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Abstract

In this thesis, we give some results on certain meromorphic func-
tions related to the Riemann (-function. Omne of those is associated
with the k-th derivative of Hardy’s Z-function and denoted by Z(s).
Hardy’s Z-function is a real-valued function whose zeros coincide with
those of the Riemann (-function on the critical line. Thus Hardy’s
Z-function is an important tool to study the distribution of the ze-
ros of the Riemann (-function. To investigate the analytic behaviour
of a function, it is helpful to consider its derivative. Edwards and
Mozer obtained the result that the zeros of the first derivative of
Hardy’s Z-function are interlaced with those of Hardy’s Z-function.
After that, Anderson, Matsumoto, Tanigawa, and Matsuoka progressed
the knowledge on the distribution of the zeros of Hardy’s Z-function
and its higher derivatives. In their proof, the meromorphic function
Zi(s) plays an important role. We present miscellaneous results on the
completed Zi(s) which is a natural generalization of the Riemann &-
function. Next, we consider a discrete mean value of higher derivatives
of Hardy’s Z-function. This study is motivated by Matsuoka’s result.

We also give a result on a discrete mean value of the first derivative
of Dirichlet L-functions. The result is a generalization of Fujii’s result
on the Riemann (-function. His study is inspired by Shanks’ conjecture
and his result implies that the conjecture is true. The conjecture states
that the first derivative of the Riemann (-function at the zeros of the
Riemann (-function is positive and real in the mean. Therefore, the
results are also related to the problem on the simplicity of the zeros of
the function, which is an important problem to study some arithmetic
functions.
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Preface

In 1859, B. Riemann published a paper on the distribution of prime

numbers and conjectured that the Riemann (-function
) =3

n=1

has non-real zeros only on the critical line ®s = 1/2. This conjecture
is called the Riemann Hypothesis. Since then, the analytic behaviour
of the Riemann (-function has been an attractive research theme. In
1914, G. H. Hardy proved that there are infinitely many zeros of ((s)
on the critical line. This is one of the most important achievements

towards the Riemann Hypothesis (RH). He studied an integral

00 1 .
/ —5(2 ha it)tQ" cosh 7T—tdt,
o tP+7 4

where £(s) is called the Riemann &-function derived from the Rie-
mann (-function. His argument is simplified by considering the real-
valued function Z(t), named Hardy’s Z-function now. Since Hardy’s
Z-function is real and continuous, the sign change indicates the ex-
istence of its zero. Moreover, the zeros of Hardy’s Z-function coin-
cide with those of the Riemann (-function on the critical line. From
these properties, comparing [ Z(t)dt with [ |Z(t)|dt, we can show that
Hardy’s statement is true.

In this thesis, we consider the analytic behaviour of higher deriva-
tives of Hardy’s Z-function. Our motivation is originated from Mat-
suoka’s theorem.

THEOREM (K. Matsuoka). If the RH is true, then for any non-
negative integer k there exists a T = T(k) > 0 such that for t > T

the function Z*+V(t) has exactly one zero between consecutive zeros of
ZW®)(t).

When we study higher derivatives of Hardy’s Z-function, a mero-
morphic function Zy(s) associated with the k-th derivative of Hardy’s
Z-function plays an important role. In Chapter 1, we give the defini-
tions of Zx(s) and &(s) and a concise survey of higher derivatives of

vi
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Hardy’s Z-function. In Chapter 2, we discuss some of basic proper-
ties of Zy(s). Chapter 3 is devoted to the study of an entire function
&k (s), which can be regarded as a natural generalization of the Riemann
¢-function. First we prove the functional equation for & (s).

THEOREM. For all s € C,
&(s) = (—1)f&(1 — 5).

Next we show that £ (s) can be represented as a product over its
ZETOS.

THEOREM. For k > 0, there are constants a; and By, such that

p(s) = et Brs H (1 — i) vk

Pk Pk
for all s. Here the product is extended over all zeros py of &k(s).
We can determine constants e+ and By in the above theorem.

THEOREM. In the previous theorem, for k > 0 we have
(—1)k(2k — 1)!!

Ak f— —
O = TG
and
o 2k(k—1) 1 Y
Be= gy 82~ g my 8T T o — 1y !

where v is the Fuler constant.

In a similar manner, we can obtain special values of £ (s) at integer
points.

THEOREM. Let k > 0. We have

(2k —1)!
(1) = i,
ENGE
and forn > 1,
§p(2n 4 1)
n _2ntk (2n + 1)!2n 4n71(n!)2 k
— (=1t ) ( (2n)! ) (2k — 3)NC(2n + 1)
and

£4(2n) = (1)~ 220 (2n — 1)(n — 1)! (%) Z(2n).

Finally, we give an alternative proof of Mozer’s formula.
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PROPOSITION. If the RH is true, for any non-negative integer k,
we have (k+1)( )
d 7 t 1
— = — — 4+ Os(t7Y),
7 TG T O

Tk
where 7y, are zeros of ZW®)(t).

This formula was proved by Matsuoka [28]. He considered a contour
integral to prove this formula. However, we can avoid calculating the
integral by using the factorization of &(s).

Chapter 4 is dedicated to a discrete moment of higher derivatives
of Hardy’s Z-function. We prove the following theorem.

THEOREM. Let j and k be fixed non-negative integers and L =
log(T/2m). If the RH is true, then as T — oo,

S 1290w

0<yx<T
Ca T e (DA CDAT
225 1 D 2251(5 + 1)2 o
2]+2
+ZZ]—|—1—u(]—u Z +1229+17r

k .
+(—1)J’+1Z—;ﬂ)2 R
g=1

2j+2 92j+2 ¢
g

- 2
2 . T o . 95 T L2j+2
Z 2J+2 Z m 92j+21

=1 ©=0
+ Oj (TLYF 1),

where dg is Kronecker’s delta, z, (g9 = 1,2,--- k) are the zeros of
Z:(s,T) = (L/2 + d/ds)*((s) with zy =1 —20,/L + O(L™?), and 0,
satisfies S im0 0 /ul =0. When j =0 or k=0, we consider the sums
on the m’ght hand side as the empty sums.

This study is inspired by Matsuoka’s result, and our motivation is to
research the distribution of the zeros of higher derivatives of Hardy’s
Z-function. From Matsuoka’s result, we can guess the existence of
the deviation of the distribution of the zeros of the k-th derivatives of
Hardy’s Z-function depending on the parity of k.

Another main theme of this thesis is a moment of the first derivative
of Dirichlet L-functions. Dirichlet L-functions are some generalization
of the Riemann (-function, thus the functions have some properties
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similar to those of the Riemann (-function. In this thesis, we consider
one of such properties. In Chapter 1, we present the definition of
Dirichlet L-functions and related concepts and explain some previous
researches and the motivation of our study. In Chapter 5, we give
the author’s result on a moment of the first derivative of Dirichlet L-
functions. The main theorem in Chapter 5 is

THEOREM. Let ¢; be a positive constant. Let x (mod q) be a prim-
itive character. Then, uniformly for ¢ < exp(ci1v/logT), we have

1 qT\ > T T T
/ J—

Z Llox:x) = 47rT (log 27T> gy log o gy T8
0<y <T

+0 (Texp <—c\/@>> ,

where the implicit constant is absolute, ¢ is a positive absolute constant

depends on ¢, and
log p
ay = Z D % + Yo — 17

1
plg

2

a =1 > ogp +(-1) o8y

2 p—1 p—1
plg plg
3 logp ) 2
—5217 P +1—7%—7%+3mn
plg

with the Stieltjes constants vo,v1 and

_wx(=)T(x)7(@x) L'(8,w) (qT>6
a3 = —_—
q(q) B 2
when L(s,w) with a quadratic character w (mod q) has an exceptional
zero [3, otherwise az = 0.
Assuming the GRH, we can replace the error term by (qT)%+€ uni-
formly for q < T,

This implies that the derivative coefficient of each Dirichlet L-
function at its zero is positive real in mean. A. Fujii proved a similar
formula and that the same statement is true in the case of the Riemann
(-function. In other words, our result is a generalization of Fujii’s re-
sult. However, the term a3 does not appear in the case of the Riemann
(-function and it is not a simple problem to estimate the error term as
good as Fujii’s result under the GRH.



CHAPTER 1

Introduction

1.1. HARDY’S Z-FUNCTION

Hardy’s Z-function is derived from the Riemann (-function. Thus
we give the definition and some properties of the Riemann (-function
in the beginning. In the followings, we will always assume that s =
o+t € C with o,t € R.

DEFINITION 1.1.1. The Riemann (-function is defined by

=1
— (1.1.1)
n=1 n’

foro > 1.

This function is defined in the half complex plane o > 1, but the
functional equation implies that the Riemann (-function is an analytic
function in C\ {1}.

ProposITION 1.1.1 (The functional equation, [30, p.329]). The
Riemann (-function can be continued meromorphically to the whole
plane, and has the functional equation

C(s) =x(s)C(1 = s), (1.1.2)
where
x(s) = 2°7° L sin gr(l — ). (1.1.3)

The Riemann (-function has a simple pole at s = 1, and from
(1.1.2) we can see that the function has simple zeros at negative even
integers (called “trivial zeros”). Here we define an entire function that
has only non-trivial zeros.

DEFINITION 1.1.2.
£(s) == s(s — 1)m 3T <§> C(s). (1.1.4)

This function is called the Riemann £-function. The zeros of this
function coincide precisely with those of the Riemann (-function in
the critical strip 0 < ¢ < 1 and the trivial zeros are cancelled due to
I'(s/2). Therefore the RH can be stated as follows,

1



2 1. INTRODUCTION

CONJECTURE 1.1.1. All the zeros of the Riemann &-function lie on
the critical line 0 = 1/2.

The functional equation (1.1.2) implies that we have

€(s) = &(1 — ). (1.1.5)

To study the distribution of the zeros of the Riemann (-function,
Hardy’s Z-function plays an important role.

DEFINITION 1.1.3. Hardy’s Z-function is defined by

2y =x(3eu) c(bea) 110

By the functional equation (1.1.2), we have
x(s)x(1—s)=1. (1.1.7)
This implies that Z(t), the complex conjugate of Z(t), equals to Z(t)
for real ¢, namely, Hardy’s Z-function is a real-valued function. When
we put

1 t
0(t) := arg’ (Z + 5) - §1og7r

we see that y(1/2+it) = e~ 2%, Thus we can rewrite (1.1.6) as follows:

Z(t) = e?O¢ (% + it) . (1.1.8)

From this form, we can immediately see that

12(0)] = \c (1)

and hence the zeros of the Riemann (-function on the critical line corre-
spond to those of Hardy’s Z-function. One approach to understanding
the distribution of the zeros of the Riemann zeta function is there-
fore to investigate the change of signs of Hardy’s Z-function. In fact,
some mathematicians computed the locations of the zeros of the Rie-
mann (-function on the critical line in such a way. They calculate the
Riemann-Siegel formula

Z(t)=2 Z n~Y2 cos(6(t) — tlogn) + R(t), (1.1.9)

n<4/t/27

Y

where R(t) is the error term (e.g. [40], [26]).
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1.2. HIGHER DERIVATIVES OF Z(t)

To investigate the analytic behaviour of Hardy’s Z-function, it is
natural to study its derivatives.
In 1985, Conrey and Ghosh [5] introduced a meromorphic function

Z1(5) = C(s) ~ 5(s)C(s).
where / -
X o ar - D T T
w(s)—X(s)—logZ F(s)+2ta 5

This function is derived from the first derivative of Hardy’s Z-function,
i.e. this function satisfies

A 1
Z'(t) = eV 7, (5 + it) :

I
Zl <§ + Zt) ‘ .
Moreover, we have the functional equation
Zi(s) = —x(s)Z1(1 — s).

From the above, the meromorphic function Z;(s) can be regarded as a
counterpart of the Riemann (-function.

Conrey and Ghosh [5] suggested the existence of a meromorphic
function Z(s) which satisfies the above properties without construct-
ing it, for k£ > 0.

By the definition (1.1.6), we obtain for £ > 0

Z0(1) = 5—;{X (%H’t)_;g (%+zt>} (1.2.1)

From this fact, in 1990, Yildirin [44] defined

Z(s) = (x(o) o (X)) 2e(s))) (1.2.2)

This function is a generalization of Z;(s). This function satisfies
1
Zy; (5 + t> ’

Zi(s) = (=1)"x(s)Zx(1 — s).
On the other hand, Matsuoka [28] gave another definition of Z(s):

Thus
1Z'(t)] =

Z0() =

and
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DEFINITION 1.2.1. Let Zy(s) = ((s), and for k > 1, we define Zy(s)

as
1
Zp(s) = Z;_1(s) — éw(s)Zk,l(s). (1.2.3)

In fact, we can show that Matsuoka’s definition is the same as
Yildirim’s, but Matsuoka’s definition is more convenient. Therefore, in
this thesis, we define Z;(s) by Matsuoka’s way.

For Zy(s), we can obtain a counterpart of the Riemann ¢-function.
We denote that function by & (s) and I define it as follows:

DEFINITION 1.2.2. For k > 0, we define

Zk(s)
NOEES

This & (s) is introduced by the author [23]. When k = 0, &(s)
coincides with the Riemann &-function. In Chapter 3, we give various
results on &(s). Since those facts on {(s) are valid for k& = 0, we
may expect that & (s) is a natural generalization of the Riemann -
function. For entire functions, the concept of the order is defined and
the function & (s) is an entire function of order 1. Thus we can factorize
this function by Hadamard’s factorization theorem. Moreover, we can
represent some constants which appear in the factorized form explicitly.
We show these facts in Section 3.3. It is in Section 3.4 that we give
the special values of & (s) at positive integers. As we see in Section
3.1, & (s) has a functional equation. It implies that we can obtain the
special values at all integers.

r(s) =1 2s(s — 1) (1.2.4)

REMARK 1.2.1. There is another variant of a meromorphic function
associated with higher derivatives of Hardy’s Z-function. In 1986 (a
year later the paper of Conrey and Ghosh [5] is published), Anderson
[1] introduced the meromorphic function

2
n(s) =((s) - o(s)
to study the distribution of zeros of the first derivative of Hardy’s Z-
function. Later, in 1999, Matsumoto and Tanigawa [27] considered
ne(s), a generalization of n(s). They defined 7;(s) = n(s) and for
k>2,

¢'(s),

Mes1(8) = A(s)m(s) + 1. (s),

where
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In fact, we can see that

Z4(s) = =)

for k > 1. Therefore, 1, (s) is the essentially same as Zj(s). However,
it seems that Yildirim’s definition and Matsuoka’s are not well-known.
For example, Das and Pujahari [7] gave a result on the distribution of
the zeros of 1y (s). They used nx(s) and did not refer to Yildirnm’s and
Matsuoka’s definitions.

