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Chapter O

Introduction

This thesis aims to study Grothendieck monoids and give their applications to representation theory and
algebraic geometry. We will explain the background of our study and describe the main results.

0.1 Background

0.1.1 Homological methods in representation theory and algebraic geometry

The notion of homology is a tool to translate geometric information to linear algebraic data. It was
introduced by Poincaré in 1895 to give a rigorous treatment of the Betti numbers [Poil895]. Several
algebraic techniques were developed to compute homology groups of topological spaces, and these in-
fluenced various areas of mathematics, such as algebraic geometry, representation theory and number
theory. Cartan and Eilenberg unified these ad hoc techniques using derived functors and published the
textbook Homological Algebra [CE56] in 1956. In the following year, Grothendieck introduced the notion
of abelian categories to give an appropriate framework for homological algebra [Gro57]. The category
mod A of finitely generated modules over a noetherian ring A and the category coh X of coherent sheaves
on a noetherian scheme X are basic examples of abelian categories. In 1962, Gabriel, a student of
Grothendieck, intensively studied abelian categories and obtained significant results in both algebraic
geometry and representation theory (see §0.2.1 and 0.2.3 below). His works promoted abelian categories
as an important research object, not just a framework of homological algebra.

On the other hand, Grothendieck attempted to construct a duality theory on arbitrary schemes (or,
more generally, morphisms) around 1960 and realized that this required a more serious treatment of
complexes of sheaves. Based on the vision of Grothendieck, Verdier developed the theory of derived
categories and triangulated categories, which gives an appropriate framework to formulate a duality
theory for arbitrary schemes [Ver67, Har66). In short, the derived category Db(A) of an abelian category
A is the category obtained from the category of chain complexes over A by formally inverting chain maps
which induce isomorphisms on the homology. The derived category has the structure of a triangulated
category, in which we can develop a homological algebra similarly as that of abelian categories. As in
the case of abelian categories, triangulated categories had become an important research object that is
worth more than the framework by various studies, for example, [Bei78, Muk81, Hap88]. Nowadays, the
term homological algebra means the study of abelian categories and triangulated categories.

This thesis is devoted to homological representation theory and homological algebraic geometry. Rep-
resentation theory studies how an algebraic object acts on vector spaces. Homological representation
theory studies categories of actions of a fixed algebraic object, such as mod A and its bounded derived cat-
egory Db(mod A) for an algebra A. Similarly, homological algebraic geometry studies categories related
to an algebraic variety X such as coh X and D”(coh X).

The notion of Grothendieck groups is an effective tool to study these categories, which translates
categorical information to linear algebraic data. We will give a short review of Grothendieck groups in
the next part.



0.1.2 Grothendieck groups

The Grothendieck group Kg(A) is an abelian group defined for each skeletally small abelian category
A (more generally, skeletally small ezact category, a generalization of abelian categories which includes
the category vect X of vector bundles over a noetherian scheme X as an example). We can associate
to an object X of A an element [X] of Ko(A), and the equality [B] = [A4] + [C] holds for any short
exact sequence 0 - A — B — C' — 0. It was originally introduced by Grothendieck in a seminar
at Princeton in 1957 [BS58]. He used it to formulate a relative version of Hirzebruch-Riemann-Roch
theorem, which is now called Grothendieck-Riemann-Roch theorem. Atiyah and Hirzebruch mimicked
Grothendieck’s construction for topological vector bundles on a compact Hausdorff space X and proved
a Riemann-Roch theorem for differentiable manifolds [AH59]. This work led many authors to study the
structure of Grothendieck groups, and these studies eventually developed into K-theory. Since then, the
Grothendieck group has been established as a basic and important invariant.

