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Abstract

While most practical programs deal with data values such as ID, timestamp
and probability, classical computational models cannot handle data values well.
Adding an ability of processing data values to a computational model makes the
model Turing equivalent, and many properties become undecidable easily even
if only very simple operations to data values are allowed. Register automata
(RA) are an extension of finite automata that have a finite number of registers
for storing data values from an input word. RA compares the contents of its
registers with the current input data value to determine the next transition and
is known to have mild powers of processing data values. Register context-free
grammars (RCFG), register pushdown automata (RPDA), register tree automata
(RTA) and register pushdown systems (RPDS) are extensions of their classical
counterparts to handle data values in a restricted way. These models are regarded
as models for processing query languages for structured documents such as XML
with data values.

The purpose of this dissertation is to build a theoretical foundation for han-
dling programs and databases with data values. To this aim, this dissertation
investigates the properties of register models in the following three parts.

• We investigate these models with respect to the complexities of funda-
mental decision problems such as membership and emptiness. We further
generalize RCFG with reference to guard conditions of production rules.

• We apply these models to software verification. We show the forward regu-
larity preservation property for RPDS and provide an algorithm for linear
temporal logic (LTL) model checking.

• We investigate realizability problems for the cases that a specification and
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an implementation are given by a pair of pushdown automaton (PDA)
and pushdown transducer (PDT), and a pair of RPDA and register PDT
(RPDT). Because the pushdown stack is useful for representing recursive
programs, these problems are important in the field of reactive synthesis of
recursive programs.

First, we show the computational complexity of the basic decision problems
for RCFG, RPDA, RTA and their subclasses. For example, the membership and
emptiness problems for RCFG are EXPTIME-complete, and the membership
problem for the ε-rule free RCFG and the growing RCFG is PSPACE-complete
and NP-complete, respectively. Furthermore, we define a generalized RCFG
(GRCFG) where an arbitrary binary relation is allowed in guards. Although the
membership and emptiness problems for GRCFG are undecidable in general, we
show that these decidabilities are recovered under two properties of simulation
and progress.

Secondly, we show the forward regularity preservation property for RPDS. This
property implies the decidability of the forward reachability problem for RPDS.
We prove this property by presenting a saturation algorithm that constructs an
RA Apost such that L(Apost) = post∗

P(L(A)) from a given RA A and RPDS P ,
where post∗

P is the forward image of the mapping induced by P . In addition, we
propose algorithms for the LTL model checking problem for RPDS with proper
labelings of atomic propositions to configurations. These algorithms are useful
for a broader range of software verification such as interprocedural data flow
analysis and malware detection.

Finally, we investigate the realizability problems for register pushdown models.
The realizability problem for a given specification S is to decide whether there
exists an implementation satisfying S. Although the problem is important, the
problem has not been studied yet when pushdown computational models give
specification and implementation. We investigate the realizability problem for
the cases that a specification and an implementation are given by a pair of a
PDA and a pushdown transducer (PDT), and a pair of an RPDA and a register
PDT (RPDT). We show the problem is solvable in EXPTIME if specification
and implementation are given by deterministic PDA and PDT, solvable in 2-
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EXPTIME if they are given by deterministic visibly RPDA and RPDT, and
undecidable if the specification is nondeterministic PDA or RPDA.

Through this research, we have developed a computational theory for the ap-
plication of register models. These results can be applied to various fields of
software engineering, such as verification and synthesis because these studies
allow us to handle recursive programs with data values in a formal way.
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Background

An extension of finite automata by adding the ability to process infinite data
values, such as two counter machine, easily becomes Turing machine-equivalent.
There have been active studies on defining computational models adding mild
powers of processing data values to classical models. The decidability of basic
problems and the closure properties have been investigated for first-order and
monadic second-order logics with data equality, linear temporal logic with freeze
quantifier [25] and register automata [41]. Register automata (abbreviated as
RA) are a natural extension of finite automata incorporating registers that store
data values from input and test the equality of data values between input and
registers.

Recently, RA has been investigated actively as a computational model of a
query language for structured documents such as XML. A query on a structured
document can be specified as the combination of a regular pattern and a condition
on data values [46, 48]. For query processing and optimization, the decidability of
membership and emptiness (hopefully in polynomial time) is necessary as follows.
The membership problem asks whether an element e is in the answer set of a
query q where the answer must be returned. The emptiness problem asks whether
the answer set of a given query is nonempty, where the query can be considered
to be redundant or meaningless if there is no answer. The membership and
emptiness problems for RA are decidable [41] and the computational complexities
are [25, 59].

While RA are sufficient for expressing regular patterns on paths of a tree or a
graph, it cannot represent tree patterns (or patterns over branching paths). Reg-
ister context-free grammars (RCFG) and register pushdown automata (RPDA)
[20] are extensions of classical context-free grammars (CFG) and pushdown au-
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tomata (PDA), respectively, for expressing tree patterns. As operational models,
RA are extended to tree automata over an infinite alphabet [42, 61]. We call the
latter register tree automata (abbreviated as RTA). The membership and empti-
ness problems of RCFG and RPDA are decidable [20] as well as the equivalence
of RCFG and RPDA in their language expressive powers and the closure prop-
erties. The computational complexities of the above decision problems are yet
to be shown. RCFG, RPDA and RTA can perform only the equality test of data
values between input and registers. This is not sufficient when we apply these
register models to software construction.

There have been studies on extending traditional models having recursive con-
trol structures by adding registers. A pushdown system (PDS) is a pushdown
automaton (PDA) without input, which is useful for the abstraction of recur-
sive programs [13, 72]. For pushdown register systems (PDRS) extended with
registers, the backward-reachability of PDRS has been shown to be EXPTIME-
complete [50]. However, forward-reachability has not been proved yet. In addi-
tion, mathematically plausible properties of RPDS including the decidability of
reachability, have not been applied to model checking recursive programs against
general classes of temporal properties such as linear temporal logic (LTL).

For software synthesis, register transducer (RT) is defined as an extension
of the finite transducer, and they are used for representing an implementa-
tion (namely, a target model of the synthesis) of the realizability problems
[28, 31, 43, 44]. The realizability problem for a given specification S is to de-
cide whether there exists an implementation satisfying S. This problem is also
important in the field of reactive synthesis of recursive programs. However, the
decidability and computational complexities of realizability problems for push-
down and register pushdown models are not studied yet.
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Overview

This thesis consists of three parts: (1) The definitions of RCFG, RPDA and RTA,
followed by the complexity results on the basic problems for these models and a
generalization of RCFG (Part II, Chapters 1 to 4). (2) Software verification of
register-equipped models (Part III, Chapters 5 and 6). (3) Software synthesis of
PDA and RPDA (Part IV, Chapter 7).

Since many abbreviations of register models appear in this dissertation, we
summarize them in Figure 1 for convenience.

Figure 1: List of register models, abbrebiations and relations. The allow “equiv-
alent” means that two models are conscructable each other in polynomial time.

Part II
Though RCFG, RPDA and RTA are useful computational models for handling

stack and tree structure with data values, their complexities of membership and
emptiness problems are not known yet. In Part II, we analyze the computational
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complexities of these models as Table 1. These results are useful to obtain a
computational complexity of more complicated problems we want to solve, such
as database queries, model checking and software synthesis with RCFG, RPDA
and RTA. Also, for extending range of applications, we expand the definition of
guard condition defined as the Boolean combination of the equality check, to the
check of an arbitrary relation (such as the total order on numbers). As a result,
we prove that the emptiness and membership problems are still decidable if we
check other relations, which satisfy simulation and progress properties.

In Chapter 1, we give an alternative definition of RCFG equivalent to the
original definition of RCFG [20] but suitable for modeling a query language as
discussed in recent studies on RA [48, 47]. In a derivation of a k-RCFG, k data
values are associated with each occurrence of a nonterminal symbol (called an
assignment) where a production rule is applied only when the guard condition
of the rule is satisfied, where a guard condition is a Boolean combination of the
equality check between an input data value and the data value in a register.
We introduce subclasses of RCFG, including ε-rule free RCFG, growing RCFG,
and RCFG with bounded registers. We show that these subclasses have good
computational properties in Chapter 2 (see Table 1).

In Chapter 2, we present the computational complexities of membership and
emptiness problems for RCFG and subclasses of them.

In Chapter 3, we define an RPDA, RTA and subclasses of RPDA and prove
their complexities as shown in Table 1.

Table 1: Complexity results on RCFG, RPDA and RTA (Xc means X-complete)

ε-rule free
RCFG

growing
RCFG

general
RCFG/RPDA

non-decreasing
RPDA

growing
RPDA

RCFG/RPDA
with

bounded regs RTA
Membership EXPTIMEc PSPACEc NPc in P NPc
Emptiness EXPTIMEc EXPTIMEc EXPTIMEc in P EXPTIMEc

In Chapter 4, we show that ε-removal is possible for RCFG and then we pro-



9

pose a generalization of RCFG. Beyond theoretical interest, ε-removability is
useful because the membership problem for ε-rule free RCFG is PSPACEc while
that for general RCFG is EXPTIMEc (see Table 1). In order to remove ε-rules,
we introduce a notion called register type, which is the quotient of the contents
of registers by the equivalence classes induced by the equality relation among
data values. In the latter part of the chapter, we reconsider the definition of
guard condition, which is defined as the Boolean combination of the equality
check in Chapter 1. If we allow the check of an arbitrary relation (such as the
total order on numbers), basic problems including membership and emptiness
become undecidable in general. By considering this fact, we extend the above
mentioned register type for an arbitrary relation and then we introduce two prop-
erties, namely, simulation and progress, which guarantee that membership and
emptiness are decidable. Finally, we prove that the emptiness and membership
problems are decidable and ε-removal is possible for generalized RCFG (GRCFG)
that have both the simulation and progress properties, and these problems be-
come undecidable when either of the properties is missed.

Part III
As a background to explain the contents of Chapter 5, we introduce the regular-

ity preservation property and overview the background of the study. For a map-
ping T on languages, if we can construct an automaton AT from a given automa-
ton A such that L(AT ) = T (L(A)), then we say that T effectively preserves regu-
larity. It is well-known that PDS effectively preserves regularity. More precisely,
a PDS P induces two mappings on the set IDP of instantaneous descriptions
(abbreviated as ID): For L ⊆ IDP , preP(L) = {c ∈ IDP | ∃c′ ∈ L : c⇒P c′} and
postP(L) = {c ∈ IDP | ∃c′ ∈ L : c′ ⇒P c}. Let pre∗

P and post∗
P be the reflexive

transitive closures of preP and postP (as relations), respectively. Both pre∗
P and

post∗
P effectively preserve regularity.

In [50], pushdown register systems (PDRS) are introduced as an extension
of PDS that can keep data values in the registers and the stack. For PDRS,
the saturation algorithm for pre∗ was given and the reachability problem was
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shown to be EXPTIME-complete in [50]. However, the regularity preservation
property for post∗

P is yet to be discussed. Note that the regularity preservation
property for pre∗

P does not always imply the property for post∗
P for a given P in

general. Beyond theoretical interest, the property for post∗
P can apply to practical

problems such as malware detection. (We will show such an example in Chapter
5.)

In Chapter 5, we first define register pushdown systems (abbreviated as RPDS),
which are equivalent to PDRS, by using an equivalence relation as the guard
condition of a transition rule. As we mentioned before, a guard condition is a
partial specification of equality and disequality among the contents of registers
and an input data value. In this chapter, the guard conditions of a transition
rule of an RPDS and an RA are arbitrary equivalence relations over registers,
before and after the transition, and an input data value. This does not change
the expressive power because the equivalence relations in the guard conditions
correspond to the normal form rules with respect to the register type discussed
in Chapter 4. This eases our algorithm of post∗ (and pre∗), which constructs a
transition rule of RA that simulates consecutive transitions of RPDS and RA
by composing the guard conditions of the applied rules. (This algorithm is an
extension of the method for proving the regularity preservation property of PDS
using P-automaton [29].) As a corollary, we show that the joinability of regular
sets generated by RPDS is decidable. We apply this to malware analysis by using
the algorithm.

In Chapter 6, we present model checking register pushdown systems (RPDS)
by Linear Temporal Logic (LTL). Since RPDS can represent recursive programs
with data values using registers and stack, LTL model checking with RPDS can
apply to practical verification problems. We show the problem is decidable and
investigate its computational complexity. We define Backward-deterministic RA
and Büchi RPDS (BRPDS) as related classes of RA and RPDS, respectively. A
Backward-deterministic RA is used to define regular valuation for the chapter.
The LTL model checking problem for RPDS asks whether every run of P reach-
able from a start configuration c0 satisfies an LTL formula φ under a valuation
Λ. We show the decidability of the LTL model checking problem for RPDS with



11

simple valuations and with regular valuations. In the case of simple valuations,
we reduce the model checking problem to the membership problem for RA. The
size of the constructed RA is exponential to the input size of the problem and
the problem is shown to be EXPTIME-complete. The problem with regular
valuation is EXPTIME-complete by reducing the problem to simple valuation.

Part IV
Though stack structure is necessary to represent many practical programs, the

theoretical properties of software synthesis, such as decidability of realizability
problem, with using pushdown models have not been known well yet. In Chapter
7, we investigate the realizability problem that a specification and an implemen-
tation are given by a PDA and a pushdown transducer (PDT), respectively. Then
we further investigate the problem between an RPDA and a register pushdown
transducer (RPDT). PDT is regarded as a model of a recursive program that
emits outputs according to the inputs given from its environment.

The main difficulties to solve the realizability problem here come from the fact
that the class of languages recognized by nondeterministic PDA (NPDA) (i.e.,
context-free languages) does not have the closure properties under the inter-
section. For these difficulties, this chapter mainly considers deterministic PDA
(DPDA). (Note that, PDT is deterministic by definition.) We show that the
realizability problem for DPDA is decidable and the problem is undecidable for
NPDA. The former is proved by the well-known property that the (two-players
zero-sum parity) pushdown game is decidable and a winning strategy of the game
can be constructed as a PDT [72]. For the realizability problem for RPDA and
register PDT (RPDT), we reduce the problem for DRPDA to the problem for
DPDA. In this reduction, we convert a given DRPDA to a DPDA that recognizes
the projection onto the finite alphabet of the language recognized by the DR-
PDA. For this purpose, we assume that a given DPDA is visible with reference
to the guard condition inherited from the DRPDA as well as stack operations
(see [5] for the visibility of stack operation). Under these assumptions, we show
that the realizability problem is decidable for visibly DRPDA and RPDT.
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Related work

Early studies on query optimization and static analysis for structured documents
used traditional formalizations such as the tree automata, the two-variable logic
and the linear temporal logic. Data values associated with documents have been
neglected. Later, richer formalizations have been developed so that data value
in structured documents can be handled, automata (register automata, pebble
automata, data automata) and logics (two-variable logics with data equality,
LTL with freeze quantifier). We list these formalizations in view of handling
structured documents with data values as follows.

Formalizations for data languages

Register automata: Register automata (RA) were first introduced in [41] as finite-
memory automata. The membership and emptiness problems of RA are decid-
able, and closed under the operation of union, concatenation and Kleene-star but
not closed under complementation. The computational complexity of member-
ship and emptiness problems were analyzed in [59, 25]. Both language equiva-
lence and language inclusion problems are undecidable in general [55], whereas for
the deterministic RA the problems are decidable in P and PSPACE-complete,
respectively [51]. The classical Myhill-Nerode congruence is extended to data
languages in [17, 71].

Register context-free grammars and register pushdown automata: Extensions by
adding registers are also done for PDA [22, 50, 66] and context-free grammar
[20, 63, 64], called register pushdown automaton (RPDA) and register context-
free grammar (RCFG), respectively. In [20], the equivalence of the two models as
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well as the decidability results and closure properties similar to RA were shown.
RPDA is a natural model for recursive programs with data values, while RCFG
has an advantage such that explicit representation of pushdown stack is not
needed. For other extensions of PDA and verification of them, see [67, 73, 58].

LTL with freeze quantifier: Linear temporal logic (LTL) was extended to LTL↓
with freeze quantifier [26, 25]. A data value is bound with a variable in a formula
and is referred to later in the scope of a freeze quantifier of that variable. The
relationship among subclasses of LTL↓ and RA as well as the decidability and
complexity of the satisfiability (nonemptiness) problems are investigated [25].
Especially, they showed that the emptiness problem for (both nondeterministic
and deterministic) RA is PSPACE-complete.

Two-variable logics with data equality: First-order logic (FO) and monadic second-
order logic (MSO) are major logics for finite model theory. It is known that two-
variable FO2(<,+1) is decidable and corresponds to Core XPath where < is the
ancestor-descendant relation and +1 is the parent-child relation. The logic was
extended to those with data equality. It was shown in [10] that FO2(∼, <,+1)
with data equality ∼ is decidable on data words. Note that FO2(∼, <,+1) is
incomparable with LTL↓ of [25]. Also, it was shown in [9] that FO2(∼,+1) and
existential MSO2(∼,+1) are decidable on unranked data trees.

Other automata for data words: There are extensions of automata to deal with
data in a restricted way other than RA, namely, data automata [15] and pebble
automata (PA) [55]. It is desirable for a query language to have an efficient
data complexity for the membership problem. Libkin and Vrgoč [48] argue that
register automata (RA) are the only model that have this property among the
above-mentioned formalisms and adopts RA as the core computational model of
their queries on graphs with data. Neven [55] considers variations of RA and
PA, whether they are one way or two ways, deterministic, nondeterministic or
alternating, shows inclusion and separation relationships among these automata,
FO(∼, <) and EMSO(∼, <), and gives the answer to some open problems includ-
ing the undecidability of the universality problem for RA. Other extensions of
RA are found in [11, 19, 24, 12]. Nominal automaton [11] is an extension of finite
automaton by using nominal sets, which are infinite sets having finite orbits of
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group actions and equivariant functions among them.

Applications
In this dissertation, we investigate decision procedures for fundamental prop-

erties of the register models along with their computational complexities. These
results are useful for analyzing complexities of concrete algorithms when these
register models are applied to database queries, software verification and synthe-
sis, language learning, etc. We propose concrete algorithms for model checking
and software synthesis of the register models, extending the algorithms for non-
register cases. In the following, we introduce some studies of applications relevant
to the results of this dissertation.

Tree automata and data XPath: In [42], tree automata over infinite alphabets
are introduced as a natural extension of RA. We call them register tree automata
(RTA) in this paper. They showed that the membership and emptiness problems
for RTA are decidable and the universality and inclusion problems are undecid-
able, and also showed that a data language L is generated by an RCFG if and only
if there is an RTA that accepts a data tree language whose yield is L. However,
the complexity of those decidable problems was not shown. In connection with
XPath, we introduce top-down tree automata for data trees called alternating
tree register automata (ATRA) [39] corresponding to forward XPath. We show
the decidability of the emptiness problems for these classes. While RTA works on
ranked data trees, ATRA works on unranked data trees. Later, [32, 33] extended
ATRA so that (1) they guess a data value to store in a register, and also (2) they
universally quantify the data values encountered in a given run; the emptiness
problem of the extended ATRA was shown decidable as well-structured transi-
tion systems. Also, bottom-up tree automata for unranked data trees, which
correspond to vertical XPath were introduced and its emptiness problem was
shown decidable in [34]. Since XML documents are modeled as unranked trees,
ATRA is regarded as a better model for answering queries by XPath than RTA.
However, the complexity of the emptiness problem of ATRA is not elementary
and an appropriate subclass would be needed for practical applications.
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Regularity preservation of PDS: Regularity preservation property of PDS was
shown by Büchi in 1964 (also see [35]). Later, this property of PDS was widely
used for PDS model-checking, one of the most successful approaches to infinite-
state model-checking [72, 13, 29]. For example, PDS model-checking was applied
to security verification of stack inspection as a security enforcement mechanism
in Java runtime environment [30, 56]. This property was also studied for term
rewrite systems (TRS), where a tree language L is regular if there is a (finite-
state) tree automaton that recognizes L. Some subclasses of TRS have been
shown to effectively preserve (forward) regularity, such as right-linear monadic
(RL-M) [60], linear semi-monadic (L-SM)[23], linear generalized semi-monadic
(L-GSM)[36], right-linear semi-monadic (RL-SM)[54] and right-linear finite path
overlapping (RL-FPO)[68]. There are proper inclusions among these subclasses:
RL-M ∪ L-SM ⊂ RL-SM, L-SM ⊂ L-GSM, RL-SM ∪ L-GSM ⊂ RL-FPO.

Application to infinite model checking: The infinity of data sets causes difficulty
in analyzing programs that deal with data values. In previous studies such
as [3, 58, 14], this problem was solved by a computational model with finite
elements. In [3], a pushdown automaton with gap-order constraints is defined,
which can check whether data values in two registers have a gap larger than a
given natural number or not, and the reachability of the model with such gap
constraints is shown decidable. [58] introduces an extension of PDS, which can
encode global and local variables as well as call and return of a procedure and
create unboundedly many objects. They also showed such creation of objects
can be simulated by a finite set of natural numbers. The reachability problem
of multithreaded PDS dealing with pointer values is addressed in [14] and shown
to be decidable on the assumptions of bounded depth heap and finite context
switch. Multi-pushdown models with data values have been also studied under
certain constraints (e.g., on context switch) [12, 2]. However, none of these
studies discusses the computational complexity only the reachability, i.e., runs
(or traces) of finite length has been investigated.

Reactive synthesis: Studies on reactive synthesis originated in the 1960s and
have been one of central topics in formal methods [21]. Among them, Büchi
and Landweber [16] showed EXPTIME-completeness of the problem when a
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specification is given by a finite ω-automaton (a finite automaton on infinite
words). Pnueli and Rosner [57] showed 2EXPTIME-completeness of the problem
when an LTL formula gives a specification. We can find an excellent tutorial and
survey of the previous studies on the synthesis problem in [8]. The standard
approach to the problem is as follows. Assume that, for example, a specification
is given as a deterministic ω-automaton A. We convert A to a tree automaton
(or equivalently, a parity game) B by separating the input and output streams.
Then, we test whether L(B) ̸= ∅ (or equivalently, there is a winning strategy
for the player I in B). The answer to the problem is affirmative if and only if
L(B) ̸= ∅, and any t ∈ L(B) (or any winning strategy for B) is an implementation
of the specification.

Realizability for RA: When considering the realizability for RA, the difficulty is
to identify the number of registers needed for implementing the specification,
i.e., the number of registers of RT. If the upper bound of the registers of RT is
not given as an input, the realizability problem is undecidable for both nonde-
terministic and universal RA [31]. If the upper bound of the registers is a priori
known, the problem (called the bounded realizability problem) is shown to be de-
cidable in EXPTIME for universal RA [43]. In [31], it is shown that the bounded
realizability problem remains undecidable for nondeterministic RA (NRA) and
becomes decidable in 2EXPTIME for a subclass called test-free NRA.

Learning algorithms for data languages: Active automata learning was first stud-
ied by Angluin in 1987 (see [7]) and has been extended for various models includ-
ing register-equipped ones. Howar et al. [37] present a learning algorithm for
register automata by adapting the Nerode relation of data languages. A tool for
learning register automata is also constructed, called “LearnLib” [38, 49]. Aarts
et al. [1] extend this study to register automata with output to generate fresh
output values. Vaandrager [70] introduces an application of register automata
learning to system-modeling. An et al. [6] present an algorithm for learning
deterministic one-clock timed automata under continuous-time semantics. Mo-
erman et al. [53] construct an algorithm to learn nominal automata. Drews
et al. [27] present an algorithm to learn symbolic finite automata (s-FA) and
investigate a condition of s-FA that the learning algorithm is applicable.





Part II

Computational Results and
Generalization
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Outline of Part II

• In Chapter 1, we introduce some notions such as data value, register, guard
expression and data word and define RCFG and its subclasses, ε-rule free
RCFG and growing RCFG.

• We show the computational complexity of the basic decision problems for
RCFG and their subclasses in Chapter 2, and the computational complexity
of problems for RTA, RPDA and their subclasses in Chapter 3. For exam-
ple, the membership and emptiness problems for RCFG are EXPTIME-
complete and the membership problem for ε-rule free RCFG and growing
RCFG becomes PSPACE-complete and NP-complete, respectively.

• In Chapter 4, we define generalized RCFG (GRCFG) where an arbitrary
binary relation can be specified in the guard condition. Since the basic
decision problems are shown to be undecidable in general, we introduce
two properties of GRCFG, simulation and progress, which guarantee the
decidability of these problems.
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Chapter 1 Basic definitions

A register context-free grammar (abbreviated as RCFG) was introduced in [20]
as a grammar over an infinite alphabet. We will mainly discuss the properties of
RCFG in Part I. In this chapter, we define RCFG as a grammar over the product
of a finite alphabet and an infinite set of data values, following recent notions
[48, 47]. Note that these differences are not essential.

1.1 Preliminaries
Let N = {1, 2, . . .} and N0 = {0} ∪ N. We assume an infinite set D of data

values as well as a finite alphabet Σ. For a given k ∈ N0 specifying the number
of registers, a mapping θ : [k] → D is called an assignment (of data values
to k registers) where [k] = {1, 2, . . . , k}. We assume that a data value ⊥ ∈
D is designated as the initial value of a register, and an assignment θ⊥ is the
assignment that assigns the initial value ⊥ to every register. Let Θk denote the
class of assignments to k registers. For θ, θ′ ∈ Θk, we write θ′ = θ[i ← d] if
θ′(i) = d and θ′(j) = θ(j) (j ̸= i).

Let Fk denote the set of guard expressions over k registers defined by the
following syntax rules:

ψ := tt | x=
i | ψ ∨ ψ | ¬ψ

where xi ∈ {x1, . . . , xk}. Let ff, x ̸=
i and ψ1 ∧ ψ2 denote ¬tt,¬x=

i ,¬(¬ψ1 ∨ ¬ψ2),
respectively. The description length of guard expression ψ is defined as

∥ψ∥ =



1 if ψ = tt ,
1 + log k if ψ = x=

i ,
1 + ∥ψ1∥+ ∥ψ2∥ if ψ = ψ1 ∨ ψ2,
1 + ∥ψ1∥ if ψ = ¬ ψ1.
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For d ∈ D and θ ∈ Θk, the satisfaction of ψ ∈ Fk by (θ, d) is recursively defined
as follows. Intuitively, d is a current data value in the input, θ is a current
assignment, θ, d |= x=

i means that the data value assigned to the i-th register by
θ is equal to d and θ, d |= x ̸=

i means they are different.

• θ, d |= tt

• θ, d |= x=
i iff θ(i) = d

• θ, d |= ψ1 ∨ ψ2 iff θ, d |= ψ1 or θ, d |= ψ2

• θ, d |= ¬ψ iff θ, d ̸|= ψ

where θ, d ̸|= ψ holds iff θ, d |= ψ does not hold.
For a finite alphabet Σ and a set D of data values disjoint from Σ, a data word

over Σ×D is a finite sequence of elements of Σ×D and a subset of (Σ×D)∗ is
called a data language over Σ×D. For a data word w = (a1, d1)(a2, d2) . . . (an, dn),
a1a2 . . . an is the label of w and d1d2 . . . dn is the data part of w. |β| denotes the
cardinality of β if β is a set and the length of β if β is a finite sequence.

1.2 Register Context-Free Grammars
Let Σ be a finite alphabet, D be a set of data values such that Σ∩D = ∅ and

k ∈ N. A k-register context-free grammar (k-RCFG) is a triple G = (V,R, S)
where

• V is a finite set of nonterminal symbols (abbreviated as nonterminals)
where V ∩ (Σ ∪D) = ∅,

• R is a finite set of production rules (abbreviated as rules) having either of
the following forms:

(A,ψ, i)→ α, (A,ψ)→ α

where A ∈ V , ψ ∈ Fk, i ∈ [k] and α ∈ (V ∪ (Σ× [k]))∗; we call (A,ψ, i) (or
(A,ψ)) the left-hand side and α the right-hand side of the rule, and,

• S ∈ V is the start symbol.
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A rule whose right-hand side is ε is an ε-rule and a rule whose right-hand side
is a single nonterminal symbol is a unit rule. If R contains no ε-rule, G is
called ε-rule free. If R contains neither ε-rule nor unit rule, G is called growing.
The description length of a k-RCFG G = (V,R, S) is defined as ∥G∥ = |V | +
|R|max{(|α|+ 1)(log |V |+ log k) + ∥ψ∥ | (A,ψ, i)→ α ∈ R or (A,ψ)→ α ∈ R},
where ∥ψ∥ is the description length of ψ. In this definition, we assume that
the description length of α ∈ (V ∪ (Σ× [k]))∗ is |α|(log |V | + log k) because the
description length of each element of α is O(log |V | + log k) bits if we consider
|Σ| is a constant. Since the description length of the left-hand side of a rule
(A,ψ, i)→ α is log |V |+∥ψ∥+ log k, we let the description length of this rule be
(|α|+ 1)(log |V |+ log k) + ∥ψ∥. We assume k ≤ ∥G∥ without loss of generality.

We define ⇒G as the smallest relation containing the instantiations of rules
in R and closed under the context as follows. For A ∈ V , θ ∈ Θk and X ∈
((V ×Θk)∪ (Σ×D))∗, we say (A, θ) directly derives X, written as (A, θ)⇒G X

if there exist d ∈ D (regarded as an input data value) and (A,ψ, i)→ c1 . . . cn ∈ R
(resp. (A,ψ)→ c1 . . . cn ∈ R) such that

θ, d |= ψ, X = c′
1 . . . c

′
n, θ′ = θ[i← d] (resp. θ′ = θ) where

c′
j =

 (B, θ′) if cj = B ∈ V ,
(b, θ′(l)) if cj = (b, l) ∈ Σ× [k].

For X,Y ∈ ((V ×Θk)∪(Σ×D))∗, we also write X ⇒G Y if there are X1, X2, X3 ∈
((V×Θk)∪(Σ×D))∗ such thatX = X1(A, θ)X2, Y = X1X3X2 and (A, θ)⇒G X3.

Let ∗⇒G and +⇒G be the reflexive transitive closure and the transitive closure
of ⇒G, respectively, meaning the derivation of zero or more steps (resp. the
derivation of one or more steps). We abbreviate ⇒G, ∗⇒G and +⇒G as ⇒, ∗⇒ and
+⇒ if G is clear from the context.

Fig.1.1 shows an example of a direct derivation from (S, θ⊥) using (S, tt, 1)→
A(a, 1)B. In the figure, d1 is an arbitrary data value in D and θ1 = θ⊥[1← d1],
because the guard of the rule is tt.

We let
L(G) = {w | (S, θ⊥) +⇒ w ∈ (Σ×D)∗}.

L(G) is called the data language generated by G. For example, if G is a 1-
RCFG having two rules (S, tt, 1) → (a, 1)S(a, 1) and (S, tt, 1) → ε, L(G) =
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Figure 1.1: An example of derivation from (S, θ⊥) using (S, tt, 1)→ A(a, 1)B)

{(a, d1) . . . (a, dn)(a, dn) . . . (a, d1) | n ≥ 0}.
0-RCFG coincide with classical context-free grammars and we call a 0-RCFG

a context-free grammar (CFG).

Example 1.2.1. For a CFG G, it is well-known that if L(G) ̸= ∅, then there
exists a derivation tree of some word w ∈ L(G) whose height is O(∥G∥). How-
ever, this property does not hold for RCFG. Consider the following k-RCFG
G = (V,R, S), which satisfies L(G) = {(a,⊥)}. While ∥G∥ = O(k log k), the
height of the derivation tree of (a,⊥) is Ω(2k).

V = {A(i,b) | 1 ≤ i ≤ k, b ∈ {0, 1}}

∪ {B(i,b) | 1 ≤ i < k, b ∈ {0, 1}},

S = A(1,0),

and R consists of the following rules:

(A(k,0), tt)→ (a, k),

and for 1 ≤ i < k,

(A(i,0), x
=
k ∧ x=

i )→ B(i,0),

(A(i,1), x
=
k ∧ x

̸=
i )→ B(i,1),

(B(i,0), x
̸=
k , i)→ A(1,0) | A(1,1),

(B(i,1), x
=
k , i)→ A(i+1,0) | A(i+1,1).

The derivation of G from (S, θ⊥) to (a,⊥) simulates a (k − 1)-bit binary
counter. We consider that the ith bit of the binary counter is “0” (resp. “1”) if the
value of ith register is ⊥ (resp. not ⊥). The derivation keeps the value of the kth
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register being ⊥. For 1 ≤ i < k and b ∈ {0, 1}, derivation (A(i,b), θ)⇒G (B(i,b), θ)
can exist if only if the ith bit of the binary counter represented by θ equals b. Af-
ter this derivation, the ith bit is flipped by the derivation from (B(i,b), θ), and it
derives (A(j,0), θ

′) and (A(j,1), θ
′) where θ′ is the updated assignment, and j = i+1

if “the carry to the next bit” exists, and j = 1 otherwise. Because (A(k,0), θ) for
some θ (and (a,⊥)) can be derived only when every bit of the binary counter be-
comes “1”, the derivation from (S, θ⊥) to (a,⊥) must pass through the elements
of {A(1,0), A(1,1)} ×Θk 2k−1 times.

Theorem 1.2.1. For an arbitrary k-RCFG G = (V,R, S), we can construct an
equivalent (k + 1)-RCFG G′ = (V ′, R′, S ′) such that R′ has no rule of the form
(A,ψ)→ α.

Proof We construct G′ by using the (k + 1)th register as dummy:

• V ′ = V , S ′ = S,

• R′ = {(A,ψ, i)→ α | (A,ψ, i)→ α ∈ R or ((A,ψ)→ α ∈ R ∧ i = k + 1)}.
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Chapter 2 The Complexities of
RCFG

In this chapter, we will show some results about properties of RCFG, including
its complexities of membership and emptiness problems.

2.1 Basic Properties of RCFG
The following properties of RCFG were first shown in [20]. We fix a finite

alphabet Σ and a set D of data values.

Proposition 2.1.1. Let G be an RCFG and D′ ⊆ D be a finite set. We can
construct a CFG G′ from G and D′ that satisfies L(G′) = L(G) ∩ (Σ×D′)∗.

Proof Let G = (V,R, S) be a k-RCFG and D′ be a finite subset of D. We
construct a CFG G′ = (V ′, R′, S ′) from G and D′ as follows. A nonterminal of
G′ is a nonterminal of G with k data values that represent a register assignment.
The rules of G′ are constructed accordingly. Note that whether a rule can be
applied does not depend on data values themselves but depends on the equality
among the data values given as an input or assigned to registers. By this fact,
if |D′| ≥ k + 1, then it suffices to consider data values in D′ to simulate the
derivations of G. Otherwise, i.e., |D′| ≤ k, we need k + 1 different data values
including those in D′.

• V ′ = V × D′′k where D′′ = D′ if |D′| ≥ k + 1 and D′′ is a set such that
D′′ ⊇ D′, and |D′′| = k + 1 otherwise. Note that we can consider an
assignment θ in Θk to be a k-tuple over D, i.e. an element of Dk, and thus
V ′ ⊆ V ×Θk.

• R′ = {(A, θ)→ X | (A, θ) ∈ V ′, X ∈ (V ′ ∪ (Σ×D′))∗, and (A, θ)⇒G X}.
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• S ′ = (S,⊥).

We can show by induction on the length of derivations that for any X ∈ (V ′ ∪
(Σ × D′))∗, S ′ ∗⇒G′ X if and only if (S,⊥) ∗⇒G X. This establishes L(G′) =
L(G) ∩ (Σ×D′)∗.

Proposition 2.1.2. If a k-RCFG G generates a data word of length n, G gen-
erates a data word of length n that contains at most k + 1 different data values.

Proof Let G = (V,R, S) be a k-RCFG and w ∈ L(G) with |w| = n. Also, let
d1, . . . , dk+1 ∈ D be arbitrary data values that are mutually different and contain
⊥. Consider a direct derivation of G:

(A, θ)⇒G X

where A ∈ V , θ ∈ Θk, X ∈ ((V ×Θk) ∪ (Σ×D))∗ and θ(j) ∈ {d1, . . . , dk+1} for
every j (1 ≤ j ≤ k). We alter the direct derivation as follows: Assume that an
applied rule is (A,ψ, i) → α and the content of i-th register of θ is updated as
d, i.e., the register assignment appearing in X is θ′ = θ[i ← d]. Let θ′′ be the
register assignment as follows:

• If there is j with 1 ≤ j ≤ k and j ̸= i such that θ(j) = d, let θ′′ = θ′.

• Otherwise, there is a data value d′ ∈ {d1, . . . , dk+1} such that θ(j) ̸= d′ for
every j (1 ≤ j ≤ k). Let θ′′ = θ[i← d′].

Let X ′ be obtained from X by replacing every θ′ in X with θ′′. Then, (A, θ)⇒G

X ′ with X ′ containing at most k+1 different data values. For a given derivation
(S,⊥) ∗⇒G w, by starting with (S,⊥) and repeating the above transformation to
each direct derivation in (S,⊥) ∗⇒G w, we obtain a desired derivation (S,⊥) ∗⇒G

w′ with |w′| = n and at most k + 1 different data values.

Proposition 2.1.3. The membership problem for RCFG is decidable.

Proposition 2.1.4. The emptiness problem for RCFG is decidable.

Proposition 2.1.5. The class of data languages generated by RCFG are closed
under union, concatenation and Kleene-star.
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2.2 Upper Bounds
Lemma 2.2.1. For the CFG G′ constructed from a given k-RCFG G and a
finite set D′ ⊆ D of data values by the construction of Proposition 2.1.1, we
have ∥G′∥ ∈ O(∥G∥ · |D′′|k+1k) where D′′ is a subset of data values defined in the
proof of Proposition 2.1.1.

Proof Let G = (V,R, S) be a k-RCFG and D′ ⊆ D be a finite subset of data
values. The following properties hold on the size of the CFG G′ = (V ′, R′, S ′)
constructed in the proof of Proposition 2.1.1.

|V ′| = |V ×D′′k| ∈ O(∥G∥ · |D′′|k).

|R′| ≤ |R| · |D′′|k.

∥R′∥ = |R′|max{(|X|+ 1)(log |V |+ k log |D′′|+ log |D′|) | (A, θ)→ X ∈ R′}

∈ O(∥G∥ · |D′′|k · k log |D′′|).

∥S ′∥ ∈ O(1).

Hence, ∥G′∥ ∈ O(∥G∥ · |D′′|k+1k) holds.

2.2.1 Membership problems for general, ε-rule free and

growing RCFG

Lemma 2.2.2. The membership problem for RCFG is decidable in EXPTIME.

Proof Assume we are given a k-RCFGG and a data word w = (a1, d1) . . . (an, dn)
as an input. Consider the CFG G′ such that L(G) ∩ (Σ× {d1, . . . , dn})∗, which
is constructed in the proof of Proposition 2.1.3. By Lemma 2.2.1, ∥G′∥ ∈
O(∥G∥ck+1k) where c = max{|w|, k + 1}. Since the membership problem for
CFG is decidable in deterministic polynomial time [62], the problem w ∈ L(G)
for k-RCFG G is decidable in deterministic time exponential to k.

Lemma 2.2.3. The membership problem for ε-rule free RCFG is decidable in
PSPACE.

Proof Let G = (V,R, S) be an ε-rule free k-RCFG. Because G is ε-rule free,
for any α such that S ∗⇒G α

∗⇒G w, |α| ≤ |w| holds. and the space needed for
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representing α is at most ∥G∥ · k(log c) · |w| where c = max{|w|, k + 1}. We can
check whether w ∈ L(G) by nondeterministically guessing a derivation from S

to w and checking step by step whether S ∗⇒G w in polynomial space in ∥G∥,
|w|, and k.

Lemma 2.2.4. The membership problem for growing RCFG is decidable in NP.

Proof Let G = (V,R, S) be a growing k-RCFG. Because G is a growing
RCFG, for any α, α′ such that S ∗⇒G α ⇒G α′, |α| < |α′| holds. Therefore we
can check whether w ∈ L(G) by nondeterministically guessing a derivation from
S to w, where the length of derivation is less than |w|, and checking step by step
whether S ∗⇒G w in nondeterministical polynomial time in ∥G∥, |w|, and k.

2.2.2 Emptiness problem

Lemma 2.2.5. The emptiness problem for RCFG is decidable in EXPTIME.

Proof Let G be a k-RCFG and Dk = {d1, ..., dk+1} ⊆ D. Assume that we
construct the CFG G′ from G and Dk such that L(G) ∩ (Σ×Dk)∗ according to
the proof of Proposition 2.1.1. By Lemma 2.2.1, ∥G′∥ ∈ O(∥G∥ · |Dk|k+1k) holds.
Because the emptiness problem for CFG is decidable in linear time, the problem
of L(G) = ∅ for a k-RCFG is decidable in deterministic time exponential to k.

2.2.3 RCFG with bounded registers

Theorem 2.2.1. The membership problem and emptiness problem for RCFG
with bounded registers are in P. The data complexity of the membership problem
for general RCFG is in P.

