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Introduction

Quantum walks and weak limit theorems

A quantum walk is classified into two types, of discrete-time and continuous-time. In
this thesis we shall focus on the former one. Although several models of discrete-time
quantum walks have been proposed, we will deal only with position-dependent quantum
walks as in [28]. For a while, such a class of quantum walk is simply called a quantum
walk. General references for quantum walks are [19, 20, 21, 28, 37]. Konno [22], Suzuki
[36] are also excellent concise review articles, in particular on the weak limit theorem.

A quantum walk can be considered as a quantization of a random walk. To understand
this, let us consider a random walk on the one-dimensional lattice Z. Suppose that a
random walker moves to the right and the left with probability ¢ and p, respectively, where
p, q are nonnegative real numbers with p+ ¢ = 1. Let X; denote a random variable which
describes the position of the random walker at time ¢ € N U {0}. Then the probability
P(X; = n) that the random walker exists at a point n € Z at time ¢ satisfies the following
relation:

P(Xi1=n)=pP(X; =n+1)+¢P(X; =n—1). (0.1)

On the other hand, the probability that a quantum walker exists at a position n € Z
at time ¢ is described in terms of a state. In order to consider a quantum walk on Z, we
first choose the Hilbert space H = (5(Z;C?). Then a state of a quantum walker is given
by a normalized vector of H. Let W° € H be an initial state (||U°| = 1) and ¥, € H
denote the state of the quantum walker at time ¢, then the time evolution of W is defined
by

U'tl(n) = PU'(n+1) +QV¥'(n—1), neZ, (0.2)

where P, () are 2 x 2-matrices such that P+ (@) is a unitary matrix. Besides, the probability
that the quantum walker exists at n € Z at time ¢ is defined by

P(X; =n) = [|"(n)][¢o.

Thus, the time evolution of a quantum walker (0.2) is interpreted as noncommutative
version of (0.1).

Quantum walks defined in this way have several distinct properties compared to ran-
dom walks. One of them is the distribution of X;. In the case of the best-known random
walk with p = ¢ = 1/2 starting at the origin, the probability distribution has the high-
est peak at the start point n = 0 (Fig. 0.1). Whereas, for example, in the case of the
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Hadamard walk with

r=5( o) o= %)
W0(n) = {t(l/\/ii/\/ﬁ) if n =0

0,0) otherwise ’

the probability distribution of the quantum walker is low around the origin and increases
as it moves left or right (Fig. 0.1).
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Figure 0.1: The distribution of Xj09. Adapted from [22, p. 74].

Another distinct property of quantum walks is the order of ¢ in the weak limit theorem.
In the case of the random walk above, due to the central limit theorem, the distribution
of the random variable X, /+/t weakly converges to the Gaussian distribution. This fact is
well-known as the de Moivre-Laplace theorem. On the other hand, as was discovered by
Konno [17] in 2002 for the first time, the weak limit theorem for quantum walks behaves in
a different way, namely, the distribution of the random variable X, /t, not X;/v/t, weakly

: . . b . .
converges. We shall describe the theorem in detail now. Let (Ccl d be a unitary matrix.

Set )
a 0 0
P = (O O) and Q@ := (c d) ,

and consider the time evolution (0.2). Then the result is stated as follows.

Theorem. (Konno [17, 18])

Suppose that the initial state starts at the origin with probability 1 (i.e. ||T°(0)|2. = 1).
If abed # 0, then the distribution of the random variable X/t weakly converges to the
distribution whose density function is given by

W%X(WLW)@:)v (0.3)

where v = y(a, b, ¥Y) is a constant.




Konno proved this theorem by a combinational method. Afterwards, Grimmet, Jan-
son, and Scudo [14] provided another proof of this theorem using the Fourier transform,
and succeeded in removing the assumption of initial states. It is called the GJS method
and turns out to be quite useful to determine the weak limit of the distributions.

In the case of quantum walks, since the distribution of not X;/v/t but X,/t is weakly
convergent, the weak limit measure can be interpreted as the “asymptotic velocity” dis-
tribution of a quantum walker. Also, the function (0.3) has asymptotes = = +|al, so the
shape is quite different from the Gaussian function. For these reasons, quantum walks
and their weak limit theorems have been attracting the attention of many researchers.

Let us give a more general definition of quantum walks. These quantum walks are
described by time evolution operators on the state space H = lo(Z; C?). We first define
two unitary operators S and C' on H as follows. Write an element of H as ¥ = (W, U,).
Then S is defined by the following formula:

(ST)(n) = (g;g;‘f B) , nez, (0.4)

which is called the shift operator. We define the second operator by assigning a 2 x 2
unitary matrix to each n € Z. That is, we choose a unitary-matrix-valued function
Ce : Z — U(2);n — C,, which is called the coin map in this thesis. Then C'is defined by

(CU)(n)=C,¥(n), nez,

and is called the coin operator. Also the time evolution operator is defined by U = SC.
Given an initial state ¥° € H, the state of the quantum walker at time ¢t € NU {0} is
defined by U*W°. The probability of quantum walker at n € Z and at time ¢ is defined by

P(X; =n) = [[U"°(n)]2.

. . . : . b
Let us consider the case where a given coin map C, is constant. That is, Cy = <Z d) )

If we divide this matrix as follows
a b a b 00
()=( o)+ (L) =rra

\Ilt — Ut\IJO

holds by the relation (0.2). Therefore, the model of quantum walks which are described
by a time evolution operator associated with a coin map is a generalization of quantum
walks treated by Konno. (Actually, the model above is a generalization of quantum walks
described by (0.2), see [27].) Of course, since the value of a given coin map depends on
n € 7, the quantum walk above is called a position-dependent coined quantum walk. As
mentioned at the beginning of this introduction, we will deal only with such quantum
walks (on lattices) in this thesis.

then



It is difficult to study the weak limit theorem in general when the coin map is not
constant. Therefore various models have been studied individually. For example, Konno,
Luczak, and Segawa proved the weak limit theorem for quantum walks with one-defect,
where the coin map is constant on Z except for the origin in [23].

A quantum walk is called of two-phase if the coin map takes two different values on
Z>o and Zo. Two weak limit theorem are proved in [10] and [11] for two-phase quantum
walks with and without one-defect as well.

Suzuki [35] proved the following theorem:

Theorem. (Suzuki [35])
Let C, : Z — U(2) be a coin map and ¥° € H an initial state. If there exists Cy, € U(2)
and € > 0 such that

Cp=0Cx+0(n|""%) as |n| — oo, (0.5)

then the distribution of X/t weakly converges to a probability measure
p= [T (U)P°]200 + || By ()2, 00|

Here II,,(U) denotes the projection onto the pure point subspace of U and ¢, the Dirac
measure at the origin. In addition, V' denotes the asymptotic velocity operator, Ey (-) the
spectral measure of V' and (2} the adjoint of the wave operator €1, .

The condition (0.5) means that C), converges to Cy, in an order faster than |n|=!. Of
course, it includes one-defect models as special cases. Since this condition corresponds to
the short-range condition of the potential of the Schrodinger operators, the same term is
used in quantum walks. Suzuki used the GJS method and the spectral scattering theory
in the proof of this theorem.

In contrast, Wada [38] gave an example that there are no wave operators when the
order is slower than |n|™' (which is said to be long-range type), and elucidated that the
borderline between existence and non-existence of wave operators is —1. However, even
in the long-range type case, he also showed that the modified wave operators can be
constructed for a specific coin map, and succeeded in proving a weak limit theorem in
[39].

Richard, Suzuki, and Tiedra de Aldecoa [29, 30] extended Suzuki’s result from a
different view point: Given a coin map C,, if

Cp =

Coo +O(In|717%) as n — oo,
C oo +O0(n|77%) as n— —oo,

for some Cyo € U(2) and € > 0, then a weak limit theorem also holds. Note that all
of one-defect models, two-phase models, and two-phase models with one defect satisfy
this condition. Also, Richard et al. called such a coin map which converges to different
matrices as n goes to oo and —oo respectively, anisotropic. Therefore, to summarize the
results of Suzuki, Wada, and Richard et al. above, if a given coin map is isotropic short-
range, isotropic long-range (a special case), and anisotropic short-range, then a weak limit
theorem holds, respectively.



In general, a quantum walk can be defined on every connected graph. The weak
limit theorem has been studied for quantum walks on several other types of graphs, for
example, higher-dimensional lattices [13, 14, 26, 34, 40|, crystal lattices [15], the half-line
[25], jointed half lines [7], and trees [6].

Motivation and main results

One of the aims in this thesis is to provide a two-dimensional generalization of the weak
limit theorem proved by Suzuki [35]. We shall focus on not only the square lattice but
also the hexagonal and triangular lattices. One of the reasons why we work on those is
that squares, equilateral triangles and regular hexagons are the polygons that can fill the
plane.

Let us consider the coin map in Suzuki [35] and Richard et al. [29, 30] again. Let
Z U {oo} denote the one-point compactification of Z. Then a coin map C, : Z — U(2) is
isotropic if and only if it can be continuously extended to ZU{oo}, namely, it is continuous
on Z U {oo}. Similarly, we denote by Z U {£oo} the usual two-point compactification of
Z, then Richard et al.’s anisotropicness of a coin map is equivalent to its continuity
on Z U {xoo}. In this way, an anisotropic coin map can be rephrased in terms of a
compactification of its domain. From this point of view, we may say that other examples
of anisotropic coin maps on hexagonal, square, and triangular lattices are provided in this
thesis.

Our first study is on the weak limit theorem for quantum walks associated with
anisotropic short-range coin maps on the lattices.

‘ ‘
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Figure 0.2: The hexagonal lattice graph and its deformation

Ando studied the discrete Schrodinger operator with finite support potentials on the
hexagonal lattice in [2]. A discrete Schrodinger operator can be defined on any connected
graph. By a graph theoretic deforming, Ando regarded the hexagonal lattice as a subgraph
of the square lattice Z?* (Fig. 0.2), and thereby represented the Schrodinger operator as an
operator on 5(Z?). However, it was necessary to divide the expression of the Laplacian



into two cases. It is due to the fact that the hexagonal lattice has vertices with two
distinct properties.

Let Z2 (resp. Z2) denote the set of points of Z? such that the sum of the two coordinates
is even (resp. odd). Ando avoided the complexity of the Laplacian by dividing the vertex
set of the deformed hexagonal lattice into Z? = Z2 U Z2? and making the Hilbert space
larger as (o(Z%) = (o(Z2) & 05(Z2) = 5(Z2) @ (5(Z?).

We apply Ando’s method above to the time evolution operators derived from hexag-
onal, square, and triangular lattices. Let I' be a graph which is one of the hexagonal,
square, and triangular lattices, d the degree of I'. The vertex set of I' can be regarded as
Z? by deforming the graph. Thus when we consider a quantum walk on I', the domain
of each coin map is Z? (ie. C, : Z* — U(d); (n,m) — Cn,) and the shift operator
can be explicitly written down just like (0.4). However, as with the Laplacian above, it
is necessary to divide the expression of the shift operator into two cases only if I' is the
hexagonal lattice. We now use Ando’s method, then the complexity of the shift operator
is removed. The method not only avoids the complexity but also makes it possible to
deal with certain anisotropic coin maps in the weak limit theorem. Hence, although the
complexity of the shift operator does not occur in the square and triangular lattices cases,
we apply Ando’s method to even those cases.

Let Z* U {o0,, 00, } denote the disjoint union of the one-point compactifications of Z?2
and Z2, where oo, and 0o, are points at infinity of Z? and Z2, respectively. A coin map
C, : Z* — U(d) is said to be anisotropic (in this thesis) if it can be continuously extended
to Z2 U {00, 00, }-

The following theorem is one of the main results in the thesis.

Theorem. (Theorem 3.4.3)

Let Cy : Z? — U(d) be a coin map and W° € Hp = (,(Z* C?) an initial state. Let
X; denote a random variable which describes the position of a quantum walker at time
t € NU{0}. Suppose that there exist C.,C, € U(d) and £ > 0 such that

C.+O(||(n,m)||;*°) as Z2>(n,m)— oo,
G = { (I, m)17>79) (n,m) 06)

Co +O(|(n,m)||;%°) as Z2>(n,m)—o0,.

In addition, we suppose that the matrix C, & C, € U(2d) satisfies Assumption 3.2.3.
Then, the distribution of X;/t weakly converges to a probability measure

H= ||pr(U)\I’O||$-[F5(0,0) + ||(Ev1F ® EVQF)(')(Qi)*JF\I’OHg{F@HF,

where (g 0y is the Dirac measure at the origin, V", V" and QY are the asymptotic velocity
operators and the wave operator on Hr @ Hr, respectively. Additionally, Jr denotes a
unitary operator from Hr to Hr @ Hr. Also, for each a > 1, the distribution of X, /t*
weakly converges to d(,)-

The condition (0.6) corresponds to the property that the coin map is anisotropic and
short range, and Assumption 3.2.3 is an assumption about the eigenvalues and eigenvec-
tors of a certain unitary matrix with respect to C. and C,.
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The second study is on the essential spectrum of the time evolution operator which
describes a quantum walker. Since the essential spectrum is invariant under a compact
perturbation, it is an inherent numerical of an operator on an infinite-dimensional space.
In [29], the authors investigated the essential spectrum of the time evolution operator
associated with an anisotropic coin map on Z. The following theorem is a lattice version
of it. A coin map dealt with here is assumed to be anisotropic, but is not necessarily of
short range.

Theorem. (Theorem 4.2.2)
Suppose that a given coin map C, : Z? — U(d) is anisotropic, that is, there exist C, C, €
U(d) such that

1Ctnm) — Cellrycy = 0 as Zga(n,m)—ﬂme,
1Ctnm) = Collarye) = 0 as Z23 (n,m)— oo,

where || - ||ar,c) denotes the C*-norm on the matrix algebra My(C). Then the essential
spectrum of the time evolution operator associated with C, is given by the following

formula:
UeSS(U) = U 0-((700(‘97 SO))7

(0.0)€[0,2m)?

where (700(9, ¢) is a 2d x 2d unitary matrix derived from C, and C,.