In homological representation theory, Grothendieck groups are used as a source of Morita invariants.
Recall that two Artin algebras A and T" are called Morita equivalent if mod A and modI" are equivalent
as categories. The Grothendieck group Ko(mod A) is a Morita invariant in the sense that Ko(mod A) =
Ko(modT') as groups if A and I' are Morita equivalent. If A is an Artin algebra, then Ko(mod A) is a
free Z-module whose rank is equal to the number of isomorphism classes of simple A-modules. Thus the
number of isomorphism classes of simple modules is also a Morita invariant.

Another important notion for Artin algebras is derived equivalence, which gives a more flexible frame-
work to study Artin algebras. Recall that two Artin algebras A and I are derived equivalent if Db(mod A)
and Db(mod I') are triangulated equivalent. Since the derived category is constructed from the given
abelian category, we see that Morita equivalence implies derived equivalence. In the study of derived
equivalence, Grothendieck groups still give us great help, since they are defined for any skeletally small
triangulated category 7. In fact, in the case T = DP(A) for a skeletally small abelian category A, we have
an isomorphism Ko(A) 2 Ko(DP(A)). Thus, if two Artin algebras A and T are derived equivalent, then
we have an isomorphism Kg(mod A) = Kg(modI'). The argument so far shows that the Grothendieck
group of an Artin algebra is not only a Morita invariant but also a derived invariant. In particular, the
number of isomorphism classes of simple modules is also a derived invariant.

However, there is some criticism of the above argument. The fact that Grothendieck groups are
derived invariants indicates that they do not fully reflect the information of abelian categories. For
example, the bounded derived category Db(coh P1) of the projective line P! is triangulated equivalent to
the bounded derived category Db(mod A) of the path algebra A of the Kronecker quiver 1 £= 2. Thus,
the Grothendieck groups cannot distinguish the abelian categories cohP! and mod A. However, they
are quite different, for instance, coh P! has infinitely many simple objects while mod A has exactly two
simple objects up to isomorphisms. The Grothendieck groups lose even such basic information of abelian
categories. The Grothendieck monoids are invariants that resolve these shortcomings, which will be
explained in the following subsection.

0.1.3 Grothendieck monoids

The Grothendieck monoid M(£) is a natural monoid version of the Grothendieck group, which is defined
for each skeletally small exact category €. Several authors studied the Grothendieck monoid and extract
information that the Grothendieck group does not contain. As far as the author knows, Grothendieck
monoids were first studied in [Bro98] by Brookfield. He defined the Grothendieck monoid M(Mod A) of the
category Mod A of modules over a ring A to study the direct sum cancellation problem. The Grothendieck
monoid of an exact category was first introduced in [BG16] as a monoid which gives a natural grading
of the Ringel-Hall algebras of an exact category. Enomoto intensively studied the Grothendieck monoid
of an exact category from the viewpoint of homological representation theory [Eno22]. In particular,
he observed that the isomorphism classes of simple objects bijectively correspond to some distinguished
elements of the Grothendieck monoid. As explained in the previous subsection, this information is lost
in the Grothendieck group.

In this thesis, we define and study the Grothendieck monoid of an eztriangulated category, which
was recently introduced in [NP19] as a unification of abelian categories and triangulated categories. It
includes extension-closed subcategories of abelian and triangulated categories as examples. We have the
notion of conflations in an extriangulated category, which generalize both short exact sequences in an



abelian category and exact triangles in a triangulated category. The Grothendieck monoid M(C) of an
skeletally small extriangulated category C is a commutative monoid, and we can associate to an object
X of C an element [X] of M(C) such that [B] = [A] 4 [C] for any conflation A — B — C --». We
can construct the Grothendieck group Ko(C) from the Grothendieck monoid M(C) by an operation on
monoids called the group completion. Thus M(C) has more information of C than Ky (C).

We use the Grothendieck monoids of extriangulated categories to study classifying subcategories,
categorifications of monoid operations, reconstruction theorems and periodic derived invariants.

0.2 Main results

In this section, we will explain the main results of this thesis without going into the set-theoretic details.
The set-theoretic foundations of this thesis are given in §1.1, to which we refer the interested reader.