Proof Let G be a k-RCFG over Σ and D and G′ be the CFG constructed
as in the proof of Proposition 2.1.1 from G and a finite set D′ ⊆ D. Then
∥G′∥ = O(∥G∥ · |D′′|k+1k) holds by Lemma 2.2.1. If k is a constant independent
of the choice of G, then ∥G′∥ is a polynomial of ∥G∥ and |D′′|. Hence, by Lemma
2.2.2 and Lemma 2.2.5, both of the membership problem and the emptiness
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problem for RCFG with bounded registers are in P. By the same reason, the
data complexity of the membership problem for general RCFG is in P.

2.3 Lower Bounds

2.3.1 Membership problems for general, ε-rule free and

growing RCFG

Before showing proofs, we give a definition of alternating Turing machine,
which will be used to prove Theorem 2.3.1.

Definition 2.3.1. An alternating Turing machine [18, 62] (abbreviated as ATM)
is a tuple M = (Q,Qe, Qa,Γ,Σ, δ, q0, qacc, qrej) where

• Q is a finite set of states, Qe and Qa are the set of existential states and
the set of universal states, respectively, such that Qe∪Qa∪{qacc, qrej} = Q

and Qe, Qa, {qacc, qrej} are mutually disjoint,

• Γ is a finite set of tape symbols containing a special symbol representing
blank, ⊔ ∈ Γ\Σ,

• Σ ⊆ Γ a set of input symbols,

• δ : Q× Γ→ P(Q× Γ× {L,R}) is a state transition function where P(A)
denotes the powerset of a set A, and

• q0, qacc, qrej ∈ Q are the initial state, the accepting state and the rejecting
state, respectively.

For a state q ∈ Q, a tape content α ∈ Γ∗ and a head position j (1 ≤ j ≤ |α|),
(q, α, j) is called an instantaneous description (abbreviated as ID) of M . For two
IDs (q, α, j), (q′, α′, j′), we say that (q, α, j) can transit to (q′, α′, j′) or (q′, α′, j′)
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is a successor of (q, α, j), written as (q, α, j)→ (q′, α′, j′) if

∃a, b ∈ Γ, ∃β, γ ∈ Γ∗, |β| = j − 1, α = βaγ such that

α′ =


βb⊔ if |α| = j (i.e. γ = ε) and j′ = j + 1,

βbγ otherwise,

j′ =


j − 1 δ(q, a) ∋ (q′, b, L), or

j + 1 δ(q, a) ∋ (q′, b, R).

Let ∗−→ be the reflexive transitive closure of →.
We define the accepting condition g : Q× Γ∗ ×N → {tt,ff} of M as follows.

g(q, α, j) =



tt q = qacc

ff q = qrej∨
(q,α,j)→(q′,α′,j′) g(q′, α′, j′) q ∈ Qe∧
(q,α,j)→(q′,α′,j′) g(q′, α′, j′) q ∈ Qa

(2.1)

For an ATMM = (Q,Qe, Qa,Γ,Σ, δ, q0, qacc, qrej) and u ∈ Σ∗, if g(q0, u, 1) = tt,
then M accepts u, and if g(q0, u, 1) = ff, then M rejects u. Let L(M) = {u ∈
Σ∗ | g(q0, u, 1) = tt}, which is the language recognized by M . Let s : N0 → N0

be a function. If for any u ∈ Σ∗ and any (q, α, j) such that (q0, u, 1) ∗→ (q, α, j),
|α| ≤ s(|u|) holds, then we say that M is an s(n)-space bounded ATM. If M
is a p(n)-space bounded ATM for a polynomial p(n), M is a polynomial space
bounded ATM. It is well-known that APSPACE = EXPTIME where APSPACE
is the class of languages accepted by polynomial space bounded ATM [18].

Theorem 2.3.1. The membership problem for RCFG is EXPTIME-complete.
This holds even for RCFG of which every guard expression refers to at most two
registers.

Proof By Lemma 2.2.2, it is enough to show EXPTIME-hardness, which
will be shown by a polynomial-time reduction from the membership problem for
polynomial-space bounded ATM. In the reduction, we simulate tape contents of
a given ATM M by a register assignment of the RCFG G constructed from M .
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For this purpose, we encode the state transition function of M by production
rules of G.

Assume that we are given a p(n)-space bounded ATM M = (Q,Qe, Qa,Γ,Σ,
δ, q0, qacc, qrej) where p(n) is a polynomial and an input u ∈ Σ∗ to M . Then, we
construct (|Γ|+ p(|u|))-RCFG G = (V,R, S) that satisfy u ∈ L(M)⇔ ε ∈ L(G),
where

V = {T(i,j) | 1 ≤ j < i ≤ |Γ|} ∪ {T(1,0)}

∪ {Wi | 0 ≤ i ≤ |u|}

∪ {A(i,j)
q | q ∈ Q, 1 ≤ i ≤ |Γ|, 1 ≤ j ≤ p(|u|)}

∪ {B(i,j)
q | q ∈ Q, 1 ≤ i ≤ |Γ|, 1 ≤ j ≤ p(|u|)}

∪ {C(i,j,k)
q | q ∈ Q, 1 ≤ i ≤ |Γ|, 1 ≤ j ≤ p(|u|),

0 ≤ k ≤ maxq∈Q, a∈Γ |δ(q, a)|},

S = T(1,0),

and R is constructed as follows. Without loss of generality, we assume that
Γ = {1, 2, . . . , |Γ|} ⊆ N and 1 is the blank symbol of M . In the following, we
denote the ith element of a sequence α by αi (i.e., α = α1α2 . . . α|α|).

• We construct production rules that load different data values in the first
|Γ| registers. Note that we keep the initial value ⊥ in the first register.
To the ith register (i ≥ 2), a data value different from ⊥ is assigned by
Rule (2.2), and that data value is guaranteed to be different from the value
of every jth register (2 ≤ j < i) by Rule (2.3).

(T(i−1,i−2), x
̸=
1 , i)→ T(i,1) for 2 ≤ i ≤ |Γ|, (2.2)

(T(i,j−1), x
=
i ∧ x

̸=
j )→ T(i,j) for 2 ≤ j < i ≤ |Γ|. (2.3)

• To express the initial tape contents u, we construct the following production
rules that load data values corresponding to the symbols in u from left to
right into (|Γ|+ 1)th to (|Γ|+ |u|)th registers:

(T(|Γ|,|Γ|−1), tt)→ W0, (2.4)

(Wi−1, x
=
ui
, |Γ|+ i)→ Wi for 1 ≤ i ≤ |u|. (2.5)
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(q, α, j) L9999K A
(αj ,j)
q

Γ α1 α2 . . . α|α| ⊥ . . . ⊥

Figure 2.1: The correspondence between M ’s ID and G’s nonterminal symbol
and registers.

• Let s(m) = −1 if m = L and s(m) = 1 if m = R. For encoding the state
transition and accepting condition of M by G, we introduce a nonterminal
symbol A(i,j)

q for q ∈ Q, 1 ≤ i ≤ |Γ|, and 1 ≤ j ≤ p(n). A(i,j)
q represents a

part of an ID (q, α, j) of M where i = αj, i.e. the tape symbol at the head
position. The remaining information about α of (q, α, j) will be represented
by a register assignment of G. More precisely, the content of (|Γ| + j)th
register (i.e. θ(|Γ| + j)) equals the data value θ(αj) representing the tape
symbol αj for 1 ≤ j ≤ |α| and θ(|Γ| + j) = ⊥ for |α| < j ≤ p(|u|). Let
θα denote such a register assignment that represents the tape contents α.
We illustrate the correspondence between an ID of M and a nonterminal
symbol and a register assignment of G in Fig. 2.1.

– To derive the nonterminal symbol corresponding to the initial ID of
M , we construct the following rule:

(W|u|, tt)→ A(u1,1)
q0 . (2.6)

– Consider A(i,j)
q and let {(q1, b1,m1), . . . , (qt, bt,mt)} = δ(q, i). For each

a ∈ Γ and 1 ≤ k ≤ t, we construct the following rules. If q ∈ Qe,
then:

(A(i,j)
q , x=

bk
, |Γ|+ j)→ B(a,j+s(mk))

qk
. (2.7)

If q ∈ Qa, then:

(A(i,j)
q , tt)→ C(i,j,1)

q . . . C(i,j,t)
q , (2.8)

(C(i,j,k)
q , x=

bk
, |Γ|+ j)→ B(a,j+s(mk))

qk
. (2.9)
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Note that if t = 0, then the right-hand side of Rule (2.8) is ε. We also
construct the following rule for each q′ ∈ Q, a ∈ Γ, and 1 ≤ j′ ≤ p(n):

(B(a,j′)
q′ , x=

a ∧ x=
|Γ|+j′)→ A

(a,j′)
q′ . (2.10)

• Finally, we construct the following rules to express accepting IDs.

(A(i,j)
qacc

, tt)→ ε (2.11)

We can show for each ID (q, α, j),

g(q, α, j) = tt iff (A(αj ,j)
q , θα) ∗=⇒G ε (2.12)

by induction on the number of applications of the accepting condition (2.1) for
only if part and by induction on the length of the derivation for if part.

We can easily prove that (S,⊥) ∗=⇒G (A(u1,1)
q0 , θu), and moreover, if (S,⊥) ∗=⇒G ε,

then this derivation must be (S,⊥) ∗=⇒G (A(u1,1)
q0 , θu)

∗=⇒G ε. By letting (q, α, k) =
(q0, u, 1) in property (2.12) and by the above-mentioned fact, we obtain u ∈
L(M)⇔ g(q0, u, 1) = tt⇔ ((S,⊥) ∗=⇒ ε)⇔ ε ∈ L(G). By the definition of G, we
can say that this EXPTIME-completeness holds even for RCFG of which every
guard expression refers to at most two registers.

Theorem 2.3.2. The membership problem for ε-rule free RCFG is PSPACE-
complete. This holds even for ε-rule free RCFG with guards referring to at most
two registers.

Proof By Lemma 2.2.3, it is enough to show PSPACE-hardness. We prove it
by a polynomial-time reduction from the membership problem for polynomial-
space bounded ordinary Turing machines (TM), in a similar way as the proof of
Theorem 2.3.1. A TM can be regarded as an ATM that has no universal states,
and hence we do not need to construct ε-rules for a universal state that has no
successor (i.e. we do not need Rule (2.8), whose right-hand side is ε if t = 0). We
modify Rule (2.11), the ε-rule for the accepting state, as (A(i,j)

qacc
, tt)→ (a, 1). The

resultant RCFG G is ε-rule free, and we can show u ∈ L(M) ⇔ (a,⊥) ∈ L(G)
(because the data value in the first register is always ⊥).
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Theorem 2.3.3. The membership problem for growing RCFG is NP-complete.
This holds even for growing RCFG in which every guard is either tt or x=

1 .

Proof By Lemma 2.2.4, it is enough to show NP-hardness. We prove it by
a polynomial-time reduction from the satisfiability problem for 3-Conjunctive
Normal Form (3CNF). Let ϕ = (a1 ∨ b1 ∨ c1) . . . (am ∨ bm ∨ cm) be a 3CNF over
Boolean variables y1, . . . , yn where each ai, bi, ci (1 ≤ i ≤ m) is a literal yj or yj
for some j (1 ≤ j ≤ n). For i (1 ≤ i ≤ m), we define register number rai

as
rai

= 2j if ai = yj and rai
= 2j + 1 if ai = yj. We also define the same notation

rbi
and rci

for bi and ci. We construct the growing (2n+ 1)-RCFG G = (V, S,R)
over Σ = {a} where V = {S,AP0 , . . . , APn , AC0 , . . . , ACm} and

R = {(S, tt, 1)→ AP0(a, 1)}

∪ {(APi−1 , x
=
1 , 2i+ j)→ APi

(a, 1) | 1 ≤ i ≤ n, j ∈ {0, 1}}

∪ {(APn , tt)→ AC0(a, 1)}

∪ {(ACi−1 , tt)→ ACi
(a, r) | 1 ≤ i ≤ m, r ∈ {rai

, rbi
, rci
}}

∪ {(ACm , tt)→ (a, 1)}.

The first register of the constructed RCFG G is used for keeping a data value
(possibly) different from ⊥, and we use that value and ⊥ for representing tt
and ff, respectively. G nondeterministically loads the value representing tt to
exactly one of the (2i)th and (2i + 1)th registers for each i, to encode a truth
value assignment to y1, y1, y2, y2, . . . , yn, yn. Then G outputs the value of one of
the literals ai, bi, ci for each clause ai ∨ bi ∨ ci in ϕ. It is not difficult to show
that ϕ is satisfiable if and only if (a, d)n+m+3 ∈ L(G), where d is an arbitrary
data value in D \ {⊥}. Since (a, d1)n+m+3 ∈ L(G) iff (a, d2)n+m+3 ∈ L(G) for
any d1, d2 ∈ D \ {⊥}, we can choose any d ∈ D \ {⊥} to make the input data
word for the membership problem. Hence, we have shown the NP-hardness of
the problem.

2.3.2 Emptiness problem

Theorem 2.3.4. The emptiness problem for RCFG is EXPTIME-complete, even
if RCFG are restricted to be growing and with guards referring to at most two
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registers.

Proof By Lemma 2.2.5, it is enough to show EXPTIME-hardness. In the
proof of Theorem 2.3.1, we construct ε-rules when the state q under consideration
is a universal state that has no successor (see Rule (2.8)) or q is the accepting
state (see Rule (2.11)). We modify those production rules (2.8) and (2.11) as
follows:

(A(i,j)
q , tt)→ (a, 1) if δ(q, i) = ∅ and q ∈ Qa,

(A(i,j)
qacc

, tt)→ (a, 1).

Also, a unit rule, say A → B (A,B ∈ V ) can be replaced with A → (a, 1)B
(a ∈ Σ). With this modification, the constructed RCFG G has neither ε-rule
nor unit rule, and L(G) is nonempty iff the given ATM M accepts the input u.
Therefore, we reduced the membership problem for polynomial-space bounded
ATM to the emptiness problem for growing RCFG in polynomial time. Note that
we cannot use this construction for proving Theorem 2.3.1 because the length of
a (shortest) word in L(G) is not guaranteed to be a polynomial of the sizes of
M and u.

As shown in Theorem 2.3.3, the membership problem for RCFG is NP-hard
even if RCFG is restricted to have guards referring to at most one register. In
contrast, the emptiness problem for RCFG with guards referring to at most one
register is in P, as shown in the next theorem.

Theorem 2.3.5. The emptiness problem for RCFG with guards referring to at
most one register is decidable in linear time.

Proof If a guard expression ψ refers to at most one register, then for every
assignment θ, there must be a data value d that satisfies d, θ |= ψ. That is,
regardless of θ, rule (A,ψ, i) → α or (A,ψ) → α can be applied to expanding
(A, θ).

Now, for a given RCFG G, let G′ be the CFG obtained from G by removing the
guard expression and register numbers in each production rule (e.g., replacing
(A,ψ, i)→ B(a, j) with A→ Ba). For a string X ∈ ((V ×Θk) ∪ (Σ×D))∗, let
r(X) ∈ (V ∪ Σ)∗ be the string obtained from X by removing the assignments
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and the data values. By the discussion in the previous paragraph, if X ⇒G Y ,
then r(X)⇒G′ r(Y ), and if r(X)⇒G′ Y ′ for some Y ′, then X ⇒G Y for some Y
such that r(Y ) = Y ′. Therefore L(G) ̸= ∅ iff L(G′) ̸= ∅. Since ∥G′∥ = O(∥G∥)
and the emptiness problem for CFG is decidable in linear time, the emptiness
problem for RCFG with guards referring to at most one register is also decidable
in linear time.
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Chapter 3 The Complexities of
RTA and RPDA

In this chapter, we will show some results about properties of register tree au-
tomata (RTA) and register pushdown automata (RPDA), including its complex-
ities of membership and emptiness problems.

3.1 Register Tree Automata

3.1.1 Definitions

A ranked alphabet Σ is a finite set of symbols, each of which is associated with
a nonnegative integer called a rank. Let Σn be the set of symbols having rank n
in Σ. Let TΣ be the smallest set satisfying f ∈ Σn and tj ∈ TΣ(1 ≤ j ≤ n) imply
f(t1, . . . , tn) ∈ TΣ. A member t ∈ TΣ is called a tree over Σ. The set of positions
Pos(t) of a tree t = f(t1, . . . , fn) (f ∈ Σn) is defined by Pos(t) = {ε} ∪ {jp |
p ∈ Pos(tj), 1 ≤ j ≤ n}. For t = f(t1, . . . , tn) (f ∈ Σn) and p ∈ Pos(t), the
label Lab(t, p) and the subtree t|p of t at p is defined as Lab(t, ε) = f , t|ε = t,
Lab(t, jp) = Lab(tj, p) and t|jp = tj|p (1 ≤ j ≤ n). Let D be an infinite set of
data values. A data tree over Σ and D is a pair τ = (t, δ) where t ∈ TΣ and δ is
a mapping δ : Pos(t) → D. We let Pos(τ) = Pos(t). The set of all data trees
over Σ and D is denoted as TΣ×D.

Definition 3.1.1. A k-register tree automaton (k-RTA) over a ranked alphabet
Σ and a set D of data values is a tuple A = (Q, q0, T ) where Q is a finite set of
states, q0 ∈ Q is the initial state and T is a set of transition rules having one of
the following forms:

f(q, ψ, i)→ (q1, . . . , qn) or f(q, ψ)→ (q1, . . . , qn)
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where f ∈ Σn, q ∈ Q, ψ ∈ Fk, 1 ≤ i ≤ k and qj (1 ≤ j ≤ n). When n = 1,
we omit the parentheses in the right-hand side. When n = 0, we write only the
left-hand side f(q, ψ, i) or f(q, ψ) to denote the rule. A run of A on a data tree
τ = (t, δ) is a mapping ρ : Pos(t) → Q × Θk satisfying the following condition:
For p ∈ Pos(t), if ρ(p) = (q, θ), Lab(t, p) = f , and ρ(pj) = (qj, µj) for 1 ≤ j ≤ n,
then there is f(q, ψ, i) → (q1, . . . , qn) ∈ T (resp. f(q, ψ) → (q1, . . . , qn) ∈ T )
such that θ, δ(p) |= ψ and θj = θ[i ← δ(p)] (resp. θj = θ) (1 ≤ j ≤ n). A
run ρ is accepting if ρ(ε) = (q0, θ⊥). The data tree language recognized by A is
L(A) = {τ ∈ TΣ×D | there is an accepting run of A on τ}.

Theorem 3.1.1. For an arbitrary k-RTA A = (Q, q0, T ), we can construct an
equivalent (k + 1)-RTA A′ = (Q′, q′

0, T
′) such that T ′ has no rule of the form

f(q, ψ)→ (q1, . . . , qn).

Proof Sketch This theorem can be proved in a similar way to Theorem 1.2.1.

3.1.2 Computational complexity

Theorem 3.1.2. The membership problem for RTA is NP-complete. This holds
even if Σ is monadic, i.e., Σ = Σ0 ∪ Σ1.

Proof To prove an upper bound, assume we are given an RTA A and a data
tree τ = (t, δ) ∈ TΣ×D and simulate a run of A on τ . For one step transition,
A reads the data value at a node of τ and moves down. Therefore, the number
of transitions of A is exactly |t| and A will not read the data value of any node
more than once. Hence, we can decide whether τ ∈ L(A) by nondeterministically
assign a state of A to each node of τ and verify that the guessed assignment of
states constitutes an accepting run of A on τ in polynomial time.

Next, we prove the NP-hardness by providing a polynomial-time reduction
from the satisfiability problem for 3-Conjunctive Normal Form (3CNF). Let ϕ =
(a1 ∨ b1 ∨ c1) . . . (am ∨ bm ∨ cm) be a 3CNF over Boolean variables y1, . . . , yn

where each ai, bi, ci (1 ≤ i ≤ m) is a literal yj or yj for some j (1 ≤ j ≤ n).
For i (1 ≤ i ≤ m), we define guard expressions ψai

, ψ−
ai

as ψai
= x=

j if ai = yj

and ψai
= ff otherwise, and ψ−

ai
= x=

j if ai = yj and ψ−
ai

= ff otherwise. We
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also define the same notation ψbi
, ψ−

bi
, ψci

, ψ−
ci

for bi and ci. We construct the
(n+2)-RTA A = (Q, q0, T ) over Σ = Σ0∪Σ1 with Σ0 = {a} and Σ1 = {f} where
Q = {q0, qP0 , . . . , qPn , qC0 , . . . , qCm} and

T = {f(q0, x
̸=
1 , 2)→ qP0}

∪ {f(qPi−1 , x
=
1 ∨ x=

2 , i+ 2)→ qPi
| 1 ≤ i ≤ n}

∪ {f(qPn , tt)→ qC0}

∪ {f(qCi−1 , (x=
1 ∧ (ψai

∨ ψbi
∨ ψci

)) ∨

(x=
2 ∧ (ψ−

ai
∨ ψ−

bi
∨ ψ−

ci
)))→ qCi

| 1 ≤ i ≤ m}

∪ {a(qCm , tt)}.

The first and second registers of the constructed RTA A are used for keeping
different data values representing tt and ff, respectively. A nondeterministically
loads one of those two data values representing tt and ff to the succeeding n

registers that encode a truth value assignment to y1, . . . , yn. Then A checks
whether each clause in ϕ is satisfied by using the conditions in production rules.
It is not difficult to show that ϕ is satisfiable if and only if f 1+n+1+m(a) ∈ L(A).
Hence, we have shown the NP-hardness of the problem.

Theorem 3.1.3. The emptiness problem for RTA is EXPTIME-complete.

Proof To prove the theorem, it suffices to prove the following two proper-
ties because the emptiness problem for ε-rule free RCFG is EXPTIME-complete
(Theorem 2.3.4).

• For a given ε-rule free k-RCFG G, we can construct a k-RTA AG such that
L(G) = ∅ ⇔ L(AG) = ∅ in polynomial time.

• For a given k-RTA A, we can construct an ε-rule free k-RCFG GA such
that L(A) = ∅ ⇔ L(GA) = ∅ in polynomial time.

Let G = (V,R, S) be a k-RCFG over Σ and D. By Theorem 1.2.1, we assume
G has no rule whose third component in its left-hand is missing without loss
of generality. We first translate G to a k-RCFG G′ = (V ′, R′, S) such that
L(G′) = L(G) and R consists of production rules having one of the following
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forms:

(A,φ, i)→ α (α ∈ V +), (A, tt)→ (a, j) (a ∈ Σ, j ∈ [k])

by replacing (a, j) ∈ Σ × [k] in the right-hand side of a production rule in R

with a new nonterminal, say X, and adding a rule (X, tt)→ (a, j). From G′, we
construct the following k-RTA AG = (Q, qS, T ) over Σ′ and D where Σ′

n = {fn |
there is a production rule in R′ such that the length of its right-hand side is n}
and

• Q = {qc | c ∈ V ∪ Σ0}, and

• T = {fn(qA, φ, i)→ (qB1 , qB2 , . . . , qBn) | (A,φ, i)→ B1B2 . . . Bn ∈ R′}

∪ {f0(qA, tt) | (A, tt)→ (a, j) ∈ R′}.

It is straightforward to check that this RTA AG has the desired property.
Next, let A = (Q, q0, T ) be a k-RTA over a ranked alphabet Σ and D. By

Theorem 3.1.1, we assume G has no rule whose third component in its left-
hand is missing without loss of generality. We construct k-register RCFG GA =
(V,R,Aq0) where

• V = {Ac | c ∈ Q ∪ Σ0} and

• R = {(Aq, φ, i)→ Aq1Aq2 . . . Aqn |

f(q, φ, i)→ (q1, q2, . . . , qn) ∈ T, f ∈ Σn (n ≥ 1)}

∪ {(Aq, φ, i)→ c | c(q, φ, i) ∈ T} ∪ {(Aq, φ)→ c | c(q, φ) ∈ T}.

It is also straightforward to check that this RCFG GA has the desired property
and we are done.

3.2 Register Pushdown Automata

3.2.1 Definitions

A register pushdown automaton (abbreviated as RPDA) was originally defined
in [20] as a pushdown automaton with registers over an infinite alphabet and the
equivalence between RCFG and RPDA was shown in [20]. In this section, we
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define RPDA as a pushdown automaton that takes a data word as an input by
the same reason for RCFG. We also present equivalance translations between
RCFG and RPDA in this section for making the paper self-contained and for
proving the computational complexity of the decision problems for RPDA and
its subclasses defined later by reducing to/from RCFG and its subclasses. Due
to guard expressions, which enable us to directly specify the equality among an
input data value and data values in registers, the translation from RPDA to
RCFG in this paper is simpler than the original one in [20] where the transla-
tion is divided in three steps by using M-grammar and simple M-grammar as
intermediate models.

Definition 3.2.1. A k-register pushdown automaton (k-RPDA) over a finite
alphabet Σ and a set D of data values is a tuple P = (Q, q0, δ) where Q is a finite
set of states, q0 ∈ Q is the initial state, ⊥ ∈ D is the start symbol in a stack as
well as the initial value of registers (note that D is used as a stack alphabet), and
δ is a finite set of transition rules having one of the following forms:

• (p, ψ, i) a→ (q, ε) (or (p, ψ) a→ (q, ε)) (pop rule)

• (p, ψ, i) a→ (q, j1) (or (p, ψ) a→ (q, j1)) (replace rule)

• (p, ψ, i) a→ (q, j1j2) (or (p, ψ) a→ (q, j1j2)) (push rule)

where p, q ∈ Q, a ∈ (Σ ∪ {ε}), i, j1, j2 ∈ [k], and ψ ∈ F top
k where F top

k is the
set of guard expressions defined in the same way as Fk, except adding top= as
an atomic proposition. A rule is called an ε-rule if a = ε. As formally defined
below, an instanteneous description of an RPDA satisfies top= if and only if the
input data value equals to the data value at the stack top of the ID.

• θ, d, e |= top= iff d = e

where θ ∈ Θk, d, e ∈ D (d and e are supposed to be the input data value and
the data value at the stack top, respectively). The other cases of the definition
of F top

k are the same as in Section 2.1. The description length of a k-RPDA
P = (Q, q0, δ) is defined as ∥P∥ = |Q| + |δ|(2 log |Q| + ∥ψ∥ + 3 log(k + 1) +
log(|Σ|+ 1)), where ∥ψ∥ is the description length of ψ, defined in the same way
as in Section 2.1 except adding the definition ∥top=∥ = 1. In this definition, we
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assume that the description length of r = (p, ψ, i) a→ (q, J) ∈ δ (0 ≤ |J | ≤ 2) is
2 log |Q|+ ∥ψ∥+ 3 log(k+ 1) + log(|Σ|+ 1) because there are two states p, q ∈ Q,
a guard expression ψ ∈ F top

k , at most three register indexes i and those in J , and
a ∈ Σ ∪ {ε} in r.

For a state q ∈ Q, an assignment θ ∈ Θk, a data word w ∈ (Σ × D)∗, and a
stack u ∈ D∗, (q, θ, w, u) is called an instanteneous description (abbreviated as
ID) of k-RPDA P . For two IDs (q, θ, w, u), (q′, θ′, w′, u′), we say that (q, θ, w, u)
can transit to (q′, θ′, w′, u′) or (q′, θ′, w′, u′) is a successor of (q, θ, w, u), written
as (q, θ, w, u) ⇒P (q′, θ′, w′, u′) if there exists a rule (p, ψ, i) a→ (q′, J) ∈ δ (resp.
(p, ψ) a→ (q′, J)), data values d, e ∈ D and γ ∈ D∗ such that

θ, d, e |= ψ, θ′ = θ[i← d] (resp. θ′ = θ),

w = (a, d)w′ if a ∈ Σ, w = w′ otherwise, u = ey, and

u′ =


y J = ε,

θ′(j1)y J = j1, or

θ′(j1)θ′(j2)y J = j1j2.

Let ∗⇒P be the reflexive transitive closure of ⇒P . We abbreviate ⇒P and ∗⇒P

as ⇒ and ∗⇒ if P is clear from the context.
For a k-RPDA P = (Q, q0, δ) and w ∈ (Σ×D)∗, if (q0, θ⊥, w,⊥) ∗⇒ (q, θ, ε, ε)

for some q ∈ Q and θ ∈ Θk, then P accepts w, and else P rejects w. In the
former case, the sequence of transitions in (q0, θ⊥, w,⊥) ∗⇒ (q, θ, ε, ε) is called an
accepting run of w in P , and the number of the transitions in the run is called the
length of the run. Let L(M) = {w ∈ (Σ×D)∗ | ∃q ∈ Q, θ ∈ Θk.(q0, θ⊥, w,⊥) ∗⇒
(q, θ, ε, ε)}, which is the language recognized by P .

We call an RPDA P is non-decreasing if every ε-rule of P is either a replace
rule or a push rule. We call an RPDA P is growing if every ε-rule of P is a push
rule.

Theorem 3.2.1. For an arbitrary k-RPDA P = (Q, q0, δ), we can construct an
equivalent (k + 1)-RPDA P ′ = (Q′, q′

0, δ
′) such that δ′ has no rule of the form

(p, ψ) a→ (q, J).

Proof Sketch This theorem can be proved in a similar way to Theorem 1.2.1.
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3.2.2 Computational complexity

Theorem 3.2.2. The membership problem for RPDA is EXPTIME-complete.

Proof It suffices to prove the following two properties because the membership
problem for RCFG is EXPTIME-complete.

• For a given k-RCFG G, we can construct an O(k)-RPDA PG such that
L(G) = L(PG) in polynomial time.

• For a given k-RPDA P , we can construct an O(k)-RCFG GP such that
L(P ) = L(GP ) in polynomial time.

Let G = (V,R, S) be a k-RCFG over Σ and D. We construct (k + |Σ| + |V |)-
RPDA PG = (Q, q0, δ) where

Q = {q0} ∪ {qi | i ∈ [|Σ|+ |V |]} ∪ {qread}∪

{qa | a ∈ Σ} ∪ {qir | r ∈ R, i ∈ [k]}

and δ is constructed as follows.

• We construct transition rules that load different data values in the last
|Σ|+ |V | registers:

(qi−1,
∧i−1
j=1 x

̸=
j , k + i) ε→ (qi, 1) i ∈ [|Σ|+ |V |]. (3.1)

The content of the (k + j)th register encodes either the j-th element of Σ
(if j ∈ [|Σ|]) or the (j − |Σ|)-th element of V (if |Σ| < j ≤ (|Σ| + |V |))
for some total orderings on Σ and V . We write the index of the register
whose content encodes a ∈ Σ as γ(a) (and A ∈ V as γ(A) respectively). We
abbreviate xγ(a) as xa (and xγ(A) as xA respectively) if there is no ambiguity.

• We construct PG that simulates leftmost derivations in G. More concretely,
the stack has information on the remaining string that does not yet match
to the scanned prefix of an input word in the leftmost derivation (including
assignments associated with nonterminals), and PG decides how it should
move according to the stack top value.

In the following, we will use a rule in the form of
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– (p, ψ, i) a→ (q, j1 · · · jn) (n ≥ 3) (push+ rule)

because this rule can be decomposed into the following two rules:

– (p, ψ, i) a→ (p′, j2 · · · jn),

– (p′, tt) ε→ (q, j1j2).

By repeating this decomposition, finally we can obtain push rules that have
the same behavior as the push+ rule.

First, PG changes its state to qread by the rule below and pushes the data
value that encodes S and k initial data values as the initial register assign-
ment associated with S.

(q(|Σ|+|V |), tt)
ε→ (qread, γ(S)1 · · · k). (3.2)

After that, PG simulates a leftmost derivation from S step by step. The
behavior of PG is decided by the stack top value as follows.

– If the stack top is equal to xA (A ∈ V ) and r = (A,ψ, i)→ X1 · · ·Xn ∈
R, then PG transfers k data values from the stack top to the first k
registers, and pushes one dummy value x1 that will be popped in the
subsequent rule. Next, PG pushes the symbols and corresponding data
values corresponding to the right-hand side of r:

(qread, x=
A ∧ top=) ε→ (q0

r , ε), (3.3)

(qj−1
r , top=, j) ε→ (qjr , ε) j ∈ [k − 1] (3.4)

(qk−1
r , top=, k) ε→ (qkr , 1). (3.5)

(qkr ,
∧
a∈Σ

x ̸=
a ∧

∧
A∈V

x ̸=
A ∧ ψ, i)

ε→ (qread, J1 · · · Jn). (3.6)

where Js = γ(a)h (if Xs = (a, h) ∈ (Σ × [k])) and γ(Xs)1 · · · k (if
Xs ∈ V ) for s ∈ [n].

– If the stack top is equal to xa (a ∈ Σ) followed by d ∈ D, then PG

reads the next symbol and data value, say (a′, d′), in the input word
and if a = a′ and d = d′, it pops a and d from the stack:

(qread, x=
a ∧ top=) ε→ (qa, ε), (3.7)

(qa, top=) a→ (qread, ε). (3.8)
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We can show L(G) ⊆ L(PG) by induction on the length of a derivation of G and
L(PG) ⊆ L(G) by induction on the length of an accepting run of G.

Next, we give a converse translation, from RPDA to RCFG. Let K = k + 1.
Let P = (Q, q0, δ) be a k-RPDA over Σ and D. Note that any replace rule can be
simulated by a pair of a push rule and a pop rule in this order. Also we can remove
any transition rule whose third component in its left-hand is missing by Theorem
3.2.1. Therefore, we assume P has no replace rule and every transition rule has
the third component in its left-hand. We construct 3K-RCFG GP = (V,R, S),
where

V = {S} ∪ {Si | i ∈ [k − 1]}∪

{[p, q], [p, q]′

r, [p, q]
′′

r , [p, q]inew, [p, q]ileft, [p, q]iright | p, q ∈ Q, r ∈ δ, 0 ≤ i ≤ K}

∪ {Ei | i ∈ [k]}

and R is constructed as follows.
We construct production rules so that each nonterminal [p, q] (p, q ∈ Q) to-

gether with a 3K-assignment θ generates a data word w appearing in transitions
(p, θp, w, d)

∗⇒ (q, θq, ε, ε) of P where θp, θq ∈ Θk, w ∈ (Σ×D)∗, d ∈ D. In order
to simulate these transitions, we construct production rules so that the first k
registers represent θp, the K-th register stores the stack top d and the next k
registers represent θq (The last (k+ 2) registers are used for temporary space for
register transfer described later).

First, we construct production rules that load arbitrary data values into the
(K + 1)-th to the (K + k)-th registers:

(S, tt, K + 1)→ S1,

(Si−1, tt, K + i)→ Si (2 ≤ i ≤ k − 1),

(Sk−1, tt, K + k)→ [q0, q] (q ∈ Q).

For ψ ∈ F top
k , let m(ψ) denote the guard expression obtained from ψ by re-

placing top= with x=
K .

• For each [p, q] ∈ V and a push rule r : (p, ψ, j) a→ (p′, j1j2) ∈ δ, we construct
the rule that divides the range of P ’s simulation by using an arbitrary state
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t ∈ Q and corresponding registers, as [p, q] to [p′, t][t, q]. First, we construct
the following rules that verify whether the guard expression ψ holds by
using the data value in the K-th register as the stack top data value, and
set a new stack top data value in the K-th register and the next stack data
value in the 3K-th register.

([p, q],m(ψ), j)→ (a, j)[p′, q]′

r (if a ∈ Σ) or [p′, q]′

r (if a = ε),

([p′, q]′

r, x
=
j1 , K)→ [p′, q]′′

r ,

([p′, q]′′

r , x
=
j2 , 3K)→ [p′, q]0new.

Next, we construct the following rules to divide the range of P ’s simulation.

– We load k arbitrary data values into the (2K+ i)-th registers (i ∈ [k])
that encode k registers of P associated with an arbitrary state t ∈ Q
and divide the nonterminal by the following rules:

([p′, q]i−1
new, tt, 2K + i)→ [p′, q]inew (i ∈ [k]),

([p′, q]knew, tt)→ [p′, t]0left[t, q]0right.

– Next, we transfer K data values stored in the (2K + i)-th registers
(i ∈ [K]) to the (K+ i)-th registers associated with nonterminal [p′, t]
that will simulate the left part. Also, we transfer K data values in
the (2K + i)-th registers (i ∈ [K]) to the first K registers associated
with nonterminal [t, q] that will simulate the right part:

([p′, t]i−1
left, x

=
2K+i, K + i)→ [p′, t]ileft (i ∈ [k]),

([p′, t]kleft, x=
3K , 2K)→ [p′, t],

([t, q]i−1
right, x

=
2K+i, i)→ [t, q]iright (i ∈ [k]),

([t, q]kright, x=
3K , K)→ [t, q].

• For each [p, q] ∈ V and a pop rule r : (p, ψ, j) a→ (q, ε) ∈ δ, we construct
the following rules:

([p, q],m(ψ), j)→ (a, j)E0 (if a ∈ Σ) or E0 (if a = ε),

(Ei−1, x
=
i ∧ x=

K+i)→ Ei (i ∈ [k − 1]),

(Ek−1, x
=
k ∧ x=

K+k)→ ε.
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These production rules simulate the above pop rule r by guessing the assignment
when the state reaches q. If the guessed assignment for the first k registers and
the assignment associated with q in the (K + 1)-th to the (K + k)-th registers
are the same, (a, j) is generated.

We can show L(P ) ⊆ L(GP ) by induction on the leghth of an accepting run
of P , and L(GP ) ⊆ L(GP ) by induction on the length of a derivation of GP .

In the rest of the section, we show that the membership problems for non-
decreasing and growing RPDA are PSPACE-complete and NP-complete, respec-
tively. Although the lower-bound proofs are similar to those for ε-rule free and
growing RCFG.

Theorem 3.2.3. The membership problem for non-decreasing RPDA is PSPACE-
complete.

Proof If a given RPDA is non-decreasing, we can decrease the length of a
stack only by using non-ε-pop rules with reading an input data word. Therefore,
for an input data word w, the height of every stack appearing in an accepting run
of w is at most |w| because every accepting run must finish with empty stack.
Hence, the membership problem is in PSPACE.

To prove PSPACE-hardness, we use a poly-time reduction from the member-
ship problem for polynomial space bounded TM. In the reduction, we simulate
tape contents of a given TM M by an assignment of the RPDA A constructed
from M .

Assume that we are given a p(n)-space bounded TM M = (QM ,Γ,Σ, δM , q0, F )
where p(n) is a polynomial and an input u ∈ Σ∗ to M . Then, we construct
(|Γ| + p(|u|))-RPDA A = (QA, T(1,0), δA) over a singleton alphabet {a} and an
arbitrary set D of data values that satisfies u ∈ L(M)⇔ (a,⊥) ∈ L(A), where

QA = {T(i,j) | 1 ≤ j < i ≤ |Γ|} ∪ {T(1,0)}

∪ {Wi | 0 ≤ i ≤ |u|}

∪ {A(i,j)
q | q ∈ QM , i ∈ [|Γ|], j ∈ [p(|u|)]}

∪ {B(i,j)
q | q ∈ QM , i ∈ [|Γ|], j ∈ [p(|u|)]}

∪ {E}
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and δA is constructed as follows. Without loss of generality, we assume that
Γ = {1, 2, . . . , |Γ|} ⊆ N and 1 is the blank symbol of M . In the following, we
denote the ith element of a sequence α by αi (i.e., α = α1α2 . . . α|α|).

• We construct transition rules that load different data values in the first |Γ|
registers. Note that we keep the initial value ⊥ in the first register. To
the ith register (2 ≤ i ≤ |Γ|), a data value different from ⊥ is assigned by
Rule (3.9), and that data value is guaranteed to be different from the value
of every jth register (2 ≤ j < i) by Rule (3.10).

(T(i−1,i−2), x
̸=
1 , i)

ε→ (T(i,1), 1) for 2 ≤ i ≤ |Γ|, (3.9)

(T(i,j−1), x
=
i ∧ x

̸=
j ) ε→ (T(i,j), 1) for 2 ≤ j < i ≤ |Γ|. (3.10)

• To express the initial tape contents u, we construct the following transition
rules that load data values corresponding to the symbols in u from left to
right into (|Γ|+ 1)th to (|Γ|+ |u|)th registers:

(T(|Γ|,|Γ|−1), tt)
ε→ (W0, 1), (3.11)

(Wi−1, x
=
ui
, |Γ|+ i) ε→ (Wi, 1) for i ∈ [|u|]. (3.12)

• Let s(m) = −1 if m = L and s(m) = 1 if m = R. For encoding the state
transition and accepting condition of M byA, we introduce a state A(i,j)

q for
q ∈ QM , i ∈ [|Γ|], and j ∈ [p(n)]. A(i,j)

q represents a part of an ID (q, α, j) of
M where i = αj, i.e. the tape symbol at the head position. The remaining
information about α of (q, α, j) will be represented by an assignment of A.
More precisely, the content of (|Γ| + j)th register (i.e. θ(|Γ| + j)) equals
the data value θ(αj) representing the tape symbol αj for j ∈ [|α|] and
θ(|Γ|+ j) = ⊥ for |α| < j ≤ p(|u|). Let θα denote such an assignment that
represents the tape contents α. We illustrate the correspondence between
an ID of M and a state and an assignment of A in Fig. 3.1.

