 ≥ n, increment k by 1 and proceed to 8.

8. Construct Ǎ in (31), and obtain
(
µ2
k,ρk

)
∈ R×Rn+1 for k ∈ {1, 2, . . . , n+ 1}

solving Problem 5.
9. Calculate ψ̌k in (34), construct Pϵ in (35), compute Kϵ

(
ϕ̌k

)
and pϵ

(
ϕ̌k

)
, and

obtain ξ solving Problem 6.
10. Use (35) to obtain ǔϵ and compute f0 (ϕhk) and f1 (ϕhk,uhϵk).
11. Using ǔϵ, calculate g0 and g1 at ϕhk.
12. Use (9) to solve φ̌g0 and φ̌g1.
13. Calculate λ1 by (11).
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Fig. 1 Initial finite element model.

(a) Conventional method (b) Model order reduction by KLE

Fig. 2 Optimized finite element models.

Table 1 Eigenvalues.

j µj j µj

1 17.7866315878 6 2.43238578844e−06
2 0.195052889966 7 4.05430770376e−07
3 0.00639808648465 8 2.45385940982e−07
4 0.00035713691731 9 3.00144093288e−07
5 2.23980100297e−05 10 3.34903055677e−07

14. Compute φ̌g using (10), set ϕ̌k+1 = ϕ̌k + φ̌g, reconstruct Kϵ

(
ϕ̌k+1

)
and

pϵ
(
ϕ̌k+1

)
using Pϵ constructed in 7, and obtain ξ solving Problem 6.

15. Use (35) to obtain ǔϵ, and compute f0
(
ϕh(k+1)

)
and f1

(
ϕh(k+1),uhϵ(k+1)

)
.

16. Assess
∣∣f0 (ϕh(k+1)

)
− f0 (ϕhk)

∣∣ ≤ ϵ0.
– If “Yes,” proceed to 17.
– If “No,” increment k by 1 and return to 11.

17. Stop the algorithm.

6 Numerical example

We developed a program to solve Problem 2 using Algorithm 2. To solve the linear
elasticity problem (Problem 1) by the conventional method, a program in a general-
purpose finite element analysis (Optistruct, Versin 13.0, Altair) was employed. The
conventional shape variations φg0 and φg1 using theH

1 gradient method (Problem
3) were calculated using a program developed by the authors. Problems 5 and 6
were calculated using NumPy in Python. In this study, to reduce the computational
time, the matrix M̌ defined in (27) was replaced by the unit matrix.
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Fig. 3 Iteration histories of cost functions.

Using the developed program, a shape optimization problem for the three-
dimensional connecting rod model, as shown in Fig. 1 was solved. In the linear
elasticity problem (Problem 1), we assume that ΓD0 is given by the inner boundary
of the cylindrical hole, Γp0 is set by the right-end plane, and pN is a uniformly
distributed compression force in the reverse direction to the normal. In the H1

gradient method (Problem 3), we assume that Γp0 is completely restricted, ΓD0

is constrained except in the x1 direction, the left-end plane is constrained in the
normal direction, and the left and right center line in the left end plane is fixed
in the x1 direction. The finite element model, which was used to solve Problems
1 and 3, was constructed with the first order tetrahedron elements of 70,586 and
nodes of 15,738.

First, we obtained the optimized shape using the conventional method (Algo-
rithm 1). The shape at k = 29 is illustrated in Fig. 2 (a). The iteration histories
of the cost functions are shown in Fig. 3 with dotted lines. In contrast, setting
n = 9, we obtained the result of Table 1 by solving Problem 5. From the result,
by setting ϵ = 10−5, we selected nµ = 4, and calculated the shape updating by
solving Problem 6 for the linear elasticity problem from k = 10 to k = 29. Figure
2 (b) and the solid lines in Fig. 3 show the shape and the iteration histories of the
cost functions applying the model order reduction.

From the comparison between the results in Fig. 2, it is confirmed that a similar
optimized shape using the conventional method is obtained by the model order
reduction except in the neighborhood of Γp0. The iteration histories of the cost
functions in Fig. 3 show a good match from k = 10 to k = 23, while a difference
is observed after k = 24. This is because a local domain variation of the swelling
occurred around the boundary of Γp0, which was completely restricted in the
domain variation. From the result, a local domain variation such as the variation
around the Γp0 boundary, could not be followed by the finite element model with
the reduced order. The total computational time by the model order reduction
was 8.99 s, while that by the conventional method was 10.19 s. From the results,
12 % of the computational time was saved by model order reduction.

7 Summary

In this study, a method to reduce the computational time for solving shape opti-
mization problems was presented using the model order reduction by Karhunen-
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Loève expansion (KLE) to solve the state determination problems using the finite
element method. A volume minimization problem under the mean compliance con-
straint of a linear elastic body is used to explain the basic idea of the method.
In the conventional shape optimization approach using the H1 gradient method,
an iterative algorithm is used to update the shape of the domain. In several steps
of the conventional scheme, we can obtain several displacements for the different
domains. The basic idea of the present study is to use the displacements (solutions
of the state determination problems) as sampling vectors of a stochastic process
in the linear elastic body (Assumption 1), and formulate a variance maximization
problem (Problem 4). As the optimality condition of the problem, an eigenvalue
problem (Problem 5) is obtained. The eigenvectors are used to construct an ap-
proximation model of the reduced order as the orthonormal bases in the transfor-
mation. In the proposed algorithm, after several steps of the conventional shape
optimization scheme, we switch the linear elasticity problem to the approximation
problem. The feasibility of the proposed method was illustrated by a numerical
analysis using a three-dimensional linear elastic body of the connecting rod type.
From the result, it can be confirmed that the model order reduction reduced com-
putational time, and a difference in shapes was observed in the domain affected by
the boundary condition. In this study, the state determination problem is linear
and is easy to solve. When the state determination problem is replaced with a
nonlinear problem and it takes time to solve the problem, it is expected that the
computational time reduction rate will increase by using the proposed method.
The application of this method to nonlinear problems remains for future work.
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