Organization

This thesis is organized as follows: In Chapter 1, we recall some facts of operator theory
and discrete crossed products for later chapters. In Section 1.3, we provide the two-point
compactification of Z2.

The purpose of Chapter 2 is to determine the shift, coin, and time evolution operators
which describe quantum walks on hexagonal, square, and triangular lattices. In Section
2.1, for understanding of the model, we first consider the hexagonal lattice case, which
is the most important one. In Section 2.2, we define the three operators derived from
a regular graph. In Section 2.3, in particular, we determine the three operators derived
from hexagonal, square, and triangular lattices. In Section 2.4, by using Ando’s method,
we modify the unitary operators of Section 2.3. The definition of anisotropic is given in
this section.

The weak limit theorem is proved in Chapter 3. The proof is based on an argument
using the GJS method and spectral scattering theory inspired from [35]. In Section
3.1, we represent the characteristic function of X;/t’s distribution using the 2-variable
functional calculus. In Section 3.2, we construct the asymptotic velocity operators by
the GJS method. Assumption 3.2.3 is introduced in this section. In Section 3.3, we
define the short-range condition and construct the wave operators. In Section 3.4, we
prove a weak limit theorem for quantum walks with an anisotropic short-range coin map
(Theorem 3.4.3). As a special case, we provide a weak limit theorem with respect to
“quasi-uniform” coin maps (Corollary 3.4.4). An application of the weak limit theorem
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is the concept of localization. We also give a necessary condition that localization occurs
(Corollary 3.4.5).

In Chapter 4, we investigate the essential spectrum of the time evolution operator as-
sociated with an anisotropic coin map by using the crossed product C*-algebras (Theorem
4.2.2). This proof is affected by the one of [29, Theorem 2.2].

In Chapter 5, we consider only quantum walks on square and triangular lattices. Since
there is the complexity of the shift operator only in the hexagonal lattice case, we can
discuss without using Ando’s method in square and triangle lattices cases. However,
then, anisotropic coin maps cannot be treated. Therefore, we provide isotropic versions
of Theorems 3.4.3 and 4.2.2 (Theorems 5.1.3 and 5.2.1).
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Chapter 1

Preliminaries

In this chapter, we briefly recall some notations and facts from functional analysis for
later chapters.

Let H be a complex Hilbert space with inner product (-,-) which is linear in the
second argument. For every ¥ € H, let (¥| and |¥) denote the bra and ket vectors,
respectively. The set of all bounded linear operators on ‘H is denoted by B(H). If H = C",
then the matrix algebra M,,(C) can be identified with B(C") as C*-algebras. Under this
identification, the following equality holds:

U1Up vt ULV,
u)(v| =
UV, UpUp
for any v = uy, -+ ,up),v = (v1,--+ ,v,) € C". Also we denote by E, the identity

matrix in M, (C).

Let X be a set and ‘H a Hilbert space. The Hilbert space of all square summable
H-valued functions on X is denoted by ¢5(X;H) with norm

1/2
][ == (Z H‘M@H%) Ve l(XH).

zeX

When H = C, we simply denote ¢5(X) instead of o(X;C). The following isomorphisms
are often used in this thesis:

LXH) 2 HX)oH=PH,
L(X5HBK) = 0(X5H) @ 6L(X;K).

Let X be a locally compact space and A a C*-algebra. We denote by Cy(X;.A) the
set of A-valued continuous functions on X vanishing at infinity and equipped with the
supremum norm. When X is compact, one denotes C'(X;.A) instead of Cy(X;.A) and
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coincides with the set of all continuous functions from X to A. As easily seen, if A is
unital, then for all f € C'(X;.A), its spectrum is given by

zeX

Let pand py, p19, . . . be probability measures on the Borel measurable space (R", B(R")).
A sequence { i }en is said to be weakly convergent to p if

/fdut—> fdu as t— o
n R"

for any f € Co(R™). Let M(R™) be the measure algebra on (R™, B(R™)), the set of all
regular Borel complex measures. Since it holds that M(R"™) = Cy(R™)* Banach spaces,
the weak convergence above means the weak one in the Banach space M(R™). Given a
probability measure p on R”, the characteristic function of p is defined by

e = [ Ehdua), e R

where (¢, ), = &y + -+ + &,xp, the standard inner product on R". For probability
mMeasures [, [y, fa, - - ., it is well known that {y}ien is weakly convergent to p if and only
if 11 () — u(€) for each £ € R™.

1.1 Operator theory

We will provide some topics from operator theory.

1.1.1 Multi-variable functional calculus

The facts of this subsection is based on [3].
Let H be a Hilbert space. The domain of a linear operator A on H is denoted by
D(A) and the graph of A is defined by

G(A) :=={(¥, AV) € H @ H(a column vector) | ¥ € D(A)}.

When A is a self-adjoint operator, there exists a unique spectral measure E(-) on
R such that A = [, AddEA(\). Let Ay,..., A, be n self-adjoint operators on # and
Es(+),...,Ea,(-) be their spectral measure, respectively. Then Ay, ..., A, are said to be
strongly commuting if the projections Fy4, (By),. .., Fa,(B,) are mutually commuting for
any By,...,B, € B(R). If Ay,..., A, are strongly commuting then there exists a unique
spectral measure (E4, ® --- ® Ejy,)(-) on R™ such that

(Ba, ® - @ Ex, )(By X -+ X By) = Ea,(B1) -+ Ea,(B,)
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for each Borel sets By, ..., B, € B(R). For each bounded Borel function f on R",
f(Ala---:An> = f()‘)d(E/h ®®EA71>()\)
R

defines a bounded linear operator on H. The operation f +— f(Ay,..., A,) is called the
n-variable functional calculus. Note that the equality

(W, f(Ar, o An)®@) = | fA) (U, d(Ex, @ - @ By, )(A)®)

R'IL
holds for any ¥, $ € H.

Proposition 1.1.1. Let A and B be strongly commuting self-adjoint operators on a Hilbert
space. For all (,n € R, then the following formula holds:

expi(CA +nB) = exp(i(A) exp(inB) = exp(inB) exp(i(A),
where expi(CA + nB) means the 2-variable functional calculus.

Proof. By applying [3, Theorem 1.16 (viii)] to f(s,t) = €"* and g(s,t) = ™. 0

1.1.2 Spectral theory for unitary operators

For a unitary operator U on a Hirbert space H, there exists a unique spectral measure

Ey(-) on R such that U = fo% e?dEy(0). Note that for each ¥ € H, (U, Ey(-)¥) =

| By (-)¥]|? defines a finite regular measure on R. Let us define the following subspaces of
H:

Hop(U) :={¥ € H | ||[Ey(-)¥|? is a pure point measure},

Hae(U) :={¥ € H | |Ey(-)¥|* is an absolutely continuous measure},

Heo(U) :={¥ € H | ||Ey(-)¥|]? is a singular continuous measure}.
They are closed subspaces, and by Lebesgue decomposition, we have

H =Hpp(U) ® Hac(U) ® Hoo(U).
Also,
Hpp(U) = Span{V¥ € H | U is an eigenvector of U}

holds, where Span{---} means the norm-closed linear span of {---}. We respectively
denote II,,(U),IL,.(U) and Il,(U) the orthogonal projections on Hp,(U), Hae(U) and
Hs(U). Then U commutes with IT,(U), namely,

(U IL(U)] = UIL(U) — IL(U)U = 0

for § = pp, ac, sc. Note that if one sets a self-adjoint operator A := Ogﬂ AdEy (M), then
the usual closed subspace H;y(A) coincides with Hy(U) for §f =pp, ac, sc. Thus the facts
above can be proved in the framework of self-adjoint operators (see e.g. [31]).

12



1.1.3 Essential spectrum

Let A be a bounded linear operator on a Hilbert space H. The essential spectrum of A is
defined by

Oess(A) := 0 (A) \ {\ € C | X is an isolated point of o(A) with dimKer(A — \) < oo}.

Let K(#H) denote the set of all compact operators on H, which is called the compact algebra.
Set Q(H) := B(H)/K(H), called the Calkin algebra, and denote 7 the natural projection
from B(H) to Q(#H). The essential spectrum is invariant under compact perturbations,
that is, for any A € B(H) and K € K(#), one has

Jess(A + K) = Oess(A)'
Also, thanks to Atkinson’s theorem,
Oess(A) = o(m(A))

holds for all normal operator A. As for the proofs, see e.g. [8].

1.2 Discrete crossed product (C*-algebras

This subsection is based on [12], but a general reference that includes the subject of this
subsection is, for example, [5].

Let A be a C*-algebra and G a discrete group. We denote by Aut(A) the set of all
s-automorphisms of A. A map a : G — Aut(A) is called an action of G on A if it is a
group homomorphism. We will denote by oy instead of a(g) for g € G. An action « is said
to be trivial if oy = idy for all g € G. A C*-subalgebra B of A is said to be a-invariant
if ay(B) C B for every g € G, and then one can consider a map a : G — Aut(B), which
is called the restriction of o to B.

Let a be an action of G on A. One defines A x8 G the set of all finitely supported
A-valued functions on GG, and every element of this set can be expressed as follows:

E , agdg,
geG

where a, € A and a, = 0 except for finitely many g € G. This becomes a linear space.
Let X = 3 cq 005, Y = D pcq bndn be two elements in A %38 G, one then defines a
multiplication and an involution as follows:

XY = Z agag(bh)égh, X* = Zagfl (GZ)(Sg*l.

g9,heG geG

Equipped with a multiplication and an involution, A %% G becomes a *-algebra and is
called the algebraic crossed product. For an element X of A x28 G, we set

| X || max := sup{p(X) | p is a C*-seminorm on A x*¢ G},

13



where C*-seminorm p on a x-algebra C is a seminorm on C satisfying p(XY) < p(X)p(Y)
and p(X*) = p(X) for all X,Y € C. Then || - ||max becomes a norm on A %28 G. The
(C*-algebraic full) crossed product Ax,G is defined by the completion of A x28 G relative
to the norm || - || max- We use A xo G instead of A x, G when « is trivial.

Theorem 1.2.1. ([12, Lemma 17.8, Proposition 17.13, and Theorem 20.7])
Let o be an action of an amenable group G on a C*-algebra A. Then for each g € G,
there exists a contractive linear map Eg : A xo G — A such that

E, (Z ah5h> = ay

heG

for any 37, cc andn € A %28 G. Moreover, for an element X in A x, G, X =0 if and
only if E,(X) =0 forall g € G.

1.3 A two-point compactification of Z?

In this last section, we construct a two-point compactification of Z?, which is necessary
to describe anisotropic quantum walks of this thesis.

For a locally compact space X, we denote by X the one-point compactification of X.
Let 0o, and oo, be two symbols which are not elements of Z?2, and let Z2 := Z*U{oco., 00, }.
Also we set

7% :={(n,m) € Z* | n +m € 27},
72 :={(n,m)€Z® | n+m+1¢c2Z}.

Note that Z? = Z2? U Z2%, and Z2 N Z2? = @. One defines a fundamental system of
neighborhoods of 0o, (x = €,0) in Z? by all sets of the form

{(n,m) € Z¢ | [(n,m)]l, > N} U {o0.},

for N € N, where ||(n,m)||; := |n|+|m/|, the {;-norm on Z?. Then 7% is a compactification
of Z2. We note that Z2 and Z2 are homeomorphic to Z2U{oo. } and Z2U{occ, }, respectively.
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Chapter 2

Quantum walks on lattices

In this chapter, we describe the shift, coin, and time evolution operators on hexagonal,
square, and triangular lattices. The vertex sets of those graphs can be regarded as Z2,
so the expression of the shift operator is explicit. We will be able to understand that in
Section 2.1-2.3. However, only in the hexagonal lattice case, it is necessary to divide its
expression into two cases. Section 2.4 gives a way to modify it. This idea was used to
study the discrete Schrodinger operators on a hexagonal lattice in [2]. The workaround
not only avoids the complexity of the shift operator but also makes it possible to treat
certain anisotropic quantum walks in later chapters. Therefore, in Section 2.4, we apply
the method even to the cases of square and triangular lattices that do not require the
modification of shift operators.

2.1 Quantum walks on a hexagonal lattice graph

In this section, we first give straightforward definitions of the shift, coin, and time evolu-
tion operators on the hexagonal lattice, which are compatible with more general defini-
tions in Section 2.2. For this purpose, by using Fig. 0.2 in Introduction, we rewrite the
hexagonal lattice graph so that the vertex set of deformed lattice coincides with Z2.

Definition 2.1.1. The hexagonal lattice graph I'y = (V(I'y), E(I'g)) with the vertex
set V(I'y) and the undirected edge set E(I'y) is defined as follows (Fig. 1):

1) (Vertex set) V(T'y) := Z2.
2) (Edge set)

E(Ty) = {{(n,m), (n+1,m)} | n,me Z} U {{(n,m), (nym+1)} | nt+me 22}.

In addition, we define the directed edge set.

3) (Directed edge set) Recall that Z2 = {(n,m) € Z* | n+m € 2Z} and Z? = {(n,m) €
Z* | n+m+1 € 2Z}). For v = (n,m) € V(I'y), one defines the directed edges
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whose initial vertex are v by

e1(v) :=[(n,m)—= (n+1,m)],

ea(v) :=[(n,m)— (n — 1,m)], .
es(0) ':{[(n’m)ﬁ(n’m“” it vez *
T Umem) s (em = 1)) i ve z2

(See Fig. 2.) The directed edge set D(I'y) is defined by

D(Ty):={e1(v) |[ve V() U{ex(v) |v e V() U{es(v) | veV(ly)}.

*—
*—
D
w
—
<
N~—

e2(u) e1(u)

[ I

Figure 1: The hexagonal lattice
graph FH = (V(FH),E(FH))

es(u)

Figure 2: The directed edges
(veZ2 ueZ?)