– To derive the states corresponding to the initial ID of M , we construct
the following rule:

(W|u|, tt)
ε→ (A(u1,1)

q0 , 1). (3.13)
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A
(αj ,j)
q Γ α1 α2 . . . α|α| ⊥ . . . ⊥

Figure 3.1: A’s state and registers that correspond to M ’s ID (q, α, j).

– Consider A(i,j)
q and let δM(q, i) = (q′, b′,m′). For each a ∈ Γ, we

construct the following rules:

(A(i,j)
q , x=

b′ , |Γ|+ j) ε→ (B(a,max(1,j+s(m′)))
q′ , 1). (3.14)

We also construct the following rule for each q′ ∈ QM , a ∈ Γ, and
j′ ∈ [p(n)]:

(B(a,j′)
q′ , x=

a ∧ x=
|Γ|+j′) ε→ (A(a,j′)

q′ , 1). (3.15)

• Finally, we construct for each qf ∈ F the following rules to express accept-
ing IDs:

(A(i,j)
qf

, x=
1 ) a→ (E, ε). (3.16)

We can show for each ID (q, α, j),

(q, α, j) ∗−→ (qf , u′, j′) for some qf ∈ F, u′ ∈ Γ∗ and j′ ∈ N

iff (A(αj ,j)
q , θα, (a,⊥),⊥) ∗=⇒A (E, θ, ε, ε) for some θ ∈ Θk (3.17)

by induction on the length of the run of M for only if part and by induction on
the length of the run of A for if part.

We can easily prove that (T(1,0), θ⊥, (a,⊥),⊥) ∗=⇒A

(A(u1,1)
q0 , θu, (a,⊥),⊥), and moreover, if (T(1,0), θ⊥, (a,⊥),⊥) ∗=⇒A (E, θ, ε, ε) for

some θ ∈ Θk, then this run must be
(T(1,0), θ⊥, (a,⊥),⊥) ∗=⇒A (A(u1,1)

q0 , θu, (a,⊥),⊥) ∗=⇒A (E, θ, ε, ε).
By letting (q, α, j) = (q0, u, 1) in property (3.17) and by the above-mentioned
fact, we obtain u ∈ L(M) ⇔ ((T(1,0), θ⊥, (a,⊥),⊥) ∗=⇒A (E, θ, ε, ε) for some
θ ∈ Θk)⇔ (a,⊥) ∈ L(A).

Theorem 3.2.4. The membership problem for growing RPDA is NP-complete.
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Proof If a given RPDA is growing, for an input data word w, an accepting
run of w applies ε-push rules at most |w| times. Therefore, the length of an
accepting run does not exceed 2|w| + 1. Hence, the membership problem is in
NP.

We prove NP-hardness by a polynomial-time reduction from the satisfiability
problem for 3-Conjunctive Normal Form (3CNF).

Let ϕ = (a1 ∨ b1 ∨ c1) . . . (am ∨ bm ∨ cm) be a 3CNF over Boolean variables
y1, . . . , yn where each ai, bi, ci (i ∈ [m]) is a literal yj or yj for some j (j ∈ [n]).
For i (i ∈ [m]), we define register number rai

as rai
= 2j if ai = yj and rai

=
2j + 1 if ai = yj. We also define the same notation rbi

and rci
for bi and ci.

We construct the growing (2n + 1)-RPDA A = (Q, q0, δ) over Σ = {a} where
Q = {q0, P0, . . . , Pn, C0, . . . , Cm, E} and

δ = {(q0, tt, 1) a→ (P0, 1)}

∪ {(Pi−1, x
=
1 , 2i+ j) a→ (Pi, 1) | i ∈ [n], j ∈ {0, 1}}

∪ {(Pn, x=
1 ) a→ (C0, 1)}

∪ {(Ci−1, x
=
r ) a→ (Ci, 1) | i ∈ [m], r ∈ {rai

, rbi
, rci
}}

∪ {(Cm, x=
1 ) a→ (E, ε)}.

The first register of the constructed RPDA A is used for keeping a data value
(possibly) different from ⊥, and we use that value and ⊥ for representing tt
and ff, respectively. A nondeterministically loads the value representing tt to
exactly one of the (2i)th and (2i + 1)th registers for each i, to encode a truth
value assignment to y1, y1, y2, y2, . . . , yn, yn. Then A reads the value of one of
the literals ai, bi, ci for each clause ai ∨ bi ∨ ci in ϕ. It is not difficult to show
that ϕ is satisfiable if and only if (a, d)n+m+3 ∈ L(A), where d is an arbitrary
data value in D \ {⊥}. Since (a, d1)n+m+3 ∈ L(A) iff (a, d2)n+m+3 ∈ L(A) for
any d1, d2 ∈ D \ {⊥}, we can choose any d ∈ D \ {⊥} to make the input data
word for the membership problem. Hence, we have shown NP-hardness of the
problem.

For both of the RPDA constructed in the proofs of Theorem 3.2.3 and 3.2.4,
the height of the stack appearing in any accepting run is at most one. This fact
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implies the following property.

Corollary 3.2.1. The membership problems for RA with and without ε-transition
are PSPACE-complete and NP-complete, respectively.

Note that NP-completeness of the membership for RA without ε-transition was
first proved in [59].

Though the complexities of membership problems for non-decreasing and grow-
ing RPDA are different with that of general RPDA, the complexities of emptiness
problems are the same as shown in the following theorem.

Theorem 3.2.5. The emptiness problems for non-decreasing RPDA and growing
RPDA are both EXPTIME-complete.

Proof By theorem 3.2.2, it suffices to show that the problem is EXPTIME-
hard for growing RPDA. We give a poly-time reduction from the emptiness prob-
lem for general RPDA. From an arbitrary RPDA A = (Q, q0, δ), we construct
the growing RPDA Ag = (Q, q0, δg), where

δg = {(q, ψ, i) a→ (q′, J) | (q, ψ, i) a→ (q′, J) ∈ δ or (q, ψ, i) ε→
(q′, J) ∈ δ}.

For this growing RPDA Ag, obviously L(A) = ∅ ⇔ L(Ag) = ∅. Hence, the
emptiness problem for growing RPDA is EXPTIME-hard.
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Chapter 4 Generalization of
RCFG

In this chapter, we define generalizad register context-free grammar (GRCFG)
that allows the test of an arbitrary binary relation on the set of data values.
However, GRCFG does not have some important properties such as decidabilities
of membership and emptiness, which RCFG has. We first define register type in
Section 4.1 which is used to define two properties of GRCFG, simulation and
progress, in Section 4.2. We will prove that simulation and progress properties
guarantee the decidability of membership and emptiness problems of GRCFG in
Section 4.3.

4.1 Register Type, Normal Forms and ε-rule

Removal

4.1.1 Register type

In this subsection, we will define register type, which is useful in expressing
equalities among the contents of registers, transforming a given RCFG into a
certain normal form and proving some important properties of RCFG. The idea
is simple; instead of remembering concrete data values in registers, it suffices to
remember the induced equivalence classes of the indices of registers as long as
the equalities among data values in the registers are concerned.

Definition 4.1.1. A decomposition of [k] into disjoint non-empty subsets is
called a register type of k-RCFG. Let Γk denote the collection of all register
types of k-RCFG. For a register type γ ∈ Γk, let γ[i] (i ∈ [k]) denote the subset
containing i.
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For example, γ1 = {{1, 2}, {3, 5}, {4}} is a register type of 5-RCFG and γ1[1] =
{1, 2}, γ1[5] = {3, 5}. For an assignment θ ∈ Θk and a register type γ ∈ Γk, we
define the typing relation as:

θ |= γ :⇐⇒ ∀i, j.(θ(i) = θ(j)⇐⇒ γ[i] = γ[j]).

For example, θ1 ∈ Θ5 such that θ1(1) = θ1(2) = 8, θ1(3) = θ1(5) = 10, θ1(4) = 5
satisfies θ1 |= γ1. By definition, for each θ ∈ Θk, there is exactly one γ ∈ Γk such
that θ |= γ. In this case, we say that the type of θ is γ.

4.1.2 Normal forms for guard expressions

By using register types, we show that a given RCFG can be transformed into
an equivalent RCFG G′ such that for any rule r = (A,ψ, i)/(A,ψ) → α, there
must exist an input data value d for any (A, θ) that enables r to be applied
to (A, θ), that is, the guard ψ never blocks any (A, θ) and only specifies the
equality or inequality among an input data value d and the current contents of
the registers. This transformation is the key of the ε-rule removal shown in the
next subsection.

First, it is easy to transform a given k-RCFG into an equivalent k-RCFG where
the guard expression ψ of every rule has the following form:

ψ = (x=
i1 ∧ . . . ∧ x

=
im) ∧ (x ̸=

j1 ∧ . . . ∧ x
̸=
jn). (4.1)

The above guard can be obtained by the following equivalence transformations:

1. Transform the guard expression of every rule to an equivalent disjunctive
normal form.

2. Replace a rule (A,ψ1 ∨ ψ2, i)→ α into (A,ψ1, i)→ α and (A,ψ2, i)→ α.

For a guard expression ψ in (4.1), we let ψ= = {i1, . . . , im} and ψ ̸= = {j1, . . . , jn}.
For γ ∈ Γk and ψ ∈ Fk in the form of (4.1), we define

γ |= ψ :⇐⇒
∧
i∈ψ=

(
∧
j∈ψ=

γ[i] = γ[j] ∧
∧
j∈ψ ̸=

γ[i] ̸= γ[j]).
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Note that ψ= = ∅ implies γ |= ψ for any γ. It is easy to see that the following
property holds, which means that for an assignment θ that conforms to γ, there
is a data value d that satisfies ψ if and only if γ |= ψ.

θ |= γ ⇒ (γ |= ψ ⇐⇒ ∃d. θ, d |= ψ). (4.2)

Lemma 4.1.1. For an arbitrary k-RCFG G, we can construct a k-RCFG G′

such that L(G′) = L(G) and the guard expression of every rule in G′ is one of
the following k + 1 expressions: x=

1 , x
=
2 , . . . , x

=
k , x ̸=

1 ∧ · · · ∧ x
̸=
k .

Proof Let φj = x=
j for j ∈ [k] and φ∗ = x ̸=

1 ∧. . .∧x
̸=
k . Obviously, the following

property holds:

For any θ, d, and ψ, θ, d |= ψ iff θ, d |= ψ ∧ φj for some j ∈
[k] ∪ {∗}.

(4.3)

For an assignment θ whose type is γ, consider an updated assignment θ[i← d]
obtained by a single derivation step. Then one of the following possibilities must
hold:

(i) d = θ(j) for some j ∈ [k] (i.e. θ, d |= φj).

(ii) d ̸= θ(j) for any j ∈ [k] (i.e. θ, d |= φ∗).

In case (i), the type of θ[i ← d] is uniquely determined by γ, i, and j and
regardless of θ. Similarly, the type of θ[i← d] in case (ii) is uniquely determined
by γ and i. We denote the type of θ[i ← d] in cases (i) and (ii) by after(γ, i, j)
and after(γ, i, ∗), respectively. These register types can be specifically described
as follows:

• For j ∈ [k], after(γ, i, j) = γ′ where γ′[i] = γ′[j] = γ[j] ∪ {i} and γ′[j′] =
γ[j′] \ {i} for ∀j′ ∈ [k] \ γ′[i].

• after(γ, i, ∗) = γ′ where γ′[i] = {i} and γ′[j′] = γ[j′]\{i} for ∀j′ ∈ [k]\γ′[i].

We construct k-RCFG G′ = (V ′, S ′, R′) from G = (V, S,R) where V ′ = V ×Γk,
S ′ = (S, {[k]}), and R′ is the smallest set that satisfies the following inference
rules, where αaug(γ′) is the sequence obtained from α by replacing every occurrence
of every nonterminal A in V with (A, γ′); that is, (X1 . . . Xn)aug(γ′) = X ′

1 . . . X
′
n
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where X ′
ℓ = (Xℓ, γ

′) if Xℓ ∈ V and X ′
ℓ = Xℓ otherwise for every ℓ ∈ [n]. In the

following rules, φj is the expression defined in the beginning of the proof of this
lemma. We assume that the guard expression of every rule of G has the form
of (4.1).

(A,ψ, i)→ α ∈ R
j ∈ [k] ∪ {∗} γ |= ψ ∧ φj γ′ = after(γ, i, j)
((A, γ), φj, i)→ αaug(γ′) ∈ R′

(A,ψ)→ α ∈ R γ |= ψ

((A, γ), φ1)→ αaug(γ) ∈ R′

Note that φ1 in the second inference rule is used as an equivalent of tt, because
for any assignment θ, there must be a data value d (= θ(1)) that satisfies φ1,
and d is not stored in a register when that rule is applied.

We can show the following properties, which establish the lemma.

• For every ((A, γ), θ) appearing in a derivation in G′ starting from (S ′, θ⊥),
it holds that θ |= γ. This can be proved by induction on the length of the
derivation.

• For a derivation of a data word w in G, if we replace every occurrence of
(A, θ) ∈ V ×Θk with ((A, γ), θ) where γ is the type of θ, then we obtain a
derivation of w in G′. This can be proved as follows: For each derivation
step of G where a rule (A,ψ, i)→ α is applied to (A, θ) with an input data
value d (i.e. θ, d |= ψ), there must exist some φj (j ∈ [k] ∪ {∗}) such that
θ, d |= ψ ∧ φj by property (4.3). By property (4.2), γ |= ψ ∧ φj holds,
and thus G′ has the rule ((A, γ), φj, i) → αaug(γ′). This rule allows the
simulating derivation step in G′ applied to ((A, γ), θ) using the same input
data value d, which yields the same updated assignment θ[i ← d] as the
derivation step in G.

• For a derivation of a data word w in G′, if we replace each ((A, γ), θ) with
(A, θ), then we obtain a derivation of w in G. This can be proved as
follows: By the property before the previous one, θ |= γ holds. Consider
a derivation step of G′ where a rule ((A, γ), φj, i) → αaug(γ′) is applied to
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((A, γ), θ) with an input data value d (i.e. θ, d |= φj). Then G must have a
rule r = (A,ψ, i)→ α and γ |= ψ ∧ φj. By property (4.2), there is some d′

such that θ, d′ |= ψ ∧φj. If j ∈ [k], then d′ and d are the same (= θ(j)). If
j = ∗, then d must satisfy θ, d |= ψ∧φ∗ because ψ∧φ∗ must be equivalent
to φ∗ (if not, θ, d′ ̸|= ψ∧φ∗ for any d′). Since θ, d |= ψ∧φj implies θ, d |= ψ,
we can apply r to (A, θ) with the same input data value d.

4.1.3 ε-rule removal

Theorem 4.1.1. For an arbitrary k-RCFG G, we can construct an ε-rule free
k-RCFG G′ that satisfies L(G′) = L(G) \ {ε}.

Proof By Lemma 4.1.1, we can transform any k-RCFG G = (V,R, S) into
another k-RCFG G′′ = (V ′′, R′′, S ′′) such that L(G′′) = L(G) and the guard
expression of every rule in G′′ is either x=

1 , . . . , x
=
k , or x ̸=

1 ∧ . . .∧ x
̸=
k . Because the

guard expressions of G′′ never block the application of each rule, we can compute
the set Nu of nullable nonterminals (i.e. the set that consists of every nonterminal
A such that (A, θ) ⇒∗

G′′ ε regardless of θ) in the same way as CFG; that is, we
can compute Nu as the smallest set that satisfies the following conditions:

• If (A,ψ, i)/(A,ψ)→ ε ∈ R′′, then A ∈ Nu.

• If (A,ψ, i)/(A,ψ) → α ∈ R′′ and α consists of nonterminals in Nu, then
A ∈ Nu.

And thus we can remove the ε-rules ofG′′ also in the same way as CFG; that is, for
each (A,ψ, i)/(A,ψ)→ α ∈ R′′ such that α ̸= ε, we construct (A,ψ, i)/(A,ψ)→
α′ where α′ ̸= ε and α′ is obtained from α by removing zero or more occurrence
of nonterminals in Nu. Let G′ = (V ′′, R′, S ′′) be the resultant RCFG. We can
show that for every A ∈ V ′′, θ ∈ Θk, and a data word w, (A, θ) ⇒∗

G′′ w and
w ̸= ε if and only if (A, θ)⇒∗

G′ w, by induction on the length of the derivation.
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4.2 Generalized RCFG

4.2.1 Definitions

We define generalized register context-free grammar by allowing an arbitrary
binary relation on the set of data values. Let Σ be a finite alphabet, D be a set of
data values such that Σ∩D = ∅ equipped with a finite set of binary relations R.
We call (D,R) a data structure. For k ∈ N0, a generalized k-register context-free
grammar (k-GRCFG) is a triple G = (V,R, S) where V , R and S are the same
as in k-RCFG except that an atomic formula in a guard expression is x▷◁i and
x▷◁

−1
i (i ∈ [k], ▷◁ ∈ R) and its semantics is defined by

θ, d |= x▷◁i iff θ(i) ▷◁ d and θ, d |= x▷◁
−1

i iff d ▷◁ θ(i)

for any θ ∈ Θk and d ∈ D. We sometimes write k-GRCFG(R) to emphasize R
and abbreviate it as k-GRCFG(▷◁) when R = {▷◁}. Notions and notations for
RCFG such as ε-rule, derivation relation ⇒, the data language L(G) generated
by G are defined in the same way. We also write k-GRCFG(=) to denote a
(usual) k-RCFG.

Closure and non-closure properties of GRCFG described in the following The-
orem 4.1 can be proved in a similar way to the case of the usual RCFG [20, 41].
In that theorem, a homomorphism is a function h : (Σ×D)∗ → (Σ′×D′)∗ where
Σ,Σ′ are finite alphabets and D,D′ are infinite sets of data values such that
h(w1 · · ·wn) = h(w1) · · ·h(wn) holds for w1, . . . , wn ∈ (Σ × D)∗. Theorem 4.2.2
is an extension of 1.2.1 to GRCFG and can be proved in the same way.

Theorem 4.2.1. The class of data languages generated by k-GRCFG(R) is
closed under union, concatenation and Kleene-closure. It is not closed under
intersection, complement, homomorphisms or inverse homomorphisms.

Theorem 4.2.2. For an arbitrary k-GRCFG G = (V,R, S), we can construct
an equivalent (k + 1)-GRCFG G′ = (V ′, R′, S ′) such that R′ has no rule of the
form (A,ψ)→ α.



4.2. Generalized RCFG 63

4.2.2 Simulation and progress properties

In Section 4.1, we showed that a given RCFG can be transformed to an equiv-
alent RCFG where the guard expression of a production rule never blocks its
application by associating a register type with each nonterminal symbol. We
can extend register type to GRCFG in a natural way, but the above transfor-
mation cannot guarantee the equivalence because the register type no longer has
information enough to represent the applicability of a rule in GRCFG.

Example 4.2.1. Consider the set of integers with the usual strict total or-
der Z = (Z, {<Z , >Z}) as a data structure. We might extend register type of
GRCFG(=) by introducing <Z among the equivalence classes of [k]. For ex-
ample, let ψ = x<Z

1 ∧ x>Z
2 be a guard expression of 3-GRCFG({<Z , >Z}) and

consider assignments θ1, θ2 ∈ Θ3 such that θ1(1) = θ1(3) = 4, θ1(2) = 7 and
θ2(1) = θ2(3) = 5, θ2(2) = 6. Also let γ be the register type (informally) defined
as γ = {{1, 3} <Z {2}}. Both θ1 |= γ and θ2 |= γ hold. However, there is no
d ∈ Z such that θ2, d |= ψ while θ1, 5 |= ψ.

Similarly, the membership and emptiness lose decidability for GRCFG even if
a binary relation appearing in a guard expression is a decidable relation.

Theorem 4.2.3. There exists a data structure (D,R) such that the membership
and emptiness problems for 1-GRCFG(R) are undecidable.

Proof We show a reduction from the Post’s correspondence problem (PCP).
Let {(u1, v1), . . . , (un, vn)} ⊆ Σ+ × Σ+ be an instance of PCP over an alphabet
Σ. Then let D = Σ∗ × Σ∗ and R = {▷◁i | i ∈ [n]} ∪ {EQ} where

(x1, x2) ▷◁i (y1, y2) ⇐⇒ x1ui = y1 ∧ x2vi = y2,

(x1, x2) EQ (y1, y2) ⇐⇒ x1 = x2.

We assume the initial register data value ⊥ = (ε, ε) ∈ D. We construct 1-
GRCFG(R) G = (V,R, S) where R consists of

(S, x▷◁i
1 , 1)→ A and (A, x▷◁i

1 , 1)→ A for ∀i ∈ [n] and (A, xEQ1 )→ ε.
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We can easily show that ε ∈ L(G) (iff L(G) ̸= ∅) iff the instance {(u1, v1), . . . ,
(un, vn)} of PCP has a solution.
In the rest of this paper, we assume R is a singleton R = {▷◁} for simplicity. The
properties we show below can be extended in a general case that R has more
than one binary relation. We first extend a register type as a binary relation
γ : ([k] × [k])\{(i, i) | i ∈ [k]} → {tt, ff} (We exclude the diagonal elements
{(i, i) | i ∈ [k]} from the domain of a register type because the applicability of
a rule does not depend on whether θ(i) ▷◁ θ(i).) We say that the type of an
assignment θ is γ (and write θ |= γ) iff for all i, j ∈ [k] (i ̸= j),

γ(i, j) = tt iff θ(i) ▷◁ θ(j).

We write θ ∼▷◁ θ′ if the types of assignments θ and θ′ are the same. The collection
of all register types of k-GRCFG is denoted by Γk as before.

In Example 4.2.1, we see that a register type cannot always decide the appli-
cability of a rule because there may exist γ ∈ Γk, ψ ∈ Fk such that ∃d. θ, d |= ψ

and ∀d′. θ′, d′ ̸|= ψ for some assignments θ, θ′ |= γ. We would like to avoid the
above case and also to uniquely determine the register-type γ′ ∈ Γk after a rule
application. For this purpose, we introduce two predicates (Definition 4.2.1) to
describe the desirable property (Definition 4.2.2).

Definition 4.2.1. Let pr, npr : Γk × Fk × [k]× Γk → {tt, ff} be the predicates
defined as follows: For γ, γ′ ∈ Γk, i ∈ [k], and ψ ∈ Fk,

pr(γ, ψ, i, γ′) = tt ⇐⇒ γ′ ∈ after(θ, ψ, i) for ∀θ |= γ,

npr(γ, ψ, i, γ′) = tt ⇐⇒ γ′ /∈ after(θ, ψ, i) for ∀θ |= γ,

where after(θ, ψ, i) = {γ′ | ∃d. (θ, d |= ψ ∧ θ[i← d] |= γ′)}.

Definition 4.2.2 (simulation). We say that a data structure (D,R) has the
simulation property for k registers if the following condition is met:

For all γ, γ′ ∈ Γk, i ∈ [k], and ψ ∈ Fk, either pr(γ, ψ, i, γ′) = tt or
npr(γ, ψ, i, γ′) = tt holds.

Again, both pr and npr are undecidable in general because a binary relation
appearing in ψ may be undecidable. (It is unknown whether pr and npr are
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decidable when we restrict a binary relation in ψ to be decidable.) Hence, we
will introduce the assumption that both pr and npr are decidable (in EXPTIME).

Definition 4.2.3 (progress). We say that a data structure (D,R) has the progress
property for k registers if the following condition is met:

For all γ, γ′ ∈ Γk, i ∈ [k], and ψ ∈ Fk, predicate pr and npr are
decidable in EXPTIME.

For a data structure D = (D,R), if D is understood, we say that R (or even
▷◁, if R = {▷◁}) has the simulation or progress property.

Finally, we define data type as an extension of register type by adding the
information on equality between data values in the registers and data values
appearing in a given data word w.

Definition 4.2.4 (data type). Let w be a data word and Dw be the set of data
values appearing in w; i.e. Dw = {di | i ∈ [n], w = (a1, d1) . . . (an, dn)}. Also let
d ̸= ̸∈ D be a newly introduced symbol. We use a function e : [k] → Dw ∪ {d̸=}
as a finite representation of an assignment. This function is the same as a given
assignment except that every data value that does not appear in w is replaced
with d̸=. We write θ |= e iff for all i ∈ [k],

e(i) = θ(i) if θ(i) ∈ Dw and e(i) = d̸= otherwise.

The collection of all such functions e : [k]→ Dw ∪ {d ̸=} is denoted by Ew,k. The
data type of an assignment θ ∈ Θk for a data word w is a pair (γ, e) ∈ Γk×Ew,k.
We write θ |= (γ, e) iff θ |= γ and θ |= e. We define the simulation and progress
properties with data type in the same way as in the case of register types.

4.3 Properties of GRCFG

4.3.1 ε-rule removal

Theorem 4.3.1. For an arbitrary GRCFG(▷◁) G such that ▷◁ has the simulation
and progress properties, we can construct an ε-rule free GRCFG(▷◁) G′′ that
satisfies L(G′′) = L(G) \ {ε}.
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Proof The theorem can be proved in a similar way to Theorem 4.1.1 by using
the simulation and progress properties. Let G = (V,R, S) be a k-GRCFG(▷◁).
Without loss of generality, we assume that R has no rule of the form (A,ψ)→ α

(by Theorem 4.2.2) and the guard expression of every rule in R is a conjunction
of literals (atomic formulas or their negations). We first construct k-GRCFG(▷◁)
G′ = (V ′, R′, S ′) from G where

• V ′ = V × Γk,

• R′ is the smallest set of rules satisfying the following conditions. Define
the subset of guard expressions F ′

k (⊆ Fk) as

F ′
k = {

∧
i∈[k]

ζi ∧
∧
i∈[k]

ηi | ζi ∈ {x▷◁i ,¬x▷◁i }, ηi ∈ {x▷◁
−1

i ,¬x▷◁−1

i }}.

Let r = (A,ψ, i) → α ∈ R. Also let γ, γ′ ∈ Γk and φ ∈ F ′
k. If pr(γ, ψ ∧

φ, i, γ′) = tt, which is decidable by the progress property,

((A, γ), ψ ∧ φ, i)→ αaug(γ′) ∈ R′.

(See the proof of Lemma 4.1.1 for the definition of αaug(γ′).) Note that
γ′ is uniquely determined by γ, ψ ∧ φ and i because γ specifies whether
θ(i) ▷◁ θ(j) holds or not for each pair i, j ∈ [k] (i ̸= j) and also φ specifies
whether θ(i) ▷◁ d and d ▷◁ θ(i) hold or not for each i ∈ [k] and an input
data value d.

• S ′ = (S, γ0) where θ⊥ |= γ0.

See the example of the construction in Example 4.3.1. We will show L(G) =
L(G′) by induction on the length of derivations in G and G′, using the simulation
property (to show L(G) ⊆ L(G′)).

First we show that L(G′) ⊆ L(G). Assume w ∈ L(G′). Then, there exists a
derivation ((S, γ0), θ⊥) ∗⇒G′ w. We have to show (S, θ⊥) ∗⇒G w. For this purpose,
we will show by induction on the length of the derivation in G′ a little more
general property that if ((S, γ0), θ⊥) ∗⇒G′ Y ′

1 . . . Y
′
m (Y ′

j ∈ ((V ×Γk)×Θk)∪(Σ×D)
for each j ∈ [m]), then (S, θ⊥) ∗⇒G Y1 . . . Ym where Yj = (Bj, θj) and θj |= γj if
Y ′
j = ((Bj, γj), θj) and Yj = Y ′

j otherwise. We call the former derivation t′.
(Basis) If the length of t′ is zero, the claim holds because θ⊥ |= γ0.
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(Induction) Assume that the length of t′ is greater than zero and the last step in t′

is Y ′
1 . . . Y

′
p−1((A, γ), θ)Y ′

q+1 . . . Y
′
m ⇒G′ Y ′

1 . . . Y
′
m with ((A, γ), θ) ⇒d

G′,r′ Y ′
p . . . Y

′
q

for some 1 ≤ p, q ≤ m. Since r′ ∈ R′, by the construction of R′, there are r =
(A,ψ, i)→ α ∈ R, φ ∈ F ′

k and γ′ ∈ Γk such that r′ is constructed from r, γ, γ′ and
φ. We assume that the form of r is (A,ψ, i)→ α. By the induction hypothesis,
(S, θ⊥) ∗⇒G Y1 . . . Yp−1(A, θ)Yq+1 . . . Ym where Yj = (Bj, θj) and θj |= γj if Y ′

j =
((Bj, γj), θj) and Yj = Y ′

j otherwise for 1 ≤ j < p or q < j ≤ n, and also θ |= γ.
Since the left-hand side of r′ is ((A, γ), ψ ∧ φ, i) and r′ is applied to ((A, γ), θ)
with the input data d, we have θ, d |= ψ∧φ. Hence θ, d |= ψ holds obviously and
thus r is applicable to (A, θ) also. Let (A, θ) ⇒d

G,r α
′, then we obtain a desired

derivation (S, θ⊥) ∗⇒G Y1 . . . Yp−1(A, θ)Yq+1 . . . Ym ⇒d
G,r Y1 . . . Yp−1α

′Yq+1 . . . Ym.
Next we show that L(G) ⊆ L(G′). Assume w ∈ L(G). Then, there exists

a derivation S
∗⇒G w. We have to show ((S, γ0), θ⊥) ∗⇒G′ w. We will show

by induction on the length of the derivation in G that if (S, θ⊥) ∗⇒G Y1 . . . Ym

(Yj ∈ (V ×Θk)∪ (Σ×D) for each j ∈ [m]) then ((S, γ0), θ⊥) ∗⇒G′ Y ′
1 . . . Y

′
m where

Y ′
j = ((Bj, γj), θj) for γj such that θj |= γj if Yj = (Bj, θj) and Y ′

j = Yj otherwise.
We call the former derivation t.
(Basis) If the length of t is zero, the claim holds because θ⊥ |= γ0.
(Induction) Assume that the length of t is greater than zero and the last step in
t is Y1 . . . Yp−1(A, θ)Yq+1 . . . Ym ⇒G Y1 . . . Ym with (A, θ) ⇒d

G,r Yp . . . Yq for some
1 ≤ p, q ≤ m. By the induction hypothesis, ((S, γ0), θ⊥) ∗⇒G′ Y ′

1 . . . Y
′
p−1((A, γ), θ)

Y ′
q+1 . . . Y

′
m where Y ′

j = ((Bj, γj), θj) for γj such that θj |= γj if Yj = (Bj, θj) and
and Y ′

j = Yj otherwise for 1 ≤ j < p or q < j ≤ n, and also θ |= γ. We assume
that the form of r applied to (A, θ) is (A,ψ, i) → α. This means that θ, d |= ψ,
and because of the definition of F ′

k, there must be a unique φ ∈ F ′
k such that

θ, d |= ψ ∧ φ. Hence, γ′ ∈ after(θ, ψ ∧ φ, i) for the type γ′ of θ[i ← d]. By
the simulation property, we have pr(γ, ψ ∧ φ, i, γ′) = tt. Therefore, the rule
r′ = ((A, γ), ψ ∧ φ, i) → αaug(γ′) has been constructed. The rest of the proof is
similar to the converse direction.

We can construct an equivalent ε-rule free k-GRCFG(▷◁) G′′ from G′ in a
similar way to Theorem 4.1.1 (because every application of a rule in G′ is never
blocked by the guard condition and we can compute the set Nu of nullable
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nonterminals like Theorem 4.1.1).

Example 4.3.1. Let k = 2 and consider a rule r = (A,ψ, 1) → α where
ψ = x▷◁1 ∧x▷◁

−1
2 . The possible register types are γ1 = (δ12 ∧ δ21), γ2 = (δ12 ∧¬δ21),

γ3 = (¬δ12 ∧ δ21) and γ4 = (¬δ12 ∧ ¬δ21) where δ12 = (θ(1) ▷◁ θ(2)) and
δ21 = (θ(2) ▷◁ θ(1)) (for readability, we denote a register type as a Boolean
formula on an assignment θ. For example, γ2(1, 2) = tt and γ2(2, 1) = ff if we
follow the notation defined in Sec. 4.2.2.) After the elimination of the unsatis-
fiable ones and Boolean simplification, we can assume that F ′

k = {φ1, φ2, φ3, φ4}
where φ1 = x▷◁

−1
1 ∧ x▷◁2 , φ2 = x▷◁

−1
1 ∧ ¬x▷◁2 , φ3 = ¬x▷◁−1

1 ∧ x▷◁2 and φ4 = ¬x▷◁−1
1 ∧

¬x▷◁2 . If pr(γ, ψ ∧ φi, 1, γ′) = tt, the possible register type γ′ is γ1, γ2, γ1, γ2 for
φ1, φ2, φ3, φ4, respectively. In this example, the type γ′ is determined depending
only on φj and independent of γ because k = 2 and an input data value is loaded
to the first register when r is applied.

4.3.2 Emptiness and membership

Theorem 4.3.2. The emptiness problem for GRCFG(▷◁) such that ▷◁ has the
simulation and progress properties, is EXPTIME-complete.

Proof Let G = (V,R, S) be an arbitrary k-GRCFG(▷◁) that has no rule of the
form (A,ψ) → α and G′ = (V ′, R′, S ′) be the k-GRCFG(▷◁) constructed from
G in the proof of Theorem 4.3.1. As shown in that proof, L(G′) = L(G). We
construct CFG G′′ = (V ′, R′′, S ′) from G′ where

R′′ = {(A, γ) → X1 . . . Xn | ((A, γ), ψ, i) → X ′
1 . . . X

′
n ∈ R′ for some

ψ and i, and Xj = X ′
j if X ′

j ∈ V ′ and Xj = a if X ′
j /∈ V ′ for each

j ∈ [n]}.

As we will show below, L(G′) = ∅ ⇔ L(G′′) = ∅ because a rule application is
never blocked in G′.

Assume L(G′′) ̸= ∅. Then, there exists a derivation S ′ ∗⇒G′′ w for some
w ∈ a∗. It suffices to show (S ′, θ⊥) ∗⇒G′ w′ for some w′ ∈ (Σ × D)∗. For
this purpose, we will show by induction on the length of the derivation in G′′

that if t = S ′ ∗⇒G′′ Y1 . . . Ym (Yj ∈ V ′ or Yj = a for each j ∈ [m]), then
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(S ′, θ⊥) ∗⇒G′ Y ′
1 . . . Y

′
m where Y ′

j = (Yj, θj) for some θj ∈ Θk such that θj |= γj if
Yj = (Bj, γj) ∈ V ′ and Y ′

j ∈ (Σ×D) if Yj = a.
(Basis) If the length of t is zero, the claim trivially holds.
(Induction) Assume that the length of t is greater than zero and the last step
in t is Y1 . . . Yp−1(A, γ)Yq+1 . . . Ym ⇒G′′,r Y1 . . . Ym with (A, γ)⇒G′′,r Yp . . . Yq for
some 1 ≤ p, q ≤ m. Since r ∈ R′′, by the construction of R′, there are r′ ∈ R′ and
γ′ ∈ Γk such that r′ = ((A, γ), ψ, i)→ αaug(γ′) ∈ R′, pr(γ, ψ, i, γ′) = tt, and r is
constructed from r′. We assume that the form of r′ is ((A, γ), ψ, i) → Y ′

p . . . Y
′
q .

By the induction hypothesis, (S ′, θ⊥) ∗⇒G′ Y ′
1 . . . Y

′
p−1((A, γ), θ)Y ′

q+1 . . . Y
′
m for

some θ |= γ and Y ′
j = (Yj, θj) and θj |= γj if Yj = (Bj, γj) ∈ V ′ and Y ′

j ∈ (Σ×D)
if Yj = a for 1 ≤ j < p or q < j ≤ n. Since pr(γ, ψ, i, γ′) = tt, the rule r′ can be
applied at ((A, γ), θ) in the above derivation in G′. Hence, L(G′) ̸= ∅.

The converse direction L(G′) ̸= ∅ ⇒ L(G′′) ̸= ∅ can be proved in a similar
way.
∥G′∥ is single exponential to ∥G∥ because |V ′| = |V |×|Γk| (by the definition of

Γk : ([k]×[k])\{(i, i) | i ∈ [k]} → {tt, ff}, |Γk| ≤ 2k2) and |R′| ≤ |R|×|Γk|2×|F ′
k|

(F ′
k is defined in the proof of Theorem 5.1 and |F ′

k| = 22k). In addition, ∥G′′∥ is
obviously linear to ∥G′∥. Therefore, ∥G′′∥ is single exponential to ∥G∥. Because
the emptiness problem for CFG is decidable in linear time, the emptiness problem
for GRCFG is decidable in deterministic time exponential to k.

The lower bound can be obtained from EXPTIME-completeness of the empti-
ness problem for k-GRCFG(=) in Theorem 2.3.4.

Theorem 4.3.3. The membership problem for GRCFG(▷◁) such that ▷◁ has the
the simulation and progress properties with data type, is EXPTIME-complete.

Proof sketch This theorem can be proved in a similar way to Theorem 4.3.2
as follows. From a given k-GRCFG(▷◁) G = (V,R, S) and a data word w, we
construct k-GRCFG(▷◁) G′ = (V ′, R′, S ′) in a similar way to Theorem 4.3.1, by
using the set of data types Γk×Ew,k instead of Γk (Therefore, V ′ = V ×Γk×Ew,k).
We construct CFG G′′ = (V ′, R′′, S ′) (over a finite alphabet Σ × (Dw ∪ {d ̸=}))
from G′ where

R′′ = {(A, (γ, e)) → X1 . . . Xn | ((A, (γ, e)), ψ, i) → X ′
1 . . . X

′
n ∈ R′
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for some ψ and i, and Xj = X ′
j if X ′

j ∈ V ′ and Xj = (a, e(h)) if
X ′
j = (a, h) ∈ (Σ× [k]) for each j ∈ [n]}.

Similar to the proof of Theorem 4.3.2, each derivation S ′ ∗⇒G′′ Y1 . . . Ym in G′′

has a corresponding derivation (S ′, θ⊥) ∗⇒G′ Y ′
1 . . . Y

′
m in G′. Moreover, if Yj is a

terminal (a, d) ∈ Σ×(Dw∪{d ̸=}), then Y ′
j equals (a, d) if d ∈ Dw and Y ′

j = (a, d′)
for some d′ /∈ Dw if d = d ̸=. Therefore, we can prove w ∈ L(G′)⇔ w ∈ L(G′′) in
a similar way to Theorem 4.3.2.

If we drop the progress property, the membership and emptiness are not always
decidable as shown in the next theorem.

Theorem 4.3.4. There exists a data structure (D,R) that has the simulation
property but does not have the progress property, and the membership and empti-
ness problems for 2-GRCFG(R) are undecidable.

Proof We use a reduction from the inclusion problem for CFG. Let D = Σ∗,
and consider two CFG A and B over Σ and R = {▷◁} such that

d1 ▷◁ d2 ⇐⇒ d2 ∈ L(A) \ L(B).

As defined in Example 4.3.1, there are four possible register types γ1, γ2, γ3, γ4

for k = 2 and a single binary relation ▷◁. For convenience, we give the definition
of γ3 and γ4 again.

• γ3 = (¬(θ(1) ▷◁ θ(2)) ∧ θ(2) ▷◁ θ(1))

• γ4 = (¬(θ(1) ▷◁ θ(2)) ∧ ¬(θ(2) ▷◁ θ(1)))

For the binary relation ▷◁ defined above, (θ(1) ▷◁ θ(2)) iff (θ(2) ∈ L(A) \ L(B))
and (θ(2) ▷◁ θ(1)) iff (θ(1) ∈ L(A) \ L(B)).

We can prove that ▷◁ has the simulation property but does not have the
progress property for two registers.

(The simulation property) For given ψ ∈ F2, γ′ ∈ Γ2, i ∈ [2], θ ∈ Θ2, and
d ∈ D, the condition θ, d |= ψ∧ θ[i← d] |= γ′ can be transformed into a Boolean
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combination of the following atomic propositions:

θ(1) ∈ L(A) \ L(B), (4.4)

θ(2) ∈ L(A) \ L(B), (4.5)

d ∈ L(A) \ L(B). (4.6)

(Note that the atomic propositions of F2 are x▷◁1 , x▷◁2 , x▷◁−1
1 , x▷◁−1

2 , and for example,
(θ, d |= x▷◁1 ) iff (d ∈ L(A) \ L(B)) and (θ, d |= x▷◁

−1
1 ) iff (θ(1) ∈ L(A) \ L(B)).)

