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Abstract The power spectrum of concentration fluctuation
of high Schmidt number dye (Sc ' 2.9× 103) was mea-
sured in a liquid phase axisymmetric turbulent jet at the jet
Reynolds number of 2.0×104. We used the optical fiber LIF
probe which has a spatial resolution of 2.8 µm and a work-
ing distance of 140 µm. It is confirmed that the probe can
achieve high signal-to-noise ratio by using high concentra-
tion dye, which enabled us to examine the spectral shape
almost up to the Batchelor scale for the present experimen-
tal condition. The measured power spectrum captures the
transition from the inertial-convective range to the viscous-
convective range at around kηK = 0.03 (ηK : Kolmogorov
scale). The k−1 scaling law for the power spectrum almost
holds in the viscous-convective range. However, the spec-
trum does not perfectly follow the k−1 scaling but has a
small bump in the range. It is also shown that the small
scale concentration fluctuation largely contribute to the r.m.s
value of concentration fluctuation.
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1 Introduction

Turbulent scalar mixing is widely seen in the natural envi-
ronment and industrials. One of the important factors af-
fecting the properties of scalar mixing in turbulent flow is
Schmidt number, Sc. Schmidt number is defined as the ratio
of kinematic viscosity to the molecular diffusion coefficient
of the diffusive scalar. In turbulent flow, the Kolmogorov
scale, ηK and the Batchelor scale, ηB characterize the small-
est scales for velocity and scalar fluctuation, respectively.
These scales are related through Schmidt number as

ηB = Sc−1/2
ηK . (1)

For high Schmidt number scalar mixing, therefore, Batch-
elor scale becomes smaller than the Kolmogorov scale.
This is particularly pronounced in the liquid phase where
Schmidt number is the order of 102 ∼ 103.

For high Schmidt number scalar mixing in turbulent
flows, the viscous-convective range exits between the Kol-
mogorov scale and the Batchelor scale where the viscosity
being important but not the diffusivity. In the range, it is pre-
dicted that the power spectrum of scalar fluctuation is pro-
portional to k−1 (Batchelor 1959). Here k is the wavenum-
ber. Verification of the prediction has been attempted by
previous studies. Although, especially in numerical simula-
tions, evidence have been accumulated that show the validity
of the k−1 scaling (e.g. Donzis et. al. 2010), some laboratory
experiments do not support the k−1 scaling (e.g. Miller &
Dimotakis 1996). To clarify the condition under which the
k−1 scaling law holds, further experiments are still needed.

In order to measure concentration fluctuation in turbu-
lent flows, LIF (Laser Induced Fluorescence) method is of-
ten used. The LIF method is considered to be effective
for the measurement of a fine scale scalar fluctuation be-
cause it can realize sub-millimeter order measurement reso-
lution without disturbing the flow by focusing the laser light
with a lens. Some researchers measured scalar fluctuation
with spatial resolution of several tens of micrometers (e.g.,
Miller & Dimotakis 1996, Lavertu et al. 2008). However,
as the measurement volumes were small, the signal-to-noise
ratio (SNR) became worse and the measurement of high
wavenumber range with small concentration fluctuation in-
tensity could not be conducted accurately.

In this study, in order to investigate the validity of the
k−1 scaling law in the viscous-convective range, we im-
proved the optical fiber LIF probe originally developed by
Takeichi et al. (2014) and measured the power spectrum
of high Schmidt number scalar in the axisymmetric turbu-
lent jet with a spatial resolution comparable to the Batchelor
scale.

Fig. 1 Schematic of the OFLIF probe. Insets show the microscope im-
age of the fiber tip in Rhodamine 6G solution and the laser intensity
profile at the focal spot.