Next, we shall define the state space, and the shift, coin, and time evolution operators
on the state space.

Definition 2.1.2. 1) (State space) Hr,, := lo(V(Tg); C?) = (5(Z?; C3).
2) (Shift operator) Define S : Hr,, — Hr,, by

(

if (n,m) € Z2

Uy(n+1,m)
Uy(n —1,m) | if (n,m) € Z2,
Us(n,m+1) Uy
(S¥)(n,m) := for = [ Uy | € Hr,,.
Ui(n+1,m) U,
( )
( )

(2.1.2)

3) (Coin operator) Given a map C, : Z* — U(3), called a coin map, we define C :
HFH — %I‘H by

(CO)(n,m) := Clmy¥(n,m) for ¥ € Hr,, (n,m) € Z°.
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Since (5(Z* C?) = @,. C* and M;3(C) = B(C?), the coin operator C can also be

expressed as follows:
C= @B Cum.

(n,m)€Z?

4) (Time evolution operator) U := SC.

2.2 Definition of quantum walks on regular graphs

In this section, we will define the shift, coin, and time evolution operators derived from
any regular graph. It will be able to see that Definition 2.1.2 is a special case of its
definition at the beginning of the next section. A quantum walk described by the time
evolution operator in this section is called a position-dependent or coined model quantum
walk, we referred to [1, 24, 28] for its definition.

Let I' = (V(I'), E(T'")) be a d-regular undirected graph with the vertex set V(I') and
the undirected edge set E(I'). Every element in F(I") is represented as {v,u} for some
v,u € V(I'). Note that {v,u} = {u,v} in E(I'). We set D(I') = {[v—u| | {v,u} € E(T)}
as the set of all directed edges of I'. Given a directed edge e = [v— u], the initial vertex
v is denoted by o(e). For each e = [v—u| € D(T"), a directed edge [u— v] is called the
inverse edge of e, and denoted by €. We also note that € = e and e # € in D(I").

For any vertex v € V(I'), the number of elements in the set {e € D(I") | o(e) = v}
is d. We assume that the d elements in this set are ordered as e;(v), ..., eq(v). That is,
there exist d maps e;(+),...,eq(:) : V(I') = D(T") such that

{e€ D(I') | o(e) = v} ={e1(v),...,eq(v)} forall ve V().
Then the operator T : €o(D(T')) — £o(V(I'); C?) defined by

®(e1(v))
(T®)(v) := : (@ € fo(D(I)), ve V(D))
®(eq(v))

is isomorphism. It is called the natural isomorphism with respect to e;(-). The inverse of
T is given by

(T70) (es(v)) = Ui(v) (U =1(Ty,...,Uy) € b(V(I);CYH, ve V(I), 1<i<d).
Let us define unitary operators which describe a quantum walk on I'.

Definition 2.2.1. 1) (State space) Hr := l,(V(T); CY).
2) (Shift operator) Define S : lo(D(I")) — £2(D(I")) by

(SP)(e) :==P(e) for @€ lL(D(I)), e D(I).
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3) (Coin operator) Given a map C, : V(I') — U(d), called a coin map, we define
C: Hr — HF by

(C¥)(v) :=C,¥(v) for WeHr ve V(D).
The coin operator C can also be expressed as follows:

C= Cy.
)

veV

4) (Time evolution operator) U := (TST1)C.

Remark 2.2.2. Let us see that the ordering of edges is not essential. For this, we define
abstract quantum walks, and the unitary equivalence of them which is introduced in [32].

Let V' be a countable set, let {#H, },ev be a family of separable Hilbert spaces, and let
U be a unitary operator on H = @, .\, H,. Then the pair (U, {H,},ev) is called a abstract
quantum walk. For two abstract quantum walks (U, {H5 bo ern) and Us, {HD Vosevs),

they are unitary equivalent if there exist a unitary operator W from H, = @, ., ’H&)
to He = @WG% 7—[1(2) and a bijective map ¢ : V; — V4 such that WU, W =t = U, and
W?—[S) = 7-[((1)2(3}1) for every v, € V7.

Let T' = (V(I'), E(T")) be a d-regular undirected graph with the directed edge set
D(T") and the ordered edges {ei(v),...,eq(v)} for each v € V(I'). We fix a coin map
Co : V(I') = U(d);v = Cy = (cfj)1<ij<a arbitrarily. Let {e1(v),...,€4(v)} be another
ordered edges for v € V(I'), and T, T : £5(D(T")) — Hr be the natural isomorphisms with
respect to e;(-) and €;(-), respectively.

For any v € V(I'), there exists a permutation o, € &4 such that ¢;(v) = e, ;) (v) for

all i =1,...,d, so the natural isomorphism 7" is given by
N ®(&1(v)) ®(e5,1)(v))
(T'®)(v) = : = : (® € (D)), v e V(I)).
®(ea(v)) ®(€q,(a)(v))
We now define a unitary operator W : Hr — Hr by
Vo, ()(v)
(W¥)(v) == : (U ="Ty,...,Vq) € Hr, veV(D)),
Yo, (0 (V)

then the following diagram commutes.

60T
AN
Hr v Hr
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Also we define a new coin map C, : V(') — U(d) by
Cy = (¢} )1<ij<d = (Cop (i)on () N1<iri<d

for v € V(I'), and one denotes C and U the coin and time evolution operators associated
with C,, respectively. For any W ={W,,... ,U,) € Hr and v € V(T'), we have

(CW)g,(1)(v) (Co¥(v))o, (1)
(Wew)(v) = : = : :
(C\D)Uv(d) (v) (OU\II@))UU(d)
Yo, 1)(v)

(CWW)(v) = Co(WT)(v)) = C, :
Vo (@(v)
The i-components (1 <i < d) of (WC\II)( ) and (5W\If)(v) are given by

d
chv(i)j\llj (v) and Z \I/Uv Zc oy ov(j (v),

j=1 7j=1

respectively, so WC and CW must be identical. Also W(TST™) = TS(W-'T)™! =
(TST—H)W holds. Therefore WU = UW, which means that two abstract quantum walks
U, {C%ev(r)) and (U, {C},cv(r)) are unitary equivalent.

2.3 Quantum walks on hexagonal, square, and trian-
gular lattices

In this section, we provide the time evolution operator which describes quantum walks
on square and triangular lattices. We first consider the hexagonal lattice graph I'y =
(V(Tw),E(Ty)) = (Z*, E(Ty)) (see Definition 2.1.1) which is a 3-regular graph. Let T be
the natural isomorphism from fo(D(T'f)) to Hr,, = lo(Z*; C?) with respect to the ordered
edges (2.1.1). In order to compute U = (T'ST~')C, we fix a coin map C, : Z*> — U(3)
arbitrarily. For any v = (n,m) € Z?, the inverse edge of ¢;(v) (i = 1,2,3) is given by

e1(v) =[(n+1,m)—=(n,m)] = 62((n + 1,m)),
ex(v) = [(n — 1,m)—(n,m)] = e;((n — 1,m)),

) = {[(n,m+1)—>(n,m)] =e3((n,m+1)
[(n,m —1)—(n,m)] = e3((n,m — 1)

it v=(n,m)eZ?
if v=(n,m)eZ

T70) (e (v))
T710) (ea(v))
T710) (es(v)

(ST=1)(ex(v))
(TST ') (n,m) = | (ST 1) (ex(v)) | =
(ST~1T)(es(v))

))
)
Thus for any ¥ = (U, Uy, U3) € Hr,,, if v = (n,m) € Z2, then we have
(
(
(
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(T710) (ex((n+ 1,m)))

Uy(n +1,m)
= | (T (es((n—1,m))) | = | "i(n—1,m)
(T71T) (es((n,m +1))) Ws(n,m+1)

Similarly, if (n,m) € Z2, one gets
Uy(n+1,m)

(TST W) (n,m) = | ¥1(n—1,m)
Us(n,m— 1)

Now we set ¢ :=

oS = O

10
0 0 |. Then the following equality holds as operators on Hr,,:
01

TST' =S (é@ a>

Hence the time evolution operator I/ is expressed as follows:

U= (TST C =S5SC=1,

where C' is the coin operator associated with the coin map oC, : Z* — U(3);(n,m) —
0Cnm)- Since C, <+ 0C, is one-to-one correspondence between the sets of all coin maps,
one can see that the shift operator derived from I'y can be defined as (2.1.2).

Similarly, we can define the shift, coin, and time evolution operators derived from
square and triangular lattices. For this purpose, one needs the definitions of the square
and triangular lattice graphs.

Definition 2.3.1. Square lattice

The vertex and undirected edge sets of the square lattice graph I'g are respectively defined
as follows (Fig. 3):

1) (Vertex set) V(I's) := Z2.

2) (Edge set)
E(Tg) := {{(n,m), (n+1,m)} | n,me Z} U {{(n,m), (n,m+1)} | n,me Z}.

Additionally, we define the directed edge set.

3) (Directed edge set) For v = (n,m) € V(I's), we define the directed edges whose
initial vertex is v by

e1(v) :=[(n,m)—(n+ 1,m)],

20



[(nv m)_>(n - 17m>]>
[(n,m)— (n,m + 1)],
[(n,m)—(n,m — 1)].

e (v)
e3(v) :

eq(v) :

(See Fig. 4.) The directed edge set D(I'g) is defined by

D(T'g) :=={e;(v) |ve V(I's), i =1,2,3,4}.

e4(v)

Figure 3 Figure 4

Triangular lattice

Similarly, the vertex, undirected edge, directed edge sets of the triangular lattice graph
['r are respectively defined as follows (Fig. 5):

4) (Vertex set) V(') := Z2.

5) (Edge set)

E(Ty) == E(I's) U {{(n,m), (n+1,m+1)}|nme Z}.

6) (Directed edge set) For v = (n,m) € V(I'r), one defines the directed edges whose
initial vertex is v by

e1(v) := [(n,m) = (n+1,m)],
62(U> = [(n’m)_)(n - Lm)]a
es(v) = [(, ) = (m, 0 + 1),
e(v) = [(m, 1) = (n,m — 1),
es(v) = [(n,m) = (n + L,m + 1)),
es(v) :=[(n,m)—(n — 1,m — 1)]

(See Fig. 6.) The edge set D(I'r) is defined by

D(T7) :={e;(v) |v e V(I'r), i =1,2,3,4,5,6} = D(I's)U{e;(v) |v e V(['r), i =5,6}.
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Figure 5 Figure 6

In the same way as the case of the hexagonal lattice, one can define the shift operator
etc. The following shift operators are also treated in [16].

Definition 2.3.2. Square lattice
1) (State space) Hrg := lo(Z?*; C*).
2) (Shift operator)

n+1,m

( )
(ST)(n,m) = %E” ,mg for U =Wy, Uy, U3, U,) € Hyy, (n,m) € Z2.
( )

3) (Coin operator) For a coin map C, : Z* — U(4), we set C := D myczz Cinmy-
4) (Time evolution operator) U := SC.

Triangular lattice

5) (State space) Hr, = lo(Z*;C").

6) (Shift operator)

(SU)(n,m) =

for ¥ = t(\lfl, \1]2, \113, \1]4, \115, \1}6) S HFT, (n,m) € Z2.

7) The coin and time evolution operators are defined in exactly the same manner as
above.

At the end of this section, we define the term anisotropic.
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Definition 2.3.3. Let I" be one of I'y, I's and I'r, and let d be its degree.

1) A coin map C, : Z* — U(d) is said to be anisotropic if it can be continuously
extended to Z? (see Section 1.3), that is, there exist C,, C, € U(d) such that

”O(mm) - Oe“Md((C) — 0 as Zz > (n, m) — 00,

2.3.1
|Cnm) = Collmycy = 0 as 723 (n, m)— 00,. ( )

It is also equivalent to C, € C(ZE; M4(C)). In particular, a coin map C, : Z? — U(d)
is said to be quasi-uniform if

o G if (n,m) € Z2, (2.3.2)
) = o, it (n,m) € Z2 o

for some C., C, € U(d).

2) Let C, : Z* — U(d) be an anisotropic coin map satisfying (2.3.1). Then the unitary
matrix Cy, = C. @ C, € U(2d) is called the limit matriz of C,.
2.4 Modification of the unitary operators
Let us define two maps ¢, : Z2 — Z2, ¢, : Z* — Z2 by
Ge(n,m) = (n —m,n+m), ¢o(n,m) :=mn—-mn+m+1), (n,m)cZ.

Since they are bijective (with the inverses

1
¢;1(n7m):§<n+m7_n+m)u <n7m> GZS,
1
¢;1(n7m):§(n+m_17_n+m_1)7 (n7m)€Z(2))7

the mappings ¢. and ¢, naturally induce the following unitary operators J, : £5(Z2%; C%) —
Hr and J, : €o(Z2; C?) — Hr:

(J.®)(n,m) = ®(¢e(n,m)) = ®(n —m,n+m), &€ l(Z2CY, (n,m) € Z?
(J,U)(n,m) = U(po(n,m)) = ¥(n—m,n+m+1), e l(Z2Ch, (n,m)c Z?
respectively. Also we set a Hilbert space Kr := Hr @ Hr (whose any element has the
form {(®, V), (®,¥ € Hr)), and define a unitary operator Jr : Hr — Kr by composing
the natural decomposition Hy =2 (5(Z2;C?) @ (5(Z2;C?) and the direct sum operator
Jo @ J, : bo(Z2%,CY @ £y(Z%;,C?) — Kr. Specifically, Jr is given by the following formula:

Jo(®) = 1 (Ju(®l), Jo(®]z3) (2.4.1)
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for ® € Hr. Let us transform the shift, coin, and time evolution operators by Jr. In
terms of the coin operator, for any ® € Hr, (n,m) € Z?*, we have

(JC T @) (n,m) = (CT ) (¢e(n, m)) = Co, () (I @) (de(n,m))) = Cop, ) P (m, ).