Whether the propositions (4.4) and (4.5) hold is determined uniquely by the
type γ of θ (because γ uniquely determines whether θ(2) ▷◁ θ(1) and θ(1) ▷◁ θ(2)
hold). Therefore, whether ∃d. θ, d |= ψ∧θ[i← d] |= γ′ holds or not is determined
independent of a choice of θ of type γ, and thus the simulation property holds.

(Absence of the progress property) We can show that pr(γ4, x
▷◁
1 , 1, γ3) for the

above-mentioned γ4 and γ3 is undecidable by a reduction from the inclusion
problem L(A) ⊆ L(B) for CFG A and B. We first decide whether L(B) = ∅. If
L(B) = ∅, then L(A) ⊆ L(B) iff L(A) = ∅, which is also decidable. Assume that
L(B) ̸= ∅. We can prove L(A) ̸⊆ L(B)⇔ pr(γ4, x

▷◁
1 , 1, γ3) = tt in the following

steps:

L(A) ̸⊆ L(B)⇔ ∃d. d ∈ L(A) \ L(B)

⇔ ∀θ |= γ4.∃d. θ, d |= x▷◁1 ∧ θ[1← d] |= γ3

⇔ pr(γ4, x
▷◁
1 , 1, γ3) = tt.

L(A) ̸⊆ L(B)⇔ ∃d. d ∈ L(A)\L(B) is obviously satisfied, and ∀θ |= γ4.∃d. θ, d |=
x▷◁1 ∧ θ[1← d] |= γ3

⇔ pr(γ4, x
▷◁
1 , 1, γ3) = tt is obtained by the definition of pr. We prove the middle

step ∃d. d ∈ L(A) \ L(B)⇔ ∀θ |= γ4. ∃d. θ, d |= x▷◁1 ∧ θ[1← d] |= γ3 as follows.

• (⇒): Let θ be an arbitrary assignment that satisfies θ |= γ4. Note that
θ(2) /∈ L(A) \ L(B) by the definition of γ4. By the assumption, there is a
data value d ∈ L(A) \ L(B). This d satisfies θ, d |= x▷◁1 . Moreover, this d
also satisfies θ[1 ← d] |= γ3 because θ[1 ← d](1) = d ∈ L(A) \ L(B) and
θ[1← d](2) = θ(2) /∈ L(A) \ L(B).

• (⇐): Because L(B) ̸= ∅, there exists some d′ ∈ L(B). Let θ be the
assignment defined as θ(1) = θ(2) = d′, which satisfies θ |= γ4. By the
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assumption, there exists d such that θ, d |= x▷◁1 , and this implies that d ∈
L(A) \ L(B).

We construct 2-GRCFG(▷◁) G = (V,R, S) such that R = {(S, x▷◁1 ) → ε}. We
can easily show that ε ∈ L(G) (iff L(G) ̸= ∅) iff L(A) ̸⊆ L(B).

4.3.3 GRCFG with a total order on a dense set

Lemma 4.3.1. Every GRCFG(<Q) has the simulation and progress properties
where <Q is the strict total order on the set Q of all rational numbers. Similarly,
it has the simulation and progress properties with data type.

Proof We abbreviate <Q as <. Let G = (V,R, S) be a k-GRCFG(<), θ ∈ Θk,
γ ∈ Γk and r = (A,ψ, i) → α ∈ R where ψ is the conjunction of literals (of the
form x<i or ¬x<j ). (The case r = (A,ψ) → α ∈ R can be treated in a similar
way.) Assume that θ |= γ. The rule r can be applied to (A, θ) iff there is d ∈ Q
such that θ, d |= ψ. The condition θ, d |= ψ as well as the assumption θ |= γ

can be represented as a set of inequations on d, θ(1), . . . , θ(k). Whether this
set of inequations has a contradiction does not depend on the concrete values
θ(1), . . . , θ(k), and if it does not have a contradiction, then there must exist d ∈ Q
that satisfies it because Q is dense. Moreover, whether θ[i← d] |= γ′ holds for a
given γ′, which can also be represented as the consistency of a set of inequations
on d, θ(1), . . . , θ(k), does not depend on θ. Hence, for all θ |= γ, whether there
exists d such that θ, d |= ψ and θ[i ← d] |= γ′ can be decided uniquely, and the
simulation property holds.

Similarly, for deciding pr(γ, ψ, i, γ′) = tt, it suffices to represent the condition

θ |= γ ∧ θ, d |= ψ ∧ θ[i← d] |= γ′

as a set of inequations on d, θ(1), . . . , θ(k) as above and solve it.
We can show the simulation and progress properties with data type in a similar

way.

Example 4.3.2. Consider a 2-GRCFG(<) (V,R, S) and a rule (A,ψ, 1)→ B ∈
R where ψ = x<1 ∧¬x<2 . We see that θ, d |= ψ ⇔ θ(1) < d ≤ θ(2). Because k = 2
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and < is a total order on Q, there are three possible register types γ1 = (θ(1) <
θ(2)), γ2 = (θ(2) < θ(1)) and γ3 = (θ(1) = θ(2)). As easily known, (i) there is
d ∈ Q such that θ, d |= ψ and θ |= γ if and only if γ = γ1, and (ii) if γ = γ1

then such d ∈ Q satisfies either (ii-a) d < θ(2), θ[1← d] |= γ1 or (ii-b) d = θ(2),
θ[1← d] |= γ3.

Corollary 4.3.1. For a given GRCFG(<Q) G, we can construct an ε-rule free
GRCFG(<Q) G′ that satisfies L(G′) = L(G) \ {ε}. The emptiness and member-
ship problems are both EXPTIME-complete for GRCFG(<Q).

Proof By Lemma 4.3.1 and Theorems 4.3.1, 4.3.2 and 4.3.3.
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Conclusion of Part II

• We have clarified the computational complexity of the membership and
emptiness problems of RCFG and the related models. These results are
important for the application of these register models to software engineer-
ing because some practical problems such as query for database and model
checking can be reduced to membership and emptiness problems.

• We defined GRCFG and proposed two constraints, simulation and progress,
which guarantees the membership and emptiness problems decidable. Even
with these two constraints, GRCFG can deal with total order relation on
rational numbers, which is useful for representing practical programs.





Part III

Software Verification





79

Outline of Part III

• In Chapter 5, we show the forward regularity preservation property of regis-
ter pushdown systems (abbreviated as RPDS). Before giving the definition
of RPDS, we define equivalence relations over the set of k-data values Dk,
which is used as a guard condition of RPDS and RA in this part. This
does not change the expressive power, comparing with the register models
defined in Part I, because using equivalence relations as guard conditions
corresponds to using normal form rules with respect to register type as dis-
cussed in [64, 65]. We also show the joinability of regular sets by RPDS is
decidable as a corollary and give an example of malware analysis by using
the algorithm.

• In Chapter 6, we propose algorithms for LTL model checking problems
for RPDS with simple and regular valuations. The LTL model checking
problem for RPDS takes an RPDS P with a start configuration c0, an LTL
formula φ and a valuation Λ, and asks whether every run of P reachable
from c0 satisfies φ under Λ. To prove the EXPTIME-completeness of the
problem with simple valuation, we reduce the model checking problem to
the membership problem for RA. In the case of the problem with regular
valuation, we show the EXPTIME-completeness by reducing the problem
to the one with simple valuation. As practical examples, we show solu-
tions of a malware detection and an XML schema checking in the proposed
framework.
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Chapter 5 Regularity
Preservation

5.1 Definitions

5.1.1 Equivalence relation and quotient set

We define the equivalence relation ≡ over Dk as follows. For d1, . . . , dk, d
′
1,

. . . , d′
k ∈ D, d1 · · · dk ≡ d′

1 · · · d′
k iff di = dj ⇔ d′

i = d′
j for all i, j ∈ [k]. For

example, if we assume that every data value is a one-digit number, 35523 ≡ 84418
holds while 12 ̸≡ 33. Let Φk = Dk/≡ denote the quotient set of Dk by ≡. Let
Φ = ∪

k∈N Φk. For u ∈ Dk, let ⟨u⟩ ∈ Φk denote the equivalence class containing u.
To relate an assignment with an equivalence class in Φ, we regard an assignment
θ ∈ Θk as a word θ(1) · · · θ(k) ∈ Dk and thus ⟨θ⟩ means ⟨θ(1) · · · θ(k)⟩. For
u1, . . . , um ∈ D∗, we let ⟨u1, . . . , um⟩ denote ⟨u1 · · ·um⟩, and thus for θ, θ′ ∈ Θk

and d ∈ D, ⟨θ, θ′, d⟩ means ⟨θ(1) · · · θ(k)θ′(1) · · · θ′(k)d⟩ ∈ Φ2k+1.
We will use an equivalence class ϕ in Φ2k+1 for defining the meaning of a

transition rule of an RPDS. When we apply a transition rule labeled with ϕ, we
require ⟨θ, θ′, d⟩ = ϕ to be satisfied, where θ, θ′ ∈ Θk are the assignments to the
registers before and after the transition, respectively, and d is the value at the
stack top before the transition. In other words, a transition rule labeled with ϕ

can be applied when the current assignment θ and the current stack top d and
some assignment θ′ satisfy ⟨θ, θ′, d⟩ = ϕ, and by this transition, the assignment
to the registers is updated to θ′.

Note that Φk is isomorphic to the set of equivalence relations over [k]. That is,
for each ϕ ∈ Φk, we can define a unique equivalence relation ∼ϕ over [k] as i ∼ϕ j
iff every data word d1 · · · dk ∈ Dk such that ⟨d1 · · · dk⟩ = ϕ satisfies di = dj. For
example, for ϕ = ⟨35523⟩, i ∼ϕ i (i ∈ [5]), 1 ∼ϕ 5, 2 ∼ϕ 3 and i ̸∼ϕ j for every
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other i, j ∈ [5]. Conversely, each equivalence relation ∼ over [k] determines a
unique element ϕ in Φk, which is the equivalence class containing every data
word d1 · · · dk ∈ Dk such that di = dj ⇔ i ∼ j. By this correspondence between
Φk and the set of equivalence relations over [k], |Φk| ≤ 2

(k−1)k
2 holds because the

number of reflexive symmetric binary relations over k elements is 2
(k−1)k

2 . (|Φk|
is known as Bell number Bk, which is still exponential to k2.)

We use the above-mentioned equivalence relation ∼ϕ for specifying ϕ ∈ Φ2k+1

in a transition rule. Moreover, for readability, we write 1, 2, . . . , k, k + 1, . . . , 2k,
2k + 1 appearing in the notation i ∼ϕ j as x1, x2, . . . , xk, x′

1, . . . , x′
k, top, respec-

tively. For example, xi ∼ϕ x′
j means θ(i) = θ′(j) for every θ, θ′ ∈ Θk that satisfy

⟨θ, θ′, d⟩ = ϕ for some d ∈ D. In other words, xi ∼ϕ x′
j means that the contents

of the i-th register before the transition is equal to the contents of the j-th reg-
ister after the transition. Intuitively, xi ∼ϕ x′

j and top ∼ϕ x′
j represent how the

registers are updated. On the other hand, xi ∼ϕ xj and xi ∼ϕ top represent the
guard condition of the transition, which means that this transition rule can be
applied if and only if the current assignment θ and the value d at the stack top
satisfy θ(i) = θ(j) and θ(i) = d, respectively.

We define the former projection of an equivalence class Fformer : Φ2k+1 → Φk+1

as Fformer(⟨θ, θ′, d⟩) = ⟨θ, d⟩ for θ, θ′ ∈ Θk and d ∈ D. Also, we define the latter
projection Flatter : Φ2k+1 → Φk as Fformer(⟨θ, θ′, d⟩) = ⟨θ′⟩ for θ, θ′ ∈ Θk and
d ∈ D.

The description length of an equivalence relation ϕ, denoted as ∥ϕ∥, is defined
as ∥ϕ∥ = k(2k + 1), because a reflexive symmetric binary relation over 2k + 1
elements can be described with 2k(2k + 1)/2 = k(2k + 1) bits.

We introduce the following lemma, which is given by the definition of equiva-
lence class.

Lemma 5.1.1. Let u1, u2, u3, v1, v2, v3 ∈ D∗ be any words over D and d, d′ ∈ D
be any data values.

(i) If u1, u2 = v1, v2 and |u1| = |v1|, then for any x ∈ D∗, there exists y ∈ D∗

such that |x| = |y| and u1, x, u2 = v1, y, v2 .
(ii) If u1, u2, u3 = v1, v2, v3 , |u1| = |v1| and |u2| = |v2|, then u1, u3 = v1, v3 .
(iii) If u1, d, u2, u3 = v1, d

′, v2, v3, |u1| = |v1| and |u2| = |v2|, then u1, d, u2, d, u3 =
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v1, d
′, v2, d

′, v3 .

5.1.2 Register pushdown systems

We define register pushdown systems (abbreviated as RPDS), which are equiv-
alent but more concise than pushdown register systems (PDRS) [50], by using
an equivalence relation as the guard condition of a transition rule.

Definition 5.1.1. A k-register pushdown system (k-RPDS) over an infinite set
D of data values is a pair P = (P,∆) where P is a finite set of states and ∆ is
a finite set of transition rules having one of the following forms:

• (p, ϕ)→ (q, ε) (pop rule)

• (p, ϕ)→ (q, j1) (replace rule)

• (p, ϕ)→ (q, j1j2) (push rule)

where p, q ∈ P , j1, j2 ∈ [k], and ϕ ∈ Φk.

For a state p ∈ P , an assignment θ ∈ Θk, and a stack w ∈ D∗, (p, θ, w) is
called an instantaneous description (abbreviated as ID) of k-RPDS P . Let IDP

denote the set of all IDs of P . For two IDs (p, θ, w), (q, θ′, w′) ∈ IDP , we say that
(p, θ, w) can transit to (q, θ′, w′) or (q, θ′, w′) is a successor of (p, θ, w), written as
(p, θ, w)⇒P (q, θ′, w′), if there exist a rule r = (p, ϕ)→ (q, J) ∈ ∆, a data value
d ∈ D, and a sequence of data values u ∈ D∗ such that ⟨θ, θ′, d⟩ = ϕ, w = du

and

w′ =


u if J = ε,

θ′(j1)u if J = j1, or

θ′(j1)θ′(j2)u if J = j1j2.

Let ∗⇒P be the reflexive transitive closure of⇒P . We abbreviate⇒P and ∗⇒P as
⇒ and ∗⇒ if P is clear from the context. If we emphasize the rule r and the data
value d, we write ⇒r

d. By definition, any ID (p, θ, ε) ∈ IDP has no successor.
That is, there is no transition from an ID with empty stack. A run of k-RPDS
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Table 5.1: A list of fixed equivalence relations appearing in examples later.

ϕi X2/ϕi

ϕ0 {{x1, x′
1}, {x2}, {x′

2, top}}

ϕ1 {{x1}, {x2, x′
2}, {x′

1, top}}

ϕ2 {{x1}, {x2}, {x′
1, x′

2, top}}

ϕ3 {{x1, x2, top}, {x′
1, x′

2}}

ϕ4 {{x1, x′
1}, {x2, x′

2}, {top}}

ϕ5 {{x1, x′
1, top}, {x2, x′

2}}

ϕ6 {{x1, x′
1}, {x2, x′

2, top}}

ϕ7 {{x1, x′
1, x′

2}, {x2, top}}

ϕ8 {{x1, x′
1, x′

2, top}, {x2}}

ϕ9 {{x1, x′
1, x′

2}, {x2}, {top}}

P is a finite or infinite sequence of IDs ρ ∈ (IDP)∞ that satisfy ρ(i)⇒P ρ(i+ 1)
for i ≥ 0.

In what follows, we often specify an equivalence relation ϕ over Xk by providing
the quotient set (the set of equivalence classes) Xk/ϕ. Also, we fix equivalence
relations ϕ0, . . . , ϕ9 in Table 5.1 and will use them in Examples 5.1.1, 5.1.2, 5.2.1
and 5.3.1.

Example 5.1.1. Let us consider 2-RPDS P = ({q0, p1, p2}, {(q0, ϕ0) → (p1, ε),
(p1, ϕ1) → (p2, 12)}) (ϕ0, ϕ1 are defined in Table 5.1). In the example, we write
θ ∈ Θ2 as [d, d′] where θ(1) = d and θ(2) = d′. We show transitions of P from
(q0, [d0, d1], d2d3d3) ∈ IDP where di ̸= dj for all di, dj ∈ D if i ̸= j (Fig. 5.1).
First, assume we apply r0 = (q0, ϕ0)→ (p1, ε). We obtain (q0, [d0, d1], d2d3d3)⇒r0

d2

(p1, [d0, d2], d3d3) because top ∼ϕ0 x′
2 requires that the data value d2 at the stack

top before the transition should be equal to the data value in the second register
after the transition, and x1 ∼ϕ0 x′

1 requires that the data value in the first register
does not change in the transition. If we apply r1 = (p1, ϕ1)→ (p2, 12) next, then
we obtain (p1, [d0, d2], d3d3)⇒r1

d3
(p2, [d3, d2], d3d2d3).
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Figure 5.1: The transitions of P from an ID (q0, [d0, d1], d2d3d3). (The register
updates given by ϕ0, ϕ1 are shown by solid lines, and the push of data values by
r1 is shown by dotted lines.)

5.1.3 Register automata

We define a register automaton (RA) as an RPDS equipped with initial states
and accepting conditions and having only pop rules. Note that this definition of
RA is essentially the same as that of other studies such as [41, 25]. While an
instantaneous description of RA has the same form (p, θ, w) as an ID of RPDS,
the third component w is regarded as an input string to the RA, not a pushdown
stack.

Definition 5.1.2. A k-register automaton (k-RA) over an infinite set D of data
values is A = (P , I, ξ), where

• P = (P,∆) is a k-RPDS where ∆ consists of pop rules only,

• I ⊆ P is a set of initial states,

• ξ ⊆ P × Φk is a set of accepting conditions.

We call (p, θ, ε) ∈ IDP an accepting ID of A if there exists (p, ψ) ∈ ξ such that
⟨θ⟩ = ψ. We denote the set of all accepting ID as AccA. We assume that any
p ∈ I does not appear in the right-hand side of any rule in ∆.

We define the set of IDs of A as that of P , i.e., IDA = IDP . We also define the
transition relation ⊢A of A as that of P , i.e., ⊢A =⇒P . Let ⊢∗

A be the reflexive
transitive closure of ⊢A. We abbreviate ⊢A and ⊢∗

A as ⊢ and ⊢∗ if A is obvious.
In the rest of the paper, we write A = (P , I, ξ) with P = (Q, δ) as (Q, I, ξ, δ)

and (p, ϕ)→ (q, ε) ∈ δ as (p, ϕ)→ q. The language L(A) recognized by a k-RA
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A = (Q, I, ξ, δ) is defined as L(A) = {(p, θ, w) ∈ IDA | p ∈ I, (p, θ, w) ⊢∗ (q, θ′, ε)
for some (q, θ′, ε) ∈ AccA}.

Example 5.1.2. Let 2-RA A = ({{q0, q1, q2}, {q0}, {(q2, ϕf )}, {(q0, ϕ0)→ q1, (q1, ϕ2)→
q1, (q1, ϕ3) → q2}) where X2/ϕf = {{x1, x2}}. We show transitions of A from
(q0, [d0, d1], d2d3d3) ∈ IDA where di ̸= dj for all di, dj ∈ D if i ̸= j. First, we
apply r2 = (q0, ϕ0) → q1, and obtain (q0, [d0, d1], d2d3d3) ⊢r2

d2
(q1, [d0, d2], d3d3).

By applying r3 = (q1, ϕ2) → q1 in the next step, we obtain (q1, [d0, d2], d3d3) ⊢r3
d3

(q1, [d3, d3], d3). Lastly, we apply r4 = (q1, ϕ3)→ q2 and obtain (q1, [d3, d3], d3) ⊢r4
d3

(q2, [d4, d4], ε) where d4 ∈ D is an arbitrary data value other than d3. Since
⟨[d4, d4]⟩ = ϕf , (q2, [d4, d4], ε) is an accepting ID of A and thus (q0, [d0, d1], d2d3d3) ∈
L(A).

5.2 Regularity Preservation
Let C ⊆ P ×Θk ×D∗ be a subset of IDs of a k-RPDS P = (P,∆). We define:

pre∗
P(C) := {c | c ∗⇒ c0 for some c0 ∈ C},

post∗
P(C) := {c | c0

∗⇒ c for some c0 ∈ C}.

C is regular if and only if there exists a k-RA A = (Q,P, ξ, δ) over D such that
C = L(A). A is called a k-RA for C. Note that the set of initial states of A
must be P . We omit the subscript P and write post∗(C) and pre∗(C) if P is
clear from the context.

The following is the main theorem of this paper.

Theorem 5.2.1. Let P = (P,∆) be a k-RPDS and C be a regular set of IDs of
P. Then post∗(C) is regular. Moreover, a k-RA for post∗(C) can be effectively
constructed from P and a k-RA for C.

Before describing the proposed construction algorithm for post∗(C) and the
lemmas for proving the main theorem, we define some notions for Φk.
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Definition 5.2.1. The inverse of an equivalence relation ϕ ∈ Φk is ϕ−1 ∈ Φk

that satisfies the following conditions for all i, j ∈ [k]:

xi ∼ϕ−1 xj ⇔ x′
i ∼ϕ x′

j, xi ∼ϕ−1 top⇔ x′
i ∼ϕ top,

xi ∼ϕ−1 x′
j ⇔ x′

i ∼ϕ xj, x′
i ∼ϕ−1 top⇔ xi ∼ϕ top,

x′
i ∼ϕ−1 x′

j ⇔ xi ∼ϕ xj.

The following lemma states a basic property of ϕ−1, which can be directly proved
by its definition.

Lemma 5.2.1. Let θ1, θ2 ∈ Θk, d ∈ D and ϕ ∈ Φk. Then, ⟨θ1, θ2, d⟩ = ϕ if and
only if ⟨θ2, θ1, d⟩ = ϕ−1.

Definition 5.2.2. The middle composition of ϕ1, ϕ2 ∈ Φk is ϕ1 ◦M ϕ2 = {ϕ12 ∈
Φk | ϕ1, ϕ2 and ϕ12 satisfy the following (5.1), (5.2), (5.3), (5.4), (5.6) and
(5.7)}. The right composition of ϕ1, ϕ2 ∈ Φk is ϕ1 ◦R ϕ2 = {ϕ12 ∈ Φk | ϕ1,
ϕ2 and ϕ12 satisfy the following (5.1), (5.2), (5.4), (5.5), (5.6) and (5.8)}. In
(5.6)–(5.8), a ̸⇔ b means that exactly one of a and b is true and the other is
false.

(Left-consistency) xi ∼ϕ1 xj ⇔ xi ∼ϕ12 xj for i, j ∈ [k] (5.1)

(Middle-consistency) x′
i ∼ϕ1 x′

j ⇔ xi ∼ϕ2 xj for i, j ∈ [k] (5.2)

x′
i ∼ϕ1 top⇔ xi ∼ϕ2 top for i ∈ [k] (5.3)

(Right-consistency) x′
i ∼ϕ2 x′

j ⇔ x′
i ∼ϕ12 x′

j for i, j ∈ [k] (5.4)

x′
i ∼ϕ2 top⇔ x′

i ∼ϕ12 top for i ∈ [k] (5.5)
(Transitivity) (xi ∼ϕ1 x′

l ∧ xl ∼ϕ2 x′
j) ⇒ xi ∼ϕ12 x′

j and

(xi ∼ϕ1 x′
l ̸⇔ xl ∼ϕ2 x′

j) ⇒ xi ̸∼ϕ12 x′
j for i, j, l ∈ [k] (5.6)

(xi ∼ϕ1 top ∧ top ∼ϕ2 x′
j) ⇒ xi ∼ϕ12 x′

j and

(xi ∼ϕ1 top ̸⇔ top ∼ϕ2 x′
j) ⇒ xi ̸∼ϕ12 x′

j for i, j ∈ [k] (5.7)

(xi ∼ϕ1 x′
l ∧ xl ∼ϕ2 top) ⇒ xi ∼ϕ12 top and

(xi ∼ϕ1 x′
l ̸⇔ xl ∼ϕ2 top) ⇒ xi ̸∼ϕ12 top for i, l ∈ [k] (5.8)

We extend ◦R to the subsets of Φk in the usual way: For S ⊆ Φk and ϕ2 ∈ Φk,
let S ◦R ϕ2 = {ϕ12 ∈ Φk | ϕ12 ∈ ϕ1 ◦R ϕ2 for some ϕ1 ∈ S}.
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Note that if ϕ1 and ϕ2 do not satisfy (5.2) and (5.3), then ϕ1 ◦M ϕ2 = ∅. Let
ϕ12 ∈ ϕ1 ◦M ϕ2 for ϕ1 and ϕ2 that satisfy (5.2) and (5.3). The relation among
x1, . . . , xk and the relation among x′

1, . . . , x′
k represented by ϕ12 are uniquely

determined by (5.1) and (5.4), respectively. The relation between an element of
{x1, . . . , xk} and an element of {x′

1, . . . , x′
k} represented by ϕ12 is (non-uniquely)

determined by (5.6) and (5.7). Note that (5.6) and (5.7) are well-defined for ϕ1

and ϕ2 that satisfy (5.2) and (5.3): For example, if xi ∼ϕ1 x′
l1 ∧ xl1 ∼ϕ2 x′

j and
xi ∼ϕ1 x′

l2 , then xl2 ∼ϕ2 x′
j because xi ∼ϕ1 x′

l1 ∼ϕ1 x′
l2 implies xl1 ∼ϕ2 xl2 by (5.2).

Since no constraint on top is imposed on ϕ12, both xi ∼ϕ12 top and xi ̸∼ϕ12 top

(and both top ∼ϕ12 x′
i and top ̸∼ϕ12 x′

i) are allowed for any i ∈ [k], and thus ϕ12

is not unique. Moreover, if there are i and j such that xi ̸∼ϕ1 x′
l and xl ̸∼ϕ2 x′

j

for every l ∈ [k] and xi ̸∼ϕ1 top and top ̸∼ϕ2 x′
j, then both xi ∼ϕ12 x′

j and
xi ̸∼ϕ12 x′

j are also allowed. An element of ϕ1 ◦R ϕ2 for ϕ1 and ϕ2 that satisfy
(5.2) is determined in the same manner.

Example 5.2.1. For ϕ0 in Table 5.1, the inverse ϕ0
−1 satisfies X2/ϕ0

−1 =
{{top, x2}, {x1, x′

1}, {x′
2}}. Let us compute the middle composition ϕ0

−1 ◦M ϕ0.
Since ϕ0

−1 and ϕ0 satisfy (5.2) and (5.3), ϕ0
−1 ◦M ϕ0 ̸= ∅ holds. For each

ϕ12 ∈ ϕ0
−1 ◦M ϕ0, we obtain x1 ̸∼ϕ12 x2 by (5.1), x′

1 ̸∼ϕ12 x′
2 by (5.4), x1 ∼ϕ12 x′

1

by (5.6) and x2 ∼ϕ12 x′
2 by (5.7). Since no constraint on top is imposed on ϕ12,

ϕ0
−1◦Mϕ0 consists of three equivalence relations ϕ4, ϕ5 and ϕ6 in Table 5.1. Next,

we compute the right composition ϕ4 ◦R ϕ2. We obtain ϕ4 ◦R ϕ2 ̸= ∅ because ϕ4

and ϕ2 satisfy (5.2). Also, for each ϕ12 ∈ ϕ4 ◦R ϕ2, we obtain x1 ̸∼ϕ12 x2 by (5.1),
x′

1 ∼ϕ12 x′
2 ∼ϕ12 top by (5.4) and (5.5), and x1 ̸∼ϕ12 x′

1 and x2 ̸∼ϕ12 x′
2 by (5.6)

(and x1 ̸∼ϕ12 top and x2 ̸∼ϕ12 top by (5.8), which are already obtained from
other relations). Hence ϕ12 must equal ϕ2 and thus ϕ4 ◦R ϕ2 = {ϕ2}. Likewise,
ϕ5 ◦R ϕ2 = ϕ6 ◦R ϕ2 = {ϕ2} holds. Therefore, we obtain (ϕ0

−1 ◦M ϕ0) ◦R ϕ2 =
{ϕ4, ϕ5, ϕ6} ◦R ϕ2 = {ϕ2}. On the other hand, (ϕ0

−1 ◦M ϕ0) ◦R ϕ3 = ∅ because ϕ′

and ϕ3 do not satisfy (5.2) for any ϕ′ ∈ {ϕ4, ϕ5, ϕ6}.

The following lemmas state basic properties of ◦M and ◦R.

Lemma 5.2.2. Let θ1, θ3 ∈ Θk and ϕ1, ϕ2 ∈ Φk.
(i) If there exist θ2 ∈ Θk and d ∈ D such that ⟨θ1, θ2, d⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2,
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then ϕ12 ∈ ϕ1 ◦M ϕ2 holds for every ϕ12 ∈ Φk satisfying ⟨θ1, θ3, d
′⟩ = ϕ12 for some

d′ ∈ D.
(ii) If there exists ϕ12 ∈ ϕ1 ◦M ϕ2 satisfying ⟨θ1, θ3, d

′⟩ = ϕ12 for some d′ ∈ D, then
there exist θ2 ∈ Θk and d ∈ D such that ⟨θ1, θ2, d⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2.

Proof (i) Assume that ⟨θ1, θ2, d⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2 and ⟨θ1, θ3, d
′⟩ =

ϕ12. Then ϕ12 is uniquely defined by the following formulas: for all i, j ∈ [k],

xi ∼ϕ12 xj ⇔ θ1(i) = θ1(j), xi ∼ϕ12 top⇔ θ1(i) = d′,

xi ∼ϕ12 x′
j ⇔ θ1(i) = θ3(j), x′

j ∼ϕ12 top⇔ θ3(j) = d′,

x′
i ∼ϕ12 x′

j ⇔ θ3(i) = θ3(j).

We can show ϕ12 satisfies (5.1), (5.4), (5.6) and (5.7) as below.

(5.1) : xi ∼ϕ1 xj ⇔ θ1(i) = θ1(j)⇔ xi ∼ϕ12 xj.

(5.4) : x′
i ∼ϕ2 x′

j ⇔ θ3(i) = θ3(j)⇔ x′
i ∼ϕ12 x′

j.

(5.6) : (xi ∼ϕ1 x′
l ∧ xl ∼ϕ2 x′

j)⇔ θ1(i) = θ2(l) = θ3(j)

⇒ θ1(i) = θ3(j)⇔ xi ∼ϕ12 x′
j, and

(xi ∼ϕ1 x′
l ̸⇔ xl ∼ϕ2 x′

j)

⇔ (θ1(i) ̸= θ2(l) = θ3(j) ∨ θ1(i) = θ2(l) ̸= θ3(j))

⇒ θ1(i) ̸= θ3(j)⇔ xi ̸∼ϕ12 x′
j.

(5.7) : (xi ∼ϕ1 top ∧ top ∼ϕ2 x′
j)⇔ θ1(i) = d = θ3(j)

⇒ θ1(i) = θ3(j)⇔ xi ∼ϕ12 x′
j, and

(xi ∼ϕ1 top ̸⇔ top ∼ϕ2 x′
j)

⇔ (θ1(i) ̸= d = θ3(j) ∨ θ1(i) = d ̸= θ3(j))

⇒ θ1(i) ̸= θ3(j)⇔ xi ̸∼ϕ12 x′
j.

Also, we can show ϕ1 and ϕ2 satisfy (5.2) and (5.3) by ⟨θ1, θ2, d⟩ = ϕ1 and
⟨θ2, θ3, d⟩ = ϕ2. Hence, ϕ12 ∈ ϕ1 ◦M ϕ2 holds.

(ii) Assume that ϕ12 ∈ ϕ1◦Mϕ2 and d′ ∈ D and ⟨θ1, θ3, d
′⟩ = ϕ12. Since ϕ1◦Mϕ2 ̸= ∅,

ϕ1 and ϕ2 must satisfy (5.2) and (5.3).
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Define θ2 by the following formulas: for all i, j ∈ [k],

θ2(i) = θ1(j)⇔ x′
i ∼ϕ1 xj, (5.9)

θ2(i) = θ3(j)⇔ xi ∼ϕ2 x′
j, (5.10)

θ2(i) = θ2(j)⇔ x′
i ∼ϕ1 x′

j (⇔ xi ∼ϕ2 xj). (5.11)

We can show that θ2 is well-defined. Assume that θ2 is not well-defined. Then
some pair of these conditions (5.9), (5.10) and (5.11) is not consistent for θ2(l)
for some l ∈ [k]. If the pair (5.9, 5.10) is not consistent, then one of the following
conditions holds for some i, j, l ∈ [k]:

• x′
l ∼ϕ1 xi and xl ∼ϕ2 x′

j and θ1(i) ̸= θ3(j),

• x′
l ̸∼ϕ1 xi and xl ∼ϕ2 x′

j and θ1(i) = θ3(j),

• x′
l ∼ϕ1 xi and xl ̸∼ϕ2 x′

j and θ1(i) = θ3(j).

However, the first condition never holds because x′
l ∼ϕ1 xi and xl ∼ϕ2 x′

j implies
xi ∼ϕ12 x′

j by (5.6), which implies θ1(i) = θ3(j) by ⟨θ1, θ3, d
′⟩ = ϕ12. The second

and the third conditions never hold similarly by (5.6) and ⟨θ1, θ3, d
′⟩ = ϕ12.

Therefore the pair (5.9, 5.10) must be consistent. Moreover, the pairs of the
conditions other than (5.9, 5.10) are always consistent because these pairs of
conditions are for the same equivalence relations. Therefore, θ2 is well-defined.

Next, define d by the following formulas: for all i ∈ [k],

d = θ1(i)⇔ top ∼ϕ1 xi, (5.12)

d = θ3(i)⇔ top ∼ϕ2 x′
i, (5.13)

d = θ2(i)⇔ top ∼ϕ1 x′
i (⇔ top ∼ϕ2 xi). (5.14)

We can show that d is well-defined in a similar way to the well-definedness of
θ2. The above θ2 and d satisfy ⟨θ1, θ2, d⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2 by their
definition.

Lemma 5.2.3. Let θ1, θ3 ∈ Θk, d ∈ D and ϕ1, ϕ2 ∈ Φk.
(i) If there exist θ2 ∈ Θk and d′ ∈ D such that ⟨θ1, θ2, d

′⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2,
then ϕ12 ∈ ϕ1 ◦R ϕ2 holds for the unique ϕ12 ∈ Φk satisfying ⟨θ1, θ3, d⟩ = ϕ12.

(ii) If there exists ϕ12 ∈ ϕ1◦Rϕ2 satisfying ⟨θ1, θ3, d⟩ = ϕ12, then there exist θ2 ∈ Θk

and d′ ∈ D such that ⟨θ1, θ2, d
′⟩ = ϕ1 and ⟨θ2, θ3, d⟩ = ϕ2.
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(Since it can be proved in a similar way to Lemma 5.2.2, we omit the proof of
Lemma 5.2.3.)

Both the middle composition and the right composition are used in the pro-
posed algorithm in the next section for constructing a composition of two transi-
tion rules. Intuitively, a composition of two transition rules r1 = (q1, ϕ1) →
(q2, J1) and r2 = (q2, ϕ2) → (q3, J2) in this order is a transition rule r =
(q1, ϕ12)→ (q3, J) that satisfies c0 ⇒r

d c2 whenever c0 ⇒r1
d1
c1 ⇒r2

d2
c2 for some IDs

c0, c1, c2. We use ϕ1 ◦M ϕ2 and ϕ1 ◦R ϕ2 to obtain the equivalence relation ϕ12 of
the composition r. The conditions (5.1), (5.2), (5.4) and (5.6) in Definition 5.2.2
are shared by both ◦M and ◦R , and the meanings of them are apparent.

The middle composition is used for constructing the composition of the inverse
of a transition rule of RPDS P and a transition rule of RA A. Let r1 = (p0, ϕ1)→
(p1, J1) and r2 = (p0, ϕ2) → p2 be transition rules of P and A, respectively. A
rule r12 = (p1, ϕ12)→ p2 with ϕ12 ∈ ϕ1

−1◦Mϕ2 can be regarded as the composition
of the inverse of r1 and r2 in this order. That is, if c1 ⇐r1

d c0 and c0 ⊢r2
d c2, then

c1 ⊢r12
d′ c2 for some d′ ∈ D. (Note that if r1 is a push rule, then r12 has to reduce

the length of stack by two, and so we have to simulate that composition by two
sequential transition rules. We also need a similar treatment if r1 is a pop rule.)
We will add the composition r12 to A because c0 ⇒P c1 and we want to let
c1 ∈ L(A) if c0 ∈ L(A). The conditions (5.3) and (5.7) in Definition 5.2.2 mean
that the transition by r1 (from c0 to c1) and the transition by r2 (from c0 to c2)
consume the same data value d at the stack top.

The right composition is used for constructing the composition r12 of a tran-
sition rule r1 that does not alter the stack and another rule r2. We construct
r12 so that if c0 ⇒r1 c1 and c1 ⊢r2

d c2 and the stack of c0 and c1 are the same,
then c0 ⊢r12

d c2. By the conditions (5.5) and (5.8), ϕ12 ∈ ϕ1 ◦R ϕ2 inherits the
constraints on top from ϕ2, and thus the transitions by r12 and r2 consume the
same data value d.
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5.3 Saturation Algorithm for post∗(C)
Before providing the proposed algorithm that constructs an RA recognizing

post∗(C) from a given RPDS and an RA for C, we review the algorithm that
constructs a nondeterministic finite automaton (NFA) that recognizes post∗

P(C)
for a given PDS P and an NFA A recognizing C (Algorithm 5.1) [29]. Let us
fix a finite alphabet Γ. A PDS over Γ is P = (P,∆) where P is a finite set
of states and ∆ is a set of transition rules. An NFA over Γ is A = (Q, I, F, δ)
where Q is a finite set of states, I and F are the sets of initial and final states,
respectively, and δ is a set of transition rules. As in the case of RA, let ⊢A and
L(A) denote the one-step transition relation of A and the language recognized
by A, respectively. The aim of the algorithm is to construct an NFA Ã that
satisfies(

∃(p, w) ∈ L(A) s.t. (p, w) ∗⇒P (p′, w′)
)

iff (p′, w′) ∈ L(Ã)

from a PDS P and an NFA A. For this purpose, starting with A0 = (Q0, P, F, δ0)
where Q0 and δ0 are defined in Line 2 of Algorithm 5.1, we gradually extend A0

to A1,A2, . . . by adding transition rules to Ah = (Q0, P, F, δh) as follows. For
a push rule r = (p, a) → (q, bc) ∈ ∆ and a state q′ such that (p, a) ⊢∗

Ah
(q′, ε),

we add to Ah two rules (q, b)→ ⟨r⟩ and (⟨r⟩, c)→ q′ where ⟨r⟩ is a state added
for r in Line 2 of the algorithm, so that (q, bcu) ⊢∗

Ah+1
(q′, u) holds. We add

the former rule only once to guarantee the termination of the algorithm. For
a replace rule, a rule is added in a similar (but simpler) way. For a pop rule
(p, a) → (q, ε) ∈ ∆ and a state q′ such that (p, a) ⊢∗

Ah
(q′, ε), we add (q, ε) → q′

to Ah. Note that when the algorithm choose a state q′ in Line 2, the transition
sequence (p, a) ⊢∗

Ah
(q′, ε) can include zero or more ε-transitions. In the proposed

algorithm described below, we use a slightly different construction for a pop rule
by one-step lookahead to avoid the construction of an ε-rule.

We show an algorithm that constructs post∗(C) from a given k-RPDS P and
a k-RA for C in Algorithm 5.2.

Fig. 5.2 (a) illustrates how a new rule is added for a push rule in Line 7.
Assume there exist a transition (p, θ0, du) ⇒r

d (q, θ1, θ1(j1)θ1(j2)u) by a push
rule r = (p, ϕ0) → (q, j1j2), and a transition (p, θ0, du) ⊢r1

d (q′, θ2, u) by a rule
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Alg. 5.1: Saturation algorithm for a given PDA and an NFA
1: Input: PDS P = (P,∆) and NFA A = (Q,P, F, δ) for C
2: Let NFA A0 = (Q0, P, F, δ0) where
Q0 = Q ∪ {⟨r⟩ | r = (p, a)→ (q, bc) ∈ ∆},
δ0 = δ ∪ {(q, b)→ ⟨r⟩ | r = (p, a)→ (q, bc) ∈ ∆}.

3: h := 0
4: repeat
5: Choose a rule r = (p, a)→ (q, u) ∈ ∆ of P

and a state q′ ∈ Q0 such that (p, a) ⊢∗
Ah

(q′, ε).
6: if u = bc for some b, c ∈ Γ then
7: Let δnew = {(⟨r⟩, c)→ q′}.
8: else if u = b for some b ∈ Γ then
9: Let δnew = {(q, b)→ q′}.