2 The OFLIF probe

Figure 1 shows a schematic of the optical fiber LIF (OFLIF)
probe used in this study. The basic structure of the probe
is the same as that of Takeichi et al. (2014) where the two
lensed optical fibers are used for focusing the laser beam
and for collecting fluorescence from the focal spot, respec-
tively. In addition, both probes are used to measure fluores-
cence from Rhodamine 6G excited by a 532 nm CW laser.
However, the properties of the present probe are greatly im-
proved from those of Takeichi et al. (2014). Firstly, the spa-
tial resolution of the present probe is much higher than that
of Takeichi et al. (2014). For the present probe, the single-
mode fiber is used instead of the multi-mode fiber. This en-
ables the laser beam to be focused into a very small spot.
Inset of Fig.1 shows the laser intensity profile at the focal
spot measured by the knife-edge technique in water. The
profile is well represented by a Gaussian distribution with
a 1/e2 width of 2.8 µm, which is about 20 times smaller
than that of Takeichi et al. (2014). The analysis of the micro-
scope images also confirms that the secondary fluorescence
out of the focal spot accounted for less than 6 % to the total
fluorescence. The fluorescence from the focal spot is col-
lected by another identical single-mode fiber, resulting in a
spatial resolution of about 2.8 µm. Secondary, the working
distance of the present lensed fiber is smaller than that of
Takeichi et al. (2014). They covered the entire optical fiber
with a steel tube of 1 mm diameter and designed the work-
ing distance to be 400 µm. For the present probe, the optical
fiber with conical tips is used without coating (i.e. 125 µm
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in diameter) for minimizing its effect on the flow field. This
allows us to use a smaller working distance of 140 µm. At
such a short working distance, the power of the laser beam is
hardly attenuated by the absorption by the dye, and we can
use higher concentration dye. This contributes to improv-
ing the SNR without using high power laser which causes
the photobleaching problem. The optical fiber is fixed di-
rectly to the tapered metal fiber support with adhesive. The
metal supports are fixed on the metal base via the small mir-
ror mount with an angle of 90 degrees between them. The
effect of the metal supports, mirror mounts and base plate
on the flow in the vicinity of the focal spot was checked by
the PIV velocity measurement (Dantec dynamic studio). It
was confirmed that the effect on the mean velocity is less
than 1 % and the effect on the velocity power spectrum is
also small (see Fig. 3). As the effect of the fiber tips on the
flow at the focal spot cannot be experimentally checked in
our laboratory equipment, a numerical simulation was con-
ducted with OpenFOAM. It was found that the effect is less
than 3 % for mean velocity at the focal spot for the present
experimental condition. From the calibration experiment, it
was found that the linear relationship between the dye con-
centration and the output of the PMT holds up to about 15
µmol/L which is about 3 times larger than that of Takeichi
et al. (2014). This is consistent with the fact that the working
distance of their probe is 2.9 times longer than the present
one.

3 Experimental setup

The dye concentration fluctuation measurement was con-
ducted in a liquid phase axisymmetric turbulent jet using
the OFLIF probe. Figure 2 shows the schematic of the water
tank used in this study. The rectangular water tank (2,060
mm long by 680 mm width by 670 mm high) was used and
the water level was set to 640 mm. The axisymmetric shape
nozzle which has inner diameter D of 6.0 mm at the exit
is connected to a straight pipe with an inner diameter of 17
mm and a length of 400 mm. The center of the nozzle was
located 320 mm above the bottom of the tank and 100 mm
from the front wall. The experiment was conducted at the
jet Reynolds number ReD = 2.0× 104 which is the same
as in Takeichi et al. (2014). Here, the jet Reynolds num-
ber is defined as ReD = U0D/ν (U0: jet exit bulk velocity).
For the present flow condition, the PIV measurement con-
firms that the mean streamwise velocity on the jet axis de-
cays in proportion to (x− x0)

−1 (x: distance from the noz-
zle exit, x0: virtual origin) with a decay rate of 0.181 and
the relative fluctuation intensities of streamwise velocity is
0.255±0.008 in the range of 40 5 x/D 5 120. Both of them
are typical values for axisymmetric jets. The initial concen-
tration of Rhodamine 6G at the nozzle exit C0 was set to
4 cases (C0 = 1,10,100,1000 µmol/L). The temperature of

Fig. 2 Schematic of the water tank.