0.2.1 Classifying subcategories

Classifying nice subcategories of an abelian category or a triangulated category is quite an active subject
in homological representation theory and homological algebraic geometry. It started from the following
result of Gabriel:

Fact 0.2.1 ([Gab62, Proposition VI.2.4], see also [Kan12, Theorem 5.5]). Let X be a noetherian scheme.
There is an inclusion-preserving bijection between the following sets:

o The set of Serre subcategories S of the category coh X of coherent sheaves on X.

o The set of specialization-closed subsets Z of X.
Here the assignments are given by

S+ SuppS = U Supp.#, Zwr cohy X :={F € cohX |Supp & C Z}.

As can be seen from Fact 0.2.1, a solution to the subcategory classification problem is given by
constructing a bijection between the subcategories of interest and mathematical objects which are easier
to understand. We will establish bijections between several subcategories of an extriangulated category
and certain subsets of its Grothendieck monoid in Chapter 3 and 6. Using this, in Chapter 3 and 7, we
will address classifications of Serre subcategories of some concrete exact categories, while most researchers
so far have classified those of abelian categories such as the fact above.

We first establish a bijection between Serre subcategories of an extriangulated category and certain
subsets of its Grothendieck monoid. An additive subcategory S of C is Serre if for any conflation
A— B — C --»inC, we have B € § if and only if both A € S and C € S.

Theorem A (= Proposition 6.2.1, cf. [Sai2, Proposition 5.14], [ES, Proposition 3.5]). Let C be a
skeletally small extriangulated category. Then there are bijections between the following sets:
(1) The set Serre(C) of Serre subcategories of C.
(2) The set Face M(C) of faces of M(C).
(3) The set MSpec M(C) of prime ideals of M(C).
Here
e a submonoid F' of a monoid M is a face if for any a,b € M, we have that a + b € F if and only if
botha € F and b e F,
e a proper subset p of a monoid M is a prime ideal® if it satisfies (i) z + a € p for any = € p and
a € M and (ii) a + b € p implies a € p or b € p for any a,b € M.

The bijection between the first and second sets generalizes [Bro97, Proposition 16.8] for module
categories (see Remark 3.3.7). The second set Face(M(C)) can be computed purely algebraically, and
its computation is much easier than examining the whole structure of the extriangulated category C.
The third set MSpec M(C) has a topology, which is a natural analogue of the Zariski topology on the
spectrum Spec R of a commutative ring R. These lead us in two directions.

The one direction is the classification of Serre subcategories using faces of the Grothendieck monoid.
We propose the following strategy to classify Serre subcategories of an extriangulated category C.

INote that we treat the empty set as a prime ideal since it corresponds to C itself by the bijection between (1) and (3).



(i) Relate the Grothendieck monoid M(C) with an abstract monoid M.
(i) Classify faces of the abstract monoid M.
(iii) Classify Serre subcategories of C by using (i) and (ii).
We apply this strategy to exact categories related to finite dimensional algebras and noetherian schemes.
In particular, we compute the Grothendieck monoids of the following exact categories related to a smooth
projective curve C' and classify Serre subcategories of them:
e The category coh C' of coherent sheaves on C.
e The category vect C' of vector bundles on C.
e The category tor C' of coherent torsion sheaves on C.

Theorem B (= Propositions 7.1.4, 7.2.4 and 7.3.2, cf. [Sai2, Propositions 4.4, 4.9 and 4.12]). Let C be
a smooth projective curve over an algebraically closed field k.
(1) M(tor C) = Div" C holds, where Div*' C' is the monoid of effective divisors on C.
(2) M(vectC) = (PicC x NT) U {(0¢,0)} C PicC x Z holds, where Pic(C') is the Picard group of C
and NV is the semigroup of strictly positive integers.
(3) We can regard M(tor C) and M(vectC') as submonoids of M(coh C). Then M(coh C) is the dis-
joint union of M(tor C') and M(vect C)* := M(vect C) \ {0}. See Corollary 7.3.8 for the complete
description of M(coh C) as a monoid.