10: else if u = ε then
11: Let δnew = {(q, ε)→ q′}.
12: end if
13: Let k-RA Ah+1 = (Q0, P, F, δh+1), where δh+1 = δh ∪ δnew.
14: h := h+ 1.
15: until no more transitions can be added.
16: Output: Ã := Ah

r1 = (p, ϕ1) → q′. Then, we have to add new rules and states that enable the
transitions (q, θ1, θ1(j1)θ1(j2)u) ⊢∗ (q′, θ2, u). Because r is a push rule, we need
to construct two RA rules to reach (q′, θ2, u). For the same reason as Algo-
rithm 5.1, for each push rule r, we add the first of the two RA rules and the
intermediate state ⟨r⟩ only once in Line 2. This rule does not update regis-
ters (enforced by ∀s. xs ∼ϕ x′

s in Line 2) but consumes the contents of j1-th
register pushed by the rule r (enforced by top ∼ϕ xj1). Thus, this rule r2 sat-
isfies (q, θ1, θ1(j1)θ1(j2)u) ⊢r2

θ1(j1) (⟨r⟩, θ1, θ1(j2)u). In Line 7, we add the second
RA rule rnew = (⟨r⟩, ϕ) → q′ for all ϕ ∈ ϕ0

−1 ◦M ϕ1, by which the transition
(⟨r⟩, θ1, θ1(j2)u) ⊢rnew

θ1(j2) (q′, θ2, u) is enabled (thus, ⟨θ1, θ2, θ1(j2)⟩ = ϕ is required).
Fig. 5.2 (b) illustrates how a new rule is added for a pop rule r = (p, ϕ0) →
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Figure 5.2: Construction of a rule rnew for a push rule (a) and a pop rule (b).

(q, ε) in Line 11. The idea is similar to the case of a push rule, but we need
to choose two RA rules r1 = (p, ϕ1) → q′ and r2 = (q′, ϕ2) → q′′ and construct
the composition of three equivalence relations ϕ0

−1, ϕ1, ϕ2. Thus, we add the
transition rule rnew = (p, ϕ)→ q′′ for all ϕ ∈ (ϕ0

−1 ◦M ϕ1) ◦R ϕ2.

Example 5.3.1. We show an example run of Algorithm 5.2 for 2-RPDS P =
(P,∆) defined in Example 5.1.1 and 2-RA A = (Q,P, ξ, δ) which is given by
adding the initial states p1, p2 to the RA in Example 5.1.2. First, assume we
choose r0 = (q0, ϕ0) → (p1, ε) ∈ ∆, r2 = (q0, ϕ0) → q1 in Line 5. Then,
δnew = δ′

new ∪ δ′′
new where δ′

new = {(p1, ϕ) → q1 | ϕ ∈ (ϕ0
−1 ◦M ϕ0) ◦R ϕ2} and

δ′′
new = {(p1, ϕ) → q2 | ϕ ∈ (ϕ0

−1 ◦M ϕ0) ◦R ϕ3}. As shown in Example 5.2.1,
(ϕ0

−1 ◦M ϕ0) ◦R ϕ2 = {ϕ4, ϕ5, ϕ6} ◦R ϕ2 = {ϕ2} and (ϕ0
−1 ◦M ϕ0) ◦R ϕ3 = ∅. Thus,

we add a rule r5 = (p1, ϕ2)→ q1 and obtain δ1 = δ ∪ {r5}. In the next iteration,
assume we choose r1 = (p1, ϕ1)→ (p2, 12) ∈ ∆ and r5 ∈ δ1 in Line 5. Then, we
obtain ϕ1

−1 ◦M ϕ2 = {ϕ7, ϕ8, ϕ9}. Among ϕ7, ϕ8, ϕ9, only ϕ7 satisfies x2 ∼ϕ7 top.
Thus, we add a rule r6 = (⟨r1⟩, ϕ7)→ q1 and obtain δ2 = δ1∪{r6}. (Note that the
rule r7 = (p2, ϕ5) → ⟨r1⟩ is already added in Line 2.) After this iteration, there
is no choice of rules in ∆ and δ that can add transition rules by the algorithm.
Hence, we obtain the output k-RA Ã = (Q0, P, ξ2, δ2) (Fig. 5.3). For example,
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Figure 5.3: Transition diagram of Ã where ϕ10 is the equivalence relation that is
added in Line 2 and satisfies X2/ϕ10 = {{x1, x2, x′

1, x′
2, top}}. (The transitions

of RPDS P are shown by dotted arrows, and the new transitions added by the
algorithm are shown by thick arrows.)

consider an ID (p2, [d3, d2], d3d2d3), which belongs to post∗(L(A)) because L(A) ∋
(q0, [d0, d1], d2d3d3)

∗⇒ (p2, [d3, d2], d3d2d3) by Examples 5.1.1 and 5.1.2. We can
see this ID is in L(Ã) because (p2, [d3, d2], d3d2d3) ⊢r7 (⟨r1⟩, [d3, d2], d2d3) ⊢r6

(q1, [d3, d3], d3) ⊢r4 (q2, [d4, d4], ε).

Lemma 5.3.1. For an input k-RPDS P = (P,∆) and k-RA A = (Q,P, ξ, δ) for
C, Algorithm 5.2 runs in time polynomial of |Q|+ |∆| and exponential to k.

Proof For every output k-RA Ã = (Q0, P, ξ̃, δ̃), |δ̃| ≤ |Q0| · |Φk| · |Q0| ≤
(|Q| + |∆|)2 · |Φk| hold. Thus, the algorithm always halts and every run of the
algorithm takes at most (|Q| + |∆|)2 · |Φk| iterations and finishes in polynomial
time of (|Q|+ |∆|)2 · |Φk|. In addition, |Φk| ≤ 2(2k+1)k holds because the number
of reflexive symmetric binary relations over 2k + 1 elements is 2(2k+1)k. (More
precisely, the size of Φk is known as Bell number Bn for n = 2k + 1. However,
B2k+1 is also exponential to k.) Hence, every run finishes in exponential time to
k.

Corollary 5.3.1 (Joinability). Let P1 = (P1,∆1), P2 = (P2,∆2), A1 = (Q1, P1, ξ1, δ1),
A2 = (Q2, P2, ξ2, δ2) be two k-RPDS and two k-RAs, respectively. The joinability
problem post∗

P1(L(A1)) ∩ post∗
P2(L(A2)) ̸= ∅ is decidable.

Proof By Theorem 5.2.1, we can construct two k-RAs that recognize post∗
P1(L(A1))

and post∗
P2(L(A2)) from P1, A1 and P2, A2, respectively. The class of languages
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recognized by RA is closed under intersection and the emptiness problem for RA
is decidable [41]. Hence, the joinability problem is decidable.

5.4 Correctness of the saturation algorithm for

post∗(C)
In this section, we fix a k-RPDS P = (P,∆) and a k-RA A = (Q,P, ξ, δ) given

as inputs to Algorithm 5.2.
The following Lemma 5.4.1 establishes one-step soundness for push, replace

and pop rules and will be used for proving the multi-step soundness (Lemma 5.4.3).

Lemma 5.4.1. Let r = (p, ϕ0) → (q, J) ∈ ∆ and r1 = (p, ϕ1) → q′ ∈ δh be
two rules chosen in Line 5 of Algorithm 5.2, and let δnew be the set of rules
constructed for r and r1 in Lines 6–12 of the algorithm. Let rnew ∈ δnew.

(i) If J = j1j2 and there exist IDs (q, θ1, w1) ∈ IDP and (⟨r⟩, θ1, w
′
1), (q′, θ2, w2) ∈

IDA0 that satisfy (q, θ1, w1) ⊢θ1(j1) (⟨r⟩, θ1, w
′
1) ⊢rnew

θ1(j2) (q′, θ2, w2) in Ah+1, then
there exists (p, θ0, w0) ∈ IDP that satisfies (q, θ1, w1) ⇐r

d (p, θ0, w0) in P and
(p, θ0, w0) ⊢r1

d (q′, θ2, w2) in Ah for some d ∈ D.
(ii) If J = j1 and there exist IDs (q, θ1, w1) ∈ IDP and (q′, θ2, w2) ∈ IDA0 that

satisfy (q, θ1, w1) ⊢rnew
θ1(j1) (q′, θ2, w2) in Ah+1, then there exists (p, θ0, w0) ∈ IDP

that satisfies (q, θ1, w1) ⇐r
d (p, θ0, w0) in P and (p, θ0, w0) ⊢r1

d (q′, θ2, w2) in Ah
for some d ∈ D.

(iii) If J = ε and there exist IDs (q, θ1, w1) ∈ IDP and (q′′, θ3, w2) ∈ IDA0 and
d′ ∈ D that satisfy (q, θ1, w1) ⊢rnew

d′ (q′′, θ3, w2) in Ah+1, then there exist (p, θ0, w0),
(q′, θ2, w1) ∈ IDP and a rule r2 = (q′, ϕ2) → q′′ ∈ δh that satisfy (q, θ1, w1) ⇐r

d

(p, θ0, w0) in P and (p, θ0, w0) ⊢r1
d (q′, θ2, w1) ⊢r2

d′ (q′′, θ3, w2) in Ah for some
d ∈ D.

Proof (i) Assume that rnew = (⟨r⟩, ϕ) → q′. By the construction of δnew,
ϕ ∈ ϕ0

−1 ◦M ϕ1. Since (⟨r⟩, θ1, w
′
1) ⊢rnew

θ1(j2) (q′, θ2, w2), ⟨θ1, θ2, θ1(j2)⟩ = ϕ. Thus
by Lemmas 5.2.1 and 5.2.2 (ii), there exist θ0 ∈ Θk and d ∈ D that satisfy
⟨θ0, θ1, d⟩ = ϕ0 and ⟨θ0, θ2, d⟩ = ϕ1. Hence, we obtain (q, θ1, w1)⇐r

d (p, θ0, w0) ⊢r1
d

(q′, θ2, w2) for w0 = dw2.
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(ii) Assume that rnew = (q, ϕ)→ q′. By the construction of δnew, ϕ ∈ ϕ0
−1 ◦M ϕ1.

Since (q, θ1, w1) ⊢rnew
θ1(j1) (q′, θ2, w2), ⟨θ1, θ2, θ1(j1)⟩ = ϕ. In the same way as (i),

there exist θ0 ∈ Θk and d ∈ D and we obtain (q, θ1, w1) ⇐r
d (p, θ0, w0) ⊢r1

d

(q′, θ2, w2) for w0 = dw2.
(iii) Assume that rnew = (q, ϕ)→ q′′. By the construction of δnew, r2 = (q′, ϕ2)→
q′′ ∈ δh exists and ϕ ∈ ϕ′◦Rϕ2 (*1) holds for some ϕ′ ∈ ϕ0

−1◦Mϕ1 (*2). By (*1) and
Lemma 5.2.3 (ii), there exist θ2 ∈ Θk and d′′ ∈ D such that ⟨θ1, θ2, d

′′⟩ = ϕ′ (*3)
and ⟨θ2, θ3, d

′⟩ = ϕ2 (*4). By (*2), (*3) and Lemmas 5.2.1 and 5.2.2 (ii), there
exist θ0 ∈ Θk and d ∈ D such that ⟨θ0, θ1, d⟩ = ϕ0 (*5) and ⟨θ0, θ2, d⟩ = ϕ1 (*6).
By (*4), (*5) and (*6), we obtain (q, θ1, w1) ⇐r

d (p, θ0, w0) ⊢r1
d (q′, θ2, w1) ⊢r2

d′

(q′′, θ3, w2) for w0 = dw1 = dd′w2.

Before proving Lemma 5.4.3, we prove the following lemma about transitions
reaching an ID with a state ⟨r⟩ added in Line 2 of Algorithm 5.2. We will also
use this lemma for proving Lemma 5.4.3.

Lemma 5.4.2. For every pair of an ID (p, θ0, w0) ∈ IDA and r = (p0, ϕ0) →
(q, j1j2) ∈ ∆ that satisfy (p, θ0, w0) ⊢∗

Ah
(⟨r⟩, θ1, w1), (p, θ0, w0)

∗⇐P (q, θ2, w2) ⊢Ah

(⟨r⟩, θ1, w1) holds for some θ2 ∈ Θk and w2 ∈ D∗.

Proof We show this lemma by the induction on h:
(Basis) If h = 0, then every transition rule whose right-hand side is ⟨r⟩ must
be (q, ϕ) → ⟨r⟩ (for some ϕ) constructed in Line 2 of the algorithm. Therefore,
the assumption (p, θ0, w0) ⊢∗

A0 (⟨r⟩, θ1, w1) implies p = q, and thus (q, θ0, w0)
∗⇐P

(q, θ0, w0) ⊢A0 (⟨r⟩, θ1, w1) holds.
(Induction) Assume h > 0 and for each (p, θ0, w0), (⟨r⟩, θ1, w1) ∈ IDA that satisfy
(p, θ0, w0) ⊢∗

Ah
(⟨r⟩, θ1, w1), let δnew be the set of rules constructed in the h-th

iteration of the algorithm. We assume transition rules in δnew are used m times
in total in the transition (p, θ0, w0) ⊢∗

Ah
(⟨r⟩, θ1, w1). We prove the induction step

for h by the induction on m. If m = 0, (p, θ0, w0) ⊢∗
Ah−1

(⟨r⟩, θ1, w1) holds. By
the induction hypothesis on h, the induction step for h holds.

If m > 0, there exist IDs (s, θs, ws), (t, θt, wt) and rnew ∈ δnew that satisfy
(p, θ0, w0) ⊢∗

Ah−1
(s, θs, ws) ⊢rnew (t, θt, wt) ⊢∗

Ah
(⟨r⟩, θ1, w1) and the transitions

(t, θt, wt) ⊢∗
Ah

(⟨r⟩, θ1, w1) use the rules of δnew at most m− 1 times.
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Assume δnew is constructed from a push rule r′ ∈ ∆ in the h-th iteration of the
algorithm. By the construction of δnew in Line 7 of Algorithm 5.2, s = ⟨r′⟩ holds.
By (p, θ0, w0) ⊢∗

Ah−1
(s, θs, ws) and the induction hypothesis on h, (p, θ0, w0)

∗⇐P

(q′, θ′
0, w

′
0) ⊢Ah−1 (s, θs, ws) holds (*1) for some θ′

0 ∈ Θk and w′
0 ∈ D∗ where

q′ is the state appearing in the right-hand side of r′. By (q′, θ′
0, w

′
0) ⊢Ah−1

(s, θs, ws) ⊢rnew (t, θt, wt) and Lemma 5.4.1 (i), there exists an ID (q′′, θ′
1, w

′
1) that

satisfies (q′, θ′
0, w

′
0) ⇐P (q′′, θ′

1, w
′
1) ⊢Ah−1 (t, θt, wt) (*2). By (q′′, θ′

1, w
′
1) ⊢Ah−1

(t, θt, wt) ⊢∗
Ah

(⟨r⟩, θ1, w1) and the induction hypothesis on m, (q′′, θ′
1, w

′
1)

∗⇐P

(q, θ′
2, w

′
2) ⊢Ah

(⟨r⟩, θ1, w1) holds for some θ′
2 ∈ Θk and w′

2 ∈ D∗ (*3). By
(*1), (*2) and (*3), we obtain (p, θ0, w0)

∗⇐P (q′, θ′
0, w

′
0) ⇐P (q′′, θ′

1, w
′
1)

∗⇐P

(q, θ′
2, w

′
2) ⊢Ah

(⟨r⟩, θ1, w1).
Assume δnew is constructed from a replace rule in the h-th iteration of the algo-

rithm. By the construction of δnew, the state s in the left-hand side of rnew must be
a state in P . Thus, (p, θ0, w0) = (s, θs, ws) holds (*4) because an RA has no tran-
sitions to an initial state. By (s, θs, ws) ⊢rnew (t, θt, wt) and Lemma 5.4.1 (ii), there
exists an ID (q′, θ′

0, w
′
0) that satisfies (s, θs, ws) ⇐P (q′, θ′

0, w
′
0) ⊢Ah−1 (t, θt, wt)

(*5). By (q′, θ′
0, w

′
0) ⊢Ah−1 (t, θt, wt) ⊢∗

Ah
(⟨r⟩, θ1, w1) and the induction hypothe-

sis on m, (q′, θ′
0, w

′
0)

∗⇐P (q, θ′
1, w

′
1) ⊢Ah

(⟨r⟩, θ1, w1) holds for some θ′
1 ∈ Θk and

w′
1 ∈ D∗ (*6). By (*4), (*5) and (*6), we obtain (p, θ0, w0) = (s, θs, ws) ⇐P

(q′, θ′
0, w

′
0)

∗⇐P (q, θ′
1, w

′
1) ⊢Ah

(⟨r⟩, θ1, w1).
Assume δnew is constructed from a pop rule in the h-th iteration of the al-

gorithm. As the case of a replace rule, (p, θ0, w0) = (s, θs, ws) holds. By
(s, θs, ws) ⊢rnew (t, θt, wt) and Lemma 5.4.1 (iii), there exist IDs (q′, θ′

0, w
′
0) and

(q′′, θ′
1, w

′
1) that satisfies (s, θs, ws)⇐P (q′, θ′

0, w
′
0) ⊢Ah−1 (q′′, θ′

1, w
′
1) ⊢Ah−1 (t, θt, wt).

The rest of the proof is similar to that of a replace rule.
By the induction on h, we obtain the lemma.

Lemma 5.4.3. For every pair of IDs (p, θ0, w0), (q, θ1, w1) ∈ IDA that satisfy
(p, θ0, w0) ⊢∗

Ah
(q, θ1, w1), there exists an ID (p′, θ2, w2) such that (p, θ0, w0)

∗⇐P

(p′, θ2, w2) ⊢∗
A (q, θ1, w1) holds.

Proof We show this lemma by the induction on h:
(Basis) If h = 0, then for every pair of IDs (p, θ0, w0), (q, θ1, w1) ∈ IDA that
satisfies (p, θ0, w0) ⊢∗

Ah
(q, θ1, w1), we have (p, θ0, w0)

∗⇐P (p, θ0, w0) ⊢∗
A (q, θ1, w1)
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because the transition sequence from (p, θ0, w0) to (q, θ1, w1) cannot use the tran-
sition rules added in Line 2 of Algorithm 5.2.
(Induction) We can prove the induction step by induction on the number m of
application of rules in δnew constructed in the h-th iteration of the algorithm in
a similar way to Lemma 5.4.2. The case that m = 0 can be easily proved.

If m > 0, there exist IDs (s, θs, ws), (t, θt, wt) and rnew ∈ δnew that satisfy
(p, θ0, w0) ⊢∗

Ah−1
(s, θs, ws) ⊢rnew (t, θt, wt) ⊢∗

Ah
(q, θ1, w1) and the transitions

(t, θt, wt) ⊢∗
Ah

(q, θ1, w1) use the rules of δnew at most m− 1 times.
Assume δnew is constructed from a push rule r′ ∈ ∆ in the h-th iteration

of the algorithm. By the construction of δnew in Line 7 of Algorithm 5.2,
s = ⟨r⟩ holds. By (p, θ0, w0) ⊢∗

Ah−1
(s, θs, ws) and Lemma 5.4.2, there exists

an ID (q′, θ′
0, w

′
0) such that (p, θ0, w0)

∗⇐P (q′, θ′
0, w

′
0) ⊢Ah−1 (s, θs, ws) holds (*1).

By (q′, θ′
0, w

′
0) ⊢Ah−1 (s, θs, ws) ⊢rnew (t, θt, wt) and Lemma 5.4.1 (i), there ex-

ists an ID (q′′, θ′
1, w

′
1) that satisfies (q′, θ′

0, w
′
0) ⇐P (q′′, θ′

1, w
′
1) ⊢Ah−1 (t, θt, wt)

(*2). By (q′′, θ′
1, w

′
1) ⊢Ah−1 (t, θt, wt) ⊢∗

Ah
(q, θ1, w1) and the induction hypothe-

sis on m, (q′′, θ′
1, w

′
1)

∗⇐P (p′, θ′
2, w

′
2) ⊢∗

Ah
(q, θ1, w1) holds for some θ′

2 ∈ Θk and
w′

2 ∈ D∗ (*3). By (*1), (*2) and (*3), we obtain (p, θ0, w0)
∗⇐P (q′, θ′

0, w
′
0) ⇐P

(q′′, θ′
1, w

′
1)

∗⇐P (p′, θ′
2, w

′
2) ⊢∗

Ah
(q, θ1, w1). The case of δnew is constructed from a

replace rule or a pop rule can be proved in a similar way as that of Lemma 5.4.2.
By the induction on h, we obtain the lemma.

For proving the soundness of Algorithm 5.2, we need the following property of
accepting conditions added in Line 11 of the algorithm:

Lemma 5.4.4. If (p, θ, ε) is an accepting ID of Ah and not an accepting ID
of A, then there exist (p′, θ′, d) ∈ IDP and an accepting ID (q′, θf , ε) of A that
satisfy (p, θ, ε)⇐P (p′, θ′, d) ⊢Ah

(q′, θf , ε).

Proof By the construction of ξh in Line 11 of Algorithm 5.2, there exist two
rules r = (p′, ϕ0)→ (p, ε) ∈ ∆ and r1 = (p′, ϕ1)→ q′ ∈ δh−1 and (q′, Flatter(ϕ1)) ∈
ξh−1 and ϕ0

−1 ◦M ϕ1 ̸= ∅ hold. Because Ah−1 never has a transition rule whose
right-hand side is a state in P , q′ /∈ P holds. Since Algorithm 5.2 adds only an
accepting condition that contains a state in P , (q′, Flatter(ϕ1)) is not an accepting
condition added by the algorithm and thus (q′, Flatter(ϕ1)) ∈ ξ. Let ϕ′ ∈ ϕ0

−1◦Mϕ1
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and define θf ∈ Θk and d′ ∈ D so that ⟨θ, θf , d′⟩ = ϕ′ holds. By Lemma 5.2.1 and
Lemma 5.2.2 (ii), there exist θ′ and d that satisfy ⟨θ′, θ, d⟩ = ϕ0 and ⟨θ′, θf , d⟩ =
ϕ1. Hence, (p′, θ′, d) ⇒r

d (p, θ, ε) in P and (p′, θ′, d) ⊢r1
d (q′, θf , ε) in Ah. Since

⟨θ′, θf , d⟩ = ϕ1, ⟨θf⟩ = Flatter(ϕ1) by definition, and thus (q′, θf , ε) is an accepting
ID of A.

Theorem 5.4.1 (soundness). For each ID (p, θ, w) ∈ L(Ã) such that p ∈ P ,
there exists an ID (p′, θ′, w′) ∈ L(A) such that (p′, θ′, w′)⇒∗

P (p, θ, w) holds.

Proof If (p, θ, w) ∈ L(Ã), then (p, θ, w) ∈ L(Ah) for some h, and thus
(p, θ, w) ⊢∗

Ah
(q, θ1, ε) for some accepting ID (q, θ1, ε) of Ah. There are two cases:

(q, θ1, ε) is an accepting ID of A or not. By Lemma 5.4.3, (p, θ, w) ⊢∗
Ah

(q, θ1, ε)
implies that there exists an ID (p′, θ′, w′) such that (p, θ, w) ∗⇐P (p′, θ′, w′) ⊢∗

A

(q, θ1, ε). So in the former case, (p′, θ′, w′) ∈ L(A), and thus the claim of the
theorem holds. In the latter case, we obtain (p, θ, w) = (q, θ1, ε), because the
algorithm adds an accepting condition (q, ϕ) only when q ∈ P and Ah never has
a transition rule whose right-hand side is a state in P . Applying Lemma 5.4.4 to
(p, θ, w), we obtain (p2, θ2, d) ∈ IDP and an accepting ID (q′, θf , ε) of A such that
(p, θ, w) ⇐P (p2, θ2, d) ⊢Ah

(q′, θf , ε). As in the same way as the former case,
by Lemma 5.4.3, there exists (p′, θ′, w′) such that (p2, θ2, d) ∗⇐P (p′, θ′, w′) ⊢∗

A

(q′, θf , ε). Since (p2, θ2, d)⇒P (p, θ, w), the theorem holds.

The following lemma establishes one-step completeness for push, replace and
pop rules and will be used for proving the completeness of Algorithm 5.2 (The-
orem 5.4.2).

Lemma 5.4.5. Let r = (p, ϕ0) → (q, J) ∈ ∆ and r1 = (p, ϕ1) → q′ ∈ δh be
two rules chosen in Line 5 of Algorithm 5.2, and let δnew be the set of rules
constructed for r and r1 in Lines 6–12 of the algorithm.

(i) If r is a push or replace rule and there exist (p, θ0, w0), (q, θ1, w1) ∈ IDP and
(q′, θ2, w2) ∈ IDA0 that satisfy (q, θ1, w1) ⇐r

d (p, θ0, w0) ⊢r1
d (q′, θ2, w2) for some

d ∈ D, then (q, θ1, w1) ⊢∗ (q′, θ2, w2) holds in Ah+1.
(ii) If r is a pop rule and there exist (p, θ0, w0), (q, θ1, w1) ∈ IDP and (q′, θ2, w1),

(q′′, θ3, w2) ∈ IDA0 that satisfy (q, θ1, w1)⇐r
d (p, θ0, w0) ⊢r1

d (q′, θ2, w1) ⊢r2
d′ (q′′, θ3, w2)
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for some d, d′ ∈ D and some r2 = (q′, ϕ2) → q′′ ∈ δh, then (q, θ1, w1) ⊢d′

(q′′, θ3, w2) holds in Ah+1.

Proof (i) If r is a push rule and J = j1j2, then w0, w1 and w2 should satisfy
w0 = dw2 and w1 = θ1(j1)θ1(j2)w2. By the rule r′ = (q, ϕ′)→ ⟨r⟩ added in Line
2 of the algorithm, (q, θ1, w1) = (q, θ1, θ1(j1)θ1(j2)w2) ⊢r

′

θ1(j1) (⟨r⟩, θ1, θ1(j2)w2)
holds (*1). Let ϕ be an equivalence relation that satisfies ⟨θ1, θ2, θ1(j2)⟩ = ϕ.
Then ϕ ∈ ϕ0

−1 ◦M ϕ1 holds by Lemmas 5.2.1 and 5.2.2 (i). Hence, δnew should
contain a rule rnew = (⟨r⟩, ϕ) → q′ and thus (⟨r⟩, θ1, θ1(j2)w2) ⊢rnew

θ1(j2) (q′, θ2, w2)
holds (*2). By (*1) and (*2), (q, θ1, w1) ⊢∗ (q′, θ2, w2) holds in Ah+1.

If r is a replace rule and J = j1, then w0, w1 and w2 should satisfy w0 = dw2 and
w1 = θ1(j1)w2. Let ϕ be an equivalence relation that satisfies ⟨θ1, θ2, θ1(j1)⟩ = ϕ.
Then ϕ ∈ ϕ0

−1 ◦M ϕ1 holds by Lemmas 5.2.1 and 5.2.2 (i). Hence, δnew should
contain a rule rnew = (q, ϕ) → q′ and thus (q, θ1, w1) = (q, θ1, θ1(j1)w2) ⊢rnew

θ1(j1)

(q′, θ2, w2).
(ii) If r is a pop rule, let ϕ and ϕ′ be equivalence relations that satisfy ⟨θ1, θ2, d⟩ = ϕ

and ⟨θ1, θ3, d
′⟩ = ϕ′. Because ⟨θ0, θ1, d⟩ = ϕ0 and ⟨θ0, θ2, d⟩ = ϕ1, ϕ ∈ ϕ0

−1 ◦M ϕ1

holds (*3) by Lemmas 5.2.1 and 5.2.2 (i). In addition, because ⟨θ1, θ2, d⟩ = ϕ and
⟨θ2, θ3, d

′⟩ = ϕ2, ϕ′ ∈ ϕ ◦R ϕ2 holds (*4) by Lemma 5.2.3 (i). By (*3) and (*4),
ϕ′ ∈ (ϕ0

−1 ◦M ϕ1)◦Rϕ2 holds. Hence, δnew should contain a rule rnew = (q, ϕ′)→ q′′

and thus (q, θ1, w1) = (q, θ1, d
′w2) ⊢rnew

d′ (q′′, θ3, w2).

Theorem 5.4.2 (completeness). For (p, θ, w), (p′, θ′, w′) ∈ IDP , if (p, θ, w) ∈
L(A) and (p, θ, w)⇒∗

P (p′, θ′, w′), then (p′, θ′, w′) ∈ L(Ã).

Proof Assume that (p, θ, w) ∈ L(A) and (p, θ, w) ⇒∗
P (p′, θ′, w′) and let n

be the smallest number of transitions between (p, θ, w) and (p′, θ′, w′) in P . We
prove the theorem by the induction on n.

(Basis) If n = 0, then (p, θ, w) = (p′, θ′, w′). By the definition of Ã, it is clear
that L(A) ⊆ L(Ã). Therefore, (p′, θ′, w′) ∈ L(Ã).

(Induction) If n > 0, then there exist (q, θ1, w1) ∈ IDP , a rule r ∈ ∆ and a
data value d ∈ D that satisfy (p, θ, w) ⇒∗ (q, θ1, w1) ⇒r

d (p′, θ′, w′) (*1) and
the smallest number of transitions between (p, θ, w) and (q, θ1, w1) is n− 1. We
can assume that w1 = du for some u ∈ D∗. By the induction hypothesis,
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Figure 5.4: (a) benign program and (b) malware program

(q, θ1, w1) ∈ L(Ã). Since w1 ̸= ε, (q, θ1, w1) is not an accepting ID of Ã, and thus
there exist an ID (q′, θ2, u) and a rule r1 = (q, ϕ1)→ q′ that satisfy (q, θ1, w1) =
(q, θ1, du) ⊢r1

d (q′, θ2, u) ∈ L(Ã) (*2).
If r is a push or replace rule, then by (*1), (*2) and Lemma 5.4.5 (i), there

exists a transition sequence (p′, θ′, w′) ⊢∗ (q′, θ2, u) and thus (p′, θ′, w′) ∈ L(Ã).
Assume that r is a pop rule (r = (q, ϕ0) → (p′, ε)). In this case, w′ = u. If

u = ε, then (q′, θ2, u) should be an accepting ID of Ã, and thus (q′, Flatter(ϕ1)) is
an accepting condition of Ã. By (*1) and (*2), ⟨θ1, θ

′, d⟩ = ϕ0 and ⟨θ1, θ2, d⟩ =
ϕ1 hold, and thus ϕ0

−1 ◦M ϕ1 ̸= ∅. By the construction of ξh+1 in Line 11 of
Algorithm 5.2, (p′, Flatter(ϕ0)) is also an accepting condition of Ã. Since ⟨θ′⟩ =
Flatter(ϕ0), (p′, θ′, w′) = (p′, θ′, ε) ∈ L(Ã) holds. If u ̸= ε, then (q′, θ2, u) is not an
accepting ID of Ã, and thus there exist an ID (q′′, θ3, u

′), a rule r2 and a data
value d′ ∈ D that satisfy (q′, θ2, u) ⊢r2

d′ (q′′, θ3, u
′) ∈ L(Ã) (*3). By (*1), (*2), (*3)

and Lemma 5.4.5 (ii), there exists a transition sequence (p′, θ′, w′) ⊢∗ (q′′, θ3, u
′),

and thus (p′, θ′, w′) ∈ L(Ã).
By the induction, we obtain (p′, θ′, w′) ∈ L(Ã) for all n ≥ 0.

5.5 Application
In this section, we give an example that shows how our algorithm can be

applied to practical problems (malware analysis), taken from [67] and simplified.

Let P1, P2 be programs as shown in Fig. 5.4 (a), (b), respectively. P1 and
P2 push a data value assigned to eax in l1 and l′1, respectively, and call the
function GetModuleHandleA with reference to the stack top data value as an
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argument. Assume calling GetModuleHandleA with 0 as its argument allows a
calling program to get the information for infecting other files. Then, P1 is a
benign program, but P2 is considered as a malicious program because P2 tries
to give the unexpected data value 0 to GetModuleHandleA as an argument.

Whichever we use traditional signature analysis or pushdown model checking,
it is difficult to distinguish the malicious behaviors from the benign ones. Ac-
tually, signature analysis does not work if some meaningless instructions (like l′3
and l′4 in Fig. 5.4 (b)) are inserted into the code, and pushdown model checking
fails to distinguish P1 and P2, as discussed in [67], because such analysis assumes
data values 0 and 1 are the same. (The example given in [67] assumes the stack
contents to be the names of registers, instead of data values in the registers.
Therefore, we cannot distinguish benign and malicious programs if the name of
register used as an argument of GetModuleHandleA is the same as in the case of
eax appearing in P1 and P2.) In [67], a pushdown model checking was extended
so that it can deal with a finite number of data values. In our method, we can
express the malicious behaviors as post∗

P(I) ∩ Bad ̸= ∅ where P is a program, I
is a set of expected initial IDs of P and Bad is a set of IDs (g0, θ, du) where g0

is the entry point of the function GetModuleHandleA and d stands for 0 in the
original program.

We construct P1 and P2 as 3-RPDS whose 1st and 2nd registers are used
for keeping the contents of eax and ebx , respectively, and the data value in
3rd register stands for 0 in the original program. Let P1 = (P1,∆1) be 3-
RPDS where P1 = {l1, l2, l3, lend} and ∆1 = {(l1, ϕ1)→ (l2, 2), (l2, ϕ2)→ (l3, 12),
(l3, ϕ3) → (lend , ε)} for X3/ϕ1 = {{x1}, {x′

1}, {x2, x′
2}, {x3, x′

3}, {top}}, X3/ϕ2 =
{{x1, x′

1}, {x2, x′
2, top}, {x3, x′

3}} and X3/ϕ3 = {{x1, x′
1, top}, {x2, x′

2}, {x3, x′
3}}.

As defined above, P1 behaves as Fig. 5.4 (a) by using its registers and stack to
restore adequate data value. (Note that P1 never pushes the data value θ(3) to
the stack.) We can define 3-RPDS P2 = (P2,∆2) in a similar way. The transition
(l′1, ϕ′

1) → (l′2, 2) ∈ ∆2 should save the data value θ(3) to 1st register, and thus
we let X3/ϕ

′
1 = {{x1}, {x′

1, x3, x′
3}, {x2, x′

2}, {top}}. Assume I1 = {(l1, θ, u) | θ ∈
Θ3, u ∈ D∗}, I2 = {(l′1, θ, u) | θ ∈ Θ3, u ∈ D∗}, Bad1 = {(l3, θ, du) | θ ∈ Θ3,
θ(3) = d ∈ D, u ∈ D∗} and Bad2 = {(l′5, θ, du) | θ ∈ Θ3, θ(3) = d ∈ D, u ∈ D∗}.
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Then, post∗
P1(I1) ∩ Bad1 = ∅ because P1 cannot push the data value θ(3) to the

stack in l2. On the other hand, post∗
P2(I2) ∩ Bad2 ̸= ∅ because P2 would push

the data value θ(3) to the stack.
While the above example needs only a finite number of data values, RPDS

could serve as a formal model in other problems such as the verification of a
security protocol that uses nonces from an infinite set and their equality checks.
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Alg. 5.2: Saturation algorithm for a given k-RPDS and a k-RA
1: Input: k-RPDS P = (P,∆) and k-RA A = (Q,P, ξ, δ) for C
2: Let k-RA A0 = (Q0, P, ξ0, δ0) where
Q0 = Q ∪ {⟨r⟩ | r = (p, ϕ0)→ (q, j1j2) ∈ ∆}, ξ0 = ξ,
δ0 = δ ∪ {(q, ϕ)→ ⟨r⟩ | r = (p, ϕ0)→ (q, j1j2) ∈ ∆,

∀s. xs ∼ϕ x′
s, top ∼ϕ xj1}.

3: h := 0
4: repeat
5: Choose a rule r = (p, ϕ0)→ (q, J) ∈ ∆ of P

and a rule (p, ϕ1)→ q′ ∈ δh of Ah.
6: if J = j1j2 for some j1, j2 ∈ [k] then
7: Let ξh+1 = ξh and

δnew = {(⟨r⟩, ϕ)→ q′ | ϕ ∈ ϕ0
−1 ◦M ϕ1, xj2 ∼ϕ top}.

8: else if J = j1 for some j1 ∈ [k] then
9: Let ξh+1 = ξh and

δnew = {(q, ϕ)→ q′ | ϕ ∈ ϕ0
−1 ◦M ϕ1, xj1 ∼ϕ top}.

10: else if J = ε then
11: Let ξh+1 = ξh ∪ {(q, Flatter(ϕ0))} if (q′, Flatter(ϕ1)) ∈ ξh and

ϕ0
−1 ◦M ϕ1 ̸= ∅, and let ξh+1 = ξh otherwise.

Also, let δnew = {(q, ϕ)→ q′′ | (q′, ϕ2)→ q′′ ∈ δh and
ϕ ∈ (ϕ0

−1 ◦M ϕ1) ◦R ϕ2 for some ϕ2 ∈ Φk}.
12: end if
13: Let k-RA Ah+1 = (Q0, P, ξh+1, δh+1), where δh+1 = δh ∪ δnew.
14: h := h+ 1.
15: until no more transitions and accepting conditions can be added.
16: Output: Ã := Ah
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Chapter 6 LTL Model Checking
for RPDS

6.1 Definitions

6.1.1 Infinite sequence

For a set A, let P(A) be the power set of A, let A∗ and Aω be the sets of
finite and infinite words over A, respectively. We denote A+ = A∗ \ {ε} and
A∞ = A∗∪Aω. For a word α ∈ A∞ over a set A, let α(i) ∈ A be the i-th element
of α (i ≥ 0), α(i : j) = α(i)α(i+1) · · ·α(j−1)α(j) for i ≤ j and α(i :) = α(i) · · ·
for i ≥ 0. We write ∃ωi.P (i) if there exist infinitely many i that satisfy the
condition P (i).s

6.1.2 Linear temporal logic (LTL)

Let At be a finite set of atomic propositions, and let Σ = 2At . An LTL formula
over At is given by the following syntax:

φ := tt | A | ¬φ | φ1 ∧ φ2 | Xφ | φ1 U φ2

where A ∈ At. For an infinite word w = w(0)w(1) · · · ∈ Σω, the satisfaction
relation |= is defined as follows.

w |= tt

w |= A ⇐⇒ A ∈ w(0)

w |= ¬φ ⇐⇒ w ̸|= φ

w |= φ1 ∧ φ2 ⇐⇒ w |= φ1 and w |= φ2 　
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w |= Xφ ⇐⇒ w(1)w(2) · · · |= φ

w |= φ1 U φ2 ⇐⇒ there exists j ∈ N0 such that

w(j)w(j + 1) · · · |= φ2 and

w(i)w(i+ 1) · · · |= φ1 for all 0 ≤ i < j

We also define ff ≡ ¬tt, φ1∨φ2 ≡ ¬(¬φ1∧¬φ2), φ1 ⇒ φ2 ≡ ¬φ1∨φ2, Fφ ≡ ttUφ
and Gφ ≡ ¬F(¬φ).

6.1.3 Backward-deterministic RA

As a related class of RA, we define backward-deterministic RA. We use this
RA for giving a definition of regular valuation described later.

Definition 6.1.1. A backward-deterministic k-RA A = (Q, I, (qf , θf ), δ) is de-
fined as an RA whose accepting condition is given as a pair (qf , θf ) ∈ Q × Θk

and every pair of ID of the form (q, θ, ε) ∈ Q × Θk × {ε} and d ∈ D determine
a unique predecessor ID (q′, θ′, d) ∈ Q×Θk ×D such that (q′, θ′, d) ⊢ (q, θ, ε).

We call a set C ⊆ I × Θk ×D∗ a backward-deterministic regular set if there
exists a backward-deterministic k-RA A that satisfies C = L(A).

6.2 Büchi Register Pushdown Systems (BRPDS)

and its Properties

6.2.1 Properties of RPDS and RA

Consider the relation ∼ over IDs defined by (p1, θ1, u1) ∼ (p2, θ2, u2) iff p1 =
p2 and θ1, u1 = θ2, u2 . The following lemma states that ∼ is a bisimulation
that preserves the number of transition steps, which will be used for proving
Proposition 6.2.2. This lemma also applies to RA and Büchi RPDS, which will
be described later.

Lemma 6.2.1. For a k-RPDS P = (P,∆), IDs (p, θ0, u0), (p, θ1, u1) of P such
that θ0, u0 = θ1, u1, and q ∈ P , if there exists an ID (q, θ2, u2) ∈ IDP that satisfies
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(p, θ0, u0)⇒n (q, θ2, u2) for some n ∈ N0, then there exists an ID (q, θ3, u3) ∈ IDP

that satisfies (p, θ1, u1)⇒n (q, θ3, u3) and θ2, u2 = θ3, u3 .