Similarly, (J,C'J, '®)(n,m) = Cy, (n,m)®(n, m) holds. Therefore, for all {®, V) € Kr and
(n,m) € Z?*, one has

(rCIE @ D) ) = (gromote ),

namely,

JFCJ].—Tl = @ (C¢e(n7m) @ C¢o(n7m))- (242)

(n,m)€Z2

In terms of the shift operator, we need to compute in each individually. First, let us
consider the hexagonal lattice case. Being careful about S(fy(Z2;C?)) C €y(Z?;C3), we
obtain

(J,ST @) (n,m) = (ST, '®)(n — m,n+m +1)

(J7'®) (n—m+1,n+m+1)

= (JJ'®)e(n—m—1,n+m+1)
(J71®)3(n — m,n +m)

O1(p (n—m~+1,n+m+1))

= | Py (n—m—1,n+m+1))
©3(¢c " (n —m,n+m))

O (n+1,m)

= | ®2(n,m+1)

(I)d(nam)

for each ® = (&, &y, ®3) € Hr,, and (n,m) € Z*. Similarly, for any ¥ = (U, U, U3) €
Hr,,, (n,m) € Z?*, one gets

Uy(n,m—1)
(JoSoJ; W) (n,m) = [ Wa(n —1,m)
W3 (n,m)

Hence, one can deduce from the observations above that for each {®,¥) € Kr, and
(n,m) € Z? (be careful with the inclusions S (f5(Z2; C?)) C €5(Z2; C?) and S(lo(Z?;C?)) C
(5(Z?;C?) again), we have

YUimm—1)\ [(Pi(n+1,m)
(Jru STE ) (@, W))) (n,m) = Uo(n—1,m) |, | Pa(n,m+1) ] |. (2.4.3)
‘113(71,, m) (I>3(n, m)
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Even in the case where I' = I'g, one can get the following formula by similar to the
computations above:

Uy (n,m—1) Py(n+1,m)
(S ) my = | [ e D 2
Uy(n—1,m-—1) dy(n,m)

for all (@, V) € Kry, (n,m) € Z2.
Next, we consider the triangular lattice case. One should be careful about the following
inclusion relations:

S(Lo(Z2,C%) C £5(Z2;0* @ C?) @ £5(Z2; C* © 0?),
S(£2(Z§7 C6)> C gQ(Z?, (C4 EB 02> @ 62(23, 04 @ (Cz)

Then for any (®,¥) € Kr,, we have

(o ST, ) (@, 0))) (1, m)
Y (ST (n— myn +m) (ST1®) 1 (n —m,n+m+1)
(SJ; 1 W)9(n —m,n +m) (ST 1®)o(n —m,n+m+1)
B (SJ;1W)3(n —m,n +m) (SI71®)3(n —m,n+m+1)
N (ST ) y(n—m,n+m) || (SI71®)y(n —m,n+m+1)
(SI1®)5(n —m,n +m) (ST )5(n —myn+m+1)
(ST71®)g(n —m,n +m) (ST, M )g(n —m,n+m+1)
' (Jo_lllll(n—m—i-l n+m (J71®)1(n—m+1,n+m+1)
(J10), (J71®)og(n—m —1,n+m+1)

B (J 1w (Jel¢) (n—m,n+m+2)

N (Jo‘l\If4n—mn—|—m—1 ’ J1®)y(n —m,n+m)
(J7'®)s(n—m+1,n+m+1) (J; ' W)g(n —m+1,n+m+2)
(J7'®)g(n—m —1,n+m—1) (J;1W)e(n —m —1,n+m)

! Uy(n,m—1) Py(n+1,m)
Uy(n —1,m) Oy(n,m+ 1)
W3(n, m) P3(n+1,m + 1)
“lwm—tm—0 || oimm (2:4.5)
(I)5<Tl+ 17m) \Ij5(n+17m)
(I)ﬁ(n_ 17m) \Ijﬁ(n_ 17m>

Let us summarize the above as a definition.

Definition 2.4.1. Let ' be one of I'y,I's and 'y, let Jp : Hr — Kr be as (2.4.1) above.
The unitary operators JpSJp ' and JrCJpt in (2.4.2)—(2.4.5) are denoted by Sy and Cj
respectively, and are also called the shift operator and the coin operator, respectively.
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Also,

the time evolution operator is defined by Uy = SyCo(= JrUJ;1).

S, C, U

7‘[1“ HF

| |

—_—
Kr So, Co, U Kr

Definition 2.4.2. 1) Let C, : Z? — U(d) be a quasi-uniform coin map satisfying

(2.3.2). In this case, the coin and time evolution operators associated with C, are
denoted by C4 and U, instead of Cy and Uy, respectively. Of course,

Coo =EP(Ced Cy).

ZZ

If there would be no danger of confusion, then we will also denote the unitary matrix
C. ® C, of size 2d by C.

Let C, : Z* — U(d) be an anisotropic coin map satisfying (2.3.1). Then one

can consider a unitary operator U, = SoC, which is a time evolution operator
. : _— : C, on Z?

associated with the quasi-uniform coin map | = ) other than U, =
C, on Z;

SoCy. The operator Uy, is called the auxiliary time evolution operator. Of course,

when a coin map is quasi-uniform, the time evolution operator coincides with the

auxiliary time evolution one.
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Chapter 3

Weak Limit Theorem

The aim of this chapter is to prove a weak limit theorem, which is a main theorem of
this thesis. This theorem is proved for certain quantum walks, specifically, when the time
evolution operator is associated with a short-range coin map. The short-range condition
is stronger than anisotropy. The proof is based on an argument using the GJS method
and spectral scattering theory inspired from [35].

Throughout this chapter, we suppose that I' is one of hexagonal, square, and triangular
lattices, unless otherwise stated, and d is its degree.

We fix a norm one vector ¥° € Hp, which is said to be an initial state. The state of
the quantum walker after time ¢ € No(:= N U {0}) is expressed by U'W¥°. If we denote by
X; a random variable which describes the position of a quantum walker at time ¢, then
for (n,m) € Z* and t € Ny, the probability that the quantum walker exists at position
(n,m) at time ¢t is defined by

P(X¢=(n,m)) = [(U"T")(n, m)][2a-

One remarks that only the probability measure on Z? is defined but not the stochastic
process {X;}. For each a > 0, we can consider the probability distribution of X;/t* which
is defined by

P(X;/t* € B) :=P(X; € t*B)(= P(X, € (t*B) N Z?)) (3.0.1)

for B € B(R?). Our aim in this chapter is to find a probability measure p on R? such
that the probability distribution of X,/t is weakly convergent to u as t — oo.

By regarding X;/t* as a “random variable”, the characteristic function of the proba-
bility distribution of X/t is written as follows:

Lo ({(€)-G))) mosar=tem =elow (i (&) 55))] w02

for each (&;,&) € R2
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3.1 Characteristic functions

Here we will express the characteristic function of the distribution (3.0.2) using the posi-
tion operators on Kr and their 2-variable functional calculus. We start on recalling the
position operators on Hr = £5(Z%; C?).

The domains of the position operators P, and P, on Hr are respectively defined by

DP)=S @eHr| Y [nf[®n,m)|2 <oo o,

(n,m)€Z?

D(P) =4 PeHr| Y, |mP®n,m)|t. <o o,

(n,m)€Z?

and define P, P, by
Pi®(n,m) :=n®(n,m), Py®(n,m):=md(n,m),
respectively. The transformations of Py, P, by Jr are as follows:
Lemma 3.1.1. We have
Jr(D(F))
= 0=H(®, @) €K | Y A{ln—mPl®1(n,m) |2 + [0 — m|[@a(n,m)[|ga} < o0 5,
(n,m)ez?

(3.1.1)
Jr(D(F))

= D=1, @) € Kr | Y AIn+mP®i(n,m)[a + In+m+ 1P| ®s(n,m)|[2} < o0 ¢,
(n,m)€Z2

and the following formulas hold:

(JrPLJo @) (n,m) = ((n — m)®@,(n,m), (n — m)®y(n,m)),
(Jr Py Ji P @) (n,m) = ((n+m)®i(n,m), (n+m + 1)®y(n,m))

on Jp(D(Py)) and Jr(D(F2)), respectively.

Proof. Since it is similar, we will prove only the equation (3.1.1). Let D; denote the right
hand side of (3.1.1). For any U € D(F,), using the equation

(‘]F\Il)(nv m) = t(\lj(qse(n? m))? \Il<gb0<n7 m))), (TL, m) S Zza
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one gets

Y = mPUE(Ge(n, m)) |2 + 1¥(d0(n,m)) 124}

(n,m)€Z?

= > nPIvmm)liz + Y P (e, m)|

(n,m)ez2 (n,m)€ZZ

= D P m)|z. < oo

(n,m)€Z?

Thus we have Jpr(D(P,)) C D;.
On the other hand, for any ® = {(®;, ®;) € Dy, one has

> PR ) (nm)lIE.

(n,m)€Z?

= Y Pl mm)lRa+ D Pl o) (n,m) |
(n,m)eZ2 (n,m)eZ2

= D InPlee m)lga + D |nl (e (n,m)) 2
(n,m)€Z2 (n,m)€Z2

= Y In=mPe((mm) g+ D In—mP[®s((n,m))|E < oo
(n,m)€Z2 (n,m)€Z?

Hence Dy C Jp(D(P1)), so Jr(D(Py)) and D; must coincide. The last assertion follows
from direct computation. O

The self-adjoint operators JrP;Jp. Vand JpP,Ji ! are denoted by @1 and Q., respec-
tively.

7‘[r /HF
Jpl LJF
Kr Q1, Q2 Kr

For a subset L of Z?, we let P(L) denote the projection from the Hilbert space Kr onto
its closed subspace 5(L; C?). For simplicity, we write P(n,m) instead of P({(n,m)}). If
we define

Ey(n) = P({n} X Z), Ey(m) = P(Z x{m}),
then the spectral decompositions of P; and P, are respectively given by
P = ZnEl(n) and P = Z mEs(m).
nez meZ

Since P, and P, are strongly commuting (because Ey(n)Ez(m) = Eq(m)Ei(n) = P(n,m)
for any n,m € Z), so are 1 and Q5.
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The next lemma is a purpose of this section. We note that the lemma holds for the
time evolution operator associated with any coin map.
For t € Ny, we set Q;(t) := Uy 'Q;U (5 = 1,2).

Lemma 3.1.2. Let V° € Hy be an initial state and o be a positive number. If we write
PO = JpU°, then the characteristic function of the random variable X;/t* is given by

2w (1((6) #))] = (oo (657 r6550) )

for (&,&) € R?, where exp {z (51%—050 +§2Qf—§t)>} means the two-variable functional
calculus.

Proof. For each (n,m) € Z?, by the definition of P(n,,m), the probability distribution is
represented as P(X;=(n,m)) = || P(n,m)U"¥°||% . Hence, one has

= 2 ewfi(ag + o) fPO=m)

_ (% exp {i (6132 + &30 ) }IP(.m)U" 9},

_ (ngi exp {z (glt% + gﬂa)} (U"W°, Er(n) By(m)U" W)

_ ’ m)ei exp {z (glt% + gz?a) } (U’ By @ Ey({(n,m) HU' L)
(oo (a6 Lo

0, Uy exp {2 (51% + fg%) } U8<I>O>

(o (i (640 - o2 or).

This finishes the proof. O

30



3.2 Asymptotic velocity operators

In this section, we will construct the asymptotic velocity operators by using the GJS
method. First, we shall see a relation between the position and momentum operators.
Let Ly((0,2m)?% dfdp/47?) be the Hilbert space of all square integrable functions f :

(0,27)? — C with norm
dodp\ M*
M= ireoriE)
il (072W)2| 00"

For simplicity, we write Lo ((0,27)?) := Lo((0, 2m)?%; dfdp/47?). One denotes the functions
fam(0, @) == ™ € Ly((0,27)?), then { frm}mnmezz is a complete orthonormal basis
of Ly((0,2m)%). Let F : (5(Z*) — Lo((0,27)?) be the Fourier transform which is the
unitary operator defined as the unique extension of .F (6pm) = fa.m, Where {0y} (n,m)ez2
is the canonical orthonormal basis for £5(Z?). The tensor product of .# and the identity
operator on C?? is also denoted by .%, namely

X1 I
F  0y(7%) @ C* (= Kr) = Ly((0,27)>) @ C* % 6, @ | 1 | = fam @

Tad Tad

In the same way as the case of “/y”, we will use the following isomorphisms:

© dd
L((0,27)%) @ €2 =2 Ly((0,2m)2; C**) =2 Ly((0,27)%;,C @ CY) = / c f, etc.

(0,2ﬂ.)2 471’

Now, we define the following dense subspace of Kr:

o0

Ko := | J{® € Kr|@(n,m) =0, [|(n,m)]: > k}.

k=0

Since the image of Ko under the Fourier transform is contained in C*((0, 2m)?; C?*?) which
is the set of all Cl-class functions from (0, 27)2 to C?¢, the momentum operators Dy, Do :
F(Ho) — La((0,27)2;C4 @ C?)

190 10 1o 10

are well defined, where P is the projection from Lo((0,27)% C¢@C?) onto Lo((0, 2m)%; 04
ca).