Theorem C (= Corollary 7.2.5, cf. [Sai2, Corollary 4.10]). Let C be a smooth projective curve over an
algebraically closed field k. Then vect C' has no nontrivial Serre subcategories.

The other direction is the study of the space Serre(C) whose topology is induced by the topology on
MSpec M(C). We classify finitely generated Serre subcategories via this topology. A Serre subcategory
S of C is finitely generated if it is generated by some single object.

Theorem D (= Proposition 6.2.6, cf. [Sai2, Proposition 5.19]). Let C be a skeletally small extriangulated
category. Then there is a bijection between the following two sets:

(1) The set of finitely generated Serre subcategories of C.

(2) The set of nonempty strongly quasi-compact open subsets of Serre(C).
Here, a topological space X is strongly quasi-compact if for every open covering {U;}ic; of X, there
exists ¢ € I such that X = U;.

Next, we establish a classification of dense 2-out-of-3 subcategories of C, that is, an additive subcat-
egory D of C satisfying add D = C and the 2-out-of-3 property for conflations.

Theorem E (= Theorem 3.6.6, cf. [ES, Theorem 3.14, Corollary 3.17]). Let C be a skeletally small
extriangulated category. Then there are bijections between the following sets:
(1) The set of dense 2-out-of-3 subcategories of C.
(2) The set of cofinal subtractive submonoid of M(C) (see Definition 3.5.1).
(3) The set of subgroups of Ko(C) such that p~!(H) is cofinal in M(C), where p: M(C) — Kq(C) is the
natural map.

Applying Theorem E to a triangulated category, we immediately obtain Thomason’s classification
[Tho97] of dense triangulated subcategories via subgroups of the Grothendieck group (Corollary 3.6.7).
In [Mat18], Matsui classified dense resolving subcategories of an exact category containing a generator
via certain subgroups of the Grothendieck group (see also [ZZ21]). Applying Theorem E to an exact
category, we obtain the classification of all dense resolving subcategories, which generalizes [Mat18, ZZ21]
(Corollary 3.6.10).

0.2.2 Categorifications of monoid operations

A categorification is a method of considering a given algebraic object as an invariant of a category and
studying the algebraic object at the level of the category. This method enables us to simplify complicated
algebraic relations from the eye of category theory and get new insights for the category from operations
on the algebraic object. We address a categorification of two basic monoid operations, quotient and
localization, via Grothendieck monoids in Chapter 4 and 5.

We first study the Grothendieck monoid of the ezact localization of Nakaoka—Ogawa—Sakai [NOS22]
to categorify quotient of monoids. An exact localization C/N of an extriangulated category C by an



extension-closed subcategory A of C is (if exists) the universal extriangulated category which sends N to
0 (Proposition 4.2.3). Typical examples are Serre quotients of abelian categories and Verdier quotients
of triangulated categories. Under certain assumptions, where an exact localization exists, we show that
this localization gives a kind of categorification of the quotient of monoids in the following sense.

Theorem F (= Corollary 4.3.12, cf. [ES, Corollary 4.28]). Let C be a skeletally small extriangulated
category and A an extension-closed subcategory of C. Under some conditions (see Corollary 4.3.12), we
have the following coequalizer diagram of commutative monoids:

M) = M) M2 me/n),

where t: N < C and Q: C — C/N are the inclusion and the localization functor respectively. In
particular, M(C/N) is isomorphic to the quotient monoid M(C)/Im M(:) (see Definition 4.1.1). This can
be applied to the following cases.
(i) C is a triangulated category and A is a thick subcategory of C. In this case, C/N is the usual
Verdier quotient of a triangulated category.
(ii) C is a Frobenius category and N is the subcategory of all projective objects in C. In this case, C/N
is the usual (triangulated) stable category.
(iii) C is an abelian category and N is a Serre subcategory of C. In this case, C/N is the usual Serre
quotient of an abelian category.
Moreover, if A is a Serre subcategory (e.g. (iii)), then M(:): M(N) — M(C) is an injection.