the water in the tank was 19.7± 0.3 ◦C and Schmidt num-
ber of the dye was about 2.9× 103 at the temperature. The
measurements were conducted at x = 100D on the jet axis.
The power of the laser beam at the focal spot was set to 12
mW which ensures that the effect of photobleaching is less
than 1 % for the present experimental condition. The fluo-
rescence collected by the fiber passes the high pass optical
filter to cut the scattered excitation laser and then enters the
PMT (Hamamatsu photonics H7422-40). The output of the
PMT was recorded by the 16 bit AD converter via the ana-
log low pass filter with a cut off frequency of 100 kHz. The
sampling frequency is 200 kHz and the sampling number
was set to 221 points. The data logging was started about 2 s
after the jet front passes the measurement point and stopped
before the jet reaches the end wall of the water tank. Here,
2 s corresponds to about 8 times of the characteristic large
scale time calculated from the jet half width and the mean
velocity on the jet axis at x/D = 100. Therefore, it would be
reasonable to assume that the measurements were conducted
for a fully-developed (i.e. statistically steady) turbulent jet,
although the jet front moves more slowly than the mean ve-
locity in the fully-developed jet. In fact, we confirmed that
there is no clear trend in the measured time-series (in terms
of amplitude and frequency), which supports the assump-
tion. The measurement was conducted three times for each
initial dye concentration C0 and the water in the tank was
replaced with a clean one for each experiment. For all ini-
tial concentration cases, the identical linear fitting curve was
used to convert the output signal from the PMT to the con-
centration signal.

4 Results and discussion

Figure 3 shows the measured one dimensional power spec-
trum of concentration fluctuation Ec. The figure also shows
the power spectrum of streamwise velocity fluctuation Eu
measured with and without the OFLIF probe. The Taylor’s
frozen turbulent hypothesis is used to convert frequency to
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wavenumber in streamwise direction k. The power spectrum
Ec is normalized by initial dye concentration at the jet exit
C0 to show the effect of initial concentration clearly. The
power spectrum Eu is normalized by the initial jet velocity
U0 in the same way. (The two velocity power spectra col-
lapse well. This means that the effect of the probe on the
turbulent flow field is small.) The Kolmogorov wavenum-
ber kK ≡ 1/ηK , the Batchelor wavenumber kB ≡ 1/ηB, and
the wavenumber corresponds to the spatial resolution of the
OFLIF probe kr ≡ 1/(laser spot diameter: 2.8 µm) are shown
in the figure. The Kolmogorov microscale ηK is defined as(
ν3/ε

)1/4, where ε is the energy dissipation rate. In the
present study, it is difficult to directly measure ε because
the spatial resolution of the present PIV system was not
enough. Therefore, the value of ε is inferred from the fol-
lowing empirical formula with a coefficient Aε of 48 (Friehe
et al. 1972):

ε = Aε

U0
3

D

(
x− x0

D

)−4

, (2)

where x0 is estimated as 3.92D from the PIV measurement
in the present study. This empirical formula gives ηK = 142
µm and ηB = 2.6 µm at the measurement location (x/D =

100). At the wavenumber kr, the amplitude of concentration
fluctuation is attenuated by about 3 % due to spatial averag-
ing within the focal spot. From the figure, all spectra show
white noise at the highest wavenumber regions. The ratios
of the white noise level are almost proportional to the re-
ciprocal of initial concentration C0, which clearly shows the
advantage of using high concentration dye to achieving high
SNR. On the other hand, for all concentration cases except
for C0 = 1000 µmol/L, the spectra collapse well at other
wavenumber regions. From this result, it is found that the
present OFLIF probe can accurately measure the dye con-
centration spectrum under high concentration conditions at
least up to C0 = 100 µmol/L. This result is not contradicting
with the fact that the linearity of the calibration curve holds
only up to 15 µmol/L, because the instantaneous concentra-
tion does not exceed 15 µmol/L at the downstream region
of the jet. It should be noted here that in previous jet exper-
iments (e.g. Miller & Dimotakis 1996, Lavertu et al. 2008)
with the conventional LIF method, the initial concentrations
were set to lower than C0 = 1 µmol/L to avoid the effect
of laser absorption by the dye in the light path. This means
that the present OFLIF probe can achieve a 100 times higher
dynamic range than the conventional LIF method. Under
the present experimental condition, the highest wavenum-
ber free from shot noise (indicated by the blue circle: ten
times higher than white noise level) reaches about half of the
Batchelor wavenumber kB for the case of C0 = 100 µmol/L.
It should be also noted that Takeichi et al. (2014) set C0 = 10
µmol/L for their experiments although their probe can be
used for higher concentration conditions. This is because
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Fig. 3 Power spectrum of concentration fluctuation and streamwise
velocity fluctuation.

the focal spot size of their probe is much larger than the
present one and the SNR at the resolvable scale was high
enough, even when the low concentration dye was used. On
the other hand, for high spatial resolution measurement like
the present study, it is of great importance to increase SNR
by using high concentration dye.