Proposition 3.2.1. The momentum operators Dy and Dy are closable, and those closures
D+, Dy are as follows:

Dy =F\WTF ', Dy=FQ 7"
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Proof. We will prove only the latter. First, we show that the subspace K is a core for

® if <k
Q. For & = {(®y, ®y) € D(Q,), we put ®*(n,m) := (n,m) 1 I, . Then
0 if [(n,m)llh =k
dF ¢ ]C(), dF — & and
1Q2® — Q2" ?
= ST et mPIymm) [+ 4+ 1@y, m)l2a} — O (as b = o0)
l[(n,m)ll12k

Thus G(Q2) = G(Qa2x,), and so Ky is a core for Q3. That is, the operator Qs|x, is a
closable operator and its closure is Q2. Also, since every element of .% (Ky) is represented
as a linear combination of the form

t t

T U1 T (A
fom ® i = e 3 I I I =R ()}
Tq Yd T4 Yd
and
t t
T n T1 Y1
ind _im . . F1 . .
et & : y : — 5n,m ® : ) .
Tq Yd T4 Yd
t t
T Y1 x Y1
— G | 1 |G | = |t m)bum | | e m D)o |
Tq Ya Zq Yd
t t t
T (7 Ty Y1 0 (1
=n 5n,m ) 571 m +m 5n,m ) 571 m + ; 671 m
T4 Yd T4 Yd 0 Yd
t t t
T1 Y1 Ty U1 0 Y1
o a5 fam | e | 5 e ] e |
Tq Ya Zq Ya 0 Ya
t
x U1
— D2 6in96im4p ® ’ :
Td Ya

the equality .7 Qs|x,# ' = Do holds on #(K;). These observations lead to the state-
ment. O

Next, we see that the Fourier transform of the time evolution operator associated with
a quasi-uniform coin map is a multiplication operator.
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Lemma 3.2.2. Let C, be a quasi-uniform coin map satisfying (2.3.2). Then the Fourier
transform Uy, = FU.F ! of Uy is a decomposable operator whose decomposition is as

follows:

where U (8, ) :=

(

—if
0
0

o O O o O

Proof. It can be easily verified that FC,.# ! = f(@

o O O O o O

O
0 O

e 0
0 1

Oy

0

e~
0 e
0
00
00
00
0 0
00
00
0

e~
0 e
0
0
0

o O O o o o
o
_ o O O

J

5

+

)
oo~ o oo

S O O O o O

—_

O O O O O O

Uso(6, )

et(0+¢p)

o oo o oo
00 00 Oo o o o o
o oo o oo
o oo o oo

33

dfdy
42’

o O 0O 0o o & oo o o o

o O O O o O

if [ =Ty,

if T =g,

if T = Iy

(3.2.1)



Because it is similar, we shall consider only the case where I' = I'y;. Then one has

t t

Z1 n 71 1 hn
fn,m & To |, | Y2 — 5n7m X T2 |5 | Y2
T3 Y3 €3 Ys
t
Ty y15n,m+1 $15n—1,m
- 5n,m 1‘2 5n m 0 y25n+1,m ) x25n,m—l
y35n,m x35n,m
t t
> Z/lfn m+1 xlfnfl,m 3/1f0,1 $1f71,0
— y2fn+1m x2fn,m—1 = fn,m y2f1,0 7fn7m I2f0,—1
y3fnm men,m Y3 €3
t
foa 0 0 (7 fzi0 0 O T
= | fam| O fio O v | fam | O fo—1 O T
0 0 1 Y3 0 0 1 T3
foa 0 0
O 0 0
3 fi0 s "
0 0 1 < | for -
f—l,O 0 0 n,m x2 ) :ZQ
0  fo1 O Os s s
0 0 1

Since for every (0, ) € (0,2m)?

Os 0 fio(0,0) 0
0 0 1
faole) 00
0 fo-1(0,¢) 0 O3
0 0 1
e 0 0
03 0 ew 0
o 0 0 1
- efze 0 0 )
0 e ™ 0 Os
0 0 1
we obtain that
e 0 0
O3 0 €% 0
)
_ 0 0 1 dfdy
FS Tt = / .
’ (0,2)2 e 0 0 472
e 0 O3
0 0 1



by the denseness of % (K;,). Thus U, = (FSoF NWNFCLTF) = f@ ) (700(9, o) Lde

472

holds. O

Since the matrix Us (6, ¢) is a unitary matrix for each (6, ) € (0,27)2, there exists
7

an orthonormal basis {u;(0,¢)} ;=1 24 of C** such that Us(8,¢) is represented as

.....

Uso(8,0) = Z%‘(@,w)!uj(@, ) (u; (6, )], (3.2.2)

where \;(6, ) is an eigenvalue of Uso(0, ). I A;(0, ) is partial differentiable at (6, ¢) €
(0,27)2, then we set

0 _LoN () 1 o _1ox(09) 1
S R W e AL A R PR WO

We introduce the following assumption on \;(6, ¢) and u; (6, ¢).
Assumption 3.2.3. For each j =1,...,2d,

1) the function A; : (0,27)* — T is C?-class and its all partial derivatives up to order
2 are bounded on (0, 27)?,

94 are bounded on (0, 27)2.

2) the function u; : (0,2r)* — C2 is C'-class and 2 P 3

In addition,

3) there exists a permutation 7 € Sy4 such that

lim )\ﬁ(H p) = lim )\ti )(0,¢), lim )\ﬁ(ﬁ ¢) = lim )\ti ) (0,9),

p——+0 p—2m—0 TU 6—+0 §—2m—0 TU

Jim wi(0,0) = lm w6, ¢), limu(,0) = Hm um)0,0)

forall j=1,...,2d, 0 < 6,p < 27 and each symbol § = 6, .

Definition 3.2.4. Let us consider the situation in Lemma 3.2.2. Additionally, we suppose
that the spectral decomposition of Uy (6, ¢) is given by (3.2.2). Then, we say that the
unitary matrix Cy € U(2d) satisfies Assumption 3.2.3 if A\;(0, ¢) and u;(6, ) satisfy it.

Remark 3.2.5. By the differentiability of \;, for any (Go,goo) € (0,2m)?, there exists
an R-valued differentiable function 7 such that \;(6, ¢) = ¢"7@%) on a neighborhood of

(0o, v0). Then, for each symbol § = 6, , we have Ag(@o,goo) = 8%9(00,@0), SO )\g- is an
R-valued function.
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Remark 3.2.6. Consider the case where I' = I'y;. If we write A(, o) = [ 0 €% 0

then Us (6, ¢) = (A(—HOigp)Ce A«Oéf)co). By [33, Theorem 3], one gets

)\ES _A(Spa Q)Co

_ 25 g _
det (_A<—6,_90)Ce \E > = det (\’E3 — A(p,0)C,A(—0, —p)C.)

and thus the eigenvalues of (700(9, ) can always be obtained algebraically.

Example 3.2.7. Suppose that I' = I'y. Let us consider a trivial case: Cy = E3 on 72 .
Then the matrix Uy (6, ¢) becomes

e 0 0
03 0 ew 0
0 0 1
e 0 0
0 e 0 Os
0 0 1

and its eigenvalues and eigenvectors can be given as follows:

M(0,0) = 20050, 0) = —e2 04 25(0, ) = €209,
>‘4(0’ 90) = _6%(9_¢)7 /\5(6790) = ]-7 )\6(97§0) - _].7

6%(9+4p) _e%(9+ﬂﬁ) 0
0 0 e3(0+%)
1 0 1 0 1 0
0,0) = — 0 0) = — 0 o) = —
ul( 790) \/§ 1 ; u2( a(P) \/5 1 ) U3( 7(10) \/5 0 )
0 0 1
0 0 0
0 0 0
—es(0+9) 0 0
1 0 1 1 1 -1
ug(f, ) = E 0 , us(0, ) E ol ug(0, ) = E 0
1 0 0
0 1 1

Although u;(6, ¢) is not “27w-periodic” for j = 1,2, 3,4, if we put

(12345 6) ¢
T=\2 14356 6

then Assumption 3.2.3 is fulfilled. Hence Eg = E5 @ Ej3 satisfies Assumption 3.2.3.
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Example 3.2.8. Suppose that I' = 'y again. As a non-trivial case, one considers the

Z2
case where Cy = Co on Z; , here we set
C, on Z?
010 1 00
Co:=11 00 and C,:=1[0 0 1
0 01 010
Then the unitary matrix (700(9, ) is given by
e¥ 0 0
03 0 0 €i9
N 0 1 0
Uoo(ea 90) - 0 e—z’@ 0 )
e~ 0 0 03
0 0 1

and one can choose \;(6, ) and u;(0, ) as follows:

eZ((P+(j—1)7r)
. 5(j—1)m
61(9+ (J3 ) )

G=1)m
;U= 1 et s ,
Aj(67 SO) =e 3, uj(ea 30) = % 61.4(‘7;1)7( , J= ]., R ,6.
;20=Dm
e 3

1

It follows that C. ® C, satisfies Assumption 3.2.3 as 7 is the identity permutation.

Since X%(6, ) and X¥(6, ¢) are R-valued bounded functions on (0, 27)* by Assumption
3.2.3, we can define the following two operators:

Definition 3.2.9. If the unitary matrix C,, satisfies Assumption 3.2.3, one can define
two bounded self-adjoint operators V', V' on Kr by

v g 7 SN ¢ dody
V= 7 /(02)22(Aj<9,so>—xj<07so>) [ (6, 2) ) (u;(0.0)| = 5 | Z.
4T j=1
v g 7 SN ¢ dody
Vv, =7 /(02)22(Aj<e,go>+Aj<e,so>) 13 (0,2) ) (u;(0.0)| =5 | Z.
4T ]:1

which are called the asymptotic velocity operators. If there would be no danger of confu-
sions, then we may write simply V;.
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Since {u;(0,p)}j=1.. 24 is an orthonormal basis of C?¢ for each (6,¢) € (0,27)?, the

.....

asymptotic velocity operators Vi, V5 are commuting.

We denote D as the set of vectors ® € Kr satisfying the following two properties:

o &:=.Zd:(0,21)% — C2 is a C'-class bounded function and its partial derivatives
are also bounded,

e lim, &3(0, ¢) = im0 EI\D(G, ) holds for any 6 € (0, 27), and limy_, 4 &3(0, ) =
limg_y2,—0 ®(0, ) holds for all ¢ € (0, 27).

Note that D is a dense subspace of Kr because Ky C D. To study properties of the
asymptotic velocity operators, we prepare two lemmas for D.

Lemma 3.2.10. Let D be as above. Then the following properties hold:
1) #(D) c D(D;) (j =1,2), and

- <D
i00 10y’ 27500 Oy
on Z (D).
2) D is Us-invariant (The matriz Cy, does not necessary satisfy Assumption 3.2.3).

Proof. Let {e;}1<j<2q be the canonical basis of C* and let fJ, := fum ® €;. Then
{fi mti<j<2d,(nmyez2 is a complete orthonormal basis of LQ((O 27r) C??). To prove the

assertion 1), take an element ® of D arbitrarily. Since ® and its partial derivatives of
order 1 are elements of Lo((0,27)%; C??), they can be expressed as

B— i i Py
=lm Y (P

1<j<2d,(n,m)€B;,

o .00
— — 1 J

1§j§2da(n7m)€Bk

) 0D
S J -
gy A 2. <”vm’a > o

1<j<2d,(n,m)€ By

where By, is the closed ball in Z? of center the origin and radius & with respect to ¢;-norm.
By the definition of D and integration by parts, one gets

< ’]””’(Zg)> m< nm,{I\)> and < ﬂlm,%> :z'm< ,{m,&)>
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(Thus the Fourier series of d is termwise differentiable.) Therefore, for example,

~

Dy (D)) — (12 + Lo + P) ® (as k—o00) in Ly((0,27)% C*),

where ), := 21§j§2d,(n,m)€Bk<f£,m’(/I;> J € F(Ky) C D(D,). By closedness of Dy,

® € D(D,) and Dyd = (%% + %% + P) ®, as stated in 1).

For the inclusion 2), take any ® € D. Since it is similar, we will prove only the
case where I' = I'y. Lemma 3.2.2 gives the equation [70.713(6,90) = U (8,0)0(6, ) for
(6,0) € (0,27)2, this means that U..® is C'-class bounded function on (0,27)? and

satisfies the second condition of the definition of D. Moreover, by the following estimate

a@ a[/joowa 90) 3 73 8&\)
0 < || ———=P(0 0,p)— (0
50 (00|l = 20 0.9)|| + || Ux(b.0) 55 (0. 9)
C6 C6 C6
U (6, ©) ~ )
pr— —@ JE—
20 @0+ 5509
cs cs
0 0 O
03 0 ’i@w 0 =N
0 0 O ~ 0P
- _7:6—19 0 0 COO(I)(Q, ()0) %(97@) )
0 00 Os .
0 0 0 6
~ o
<2||®(6 —
<286, , + |55 )|
(C6
one gets
U@
sup —(0,9)|| < oo.
(6,p)€(0,27)2 00 c6
Similarly, the function 6%’? is bounded, and hence U, ® € D. O
Lemma 3.2.11. Suppose that Cy, satisfies Assumption 3.2.3. Then for every z € C\ R,

we have

(Vi—2)'KoCcD and (Vo—2)"'KoCD.

Proof. We will check only the second inclusion of the statement. Since the equality

ideas = Z u; (8, ) ) (u;(8, )|

holds, it follows that
(Va—2)"
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- (/ Z{v o)+ X716, >—z}‘1|uj<e,so>><uj<e,so>|dff;”)9.

[gl(/oz Z{Ae ) + A7 (0, )—z}luj(&so})(uj(@,sﬁ)l%)9]

Therefore one obtains that

(7 (V2 —2)7 0)(0.¢)
- Z (X0, ) + X2(0,¢) — 2}~ < ), (0, 90)> |u;(0,))

for every ® € Ky and (6,¢) € (0,2m)?. From this and Assumption 3.2.3, it follows
(Vo—2)"'®eD. O

In particular, when the time evolution operator is associated with a quasi-uniform coin
map, we write Q3°(t) := U 'Q;UL, (j = 1,2) for t € Ny. Since Q3°(t)/t can be interpreted
as a “velocity”, the following lemma tells us why the operator Vj is called the asymptotic
velocity operator.

Lemma 3.2.12. Let Uy, be a time evolution operator associated with a quasi-uniform coin
map satisfying (2.3.2). Suppose that the unitary matriz Cs, = C.®C, satisfies Assumption

3.2.3. Then for each &1,& € R, the unitary operators exp <1§1Q?+(t)> and exp (z@%)
are strongly convergent to exp (i&1V1) and exp (i&V5) as t goes to oo, respectively. Also,
for any a > 1, both exp <z’§1Q%p> and exp (z&%:;a(t)) are strongly convergent to the
wdentity operator 1.