The above coequalizer diagram immediately yields the right exact sequence of the Grothendieck group
(Corollary 4.3.16):

This unifies the well-known results for the abelian case and the triangulated case. Moreover, the injec-
tivity of M(N) — M(C) for a Serre subcategory N is quite remarkable, since it fails for the Grothendieck
groups (see e.g. Example 3.3.6).

Next, we address a categorification of the monoid localization, which makes certain elements of a
monoid invertible (see Definition 5.1.1). For this purpose, we study intermediate subcategories of the
derived category in detail. Let A be a skeletally small abelian category and Db(A) the bounded derived
category of A. Then a subcategory C of D"(A) is called an intermediate subcategory if A C C C A[1] x A
holds and C is closed under extensions and direct summands. We show in Theorem 5.2.3 that there is
a bijection between torsionfree classes F in A and intermediate subcategories C of D”(A), where the
corresponding intermediate subcategory is given by F[1] * A. This is illustrated as follows.

C=F[1]*A —
A
| A ‘]-‘[1]:

D (4) —

Figure 0.2.1: An intermediate subcategory

We show that the Grothendieck monoid of an intermediate subcategory F[1] * A can be described
using a monoid localization (see Definition 5.1.1) as follows.

Theorem G (= Theorem 5.3.1, cf. [ES, Theorem 5.4]). Let A be a skeletally small abelian category
and F a torsionfree class in \A. Then M(FJ[1] * A) is isomorphic to the monoid localization M(A)m, of
M(A) with respect to a subset Mz := {[F] | FF € F} C M(A).

This enables us to compute M(F[1]*.4) in concrete situations. Also, this can be interpreted as follows:
the inclusion of a subcategory A — F[1]x A categorifies the monoid localization M(A) — M(A)m, in the
sense that by applying the functor M(—): ETCat — Mon we obtain the monoid localization. Moreover, we
show that all the monoid localization of M(A) appear in this way (Remark 5.3.3). This result explains
why it is natural to study Grothendieck monoids in the generality of extriangulated categories. The



Grothendieck monoid of an exact category is reduced, that is, 0 is the only invertible element, while
that of a triangulated category is a group, that is, every element is invertible. In particular, most of the
monoid localizations of the Grothendieck monoid do not appear as the Grothendieck monoid if we only
consider exact categories and triangulated categories. Thus, to realize a localization as the Grothendieck
monoid, we have to consider extriangulated categories which are neither abelian nor triangulated.

Finally, we consider Serre subcategories of C := F[1] * .4 and the behavior of an exact localization of
C in detail:

Theorem H (= Proposition 5.4.1, Theorem 5.4.4, cf. [ES, Proposition 5.10, Theorem 5.13]). Let A be
a skeletally small abelian category and F a torsionfree class in A, and put C := F[1] x A.
(1) The assignment S — F[1] * S gives a bijection between the set of Serre subcategories S of A
containing JF and the set of Serre subcategories of C.
(2) Let S be a Serre subcategory of A containing F. Then we can apply Theorem F to an exact
localization C/(F[1] x S), and we have an exact equivalence A/S ~ C/(F[1] * §) which makes the
following diagram commute:

 pE— I

J l (0.2.1)

A/S —— (F[1] x A)/(F[1] * S).