1.3. THE ZEROS OF HIGHER DERIVATIVES OF Z(t)

One of the main themes of the researches on higher derivatives of
Hardy’s Z-function has been the existence of its zeros in a short inter-
val. Various authors studied that by using an approximate functional
equation (like the Riemann-Siegel formula) for higher derivatives of
Hardy’s Z-function (see Karatsuba [20], Ivié¢ [16], A. A. Lavrik [24]).

In this thesis, we treat another theme, a relation between the ze-
ros of the j-th derivative of Hardy’s Z-function and those of the k-th
derivative of the function.

In 1974, Edwards [8] and Mozer [31] independently proved

THEOREM 1.3.1 (H. M. Edwards and J. Mozer, 1974). If the RH is
true, then there exists a to > 0 such that for t > to the function Z'(t)
has exactly one zero between consecutive zeros of Z(t).

This theorem implies that under the RH, for ¢ > %, there is no
positive local minimum and no negative local maximum of the Hardy’s

Z-function (see Fig.1). Thus, if we could find those, the RH would be
disproved.

F1a. 1. The graph of Z(t) for 0 <t < 50

This study is inspired by the Lehmer phenomenon. The Lehmer
phenomenon is a phenomenon that some consecutive zeros of Hardy’s
Z-function are unusually close to each other. Lehmer [26] found this
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phenomenon around ¢ = 7005 (see Fig.2 and Fig.3) by the numerical
calculation. It is an unsolved problem whether the phenomenon does
happen infinitely many times.

o~ /

I I
700: 005 7006 7007

2
—4t

6L

FiG. 2. The graph of Z(t) around ¢ = 7005

0.004 -

0.002 -

e A L
7005046  7005.07 7005.08  7005.09 7005. 7005.11
-0.002 [

-0.004 -

-0.006 -

F1c. 3. Enlarged view of Fig. 2 (7005.05 < ¢ < 7005.11)

Later, Anderson [1] established a milestone.

THEOREM 1.3.2 (R. J. Anderson, 1986). If the RH is true, then
there exists a to > 0 such that for t > tq the function Z"(t) has exactly
one zero between consecutive zeros of Z'(t).

To prove this theorem, he showed the following statement:
THEOREM 1.3.3 (R. J. Anderson, 1986). Let
R={s=0+itecC|0<t<T,-7T<0<8}
and denote the number of zeros of Z1(s) in R by N(T; Zy). Then
T T

T
N(T; Zy) = %log% ~ 5 +O(logT).

Moreover, on the RH, all non-real zeros of Zy(s) are on the critical
line.

His method of proof is ingenious and applied to a general case by
Matsuoka [28], Matsumoto and Tanigawa [27].
Matsumoto and Tanigawa [27] generalized Theorem 1.3.3.
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THEOREM 1.3.4 (K. Matsumoto and Y. Tanigawa, 1999). Let k be
any positive integer and

Ry:={s=0+itecC|0<t<T,—2m+1<o0 <2m},

where m = m(k) is sufficiently large positive integer. And denote the
number of zeros of Zy(s) in Ry by N(T'; Zy). Then
T T T
N(T; Zy) = —log — — — logT).
(T Z) or 8 or 27T+Ok(0g )
Moreover, on the RH, the zeros of Zy(s) in —2m+1 < o < 2m are on

the critical line except for finitely many exceptions.

REMARK 1.3.1. As we mentioned in the previous section, Anderson,
Matsumoto and Tanigawa did not use Zi(s) but n(s).

Matsuoka [28] extended Theorem 1.3.2.

THEOREM 1.3.5 (K. Matsuoka, 2012). If the RH is true, then for
any non-negative integer k there exists a T = T(k) > 0 such that for
t > T the function Z*+V(t) has exactly one zero between consecutive
zeros of ZW(t).

We show Matsuoka’s theorem, or more precisely, Mozer’s formula
by a different way from Matsuoka’s proof. The factorization of &(s)
leads to this different way. This method is a generalization of the
method by which Edwards [8] and Mozer [31] proved Theorem 1.3.1.

Finally, we note Hall’s result [12] on a relation between the number
of zeros of Z;(s) and those of Zy(s) = ((s). Let

¢ 1

(s) = Sw(s)

H(s): ¢ 5

and put
1 1
A(T):=—argH | =+ 1T
(1) = SargH (5 +1T)

defined by continuous variation along the line segments [8, 8+ T, [8+
iT,1/2+4T) (arg H(8) := 0). Then we have the following theorem.

THEOREM 1.3.6 (R. R. Hall, 2004). Suppose that T is not the ordi-
nate of a zero of ((s) or of H(s). Then we have, for sufficiently large
T

)

N(T: Z)) = N(T Zo) + A(T) + g

Assuming the RH, A(T) can be replaced by —sgn(Z'/Z)(T)/2.

This is a more sophisticated theorem than Theorem 1.3.3. For
general k, it is not known whether a similar statement holds or not.
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1.4. THE MOMENTS OF HIGHER DERIVATIVES OF Z(t)

There are various type of problems on the moments of higher deriva-
tives of Hardy’s Z-function. One of those is the second continuous
moment of the function. Hall [11] obtained the following theorem:

THEOREM 1.4.1 (R. R. Hall, 1999). For each k = 0,1,2,..., and
any sufficiently large T, we have

r 1 T 5 !
ZW(t2dt = ———— T Pyoy (log — (T*l 2+ T>
/; (t) dt 4k(2k + 1) 2k+1 (Og 271') + ) 4 1log 2 )
(1.4.1)
where Pyi1(x) is the monic polynomial of degree 2k 4+ 1 given by
2% o
P2k+1<£L'> = W2k+1 (I’) + (4/6 —+ 2) Z < 3 ) (—Q)hChWQk,h(.’L'),
h=0
i which
W) = = [ togtudu, ((s) = ——+ 30 ey
gv—evo og? udu, $) =7 2 o s )

This is the first result on the moment of higher derivatives of
Hardy’s Z-function. He referred to Ingham’s result [15]:

2
/T ¢ (% —l—it)
0

dt

1 T .

_ Thy. ;s (log — (T? Jog2¥+2 T)
TEEAEE (og %) + O, 0g ;

(1.4.2)

where Py, () is a certain polynomial of degree 2k + 1 in z and con-
jectured that an error term in (1.4.1) can be at least as good as that in
(1.4.2). In 2020, Minamide and Tanigawa [29] solved his conjecture:

THEOREM 1.4.2 (M. Minamide and Y. Tanigawa, 2020). For each
k=0,1,2,..., and any sufficiently large T, we have
T 1 T !
Z®(t)2dt = —————TP log — | +O(T2 log**' T
| 20w = TP (lon 5 ) + 0T g ),
(1.4.3)
where Pypi1(x) is the monic polynomial of degree 2k + 1.

In this thesis, we consider a discrete second moment of the higher
derivative of Hardy’s Z-function, but, the second continuous moment
(1.4.3) is important for our argument. Moreover, our problem is related
to the distribution of zeros of the function which we referred to in the
previous section.
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In 1984, Gonek [10] published an important paper on a discrete
mean of the higher derivative of the Riemann (-function. The most
important case of his result is the case of the first derivative of the
Riemann (-function under the RH, and the result can be expressed by
Hardy’s Z-function as follows.

THEOREM 1.4.3 (S. M. Gonek, 1984). If the RH is true, then for
any sufficiently large T,

S |7 QZW (log %) + O(T(log T)*), (1.4.4)

0<~<T

where the summation is over the zeros of Hardy’s Z-function counted
with the multiplicity.

His method of the proof has become a basic method to study dis-
crete mean problems nowadays.
A year after Gonek’s result, Conrey and Ghosh [5] showed that

THEOREM 1.4.4 (J. B. Conrey and A. Ghosh, 1985). Assume the
RH is true, and let v < ~T be successive ordinates of zeros of Hardy’s
Z-function. Then

e2—5
max |Z(t)]* =
ocyer VST am

T\ ?
T (log 2—) +O(T'logT)
7r

as T — 00.

Theorem 1.3.1 implies that the result of Conrey and Ghosh gives
an asymptotic formula for the mean square of the extremal value of
Hardy’s Z-function.

Later, Yildirim [44] generalized their result:

THEOREM 1.4.5 (C. Y. Yildirim, 1990). Assume the RH and let
k be a fized natural number. Let v run through the zeros of the k-th
deriwative of Hardy’s Z—function. Then as T — oo

L1+ L4 0(1%8E)  (k odd and k > 1)
S 1Z(w))? ~ )
h<T Lo (1 — = —I—O(l(;ff)) (k even),

o1
where L = log(T'/2m).

To prove this, Yildirim calculated the integral

1 Z,

210 Jo Zi ZE(5)¢(s)C(1 = 5)ds,
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where C' is an appropriate integral path. To treat Z; /Zx(s), he intro-
duced the function 2%(s,T") defined by

Z(s,T) - L,d\ 1.4.5
1= (5 42 <o) (145)

In Chapter 4, we give a more general theorem. We consider a
second moment of the j-th derivative of Hardy’s Z-function. However,
our motivation is not just to generalize Yildirim’s result. Matsuoka’s
result suggests that there is the deviation of the distribution of the zeros
of the k-th derivative of Hardy’s Z-function depending on the parity
of k. Indeed, Yildirim’s result supports the existence of the deviation.
Our main theorem is the result of an attempt to show the existence of
the deviation for more general cases in the mean.

1.5. DIRICHLET L-FUNCTIONS

Dirichlet L-functions are meromorphic functions defined by Dirich-
let series with Dirichlet characters.
We first define Dirichlet character.

DEFINITION 1.5.1. Let q be a positive integer. A Dirichlet character
x modulo q is an arithmetic function satisfying;
(i) x(mn) = x(m)x(n) for all m,n € Z,
(ii) x(n+q) = x(n) for alln € Z,
(iii) If (n,q) > 1, then x(n) = 0.
Here (n, q) denotes the greatest common divisor of n and ¢. When
x(n) =1 for all n € Z with (n,q) = 1, then we call that character the
principal character, and it is denoted by xo(n), otherwise we say that

it is a non-principal character.
Now we can define Dirichlet L-functions.

DEFINITION 1.5.2. The Dirichlet L-function attached to x is defined
by

L(s,x) = Z XT(;L)

for o> 1.

For x (mod 1) we can see that L(s,x) = ((s).
Dirichlet L-functions have the Euler product expansions.
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ProproOSITION 1.5.1. For o > 1, we have

s =] <1 B x(p)>_17

S
» p

where the product runs through all primes.

This implies that L(s, xo) = ¢(s) [,,(1 —p™°).

All Dirichlet L-functions can be analytically continued to C except
possibly for a pole at s = 1. When x = xq, the Dirichlet L-function
has only one pole at s = 1 and it is simple. When x is non-principal,
the Dirichlet L-function is an entire function.

Let x be a Dirichlet character modulo ¢. It is said that d is
a quasiperiod of y if x(m) = x(n) whenever m = n (mod d) and
(mn,q) = 1. On the quasiperiod, the following fact is known:

LEMMA 1.5.1 ([30, p. 282]). The least quasiperiod of x is a divisor
of q.

The least quasiperiod of y is called the conductor of x. Suppose
that d | ¢ and that x* is a Dirichlet character modulo d satisfying

() = {x*(n) (n,q) =1,

0 otherwise.

In this situation, we say that y* induces x. Now we can define primitive
characters.

DEFINITION 1.5.3. A Dirichlet character x modulo q is said to be
primitive when q is the conductor of x.

When y is not primitive, then we call xy imprimitive character. It is
known that any imprimitive character is induced by a unique primitive
character. We summarize the above as follows.

THEOREM 1.5.1 ([30, p. 283]). Let x be a Dirichlet character mod-
ulo q and let d be the conductor of x. Then d | q, and there is a unique
primitive character x* modulo d which induces x.

Here we introduce the Gauss sum. For a Dirichlet character y
(mod ¢q) the Gauss sum is defined by

7(x) = i x(a) exp (27#) .

q

When x (mod g) is a primitive character, we have |7(x)| = /g
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When x (mod ¢) is induced by a primitive character x* modulo d,
for some d | ¢, the Euler product leads to

L(s,x) = L(s,x") g (1 ~ x;(sp)) |

This implies that it is sufficient to study the Dirichlet L-functions at-
tached to primitive characters.
The Dirichlet L-functions also satisfy the functional equation.

ProPOSITION 1.5.2 ([30, p. 333]). Let x be a primitive character
modulo q. Setting

- 1=x(=1)
2
and
e(x) = il(\);)@’
we have
L(s,x) = A(s, x)L(1 — s,X), (1.5.1)
where

As,x) = g(x)Zsﬂsflq%’SF(l — s)sin g(s + k).

We note that A(s, x) is a meromorphic function with only real zeros
and poles satisfying the functional equation

Als, x)A(l = s,X) = 1.
Finally, we note a generalization of the RH.

CONJECTURE 1.5.1. All zeros of every Dirichlet L-function in the
strip 0 < o < 1 lie on the critical line o0 = 1/2.

This is called the Generalized Riemann Hypothesis (GRH).