Proof. We will show only the case where j = 2, since the case of j = 1 is also proven by
the similar manner. We note that the convergence of the statement is equivalent to

(Q;?“(t)

t

- z)_ 2% (Vi —2)7t (SOT)

for any z € C\R (see e.g., [9, Proposition 10.1.8]). To prove it, take any z € C\R, ® € Kr
and € > 0. Then there exists a vector ®. € Ky such that ||® — ®.|| < e. Since by Lemma
3.2.10 one has D C .F(D(D,)) = D(Qs), it follows that U! (D) C D C D(Q,). Thus
D Cc U (D(Qq)) = D(QX(t)). Also, by Lemma 3.2.11, (Vo — 2) 'Ky C D. Therefore, we
have

(Q%(t) — z) h d—(Voa—2)'0
< || (Qg%(t)—z) h (©—d.) ||+ (Qg%(t)—z)_l O.—(Vo—2)"'®,
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st <ng(t)‘z)_l®f‘<v2‘z>l@e e
— o+ | (- ) (LY -v) -2,

< 5 BE H (F2-w) wimare.

where the equality is implied by the second resolvent equation, and (z) is the imaginary
part of z. Thus, since (Va — 2) 7Ky C D again, it suffices to show that

()]

t

Y

for all & € D.
For this proof, take ® € D and (6, ) € (0,27)? arbitrarily. Note that

FQF(t) = FULQUL, = UL F QU = UL F Q.7 '\ FUL, = UL'DyUL T

hold on D(Q5°(t)) by Lemma 3.2.1. Also D C D(Q3°(t)) holds. Hence, by Lemma 3.2.10,
one has

FQ00.0) = (02 (135 + 150+ ) 048) €.9)

A 0.0 (G000 + 520.0)) (0.9, 86.9)) 0.0 + o<t>}
= (Zt (Age(& 90) + /\;p(e’ 90)) <uj(€7 QO)’ (/13(67 90)> |uj<97 90)> + O(t))

= t(FVo®)(0, ) + o(t).

Here we remark that by Assumption 3.2.3, the Landau symbol o(t) € C*¢ above divided
by ¢ is uniformly convergent to 0 as ¢ — oo with respect to (6, ¢) € (0,27)?. From this,
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it follows that

(o] (5 )] o o

By similar arguments, one can prove that for each a > 1, we have

~1
(¢t o
(Qi—a() _ z> 2% (0— 21 (SOT),
where 0 is the zero operator. Hence, exp (z&ﬁa(t)) is strongly convergent to exp (i£,0) =
1. This finishes the proof. O

By Lemma 3.2.12 and Proposition 1.1.1, we obtain the following result.

Corollary 3.2.13. Under the same assumption as in Lemma 3.2.12, we have for any (&
fg) S RQ,

exp{i (gl@ioa(t) . 52@;;@))}@0 {exp¢<slv1[+gzv2> it a-1

i the sense of the strongly operator topology.

3.3 Scattering theory

In this section, we consider the time evolution operator U, which is associated to an
anisotropic coin map. According to Lemma 3.1.2, the characteristic function of the ran-

dom variable X/t is expressed by using the unitary operator exp {z (lelT(t) + & QQT(t)> }
This operator has distinct properties on Kpp,(Up), Kac(Up), and Ky (Up), respectively.
In particular, we investigate the asymptotic behavior of exp {Z (516217@) + §2Q27(t))} on

Kac(Up) in this section. Scattering theory is useful for this, as in the case of the study of
Schrodinger operators.

In order to construct the wave operators with respect to Uy and U,, which is the
auxiliary time evolution operator, we introduce the following condition.

Definition 3.3.1. A coin map C, : Z? — U(d) is said to be of short range if there exist
C.,C, e U(d), k>0, and € > 0 such that

ICwm) = Cellaraey) < £(1+ [[(n,m)][1) 7> for all (n,m) € Z¢,

<
- 3.3.1
1Ctnm) — Collmycy < K(1+ |(n,m)||1) "> for all (n,m) € Z>2. ( )

Of course, the short-range condition is stronger than the anisotropic one.
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Remark 3.3.2. We suppose that C, is a short range coin map satisfying (3.3.1) and put
Cyx =C. D C,. Since

1
Sl m)ll < f[éu(n, m)]ls (3.3.2)
for x = e,0, (n,m) € Z?, for all (n,m) € Z?, we have
”Cd)e(mm) ® Cd)o(mm) - COOHMd((C) = maX{HC%(nM) - CeHMd((C)? HCqSo(n,m) - COHMd(C)}
< K1+ [[(n,m)[1) 7%,

for some positive number x’.

Lemma 3.3.3. If U, is a time evolution operator associated with a short-range coin map,
then the difference Uy — Uy, is trace class.

Proof. Assume that a coin map C, satisfies the condition (3.3.1) and set Cy, := C, @ C,.
Let T(n,m) := Cs, (nm) B Coynm) — Coo € Maq(C) for any (n,m) € Z*, then we have

(UO - UOO)*(UO - UOO) = (CO - COO)*(CO - COO)

*

= @ T(n,m) EB T(n,m)

(n,m)€Z? (n,m)€Z2
= EB T(n,m)*T(n,m).
(n,m)€Z2

Also, since {T'(n,m)*T(n,m)}2 is a positive Hermitian matrix, there exist non-negative
real numbers 71(n, m), ..., roq(n, m) and an orthonormal basis {w;(n, m), ..., wyq(n, m)} of
C?? such that

{T(n,m)"T }2 (n,m) |wj(n,m))(w;(n,m)|.

||M&

wj(n,m) if (k,1) = (n,m)

We define a function e/, : Z? — C* by el (k1) := .
’ ’ 0 otherwise

, then

{el . h1<j<2d,(nm)ecz> is an orthonormal basis of Kr = £5(Z*; C*?) and

@ {T(n,m)"T(n,m)}z = Z ernm el ) (€l

(n,m)€Z? (n,m)€z? j=1

holds. Because C is of short range, we obtain that

Te|Uy — Uso| = Tr ({(UO — Uso)* (U — Uoo)}%>
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N

=Tr @ T(n,m)"T(n,m)
(n,m)eZ?

=Tr @ {T(n,m)*T(n,m)}%

(n,m)€Z?

2d
=Tr Z er(n,M)lef{,mH@ﬂ,m\

(n,m)ez? j=1

Z er(n,m)

(n,m)ez? j=1

< 2d E max 7;(n,m)
1<j<2d
(n,m)€Z2

=2d Z H{T n,m)*T(n,m) 2

(n,m)€Z?

—2d Y |T(n.m)]|

(n,m)€Z?

=2d > ||Coutnm) ® Copnm) — Cws|

(n,m)€Z?

<2’ 3 (L4 [(mm)]) >

(n,m)€Z?

=2dx' Y (L4 |n| + |m]) > < oo,

(n,m)€Z?

which proves the lemma. O

From the next remark we can conclude that the order —2 is the borderline between
whether Uy — Uy, is trace class or not.

Remark 3.3.4. Let C, be a coin map with C{,, ) = elHInm)I)™* B - The matrix similar
to it is treated in [38]. In this case, we have

1 _ _
5L+ 1) 107 < N Cnm) = Eallarae) < (1 + [l(n, m)ll) %,

for any (n,m) € Z?, so C, does not satisfy (3.3.1). If we use the notations in the proof of
Lemma 3.3.3, then

{T(n,m)*T(n,m)} %: \/2 —2cos(1 + [|[@e(n,m)|1) 2Ed69\/2 —2cos(1 + [|@o(n, m)||1)2Ey
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hold. Thus, by using Z? = Z?1UZ? and the inequality 1 —cosz > fr—z (0 <2 < %), one has

2d
Tr|Uy — Uy| = Z er(n,m)

(n,m)ez? j=1

—d 3 Ve zeos(TH o lnm)) 2 + V2 = 2eos(1 + [[gu(m m)]l) 2}

(n,m)€Z?

—d Z V2 —2cos(1+ ||(n,m)]];) 2

(n,m)€Z?

>v2d > \/ (1+||(n,m)|]1)~*

(n,m)€Z?

Z = oo,
EaTEaT

ez?
which means that Uy — U, is not trace class.

Lemma 3.3.5. Let Uy be a time evolution operator associated with a short-range coin
map. Then the following wave operators

1= 0L = - i U5 ULl

exist and are complete (hence, in particular, Q. = s-limy_,o U UL, (Up)).
Proof. 1t follows from Lemma 3.3.3 and [35, Proposition 3.1]. O

Lemma 3.3.6. Let Uy, be a time evolution operator associated with a quasi-uniform
coin map (2.3.2). If the matriz Cy, = C. ® C, satisfies Assumption 3.2.3, then Uy, and
exp(i€V;) are commuting for each € € R and j =1,2.

Proof. By Lemma 3.2.12, we have for each £ € R and j = 1,2

ULl e (ng())Uoo}

t+1

J :
- (<))

[Use, exp(i€V;)] = s- lim [Uwexp ( fQoo( ))]
= S—tli{n {Uoo exp (
= S- tlim Uoo {exp (

= Uy (exp(i€V;) — exp(i&V;)
= 0.

This completes the proof. O
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The next corollary follows from Lemma 3.3.6 and Proposition 1.1.1.

Corollary 3.3.7. Suppose that the same assumption as in Lemma 3.3.6 holds. Then
ac(Uso), exp(i€V;)] = 0 for each &€ € R,j = 1,2, and [I1,c(Us), expi(&V1 + &Va)] = 0
also holds for all (&, &) € R2.

Since the wave and asymptotic velocity operators exist when U, is a time evolution
operator associated with a short-range coin map whose limit matrix satisfies Assumption
3.2.3, one can set the following operator

Remark 3.3.8. Corollary 3.3.7 also implies that [IL,.(Us), V;] = 0 for each j = 1,2. This
means that K, (Us) is Vj-invariant for j = 1,2, and hence one has for any £ € R, j = 1,2

exp(i&V; ) ac(Up) = Qp exp(i€V;) ¥ Toe(Uo). (3.3.3)

Lemma 3.3.9. If Uy is a time evolution operator associated with a short-range coin map
whose limit matriz satisfies Assumption 3.2.3, then the operators Vi©,V," are commuting
and the following identity holds:

. Qi) | . @a(t) _Jexpi(aVim + &V (Do) i a =1,
s—tllgloexp {l (51 o + & P )}HaC(UO) = { M, (Uo) a1

for each (&;,&) € R2.

Proof. We first consider the case where o = 1. By Remark 3.3.8 and the commutativity
of the asymptotic velocity operators, we obtain that

V1+V2+ = Q+VlQiQ+V2Qi = Q+V1HaC(UOO)VQQi = Q+V2HaC(UOO)V191 = V2+V1+7

and so half of the assertion is proved.

To prove the identity in the statement, take any (?) € R%,t € N and we let €, :=
2

Uy 'UL . By using (3.3.3) and Proposition 1.1.1, we have
expi(& V" + & V5 ) ac(Uo)
= exp (@flvfr) exp (if2V2+) Hac(Uo)
= QJr exp (Zfl‘/l) QiQ+ exXp (Z€2‘/2) QiHac<UO>
= Q—l— eXpi (51‘/1 + 62‘/2) Qj_Hac(UO)-

It follows from this and Corollary 3.3.7 that

exp {'L (§1 Q1t<t) + 52 ta(t)) } Hac(UO) o expi(glvl—i- + 52‘/2+)Hac(UO)
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— O exp {z (51 Qi“) s 5?”) } O T (Uy)
., exp { ( s 5}”) } 0 L, ()
O exp { ( e 52@) } QT (Uo) — Dy expi (€1Vi + E9Va) QLo (U)

+ Qrexpi (V4 + 52‘/2) W 1o (Uo) — Qqexpi (§V1 + & Va) Q7 1, (Up)

(
_Qtexp{ (51 £, 9 ))
(

612 (
+ {exp{ ( Dy, Q2 t)) } —expi (§Vi + &V3) | Q1L (Up)

—Qy)expi (§1V1 + &Va) Q1L (Up)
= Il( )+12(t) + I(t).

QF — Q). (Up)

Because €); and exp {@ (51 QT:(O +& Qg:(t)> } are uniformly bounded, one has from Corol-

lary 3.2.13 that I1(t) and I(t) strongly converge to 0. Also, by Corollary 3.3.7 again and
the definition of €2, ,

L(t) = (2 — Q) expi (§1V1 + &Va) Tac(Uno ) e (Uo)
= (% = Q) ae(Use) expi (613 + Vo) Q1 Te(TUp) =25 0.

Finally we consider the case @ > 1. Then one has

exp { (5 U] | ¢, @l )) } Mae(U)

[Qt eXp{ ( ! ta( ) +& Qr it ))}Q;;Hac(Uo) Q|+ Qe (Uno)

230+ Q0 = (Vo).

U)

Therefore, we have the desired result. ]

3.4 Weak limit theorem

In order to prove a weak limit theorem, we also prepare two lemmas. As one can see
below, the unitary operator exp {z <§1Q17(t) + & Q2T(t)>} is asymptotically identity on the
pure point subspace K,,(Up), and the singular continuous space Ky (Up) is the zero space.

Lemma 3.4.1. Let W be a unitary operator and 11, Ty be strongly commuting self-adjoint
operators on a Hilbert space, and let « > 1. Let T;(t) := W 'T;W* for j = 1,2, then one

has i exp{ (51 it) 52Ti£t)) } I, (W) = I, (W)
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for each <§1) in R?.

3
Proof. 1t follows from [35, Theorem 4.2] (even in o > 1 case, it can be proved in the same
way as in the case where o = 1) and Proposition 1.1.1. O

Lemma 3.4.2. If U, is a time evolution operator associated with a short-range coin map,
then Uy has no singular continuous spectrum.