Proof. We prove the lemma by the induction on n. The case of n = 0 is
obvious. Assume that n > 0. Then the transition sequence must be (p, θ0, u0)
⇒n−1 (q′, θ4, u4) ⇒r

d (q, θ2, u2) for some (q′, θ4, u4) ∈ IDP , r = (q′, ϕ) → (q, J) ∈
∆ and d ∈ D, and u4 = du′

4 for some u′
4 ∈ D∗ and θ4, θ2, d = ϕ. By the

induction hypothesis, there is an ID (q′, θ5, u5) ∈ IDP such that (p, θ1, u1)⇒n−1

(q′, θ5, u5) and θ4, u4 = θ5, u5 . Since θ4, u4 = θ5, u5 implies |u4| = |u5| and
since u4 = du′

4, it holds that u5 = d′u′
5 for some d′ ∈ D and u′

5 ∈ D∗. By
Lemma 5.1.1 (i), θ4, du

′
4 = θ5, d

′u′
5 implies that there exists θ3 ∈ Θk such that

θ4, θ2, du
′
4 = θ5, θ3, d

′u′
5 . Hence, θ4, θ2, d = θ5, θ3, d

′ = ϕ by Lemma 5.1.1 (ii), and
thus (q′, θ5, u5)⇒r

d′ (q, θ3, u3) where u3 = θ3(j1)θ3(j2)u′
5 if J = j1j2, u3 = θ3(j1)u′

5

if J = j1, and u3 = u′
5 if J = ε. Note that θ4, θ2, du

′
4 = θ5, θ3, d

′u′
5 also implies

θ2, u
′
4 = θ3, u

′
5 by Lemma 5.1.1 (ii). If J = j1j2, then u2 = θ2(j1)θ2(j2)u′

4, and
thus θ2, u2 = θ3, u3 holds because θ2, u

′
4 = θ3, u

′
5 implies θ2, θ2(j1)θ2(j2)u′

4 =
θ3, θ3(j1)θ3(j2)u′

5 by applying Lemma 5.1.1 (iii) twice. In the same way, we can
show θ2, u2 = θ3, u3 in the cases of J = j1 and J = ε.

The following lemma is a property of RA similar to, but stronger than the
property of RPDS stated in the previous lemma in the sense that any run of a
k-RA can be simulated by a run that uses only 2k fresh data values that do not
appear in the input data word of the original run. This lemma will be used for
proving Proposition 6.2.1 described below.

Lemma 6.2.2. Let A = (Q, I, ξ, δ) be a k-RA and (p0, θ0, w0) ⊢ (p1, θ1, w1) ⊢
· · · ⊢ (pn, θn, wn) be a run of A, where w0 = d1d2 · · · dm. Let Dw0 = {d1, . . . , dm}
and let D′ ⊆ D be a finite subset of D such that Dw0 ⊆ D′ and |D′ \Dw0| ≥ 2k.
Let Θ′

k ⊆ Θk be the set of assignments whose range is D′, and let θ′
0 ∈ Θ′

k be an
assignment such that θ0, w0 = θ′

0, w0 . Then, there exist θ′
1, . . . , θ

′
n ∈ Θ′

k such that
(p0, θ

′
0, w0) ⊢ (p1, θ

′
1, w1) ⊢ · · · ⊢ (pn, θ′

n, wn) and θj, wj = θ′
j, wj for each j ∈ [n].

Proof. We prove the lemma by the induction on n. The case of n = 0 is
obvious. Assume that n > 0. Then, (p0, θ0, w0) ⊢rd1 (p1, θ1, w1) for some r =
(p0, ϕ)→ p1 ∈ δ and θ0, θ1, d1 = ϕ. There exists θ′

1 ∈ Θ′
k that satisfies θ0, θ1, w0 =
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θ′
0, θ

′
1, w0 , because θ0, w0 = θ′

0, w0 implies θ0, θ1, w0 = θ′
0, θ

′, w0 for some θ′ ∈ Θk

by Lemma 5.1.1 (i), and we can replace every θ′(i) /∈ D′ with an element in
D′ \ (Dw0 ∪ {θ′

0(1), . . . , θ′
0(k)}) without changing the equivalence class.

By Lemma 5.1.1 (ii), θ0, θ1, w0 = θ′
0, θ

′
1, w0 implies θ0, θ1, d1 = θ′

0, θ
′
1, d1 = ϕ

and θ1, w1 = θ′
1, w1 , and the former implies (p0, θ

′
0, w0) ⊢rd1 (p1, θ

′
1, w1). By the

induction hypothesis, the lemma holds.

The following proposition is essentially the same as [41, Proposition 1], and
used for showing decidability of the membership problem of an RA.

Proposition 6.2.1. For a k-RA A = (Q, I, ξ, δ), a finite subset D′ of D, p ∈ I,
and θ ∈ Θk such that θ(i) ∈ D′ for i ∈ [k], we can construct a nondeterministic
finite automaton (NFA) Apθ over D′ such that for any w ∈ (D′)∗, w ∈ L(Apθ) iff
(p, θ, w) ∈ L(A). Moreover, the number of states of Apθ is at most |Q|·(2k+|D′|)k.

Proof. First, we construct a finite set D′′ such that D′ ⊆ D′′ ⊂ D and |D′′| =
|D′| + 2k, by adding arbitrary 2k elements of D\D′ to D′. Let Θ′

k ⊆ Θk be the
set of assignments whose range is D′′. Then, we construct an NFA Apθ as follows:

• The set of states is Q×Θ′
k.

• The initial state is (p, θ).

• The set of final states is {(q, θf ) | (q, θf ) ∈ ξ}.

• The set of transition rules is {((q1, θ1), d)→ (q2, θ2) | (q1, θ1, θ2, d )→ q2 ∈
δ}.

By the construction, if ((p, θ), w) ⊢∗
Ap

θ
((q, θ′), w′), then (p, θ, w) ⊢∗

A (q, θ′, w′), ob-
viously. By Lemma 6.2.2, if (p, θ, w) ⊢∗

A (q, θ′, w′) for w ∈ (D′)∗, then ((p, θ), w) ⊢∗
Ap

θ

((q, θ′′), w′) for some θ′′ ∈ Θ′
k such that θ′ = θ′′ . Thus for any w ∈ (D′)∗,

w ∈ L(Apθ) iff (p, θ, w) ∈ L(A). The number of states of Apθ is |Q| · |D′′|k =
|Q| · (2k + |D′|)k.

6.2.2 Definition of BRPDS

We define an extended model of RPDS called Büchi register pushdown systems
(abbreviated as BRPDS) by adding a notion of Büchi acceptance. In the case of
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LTL model checking for PDS described in [30], Büchi PDS is defined and used in
the algorithm for model checking. Similarly, BRPDS will be used in the proposed
model checking algorithm.

Definition 6.2.1. A k-BRPDS BP = (P,∆, G) is defined as a k-RPDS accom-
panied with the acceptance condition given by a set of repeated states G (⊆ P ).
The set IDBP of all IDs of BP and the transition relation ⇒BP of BP are de-
fined in the same way as those of k-RPDS. An accepting run of BP is a run
ρ ∈ (IDBP)ω of BP that satisfies ∃ωi. ρ(i) ∈ G×Θk×D∗. We say that c ∈ IDBP

is accepted by BP if there exists an accepting run ρ such that ρ(0) = c.

The following proposition describes a necessary and sufficient condition for an
ID to be accepted by a BRPDS. This proposition is a natural but non-trivial
extension of [13, Proposition 3.1] to BRPDS.

Proposition 6.2.2. For a k-BRPDS BP = (P,∆, G) and an ID (q0, θ, w) of BP,
(q0, θ, w) is accepted by BP if and only if there exist IDs (p, θ0, d0), (g, θ′

0, u0),
(p, θ1, d1v1) ∈ IDBP where g ∈ G and d0, d1 ∈ D and u0, v1 ∈ D∗ such that the
following conditions hold:

(1) (q0, θ, w)⇒∗ (p, θ0, d0w
′) for some w′ ∈ D∗,

(2) (p, θ0, d0)⇒+ (g, θ′
0, u0)⇒∗ (p, θ1, d1v1), and

(3) θ0, d0 = θ1, d1 .

�

�

� �

Figure 6.1: An accepting run

Proof. In this proof, for an ID (p, θ, du) of BP where d ∈ D and u ∈ D∗, we
define the type of (p, θ, du) as (p, θ, d ).
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(Only-if part) Assume that ρ is an accepting run of BP such that ρ(0) =
(q0, θ, w). Let g be an element of G that appears in ρ infinitely many times.

Let i0 ∈ N0 be an index such that the length of the stack in ρ(i0) is not
larger than the stack in ρ(j) for every j ≥ i0. Such i0 must exist because the
lengths of stacks are non-negative. There is also an index i1 > i0 such that
the length of the stack in ρ(i1) is not larger than the stack in ρ(j) for every
j ≥ i1 for the same reason. Repeating this selection of indices, we obtain a
subsequence ρ′ = ρ(i0)ρ(i1)ρ(i2) · · · of ρ where 0 ≤ i0 < i1 < i2 < · · · such
that for every n ≥ 0, the length of the stack in ρ(in) is not larger than the
stack in ρ(j) for every j ≥ in. Note that if the stack in ρ(in) is dw′ for some
d ∈ D and w′ ∈ D∗, then w′ is the suffix of the stack in ρ(j) for every j ≥ in,
because any d ∈ D in that common suffix w′ never becomes the stack top in
ρ(in)ρ(in + 1)ρ(in + 2) · · · . Moreover, even if we remove the common suffix w′

of every stack in ρ(in)ρ(in + 1)ρ(in + 2) · · · , the resultant sequence is also a run
of BP .

Consider the types of IDs in ρ′. Since P and Φk+1 are finite, there must be
a type (p, ϕ) that appears in ρ′ infinitely many times. Choose some ρ(im) =
(p, θ0, d0w

′) in ρ′ whose type (p, θ0, d0 ) equals (p, ϕ). Then, choose some j > im

such that the state in ρ(j) = (g, θ′
0, u0w

′) is g. And finally, choose ρ(in) =
(p, θ1, d1v1w

′) in ρ′ such that in ≥ j and the type of ρ(in) (i.e. (p, θ1, d1 )) equals
(p, ϕ). Since ρ(0) ⇒∗ ρ(im) ⇒+ ρ(j) ⇒∗ ρ(in), conditions (1) and (2) hold
(by removing the common suffix w′ of every stack in ρ(im)ρ(im + 1) · · · ρ(in)).
Condition (3) also holds because θ0, d0 = θ1, d1 = ϕ.

(If part) Since θ0, d0 = θ1, d1 by condition (3), by applying Lemma 6.2.1
to condition (2), there exist θ′

1, θ2 ∈ Θk, u1, v2 ∈ D∗ and d2 ∈ D such that
(p, θ1, d1) ⇒+ (g, θ′

1, u1) ⇒∗ (p, θ2, d2v2) and θ′
0, u0 = θ′

1, u1 and θ1, d1v1 =
θ2, d2v2 . By Lemma 5.1.1 (ii), θ1, d1v1 = θ2, d2v2 implies θ1, d1 = θ2, d2 . Re-
peating this selection of IDs, we obtain θ′

i, θi+1 ∈ Θk, ui, vi+1 ∈ D∗ and di+1 ∈ D
for i ≥ 1 such that (p, θi, di) ⇒+ (g, θ′

i, ui) ⇒∗ (p, θi+1, di+1vi+1). Concatenat-
ing these transition sequences, we obtain a run (q0, θ, w) ⇒∗ (p, θ0, d0w

′) ⇒+

(g, θ′
0, u0w

′) ⇒∗ (p, θ1, d1v1w
′) ⇒+ (g, θ′

1, u1v1w
′) ⇒∗ (p, θ2, d2v2v1w

′) ⇒+ · · · ,
where g appears infinitely many times. Therefore this run is an accepting run of
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BP , and thus BP accepts (q0, θ, w).

6.2.3 Acceptance checking for BRPDS

Let P = (P,∆) be a k-RPDS (or a k-BRPDS) and let C ⊆ IDP be a subset
of IDs of P . We define

preP(C) := {c | c⇒P c′ for some c′ ∈ C}.

Let pre∗
P and pre+

P be the reflexive transitive closure and the transitive closure
of preP (as a relation), respectively. It is known that pre∗

P and pre+
P effectively

preserve regularity[50]; that is, if C ⊆ IDP is regular (i.e. there is an RA A such
that C = L(A)), then we can construct an RA Ã such that pre∗

P(C) = L(Ã) (or
pre+

P(C) = L(Ã)).
For p ∈ P and ϕ ∈ Φk+1, we let Lpϕ = {(p, θ, dw) | θ, d = ϕ}. We can show that

Lpϕ is regular but omit the proof here. We also define Lpϕ,1 = {(p, θ, d) | θ, d =
ϕ, d ∈ D}, which is also regular.

Using pre∗, pre+, Lpϕ and Lpϕ,1, Proposition 6.2.2 can be rephrased as follows,
which is a BRPDS version of (1’) and (2’) in [13, Proposition 3.1]: k-BRPDS
BP = (P,∆, G) accepts (q0, θ, w) iff there exist p ∈ P and ϕ ∈ Φk+1 (which is
θ0, d0 for θ0 and d0 in Proposition 6.2.2) that satisfy the followings:

(1′) (q0, θ, w) ∈ pre∗
BP(Lpϕ), and

(2′) (p, θ0, d0) ∈ pre+
BP((G×Θk ×D∗) ∩ pre∗

BP(Lpϕ)) for some (p, θ0, d0) ∈ Lpϕ,1.

Obviously, (2′) is equivalent to pre+
BP((G×Θk×D∗)∩pre∗

BP(Lpϕ))∩L
p
ϕ,1 ̸= ∅. Note

that although Proposition 6.2.2 requires that (p, θ0, d0) mentioned in (2′) should
satisfy (q0, θ, w)⇒∗ (p, θ0, d0w

′) for some w′ ∈ D∗, we do not need to directly test
it, because by Lemma 6.2.1, if (p, θ0, d0) ⇒+ (g, θ′

0, u0) ⇒∗ (p, θ1, d1v1) for some
(g, θ′

0, u0) ∈ G×Θk ×D∗ and (p, θ1, d1v1) ∈ Lpϕ, then for every (p, θ2, d2) ∈ Lpϕ,1,
there exist (g, θ′

2, u2) ∈ G×Θk×D∗ and (p, θ3, d3v3) ∈ Lpϕ such that (p, θ2, d2)⇒+

(g, θ′
2, u2)⇒∗ (p, θ3, d3v3).

It is known that the class of languages recognized by RA is closed under inter-
section, and the membership problem for RA is decidable[41]. Hence, conditions
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(1′) and (2′) are decidable. Because both P and Φk+1 are finite, we can decide
whether there exist p and ϕ that satisfy (1′) and (2′). We can conclude the above
discussion as follows.

Proposition 6.2.3. For a k-BRPDS BP = (P,∆, G) and an ID (q0, θ, w) of
BP, it is decidable whether (q0, θ, w) is accepted by BP in O((|∆| + |w|O(k)) ·
|P |O(1) · 2O(k2)) time.

Proof. We investigate the complexity of the algorithm described in this section
that decides whether (q0, θ, w) ∈ pre∗

BP(Lpϕ) and (p, θ0, d0) ∈ pre+
BP((G × Θk ×

D∗) ∩ pre∗
BP(Lpϕ)) for some (p, θ0, d0) ∈ Lpϕ,1 for some p ∈ P and ϕ ∈ Φk+1. The

algorithm checks these conditions for every p ∈ P and ϕ ∈ Φk+1. Below we
consider the complexity for a fixed pair of p and ϕ.

As mentioned above, we can construct an RA Apϕ that recognizes Lpϕ. Note
that the set of states of Apϕ is P ∪ {qf} where qf is a new state.

From Apϕ, we construct RAs that recognize pre∗
BP(Lpϕ) and pre+

BP((G × Θk ×
D∗) ∩ pre∗

BP(Lpϕ)), respectively. The algorithm given in [50] constructs an RA
Ã such that L(Ã) = pre∗

BP(L(A)) for a given RA A whose set of initial states
equals the set P of states of BP . This construction does not increase the number
of states of RA, and the construction takes O(|∆| · |Q|O(1) · |Φ2k+1|O(1)) = O(|∆| ·
|Q|O(1) · 2O(k2)) time, where Q is the set of states of A. An RA recognizing
pre+

BP(L(A)) can be constructed in a similar way. An RA A′ such that L(A′) =
(G×Θk×D∗)∩L(A) for a given A (whose set of initial states equals P ) can be
obtained simply by removing all transition rules whose left-hand side contains
a state in P \ G. (Note that by the definition of RA, every state in the set P
of initial states does not appear in the right-hand side of any transition rule.)
Hence, the construction of RAs that recognize pre∗

BP(Lpϕ) and pre+
BP((G× Θk ×

D∗)∩ pre∗
BP(Lpϕ)), respectively, can be performed in O(|∆| · |P |O(1) · 2O(k2)) time.

The set of states of each obtained RA is the same as Apϕ.
In the final step, we check the membership (q0, θ, w) ∈ pre∗

BP(Lpϕ) for given
(q0, θ, w) and (p, θ0, d0) ∈ pre+

BP((G × Θk × D∗) ∩ pre∗(Lpϕ)) for an arbitrary
ID (p, θ0, d0) ∈ Lpϕ,1. The latter problem, which is the membership problem of
(p, θ0, d0) for a k-RA A = (P ∪{qf}, P, ξ, δ), can be reduced to a problem to find
a transition rule (p, ϕ′)→ q ∈ δ such that Fformer(ϕ′) = ϕ and (q, F ′

former(ϕ′)) ∈ ξ.
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This can be performed in O(|δ|·|ξ|) = O(|P |3·|Φ2k+1|·|Φk|) = O(|P |3·2O(k2)) time.
To check (q0, θ, w) ∈ pre∗

BP(Lpϕ), we let D′ be the finite set that consists of θ(i) for
i ∈ [k] and every element of w, and then we construct an NFA Aq0

θ over D′ that
satisfies w ∈ L(Aq0

θ ) iff (q0, θ, w) ∈ pre∗
BP(Lpϕ), according to Proposition 6.2.1.

Whether w ∈ L(A) for an NFA A over Σ can be decided in O(|w| · |Q| · |δ|) =
O(|w| · |Q|3 · |Σ|) time where Q and δ are the sets of states and transition rules of
A, respectively. In the case of Aq0

θ , the number of states is at most (|P |+1)(2k+
|D′|)k, and thus this step can be performed in O(|w| · |P |3 ·(2k+ |D′|)O(k) · |D′|) =
O(|w| · |P |3 · (3k + |w|)O(k)) = O(|w|O(k) · |P |3 · 2O(k log k)) time.

Therefore the algorithm described in this section for a fixed pair of p and ϕ is
solvable in O((|∆|+ |w|O(k)) · |P |O(1) · 2O(k2)) time. The complexity for all p ∈ P
and ϕ ∈ Φk+1 is also O((|∆|+ |w|O(k)) · |P |O(1) · 2O(k2)) time.

6.3 LTL Model Checking Problem and Valua-

tions
In the rest of the paper, we fix a finite set At of atomic propositions and also

let Σ = 2At .
A valuation for a k-RPDS P = (P,∆) is Λ : IDP → Σ, which labels each ID of
P with atomic propositions. We extend the domain of Λ to (IDP)∞ pointwise;
that is, Λ(c1c2 · · · ) = Λ(c1)Λ(c2) · · · for c1, c2, . . . ∈ IDP . We define the model
checking problem as follows.

Definition 6.3.1.
Input: A k-RPDS P = (P,∆), an LTL formula φ over At, a valuation Λ :
IDP → Σ and an ID c ∈ IDP .
Model checking problem: Check whether Λ(ρ) |= φ for all runs ρ ∈ (IDP)ω of P
such that ρ(0) = c.

For general valuations, LTL model checking problem is undecidable even for
PDS [30]. Therefore, we focus on two restricted cases, simple valuations (Defini-
tion 6.3.2) and regular valuations (Definition 6.3.3), which are reasonable exten-
sions of simple and regular valuations for finite-alphabet models [30].
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Next, we define simple and regular valuations. Let Λ−1 : Σ → 2IDP be the
inverse of a valuation Λ : IDP → Σ, that is, Λ−1(σ) = {(p, θ, u) ∈ IDP |
Λ(p, θ, u) = σ} for every σ ∈ Σ.

Recall Lpϕ = {(p, θ, dw) | ⟨θ, d⟩ = ϕ, d ∈ D,w ∈ D∗} for p ∈ P and ϕ ∈ Φk+1

defined this section.

Definition 6.3.2. For a k-RPDS P = (P,∆), a subset C ⊆ IDP is simple if
C = Lpϕ for some p ∈ P and ϕ ∈ Φk+1. A valuation Λ : IDP → Σ is simple if
Λ−1(σ) is a finite union of simple sets of IDP for every σ ∈ Σ.

By the definition, a simple valuation determines Λ(p, θ, dw) only by p ∈ P and
ϕ = ⟨θ, d⟩ ∈ Φk+1. We write a simple valuation as Λ : P × Φk+1 → Σ instead of
Λ : IDP → Σ.

Definition 6.3.3. For a k-RPDS P = (P,∆), a valuation Λ : IDP → Σ is
backward-deterministic regular if the set {c ∈ IDP | A ∈ Λ(c)} is a backward-
deterministic regular set of IDP for every A ∈ At.

In this paper, we call such Λ a regular valuation. The definitions of simple
and regular valuations are extensions of those of [41] and [30], respectively. We
define a regular valuation for RPDS based on backward-deterministic regular
sets of IDP , which corresponds to the regular valuation for PDS in [30] based on
deterministic finite automata that decide the acceptance of the reverse of stack
contents.

6.4 Examples
Example 6.4.1 (malware detection). This example is taken from [67]. Let P1a

and P1b be the programs shown in Fig. 6.2 (a) and (b), respectively. P1a and P1b

push a data value assigned to eax in l1 and l′1, respectively, and call the function
GetModuleHandleA with reference to the stack top data value as an argument.
Assume that if a program calls GetModuleHandleA with 0 as an (unexpected)
argument, the latter returns a security sensitive information z to the register eax.
If the program calls UseA with this z as an argument, the program accomplishes
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its attack. Hence, P1a is a benign program, but P1b is considered as a malicious
program because P1b tries to give 0 to GetModuleHandleA as an argument and
later P1b pushes the contents of eax to the stack and calls UseA.

Whichever we use traditional signature analysis or traditional PDS model check-
ing, it is difficult to distinguish the malicious behaviors from the benign ones.
Actually, signature analysis does not work if some meaningless instructions (like
l′3 and l′4 in Fig. 6.2 (b)) are inserted into the code, and PDS model checking
fails to distinguish P1a and P1b, as discussed in [67], because the analysis as-
sumes data values 0 and 1 are the same. (The example given in [67] assumes the
stack contents to be the names of registers, instead of data values in the registers.
Therefore, we cannot distinguish benign and malicious programs if the name of
register used as an argument of GetModuleHandleA is the same as in the case
of eax appearing in P1a and P1b.) In [67], PDS model checking was extended so
that it can deal with a finite number of data values.

We construct P1a and P1b as 3-RPDS whose 1st and 2nd registers are used
for keeping the contents of eax and ebx, respectively, and the data value in the
3rd register stands for 0 in the original program. Let P1 = (P1a,∆1a) be 3-RPDS
where P1a = {lj | j ∈ [5]}∪{lend} and ∆1a = {(l1, ϕ1)→ (l2, 2) | x′

1 ̸∼ϕ1 x3 ∼ϕ1 x′
3,

x2 ∼ϕ1 x′
2} ∪ {(l2, ϕkeep) → (l3, 12), (l4, ϕkeep) → (l5, 12), (l5, ϕkeep) → (lend , ε) |

x1 ∼ϕkeep x′
1, x2 ∼ϕkeep x′

2, x3 ∼ϕkeep x′
3} ∪ {(l3, ϕgh) → (l4, ε) | x3 ∼ϕgh x′

3}. P1a

behaves as Fig. 6.2 (a) by using its registers and stack to restore adequate data
values. (Note that P1a never pushes the data value θ(3) to the stack at l3.) We

l1: move eax, 1

l2: push eax

l3: call GMHA

l3r: add esp, 4

l4: push eax

l5: call UseA

l1’: move eax, 0

l2’: push eax

l3’: push ebx

l4’: pop ebx

l5’: call GMHA

l5r’: add esp, 4

l6’: push eax

l7’: call UseA

Figure 6.2: (a) benign program and (b) malware program, where GMHA stands
for GetModuleHandleA
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can define 3-RPDS P1b = (P1b,∆1b) in the same way as P1a except that the
transition (l′1, ϕ′

1) → (l′2, 2) ∈ ∆1b should transfer the data value θ(3) to the first
register, and thus we require x′

1 ∼ϕ′
1

x3 ∼ϕ′
1

x′
3, and x2 ∼ϕ′

1
x′

2. Let

At = {callGMHA, callUseA, top = x1, top = x3}

be the set of atomic propositions and let Σ = 2At. For P1, define the simple
valuation Λ1a : P1a × Φ4 → Σ as

• callGMHA ∈ Λ1a(p, ϕ) iff p = l3,

• callUseA ∈ Λ1a(p, ϕ) iff p = l5, and

• for j = 1, 3, top = xj ∈ Λ1a(p, ϕ) iff ϕ = θ, d for some θ ∈ Θ3 and d ∈ D
such that d = θ(j).

Define the simple valuation Λ1b to be the same as Λ1a except that we use l′5 and
l′7 instead of l3 and l5, respectively. We can express the malicious behaviors as

ψ1 = F [(top = x3) ∧ callGMHA ∧ F{(top = x1) ∧ callUseA}].

The answer to the model checking problem for P1, ¬ψ1, Λ1a and (l1, [d1, d2, d3], d4)
is ‘YES’, and the answer is ‘NO’ for P2, ¬ψ1, Λ1b and (l′1, [d1, d2, d3], d4). As
shown in Fig. 6.3, no run of P1 from (l1, [d1, d2, d3], d4) satisfies ψ1 because
top = x3 never hold in l3 due to ϕ1. On the other hand, a run of P2 from
(l′1, [d1, d2, d3], d4) may satisfy ψ1 because ϕ′

1 forces x′
1 ∼ϕ′

1
x3.

Example 6.4.2 (XML processing). We consider an XML document as valid if
and only if an element name at the top level does not appear inside the contents
surrounded by the start and end tags of the top level. For example,

<a> <b> <c> </c> </b> </a> <b> </b>

is valid while

<c> </c> <a> <b> <a> </a> </b> </a>

is not valid because a and /a appear inside the contents surrounded by the top
level a and /a . A program P2 takes a non-empty XML document, which is a
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Figure 6.3: A run of P1 from an ID (l1, [d1, d2, d3], d4). (The equality restrictions
given by ∼ and the disequality restrictions given by ̸∼ are shown by solid and
dotted lines, respectively.)

Figure 6.4: XML processing

sequence of start and end tags. First, P2 pushes ⊥ as a bottom marker, which
is different from any element name. Each time P2 reads a start tag, P2 pushes
the element name of the tag to the stack. When P2 reads an end tag, P2 pops
the stack and checks whether the popped data value matches the end tag. Also
P2 must check whether a tag with the same element name as that of the top level
never appears (called the occur-check).

Let At = {ok} and Σ = 2At. The following LTL formula states that P2 correctly
performs the occur-check:

ψ2 = G(ok)

where ok is true for an ID of P2 if and only if the stack contents of the ID has
the pattern informally described by a regular expression (any\d1)∗ · d1 · ⊥ for
some data value d1. Formally, let P2 = (P2,∆2) be an RPDS, Λ2 : IDP2 →
Σ be the regular valuation defined by Λ−1

2 ({ok}) = L(A2) where A2 = (P2 ∪
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{q1, q2}, P2, (q2, [⊥]),∆2) is the backward-deterministic 1-RA with P2∩{q1, q2} =
∅, ∆2 = {(p, ϕ00) → p | p ∈ P2, top ̸∼ϕ00 x1 ∼ϕ00 x′

1} ∪ {(p, ϕ01) → q1 | x1 ∼ϕ01

top ̸∼ϕ01 x′
1} ∪ {(q1, ϕ12) → q2 | top ∼ϕ12 x1 ∼ϕ12 x′

1} (see Fig. 6.4). A2 guesses
the element name at the top level in the XML document given to P2 and stores
it in the register in the initial ID. A2 verifies whether the guess was correct
by ϕ01. An example of a run reaching the accepting ID is: (p, [d1], d2d1⊥) ⊢
(p, [d1], d1⊥) ⊢ (q1, [⊥],⊥) ⊢ (q2, [⊥], ε) where d1 ̸= d2.

6.5 Model Checking LTL with Simple Valuation
We assume that a simple valuation Λ : P × Φk+1 → Σ is given as a part of

an input in Definition 6.3.1 and provide an algorithm for the problem. We first
construct a Büchi automaton B over Σ such that L(B) = {α ∈ Σω | α |= ¬φ} in
the standard way. After that, we construct the product of P and B as k-BRPDS
BP defined below.

Definition 6.5.1. Let P = (P,∆) be a k-RPDS, B = (Q, q0, F, δ) be a Büchi au-
tomaton over Σ, and Λ : P×Φk+1 → Σ be a simple valuation function. The prod-
uct of P and B is k-BRPDS BP = (P ×Q,∆′, P ×F ), where ∆′ = {((p, q), ϕ)→
((p′, q′), J) | (p, ϕ)→ (p′, J) ∈ ∆, (q, σ)→ q′ ∈ δ, σ = Λ(p, Fformer(ϕ))}.

Then, the model checking problem can be reduced to the problem of check-
ing the acceptance of the ID ((p0, q0), θ0, u0) by BP as stated in the following
proposition.

Proposition 6.5.1. Let B = (Q, q0, F, δ) be a Büchi automaton over Σ that
satisfies L(B) = {α ∈ Σω | α |= ¬φ} for a given LTL formula φ over At. Let
Λ : IDP → Σ be a simple valuation function. Also, let BP = (P ×Q,∆′, P × F )
be the product k-BRPDS of a k-RPDS P = (P,∆) and B defined in Definition
6.3.1. Then, BP does not accept an ID ((p0, q0), θ0, u0) if and only if Λ(ρ) |= φ

for all run ρ ∈ (IDP)ω such that ρ(0) = (p0, θ0, u0).

Proof. By the definition of B, Λ(ρ) |= φ iff Λ(ρ) /∈ L(B) for any run ρ of P .
Thus the proposition can be rephrased as follows: BP accepts ((p0, q0), θ0, u0) if
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and only if there is a run ρ of P such that Λ(ρ) ∈ L(B) and ρ(0) = (p0, θ0, u0).
Below we prove this statement.

(Only-if part) Assume that there is an accepting run ρ′ = ((p0, q0), θ0, u0)
((p1, q1), θ1, u1) · · · of BP . By removing the elements of Q in ρ′, we obtain a
sequence ρ = (p0, θ0, u0) (p1, θ1, u1), . . . ∈ (IDP)ω. By the definition of ∆′, ρ is a
run of P . Moreover, by the definition of ∆′, (qi, σi) → qi+1 ∈ δ for i ≥ 0 where
σi = Λ(pi, θi, ui). (Note that because Λ is a simple valuation, Λ(pi, θi, ui) =
Λ(pi, θi, di ) where di is the first element of ui, and θi, di should equal Fformer(ϕ)
where ϕ is the label of the transition rule of P used in the transition (pi, θi, ui)⇒P

(pi+1, θi+1, ui+1).) Because ρ′ is an accepting run of BP , there are infinitely many
qi ∈ F in the sequence q0, q1, . . ., and thus Λ(ρ) = σ0σ1 · · · ∈ L(B).

(If part) Assume that there is a run ρ = (p0, θ0, u0) (p1, θ1, u1), . . . of P such
that Λ(ρ) ∈ L(B). Let σi = Λ(pi, θi, ui) for i ≥ 0. Because σ0σ1 · · · ∈ L(B),
there is a sequence q0, q1, . . . over Q such that (qi, σi) → qi+1 ∈ δ for i ≥ 0, and
there are infinitely many qi ∈ F in this sequence. By the definition of ∆′, there
is a run ρ′ = ((p0, q0), θ0, u0) ((p1, q1), θ1, u1), . . . of BP . Since ∃ωi. qi ∈ F , ρ′ is
an accepting run of BP .

Since the acceptance problem for BRPDS is decidable by Proposition 6.2.3,
the model checking problem with simple valuation is decidable.

Theorem 6.5.1. The LTL model checking problem for RPDS with simple valu-
ation is EXPTIME-complete.

Proof. Since the LTL model checking problem for PDS with simple valuation
is EXPTIME-complete [13], it is enough to show EXPTIME solvability. Let
P = (P,∆), φ, and Λ : IDP → Σ be a given k-RPDS, an LTL formula over At,
and a simple valuation, respectively. Without loss of generality, we assume every
p ∈ P appears in some rule in ∆, and thus |P | ≤ 2|∆|. We define the description
length of P as ∥P∥ = |∆|(log |P | + k2), because each rule (p, ϕ) → (q, J) ∈ ∆
where J ∈ [k]2 ∪ [k] ∪ {ε} can be described in 2 log |P | + log |Φ2k+1| + log(k2 +
k + 1) = O(log |P | + k2) bits. We define the length |φ| of φ as the number of
operators and atomic propositions appearing in φ. We assume that Λ is given as
a list of Λ(p, ϕ) ∈ Σ for all p ∈ P and ϕ ∈ Φk+1, and thus the description length
of Λ is ∥Λ∥ = |P | · |Φk+1| · log |Σ| = |P | · 2O(k2) · |At|.
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In the first step of the model-checing algorithm, we construct the Büchi au-
tomaton B = (Q, q0, F, δ) over Σ = 2At whose language is the set of infinite
words that satisfy the negation of φ. In the standard way of the construction of
B, |Q| ≤ 2O(|φ|) and |δ| ≤ 2O(|φ|), and the construction takes at most 2O(|φ|) time
[21].

In the second step, we construct the product k-BRPDS BP = (P ×Q,∆′, P ×
F ). By the definition of ∆′, each rule ((p, q), ϕ) → ((p′, q′), J) ∈ ∆′ can be
regarded as a pair of rules (p, ϕ) → (p′, J) ∈ ∆ and (q, σ) → q′ ∈ δ such that
σ = Λ(p, Fformer(ϕ)). Thus, |∆′| ≤ |∆| · |δ|. It takes at most O(|P | · |Φk+1|) time
to check whether σ = Λ(p, Fformer(ϕ)), if Λ is given as a list of Λ(p′, ϕ′) for all
p′ ∈ P and ϕ′ ∈ Φk+1. Thus, ∆′ can be constructed in O(|P | · |Φk+1| · |∆| · |δ|) =
O(|P | · |∆| · 2O(k2+|φ|)) time.

In the final step, we solve the acceptance problem of ((p0, q0), θ0, u0) for BP .
By Proposition 6.2.2, it takes O((|∆′|+ |u0|O(k)) · |P ×Q|O(1) · 2O(k2)) = O((|∆|+
|u0|O(k)) · |P |O(1) · 2O(k2+|φ|)) time.

6.6 Model Checking LTL with Regular Valua-

tion
Next, we show the decidability of the model checking problem with regular

valuation. We prove this by a reduction to the model checking problem with
simple valuation as shown in Proposition 6.6.1. The idea behind the proof is
based on [30], but we need to extend the idea of [30] to deal with RPDS as
follows. To simulate a given RPDS P with a regular valuation by an RPDS
P ′ with a simple valuation, the current IDs of backward-deterministic RAs for
all atomic propositions are stored in additional registers and the remaining IDs
are stored in the stack of P ′. The purpose of this transformation is that we
can determine which atomic propositions hold under the regular valuation of P
by observing only the finite state, the (extended) register assignments and the
stack top of P ′. For example, assume At = {A} and let A = (Q, q0, F, δ) be a
backward-deterministic RA for the proposition A. For stack contents dn · · · d1 ∈
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D∗ of P , we associate IDs of A as dn(pn−1, θn−1, dn−1) · · · (p1, θ1, d1) such that
(pi+1, θi+1, di) ⊢A (pi, θi, ε) holds for each i ∈ [n − 1]. For a technical reason,
(pn, θn) is stored in additonal registers of P ′. More accurately, we introduce the
encoding table θQ that keeps distinct data values dp1 , . . . , dp|Q| and we store the
constant data value dpi

instead of the state pi of A to registers and stack of P ′

because we cannot store a finite symbol pi without extending the definition of
RPDS.

Proposition 6.6.1. For a given k-RPDS P = (P,∆), a regular valuation func-
tion Λ : IDP → Σ (Σ = 2At), an ID c ∈ P ×Θk ×D whose stack is a single data
value, and an LTL formula φ over At, we can construct an RPDS P ′ = (P ′,∆′),
a simple valuation function Λs : IDP ′ → Σ ∪ {{⊔}}, an ID c′ ∈ IDP ′ of P ′, and
an LTL formula φs over At∪{⊔}, where ⊔ /∈ At, that satisfy the following condi-
tions: for every run ρ ∈ (IDP)ω of P starting with c and every run ρ′ ∈ (IDP ′)ω

of P ′ starting with c′, Λ(ρ) |= φ ⇐⇒ Λs(ρ′) |= φs.

Proof For a given k-RPDS P = (P,∆) over D and a regular valuation function
Λ : IDP → Σ, there are backward-deterministic k-RAsAA = (QA, P, (fA, ϑA), δA)
such that A ∈ Λ(p, θ, w) iff (p, θ, w) ∈ L(AA) for A ∈ At. We use a bold symbol
to represent a tuple consisting of the corresponding symbols representing states,
assignments, etc. of RA indexed by At. Let Q = ∏

A∈At QA, Θk = (Θk)|At|,
f = ∏

A∈At fA and ϑ = ∏
A∈At ϑA. For every bold symbol B, let BA be the

component of the tuple B indexed by A ∈ At. For p,p′ ∈ Q,θ,θ′ ∈ Θk, we
write (p′,θ′, d) ⊢ (p,θ, ε) if (p′

A,θ
′
A, d) ⊢ (pA,θA, ε) for all A ∈ At. Note that

p′ and θ′ are uniquely determined by p,θ and d because every AA is backward-
deterministic.

For each word dn−1 · · · d1 ∈ D∗, there exist unique sequences pn, . . . ,p1 ∈
Q and θn, . . . ,θ1 ∈ Θk such that p1 = f , θ1 = ϑ, and (pi+1,θi+1, di) ⊢
(pi,θi, ε) for all i ∈ [n − 1]. We call them the consistent sequences for any
ID (p, θ, dndn−1 · · · d1) ∈ IDP . By the definition of Λ and AA for A ∈ At,
A ∈ Λ(p, θ, dn · · · d1) iff (p, θ, dn · · · d1) ∈ L(AA) iff (p, θ, dn) ⊢AA

((pn)A, (θn)A, ε)
holds where pn and θn are the first elements of the consistent sequences pn, . . . ,p1

and θn, . . . ,θ1 of (p, θ, dn · · · d1) and (pn)A and (θn)A are the components of pn

and θn indexed by A, respectively.
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Let t = ∑
A∈At |QA| and K = k + t + |At| + |At| × k. For θ1 ∈ Θk1 , θ2 ∈ Θk2 ,

let θ1 ◦ θ2 ∈ Θk1+k2 be the concatenation of assignments defined as (θ1 ◦ θ2)(i) =
θ1(i) for 1 ≤ i ≤ k1 and (θ1 ◦ θ2)(i) = θ2(i − k1) for k1 < i ≤ k1 + k2, and
str : Θk → Dk be the decomposition of assignments that satisfies str(θ) =
θ(1) · · · θ(k) for θ ∈ Θk. We construct a K-RPDS P ′ = (P ′,∆′) over D that
simulates a transition of P and transitions of AA for every A ∈ At. For an
ID c = (p, θ, dn · · · d1) ∈ IDP of P , we define a corresponding ID (p, θ ◦ θQ ◦
θpn
◦θn, dnstr(θpn−1)str(θn−1)dn−1 · · · str(θp1)str(θ1)d1) of P ′, denoted by cor(c),

where

• pn, . . . ,p1 ∈ Q and θn, . . . ,θ1 ∈ Θk are the consistent sequences for
(p, θ, dn · · · d1).

• θQ ∈ Θt is the encoding table of Q such that θQ(i) ̸= θQ(j) for all distinct
i, j ∈ [t]. For each q ∈ Q, we assign a unique index number γ(q) between
k + 1 to k + t. (In the K-RPDS P ′, the γ(q)-th register is in the encoding
table and its value is used for the code of q.)

• θpn
, . . . , θp1 ∈ Θ|At| are the encoded states of pn, . . . ,p1, respectively, such

that θpi
(j) = θQ(γ((pi)Aj

)− k) for i ∈ [n] and j ∈ [m] where m = |At| and
At = {A1, . . . , Am}.

As the method of [30], we need to
For a fixed encoding table θQ, cor : IDP → IDP ′ defined above satisfies

cor(c) = cor(c′) iff c = c′ for any c, c′ ∈ IDP . For readability, we write
str(θp)str(θ)d ∈ D|At|+|At|×k+1 as (p,θ, d).