1.6. THE DISCRETE MOMENTS AND SOME CONJECTURES

Let p = B 4 iy be the non-trivial zeros of the Riemann (-function.
Reviewing the tables of numerical computations by Haselgrove and
Miller [13], Shanks [36] found a tendency and gave the following con-
jecture on the non-trivial zeros of the Riemann (-function.

CONJECTURE 1.6.1. ('(1/2 + i) is positive real in the mean.

More precisely, he conjectured that

1 1
. - —1 A - —
Nhgéo]\f g_lw arg ¢ (2 +wn) 0.

Concerning this, Fujii [9] proved the following asymptotic formula:
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THEOREM 1.6.1 (A. Fujii, 1994).

T\? T, T

log — —1)—log —
2 o (ng ) oo =g log o
0<~<T

T

+(1—co—p+ 301)2— + O(T exp(—C+/logT)),
where ¢y and ¢y are the Stieltjes constants. Assuming the RH, we can
replace the error term by T2 (log T)%.

This implies that Shanks’ conjecture is true.

REMARK 1.6.1. Later, Trudgian [39] proved that more sophisti-
cated statement is true. He showed that, for any a > 0,

]\}EI;OWZW arg(( —H%):O-

Conjecture 1.5.1 is solved. However, the study of the discrete mo-
ment which Fujii considered has another motivation. We can easily see
that there are infinitely many simple zeros of the Riemann (-function
by Fujii’s result. Indeed, there is the following conjecture.

CONJECTURE 1.6.2. The Riemann (-function has only simple ze-
T0S.

This is called the Simple Zero Conjecture. In 2020, Pratt, Robles,
Zaharescu and Zeindler [35] unconditionally proved that the propor-
tion of simple zeros of the Riemann (-function is at least 40.75%. On
the other hand, it is shown that the proportion is at least 70.37%
under the RH by Bui and Heath-Brown [3]. This conjecture is ex-
tended to Dirichlet L-functions. Wu [41] unconditionally proved that
for any Dirichlet character, more than 40.74% of the zeros of Dirich-
let L-functions are simple. Later, he [42] considered the proportion
of simple zeros on a certain average over the family of all Dirichlet
L-functions and showed that the proportion is at least 60.26% uncon-
ditionally. In the same paper, it is also shown that the proportion can
be improved to more than 66.43% under the GRH. It should also be
noted that some much stronger results have been obtained for the fam-
ily of Dirichlet L-functions. Assuming the GRH, Ozliik [32] treated a
certain average of the g-analogue of the pair correlation function and
proved that the proportion of simple zeros on that average is more than
91.66%. Under the GRH, it is shown that more than 93.50% of the
zeros of Dirichlet L-functions with primitive Dirichlet characters are
simple in the above sense by Chirre, Gongalves and de Laat [4].
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In Chapter 6, we consider a generalization of Fujii’s result to Dirich-
let L-functions with primitive Dirichlet characters. However, the result
does not depend on the characters and we also use some properties on
Dirichlet L-functions with imprimitive characters in the proof.



CHAPTER 2

A meromorphic function Z;(s) and its basic
properties

In this chapter, we introduce a meromorphic function Zj(s) asso-
ciated with the k-th derivative of Hardy’s Z-function and some of its
basic properties.

2.1. A MEROMORPHIC FUNCTION Z(s)

As we noted, we use Matsuoka’s definition.

DEFINITION 2.1.1. Let Zy(s) = ((s), and for k > 1, we define Zy(s)

as
1
Z(s) = Z;,_1(s) — §w(s)Zk,1(s). (2.1.1)
By the relation x(1/2 + it) = e~ %%®) we see that
1
w (5 + m) = —20/(1). (2.1.2)

PROPOSITION 2.1.1 (Proposition 2.1 in [28]). For any non-negative
k, we have

4 1
Z®) (1) = ke 7, (5 + it) . (2.1.3)

PROOF. The case k = 0 is the definition of Z(t). If we assume that
the equation is true for k, then

. 1 1
ZHHD) (4) = R+ (Z,; (5 + it) +0'(t)Z, (5 + zt>) -

By the definition (2.1.1) and (2.1.2), we find that the equation (2.1.3)
is true for k + 1. O

This leads to
1

The function Zj(s) satisfies a functional equation like as the Rie-
mann (-function.

Z20()] =

15
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PropPOSITION 2.1.2 (The Functional Equation, Lemma 2 in [44] or
Proposition 2.2 in [28]). For any non-negative k, we have

Zi(s) = (—=1)*x(s8) Z(1 — s). (2.1.4)

PROOF. The case k = 0 is the functional equation for the Riemann
(-function. If we assume that the equation is true for k, then by the
definition,

w(s)Zk(s)

k+1 rp1 k (_1)k
= (D" Z(5) + (=1)%w(s) Zu(s) — ———w(s) Zu(s)
= (-1 (200 - e900))
(=1 Zy1a(s)

The proof is completed. O

2.2. THE FUNCTION fi(s)

Let fo(s) =1, and define fi(s) for k > 1 by
Feon(s) = f1(s) — %w(s) fu(s) (k> 1), (2.2.1)

The following proposition is inspired by Proposition 3 in [27].

PrRoOPOSITION 2.2.1. For any non-negative k, we have

209 =3 () st 222)
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PROOF. The case k = 0 is clear. We assume that this is valid for
k. By the definition,

Here, to obtain the last equality, we use the relation
665 -(7)
)+ = A
J J—1 J

The function fx(s) can be expressed explicitly as below but the
expression is complicated.

O

PROPOSITION 2.2.2. For k > 1, we have
L\ 0D ()
p— ‘ —_—— — ————————
o=k () T ()
a1+2az+-+kap=k =1

We can guess this expression by (1.2.2) and Faa di Bruno’s formula
(see [33], [18]).

Proor. We will prove this statement by induction on k. When
k = 1, this formula is trivial. We assume that this is true for £ = j.
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By the definition, we have

Fra(s)
= (s) = 50()f5(5)

1 1\ @5 1 D ()

a1+2az+--+ja;=j

On the first term, let b,, = @y, — Lbpi1 = a1 +1 (1<m<j-1)
and by =a; (I #m,m+1). Then we can see that the first term is

1\ bt
SN )

b1+2bo+--4jbj=j+1

X Z m+ 1 mHHb‘ (#)bz
+ (7 +1)! 3 (%)bﬁm%jﬂﬁ%(w)bl

b1+2b2+---+(j+1)bjr1=5+1 =1
bj+1=1

. P\ I e )\ !
o w7 )

b14+2ba+-+(j+1)bj1=5+1 =1

D\ Pt I 0 (6)\
— 4l _ - | | = =7
J: Z ( 2> o b! < I! )

b1+2bo 44 (j+1)bj1=5+1 =1

As for the second term, when we put ¢; = a3 +1and ¢, =a; (I > 2)

then
NS )

c142e0+-4jc;=j+1
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Therefore
fir1(s)
. Py 0D )\
e R (L)
a1+2az++(j+1)aj1=5+1 =1

This completes the proof. U

2.3. THE POLES AND ZEROS OF fi(s) AND Zj(s)
We investigate the poles of fi(s) and Zj(s).

LEMMA 2.3.1 (Lemma 1 in [27]). The poles of w(s) are all simple,
and located at positive odd integers with residue —1 and at non-positive
even integers with residue 1.

PROOF. Since x(s) = 27 !sin(7s/2)T(1 — s), the zeros of x(s)
are non-positive even integers and the poles are positive odd integers.

Therefore we obtain the lemma. 0
LEMMA 2.3.2 (Lemma 4.2 in [28]). For k > 0, the function fi(s)
has poles of order k which are located only at ..., —4,—2,0,1,3,5,....

PROOF. The case k = 1 is the previous lemma. We assume that
the lemma is valid for £ > 1. Let a be a pole of f;(s).Then by Laurent
expansion with centre a, we have

Ck

fk(S):er"',

where ¢ does not vanish. By the definition and the previous lemma,

we have "
frra(s) = W +

Since —kcy £ ¢x/2 # 0, the lemma is true for £+ 1. This completes the
lemma. ]

This lemma and Proposition 2.2.1 immediately lead to the following
lemma.

LEMMA 2.3.3 (Lemma 4.4 in [28]). For k > 0, the function Zy(s)
has poles of order k located at 0,3,5,7, ..., that of order k + 1 located
at 1, and those of order k — 1 located at —2,—4,—6,. ...

We understand that “poles of order —1” means zeros of order 1.
Finally, we present some results of Matsumoto and Tanigawa on
the zeros of Z(s).
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PROPOSITION 2.3.1 (see the proof of Theorem 2 in [27]). If the RH
is true, then the number of zeros of Zy(s) in{s|1—2m <o < 2m,o #
1/2} is Ok(1).

They proved that the difference of the number of zeros of Z®)(¢)
and that of Zy(s) is Ox(1). From this fact, they obtained the following
approximate formula:

PROPOSITION 2.3.2 (Theorem 2 in [27]). Let Ni(T) be the number
of the zero of Z®)(t) in the interval (0,T). If the RH is true, then for

any k > 1,
T T T
N (T) = —log — — — + O (logT).
k() 27 Og27r 27r+ k(Og )



CHAPTER 3

An entire function ;(s) associated with the higher
derivative of Z(t)

This chapter is dedicated to the function & (s). This function can be
regarded as a natural generalization of the Riemann ¢-function because
&k (s) has similar properties to the Riemann ¢-function, the functional
equation, the factorization, and the special values at positive integers.
In the final section, we give an alternative proof of Matsuoka’s theorem
and our method of the proof is a generalization of Edwards and Mozer’s.
This chapter is based on the author’s paper [23]

3.1. THE FUNCTIONAL EQUATION

In the beginning, we note that £x(s) is entire. By Lemma 2.3.3,
we can determine the poles of Zx(s), and those poles are cancelled by
I'-functions in the definition of &(s) (1.2.4).

The functional equation of Zi(s) leads to the following theorem.

THEOREM 3.1.1. For all s, we have
&(s) = (=1)"&(1 — s). (3.1.1)
PROOF. We can transform x(s) to
1-s

(
N5 o

x(s) = oM 2,
Thus
r(s) =m 2s(s — 1)F(§)kzﬁ§:‘9()ﬁ)k
L (~ 1 x()Z(1 — 5)
=m 25(s—1) RO %)k
k 1—s Zk 1—s
= (=1)"r 2 s(s — 1)F(%(>k—1r()%)k
= (—1)"&(1 — )
This completes the proof. O

21
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3.2. SOME ESTIMATES ON Z(s)

In this section, we prove some estimates on Zi(s). Proposition
2.2.1 implies that we need the estimates of fi(s) and ¢(*)(s) for any
non-negative integer k.

First we consider fi(s). Stirling’s formula implies that

LEMMA 3.2.1. For o > 1/4, we have

D(s) = V2rs*ze (1 + O(|s| ™)),

r
= (s) =logs + O(s| ™).

and
d* T’
dsk T
Define the set Z by removing all small circles whose centres are odd
positive integers and even non-positive integers with radii depending
on k from the complex plane.

LEMMA 3.2.2 (Lemma 3.1 in [28]). In the region {s € P|o > 1/4},
we have

(s) = Ou(lsI™") (k= 1).

; —2t >
tan — =4 + Ole 2) (t20). (3.2.1)
2 —i+0(e*) (t<0),
and o
s s
dkmmE—O@‘% (k> 1). (3.2.2)
By this lemma and Lemma 3.2.1, we have
LEMMA 3.2.3 (Lemma 3.2 in [28]). For s € 9, we have
w(s) = —log|s| + O(1), (3.2.3)
and
w®(s) = Or(1) (k>1). (3.2.4)

Here we use the fact that w(s) = w(1 — s).

Therefore we can see that fi.(s) <z (log(|s| + 2))* for s € 2 by
Proposition 2.2.2.

By Lemma 2.3.2,

(cos )" (o)

has no pole in the half plane o > 1/2.
From the above, for ¢ > 1/2 there is a constant C; = C}(k) such
that

(cos g)k fr(s) < eCrlsl, (3.2.5)
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Next we consider (*)(s). Let k = 0. It is known that
1 °g?—[z] -1 1
= — —=d —.
() s—1 5/1 s+l :c—i—2
Therefore we can see that when s is not close to 1,
C(s) <y |s| (o >n)

for any n > 0. Therefore, by Cauchy’s integral formula applied to a
circle which has centre s and radius 1/log(|s| + 2),

¢W(s) < [s]10g"(|s| +2) (o> 1)
for k > 1 and any ' = n/(k) > 0 unless s is close to 1. Thus for all
o > 1, there is a constant Cy = Cy(k) such that

(cos ?)k (s — 1)¢W () <, 2!, (3.2.6)

3.3. THE FACTORIZATION OF &(s)

By the estimates shown in the previous section, we can prove the
following theorem:

THEOREM 3.3.1. For k > 0, there are constants a; and By such
that

&u(s) = e P ] ] (1 - i) e (3.3.1)

for all s. Here the product is extended over all zeros py of &k(s).

We note that it is possible that some of the p;’s are real. Actually,
Anderson [1] proved the existence of real zeros for k£ = 1. This fact is
reproduced by Hall [12].

PROOF. Tt is sufficient to prove that the order of & (s) is 1, for then

Hadamard’s factorization theorem can be applied.
Let o > 1/2. By the formulas

L'(s)I'(1—s) == T and I'(s)l (s + %) = /m2'7%T(2s),

SIN7s

we see that

r()r () - Ve e
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Then, by the definition of £ (s) (1.2.4) and Proposition 2.2.1,

T Sgks(s -1 (g) (I‘F((;2> (COS %S)k
Z( JUSEE)

Lemma 3.2.1 1mphes that

fk(s) = 2_k( -

s+k .s+k+1 s

&(s)=2"=2 "' e 2
<> (%) (cos%’“fk_j(s)(s — )¢9 (5)(1 + Ou(ls| ).