From the figure, it can be seen that power spectrum of
concentration fluctuation has the k−1 scaling range below
kK . This seems to support the scaling theory in the viscous-
convective range. The details of the spectral shape in the
viscous-convective range will be discussed later in the pre-
multiplied form (Fig.5). It is also found that the power spec-
tra of concentration fluctuation and velocity fluctuation al-
most collapse around k ∼ 100 1/m, where the slopes of the
spectra are steeper than −1. This means that the measured
spectrum captures the transition from the inertial-convective
range to the viscous-convective range, although the slope
of the spectrum in the inertial-convective range is moder-
ate compared to the theoretical value (= −5/3). Since the
Reynolds number based on the Taylor microscale is esti-
mated as Reλ ' 1.4Re1/2

D = 198 for the present experimen-
tal condition (Dowling & Dimotakis 1990), width of the in-
ertial range of the velocity spectrum is narrow. Therefore,
the overlap of the viscous-convective range on the inertial-
convective range makes the slope in the range more mod-
erate than −5/3. By considering the focal spot size of the
laser beam in Takeichi et al. (2014) is about 20 times of the
present one, it can be expected that their experiment also
captures k−1 scaling range. However, their result does not
show it. This means that not only the higher spatial resolu-
tion, but also the improvement of the probe geometry sub-
stantially contributed the measurement accuracy.

Figure 4 shows the probability density function (PDF) of
measured concentration c. The concentration signals were
low-pass filtered before calculating PDF to avoid distortion
of PDF by contamination of white noise. The wavenumber
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Fig. 4 Probability density function of concentration.

at which the spectrum has 10 times larger value than the
white noise (indicated by blue circles in Fig. 3) was selected
as the cut off wave number. It is found that the PDFs collapse
well except for the highest concentration case. The numer-
ical value of mean concentration C and r.m.s. of concentra-
tion fluctuation c′ normalized by C0 are shown in the figure.
These values are calculated from the low-passed data. For
the case of C0 = 1000 µmol/L, both C/C0 and c′/C0 have
smaller values than those of lower concentration cases due
to laser absorption by the dye in the light path. Regarding the
choice of the initial concentration C0, it is worth mentioning
the well-known scaling law for scalar mixing in axisymmet-
ric turbulent jets. Dahm & Dimotakis (1990) showed that the
mean concentration C scales as C/C0 =(5.4±0.14)(x/D)−1

on the jet axis. Thus C = 0.054C0 at the measurement loca-
tion (x/D= 100), which is consistent with the present result.
Figure 4 also confirms the maximum of c is about 0.1C0 at
the measurement location. To ensure c < 15 µmol/L this
therefore requires C0 < 150 µmol/L. That requirement is
in fact met for the three lower C0 values, but not for the
highest C0 value. Since all cut off wavenumbers locate in
the viscous-diffusive range (= exponential fall-off region in
Fig. 3), the difference in c′/C0 are not clearly observed for
1≤C0 ≤ 100 µmol/L. However, it should be noted that rel-
ative fluctuation intensity c′/C for 1 ≤C0 ≤ 100 µmol/L is
0.33, which is significantly larger than the reported exper-
imental values for high Schmidt number axisymmetric jets
with comparable Reynolds numbers (0.23 by Miller & Di-
motakis 1996, 0.25 by Lavertu et al. 2008). This discrepancy
is due to the fact that the present measurement can mea-
sure small scale scalar fluctuations in the viscous-convective
range more accurately than the previous measurements.

Finally, the premultiplied power spectrum is shown in
Fig. 5. The reason of using the premultiplied form is to see
the contribution of the viscous-convective range to the mea-
sured r.m.s. value and to investigate the validity of k−1 scal-
ing more rigorously. In the figure, the spectrum is the aver-
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Fig. 5 Premultiplied power spectrum of concentration fluctuation.

aged value for 1≤C0 ≤ 100 µmol/L and the horizontal axes
are normalized by ηB or ηK .