Proof. Let C, be a short-range coin map satisfying (3.3.1). Since

/1 o 1C Copotnm) ® Co ' Coynim) — Eoalldr

n,m)|l1=r

_ / 5D [Coumy © Cotumy — Coclr
1

n,m)|l1=r

< / K'(1+7)2%dr < oo (Remark 3.3.2),
1
the assertion can be proved by applying [4, Theorem 3.4] to the unitary operator Uy =
Uso <€9<n,m>ezz(02 Cenm) ® Cf 1C¢o<n7m>>>- O

Theorem 3.4.3. Let C, : Z?> — U(d) be a coin map and V° € Hr an initial state.
Suppose that Cy is of short range and that its limit matriz satisfies Assumption 3.2.3.
Then, the distribution of X;/t weakly converges to a probability measure

p =TT (Uo) Je W% 000) + 1By @ Byp) ()(2)* TPk,
=T (U) 2013, 00,0) + 1By @ Byp) (V)" T W[k,

where d(o,0) is the Dirac measure at (0,0) € R2. Also, for each o > 1, the distribution of
X, /t™ weakly converges to (0,0)-

Proof. In this proof, we simply write ®° := Jr¥" We remark that

Lo (U0) 2°*00.0) + | (B @ By ) (- ae(Uo) 27|

= |ITL,, (Uo) @°||*6(0,0) + |94+ ((Bv, @ By, ) ()2 0°?
= || (Uo)°[|*S0,0) + [|(Evy ® By ) ()2 @012

and
expi (&Vi 4+ &V51) Wae(Uo) = ae(Up) expi (£ViF + &V51) Tae (Vo).

From these equations and the lemmas above, we have that

te i {(6) 7))
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= lim <<1>0,ex { < Ql()+§2QQ()>}q>°> (Lemma 3.1.2)

(@0, I, (Uo) @) + (@0, expi (&1 V7" + &V5') ac(Up)®°)  (Lemma 3.3.9 — 3.4.2)
- ||H oo (U0)@°|1? 4+ (TLae(Up)@°, expi (GViT + &V5") e (Up) 2°)

(
= T (Uo)®°1* + / expi (&2 + &y)d <Hac(U0)q>0, (Eys ® Ev2+)($,y)HaC(Uo)<I>U>
- <( ) ( )>2) d (Hpr(UO)(I)OHz(S(QO)(I,y)—|—H(E'V1+ 2 Ev;)(ff:,y)HaC(Uo)@OH?)
- /Rz ( (&) G))) o

Similarly, for each o > 1, one obtains that

sl {(£)2)

= lim <(I>O,exp{ (nglcE ) + & Qa(t )>}q>0> (Lemma 3.1.2)

t—o0
= (9%, 1, (Up)®°) + (@°, HaC(UO)q>0> (Lemma 3.3.9 — 3.4.2)
=1
(@)-G))
= e 1 , dd(0.0)-
foor ((L2)-G)),) o
This completes the proof. O

When C, is quasi-uniform, the wave operator €2 coincides with the projection I1,.(Us).
From this it follows:

Corollary 3.4.4. Under the same assumption as in Theorem 3.4.3, if a coin map C, is
quasi-uniform (thus automatically it is of short range and Uy = Uy,), then the distribution
of X;/t weakly converges to a probability measure

p = Mo (Uso) T 00 0,00 + 1 (B @ By ) ()M ace (Uoo) Jo 0|,

An application of the weak limit theorem is the concept of localization. Let U° € Hyp
be an initial state. Then we say that localization occurs if

lim sup P(X; = (n,m)) = limsup ||(U"¥°)(n, m)||z. > 0
t—o00 t—00
for some (n,m) € Z*. “Localization occurs” means that a quantum walker remains for a
long time at a certain point. It is an inherent property of quantum walks. Localization
occurs if and only if the initial state W° overlaps with H,,(U), namely, I1,,(U)¥° # 0
([32, Proposition 2.4]). Thus, Theorem 3.4.3 gives a following necessary condition for
“localization occurs”:
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Corollary 3.4.5. Suppose that the same assumption as in Theorem 3.4.3 holds. Then
“localization occurs” implies that 11({(0,0)}) > 0.

Example 3.4.6. (Example 3.2.7 continued) For j =1, ..., 6, we set

K7 (0,¢) = (A0, 0) FAL(0,0)) [u;(0,0) ){u; (0, )|

Since X(0,¢) + A7 (6, ) = 0, one has K (6,¢) = 0 for j = 1,...,6. It follows that the
asymptotic velocity operator V5 is the zero operator, and hence its spectral measure is
given by Ey,({0}) = I. Also we can compute that

1 0 0 ez o 0
0 0 0 0 00
_ 1 0 0 0 0 0 0
K@) ==3 00 90 1 0ol
0 0 0 0 00
0 0 0 0 00
1 0 0 —ez@®) 0 0
0 0 0 0 0 0
_ 1 0 0 0 0 0 0
K2 (0790) _5 —6_%(9+¢) 0 0 1 0 0 5
0 0 0 0 0 0
0 0 0 0 0 0
0 0 00 0 0
0 1 0 0 ezl 0
_ 110 0 0 0 0 0
Es09=310 0o 00 o o
0 e z0+2) o 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 —esl@® o
_ 110 0 0 0 0 0
K02 =510 0o 00 o ol
0 —e 30+ 0 0 1 0
0 0 0 0 0 0

K5 (0,¢) = K¢ (6,¢) = Os.

Thus, one has
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-1 0 0
0 10 Os
:@ 000 100 (a multiplication operator),
“ O3 0 10
0 00
and its spectral measure is given by
100 000
000 Os 010 Os
000 000
. Os 000 8 Os 010
000 000
000
000 Os
0 0 1
8 Os 000
00 1

It follows from the form of the matrix (700(9, ¢) that the pure point subspace of Uy,
coincides with
Ly((0,2m)%00 00 Co 0@ 0@ C).

By taking the orthogonal complement, the absolutely continuous subspace of ﬁoo is equal
to
Ly((0,21)3CeCa0aCaCa0).

So one gets,

Kop(Uso) = 62(Z*00 06 CH 0606 C),
Kac(Uso) = 65(Z45C & C 300 Ca C D 0).

Therefore, if we write ®° := (@9 @9 ®F @Y 2 ) := Jp, ¥’ € Kr,,, then the weak limit
measure p is expressed by
i = M (Ue) @°12000,0) + [[( By @ Evy ) (-)ac(Uoo ) 2° 2
= [|Bv; {0D@°[1*d0,0) + 1B { =11 @[0-1.0) + [ Evi ({1})2°*6(1.0)
= H‘I)(():sﬁ)H%Q(Z2;<c2)5(0,0) + HCI)(()lA)H?g(ZZ;CQ)é(—LO) + H‘I)(()2,5)H?Q(z2;<c2)5(1,0)’

where q)(()j’k) =D, ®Y) € (,(Z%C?).
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Finally, let us consider a simple initial state. Let ¥° € Hr, be the initial state as
follows:

(

1
\% 0| if (n,m)=10,0),
1
(n,m) =
0
0 otherwise.
L \o
Since ®° = Jp, ¥ is given by
(1) (o
\/LE 0,10 if (n,m) = (0,0),
1 0
®°(n,m) = .
0 0
01,10 otherwise,
L \\o/ \o

we have = 16(0,0) + 26(_1,0), 50 p({(0,0)}) = pu({(-1,0)}) = 3. Now, the weak limit
measure g means the probability measure of the asymptotic velocity of quantum walkers.
Thus, in this case, the probability that the asymptotic velocity of the quantum walker is

(0,0) and (—1,0) are both 3. In fact, by (2.1.2), the following equality hods:

(

(5100) if (n,m) = (~t,0)
5001) if (n,m) = (0,0) if ¢ : even,
00 0) otherwise

\

(U (n,m) = (ST (n,m) =

% (100) if (n,m)=(—t,0)
% (001) if (n,m)=(0,1) if ¢ : odd.
00 0) otherwise

\ \

Also limsup,_,, P(X;=(0,0)) = limsup,_,,, P(X;=(0,1)) = 3 > 0 holds, so localiza-
tion occurs at (0,0) and (0,1).
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Chapter 4

Essential spectrum of time evolution
operators

In this section, we deal with the time evolution operator U = SC' associated with an
anisotropic coin map. The purpose of this section is to express the essential spectrum of
U. The argument here is similar to a method employed in the proof of [29, Theorem 2.2]
which is used the discrete crossed product C*-algebras. After constructing a suitable C*-
subalgebra of the Calkin algebra in the first section, we determine the essential spectrum
of U by using the fact that the element 7(U,) of the Calkin algebra is contained in the
subalgebra.

4.1 A subalgebra of the Calkin algebra

Throughout this section, we fix r, s € N arbitrarily. In order to construct a crossed product
C*-algebra, we shall define an action of the (amenable) group Z" on C(Z"; M4(C)). Define

amap «: Z" — Aut(C’(Z?; M,(C))) by
(anf)(x) := f(z +n)

forneZ, f e C’(i?; M(C)),z € 77, where 0o +n := 0o. Then « is an action of Z" on
C (2?, M(C)). The matrix algebra M,(C) can be naturally regarded as a C*-subalgebra of
C(i?; M;(C)). Besides, M4(C) is a-invariant, and the restriction of a to M,(C) becomes
a trivial action. By the universality of crossed product (see [12, Proposition 11.14]), one
can construct a x-homomorphism 0, from C(Z?; M,(C)) x4 Z" to M(C) x¢ Z" such that

0o (f0n) = f(00)dn

for f € C(z?; M,(C)) and n € Z". Since Cy(Z"; M4(C)) is a closed ideal of C’(Z?; M,(C))
and a-invariant, Cy(Z"; Ms(C)) x4 Z" is also a closed ideal of C(Z"; Ms(C)) x4 Z" (see [12,
Proposition 21.12]).
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Proposition 4.1.1. The *-homomorphism Ou : C(Z?; M(C)) Xy Z" — M(C) %o Z" is
surjective and its kernel coincides with Co(Z"; Ms(C)) x4 Z".

Proof. Let us consider the following short exact sequence:

0 Co(Z"; M,(C))—— C(Z"; M,(C)) 0

fr——= /()
Then its corresponding sequence
0 — Co(Z"; My(C)) o Zr— C(Z7; My(C)) 30 Z" 22> M,(C) 319 Z" —=0

is also exact (see [12, Theorem 22.9]). O

Let we write K, s := (3(Z";C*). We shall construct a faithful x-representation of
C(Z7; Ms(C)) x4 Z" on K, 5. For each f € C(Z"; M,(C)), since f(n) € M(C) = B(C?)
for n € Z", the direct sum @,,, f(n) is a bounded operator on C* = K, , with
norm

nez”

P rn)

= sup Hf(”)”ua;(@s) = HfHC(z?,MS(C))'
nez”r nezr

B(Kr,s)

Hence C’(Z?; M,(C)) can be regarded as a C*-subalgebra of B(K,.;). The operator @, .. f(n)
is written by f if there is no danger of confusion. We next define r unitary operators
Ti,...,T, on K, . Foreach j=1,...,r,T;: K, s — K, is defined by

J
\
(T;®)(n) :== ®(nq,...,nj_1,n;+1,nj401,...,n,)

for ® € K5, n = (ny1,...,n,) € Z". Then Ty,...,T, are commuting and their adjoint
operators are given by

J
(T;®)(n) = (Tj_lfb)(n) =®(nq,...,n,_1, nji—l, Mjtty- ey M)

for all j = 1,...,r. For convenience, we write 7" := T{"Ty?--- T € B(K,;) for any
n = (ny,ny,...,n,) € Z", and we define a linear map p : C(Z"; M,(C)) x2& Z" — B(K,.,)
by p(f3,) = fT" for f € C(Z; My(C)), n € 2.

Lemma 4.1.2. The linear map p : C’(@; M,(C))x2eZ" — B(K,.,) is a *-homomorphism.
Proof. First of all, we note that the following formula holds in B(/C, ;):
an(f) =T"f(T")"
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for all f € C’(z?; M(C)) and n € Z". Indeed, for every ® € K, ;,x € Z", we have

C* 3(an(NHT"®)(x) = fx + n)(T"P(2)) = f(z +n)(P(z +n))
= (f®)(z +n) = (T"f®)(2),

By using the equality above and the commutativity of 71, ..., 7)., one obtains that

p((f60)%) = pla—n(f*)0-n) = ap(f)T " =T "f = (fT")" = p(fon)*,
P((f0n)(g0m)) = p(fn(9)0ntm) = fan(g)T™™ = fT"gT™ = p(fdn)p(g0m)-

Thus the desired result follows. a

With this Lemma 4.1.2 and the universality of crossed product, the morphism p can
be extended to a x-homomorphism from C' (ZT M (C)) x4 Z" to B(K, 5), and we use the
same symbol for this extension.

Lemma 4.1.3. The x-homomorphism p : C(Z?; M (C)) xo Z" — B(K,.5) is injective and
its image of Co(Z"; Ms(C)) X4 Z" is the compact algebra K(IC, ).