(3.3.2)
Finally, by the estimates in the previous section (3.2.6) and (3.2.5), we

have
& (s) <x exp(C|s|log(]s| +2)),

where the constant C' depends only on k. The functional equation
of & (s) (3.1.1) implies that this estimate is valid for o < 1/2 too.
Thus the order of & (s) is at most 1. By (3.3.2), we have log & (o) ~

(ologo)/2 for 0 — oo. This completes the proof.
We can determine constants e and By in (3.3.1).

THEOREM 3.3.2. In the previous theorem, for k > 0 we have

ey (CDFE - 1)
VAL
and
2k(k —1) 1 vy
Bi= "\ g0~ Jogdn 1
k —1 BT opE—n) B ok "

where v is the Euler constant.

Here, we note that
k

k-1 =TJ@-1)=@k-1)(2k-3)---3-2-1,
=1

and we define (—1)!! =1 and (=3)!! = —1.

PRroOOF. The logarithmic derivative leads to

¢
g0 =B
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by the previous theorem. Thus, by the definition of & (s) (1.2.4),

1 ET (1 1 k=117 /s A
By=—slogm—1+ o () +1lm (- === (5) + 25(9)).
k 5 logm +2F<2>+51_1>%<S 5 T \5 +Zk(s>>

Since

we have

1 k=11 /s\ , 2, k Z k—=1(2 TI'/s
e O R AR Ul <;+f<§>)
k  Z k—11" /s
B A e A CRE

We consider the logarithmic derivative of Zx(s). We recall Z(s)
has a pole with order k at s = 0. Then we can express

[e.e]

Then we obtain

kL Z_’/“(S) _ky —hag ks = (k = Dagrns™ + O(|s| )
s Zy s k5 F + g 157 F T+ O([s|7F+2)

kay, x5 %t + kag _pr157F + O(|s| )

= W15 F + ap 15 FH+ O(]s|*12)
| ks — (B = Dag s+ O(ls| )
A _p5F + ap_ps15 L+ O(|s|#+2)
ag,—k+1 + O(Js])
g,k + g k15 + O([s]?)

/
lim (E + é(s)) — Dkl

Ak, —k
By the definition (2.1.1) and Lemma 2.3.1, we can see that for £ > 1

Therefore

1 1
ap—p = —(k = 1)@k—1,—kt1 — 50h—1,—k41 = <—k? + —) k—1,—k+1,

2 2
(see the argument in the proof of Lemma 2.3.2) and
Ok,—k Ok —k  Ok—1,-k+1  A1-1
@o,0 Qk—1,—k+1 Ak—2,—k+2 0,0

O s
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Since app = ¢(0) = —1/2, we have

1 k+1
A —k = (—5) (2]{3 — 1)”

On the other hand, by the definition (2.1.1) and Lemma 2.3.1, we
can obtain

1 Co

ap,— k41 = —5(% —3)Ak—1,—kt+2 — 5 Th=1,-k+1,

where Cj is the constant term of the Laurent expansion of w(s) around
0 and it is log 27 + . When we put

o — A, —k+1
k= C
— 3 Ak—1,—k+1
we have
a,=a, +1=dad +k—-1
k= Qg1 = ay .

Thus we can see that

1)’““ (2k — 1)1

g
= [ —— 4k — 1] (log?2 =
i1 (log27r+f)/+ >(Og ”J”)( 2 2k — 1

by the fact that a; 9 = (¢'(0) — ¢(0) log 2m — ((0)7)/2 = v/4.

Hence we have

1 I /1 — 11"
By, = —§log7r -1+ kI (—) - k——(l)

2T \2 5 T
v log 2m +
D S P T Wt =Sk N0
+(log27r+fy+ > 2k -1
2k(k —1) 1 vy
= T g2 - logdm 1.
k=1 BT ak—1) Y Tk

Here, to show the last equality, we use

I I /1
F(l) = —v and T (5) = —v —2log2.

Lastly, we calculate &,(0) = e?*. It is known that

[(s+1) = sI'(s).
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Hence we obtain

£(0) = —T (l)k iy SZH5)

2} ()
1\ * -1 57
_ T (_) i (2) _SAls)
2 s—0 \ 2 F(%—i—l)
27 —kt1_—k (=D*@2k = 1!
I A = e = T

3.4. THE SPECIAL VALUES OF & (s) AT INTEGER POINTS

In this section, we give an explicit expression of special values of
&k(s) at positive integer points.
THEOREM 3.4.1. Let k > 0. We have
2k — 1!
&(1) = (—ka
(4y/m)

and forn > 1,

— (_1)k”+1ﬂ-

12n (4"} (n)*\"
_nt (272:172!2” (4 (27(3!) ) (2 — 3)1IC(2n + 1)

and

&(2n) = (—1)kn7r—2n2+’“2n(2n —1)(n—1)! (%) Z(2n).

Before starting the proof, we note that Proposition 2.2.1 and 2.2.2
imply

aem=3 50 X ()

j=0 a1+2a2+-~~+(kz—j)ak,j:k—j

J _ a
1 (I-1)
" w1 (2n) '
CL[! l!

[ =2m,

s=2n O l = 2777, + 1,
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and for [ > 2

dlfl T’ ! iy 1
GEE| | =0y (cm -y 7> 7

we have
w1 (2n)
Bom(2 — 4m)7r2m i
_1\™ _ l I
J=1
- 2n—1 1
j=1

where By, is the 2m-th Bernoulli number and therefore w1 (2n) > 0.
When [ = 1, we can obtain

2n—1
1

w(2n) =log2m + v — Z—
jl

because

ProoFr OF THEOREM 3.4.1. The case of s = 1 is trivial.
Let n > 1. First we consider the case of s = 2n. When s = 2n we
have

LT — n)

&(2n) = "2n(2n — 1)

= (=D* " 2020 — 1)(n — 1)! ( (2n)! ) ) Z(2n).

47nl(n — 1)!
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Next we treat the case of s = 2n + 1. In this case, we see that
Zi(s)
Ty L Ty
(4mn!)F1
((2n)))r—1x"2
HZ:O(Zm +1—s)k

2”72“(

&e(2n+1) =7~ 2n+1)2n

=7 2 (2n+1)2n

. k
% slgril+1 Qkn--k[(ZHE3=5 ) (20 +1 = 5)"Z)(s)
2
= (=) (20 + 1)2n (n)"(4"nt)*7

x lim (s —2n—1)*Z(s).

s—2n+1
We consider the Laurent expansion at s = 2n + 1 i.e.
Zi(s) =) bpu(s—2n — 1)\,
I=—k

By the definition (2.1.1) and Lemma 2.3.1, we can see that

1 3
bi,—k = —(k — 1)bg—1,—+1 + §bk—1,—k+1 = — (k‘ - 5) bi—1,—k+1-

Thus we have

b, b, —k bi,—1

bo.o bi—1,—k+1 bo,o

_ (_;H g) <_%> % __ (—%)k(%— 3.

Since by = ¢(2n + 1), we obtain

1\ F
be—x = — (—5) (2k = 3)N¢(2n +1).
This leads to

_ (_1)’“"“7{@ (2n +1)12n (47" H(n!)?
4n . nl (2n)!

)k (2k — 3)UC(2n + 1).

O
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3.5. NECESSARY ADDITIONAL STATEMENTS

To show Matsuoka’s theorem (Theorem 3.6.1), we need some addi-
tional statements.
By Proposition 2.2.2 and Lemma 3.2.3,

aio) = (-2 arouosk ) e

for s € 2(2m) = {s € Z | 0 > 2m} with sufficiently large integer
m = m(k). This implies Rfi(s) > 0 in this region. Thus, by Lemma
2.3.2 the argument principle, we have

LEMMA 3.5.1 (Lemma 4.3 in [28]). Fors e {s|o<1—-2m}U{s |
o > 2m}, the zeros of fr(s) are in small circles centred negative even
integers and positive odd integers, and the number of those is k in each
circles.

By Proposition 2.2.1, (3.5.1) and the facts that
((s) =140027), (W=0427),

we see that

Zuls) = { +z(>f’” <>}

= fr(s){1+0(277)}

forse 2(2m)={se€ 2|0 >2m} and k > 1.
Hence, by (3.5.1)

Zk<s>=(—“(3)) (4 0d(oglsh) ™) (k=1) (352

for s € 2(2m). This leads to £Z;(s) > 0 in this region. Hence, by
Lemma 2.3.3 the same argument as in Lemma 3.5.1, we obtain

LEMMA 3.5.2 (Lemma 4.5 in [28]). Fors € {s|o<1—-2m}U{s |
o > 2m}, the zeros of Zi(s) are all located in small circles centred
negative even integers and positive odd integers, and the number of
those is k in each circles.

3.6. AN ALTERNATIVE PROOF OF MATSUOKA’S RESULT
In this section, we give an alternative proof of Matsuoka’s result:

THEOREM 3.6.1 (Theorem 1.1 in [28]). If the RH is true, then for
any non-negative integer k there exists a T = T(k) > 0 such that,
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fort > T, Z:+D(t) has exactly one zero between consecutive zeros of
ZW(t).

More precisely, we prove Mozer’s formula

(k+1)
42 = Y G O (3.6.1)

in a different way from Matsuoka’s proof. Here the sum is taken over
zeros of Z®)(t). If we can prove this formula, then we see that

d Z(k—i—l) 1

S ()<~ Y o A
k _

dt Zk) o (t ’yk)2

<t 1A - Np(t)t ).
By Proposition 2.3.2, this is negative for large t. Matsuoka’s proof is
inspired by Anderson’s method ([1]), which implies the above theorem
for k = 1. Matsuoka considered the integral

Ghipy 5

c Gr Tw(s —w)

where C' is an appropriate rectangle and
fu(w)
with h(w) = 77%/?I'(s/2). However, in view of Theorem 3.3.1, we can
prove the formula more easily.

dw,

Gr(w) = h(w)

PROOF OF (3.6.1). By the definition of & (s) and (2.1.3), we have

1 1 I A
& (5 + it> L (Z + t2) 'F (Z + %)

ZW®(t).
Hence when we put

- - r({=+=
gr(t) =1 7r4<4+t>‘ (4+2)

then, by the logarithmic derivative with respect to ¢, we can obtain

{/ 1 . g/ Z(k—H)
Zf_z 5 +it | = g—:(t) + W(t) (3.6.2)

As for the function g} /gx(t), we can see that

—2k+1

d, d 1t 2t
=(t)=—-2k—-1)—Rlogl' | - + =
%) =~k - DgRioer (1 +5 ) + o
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and hence
d gk

t tt
dtgk()<<

by Lemma 3.2.1.
On the other hand, Theorem 3.3.1 implies that

&, 1
ék( —Ht) Bk+2( +zt—pk+pk>'

Therefore we have

d& (1 .\ —i
Eg_k(i*”)‘pzew—pm

Br<1—2m, 2m< S

= ZZ(% +0o@t™)

o t— )

by Proposition 2.3.1 and Lemma 3.5.2. To show the last equality, we
use the same argument as Matsuoka’s (see [28, p.15]):

it —p)? 2 ront1? S Ly (v a2

Pk
Br<1—2m, 2m< Sy

Thus we have

d Zk+1) 1 =
dt Z® (t):_Z( 7 +OR(t).



CHAPTER 4

A discrete moment of the higher derivative of Z(t)

This chapter is based on the author’s paper [22]. In this chapter,
we will prove the following theorem.

THEOREM 4.0.1. Let j and k be fixed non-negative integers. If the
RH 1s true, then as T — oo,

S 1290

0< <T

T T 2542
Sy — log —
0k 20125 + D) ( o8 27r>

(ke D{1+ (-1} T (log £)2j+2

22 1(j + 1) 27\ C2n
j 2j+2
1 T
log —
+;2j+1—u(]—u Z:«5’“+122J+17T( g27r)

k . 2 T 2]+2
Z a+2 22J+27T (log %)

1

Z _ : 2 )
2 k g—1 J _;gL T | z 2542
; 92J+2 Z M! 22j+2 08 o

u=0

>

+ Ojx (T(log T)QJ“) ,

where 8o, is Kronecker’s delta, z, (9 = 1,2,--- ,k) are the zeros of
Zi(s, T) with z, = 120,/ L+O(L™2), and 0, satisfies " o O/t = 0.

When j =0 or k =0, we consider the sums on the right hand side as
the empty sums.

At the last main term, since L = log(T'/2), we see that

zg—1
27 ’

Therefore we can write the approximate formula in the form C; /T L2,

33
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REMARK 4.0.1. Matsuoka [28] proved that the zeros of Z*+1)(¢)
are interlaced with those of Z*)(¢) for sufficiently large t. Therefore
our sum contains the mean square of the extremal value of |ZU)(¢)].

REMARK 4.0.2. When k = 2, it is not clear whether the coefficient
of Yildirim’s asymptotic formula is positive or negative, hence his result
does not give precise information, and our main theorem too. This
is because we have no exact information on the location of zeros of
Z5(s,T) near s = 1. In general, it is difficult to confirm even C;; > 0.
However, we can verify Cj; = 0 because it is known that

zk: 1 B (_1)k+1 + 1
L 2RIk + 1))

and
k —1 (u = 1),
1
E —=4¢0 (2<u<k),
— 05 !
g=1 7l (U:k+1>
(see [43]).

4.1. PRELIMINARY LEMMAS

First we present the following lemma on the distance between the
real part of the zeros of Z;(s) and the critical line.

LEMMA 4.1.1 (Lemma 4 in [44]). Assuming the RH, the zeros of

Zx(s) which are not on o = 1/2 are within a distance 1/9 from the line
o=1/2.

From Proposition 2.3.2, we see that there exists a sequence of posi-
tive numbers {T,.}°°, (T, — oo as r — 00) such that if Zy(6x+ivx) =0
then |y, — T.|™' = Ox(logT;). Moreover, Proposition 2.3.1 says that
for sufficiently Ty = Ty(k), all zeros of Zy(s) for ¢ > Tj is on the critical
line. When we take T, we understand that it is > Tp and in {7,}22,
hereafter.

Z:(s,T) has important properties for our purpose.

LEMMA 4.1.2 (Lemma 5 in [44]). Assuming the RH, we have

Z Z! U
Zk(gy - Zk(g T =
Zk (8) %f(s’ ) <<

T
foro>5/8 and T <t<T+U <2T.