As shown in the following claim, we will define ∆′ so that the following condi-
tions hold:

• Pop condition: (p, θ ◦ θQ ◦ θp ◦ θ, d(p′,θ′, d′))⇒∗
P ′ (q, θ′ ◦ θQ ◦ θp′ ◦ θ′, d′) iff

(p, θ, d)⇒P (q, θ′, ε)

• Replace condition: (p, θ ◦ θQ ◦ θp ◦ θ, d) ⇒∗
P ′ (q, θ′ ◦ θQ ◦ θp ◦ θ, d1) iff

(p, θ, d)⇒P (q, θ′, d1)

• Push condition: (p, θ ◦ θQ ◦ θp ◦ θ, d) ⇒∗
P ′ (q, θ′ ◦ θQ ◦ θp′ ◦ θ′, d2(p,θ, d1))

iff (p, θ, d)⇒P (q, θ′, d2d1) and (p′,θ′, d1) ⊢ (p,θ, ε).
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Claim 1. We can construct P ′ that satisfies pop, replace and push conditions.

(Proof of Claim 1) As mentioned in the above three conditions, an assignment
for the K registers of P ′ can be decomposed as θ ◦ θQ ◦ θp ◦ θ, and the set of
registers of P ′ consists of the following four parts: the first k registers simulate
the registers of P , the next t registers form the encoding table, the next |At|
registers simulate the states of AA for all A ∈ At, and the final k|At| registers
simulate the registers of AA for all A ∈ At. Let s(A) and r(A, l) be the indices
of registers of P ′ that store the state and the contents of the l-th register of AA.
That is, if the elements of At are ordered as A1, . . . , A|At|, then s(Ai) = k+ t+ i

and r(Ai, l) = k + t+ |At|+ (i− 1)k + l.
We first consider the push condition. For a push rule r1 = (p, ϕ)→ (q, j2j1) ∈

∆, at first we add a new state p0 to P ′ and add the following replace rule to ∆′:

r′
1 = (p, ϕ1)→ (p0, j1)

for every ϕ1 ∈ Φ2k+1 that satisfies

xi ∼ϕ1 xj iff xi ∼ϕ xj,

xi ∼ϕ1 x′
j iff xi ∼ϕ x′

j,

x′
i ∼ϕ1 x′

j iff x′
i ∼ϕ x′

j,

top ∼ϕ1 xj iff top ∼ϕ xj,

top ∼ϕ1 x′
j iff top ∼ϕ x′

j,

xl ∼ϕ1 x′
l, and

xl1 ∼ϕ1 xl2 iff l1 = l2

for all i, j ∈ [k], k < l ≤ K, and k+ 1 ≤ l1, l2 ≤ k+ t. By definition, (p, θ, d)⇒r1
d

(q, θ′, d2d1) in P iff (p, θ ◦ θQ ◦ θp ◦ θ, d)⇒r′
1
d (p0, θ

′ ◦ θQ ◦ θp ◦ θ, d1) in P ′.
We construct (k + 1)|At| + 1 push rules for transferring (k + 1)|At| + 1 data

values θp, θ and d2 to the stack. The construction is easy but tedious and
we omit it here. Let p1 ∈ P ′ be the (newly introduced) state immediately
after transitions by the omitted rules. By the rules, we obtain the transition
(p0, θ

′ ◦ θQ ◦ θp ◦ θ, d1)⇒∗
P ′ (p1, θ

′ ◦ θQ ◦ θp ◦ θ, d2(p,θ, d1)) of P ′.
Finally, we add replace rules to ∆′ for simulating transitions of AA for A ∈ At.

For each A ∈ At, choose a transition rule (p′
A, ϕA) → pA ∈ δA of AA. For every
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Figure 6.5: An outline of transitions of the push condition

combination of these |At| rules, we add the following replace rule to ∆′:

r′′
1 = (p1, ϕ2)→ (q, j2)

for every ϕ2 ∈ Φ2k+1 that satisfies

xs(A) ∼ϕ2 xγ(pA),

x′
s(A) ∼ϕ2 xγ(p′

A),

x′
r(A,i) ∼ϕ2 x′

r(A,j) iff xi ∼ϕA
xj,

x′
r(A,i) ∼ϕ2 xr(A,j) iff xi ∼ϕA

x′
j,

xr(A,i) ∼ϕ2 xr(A,j) iff x′
i ∼ϕA

x′
j,

x′
r(A,i) ∼ϕ2 xj2 iff xi ∼ϕA

top,

xr(A,i) ∼ϕ2 xj2 iff x′
i ∼ϕA

top,

xl ∼ϕ2 x′
l, and

xl1 ∼ϕ2 xl2 iff l1 = l2

for all A ∈ At, i, j ∈ [k], 1 ≤ l ≤ k + t, and k + 1 ≤ l1, l2 ≤ k + t. By definition,
(p, θ, d) ⇒r1

d (q, θ′, d2d1) in P for some θ and d and (p′,θ′, d1) ⊢ (p,θ, ε) iff
(p1, θ

′ ◦ θQ ◦ θp ◦ θ, d2(p,θ, d1))⇒
r′′

1
d2

(q, θ′ ◦ θQ ◦ θp′ ◦ θ′, d2(p,θ, d1)) in P ′. Thus,
the claim holds for the push condition.

Replace condition can be realized by the rule (p, ϕ1)→ (q, j1). Pop condition
can also be realized by the rule (p, ϕ1) → (p0, ε) and (k + 1)|At| pop rules from
p0 to q for transferring topmost (k + 1)|At| data values θp,θ to the (k + t)-th to
K-th registers.
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(end of the proof of the Claim 1)

Let b = (k+1)|At|+2. By Claim 1, for every IDs c, c′ ∈ IDP such that c⇒P c′,
cor(c)⇒n

P ′ cor(c′) holds for some n ≤ b. We can assume that cor(c)⇒b
P ′ cor(c′)

if c ⇒P c′ for c, c′ ∈ IDP . If not, we can alter P ′ by inserting an appropriate
number of dummy states and transitions for rules of replace and pop conditions.
Then, for every run ρ ∈ (IDP)ω and a fixed encoding table, there exists a unique
run ρ′ ∈ (IDP ′)ω such that ρ′(bi) = cor(ρ(i)) for every i ∈ N0.

We define a simple valuation Λs as satisfying

Λ−1
s (σ) = {(p, θ ◦ θQ ◦ θp ◦ θ, dw) | d ∈ D,w ∈ D∗,

((p, θ, d) ⊢ (pA,θA, ε) iff A ∈ σ)}

for every σ ∈ Σ.
By the definition, Λs(p′, θ, w) = {⊔} for all p′ ∈ P ′\P . Also, Λ(c) = Λs(cor(c))

holds for c ∈ IDP . Thus, for every run ρ ∈ (IDP)ω and a fixed encoding table,
there exists a unique run ρ′ ∈ (IDP ′)ω such that Λ(ρ(i)) = Λs(ρ′(bi)) for every
i ∈ N0.

From a given regular valuation Λ, we have defined the simple valuation Λs such
that Λ(ρ(i)) = Λs(ρ′(bi)) where the i-th element of ρ corresponds to the bi-th
element of ρ′ in terms of valuation. By this difference of positions over these runs,
we cannot evaluate the LTL formula φ under Λs(ρ′) directly but apply a new
LTL formula φs over At ∪{⊔} to fill this gap of positions. From φ, we construct
an LTL formula φs by replacing all Xϕ appearing in φ to X bϕ and ϕ U ψ to
(ϕ∨⊔) U (ψ∧¬⊔) for all LTL formulae ϕ and ψ, where X b is the concatenation
of b numbers of X . Then, Λ(ρ) |= φ ⇔ Λs(ρ′) |= φs holds for every run ρ of P
and a corresponding run ρ′ of P ′.

Theorem 6.6.1. The RPDS model checking problem of LTL with regular valu-
ation is EXPTIME-complete.

Proof. By Proposition 6.6.1, a model checking problem for a k-RPDS P =
(P,∆), an LTL formula φ and a regular valuation Λ : IDP → Σ can be reduced
to a model checking problem for a K-RPDS P ′ = (P ′,∆′) over Σ ∪ {{⊔}}, the
LTL formula φs over At ∪ {⊔} and the simple valuation Λs : IDP ′ → Σ∪ {{⊔}},
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which is also written as Λs : P ′ × ΦK → Σ ∪ {{⊔}}. For K and b appearing in
Proposition 6.6.1, K = k + ∑

A∈At |QA| + |At| + |At| · k = O(|Λ| + k · |φ|) and
b = (1 + k)|At|+ 2 = O(k · |φ|) hold. By the construction of φs, |φs| ≤ |φ| × b =
O(k · |φ|2) holds.

By Theorem 6.5.1, a model checking for simple valuation with the inputs P ′ =
(P ′,∆′),Λs and φs can be solved in exponential to K and |φs|, and polynomial
to |P ′| and |∆′|. Because both K and |φs| are polynomial to k, |Λ| and |φ|, it
is enough to prove |P ′| and |∆′| are at most single-exponential to the input size
k + |Λ|+ |φ|.

For constructing each rules for the push, replace and pop in Proposition 6.6.1,
we add b − 1 = O(k · |φ|) states to ∆′. Thus, |P ′| = O(k · |φ| · |∆|) holds. By
the definition of ∆′, |∆′| ≤ |P ′| · |ΦK | · |P ′| · 3 = O((k · |φ| · |∆|)2 · 2O((|Λ|+k·|φ|)2)).
Hence, |P ′| and |∆′| are exponential to the input size k+ |Λ|+ |φ|, and thus the
EXPTIME solvability holds.

Since the problem for PDS is EXPTIME-complete [13] we obtain the EXPTIME-
hardness of the problem.
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Conclusion of Part III

• We proved a backward regularity preservation theorem for RPDS. We ob-
tained a non-trivial theoretical result that the regularity conservation prop-
erty for RPDS holds in both forward and backward. As an application, the
Joinability problem can be easily solved by using the backward regularity
preservation property.
Joinability problem of RPDS: Can two regular sets of initial IDs reached
to the same ID by runs of RPDS?

• We proposed an algorithm for solving the RPDS-LTL model checking prob-
lem. This algorithm can handle the equality check for data values, which
PDS-LTL model checking cannot handle. Thus, our method can be applied
to the verification of programs handling data values.





Part IV

Software Synthesis
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Outline of Part IV

In this part, we investigate the realizability problem for the cases that a speci-
fication and an implementation are given by a PDA and a PDT, and an RPDA
and an RPDT. We first introduce a transition system (TS), which is a labelled
directed graph with initial state and accepting condition and will be used to
define accepting lauguages of computational models. After that, we define PDA
and PDT over an input alphabet Σi, an output alphabet Σo and stack alphabet
Γ. PDA A read an infinite alternate sequence i1o1i2o2 · · · ∈ (Σi ·Σo)ω and accept
or reject the input sequence according to a Parity accepting condition, and if
accept, we write i1o1i2o2 ∈ L(A). A PDT T is a deterministic PDA with output,
and read an infinite input sequence i1i2 · · · ∈ Σω

i and emit an infinite output
sequence o1o2 · · · ∈ Σω

o , and then we write i1o1i2o2 ∈ L(T ). The realizability
problem for PDA A asks whether there exists PDT T such that L(T ) ⊆ L(A).
We show that the realizability problem for DPDA is decidable while the problem
is undecidable for NPDA. After that, we move to the realizability problem for
RPDA and register PDT (RPDT), and also show that the realizability prob-
lem for DRPDA is solvable in 2-EXPTIME if we assume the visibility of stack
operation.
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Chapter 7 Reactive Synthesis
for Visibly RPDA

7.1 Definitions
Let ⟨u,w⟩ = u(0)w(0)u(1)w(1) · · · ∈ A∞ for words u,w ∈ A∞ and ⟨B,C⟩ =
{⟨u,w⟩ | u ∈ B,w ∈ C} for sets B,C ⊆ A∞. For a function f : A → B from
a set A to a set B, let f(w) = f(w(0))f(w(1)) . . . for a word w ∈ A∞ and let
f(L) = {f(w) | w ∈ L} for a set L ⊆ A∞ of words. Let fst and snd be the
functions such that fst((a, b)) = a and snd((a, b)) = b for any pair (a, b). Let id
be the identity function; i.e., id(a) = a for any a.

7.1.1 Transition systems

Definition 7.1.1. A transition system (TS) is S = (S, s0, A, E,→S , c) where

• S is a (finite or infinite) set of states,

• s0 ∈ S is the initial state,

• A,E are (finite or infinite) alphabets such that A ∩ E = ∅,

• →S ⊆ S × (A ∪ E) × S is a transition relation, written as s →a s′ if
(s, a, s′) ∈ →S and

• c : S → [n] is a coloring function where n ∈ N.

An element of A is an observable label and an element of E is an internal
label. A run of TS S = (S, s0, A, E,→S , c) is a pair (ρ, w) ∈ Sω × (A∪E)ω that
satisfies ρ(0) = s0 and ρ(i)→w(i) ρ(i+ 1) for i ≥ 0. Let mininf : Sω → [n] be the
minimal coloring function such that mininf(ρ) = min{m | there exist an infinite
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number of i ≥ 0 such that c(ρ(i)) = m}. We call S deterministic if s→a s1 and
s→a s2 implies s1 = s2 for all s, s1, s2 ∈ S and a ∈ A ∪ E.

For w ∈ (A ∪ E)ω, let ef (w) = a0a1 · · · ∈ A∞ be the sequence obtained from
w by removing all symbols belonging to E. Note that ef (w) is not always an
infinite sequence even if w is an infinite sequence. We define the language of S as
L(S) = {ef (w) ∈ Aω | there exists a run (ρ, w) such that mininf(ρ) is even}. For
m ∈ N0, we call S an m-TS if for every run (ρ, w) of S, w contains no contiguous
subsequence w′ ∈ E∗ such that |w′| > m.

Consider two TSs S1 = (S1, s01, A1, E1,→S1 , c1) and S2 = (S2, s02, A2, E2,→S2 , c2)
and a function σ : (A1 ∪E1)→ (A2 ∪E2). We call R ⊆ S1× S2 a σ-bisimulation
relation from S1 to S2 if R satisfies the followings:

(1) (s01, s02) ∈ R.

(2) For any s1, s
′
1 ∈ S1, s2 ∈ S2, and a1 ∈ A1∪E1, if s1 →a1

S1 s
′
1 and (s1, s2) ∈ R,

then ∃s′
2 ∈ S2 : s2 →σ(a1)

S2 s′
2 and (s′

1, s
′
2) ∈ R.

(3) For any s1 ∈ S1, s2, s
′
2 ∈ S2, and a2 ∈ A2∪E2, if s2 →a2

S2 s
′
2 and (s1, s2) ∈ R,

then ∃s′
1 ∈ S1, ∃a1 ∈ A1 ∪ E1 : σ(a1) = a2 and s1 →a1

S1 s
′
1 and (s′

1, s
′
2) ∈ R.

(4) If (s1, s2) ∈ R, then c1(s1) = c2(s2).

We say S1 is σ-bisimilar to S2 if there exists a σ-bisimulation relation from S1

to S2. We call R a bisimulation relation if R is an id-bisimulation relation. We
say S1 and S2 are bisimilar if S1 is id-bisimilar to S2.

The following lemma can be proved by definition.

Lemma 7.1.1. If S1 = (S1, s01, A1, E1,→S1 , c1) is σ-bisimilar to S2 = (S2, s02, A2,

E2,→S2 , c2) for a function σ : (A1 ∪ E1) → (A2 ∪ E2) that satisfies a ∈ A1 ⇔
σ(a) ∈ A2 for any a ∈ A1 ∪ E1, then σ(L(S1)) = L(S2).

7.2 Pushdown Transducers, Automata and Games
In this section, we review definitions of pushdown automaton (PDA), push-

down transducer (PDT) and pushdown game (PDG), together with a well-known
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property of PDG. The next section discusses the realizability problem for PDA
as specifications and PDT as implementations. As described in the introduction,
the approach to solve the realizability problem is as follows. We first convert
a given specification (PDA) to a PDG B by separating the input and output
streams. The answer to the realizability problem is affirmative if and only if
there is a winning strategy for player I in B. An implementation of the specifi-
cation is easily obtained as a PDT from any winning strategy for B.

We assume that disjoint sets Σi,Σo and Γ are given as a (finite) input alphabet,
an output alphabet and a stack alphabet, respectively, and Σ = Σi ∪ Σo. Let
Com(Γ) = {pop, skip} ∪ {push(z) | z ∈ Γ} be the set of stack commands over Γ.

7.2.1 Pushdown transducers

Definition 7.2.1. A pushdown transducer (PDT) over Σi, Σo and Γ is T =
(P, p0, z0,∆) where P is a finite set of states, p0 ∈ P is the initial state, z0 ∈ Γ
is the initial stack symbol and ∆ : P × Σi × Γ→ P × Σo × Com(Γ) is a finite set
of deterministic transition rules having one of the following forms:

• (p, a, z)→ (q, b, pop) (pop rule)

• (p, a, z)→ (q, b, skip) (skip rule)

• (p, a, z)→ (q, b, push(z)) (push rule)

where p, q ∈ P , a ∈ Σi, b ∈ Σo and z ∈ Γ.

For a state p ∈ P and a finite sequence representing stack contents u ∈ Γ∗, (p, u)
is called a configuration or instantaneous description (abbreviated as ID) of PDT
T . Let IDT denote the set of all IDs of T . For u ∈ Γ+ and com ∈ Com(Γ),
let us define upds(u, com) as upds(u, pop) = u(1 :), upds(u, skip) = u and
upds(u, push(z′)) = z′u.

For two IDs (p, u), (q, u′) ∈ IDT , a ∈ Σi and b ∈ Σo, ((p, u), ab, (q, u′)) ∈ ⇒T ,
written as (p, u) ⇒ab

T (q, u′), if there exist a rule (p, a, z) → (q, b, com) ∈ ∆ such
that z = u(0) and u′ = upds(u, com). If T is clear from the context, we abbreviate
⇒ab

T as⇒ab. We will use similar abbreviations for the other models defined later.
Note that there is no transition from an ID with empty stack. We define a run
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Figure 7.1: States and transitions of T1 (left) and A1 (right). Labels a, b → c, d

and a, b→ c from q to q′ mean (q, a, b)→ (q′, c, d) ∈ ∆ and (q, a, b)→ (q′, c) ∈ δ,
respectively.

and the language L(T ) ⊆ (Σi · Σo)ω of PDT T as those of deterministic 0-TS
(IDT , (q0, z0),Σi · Σo, ∅,⇒T , c) where c(s) = 2 for all s ∈ IDT . In this paper, we
assume that no run of PDT reaches an ID whose stack is empty. We can realize
this assumption by specifying a unique stack bottom symbol z⊥ and forcing that
every rule (q, a, z⊥) → (q′, com) ∈ δ satisfies com ̸= pop. Let PDT be the class
consisting of all PDT.

Example 7.2.1. Let us consider a PDT T1 = ({p}, p, z,∆) over {0, 1}, {a, b}
and {z} where ∆ = {(p, 0, z)→ (p, a, skip), (p, 1, z)→ (p, b, push(z))}. (See
Fig. 7.1, left.) We can see a pair of sequences (ρ, w) where ρ = (p, z)(p, z)
(p, zz)(p, zz)(p, zzz)(p, zzz) · · · and w = (0a1b)ω is a run of T1. Also, L(T1) =
({0a} ∪ {1b})ω.

7.2.2 Pushdown automata

Definition 7.2.2. A nondeterministic pushdown automata (NPDA) over Σi, Σo

and Γ is A = (Q,Qi, Qo, q0, z0, δ, c) where Q, Qi, Qo are finite sets of states such
that Q = Qi∪Qo and Qi∩Qo = ∅, q0 ∈ Qi is the initial state, z0 ∈ Γ is the initial
stack symbol, c : Q → [n] is the coloring function where n ∈ N is the number of
priorities and δ : Q× (Σ∪{τ})×Γ→P(Q×Com(Γ)) is a finite set of transition
rules having one of the following forms:

• (qx, ax, z)→ (qx, com) (input/output rules)

• (qx, τ, z)→ (q′
x, com) (τ rules, where τ /∈ Σ)
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where (x, x) ∈ {(i, o), (o, i)}, qx, q′
x ∈ Qx, qx ∈ Qx, ax ∈ Σx, z ∈ Γ and com ∈

Com(Γ).

We define IDA = Q×Γ∗ and the transition relation ⊢A⊆ IDA×(Σ∪{τ})×IDA

as ((q, u), a, (q′, u′)) ∈ ⊢A iff there exist a rule (q, a, z) → (q′, com) ∈ δ and a
sequence u ∈ Γ∗ such that z = u(0) and u′ = upds(u, com). We write (q, u) ⊢aA
(q′, u′) iff ((q, u), a, (q′, u′)) ∈ ⊢A. We define a run and the language L(A) of
A as those of TS SA = (IDA, (q0, z0),Σ, {τ},⊢A, c

′) where c′((q, u)) = c(q) for
every (q, u) ∈ IDA. We call a PDA A deterministic if SA is deterministic. We
call A an m-NPDA (or m-DPDA when A is deterministic) if SA is an m-TS. We
abbreviate 0-NPDA (0-DPDA) as NPDA (DPDA). Let DPDA and NPDA be
the classes of DPDA and NPDA, respectively.

Example 7.2.2. Let us consider a DPDA A1 = ({q, p0, p1}, {q}, {p0, p1}, q, z, δ, c)
over {0, 1}, {a, b} and {z} where c(q) = c(p0) = c(p1) = 2 and δ = {(q, 0, z)→(p0,

skip), (q, 1, z)→ (p1, skip), (p0, a, z)→ (q, push(z)), (p0, b, z)→ (q, push(z)), (p1,

b, z)→ (q, push(z))}. (See Fig. 7.1, right.) We can see a pair of sequences (ρ, w)
where ρ = (q, z)(p0, z)(q, zz)(p1, zz) · · · and w = (0a1b)ω is a run of A1. Also,
L(A1) = ({0a} ∪ {0b} ∪ {1b})ω.

The following lemma states that the class of languages recognized by m-DPDA
and 0-DPDA are the same for a fixed m.

Lemma 7.2.1. For a given m-DPDA A, we can construct a 0-DPDA A′ such
that L(A) = L(A′)

Proof. For a given m-DPDA A, we can construct a 2m-DPDA A′ such that
L(A) = L(A′) and A′ has no skip rule by replacing every skip rule (q, a, z) →
(q′, skip) ofA to a pair of push and pop rules (q, a, z)→ (q′′, push(z′)), (q, τ, z′)→
(q′, pop) of A′ for a ∈ Σ ∪ {τ}. Thus, we show the lemma for m-DPDA A that
has no skip rule by the induction on m. The case m = 0 is obvious. For an
arbitrary m, m-DPDA A = (Q,Qi, Qo, q0, z0, δ, c) over Σi,Σo and Γ can be con-
verted to an (m− 1)-DPDA A′ over Σi,Σo and Γ2 such that L(A) = L(A′). Let
A′ = (Q ∪ (Q× Γ), Qi ∪ (Qi × Γ), Qo ∪ (Qo × Γ), (q0, z0), (z0, z0), δ′, c′) such that
c′(q) = c(q), c′((q, a)) = c(q) for all q ∈ Q, a ∈ Σ and
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• (q, a, z1)→ (q′, pop) ∈ δ iff (q, a, (z1, z2))→ ((q′, z2), pop), ((q, z1), a, (zc, z′
c))

→ (q′, skip) ∈ δ′ for all zc, z′
c ∈ Γ.

• (q, a, z1)→ (q′, skip) ∈ δ iff (q, a, (z1, z2))→ (q′, skip), ((q, z1), a, (zc, z′
c))

→ ((q′, z1), skip) ∈ δ′ for all zc, z′
c ∈ Γ.

• (q, a, z1)→ (q′, push(z′)) ∈ δ iff (q, a, (z1, z2))→ ((q′, z′), skip), ((q, z1), a,
(zc, z′

c))→ (q′, push((z′, z1))) ∈ δ′ for all zc, z′
c ∈ Γ.

for a ∈ Σ, and

• (q, a, z1)→ (q′, pop), (q′, b, z2)→ (q′′, pop) ∈ δ iff (q, x, (z1, z2))→ (q′′, pop),
((q, z1), x, (z2, zc))→ ((q′′, zc), pop) ∈ δ′ for all zc ∈ Γ.

• (q, a, z1)→ (q′, push(z′)) ∈ δ′, (q′, b, z′)→ (q′′, pop) ∈ δ iff (q, x, (z1, zc))→
(q′′, skip), ((q, z1), x, (zc, z′

c))→ ((q′′, z1), skip) ∈ δ′ for all zc, z′
c ∈ Γ.

• (q, a, z1)→ (q′, push(z′)), (q′, b, z′)→ (q′′, push(z′′)) ∈ δ iff (q, x, (z1, zc))→
(q′′, push((z′′, z′))), ((q, z1), x, (zc, z′

c)) → ((q′′, z′′), push(z′, z1)) ∈ δ′ for all
zc, z

′
c ∈ Γ.

where a, b ∈ Σ ∪ {τ}, x = a if a ∈ Σ and x = b otherwise. As the definition of
A′, the ID (q, z1z2z3 · · · zn) of A corresponds to an ID (q, (z1, z2) · · · (zn−1, zn)) of
A′ if n is even and an ID ((q, z1), (z2, z3) · · · (zn−1, zn)) if n is odd. We can check
L(A) = L(A′) by the induction on the length of a sequence w ∈ L(A).

7.2.3 Pushdown games

Definition 7.2.3. A pushdown game of DPDA A = (Q,Qi, Qo, q0, z0, δ, c) over
Σi,Σo and Γ is GA = (V, Vi, Vo, E, C) where V = Q × Γ∗ is the set of vertices
with Vi = Qi × Γ∗, Vo = Qo × Γ∗, E ⊆ V × V is the set of edges defined as
E = {(v, v′) | v ⊢a v′for some a ∈ Σi ∪ Σo} and C : V → [n] is the coloring
function such that C((q, u)) = c(q) for all (q, u) ∈ V .

The game starts with (q0, z0) ∈ Vi. When the current vertex is v ∈ Vi, Player II
chooses a successor v′ ∈ Vo of v as the next vertex. When the current vertex is
v ∈ Vo, Player I chooses a successor v′ ∈ Vi of v. Formally, a finite or infinite
sequence ρ ∈ V ∞ is valid if ρ(0) = (q0, z0) and (ρ(i − 1), ρ(i)) ∈ E for every
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i ≥ 1. A play of GA is an infinite and valid sequence ρ ∈ V ω. Let PL be the set
of plays. A play ρ ∈ PL is winning for Player I iff min{m ∈ [n] | there exists an
infinite number of i ≥ 0 such that c(ρ(i)) = m} is even. Note that by definition,
a play ρ is winning for Player I iff (ρ, w) is an accepting run of A for some w.

Since A is deterministic, the following lemma holds.

Lemma 7.2.2. Let f1 : PL → (Q × Com(Γ))ω and f2 : (Σi · Σo)ω → PL be the
functions defined as follows:

• f1(ρ) = (q0, com0)(q1, com1) · · · ∈ (Q×Com)ω where ρ = (q0, u0)(q1, u1) · · · ∈
PL and ui+1 = upds(ui, comi) for all i ≥ 0 and

• f2(w) = ρ where ρ = (q0, u0)(q1, u1) · · · ∈ PL and ρ(i) ⊢w(i) ρ(i+ 1) for all
i ≥ 0.

Then, f1 and f2 are well-defined, f1 is an injection and f2(L(A)) is the set of all
the winning plays of Player I.

Theorem 7.2.1. [72] If player I has a winning strategy of GA, we can construct
a PDT T over Qi × Com(Γ), Qo × Com(Γ) and a stack alphabet Γ′ that gives a
winning strategy of GA. That is, ρ ∈ PL is winning for Player I if f1(ρ) ∈ L(T ).

By Lemma 7.2.2, a winning strategy can be also given as a subset of sequences
w ∈ (Σi · Σo)ω such that the play f2(w) is winning for Player I. Thus, we can
obtain the following lemma in a similar way to Theorem 7.2.1.

Corollary 7.2.1. If player I has a winning strategy of GA, we can construct a
PDT T over Σi,Σo and a stack alphabet Γ′ that gives a winning strategy of GA.
That is, f2(w) ∈ PL is winning for Player I if w ∈ L(T ).

7.3 Realizability Problems for PDA and PDT
For a specification S and an implementation I, we write I |= S if L(I) ⊆ L(S).

Definition 7.3.1. Realizability problem Real(S, I) for a class of specifications
S and of implementations I: For a specification S ∈ S, is there an implementa-
tion I ∈ I such that I |= S ?
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Example 7.3.1. By Examples 7.2.1 and 7.2.2, L(T1) ⊆ L(A1) holds for PDT
T1 and DPDA A1 defined in the examples. Thus, T1 |= A1 holds.

Theorem 7.3.1. Real(DPDA, PDT) is in EXPTIME.

Proof. Let A be a given DPDA. By definitions, w ∈ L(A) iff f2(w) is a
winning play for Player I of GA. By Corollary 7.2.1, if Player I has a winning
strategy, we can construct a PDT T such that f2(w) is a winning play of GA if
w ∈ L(T ). Hence, T |= A holds. If Player I does not have a winning strategy,
there is no T such that T |= A. Because there is an EXPTIME algorithm for
constructing T (if exists) in [72], Real(DPDA, PDT) is in EXPTIME.

Theorem 7.3.2. Real(NPDA, PDT) is undecidable.

Proof. We prove the theorem by a reduction from the universality problem
of NPDA, which is undecidable. For a given NPDA A = (Q,Qi, Qo, q0, z0, δ, c)
over Σi,Σo and Γ, we can construct an NPDA A′ = (Q × [2], Q × {1}, Q ×
{2}, q0, z0, δ

′, c′) over Σ′
i,Σ′

o and Γ where Σ′
i = Σi ∪ Σo, Σ′

o is an arbitrary
(nonempty) alphabet, c′((q, 1)) = c′((q, 2)) = c(q) for all q ∈ Q and ((q, 1), a, z)→
((q′, 2), com) ∈ δ′ iff (q, a, z)→ (q′, com) ∈ δ, and ((q′, 2), b, z)→ ((q′, 1), skip) ∈
δ′ for all b ∈ Σ′

o and z ∈ Γ.
We show L(A) = (Σ′

i)ω iff there exists T such that T |= A. By the construction
ofA′, L(A′) = ⟨L(A), (Σ′

o)ω⟩ holds. If L(A) = (Σ′
i)ω, then L(A′) = ⟨(Σ′

i)ω, (Σ′
o)ω⟩

and thus T |= A holds for every T . Assume that L(A) ̸= (Σ′
i)ω. Then, there

exists a word w ∈ (Σ′
i)ω such that w /∈ L(A). For any PDT T and any u ∈ (Σ′

i)ω,
there is v ∈ (Σ′

o)ω such that ⟨u, v⟩ ∈ L(A′). On the other hand, ⟨w, v⟩ /∈ L(A′)
holds for any v ∈ (Σ′

o)ω. Hence, T ̸|= A′ holds for any PDT T . This completes
the reduction and the realizability problem for NPDA and PDT is undecidable.

7.4 Register Pushdown Transducers and Automata

7.4.1 Data words and registers

We assume a countable set D of data values. For finite alphabets Σi,Σo, an
infinite sequence (ai

1, d1)(ao, d′
1) · · · ∈ ((Σi × D) · (Σo × D))ω is called a data
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word. We let DW(Σi,Σo, D) = ((Σi × D) · (Σo × D))ω. We define the projection
Lab : Σ×D → Σ as Lab((a, d)) = a for (a, d) ∈ Σ×D. For k ∈ N0, a mapping
θ : [k]→ D is called an assignment (of data values to k registers). Let Θk denote
the collection of assignments to k registers. We assume ⊥ ∈ D as the initial
data value and let θk⊥ ∈ Θk be the initial assignment such that θk⊥(i) = ⊥ for all
i ∈ [k].

We denote Tstk = P([k] ∪ {top}) and Asgnk = P([k]) where top /∈ N is
a unique symbol that represents a stack top value. Tstk is the set of guard
conditions. For tst ∈ Tstk, θ ∈ Θk and d, e ∈ D, we denote ⟨θ, d, e⟩ = tst if
(θ(i) = d⇔ i ∈ tst) and (e = d⇔ top ∈ tst) hold. In the definitions of register
pushdown transducer and automaton in the next section, the data values d and
e correspond to an input data value and a stack top data value, respectively.
Asgnk is the set of assignment conditions. For asgn ∈ Asgnk, θ ∈ Θk and d ∈ D,
let θ[asgn ← d] be the assignment θ′ ∈ Θk such that θ′(i) = d for i ∈ asgn and
θ′(i) = θ(i) for i /∈ asgn.

7.4.2 Register pushdown transducers

Definition 7.4.1. A register pushdown transducer with k registers (k-RPDT)
over finite alphabets Σi,Σo and Γ is T = (P, p0, z0,∆) where P is a finite set
of states, p0 ∈ P is the initial state, z0 ∈ Γ is the initial stack symbol and
∆ : P × Σi × Tstk × Γ → P × Σo × Asgnk × [k]× Com(Γ× [k]) is a finite set of
deterministic transition rules.

For u ∈ (Γ×D)+, θ′ ∈ Θk and com ∈ Com(Γ× [k]), let us define upds(u, θ′, com)
as upds(u, θ′, pop) = u(1 :), upds(u, θ′, skip) = u and upds(u, θ′, push((z, j′))) =
(z, θ′(j′))u. Let IDT = P×Θk×(Γ×D)∗ and⇒T ⊆ IDT ×((Σi×D)·(Σo×D))×
IDT be the transition relation of T such that ((p, θ, u), (a, di)(b, do), (q, θ′, u′)) ∈
⇒T iff there exists a rule (p, a, tst, z)→ (q, b, asgn, j, com) ∈ ∆ that satisfies the
following conditions: ⟨θ, di, snd(u(0))⟩ = tst, θ′ = θ[asgn← di], θ′(j) = do, z =
fst(u(0)) and u′ = upds(u, θ′, com), and we write (p, θ, u)⇒(a,di)(b,do)

T (q, θ′, u′).
A run and the language L(T ) of T are those of deterministic 0-TS (IDT , (q0, θ

k
⊥,

(z0,⊥)), (Σi × D) · (Σo × D), ∅,⇒T , c) where c(s) = 2 for all s ∈ IDT . In this
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paper, we assume that no run of RPDT reaches an ID whose stack is empty. Let
RPDT[k] be the class of k-RPDT and RPDT= ∪

k∈N0RPDT[k].

7.4.3 Register pushdown automata

Definition 7.4.2. A nondeterministic register pushdown automaton with k reg-
isters (k-NRPDA) over Σi,Σo and Γ is A = (Q,Qi, Qo, q0, z0, δ, c), where Q is a
finite set of states, Qi ∪Qo = Q,Qi ∩Qo = ∅, q0 ∈ Q is the initial state, z0 ∈ Γ
is the initial stack symbol, c : Q → [n] where n ∈ N is the number of priorities
and δ : Q× (Σ∪{τ})× Tstk×Γ→P(Q× Asgnk× Com(Γ× [k])) is a transition
function having one of the forms:

• (qx, ax, tst, z)→ (qx, asgn, com) (input/output rule)

• (qx, τ, tst, z)→ (q′
x, asgn, com) (τ rules, where τ /∈ Σ)

where (x, x) ∈ {(i, o), (o, i)}, qx, q′
x ∈ Qx, qx ∈ Qx, ax ∈ Σx, tst ∈ Tstk, z ∈ Γ,

asgn ∈ Asgnk and com ∈ Com(Γ× [k]).

Let IDA = Q×Θk×(Γ×D)∗. We define the transition relation ⊢A ⊆ IDA×((Σ∪
{τ}) × D) × IDA as ((q, θ, u), (a, d), (q′, θ′, u′)) ∈ ⊢A, written as (q, θ, u) ⊢(a,d)

A

(q′, θ′, u′), iff there exists a rule (p, a, tst, z) → (q, asgn, com) ∈ δ such that
⟨θ, d, snd(u(0))⟩ = tst, θ′ = θ[asgn← d], z = fst(u(0)) and u′ = upds(u, θ′, com).
For s, s′ ∈ IDA and w ∈ ((Σi ×D) · (Σo ×D))m, we write s ⊢w s′ if there exists
ρ ∈ IDm+1

A such that ρ(0) = s, ρ(m) = s′, and ρ(0) ⊢w(0) · · · ⊢w(m−1) ρ(m).
A run and the language L(A) of k-DRPDAA are those of TS SA = (IDA, (q0, θ

k
⊥,

(z0,⊥)),Σ ×D, {τ} ×D,⊢A, c
′) where c′((q, θ, u)) = c(q) for all (q, θ, u) ∈ IDA.

We callA deterministic, or k-DRPDA, if SA is deterministic. We callA an (m, k)-
NRPDA (or an (m, k)-DRPDA when A is deterministic) if SA is an m-TS. We
abbreviate (0, k)-NRPDA ((0, k)-DPDA) as k-NRPDA (k-DRPDA). Let DR-
PDA and NRPDA be the unions of k-DRPDA and k-NRPDA for all k ∈ N0,
respectively.

For simplicity, we assume that the set of stack alphabet Γ is the singleton
{z}. We abbreviate k-RPDT T = (P, p0, z0,∆) as T = (P, p0,∆), the set of
all IDs of k-RPDT P × Θk × (Γ × D)+ as P × Θk × D+, the stack command
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Figure 7.2: A figure of T2 (left) and the run (ρ, w) of T2 (right). A label a, tst→
b, asgn, 1, com means (p, a, tst)→ (p, b, asgn, 1, com) ∈ ∆

Com(Γ × [k]) as Com([k]), every rule (p, a, tst, z) → (q, b, asgn, j, com) of T as
(p, a, tst) → (q, b, asgn, j, com′) where com ∈ Com(Γ × [k]) and com′ ∈ Com([k])
such that com′ = com if com = pop or skip and com′ = push(j′) if com′ =
push(z, j′) for some j′ ∈ [k]. except in the proof of Theorem 7.5.1. We apply a
similar abbreviation to those of RPDA.

Example 7.4.1. Let us consider a 1-RPDT T2 = ({p}, p,∆) over {a}, {b} and
{z} where ∆ = {(p, a, {1, top})→ (p, b, ∅, 1, skip), (p, a, ∅)→ (p, b, {1}, 1, push(1))}.
(See Fig. 7.2.) Let ρ = (p, [⊥],⊥)(p, [d1], d1⊥)(p, [d1], d1⊥)(p, [d2], d2d1⊥) · · ·
where [d] ∈ Θ1 is the assignment such that [d](1) = d, and w = (a, d1)(b, d1)(a, d1)
(b, d1)(a, d2)(b, d2) · · · . Then (ρ, w) is a run of T2.

7.4.4 Visibly RPDA

Let Comv = {pop, skip, push} and v : Com([k]) → Comv be the function such
that v(push(j)) = push for j ∈ [k] and v(com) = com otherwise. We say
that a k-DRPDA A over Σi,Σo and Γ visibly manipulates its stack (or a stack-
visibly RPDA) if there exists a function vis : Σ → Comv such that every rule
(q, a, tst) → (q′, asgn, com) of A satisfies vis(a) = v(com). We also define a
stack-visibly PDA in a similar way. Stack-visibility of RPDA will be used in the
proof of Lemma 7.5.2 in order to take the intersection of the two DRPDA.

Also, we say that A is a test-visibly DRPDA if there exists a function vist :
Σ→ Tstk such that every rule (q, a, tst)→ (q′, asgn, com) ofA satisfies vist(a) =
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tst. In the next subsection, we prove that the projection of the language recog-
nized by an NRPDA A onto the finite alphabets can be recognized by an NPDA
A′, and if A is a test-visibly DRPDA, A′ is deterministic.

If A is a stack-visibly and test-visibly DRPDA, we call A a visibly DRPDA.
Let DRPDAv be the union of visibly k-DRPDA for all k ∈ N0, respectively.

7.4.5 PDA simulating RPDA

Let ϕ⊥ ∈ Φk be the equivalence relation satisfying a ∼ϕ⊥ b for any a, b ∈ Xk.
For tst ⊆ [k] ∪ {top} and asgn ⊆ [k], define a subset Φtst,asgn

k of Φk as:

Φtst,asgn
k = {ϕ ∈ Φk | (∀i ∈ tst : ∀j ∈ [k] ∪ {top} : j ∈ tst⇔ xi ∼ϕ xj),

(∀i ∈ asgn : ∀j ∈ [k] ∪ {top} : j ∈ tst⇔ xj ∼ϕ x′
i),

(∀i, j ∈ asgn : x′
i ∼ϕ x′

j), (∀i ∈ [k] \ asgn : xi ∼ϕ x′
i)}.