At first, the contribution of the viscous-convective range
to the measured r.m.s. value is estimated. In the figure, the
model spectrum proportional to k−5/3 is shown as a dashed
line. The k−5/3 are shown as k−2/3 in the figure, because it
is multiplied by k. The level of the model spectrum is set to
cross the peak point of the measured power spectrum. In the
figure, the yellow shaded area corresponds to the contribu-
tion from the viscous-convective and the viscous-diffusive
range, and the gray shaded area is from the integral scale
range and the inertial-convective range. Noted that equal ar-
eas under the curve correspond to equal power when pre-
multiplied power spectrum is presented on linear-log axes.
The ratios of the gray and yellow shaded area to the total
shaded area are 56 % and 44 %, respectively. The relative
fluctuation intensity comes from the integral scale range and
the inertial-convective range is 0.33×

√
0.56 = 0.25, which

corresponds to the relative fluctuation intensities of stream-
wise velocity and scalar with Schmidt number of unity or-
der (e.g. Dowling & Dimotakis 1990). The experiment of
Dahm & Dimotakis (1990) on the high Schmidt number ax-
isymmetric jet shows that the relative fluctuation intensity
of concentration increase with increasing resolution (i.e. in-
creasing downstream distance of measurement location) and
reaches 0.3 at their highest resolution (Fig.6 in their paper).
This also suggests that the spatial resolution could largely
affect the measured r.m.s. value of concentration fluctua-
tion for high Schmidt number case. However, note that the
present value of the relative fluctuation intensity of concen-
tration (= 0.33) is not the universal. The value is expected to
approach that of velocity with increasing Reynolds number
for a fixed Schmidt number, because the width of the iner-
tial range increase with Reynolds number and the relative
contribution from the viscous-convective range decrease.

Let us now examine the spectral shape of the viscous-
convective range in more detail. In the premultiplied spec-
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trum the k−1 scaling corresponds to a constant level. Look-
ing at the figure crudely, the constant level region starts from
kηK ∼ 0.03. This is consistent with the results of the labora-
tory measurement of reaction product fluctuation in a sphere
wake (Gibson et al. 1970) and the ocean measurement of
temperature fluctuation (Grant et al. 1968) which show the
transition from the inertial-convective range to the viscous-
convective range occurs around kηK = 0.03. (Note that these
results imply that the true smallest scales for velocity and
scalar fluctuations are up to a factor of 10 larger than the
strict Kolmogorov and Batchelor scale definitions.) How-
ever, the present spectrum has a slope slightly milder than
−1 at kηK > 0.03 and has a small bump around kηB = 0.01
rather than perfectly following the k−1 scaling. We can con-
firm similar bumps in recent DNS at Reλ = 140 (Clay 2017).
At the highest Sc case in his simulation (Sc = 512), there
exists a clear bump in the premultiplied spectrum whereas
being not confirmed at lower Sc case (Sc = 4). To clarify
whether the bump in the viscous-convective range is the uni-
versal feature or not, it is needed to conducting the experi-
ments at higher Reynolds numbers and in other flow fields
such as grid turbulence or shear flows. Even for these experi-
ments, the present OFLIF probe is a promising measurement
instrument.

5 Conclusion

In this study, the power spectrum of concentration fluctu-
ation of high Schmidt number dye (Rhodamine 6G, Sc '
2.9× 103) in a liquid phase axisymmetric turbulent jet was
measured at the jet Reynolds number of 2.0× 104. The
Batchelor length scale were about 2.6 µm at the measure-
ment location (x/D = 100). We used the optical fiber LIF
probe which has a spatial resolution of 2.8 µm and a work-
ing distance of 140 µm. Because of the small working dis-
tance, the initial concentration of the dye could be set to 100
µmol/L and the highest wavenumber free from shot noise
in the power spectrum reached about half of the Batchelor
wavenumber. The result showed that the measured power
spectrum captures the transition from the inertial-convective
range to the viscous-convective range at around kηK = 0.03
and the k−1 scaling law for the power spectrum almost
holds in the viscous-convective range. However, the spec-
trum does not perfectly follow the k−1 scaling but has a
small bump in the range, The r.m.s value of concentration
fluctuation was significantly larger than those of previous
experiments conducted under similar experimental condi-
tions. The premultiplied spectrum indicated that this is due
to the contribution from the small scale which might not be
resolved in the previous experiments.
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