LEMMA 4.1.3 (Lemma 6 in [44]). We assume RH and let k > 1. At
s =12(s,T) has a pole of order k+1. There are k zeros of %5(s,T)
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located at zy =1—20,/L+ O(1/L*) (g =1,...,k), where 8,’s are the
roots of ZZ:O 0" /! = 0. There are no other zeros or poles of 25(s,T)
with 5/8 < o < 2. Thus we have

! k1) &K1
%(S7T)_ 8—1 +ZS—ZQ+W(S7T)

g9=1

where W (s, T) is reqular for 5/8 < o < 9/8.

LEMMA 4.1.4. Foro > 9/8, there is an absolutely convergent Dirich-
let series such that

Zi(6,1) = i %) | o)

where, as T — oo, ax(m) = ar(m, L) <. T* for anye >0 andm < T,

PROOF. This result has been proved in [6] O

Under the RH, we can obtain

< (5) < ((0g(1#] +2)™* + 1) min (

C ,log log(|t| + 2))

1
o =1
uniformly for 1/2 + 1/loglog(|t| +2) < o < 3/2,|t|] > 1 (see [30],
p.435). We can see that

(p+1) (1) (1)
o A

CI
ST

¢

(s).

Hence, inductively applying Cauchy’s integral theorem in a disk of
radius (log(|t| +2))~! around s, we have

C(u+1)
¢

(s) < ((log([t] +2))***727 + (log(|t| + 2))*) log log(]t] + 2)

uniformly for 5/8 < o < 9/8, |t| > 2. Therefore



36 4. A DISCRETE MOMENT OF THE HIGHER DERIVATIVE OF Z(t)

z) (g)k—,uc(/ﬁ-l)(s)) (zk: (i) (g)k—ug(u)(s)) -1

(
(S () )

£ e

Lpe |t|5

uniformly for 5/8 < o <9/8, |t| > 2.
As in the paper of Yildirim [44], we apply the following lemma by
Gonek [10] :

LeEMMA 4.1.5 (Lemma 5 in [10]). Let a > 1 be fized and let m
be a non-negative integer. Let the Dirichlet series Y oo byn= """ be
absolutely convergent with a sequence of complex number {b,}°,. Then
for any sufficiently large T,

1 g - —a—it : l "
2 /. (; b,n > x(1 —a—it) (log %) dt
= 3 ballogn)" +0 (Ta—%(log T)m) .

T
1<n<4-

Finally, we introduce some fundamental lemmas. Stirling’s formula
implies

LEMMA 4.1.6. For —1 <o <2 andt > 1, we have

x1—s)=¢ % (%) = exp (it log ﬁ) (1 +0 (%)) ,(41.0)

X = toglvo(L
X(s)— log2ﬂ+0(t), (4.1.2)

(X;,)uﬂ) (5) = O, G) (4.1.3)

and
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Then, by the definition of fi(s) (2.2.1), for -1 <o <2 and t > 1

1t
fi(s)=(Slog— ] + Ok (t ' (logt)* ). (4.1.4)
2 2m
If the RH is true, then the Lindelof Hypothesis

(5 +it) <l =)

is also true. Therefore we can obtain the following estimates.
LEMMA 4.1.7. If the RH is true, then for p=0,1,2,... and [t| > 1,

1 1 <o,
() e 4 IEF ;<0<
tzot —1<o <l
When g = 0, these estimates are well-known. For p > 1, we
can obtain this estimates, using Cauchy’s theorem in a disk of radius

(log(|t| +2))~! around s.
By (2.2.2), this lemma leads to

|t|® $<o0<2,
tzote —1<o< 3

Zk<8) <<k75 {

for |t| > 1.
Now we can show that

g%a+¢T):(%«bgTV)

uniformly for —1 < ¢ < 2 by applying the following lemma
LEMMA 4.1.8 (Lemma « in [38]). If f(s) is regular, and

‘ f(s)

f(s0)

in the circle |s — so| <, then
1'(s) 1 AM ( r)
_ i _ < _
f(S) ;8—0 < r ‘8 SO’—4 )

where p runs over the zeros of f(s) such that |p — so| < r/2 and A is
an absolute positive constant.

<eM (M >1)
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We use this lemma with f(s) = Zx(s),r = 12 and sg = 2+iT. The
estimate of Zi(s) implies that we can take M = logT in this lemma.

Hence we have
!

Z(U—FZT): Z S_p—i—Ok(logT).

|p—(2+iT)|<6

By the way of taking 7" and Proposition 2.3.2, we see that

1
> <r Y. logT
P 570 P
|p—(2-44T)|<6 lp—(2+iT)|<6

< (logT)>.

4.2. THE PROOF OF THEOREM

Our proof is inspired by the proof of Yildirim [44]. As we mentioned
before, we consider sufficiently large 7" in {7,.}52,. This restriction will
be removed at the end of the proof. Now by Proposition 2.3.1, Zx(s)
has at most Og(1) zeros off the critical line up to 7. At such a zero,
by Lemma 4.1.1,

1Zi (o) < [Spul57%,
whence

3N 1Z(o)P e TH,

0<§pk ST
Rpr#s

where py, is the zeros of Zi(s). Therefore, by (2.1.3) and (2.1.4),

Z |Z(j)(7k)}2= Z Z; (%JFZ"Y/C)Z

0<y, <T 0<y, <T
— 2 2+e
= 3 1% + O (TH)
Pk
0<Spp<T

= M(T) + Ojz (T%+E) ,

say. For convenience, we consider a sum over a shorter range. Let
U—=T1i
and let R be the positively oriented rectangular path with vertices
c+ilT,c+i(T+U),1—c+i(T+U)and 1 —c+iT, where ¢ =5/8.
Then we need to consider
1 Z,

M(T+U) ~ M(T) = 5 /R S92,(:)2,(1 - )i
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On the horizontal line, since

7 1
7k(8) <<k,z—: Te and Zk(S>Zk(1 _ S) <<k,€ Tc—§+5’
k

we can see that

c+iT 7! L
/ M(8)Z;(s)Zj(1 — s)ds <o T2,
1

*C+’L'T7k'
Thus
1 Z
i i(s)Zj(s)Zj(l — s)ds
1 c+i(T+U) Zl/q:
= — —(5)Zi(s)Z;(1 — s)d
i | FOLEZ0 - s
1 1—c+iT Z]; L
+— —SZ‘SZ'l—SdS—i-O',k,E(Tc*f 5)
=3 IR OLICLUEREEYS

— L4+ L+ 0j,. (Tc—%+€) :

say. On the integral I,
1 l—c+i(T+U) Z!

Lh=—— Zk()Z,(5)Z;(1 — s)d
1 I CLICETIETE
1 1—c+i(TH4U) X/ Zl/c
- Xy = Zh(1—6)) Zi(s)Z;(1 —
i (R Fa-9) 2050 -9

1 l—c—‘ri(T-i-U) X/
=—— =(s)Z;(s)Z;(1 — s)ds

210 Sy eyir X

1 1—c+i(T+U) 4

— —(1—5)Z;(s)Z;(1 — s)ds.
+27m' et k( 5)Z;(s)Zj(1 — s)ds

When we replace s by 1 — s, the second integral is
c—i(T+U
1 (T+U) A

omi ) Z(S)Zj(s>Zj(1 — 5)ds = 1.

Now we see that

M(T+U)— M(T)
1 1—c+i(T+U)

X/
= —— 2 (8)Z:(8)Z:(1 — s)ds
i) A6 )

ORI + O <TC*%+E> .

We divide the following argument into 5 steps;

39
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Step 1:
Calculate the integral

| [leHiTHU)
o ) ;(S)Zj(s)zj(l — s5)ds,
—c+1

Step 2:
Transform the integral I; to certain sums of arithmetic func-
tions,
Step 3:
To derive some approximate formula for those sums by Per-
ron’s formula,
Step 4:
Express [; with that formula and simplify the coefficients,
Step 5:
Concluding.

Step 1. By Cauchy’s integral theorem, the integral is equal to

1 L+i(T+U) Y .
- —sZ~sZ»1—sds+O»5<TC_5 5).
iy Y BE0 s+ 0,

From (4.1.2) and Lemma 4.1.7 we see that the above integral is

1 T+U

t .
— log — ZD (+)2dt - (T°). 4.2.1
o7 ), g5 (t)°dt + O; (T7) ( )

Here we put

() = /1 20 (o).
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Using integration by parts and the result of Minamide and Tanigawa
(1.4.3), we can show that the integral in (4.2.1) is equal to

1. TH+U 1 T 1 [y

—1 Y;(T+U)— —log —Y;(T) — — tLY;(t)dt
2m ©8 2 (T +U) 2 Og27r (1) 27T/T i)
__r+Uu () THUN  THU
B RN A GG S R s

T o e T\ 10
—_— - . O — O —
2. 4(2j + V)r P\ %% 9r ) 8 on

1 T+U ¢ L 2it1
- Pyt (log — (“1 j )
2.42(2j+1)7r/T { Qﬁl(ogzw)“) telogm }dt
+O;(T7 log¥*' T)

U T 2542
2741
T2 42+ ) <10g %) +0; (UllogT)7™).

because
T+U T U
| =log— |1 )
& or o ( O (TlogT))

Step 2. We calculate ;. By the functional equation (2.1.4) and
Lemma 4.1.2, we have

(_1)] /c+i(T+U) Z]; )
=" Zk()Z,(s)2x(1 — s)d
=G Gz as

-1 c+i(T+U) gt 3
= ( ) / %(S, T)Zj(5)2X(1 — s)ds + Oj,k,e <U2Tc_§+€> ‘
k

2T Jeyir

The representation of (2.2.2) and the approximation of fi(s) (4.1.4)
imply that the above is

e -t (Z()f <<ﬂ<>)2 (1 5)ds

n=

+ Oj1e (UQTCW*E)
1 i c+i(T+U) Qp/
e I T

2me Jeqar 2
J . 1 t J—p 2
x (Z (i) (21 g%) <<ﬂ><s>) V(1 — 5)ds

+ Oj,k,a <U2Tc—%+a> + Oj,k,a (Tc—%-i-e)
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_ (_1)]‘ /b-i—i(T-l-U) ffkl

—(s,T
27 Jorir %C(s, )

(S0 o) ") -

pn=0

+ Oj,k,z—: <U2ch%+s) 4 Oj,k,e <be%+s> ,

where b = 9/8. To show the last equality, we use Cauchy’s integral
theorem. We note that

B ) ")
_ ]:0 Vio (i ) (i) (%log %)MV ) (5)¢ W) (s).

Therefore, by Lemma 4.1.5, our problem is reduced to consider

(4.2.2)

1 b+i(T+U) ff/ ) ) ¢ 2j—p—v
— T v 1-— log — d
i [ ST e ) (o) s
1 b+i(T+U) ak<m> + 2j—p—v
1 (M) o) () ()1 (1 — 8) [ Tog d
S mz - (g ) ds

+ Ou,u,k,a <Tb_ % +£>

= D ax(m)Du(n)(logmn) T 4 O (Tb*%ﬁ),

A T+U
2w SmnS 2m

(4.2.3)

where D, (n) satisfies

C(u Z
for o > 1. If we can calculate the sum

S an(m) Dy (),

mn<z

then by partial summation we are able to compute the sum on the
right-hand side in (4.2.3).
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Step 3. By Perron’s formula,

b+iT O ax(m s
> almDt) = 5 [ 3 H 61 ) L

2w Sy ms
mn<z =T =1

+ O(2°) + R,

where R is the error term appearing in Perron’s formula (see [30,
p.140]) which satisfies that

R< Y lax(m)Dy(n)| min (1 L)

"T|x — mn|
z/2<mn<2z

mn#x

_|_

(42)" S~ law(m) Dy (n)]
T Z : (mn)b

mn=1

On the first term, we see that

Y la(m) Dy ()| min (1’ m )

x/2<mn<2x
n#x
T ap(m)D,,(n)
< T Z T —mn + Z \ak(m)DW(nN
z/2<mn<z—1 r—1<mn<z+1
x ai(m)D,,(n)
+T Z r—mn
rz+1<mn<2x
x ag(m)D,,(n)
S D o] L LTLI N SR SR
z/2<l<z—1l=mn z—1<I<z+1 l=mn
x ag(m)D,,(n)
DR D e
r+1<l<2x [=mn
$1+€ 1
€
S ST SPLURT S
z/2<l<z—1l=mn z—1<I<z+1 l=mn

1+e 1
+xT Z Zl—a:

r+1<i<2z lI=mn

plte d(l xlte d(l
Ty

z/2<l<z—1 r—1<i<z+1 z+1<l<2z

1+4¢ 1

x 1 . T
S D Dl EE b D D

z/2<l<z—1 z+1<I<2z
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:L.lJrs :L.lJre

<

Therefore we obtain

T
R <<M7V76 ? + .CIZ'E.