For j ∈ [k], define Φ=,j
k = {ϕ ∈ Φk | top ∼ϕ xj, ∀i ∈ [k] : xi ∼ϕ x′

i}. By
definition, ⟨θ, e, θ′⟩ = ϕ for ϕ ∈ Φtst,asgn

k iff ⟨θ, d, e⟩ = tst and θ′ = θ[asgn ← d]
for some d ∈ D. Similarly, ⟨θ, e, θ′⟩ = ϕ for ϕ ∈ Φ=,j

k iff θ′ = θ and θ(j) = e.
Let ⊙ and ⊙T be binary predicates over Φk defined as:

ϕ1 ⊙ ϕ2 :⇔
(
x′
i ∼ϕ1 x′

j ⇔ xi ∼ϕ2 xj for i, j ∈ [k]
)
.

ϕ1 ⊙T ϕ2 :⇔
(
ϕ1 ⊙ ϕ2 and (x′

i ∼ϕ1 top⇔ xi ∼ϕ2 top for i ∈ [k])
)
.

Below we will define the composition of two equivalence relations, and ϕ1 ⊙ ϕ2

means that ϕ1 and ϕ2 are composable. For ϕ ∈ Φk and Φ′ ⊆ Φk, let ϕ ⊙ Φ′ =
{ϕ′ ∈ Φ′ | ϕ⊙ ϕ′} and ϕ⊙T Φ′ = {ϕ′ ∈ Φ′ | ϕ⊙T ϕ

′}. By definition, ϕ⊙T Φtst,asgn
k

consists of at most one equivalence relation for any ϕ ∈ Φk, tst ⊆ [k] ∪ {top},
and asgn ⊆ [k]. Similarly, ϕ ⊙ Φ=,j

k consists of exactly one equivalence relation
for any ϕ ∈ Φk and j ∈ [k].

For ϕ1, ϕ2 ∈ Φk with ϕ1⊙ϕ2, the composition ϕ1◦ϕ2 of them is the equivalence
relation in Φk that satisfies the followings:

xi ∼ϕ1 xj ⇔ xi ∼ϕ1◦ϕ2 xj for i, j ∈ [k] ∪ {top},

x′
i ∼ϕ2 x′

j ⇔ x′
i ∼ϕ1◦ϕ2 x′

j for i, j ∈ [k],

(∃l ∈ [k] : xi ∼ϕ1 x′
l ∧ xl ∼ϕ2 x′

j)⇔ xi ∼ϕ1◦ϕ2 x′
j for i ∈ [k] ∪ {top}, j ∈ [k].
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By definition, ◦ is associative. We say that θ1, d1, θ2, θ3 satisfy the freshness prop-
erty if for every i, j ∈ [k],

(
θ1(i) ̸= θ2(l) for all l ∈ [k] implies θ1(i) ̸= θ3(j)

)
and(

d1 ̸= θ2(l) for all l ∈ [k] implies d1 ̸= θ3(j)
)
. By definition, if ⟨θ1, d1, θ2⟩ = ϕ1 and

⟨θ2, d2, θ3⟩ = ϕ2 and θ1, d1, θ2, θ3 satisfy the freshness property, then ⟨θ1 d1, θ3⟩ =
ϕ1◦ϕ2. We extend the freshness property to a sequence θ0, d0, θ1, d1, . . . , dn−1, θn.
This sequence satisfies the freshness property if θi, di, θl, θj satisfy the property
for every i, l, j such that 0 ≤ i < l < j ≤ n.

Similarly, we define ϕ1 ◦T ϕ2 for ϕ1, ϕ2 ∈ Φk with ϕ1 ⊙T ϕ2 as follows:

xi ∼ϕ1 xj ⇔ xi ∼ϕ1◦Tϕ2 xj for i, j ∈ [k] ∪ {top},

x′
i ∼ϕ2 x′

j ⇔ x′
i ∼ϕ1◦Tϕ2 x′

j for i, j ∈ [k],(
(∃l ∈ [k] : xi ∼ϕ1 x′

l ∧ xl ∼ϕ2 x′
j)

∨ (xi ∼ϕ1 top ∧ top ∼ϕ2 x′
j)

)
⇔ xi ∼ϕ1◦Tϕ2 x′

j for i ∈ [k] ∪ {top}, j ∈ [k].

2 By definition, ◦T is associative.

Let A = (Q,Qi, Qo, q0, δ, c) be a k-NRPDA over Σi, Σo, and Γ. As mentioned
in Section 7.4.3, we assume that Γ is a singleton and use the simplified definition
of δ for readability. Note that we can extend the following results to arbitrary Γ
by replacing Φk used as the stack alphabet of the constructed PDA with Γ×Φk.
From A, we construct a PDA A′ = (Q′, Q′

i, Q
′
o, q

′
0, ϕ⊥, δ

′, c′) over Σi, Σo, and Φk,
where Q′ = Q×Φk, Q′

i = Qi ×Φk, Q′
o = Qo ×Φk, q′

0 = (q0, ϕ⊥), c′((q, ϕ)) = c(q)
for any q ∈ Q and ϕ ∈ Φk, and for any (q, ϕ2) ∈ Q′, a ∈ Σ ∪ {τ}, and ϕ1 ∈ Φk,
δ′((q, ϕ2), a, ϕ1) is the smallest set satisfying the following inference rules:

δ(q, a, tst) ∋ (q′, asgn, skip), ϕ1 ⊙ ϕ2, ϕ3 ∈ ϕ2 ⊙T Φtst,asgn
k

δ′((q, ϕ2), a, ϕ1) ∋ ((q′, ϕ2 ◦T ϕ3), skip)
(7.1)

δ(q, a, tst) ∋ (q′, asgn, pop), ϕ1 ⊙ ϕ2, ϕ3 ∈ ϕ2 ⊙T Φtst,asgn
k

δ′((q, ϕ2), a, ϕ1) ∋ ((q′, ϕ1 ◦ (ϕ2 ◦T ϕ3)), pop)
(7.2)

δ(q, a, tst) ∋ (q′, asgn, push(j)), ϕ1 ⊙ ϕ2, ϕ3 ∈ ϕ2 ⊙T Φtst,asgn
k , ϕ4 ∈ ϕ3 ⊙ Φ=,j

k

δ′((q, ϕ2), a, ϕ1) ∋ ((q′, ϕ4), push(ϕ2 ◦T ϕ3))

(7.3)

Note that if A is a test-visibly DRPDA, A′ is deterministic. The number of
equivalence relations in Φk equals the (2k + 1)th Bell number and is 2O(k log k).
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When constructing δ′, we choose arbitrary ϕ1 and ϕ2 for each transition rule of
A in general, and thus the size of A′ is exponential to the one of A.

The main idea of this construction is as follows: A′ simulatesA without keeping
data values in the stack. When pop is performed, A′ must know whether or not
the data value in the new stack top of A equals the current value of each register.
For this purpose, A′ keeps an abstract “history” of the register assignments in
the stack, which tells whether each of the data values in the stack of A equals
the current value of each register. The precise meanings of the stack of A′ will
become clear by considering the Lab-bisimulation relation shown in the proof of
Lemma 7.4.1 below.

Let SA′ = (IDA′ , (q′
0, ϕ⊥),Σ, {τ},⊢A′ , cA′) be the TS that represents the se-

mantics of A′. We define a TS Saug
A = (IDaug

A , (q0, θ⊥, (⊥, θ⊥)),Σ × D, {τ} ×
D,⊢Aaug , cA) where IDaug

A = Q × Θk × (D × Θk)∗, cA((q, θ, u)) = c(q) for any
(q, θ, u) ∈ IDaug

A , and ⊢Aaug is defined as follows: (q, θ, u) ⊢(a,d)
Aaug (q′, θ′, u′) iff

δ(q, a, tst) ∋ (q′, asgn, com), ⟨θ, d, fst(u(0))⟩ = tst, θ′ = θ[asgn ← d], and
u′ = u(1:), u, or (θ′(j′), θ′)u if com = pop, skip, or push(j′), respectively. Saug

A

is essentially the same as the TS SA for A, but Saug
A “saves” the current reg-

ister assignment in the stack when performing push. The saved assignments
do not take part in transitions and thus the behavior of Saug

A is the same as
SA. Additionally, we define the freshness property of Saug

A as follows: A transi-
tion (q, θ, u) ⊢(a,d)

Aaug (q′, θ′, u′) of Saug
A by a rule δ(q, a, tst) ∋ (q′, asgn, com) with

tst = ∅ and asgn ̸= ∅ is allowed only when d does not appear in any saved
assignment in u. Intuitively, this property means that when tst designates a
data value not in the registers or the stack top, the RPDA chooses a fresh data
value that has never been used before. (Note that the freshness property for RA
was introduced by Tzevelekos [69].)

We assume that Saug
A satisfies the freshness property. This assumption guaran-

tees that for every (q, θn, (dn−1, θn−1) . . . (d1, θ1)(d0, θ0)) ∈ IDaug
A reachable from

the initial state of Saug
A , (i) the sequence θ0, d0, θ1, d1, . . . , dn−1, θn satisfies the

freshness property; (ii) for θ′ = θn[asgn ← d] where d is a data value cho-
sen by the RPDA to satisfy ⟨θn, d, dn−1⟩ = tst, ⟨θn−1, dn−1, θn⟩ = ϕ1 and
⟨θn, dn−1, θ

′⟩ = ϕ2 imply ⟨θn−1, dn−1, θ
′⟩ = ϕ1 ◦T ϕ2.
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Each equivalence relation in the stack of A′ represents the relation among each
data value in the stack and two adjacent saved assignments of Saug

A , which yields
Lab-bisimilarity from Saug

A to SA′ , as shown in the following lemma.

Lemma 7.4.1. If Saug
A satisfies the freshness property, then Saug

A is Lab-bisimilar
to SA′.

Proof. Let R ⊆ IDaug
A × IDA′ be the relation that satisfies for every q ∈ Q,

u = (dn−1, θn−1) . . . (d1, θ1)(d0, θ0) ∈ (D × Θk)∗, and v = ϕn−1 . . . ϕ1ϕ0 ∈ Φ∗
k,

((q, θn, u), ((q, ϕn), v)) ∈ R iff ∀i ∈ [n] : θi−1, di−1, θi |= ϕi and θ⊥,⊥, θ0 |= ϕ0 and
(q, θn, u) is reachable from the initial state of Saug

A . We can show that R is a
Lab-bisimulation relation from Saug

A to SA′ .
Assume that ((q, θn, u), ((q, ϕn), v)) ∈ R for u = (dn−1, θn−1) . . . (d0, θ0) and

v = ϕn−1 . . . ϕ0. Because ∀i ∈ [n] : θi−1, di−1, θi |= ϕi and θ⊥,⊥, θ0 |= ϕ0,
∀i ∈ [n] : ϕi−1 ⊙ ϕi. If (q, θn, u) ⊢(a,d)

Aaug (q′, θ′, u′), then there exist tst, asgn,
com, and d such that δ(q, a, tst) ∋ (q′, asgn, com), (θn, d, dn−1) |= tst, θ′ =
θn[asgn ← d], and u′ = u(1:), u, or (θ′(j′), θ′)u if com = pop, skip, or push(j′),
respectively. There exists ϕ′ ∈ ϕn ⊙T Φtst,asgn

k because θn−1, dn−1, θn |= ϕn and
(θn, d, dn−1) |= tst. Thus, by definition, δ′((q, ϕn), a, ϕn−1) ∋ ((q′, ϕ′′), com′)
where com′ = pop and ϕ′′ = ϕn−1 ◦ (ϕn ◦T ϕ

′) if com = pop, com′ = skip and
ϕ′′ = ϕn ◦T ϕ

′ if com = skip, and com′ = push(ϕn ◦T ϕ
′) and ϕ′′ ∈ ϕ′ ⊙ Φ=,j′

k if
com = push(j′). Therefore, ((q, ϕn), v) ⊢aA′ ((q′, ϕ′′), v′) where v′ = upds(v, com′).
Because θn−1, dn−1, θn |= ϕn and θn, dn−1, θ

′ |= ϕ′, θn−1, dn−1, θ
′ |= ϕn ◦T ϕ

′. In the
case of com = pop, θn−2, dn−2, θ

′ |= ϕn−1◦(ϕn◦Tϕ
′) because θn−2, dn−2, θn−1 |= ϕn−1

and θn−1, dn−1, θ
′ |= ϕn ◦T ϕ

′. In the case of com = push(j′), θ′, θ′(j′), θ′ |= ϕ′′

because ϕ′′ ∈ Φ=,j′

k . Hence, ((q′, θ′, u′), ((q′, ϕ′′), v′)) ∈ R in any case.
On the other hand, if ((q, ϕn), v) ⊢aA′ ((q′, ϕ′′), v′), then δ′((q, ϕn), a, ϕn−1) ∋

((q′, ϕ′′), com′) where v′ = upds(v, com′) holds. By definition, there exist tst,
asgn, com, and ϕ′ ∈ ϕn ⊙T Φtst,asgn

k such that δ(q, a, tst) ∋ (q′, asgn, com), and
com = pop and ϕ′′ = ϕn−1 ◦ (ϕn ◦T ϕ

′) if com′ = pop, com = skip and ϕ′′ = ϕn ◦T ϕ
′

if com′ = skip, or com = push(j′), ϕ′′ ∈ ϕ′ ⊙ Φ=,j′

j and ϕ′′′ = ϕn ◦T ϕ
′ if com′ =

push(ϕ′′′). Because θn−1, dn−1, θn |= ϕn and ϕ′ ∈ ϕn ⊙T Φtst,asgn
k , there exists

d ∈ D satisfying (θn, d, dn−1) |= tst and θn, dn−1, θ
′ |= ϕ′ for θ′ = θn[asgn ← d].

Therefore, (q, θn, u) ⊢(a,d)
Aaug (q′, θ′, u′) where u′ = u(1:), u, or (θ′(j′), θ′)u if com =
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pop, skip, or push(j′), respectively. We can show that ((q′, θ′, u′), ((q′, ϕ′′), v′)) ∈
R in the same way as the last paragraph.

By Lemmas 7.1.1 and 7.4.1, we obtain the following theorem.

Theorem 7.4.1. For a given (m, k)-NRPDA (resp. test-visibly (m, k)-DRPDA)
A, we can construct an m-NPDA (resp. m-DPDA) A′ such that Lab(L(A)) =
L(A′), if we assume the freshness property on the semantics of A.

7.5 Realizability Problems for RPDA and RPDT

7.5.1 Finite actions

In [31], the abstraction of the behavior of k-register transducer (k-RT), called
finite actions, was introduced to reduce the realizability problem for register
automata (RA) and RT to the problem on finite alphabets. We extend the idea
of [31] and define the finite actions of k-RPDT.

For k ∈ N0, we define the set of finite input actions as Ai
k = Σi × Tstk and

the set of finite output actions as Ao
k = Σo × Asgnk × [k] × Com([k]). Note that

Com([k]) appearing in the definition of Ao
k is not the abbreviation of Com(Γ× [k]).

Finite actions have no information on finite stack alphabet Γ even if Γ is not a
singleton. A sequence w = (ai

0, d
i
0)(ao

0, d
o
0) · · · ∈ DW(Σi,Σo, D) is compatible with

a sequence a = (ai
0, tst0)(ao

0, asgn0, j0, com0) · · · ∈ (Ai
k · Ao

k)ω iff there exists a
sequence (θ0, u0)(θ1, u1) · · · ∈ (Θk × D∗)ω, called a witness, such that θ0 = θk⊥,
u0 = ⊥, ⟨θi, di

i, ui(0)⟩ = tsti, θi+1 = θi[asgni ← di
i], θi+1(ji) = do

i and ui+1 =
upds(ui, θi+1, comi). Let Comp(a) = {w ∈ DW(Σi,Σo, D) | w is compatible with a

}. For a specification S ⊆ DW(Σi,Σo, D), we define WS,k = {a | Comp(a) ⊆ S}.
For a data word w ∈ DW(Σi,Σo, D) and a sequence a ∈ (Ai

k ·Ao
k)ω such that for

each i ≥ 0, there exists a ∈ Σ and we can write w(i) = (a, d) and a(i) = (a, tst)
if i is even and a(i) = (a, asgn, j, com) if i is odd, we define w⊗a ∈ DW(Ai

k, A
o
k, D)

as w ⊗ a(i) = (a(i), d) where w(i) = (a, d).
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7.5.2 Decidability and undecidability of realizability prob-

lems

Lemma 7.5.1. Lk = {w ⊗ a | w ∈ Comp(a)} is definable as the language of a
(2, k + 2)-DRPDA.

Proof. Let (2, k + 2)-DRPDA A1 = (Q1, Q
i
1, Q

o
1, q

0
1, δ1, c1) over Ai

k, A
o
k and

D where Q1 = {p, q} ∪ (Asgnk × [k] × Com([k])) ∪ [k], Qi
1 = {p}, Qo

1 = Q1 \ Qi
1,

q0
1 = p, c1(s) = 2 for every s ∈ Q and δ1 consists of rules of the form

(p, (ai, tst), tst ∪ tst′)→ (q, {k + 1}, skip) (7.4)

(q, (ao, asgn, j, com), tst′′)→ ((asgn, j, com), {k + 2}, skip) (7.5)

((asgn, j, com), τ, {k + 1} ∪ tst′′)→ (j, asgn, com) (7.6)

(j, τ, {j, k + 2} ∪ tst′′)→ (p, ∅, skip) (7.7)

for all (ai, tst) ∈ Ai
k, (ao, asgn, j, com) ∈ Ao

k, tst′ ⊆ {k + 1, k + 2} and tst′′ ∈
Tstk+2.

We show L(Ak) = Lk. For this proof, we redefine compatibility for finite
sequences w ∈ ((Σi ×D) · (Σo ×D))∗ and a ∈ (Ai

k ·Ao
k)∗. We show the following

claim.

Claim. Let n ∈ N0 and w ⊗ a = ((ai
0, skip), di

0)((ao
0, asgn0, j0, com0), do

0) · · ·
∈ ((Ai

k×D)·(Ao
k×D))∗ whose length is 2n and ρ = (θ0, u0)(θ1, u1) · · · ∈ (Θk×D∗)∗

whose length is n+ 1 and (θ0, u0) = (θk⊥,⊥). Then, ρ is a witness of the compat-
ibility between w and a iff (p, θ′

0, u0) ⊢w⊗a(0:1)(τ,di0)(τ,do0) (θ′
1, u1) ⊢w⊗a(2:3)(τ,di1)(τ,do1)

· · · ⊢w⊗a(2n−2:2n−1)(τ,din−1)(τ,don−1) (p, θ′
n, un) where θ′

i ∈ Θk+2 (i ∈ [n]) satisfies
θ′
i(j) = θi(j) for j ∈ [k].

(Proof of the claim) We show the claim by induction on n. The case of n = 0 is
obvious. We show the claim for arbitrary n > 0 with the induction hypothesis.

We first show left to right. By the induction hypothesis, (p, θ′
0, u0) ⊢w⊗a(0:1)(τ,di0)

(τ,do0)···w⊗a(2n−4:2n−3)(τ,din−2)(τ,don−2)(p, θ′
n−1, un−1) holds. By the assumption, because

ρ is the witness, (a) θn−1, d
i
n−1, un−1(0) |= tstn−1, (b) θn = θn−1[asgnn−1 ←

di
n−1], (c) θn(jn−1) = do

n−1 and (d) un = upds(un−1, θn, comn−1) hold. By the
condition (a), Ak can do a transition (p, θ′

n−1, un−1) ⊢w⊗a(2n−2) (q, θ1
n−1, un−1) for
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unique θ1
n−1 ∈ Θk+2 by the rule (p, (ai

n−1, tstn−1), tstn−1 ∪ tst′) → (q, {k +
1}, skip) of the form (7.4). We can also say (q, θ1

n−1, un−1) ⊢w⊗a(2n−1) ((asgnn−1,

jn−1, comn−1), θ2
n−1, un−1) by the rule of the form (7.5). Note that θ2

n−1(j) =
θn−1(j) if j ∈ [k], θ2

n−1(k + 1) = di
n−1 and θ2

n−1(k + 2) = do
n−1. ((asgnn−1, jn−1,

comn−1), θ2
n−1, un−1) ⊢(τ,din−1) (jn−1, θ

3
n−1, un) is also valid transition of Ak of the

form (7.6) by the conditions (b) and (d) where θn−1
3 (j) = θn(j) for j ∈ [k] and

θ3
n−1(k+ 2) = do

n−1. By the condition (c), θn−1
3 (jn−1) = θn−1

3 (k+ 1) = do
n−1 holds.

Thus, a transition (jn−1, θ
3
n−1, un) ⊢(τ,don−1) (p, θ′

n, un) is valid with the rule of the
form (7.7). In conclusion, (p, θ′

n−1, un−1) ⊢w⊗a(2n−2:2n−1)(τ,din−1)(τ,don−1) (p, θ′
n, un)

holds, and with the induction hypothesis, we obtain the left to right of the claim.
Next, we prove right to left. By the assumption, (p, θ′

n−1, un−1) ⊢w⊗a(2n−2:2n−1)

(τ,din−1)(τ,don−1)(p, θ′
n, un) holds. By checking four transition rules that realize the

above transition relation, we can obtain that ρ(n−1), ρ(n), w⊗a(2n−2) and w⊗
a(2n− 1) satisfies the conditions (a) to (d) described in the previous paragraph.
Thus, by the induction hypothesis, we obtain ρ is a witness of the compatibility
between w and a.

(end of the proof of the claim)

By the claim, w⊗a ∈ Lk ⇔ there exists a witness (θ0, u0)(θ1, u1) · · · ∈ (Θk×D∗)ω

of w and a⇔ there exists a run (p, θ′
0, u0) ⊢w⊗a(0:1)(τ,di0)(τ,do0) (θ′

1, u1) ⊢w⊗a(2:3)(τ,di1)(τ,do1)

· · · of A ⇔ w ⊗ a ∈ L(Ak) holds for all w ⊗ a ∈ DW(Ai
k, A

o
k, D).

Lemma 7.5.2. For a specification S defined by some visibly k′-DRPDA, LS,k =
{w⊗a | w ∈ Comp(a)∩S} is definable as the language of a (4, k+k′ +4)-DRPDA.

Proof. Let LS = {w⊗a | w ∈ S, a ∈ (Ai
k ·Ao

k)ω}. We can construct a visibly
k′-DRPDA A2 = (Q2, Q

i
2, Q

o
2, q

0
2, δ2, c2) over Ai

k, A
o
k and D such that L(A2) = LS.

Let A1 be the (2, k+2)-DRPDA such that L(A1) = Lk, which is given in Lemma
7.5.1. Because LS,k = LS ∩ Lk, it is enough to show that we can construct a
(4, k + k′ + 4)-DRPDA A over Ai

k, A
o
k and D such that L(A) = L(A1) ∩ L(A2).

To construct A, we use the facts that c1(q) is even for every q ∈ Q1 and δ1
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Figure 7.3: An example of transitions of Ak.

consists of several groups of three consecutive rules having the following forms:

(q1, a, tst1)→ (q2, asgn1, skip) (7.5’)

(q2, τ, tst2)→ (q3, asgn2, com1) (7.6’)

(q3, τ, tst3)→ (q4, asgn3, skip). (7.7’)

Note that vis(a) = v(com1) always holds for every consecutive rules. (7.5′), (7.6′)
and (7.7′) correspond to (7.5), (7.6) and (7.7), respectively, and (7.4) is also
converted to three consecutive rules like (7.5′)-(7.7′) by adding dummy τ rules.

We let k1 = k + 2 and k2 = k′. We construct (4, k1 + k2 + 2)-DRPDA A =
(Qi∪Qo∪{q0}, Qi∪{q0}, Qo, q0, δ, c) where Qi = Qi

1×Qi
2×[5], Qo = Qo

1×Qo
2×[5].

c is defined as c(q0) = 1 and c((q1, q2, i)) = c2(q2) for all (q1, q2, i) ∈ Q. δ has
first τ rule (q0, τ, [k] ∪ {top}) → ((q1

0, q
2
0, 1), push(1)). For all rules (7.5’), (7.6’),

(7.7’) in δ1 and

(q, a, tst)→ (q′, asgn, com) ∈ δ2 (7.8)

such that v(com1) = v(com) (= vis(a)) for a ∈ Ai
k ∪ Ao

k, let tst+k1 = {i +
k1 | i ∈ tst} ∪ {top | top ∈ tst \ [k1]}, asgn+k1 = {i + k1 | i ∈ asgn} and
com+k1 = push(j + k1) if com = push(j) and com+k1 = com otherwise, then δ
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consists of the rules

((q1, q, 1), τ,T k1+k2+2
1 ∪ {top})→ ((q1, q, 2), {k1 + k2 + 1}, pop) (7.9)

((q1, q, 2), τ,T k1+k2+2
1 ∪ {top})→ ((q1, q, 3), {k1 + k2 + 2}, push(k1 + k2 + 1))

(7.10)

((q1, q, 3), a, tst1 ∪ ((tst+k1 \ {top}) ∪ Top))

→ ((q2, q
′, 4), asgn1 ∪ asgn+k1 , com+k1) (7.11)

((q2, q
′, 4), τ, ((tst2 \ {top}) ∪ Top′) ∪ T k1+k2+1

k1+1 )

→ ((q3, q
′, 5), asgn2, com1) (7.12)

((q3, q
′, 5), τ, tst3 ∪ T k1+k2+2

k1+1 )→ ((q4, q
′, 1), asgn3, skip) (7.13)

for all T j
i ∈ Tstj \ Tsti−1 (we assume Tst0 = ∅), and Top = {k1 + k2 + 2}

(Top′ = {k1 + k2 + 1}) if top ∈ tst (top ∈ tst2) and Top = ∅ (Top′ = ∅)
otherwise.

Fig. 7.4 illustrates an example of transitions of A from (q1, q, 1) to (q4, q
′, 1)

with updating contents of its registers and stack. The first to k1-th registers
simulate the registers of A1, (k1 + 1)-th to (k1 + k2)-th registers simulate the
registers of A2 and (k1 + k2 + 1)-th and (k1 + k2 + 2)-th registers are for keeping
the first and second stack top contents, respectively. The stack contents of A
simulates those of A1 and A2 by restoring the contents of stacks of A1 and A2

alternately.
The transition rules (7.9) and (7.10) are for moving the two data values at the

stack top to (k1 + k2 + 1)-th and (k1 + k2 + 2)-th registers. The transition rule
(7.11) is for updating states, registers and stacks by simulating the rules (7.5’)
and (7.8). Because the first to k2-th registers of A2 are simulated by (k1 + 1)-th
to (k1 + k2)-th registers of A, we use tst+k1 , asgn+k1 and com+k1 instead of tst,
asgn and com, and replace top in tst+k1 to k1 + k2 + 2. The transition rules
(7.12) and (7.13) simulate the rules (7.6’) and (7.7’), respectively.

For two assignments θ1 ∈ Θk1 and θ2 ∈ Θk2 , let [θ1, θ2, d, d
′] ∈ Θk1+k2+2 be the

assignment such that [θ1, θ2, d, d
′](i) = θ1(i) if i ∈ [k1], [θ1, θ2, d, d

′](i) = θ2(i) if
k1 + 1 ≤ i ≤ k2, [θ1, θ2, d, d

′](k1 + k2 + 1) = d and [θ1, θ2, d, d
′](k1 + k2 + 2) = d′.

To prove L(A) = L(A1) ∩ L(A2), we show the following claim.
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Claim. For all n ∈ N0 and w ∈ ((Ai
k ∪Ao

k)×D)n, there exists sequences of tran-
sitions (q1

0, θ
1
0, u

1
0) ⊢

w(0)(τ,d0)(τ,d′
0)

A1 (q1
1, θ

1
1, u

1
1) ⊢

w(1)(τ,d1)(τ,d′
1)

A1 · · · ⊢w(n−1)(τ,dn−1)(τ,d′
n−1)

A1

(q1
n, θ

1
n, u

1
n) and (q2

0, θ
2
0, u

2
0) ⊢

w(0)
A2 (q2

1, θ
2
1, u

2
1) ⊢

w(1)
A2 · · · ⊢

w(n−1)
A2 (q2

n, θ
2
n, u

2
n) iff

(q0, θ
k1+k2+2
⊥ ,⊥) ⊢(τ,⊥)

A ((q1
0, q

2
0, 1), [θ1

0, θ
2
0, d

1
0, d

2
0], u1

0, u
2
0 )

⊢(τ,u1
0(0))(τ,u2

0(0))w(0)(τ,d0)(τ,d′
0)

A ((q1
1, q

2
1, 1), [θ1

1, θ
2
1, d

1
1, d

2
1], u1

1, u
2
1 )

⊢(τ,u1
1(0))(τ,u2

1(0))w(1)(τ,d1)(τ,d′
1)

A · · · ⊢(τ,u1
n−1(0))(τ,u2

n−1(0))w(n−1)(τ,dn−1)(τ,d′
n−1)

A

((q1
n, q

2
n, 1), [θ1

n, θ
2
n, d

1
n, d

2
n], u1

n, u
2
n) holds where b ∈ {1, 2}, i ∈ [n], θb0 = θkb

⊥ , u
b
0 = ⊥,

qbi ∈ Qb, θbi ∈ Θkb
, ubi ∈ D∗ and di−1, d

′
i−1 ∈ D.

(Proof of the claim) We show the claim by the induction on n. The case n = 0
is obvious.

We first show left to right. By induction hypothesis, (q0, θ
A
⊥ ,⊥) ⊢(τ,⊥)

A

((q1
0, q

2
0, 1), [θ1

0, θ
2
0, d

1
0, d

2
0], u1

0, u
2
0 ) ⊢(τ,u1

0(0))(τ,u2
0(0))w(0)(τ,d0)(τ,d′

0)
A · · ·

⊢(τ,u1
n−2(0))(τ,u2

n−2(0))w(n−2)(τ,dn−2)(τ,d′
n−2)

A ((q1
n−1, q

2
n−1, 1), [θ1

n−1, θ
2
n−1, d

1
n−1, d

2
n−1],

u1
n−1, u

2
n−1) holds. Also, by the assumption, (q1

n−1, θ
1
n−1, u

1
n−1) ⊢

w(n−1)
A1 (q′, θ′, u1

n−1)
⊢(τ,d)

A1 (q′′, θ′′, u1
n) ⊢(τ,d′)

A1 (q1
n, θ

1
n, u

1
n) and (q2

n−1, θ
2
n−1, u

2
n−1) ⊢

w(n−1)
A2 (q2

n, θ
2
n, u

2
n) for

some q′, q′′ ∈ Q1, θ
′, θ′′ ∈ Θk1 and d, d′ ∈ D, and let the following be the rules

used in these transitions.

(qn−1, (a, v(com1)), tst1)→ (q′, asgn1, skip) ∈ δ1 (7.5”)

(q′, τ, tst2)→ (q′′, asgn2, com1) ∈ δ1 (7.6”)

(q′′, τ, tst3)→ (qn, asgn3, skip) ∈ δ1 (7.7”)

(qn−1, (a, v(com)), tst)→ (qn, asgn, com) ∈ δ2 (7.8’)

We can check the follows.

((q1
n−1, q

2
n−1, 1), [θ1

n−1, θ
2
n−1, d

1
n−1, d

2
n−1], u1

n−1, u
2
n−1 ) ⊢(τ,u1

n−1(0))(τ,u2
n−1(0))

A
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2
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2
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1
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2
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A
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A
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2
n, 1), [θ1

n, θ
2
n, u

1
n−1(0), u1

n−1(0)], u1
n, u

2
n )

Thus, the right side of the claim holds. In a similar way, we can also show right
to left.
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Figure 7.4: An example of transitions of A with vis(a) = push.

(end of the proof of the claim)

By the claim, w ∈ L(A1) ∩ L(A2) ⇔ there exists runs (q1
0, θ

1
0, u

1
0) ⊢

w(0)(τ,d0)(τ,d′
0)

A1

(q1
1, θ

1
1, u

1
1) ⊢
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1)

A1 · · · and (q2
0, θ

2
0, u

2
0) ⊢

w(0)
A2 (q2

1, θ
2
1, u

2
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w(1)
A2 · · · that satis-

fies the minimum number appearing in the sequence q1
0, q

1
1, · · · infinitely is even.

⇔ there exists a run (q0, θ
A
⊥ ,⊥) ⊢(τ,⊥)

A ((q1
0, q

2
0, 1), [θ1

0, θ
2
0, d

1
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2
0], u1
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2
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0(0))
A
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0)((q1
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2
1, 1), [θ1

1, θ
2
1, d

1
1, d

2
1], u1

1, u
2
1) ⊢

(τ,u1
1(0))(τ,u2

1(0))w(1)(τ,d1)(τ,d′
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A · · ·
that satisfies the minimum number appearing in the sequence (q1

0, q
2
0, 1), (q1

0, q
2
0, 2)

· · · , (q1
1, q

2
1, 1), · · · infinitely is even. ⇔ w ∈ L(A) holds.

Lemma 7.5.3. WS,k = Lab(LS,k).

Proof. For every a ∈ (Ai
kA

o
k)ω, a /∈ WS,k ⇔ Comp(a) ̸⊆ S ⇔ ∃w.w ∈

Comp(a)∩S ⇔ ∃w.w⊗a ∈ LS,k ⇔ a ∈ Lab(LS,k). Thus, WS,k = Lab(LS,k) holds.

Theorem 7.5.1. For all k ≥ 0, Real(DRPDAv, RPDT[k]) is in 2EXPTIME.

Proof. By Lemma 7.5.2 and Theorem 7.4.1, WS,k is definable by a 4-DPDA
Af . By Lemma 7.2.1, we can construct a 0-DPDA A′

f where L(A′
f ) = L(Af ).

By the construction of A in Lemma 7.5.2, the stack height of the current ID
increases by two during the transitions from (q1, q, 1) to (q4, q

′, 1) in Fig. 7.4
if vis(a) = push, does not change if vis(a) = skip and decreases by two if
vis(a) = pop. Thus, A′

f is a stack-visibly DPDA, that is, every transition rule
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(p, a, z) → (q, com) of A′
f satisfies vis(a) = v(com). We show the following two

conditions are equivalent.

• There exists a k-RPDT T such that L(T ) ⊆ S.

• There exists a PDT T ′ such that L(T ′) ⊆ WS,k.

Assume that a k-RPDT T over Σi,Σo and Γ satisfies L(T ) ⊆ S. Then, consider
the PDT T ′ overAi

k, A
o
k and Γ such that (q, (a, tst), z)→ (q′, (b, asgn, j, com), com′)

is a rule of T ′ iff (q, a, tst, z)→ (q′, b, asgn, j, com) is a rule of T where com′ = com

if v(com) = pop or skip and com′ = push(z′) if com = push(z′, j′) for some
j′ ∈ [k]. For a ∈ L(T ′), every w ∈ Comp(a) has a witness (see Section 6.1) and
thus w ∈ L(T ) holds. By the assumption L(T ) ⊆ S, Comp(a) ⊆ S holds and
thus a ∈ WS,k. Hence, we obtain L(T ′) ⊆ WS,k.

Conversely, assume there exists a PDT T ′ over Ai
k, A

o
k and Γ that satisfies

L(T ′) ⊆ WS,k. We can in particular construct a PDT T ′′ such that L(T ′′) ⊆
WS,k and every rule (q, (a, tst), z)→ (q′, (b, asgn, j, com), com′) satisfies vis(b) =
v(com′) (note that vis(a) = skip always holds) by the construction algorithm
in [72]. In the rule, v(com) = v(com′) holds because A′

f is a stack-visibly PDA
and thus vis(b) = v(com) holds. Consider the k-RPDT T over Σi,Σo and Γ
such that (q, a, tst, z) → (q′, b, asgn, j, com′′) is a rule of T iff (q, (a, tst), z) →
(q′, (b, asgn, j, com), com′) is a rule of T ′′ where com′′ = com′ if com′ = pop or skip

and com′′ = push(z′, j′) if com′ = push(z′) and com = push(j′). Further, assume
w ∈ L(T ), and let a ∈ (Ai

k · Ao
k)ω be the sequence with which w is compatible.

Then, by the definition of T , a ∈ L(T ′′). By the assumption L(T ′′) ⊆ WS,k,
every a ∈ L(T ′′) satisfies Comp(a) ⊆ S, and thus w ∈ S holds. Hence, we obtain
L(T ) ⊆ S.

By the equivalence, we can check Real(DPDA, PDT) for A′
f , which is

shown to be EXPTIME in Theorem 7.3.1, instead of checking Real(DRPDAv,
RPDT[k]). Because the size of A′

f is exponential to k + k′, Real(DRPDAv,
RPDT[k]) is in 2EXPTIME.

Theorem 7.5.2. For all k ≥ 0, Real(NRPDA, RPDT[k]) is undecidable.

Proof. We can easily reduce the Real(NPDA, PDT), whose undecidabil-
ity is proved in Theorem 7.3.2, to this problem.
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Conclusion of Part IV

This chapter discusses the relizability problems of a pair of PDA and PDT, and
a pair of RPDA and RPDT. Conparing with previous research, our algorithms
can deal with specifications that handle both recursive structure and data values.
Our method expands the scope of formal software synthesis from the aspect of
the stack.





Part V

Conclusion
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The purpose of this dissertation is to build a theoretical foundation for han-
dling programs and databases with data values. To this aim, we investigated
the computational complexity of the membership and emptiness problems for
RCFG, RPDA and RTA and their subclasses in Part II. The combined complex-
ity of the membership problem for general RCFG is EXPTIME-complete and
decreases when we consider subclasses of RCFG while the data complexity is in
P for general RCFG. These results are useful for analyzing the computational
complexity of algorithms using these register models. For example, for a set of
trees whose nodes have a data value, the query “find a tree where a data value of
every node is different from the data value of the parent node” can be expressed
by using RTA.

Next, we have introduced register type to RCFG and shown ε-rule removal
property of RCFG. Using the register type technique, the decidability of empti-
ness and membership for generalized RCFG (GRCFG) under the assumption of
simulation and progress and an ε-rule removability of GRCFG have been shown.
An example of such a binary relation with simulation and progress is the total
order on rational numbers. Our results show that if a query using such binary
relation is represented as a GRCFG, the query is decidable.

In Part III, we newly defined RPDS whose guard conditions and register up-
dates are represented by equivalence relations over the set of registers. We have
shown the forward regularity preservation property of RPDS by providing a
saturation algorithm. And we prove its soundness and completeness of the algo-
rithm. After that, we have defined Büchi RPDS with the fundamental properties
of RPDS, RA and Büchi RPDS. We have shown that the LTL model checking
problem for RPDS is EXPTIME-complete if either simple valuation or regular
valuation is assumed. This model checking can deal with the equality check
for data values, which PDS-LTL model checking cannot deal with. Hence, our
method can be applied to practical verification problems of a program handling
data values.

In Part IV, we have discussed the realizability problem whose specification
and implementation are DPDA (NPDA) and PDT (see Table 7.1). By using
the result in [72], we show Real(DPDA,PDT) is in EXPTIME. We also show
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the undecidability of Real(NPDA,PDT) by a reduction from the universality
problem of NPDA. Also, we have defined RPDT, RPDA and shown a way to
recognize the label of the language of RPDA by PDA. We have introduced the
notions of stack-visibly [5] and test-visibly to discuss the decidability of realiz-
ability for RPDA and RPDT. We show that the behavior of registers and stack
of RPDT can be simulated by the finite alphabets defined as finite actions, and
prove that Real(DRPDAv,RPDT[k]) can be reduced to Real(DPDA,PDT)
and is in 2EXPTIME.

Table 7.1: Complexity results of realizability problems for non-register, bounded
numbers of registers and general cases.

DFA NFA UFA
EXPTIMEc [16]

DPDA NPDA UPDA
EXPTIMEc Undecidable Open

DRA NRA URA
Bounded EXPTIME [31] Undecidable [31] 2EXPTIME [31]
General EXPTIME [31] Undecidable [31] Undecidable [31]

DRPDAv NRPDA URPDA
Bounded 2EXPTIME Undecidable Open
General Open Undecidable Open

Future work
To describe constraints in register models, logics are important. Introducing a

logic such as FO(∼), EMSO(∼) and LTL↓ on data trees that corresponds to or
subsumes RCFG, RPDA and RTA is our future work. Looking into the relation
between GRCFG and nominal CFG [11] in-depth leads to further investigation
of theoretical properties of GRCFG.

We have implemented a tool for the reachability analysis of RPDS based on the
proposed algorithm in Chapter 5. The tool is applied to detection of malware.
Implementing a tool for LTL model checking proposed in Chapter 6 is also our
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future work.
For software synthesis discussed in part IV, it is still unknown whether the

realizability problem is decidable in several cases (see Open in Table 7.1). For the
problem, a specification is given by a universal PDA, DRPDA without restriction
on visibility nor the fixed number of registers of RPDT. These open problems
are also necessary to represent important and practical problems, for example,
universal PDA is useful for describing the safety constraint “Do all runs of given
reactive system satisfy a given condition?”. Thus, we would like to investigate
the decidability of these open cases.
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