Proof. In order to see the injectivity of p, we take X € Kerp arbitrarily, and a sequence
(XN}, of C(Zr; M,(C)) x5 Z such that Xy — X in C(Z7; My(C)) x4 Z". For each
N € N, the element Xy can be expressed as Xy = > INGS,, where fN = 0 except for
finitely many n € Z". Note that

nez”

: Nrom|| _ 7: o o
T |37 7 =l [lo(X) | = [l(0)]] = 0.
nez”
For n € Z" and k = 1,...,s, we define a norm one element 6% in K, as follows:

er, ifm=n
0 ifm#n
is a complete orthonormal basis for K, ;. Let m € Z" be fixed arbitrarily. For any x € Z"
and [ =1,...,s, one has

> T

6k (m) =

, where {ex}i_, is the natural basis of C*. Then {0%},czr 1<k<s

2

2 > (Z féVT”> (4m)

nezr B(K.s) nezr Kr,s
2
2 (Z fNTn(S:v-i-m) ( )
nez” Cs
2
neZ’l‘ (CS
= || £ @)Lyl + m)) [
= [|£2 (z)(er)
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2

= che lI-th column of f,g(ﬂﬂ)‘ Cs

> max (/1)) [

which implies that

||f7]7\l[HC(Z7;MS(C)) = EUZE Hf;?\l[(‘r)HMS(C)

< sup Z ( kl‘)l

€L Shi<s
< 2
sup D s max (£ (),

TELT 1<
Nrm
E T

nez”

> T

nezr

(NI

Sssw 2

1<i<s B(Kr.s)

— 0 (as N — o0).
B(Krs)

Let us now consider the contractive linear map E,, : C(@; M(C)) 1o Z" — C(@; M,(C))
(m € Z") in Theorem 1.2.1. For every m € Z", we have

En(X) = lim B,(Xy) = lim E, (Z f,i%) = lim f.7=0.

N—oo
nez”r

Thus X = 0, from this it follows that p is injective.

Next, let us show that p(Co(Z"; Ms(C)) x,Z") = K(K,5). Every element of the image
of Co(Z"; M(C)) under the embedding C’(i?; M,(C)) — B(K, ;) above is approximated
by finite-rank operators. Hence p(Cyo(Z"; My(C)) 1, Z") C K(K,.5). Conversely, for any
n,m € Z" and k,l =1,... s, one defines f € Cy(Z"; Ms(C)) by

f(q:) — {Ek,l if x :n

O, otherwise,

where Ej; € M,(C) is the matrix having 1 at (k,[)-component, and 0 everywhere else.
Then the following equality holds:

[67) (Gl = FT™" = p(fOim—n)-

Since the compact algebra K(/C, ) is the closed linear span of |6¥)(d! |’s, it follows that
K(Ks) C p(Co(Z7; My(C)) o Z7). |

Lemma 4.1.1 and Lemma 4.1.3 can be summarized as follows:
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Lemma 4.1.4. We have

—

p(C(Z7 M,(C)) x, 27) 5 C(Z7; M,(C)) %o 2 _ 5,

D)

HKrs) 2 @ MAC) %aZ) ™ ColZr Mu(©)) %0 77

M(C) xoZ" ,
(4.1.1)

where the maps p and O are naturally induced x-isometric isomorphisms from p and Ose,
respectively.

4.2 Essential spectrum of U

Throughout this section, I' is one of hexagonal, square, and triangular lattices, unless
otherwise stated. In this section, we shall deal with anisotropic coin maps. Let C, : Z? —
U(d) be an anisotropic coin map, that is, there exist C, C, € U(d) such that

Cinmy — Ce as Z2>(n,m)— o0, and Cm — Cp as Z23(n,m)— o0,
For convenience, we define a map C), : Z* — U(2d) by Clom

that Uy = Sy (@(n’m)em Cén,m))' By using the inequality (3.3.2), one gets

)= C¢e(n7m) S7) C¢o(n7m). Note

HC’Emm) — Ol Myucy = 0 as 7* 3 (n,m) — oo,

where Cy, = C. @ C,, is the limit matrix of C,. Hence C. : Z* — U(2d) is a member of

C(@; M54(C)). We will use the notations in the previous section as r = 2, s = 2d. Note
that ICF = Hgvgd.
The following lemma is obtained by direct computations:

Lemma 4.2.1. The shift operator (2.4.3)—(2.4.5) is expressed as follows:

)
03 O Os E O3 O O3 E
Tl 3 3 + Tl* 3 2,2 + T2 3 3 + TQ* 3 1,1
FEi1 Os Os Os Esyo Os O3 O3
L O B if =Ty,
Es3 Os
O, O Oy E Oy O Oy E
T, 4 4 T 4 2,2 T 4 4 Ty 4 1,1
g Ei; Oy Oy Oy Eyo Oy Oy Oy
O pum—
Oy Oy Oy Eug Oy Esgs :
+IVT: + YT e ’ fI=Ts,
o <E3,3 O4> e (04 O, ) <E4,4 O, ) S
Ess; O Ess E 05 O Os E
T, 5,5 6 + T 6,6 2,2 T 6 6 4Ty 6 1,1
Ein Ess Os LEsg Ey9 Og Os Og
E E
i (90 90 pppry (O Baa) Q6 Bua if T=Tr.
\ E3,3 06 06 06 E4,4 06

o7



In particular, one has Sy € p(C(ZE; Msy(C)) x4 Z*) (Actually, Sy € p(Mag(C) g Z?)).

Theorem 4.2.2. Let C, : Z*> — U(d) be an anisotropic coin map with a limit matriz
Co = C. ® C, € U(2d). Then, the essential spectrum of the time evolution operator
U € B(Hr) associated with Co is given by

0s(U) = 0ess(Ug) =0(Us) = | 0(Ux(6,9)),

(0,9)€[0,27)2

where Uy, = SyCx s the auziliary time evolution operator, and (700(9, @) is the unitary
matriz (3.2.1) in Lemma 3.2.2. In particular, 0ess(Usx) = 0(Us) also holds.

Proof. In the same way as C’(@; M,(C)) — B(H,.,), we can see that C([0, 27]?; Maa(C))
is a C*-subalgebra of B(Ly((0,27)% C?>%)) byf f(fw £(0,0)%2% By this embedding
and Lemma 3.2.2, (700(9, ) maps to ﬁoo. Since any injective x-homomorphism between
C*-algebras preserves the spectrum, one gets

oUx)=0lUx)= |J olUx@.0)= |J oUx(6.9)).
(6.0)€[0,27]2 (0.0)€[0,27)2
Since the map C, — C., : Z* — My4(C) is in Co(Z?* May(C)), it follows form Lemma
4.1.3 that Uy— Uy = So(Cyp—Cs) € K(Kr). Hence, one obtains that oess(U) = 0ess(Up) =
Oess(Uss) = 0(m(Us)), here 7 is the natural projection from B(Kr) to the Calkin algebra
Q(Kr). So let us compute o(m(Uy)). Since it is similar, we will consider only the case of
' =T'y. By the embedding (4.1.1) and Lemma 4.2.1, 7(Us) € Q(Kr,,) is equal to

O3 Os O3 Ly O3 Os
(El,l 03> Coc0(1,0) + (03 O, ) Cocl(=1,0) + (EZ? 03> Cx0(0,1)

O3 FEi1 O3 Fs3 )
+ (Og O3 ) 0005(0’71) + (E373 O5 ) C’OO(S(O,O) € MG((C) X Z.°.

(4.2.1)

It is well known that there is a unique *-isometric isomorphism between May(C) o Z2
and C(T?; My4(C)) such that A§,,, <> Az720", where A € Myy(C) and T? — T; (21, 29) —

2725, Under this x-isometric isomorphism, (4.2.1) is equal to

O3 Os Os Ey, 1 O3 Os
(Em 03>Coozl+(03 03)Cooz1 " Eas O3 Cooz2

03 El,l —1 03 E3,3
+ (03 0, ) Coozy ~ + (E373 0, ) Cs

' 0 0
Os 0 20
B 0 0 1 5
= 00 Cx € C(T*; Mg(C)),
0 29 0 03
0 0 1
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whose spectrum is as follows:

't 0 0
O 0 z' 0
0 0 1 ~
U o 7 0 0 Coo = U O-(Uoo((07(p)))
(21,22)€T? 0 % 0 03 (0,)€]0,27)
0 0 1

From the above, it follows that o(7(Us)) = Ug.p)ep.2m o(Uss((6, ©))), hence the state-
ment is proved. O
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Chapter 5

The isotropic case

In this last chapter, we shall consider only the case where I' = I'g, I'7. In this case, one
can discuss without using Jr, Kr and the modification of unitary operators Sy, Cy, and U
because there is no the complexity of the representation of the shift operator S. Therefore,
in this chapter, when we use terminologies, ”shift, coin, and time evolution operators” in
the sense of Definition 2.3.2. Also we will deal with only “isotropic” coin maps. Then we
can obtain a weak limit theorem and an expression of the essential spectrum of U in a
similar way to the proof for the anisotropic case.
Suppose that I' is either I'g or 'y, and d is its degree.

Definition 5.0.1. 1) A coin map C, : Z* — U(d) is said to be isotropic if it can be

continuously extended to Z2, that is, there exists C,, € U(d) such that
1Ctnm) — Coollaryc) = 0 as Z* 3 (n,m) — oo.

In this case, the unitary matrix C., € U(d) is called the limit matriz of C,.

As a special case, if
Cinmy = O for all  (n,m) € Z (5.0.1)
for some Cy, € U(d), then a coin map C, is said to be uniform.

In the same way as the previous chapters, the coin and time evolution operators
on Hr associated with a uniform coin map are respectively denoted by C,, and U,
instead of C' and U.

Suppose that C, : Z?> — U(d) is an isotropic coin map with a limit matrix C., €
U(d). Then we can consider the auziliary time evolution operator Uy, = SCy which
is a time evolution operator associated with the uniform coin map (= C,, on Z?)
other than U = SC.
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It follows from the definition of Z2 that the following inclusion relations:

{uniform coin maps} C {quasi-uniform coin maps}
N N
{isotropic short-range coin maps} C {anisotropic short-range coin maps}
N N
{isotropic coin maps} C {anisotropic coin maps},

where isotropic short-range coin maps will be defined in Definition 5.1.2.

5.1 Weak limit theorem

The facts of Chapter 3 can be proved in the above model as well, so one can get a weak
limit theorem of the isotropic version. However, since there are a few changes, we shall

list them below.
The momentum operators Dy, Dy : F(Ho) — Lo((0,27)%, dfdp/4; C?) are defined by

10 10
D= —-— ==
SRV A P
where H, is the set of all functions of Hr with finite support. When a coin map C, is

uniform satisfying (5.0.1), the Fourier transform U, = FU,.Z ! of U, is decomposable

as Un, = f(ﬁ%)Q Us (0, gp)cifjf, and the unitary matrix U (0, ¢) € U(d) is given by

(fe7® 0 0 0
0
L Fo i T =Ty,
0 0 e 0
0 0 0 e
Uu(0,0)=4 (¢ 0 0 0 0 0 (5.1.1)
0 € 0 0 0 0
—ip

0 0 e 0 0 O Vel wr=r,
0 0 0 e 0 0
0 0 0 0 ei+9 0
0O 0 0 0 0 t0+¢)

\

Definition 5.1.1. If the unitary matrix C, € U(d) satisfies Assumption 3.2.3 (change
2d to d), one defines two bounded self-adjoint operators V', V' on Hr by

Vi = ( /( SN0 |y (0.9)) (0. 0) d‘)‘w) 7z,

2
0,27)2 4

=1

V= ( /( SN0 .00 (0, )] ) 7

0727'(')2 ]:1
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Definition 5.1.2. An isotropic coin map C, : Z* — U(d) with a limit matrix C., € U(d)
is said to be of short range if there exist k > 0 and € > 0 such that

1Cmm) — Cocllatae) < £+ I(n,m)[l1) " for all (n,m) € Z*.

Theorem 5.1.3. Let C, : Z? — U(d) be an isotropic coin map and W° € Hr an initial
state. Suppose that Cy is of short range and its limit matriz satisfies Assumption 3.2.3.
Then, the distribution of X;/t is weakly convergent to a probability measure

p= Mo (U) P03, 80,0y + | (B ® Eyp)()(Q4) W03,
Furthermore, if localization occurs, then we have u({(0,0)}) > 0.

Corollary 5.1.4. Under the same assumption as in Theorem 5.1.3, if Cy is uniform
(thus automatically it is of short range and U = Uy,), then the distribution of X/t weakly
converges to a probability measure

M= ||pr(U00)\IJO||3-LF5(070) + ||(EV1F ® EVQF)(')HaC(Uoo)\IJOHE{F'

Watabe, Kobayashi, Katori, and Konno [40] proved a weak limit theorem for general-
ized Grover walks on the square lattice Z?. The model of this quantum walk is realized
by taking

-p q \Pq /g

_ . ¢ —p P4 P4
Ce =G(p) = O<p<l, g=1-p),
(p) Vi VD -4 P (0O<p q p)

VP4 P4 P —q

as a uniform coin map on the graph I' = I'g, and assuming that the initial state starts
at the origin with probability 1 (i.e. ||¥°(0,0)|[cs+ = 1). The matrix G(p) is called the
Grover matrix when p = 3. In the case where Cy = G(p), the unitary matrix Use(6, )
coincides with , , . '
_pefw qefw \/p—qew \/p—qefw
1 qeiG _pew \/p—qeiﬁ \/p—qew

2 \/me—‘iap \/me—‘icp _qe'—iap pe—i'cp )
V/Pae'  \/pge’ pe*¥ —qe'?

and its eigenvalue \;(6, ) is given by
)\l(ea 90) = 17 )\2(67 90) = _17 )\3(9, 90) = ei”(e’“”), )\4(97 SO) — e—iw(@#ﬁ)’

where w(6, @) = arccos {—(pcos @ + gcos¢)}. But, for example, the second order deriva-
tive 92X3/060% of X\3(0, ) is not bounded on (0,27)?, so the matrix G(p) does not satisfy
Assumption 3.2.3. Thus Corollary 5.1.4 does not contain the weak limit theorem which
is provided by Watabe et al. [40].
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5.2 Essential spectrum of U

The following theorem can also be obtained by the similar way of the proof of Theorem
4.2.2.

Theorem 5.2.1. Let C, : Z?> — U(d) be an isotropic coin map with a limit matriz
Cs € U(d). Then, the essential spectrum of the time evolution operator U € B(Hr)
associated with Cy is given by

o) =0U) = |J  oTnlb ),

(0,9)€[0,2m)2

where Uy, = SC is the auziliary time evolution operator, and 1700(0,@ 1s the unitary
matriz (5.1.1). In particular, 0ess(Uso) = 0(Us).
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