By using Lemmas 4.1.3, 4.1.4 and the residue theorem, we have

1 b+l 0 ot
i # 5 )C(#)(S)C( )(3)_d3
b—iT Sy M §
1 b+iT ff’ s
_ (1) < bT71+E
_271'2' o %C( T)¢H (s )C ( ) S ds + Oppe(z )

= Rels g}“/(s T)C ( )C(V (s) Ss ZB:@Z? %(S7TK(”)(S)C(V)(S)_

1 c+iT D@p/

W (0 (2 bp—1te
+ — o ) %C<S L)WM (5)CY () . ds+ O, (x"T )

g/ a:s k / xS
Res (5, 1)1 ()¢ ()= + ) Res Z2(s, TN (5)¢" (s)
s Y
g=1
+ Ou,u,a (cha + be—H—a)‘
To calculate the residues, we note that
k

Z! - —(k+1)
%( 1) = s—1 + 5 — 24

g=1

and

(g :M Oon—!c s — 1)K
) = et L e T

n=p

where ¢, is the n-th Stieltjes constant.
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On the residue at s = z,4, we have
k / :BS
> Res ZE(s, T)¢W ()¢ (s)
o $=zg % S
k -
= ZC(“)(%)C V)(Zg)
- <9
g=1
_ : x* (_1)M+VM!V! o )n—u—u—l
> m)!
EAY _ 1\m—p—v—1
D)Hpu! Z ) V)!cm(zg 1)
n'm'cncm b
P33 e, -
n=p m=v ’
because
_1)I~’J+V !V‘
1) ()¢ (g) — (—“ | _ q)nev-l
g/'b (S)g (8) - (S _ 1)#+V+2 ]/ Z n o 8 1)

M' Z 8 _ l)m u—v—1
n Z Z nlmlcncm V)' (S . 1)m+n—,u—y.

numu

Next we consider the residue at s = 1. We see that

! )
Res (s, T)C ()¢ (5)
k1 U .
- —E{elss—_i_lg(u)( )C(u)( )%—FE{EF 2 S_Zgg(u)<5)c(u)<8)_

+ Res W (s, 1) (s)C")(5) = = Ry + Ry + Ry
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say. Since

r=0
we have
ptv+2 (_1)r
Ry = (—D)*" 1k + Dulvlz log z)#tv+2—r
= e e S (g )

+ (=) (k + 1)1/!x
ptv+1 pt+v+l-n l (_1 r

DD IRTLTENY o)™

+(—1 )“*1(k+ 1) 2
p+v+1 p4+rv+1—m

m 1 -
S DR ST B
—(k+1)u !V!cucyx.
We emphasise that the largest term is
—1)ptr+L 0
(ot 1) C g e,

(u+v+2)
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As for R,,
() (5)
1y ‘V'wZZ 1 ,\+1
!
(_1) —r AHl—p—v—2
X (; =) (logx) ) (s —1)
'35;2; (n—p l 1 e )A+1C"
l T
x (Z o <logx>l-r) (5 — Nt
N N (=1)*m!
PO D i e
X (Z (E__lz;z (log x)”) (s — PAMHHEmopvt
o e — n'm'cncm
”ZZZZ (n— )l(m — )I(1 — 2,1
A=0 n=p m=v [=0
~ (1) - ALtmbn -y
X (Z (l— )<10g$) ><8_1) )
because

— 1),
P Dl ST

/\:o
Thus we have

k ! r
Ry = (—1)N+Vﬂly!xz Z i (__Z pwE (Z log;p T>

g=1 Ml=p+v+1 r=0
0<A,l

+ (=) ulx

: (_1))\n‘cn l r —r
x>, D (n— )11 — 2,1 Z Ing
g=1 Al4+n=p+v r=0

0<\,l
p<n

+ (=1)"vlz
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i —1Dmle,, i .
XX e (3 )

g=1 A\+l+m=p+v
0<A,l
The main term in our final result will come from the first sum with
r = 0, namely,

v<m

b -1 (logx)
DHV“!V!mZ Z (1 <_ zg))Hl : ?! )

g=1 )\+l:u+1/+l

<Al
ko ptvtl pilo
— (=)t ,V,xzﬂz (log z)+vHi—2
2y 2 u+u+1—/\). (g — 1)1

Since we can see that

=0 A1l
in a similar manner,
Ry
v WOO,T) (o~ (=) -
= (=) ululz Z W Z 0 (logz)!
A H=ptv+1 1 — !
0<A1,l
WO (1, T)nle ! (=1)"
+ (—l)l‘lu!x ) n (10g x)l—r
)q—&—l%,Hw (n — pu)!h! ; 1—n)
0<A1,l
pu<n
WD (1, T)ymle ! (=1)"
+ (=D)"vlz ) m (1ng)l—r |
’\1+lJ§;=u+v (m —v)IAl ; (I —r)!
0<Aq1,l
v<m

We note that the order of Rj is at least z(logz)" ¥ 1.
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From the above computations, we obtain

S ax(m) Dy ()

mn<x
I
(Y e ptv+2
(-1 I+ Do o)
ko optvl 1=
(log z)* ™+
+ (=1l
; )\z% u—{—y—i—l—)\) (zg — DML
k ,u+u+1
20 z) N (log )+

g=1
ptv  k optv+l-X pArv+1—A1—A

1 ]' )
DD DD BRCHORE ()

A1=1 g=1
+ OM,VJ@&‘ ((l‘ + be )Ts(log x)M‘FV"rl) 7

where C), ,(A) and C}/ (A1) are some constants.
This leads to

Z ay(m) D, (n)(log mn)¥ Y

— (_ ptrv+1 wv 1
() —>,<k+1>2 (og%)

(W+v+2
k. ptv+l T \2j+1-X
log o—)%
u—l—u—l—l ' 1= ( 21
+ (-1 ' 2)\2% p+1/+1—/\) (zg — 1)1

U T 2j—p—v k (l)zg—l
ATy, L _\ar)
+(—1) vl (log > Z(

=1 \79 L)per
+ Oppge (U(log T) ).

To deduce the last main term, we used that

(T + U)*s —T% =T% (<1+%> - 1)

= 2,UT* ' + O, (U?|T*?|)
= UT# '+ Oy (U(log T) ™),
1 1

— = =140 (L7
W iozgrouy o)
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and
1 1

(zg— 1%~ (“20, LT+ Ox(L2)

for positive integer \, because

— (=25, L)+ 0, (1Y)

2
zg=1- Zeg + Oy (L7?),
where L = log(T/2m).
Step 4. From the previous steps, recalling (4.2.2), we obtain

U T 2j+1 J j j 1 2j—p—v
N VA 2 S - 10 =
ey (o) () () ()

U J ] ] 1 2j—p—v T 2j—pu—v
—1)— Il | —= -
2R ()0 () ()

DOmr =y

A=0

X
M“'

Mu. :
< Yo

zg—l

+(—1)j% (% log%)2]+2iz< )( ) 'V'Z 9u+u+2

pn=0 v=0
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+ 0 (U(log T)¥ Y.

As for the first term,

S50

“w v=0
J

QZZ J—Vl)(u+v+2) ( %)2””

pn=0 v=

')2§§ (25 + ; — =) (‘%)W
a0 () BTG

Here we note that

(oL 3 (2 +2)! 1\
B 2 2 B (2 +2 —p—v) | 2

0<pu+v<25+2

S E )

Thus we have

i 2j+2\ ( 1)\'<
5\ K 2

_1 HZji“ 2j+2_ﬂ _1 v
2 — v 2

1\" /1 2j+2‘“+ 2j + 2 1\ ¥+
2) \2 j+1 2

w0 (D)

2542
2 2
2y (V1

p=j+1 K

N———
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1 1L (25 +2 2j + 2
=—[2 —1)* .
o (2 (7, (21

The sum is the coefficient of 27 in (1 — 2)¥*2(1 — 2)~!

see that

)2 27 +1 . 2]+ 2
227+2(25 + 2)! J j+1
14 (—1y
- 22j+2(j T 1)2‘
On the second term, putting u = p+ v + 1 — X\ and dividing the

sum to four parts according as the conditions u = 0, 1 < u < j with

0<i<u—1,1<u<jwithu<i<jand j+1<u<2j+1, we
have

. Thus we can

j j ' ' 1 ( 29 )/L+V+1 u
] Hev 9“+”+2(u+u+1—u)

O
RO

(p+v+1)!

+ ZZ 7 1+1 i | <]) (2> ,U!V!< (_2)u+u+1_u

pw+v+1—u)!

EEFEEQO

v p+v+1—u)

27+1

S S S S A T e

—u)!
91“_]+19 p=u—1l—jrv=u—1—p M+V+1 U)
=51+ 52+ 53+ Sy,

say.

To calculate these sums, we prepare a lemma on combinatorics.
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LEMMA 4.2.1. For non-negative integers j and u (j > u),

Jj—u 7 .
2] +1—wu 21 +1—u—p Y
—9)2itl—u—p—v
:0( )Z< v )( )

“w v=0
= (—1)*! (2‘7

PROOF. Since

J

Y -

(1 + 1 — 2)2j+1—u

— 2j+zl_u <QJ +1- u) 7, Z <23 +1—-u-— M) (—2)2H1-umn—v
1t — v ’

u=0

we have
z( )3, (0
= v=0
( )2j+1—u
2j+1—u 2 +1—u Zj+lzu=p 27 +1—u—p 2j+1—u—p—v
S > , )
p=j—u+tl a V=0
2tl—u . . Jtlu—r g
- 2] +1—u 2] +1—u—v (_2)2j+17u71/*/i
v H
v=j+1 pn=0
2j+1—u .
_ Z (2,] +1- U) (_1)2j+1*U«*H
p=j—u+tl :
2j+1-u .
B Z (2] +1-—- u) (_1>2j+17ufl/
v=j+1 v

LS > Gy

v

These sums are coefficients of 27 and 277% in (1 — x)¥ 1741 — x)~!
and are therefore equal to the coefficient of 27 and 2/~% in (1 — z)% .
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Thus we obtain

Z <2j +1- u) Z (27‘ +1 S u) (gyiti-un

pn=0 K v=0

= (—1)i*! (ij— U) +(—1)iHi (QJJ:5>

g 7 =
‘ ~ Kk
N> (2 1
( 1)]+12 - Z_
2+ D\ J /) = 0,
k
2 1 2
_ 1 Jj+1 = — (1)
(=1) 2j+1g;99 ( >2j+1

g=1
This can be obtained by the Newton-Girard formulas. We note that if
k =0, then S; = 0.
On 95, recalling the proof of Lemma 4.2.1, we see that

S2

J kg ousl 0 Jhetlew (2
=3 | |
; gzle.g—H;(]_M)! ,,Z:; VNWGi+p+l—u—v)
_ (4) 1
; (2) +1—u) = 0+



]~

u

u

M- 1D

1

1
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1

Yy

u=1

By Lemma 4.2.1,

i k
Sy =Y (1))

= g:l

= 1
2j+1—u(j—u)!{1_(_1) }29_};“'

(—2)iti-utu—v

i 1
Xzz(j—,u)!(j—l—l—u—i-,u—u)! V!

p=u v=0
J k j—u
=2 U2
u=1 g=1 "9 pu v
J .1\ 2 k
_ (Y 3 1
(2 +1—u)l & 6+

/1,:0 v=0
] DL BN LYY 3
-\ ) - u+1
—~2j+1-u (7 —u)! g out
Since
2jiu(2j+1—u)( e {1 u=2j+1,
s i 0 otherwise,
Sy
2j+1

Jtput+l—u (_2)1/

e 1 1
ZO!)Z@H Z,(j—u)! Z Nii+p+1—u—v)

v=0

55

e B
(2j iji)Q— u)! QX: 9;“ HIin;—u (Qj +M1 - u) (=1)"
@ TE l Z Q;H {(—w’ (zj - “) _ (—1p (23?'_‘5) }
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2j+1 k 1
_ 2
o Z (]!) Zguﬂ
u=j+1 g=1"9
J Jj+p+l—u
1 +u+1l—u
X _9V
3 grers x (7T )es
N — ) ut1 = 2712
S AL - wlm 0yt = z = 0y
Thus we have
Sl + SQ + Sg + S4
o2
— (-1
25 +1
1 ('!)2
J+12
+( 22]+1_u(]_u 9u+1 2; 3]-1—2

On the third term, we see that

J o j 29—1 k 39—1 I om 2
>3 (1) () e - o3 Gl ()
pn=0 v=0 g=1 p=

Therefore, when k # 0,
; (k+D{1+ (-1} U ( T>2j+2
L= —

. log —
22+2(j 1 12 27 \ ®2rn

U T 2542
_ log —
22742(2 + 1)1 ( o8 27r>

J 1 T 2742
log —

u=1

k . 2542
N~ U U T\"
s g+ vy \ 18 o7

g=1
k (L) 1/ 2 2j+2
o B (Y8 G ()
2ﬂ+2 22i+37 o

!
71 #:0 /“’L

+ OM ( (log T)2j+1) .

If £ =0, then these main terms vanish except for the first.
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Step 5. Finally, we obtain
M(T+U)— M(T)

U T 2j+2
S - log —
Ok 02+ (2] + 1)m < ©8 27‘()

_ (k+1){1+(—1)j}£< T)2j+2

, log —
223+1(j + 1)2 I 08

27
k

J . 2542
1 ! 1 U T
» )Y e (log —
+ 2j+1—u(j— u)!( ) g futl 2%+1y (Og 27r)

u=1

: 2j+2
i+1 (]!)2 U T
+(=1) Z 622 25voy log o

g=1

k T zg—1 J 2 2j+2
s B (S s (v
92J+2 « u! | 2%2+2¢ 2m
u:

+ O (U(log T)QJH) :

This completes the proof for the special T" which are chosen at the
beginning of the proof.

To complete the proof, we take away the condition on 7. When
T increases continuously in bounded interval, the number of relevant
| ZUD () |? is at most Ox(logT) and the order is O;(T¢). Thus it is
smaller than the error in our main theorem that the contribution of
these terms. Thus the formula is true for all 7" > Tj,.



CHAPTER 5

A discrete moment of L/(s, x)

This chapter is based on the author’s paper [21]. Let p, = B, +1i7y
be the non-trivial zeros of a Dirichlet L-function L(s, y). Our purpose
of this chapter is to prove the following theorem.

THEOREM 5.0.1. Let ¢1 be a positive constant. Let x (mod q) be a
primitive character. Then, uniformly for ¢ < exp(ci+/logT), we have

1 qT\? T 4T T
/ J—
E L(ﬂan) = ET (log§> —l—al%log%%—ag%—i—ag
0<yx <T

+0 (Texp <—c\/@>> ,

where the implicit constant is absolute, ¢ is a positive absolute constant
depends on ¢ and

log p
a1zzp_1+70—17
plg

1 log p log p
g () -0y

p—1 p—1
plg plg
3 logp ) 2
—5217 — +1—=2 —7 +3n
plg

with the Stieltjes constants o, v1 and

wx(=T(x)7([@x) L'(8,w) (ﬂ)ﬁ
q%(q) 15 27

when L(s,w) with a quadratic character w (mod q) has an exceptional
zero 3, otherwise az = 0.

Assuming the GRH, we can replace the error term by (qT)%ﬁ uni-
formly for q < T —=.

as =

58
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REMARK 5.0.1. Let ¢ be a prime power. If we could obtain the
estimate
> 1L (o 0)I° < T(log gT)*, (5.0.1)
W <T
where the implicit constant is absolute, we could replace the error term
by V4T (log qT )% under the GRH. We will give the details in the last
section. In view of Gonek’s formula (5.4.1), the above estimate (5.0.1)
may be plausible.

When ¢ = 1, the above theorem implies Fujii’s Theorem 1 in [9].
Our proof is a generalization of his method. However, it is not easy to
obtain his Theorem 2 in [9] and we give a weaker statement. Kaptan,
Karabulut and Yildirim [19] considered more general cases and gave
the asymptotic formula, that is for 4 > 1 and ¢ < (logT)# with any
fixed A >0

_ 1)t qT pt1 .
> LW (pyx) = %% (log g) +O(T(log T)"*)
0<y <T H

for any fixed € > 0. Our result is the case p = 1 in their paper and gives
a more sophisticated formula. Jakhlouti and Mazhouda [17] considered

the sum
Z L/(pa,x7 X)Xpa’xa

Pa,x
0<Ya,x<T

where p,, = Bay + 174, are the zeros of L(s,x) — a for any fixed
complex number a and X is a fixed positive number. They also fixed x
throughout their paper. Hence our main theorem treats a special case
of their sum, but our result gives a more precise form because we do
not fix .

5.1. PRELIMINARY LEMMAS
By Stirling’s formula, we can show that

LEMMA 5.1.1. For =1 <o <2 andt > 1, we have

A(l—s,x) = T(jge? (%)H b (ﬁ o 2q_7fe) (1 o G))
(5.1

and

A’ qt 1
X<S’X) = —log% +0 (Z) : (5.1.2)
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A theorem from [14] and an application of the Phragmen-Lindel6f
principle yields the estimates;

1

L(s, x) < (q(Jt] +2))%°  for log T

<o<1+

(5.1.3)

| —

and

L(s,x) < (q([t| +2))2 loggq(|t| +2) for —

1
< — (5.14
logqT — 7= 2 (5.14)

uniformly in |t| < T for any non-principal character x (mod ¢). When
we assume the GRH, the bound of (5.1.3) can be replaced by (q(|t| +
2))¢. For the principal character, we need the restriction |s — 1| > 1 in
(5.1.3). For the logarithmic derivative, it is known that for ¢ > 1 and
X (mod g)

/
£(S,X) = Z ! +O0(logq(|t|+2)) for —1<o<2 |t|>1
L <1 © X
(5.1.5)
(see [34, p. 225]). For ¢ > 1, x (mod ¢) and ¢ > 0 we have (see [34,
p. 220))

N(t+17X)_N(taX) = #{px:5x+i7x:t<7x§t+1}

5.1.6
< logq(t +2). ( )

Hence for any Ty > 0, there exists a t = t(x), t € (Tp,To + 1], such
that

(5.1.7)

1
min |t — > —.
T | ’YX| lOgQ(t+2)
By the expression (5.1.5), it follows that for ¢ > 1, x (mod ¢) and
t satisfying (5.1.7)

/
f(a +it,x) < (logq(|t| +2))* for —1<o0<2 (5.1.8)
uniformly. This estimate is valid for |s — p,| > (log(q(|t| + 2)))~*
though ¢ is not satisfying (5.1.7).

We will apply the following approximate functional equation for

L(s, x).
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LEMMA 5.1.2 (A. F. Lavrik [25]). We let 0 < 0 < 1, 2mzy = t,
x>1andy > 1. Then fort >0, we get

L(s,x) =Y _ @ + A(s, x) xin)

nl—s

n<x n<y
+0 <\/§ <y_” + m(’_l(qt)%_"> log 275) :

On the other hand, for ¢ > t; > 0 and ¢ > 1, using partial summa-
tion, we get

L(s,x) = @ +0 (@(th) . (5.1.9)

We will use the following modified Gonek’s lemma ([10, Lemma 5]).

LEMMA 5.1.3. Let {b,}2, be a sequence of complex numbers such
that b, < n° for any ¢ > 0. Let a > 1 and let m be a non-negative
integer. Then for any sufficiently large T,

1 (T[S b, gt \"™"
— — | A(l—a—i log —
o /. <Z naﬂt) (1—a—it,x) <og 27r) dt

n=1

0T ()

q 1<n<qT/2m q

+0<

This is provided implicitly by Steuding in [37].

0o bn
2

n=1

( T)a-1/2<1oqu>m) .

5.2. THE PROOF OF THEOREM IN UNCONDITIONAL

In this section, we prove the claim of the unconditional part of
Theorem 5.0.1. Let (log2¢)™' < b <1 and T > 2 be such that

1 1
min |b — > —— and minl|7T — > —.
T | ’YX | lOg 2q T | IYxl log qT

We prove the theorem under this situation. At the end of the
proof, we remove this restriction. Let a = 1 + (logqT)™! and define
the contour C' as the positively oriented rectangular path with vertices
a+ib,a+1iT,1 —a—+1T and 1 — a + ib. By the residue theorem, our
sum can be written as a contour integral

/ 1 L, /
> L) = g [ Fs 0L (s 0ds + E.
C

211
0<\<T
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where E consists of the terms L'(p,, x) with 0 < ~, <.
For zeros p, = B, + iy, with 0 < v, < b we have

1
L'(py, x) < q2(log2q)?

by (5.1.3), (5.1.4) and the Cauchy’s integral formula applied to the
circle with centre p, and radius (log2q)~'. Therefore, by (5.1.6), we
have

1 1
E= ) L(pyx) <q(log29)?® Y 1< q2(log2q)*.

0<yx<b 0<yy<b
Next we consider the contour integral

1 L

— | — L d

1 a+iT 1—a+ib l—a+:iT a+ib L/
= +/ +/ +/ }—(s,x)L’(s,X)ds
2mi {/a+z'b 1—a+iT a+iT 1—ativ) L

=1 + 1y + I3 + 14,

say.
By the Laurent expansion of the Riemann (-function, it is easily
seen that

T 5/
I, = %/b %(a—i—it,x)L’(a—l—it,X)dt
_ 1 oo X(m)A(m)x(n) logn [T dt
B ZWWLZ::Q; (mn)® /b (mn)#
< |c(@)| (@) < (ogaT’.

where A(m) is the von-Mangoldt function. To estimate the integral on
the horizontal line, we will show the following lemma.

LEMMA 5.2.1. Let x be a primitive character, then

/ L'(o+ 14T, x)do < /qT log qT.
l1-a

PROOF. Let
1

0= .
log qT
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Then L(w, x) is analytic on the disk |s — w| < 4, for s = ¢ +iT with
1 —a <o < a. Therefore, by Cauchy’s integral formula,

: 1 L(w, x)
L(s,x) = — A X) 4
(%) 271 A—wlé (s —w)? v

27
< log qT/ |L(s+ 6e™,x)|do.
0

Thus it suffices to prove that

a 2 2T a
/ / |L(s + 6¢™, x)|dOdo = / / |L(s +6¢”, x)|dodd < \/qT.
1—a JO 0 1-a

From the functional equation and, for 1 —a < o < 1/2; we have

[SIE

/ |L(s + e, x)|do
1

—a

N

= /1 IA(s 4+ 6e” X )L(1 — 5 — §e, %) |do

—a

B / [AQ — o +iT +6e”, ) L(o — T — 8¢”,X) | do
1

On the second equality, we change the variable o to 1 — . Since

A(l — (o —iT — 6¢), x)
=A(1 — (o +iT — 0e7%),X)

— o—8cosf—2
7(X) = (qT 2 _ qT 1
= —== — Tlog — 1+0 (=
N (%) P (Z o) TN\ T

by Lemma 5.1.1, the integral can be bounded by

[ (qT)7 =003 | L(o + T — 6=, x)| do.

2

Therefore we obtain
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|1+ 6l

1-a

<</ |L(o +iT + 6¢" x)|do
3

+ / (qT)7 203 | L(0 + 4T — de ™, x)| do
1

2

< / (qT)°~2 | Lo +iT + 6e*, )| do.
1

On the last inequality, we use the facts that

(aT) =
with 6 = (log¢T)~!. This integral is

{/ /} qT)°"2 |L(o +iT £ 6¢*, x)| do

= S1 + Sy,

say. Using Lemma 5.1.2, we have

1
S1 < (qT) -3 E /( )d0~l— E nd~1 n’do
1

n<+/qT 2 n<\/qT 2

+\/_10g2T/ (¢T)™

1

On the other hand, by (5.1.9), we get

“d
syt X [ (D) dos v [
n<it
<K \/qT.

Hence we complete the proof.

By (5.1.8) and the above lemma, we get

I + I < (log qT)? / (0 +iT, x)|do
1—a

qT (log qT)*.

Now we consider I,. By the functional equation, we have
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L/
f<1 —a+it,x)L'(1 —a+it, )

A : L -
= (K(l —a+ 1, X) - f(a —t, X))
X (A1 —a-+it,x)L(a—it,xX) — A(1 —a+it,x) L' (a — it, X))

!/
= K(l —a+it,x)A'(1 —a+it,x)L(a —it,Y)
—2A'(1 —a +1it,x)L' (a — it,X)

!/

L
+ A(1l — a+ it, X)f(a —it, X)L (a — it,X).

Thus we can divide I into the following three integrals:

1 b
2_27T L

1 T
_ —/ A1 = a+it, )L (a — it, ) dt
T Jb
T
Com y A

I '
A(l=a+it,x)7(a—it, \)L'(a— it X)dt

—(1—a+it,x)L'(1 —a+it,x)dt

1—a+it,x)A(1—a+it,x)L(a—it,x)dt

Com
:J1+J2+J37

say. We take complex conjugates of J; (i = 1,2,3) to apply Lemma
5.1.3. Then we have

T
Ji = _/ A'(1—a+it,x)L'(a — it,X)dl
b
T
_ _/ A'(1—a—it,Y)L'(a+it, x)dt
b
1 T
= __/ L'(a+it,x)A(1 — a —it,X) log —dt

™

+O<Zlogn/ (gt)" dt)

x(n logn L qt
/Z ot a—zt,x)log%dt
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+0 ((a1)* (togaT)?)

= 2@ Z x(n)e (—g) (logn)* + O ((qT)“_%(loqu)?’) .

q 1<n<qT/27

On the third equality, we use the approximation (5.1.2). For conve-
nience, we put x = ¢7'/2w. By partial summation, the above sum can
be calculated as

n<y
n=m mod q

= (Sxt-10700 + 0 ) oga)?

~2 [ (v + o)) 2y
_ xX(=)r() (x(log )t —2 /1 log ydy)

q
10 (\/c_](log 22+ i /1 ) loiydy)

_ x(—lq)r(x) (z(log z)? — 2zlog z + 22) + O (y/7(log z)?)

—_

and we can see that

Next we consider J,. We have, by (5.1.2) again,
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_ 1 A
=g | RU-etit )N —a+tit, x)L(a —1t,X)dt

T /

1
=5 L t
(a+ it x) =
1 L qt 2
/Znaﬂt (1 —a—1it,X) (log%) dt

oo 1logqt
+ O (Z E/b (q dt)
n=1

_® S e (—g) (ogn)? + 0 ((a) 4 (ogaT)").

q 1<n<qT/27

1—a—it,\)A(1 —a—it,x)dt

This sum is the same as the previous one. Hence we get

- T QT 2 T QT T a—1 3
Jg——<27T (log§> ——lg2——|— >+O<(qT) (loqu)).

Finally, we calculate J;. We have

_ 1 [t L
=5 AL —a+it, x)7(a—it,X)L'(a = it, X)dt
1 T 11

=5 b f(a +it, x)L'(a +it, x)A(1 — a —it, X)dt

() () -
— > x(mne (—%) A(m)logn

q 1<mn<qT/27

+0 ((qT)“*%(log qT)3) :

By the orthogonality of Dirichlet characters, we see that
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mn

3 xmoe (—7) Am) log

m=a mod ¢
n=b mod q
k b
5 Y S Y Fone (-2)
wmodq a=1 b:l
1’ mod ¢
xS ) (m)A(m) log n.

We will divide the sum into four parts, according to the following
conditions:
(i) ¥ = 1ho, ¥ =,
(il) o = tho, ¢ # ¥y,
(iil) ¥ # o, ¥’ =1y,
(iv) o # o, ¥ # g,
where ¢y = 9, is the principal character modulo ¢. Before discussing

further, we will remind some facts on the sum of Dirichlet characters
(see [2, Sec. 8]). We define G(n, x) as

San(2)

If a Dirichlet character x (mod ¢) is primitive, then we have

G(a,x) = X(a)7(x)-

Now we consider the above four parts.
(1) In this case, we have

2Zx ax)Z% (m)logn
gj();f > valm) ol A logn
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By Perron’s formula we get

Z Yo(m)A(m)o(n)logn

mn<zx
1 a+iU L s
= — —(s,%0)L (5,%9)—ds + R,
2mt Jo_iv L (5, 40) (s, %) S N
where R is the error term appearing in Perron’s formula (see [30,

p.140]) and satisfies that

R < Z |A(m) log n| min (1, m)

$<mn<2z

mn#x

(42)" <~ [A(m)logn|
* U Z (mn)e

mn=1
We will choose an appropriate U later. The first term of the error term

R can be estimated as follows;

x Z A(m)logn + Z A(m)logn

r —mn
S<mn<z-—1 z—1<mn<z+1

x A(m)logn
* U Z mn — x
T+1<mn<2z
x A(m) 1
<gler ), == >, T,
m<z—1 ﬁ<n<% m

+ (log x)? Z Z 1

rz—1<I<z+1Il=mn

x A(m 1
+ i log x Z Alm) Z —
m<2x m %ﬂ<n<% n m
z 2 A(m) 2
< 7 (log ) > =t (ogx)® Y d(l)
m<2x m r—1<i<z+1

< %(log x)? 4 7,
where d(l) is the divisor function. On the last estimates, we use
A
Z Alm) =logz + O(1)
m<x m

and
d(z) < a°.
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The second 1is
(42)" o [A(m )10gn| (
U (mn)® U

mn=1

< log qT')*.
Therefore

R« %(log z) + a°.

Since L(s,v0) = ((s)[[,,(1 —p~*), there is an absolute constant
C > 0 such that
C

L(S,wg)%o for Ozl—m

(see [30, p.172]). With regard to this zero-free region for L(s, ), let
a=1—-C/logU and U = exp (401\/10g qT). By the residue theorem,

the integral is

1 a+iU L/

1 L s 00) (s, wo)%sds

21 Jo_iv L
/

= R:es£<s, Yo) (5, 90) =

a'+iU s
r —
27” a+iU /a+zU /a —iU ¢0) ( ,¢0) S s

By an argument similar to the proof of Lemma 5.2.1, we can see that
the integral on the horizontal line can be estimated as

'+iU 78 log qU)3 3 .
[ St o Sds « CEE  ae(quyi(a—a)
+iU §

<aU™ 2 = X exp <—201\/log$> ,

noting the condition ¢ < exp (01\/10g T) < exp (401\/log qT) = U and
(5.1.8). Since L'/L(s, 1) < |s —1]7! and L'(s,v0) < |s — 1|72 in the
neighbourhood around s = 1, the integral on the vertical line can be
bounded by

< 2% (qU) 16+ (1o U)3/U dt + 2% (lo U)3/1 dt
1 SR AT SOV | T + it

< 2% (qU) 16+ (log U)*

< 1"Uz = X exp ((201 — 4£> \/logx) )
c

1
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When we put ¢; = v/C'/4, we obtain that
1 a+iU L

o [ s s w0 s

2mt Jo_iv L

= ResL (s,10)L (s,wo)xg +0 (:rexp (—gvlogm>> .
Note that

!/

Res (s, v/ (s, Vo)~
=l s P2 ) 5, w) S

2! s—1 (ds?

To calculate this residue, we observe that

/

L(s,0) = () [ =p™) + <o) | [TL=p7)

plg plg
1 [ee)
= <—m + Z%k(s - 1)k_1> H(l -p°)
k=1 plg
1 - L . log p
+ (—8_1 +) (s —1) ) [[a-» )Zps—l
k=0 plq plg
and
L log p
(S 1/]() ‘|‘ Z p 1
plq
log p
Y T
plg

where v; is the k-th Stieltjes constant and can be defined by the limit

_ " (logm)* log n)k+!
Vk:JEI.}o{(Z< i))—(fﬁl 2

m=1

and 7, can be represented by the sum

e = (=1)" {k,j, Lt 2 %nn%nl} :

n=0

Hence we get
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/ S

L
Res T (5. o) L' (s, )

1 d? 1Y\ z°
2|£1§%@H(1_E>?

plg

2 d s log p logp | =
— o lim - [J(1=p7) Zps_1+770+zps_1 -

plg plg plg

w

2 1
_5}951% (1_];) 71+%Z

plg p\q

S

logp log p x
_Z Zps—l 5

plq plg
_ el
q
1 9 log p 1 log p
X §(logx) — zlzp 1+70—|—1 logx—§ zlzp—l
plg plg

ogp ogp
- Z ( ) +(1— OZ—+70+70_371+1

plg plq

Therefore we can see that

Z Wo(m)ao(n)A(m) logn

mn<x
:T(X)I
q
1 9 log p 1 log p
X i(logaj) - Z 1—1—70—1—1 log:z:—§ Zp—l
plq plg
12y (Loer 2+( - Zﬂ+’7 +y0—3m +1
24="\p-1 %) | T
pla pla

o (v (€ )).
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Here we note that 7(x)/¢(q) < 1.
(ii) In the same way, we obtain

S X YT e (-2

1’ mod ¢ b=1 q
' Fiby
X Z o(m)y' (n)A(m)logn
Z b) S wo(m)d! (m)A(m) logn.
P FE b= mn<x

The sum of ¢/ is 0. Hence we see that the sum in this case vanishes.
(iii) This case is the same as the case (ii).

(iv)

Q

2§j§jw e (-2)

Yt a=1 b:1 q
P'#EY
X Z (m)y' (n)A(m)logn
Z Z¢ —a)x(=a)T(¢'x)
#Po a=1
Y'Y
x Z P(m)y'(n)A(m) logn
(¥'x) Z P(m)y' (n)A(m)logn
#po a=1 mn<z
Y'#Y
(W 2¢ (@) S m) (n) Am) logn
p#bo mn<z
w#%
T(1x) Z P(m m) log n.
Y#o mn<z

To show the last equality, we use the fact that the sum over a does not
equal to 0 if and only if ¢ = ¢/
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In this case, we know the fact that there is an absolute constant
C" > 0 such that

Cl
log q([t| + 2)
unless y is a quadratic character, in which case L(s, x) has at most one,

necessarily real, zero 5 < 1 (see [30, p. 360]). By the same argument
as in the case (i), when we put ¢; = v/C"/4 we have

> (m)A(m)e(n) logn

mn<x

L(s,x)#0 for o>1-—

/

= —L’(ﬁ,@b)%ﬁ +0 (xexp (—\/fx/log@"))

when L(s, 1) with a quadratic character w has an exceptional zero . If
there is no exceptional zero, then the first term vanishes. Hence when
L(s,w) has an exceptional zero [ we have

X<(‘q§) S w(-D)r@x) 3 )b m)A(m) logn

v Y#o mn<z
o X(_l) — / xﬁ \/5
=00 w(—1)7(wx)L (5,0())? +0 <\/§xexp <— 5 \/log$>> :

otherwise the main term does not appear.
From the above, when we put ¢; = min{y/C/4,v/C’/4} and ¢ =
c1/2, we have

J3
T 11 qT 2 log p qT
=_—— 4 log =) — 1] log —
2m 2(Og27r> Zp—1+70+ “®on
plg
2
1 log p 3 log p
3| S i (e
plg plg
log p 2
1— —_— 1
+( ’YO)Zp_l"‘%"‘%‘i‘%—i‘
plg
o\ 8
wx(=1)T(X)7(@x) L'(B,w) (qT>
+ — | +0 (Texp (—chogT)) .
q¢(q) 5 2m

We note that 7(x)/q/q < 1.
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To complete the proof, we take away the condition on 7. When
T increases continuously in [T — v, | < (log ¢T)~', the number of rel-
evant L'(p,,x) is at most O(log¢T) and the order of each term is

O((qT)367). Thus the contribution of these terms is smaller than the
error in our main theorem. Therefore the proof in the unconditional
case is completed.

5.3. THE CONDITIONAL ESTIMATE

In this section, we assume the GRH. We choose a’ = 1/2+(log ¢T') !
and U = ¢T'. In the case (i), by Cauchy’s theorem,

1 a+iU L/ s

P —(s,%0) L' (s, z/10)

2mt Jo_iv L
/

= Res (s, vo) L/ (s, v0) -

L

The integral on the horizontal line is

- T s < L (qUY (log U ) < (qT)°
//iZU L( ;o)L (7%)? s<<ﬁ(q ¥ (log qU)? < (qT)".

As for the vertical line, we note that

L(Siﬂo ‘|‘Z

plq

for s = a’ +it and 0 < |t| < 1. Thus we have

<< log 2q

a+iUL s
/QZU L( o)L/ (s ,wo)%ds

U I ) . xa’—&-it
=1 — 't L 1t dt
1 ¢

U €
’ t !
< 2% (log qU)3/ %dt + 2% (log 2q)2/ q—,dt
1 1 a
< (¢T)**
Concerning the case (iv), we can see that

Z W(m)A(m)y(n)logn < (¢T)2"e

nm<zx
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by a similar argument. Therefore we can replace the error term in our
1
theorem by (¢T")z**

5.4. THE DETAILS OF REMARK 5.0.1

We consider the case when ¢ is a prime power. Let ¢ = p®, o' =
—(loggT)™ = 1—a and U = ¢T. In the case (i), by the residue
theorem

1 a+iU I/

Py —(5,%0)L' (s, @Do)%sds

21t Jo_iv L

/ / S

= ResT (s, v0) (s W 4 Res (5, 0) (5, 0) -
+ Z L/ P>¢o

p#0
[Spl<U

1 a’'+iU a'—iU a—iU I s
+ 5= +/ +/ —(8,%0) L' (8, 100) —ds
210 | Jariv a/+iU a—iv | L ( L ) 8

where p runs over the zeros of L(s, ). With regard to the residue at
s = 0, we can see that

L ¢’ log p N
_ 87 = — S —I— pry
7 (8,%0) C() 1 (q=1p")
and
log p :1' slogp _Z (s 1og p)"
ps—1 s eslosr —1 !

where B,, is the n-th Bernoulli number, and hence we have
L x®
E{:eosf(& Yo) L' (s, wo)?

!/

= lim is£(s,¢o)L’(s,¢o)xs

s—0ds L
.d [ 1 < B, 2\ )
= lim =5 (Z(S) + EHZZOE(SIOgP) ) L'(s, o)z

= L"(0,0) + (%(0) + By logp + log x) L'(0,0)

= 30(0)logp — 3¢(0)(10g p)? + {(0) log & < (logqT)”
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The integral on the horizontal line is

atiU / s
/ L —(8,0) L' (s, %)x_ds
1 S

at+iU L

atiU LU I e
< / (5,%0) L' (5,19)—ds
:I:ZU l1—a+iU S

< LU logqU)* + 7<qv>%<logqU>4

< (qU)"(log qU)* + /q(log qU )"

On the integral along the vertical line, since |s — py,| > 1, by
(5.1.5), we can see that

!/

= (s, 100) < log (] + 2).

Therefore we have

1—a+U I/ s
| vt s

v pl-atit
:Z/ —(1 —G+Zt,w0)[xl<1 —a—i-lt,wo)—dt

UL< l—a+it
U
dt
1— ) ———
/UC( T T

) Vo ! dt
< (logqU)? (1ogU | t2dt+ | ————
(logqU) (og /1 /_1I1—a+2t|)
< VU(log qU)3.

Here we use the well-known estimate

< (log qU)?

1
C(s) < ([t +2)2 log([t| +2) for — T S7<3

The sum over p consists of two sums as

xP 1 Rl
> Lo = X0 (54 ;
L+ iy
p70 lyl<U 2
[Spl<U

27k
2mik xlosr' log p
T Z L ( Jﬁo) Tomik
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say. Since

L (%ﬂ'wo) = (%Hv) (l—p 3" ”)

we have

fﬁ < o3 2{: } *‘ZV #b }
V<U
1 (1 . 2 % %
. (Z ¢ 3+ )] ) (21)
y<U v ’YSUPY
< 22 (logU)?

by partial summation and the fact that

1
“(5+0)
proved by Gonek [10].
On the other hand, since

2mik 2mik
o <10gp’¢0) =¢ (10gp) loe.p,

2

= T(logT)* (5.4.1)

D

0<~<T

we see that
’C 127rzk)
S» < (logp)’ Z 2;gk < VUlogU(log q)*
2nk <U

by the estimate

1 1 1
C(s) < (|t] +2)2 log([t| +2) for — T <o< -
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again. Therefore we can see that

X(=17(x) N (A () Loz 1
2(q) Z Yo(m)o(n)A(m)log

mn<x

1 1
=T, —(log z)? — Z qu+’yo+1 log x

q 2 p—
plg
2 2
1 log p 3 logp
(T2 ) I
plg plg

1 )
+(1—%)Z%+7§+%—3%+1 +O(a:§(1ogU)%>.
pla

As for the case (iv), we need to deal with the Dirichlet L-functions
with primitive and also imprimitive characters. However, it is sufficient
to consider these with only primitive characters, for we put ¢ = p*. For
primitive characters, the integral on the vertical line can be estimated
as

1—a+iU I/ s
| et

—a—1iU L

St (CT PR

A/ o L . o s
_2K(S’¢)L/(1 —s,9) + f(l —s,¢)L'(1— 5,1/1)} %ds

u 2
2 / (ta_% exp (z’t log Le) + O(t“_§)>
U qt

L Q"2

I xlfaqtit
X <(log qU)*L(a — it, ) + f(a —it, )L (a — it, @Z))) —dt‘

1—a+it
) oo 1
X (log U) E E

U
: 2
/ (t“g exp <z’t log 7rea:n> + O(tag)> dt’
1 1 qt
L A(m) <= logn
D

m=2 n=1

v 5 2 5
/ (t“‘? exp (it log %) + O(t“‘?)) dtD
1

< xl—aqa—%

X
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+0 (q“—% (log U)3) .

Since
d? 2rexn .
— | tlog =—t,

by the second derivative test,

Uos . 2mexn
t" 2 exp | itlog dt
1 qt

2
< Z / " %exp (z'tlog qut:cn) dt

<[logU]+1

< Z 1 < logU.

I<[log U]+1

Therefore we obtain

1—a+iU L/ ZCS L
/ L (s) L (s,0) " ds < ¢*H(log U)",
l—a—iU L S

On the sum S;, we assume the estimate (5.0.1). By partial sum-
mation and this assumption, we have

/(1 .
S<at 3 |2 (5 + 170, ¥)|

0<7y<U T

L (% + iy, o) 1
< ¥ L (5 + i, )] v L
0<yy<U T O0<rypst ¥
< x%(log U)%.
On the other hand, the counterpart of the sum Sy does not appear.
When ¢ (mod q) is induced by ¢¥* (mod d) with d | ¢, we see that

L(s,0) = L(s, o) [] (1 - Wp)) .

S
plq b
pld
However we assume that ¢ = p®. Thus the product on the right-hand
side is 1. Hence there are no zeros on the imaginary axis.
Therefore we can replace the estimate of the error term by

VT (logqT)3.
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