0.2.3 Reconstruction theorems

In 1962, Gabriel proved that any noetherian scheme X can be reconstructed from the category Qcoh X
of quasi-coherent sheaves on X [Gab62]. This result indicates that the geometric object X and the
abelian category Qcoh X are equivalent. It is a starting point of nmoncommutative algebraic geometry
which studies geometric objects through categories. Inspired by the Gabriel’s work, several authors
addressed the reconstruction problem of schemes from some specified categories. For example, Buan,
Krause and Solberg recovered a noetherian scheme X from the abelian category coh X [BKS07]. Bon-
dal and Orlov showed that a smooth projective variety X can be reconstructed from the triangulated
category DP(coh X) if X has ample or anti-ample canonical bundle [BO01]. Balmer reconstructed a
noetherian scheme X from its perfect derived category perf X with the tensor triangulated structure
[Bal05]. Note that perf X ~ Db(coh X) as triangulated categories when X is regular. We will give a kind
of reconstruction of noetherian schemes from the Grothendieck monoids in Chapter 8.

We recover the topology of a noetherian scheme X from the spectrum of Grothendieck monoid
M(coh X)) and prove the following theorem.

Theorem I (= Theorem 8.0.4, cf. [Sai2, Theorem 5.27]). Consider the following conditions for noetherian
schemes X and Y.

(1) X 2Y as schemes.

(2) M(coh X) = M(cohY") as monoids.

(3) X @Y as topological spaces.
Then “(1) = (2) = (3)” hold.

The nontrivial part is, of course, the implication “(2) = (3)”. It is surprisingly enough because the
Grothendieck monoid M(coh X') loses a lot of information and the Grothendieck group Ko(coh X') never
recovers the topology of X as the following examples show.

Example 0.2.2. Let k be an algebraic closed field.

(1) Let R be a finite dimensional commutative k-algebra. Then M(mod R) = N®" where n is the
number of maximal ideals of R (see Example 3.4.5). In particular, if R is local, then we have
M(mod R) = N.

Consider a finite dimensional commutative local k-algebra R := k|[z,y]/(2?, xy,y?). For any X € k,
define an k-algebra homomorphism ¢y : R — My(k) to the matrix algebra My (k) of degree 2 by

oa(x) = {8 (1)} ;. Aaly) = {8 ())\} '



Then ¢, defines a 2-dimensional R-module M. We can easily see that M) is indecomposable
and My 2 M, if A # pu. Thus, mod R has infinitely many indecomposable objects. On the other
hand, modk has exactly one indecomposable object k. Hence, mod R and modk are very different.
Despite this, by the fact above, we have M(modk) = N 2 M(mod R). This shows that Grothendieck
monoids lose a lot of categorical information.

(2) Let P! be the projective line over k. Then we have Ko(cohP!) = Z%?2 (see Example 7.3.5). On the
other hand, we have Ko(coh(Spec(k x k))) = Ko(mod(k x k)) = Z%2. Hence P! 2 Spec(k x k) as
topological spaces, but Ko(coh P1) 22 Kg(coh(Spec(k x k))) as groups. This shows that “(2) = (3)”
of Theorem I becomes false if Grothendieck monoids are replaced by Grothendieck groups.

Example 0.2.2 (1) is also a counter example of “(2) = (1)” of Theorem I. In Example 8.0.5, we will
give a counter example of “(3) = (2)” of Theorem I.
The argument so far is illustrated as follows:

__--"7[BOO1, Balos] ~T=~.

-7 [Gab62, BKS07] i
> coh X | > D”(coh X)

aay l

| 4 M(coh X) I—> Ko (coh X)

Here

X is a noetherian scheme,

| X| is the underlying topological space of X,

Db(coh X) is the bounded derived category of coh X,

gp is the group completion (see Definition 2.1.5 and Remark 2.3.6),

the thick arrow A — B indicates that B can be constructed from A,

the arrow A — B marked with a cross indicates that B cannot be recovered from A (see Example
0.2.2),

e the dashed arrow indicates that some assumption or additional structure is needed.

AN

><<—|><

0.2.4 Periodic derived invariants

Fix a positive integer m. The m-periodic derived category D,,(A) of an abelian category A is a natural
Z/mZ-periodic analogue of the usual derived category. Two Artin algebras A and I" are m-periodic derived
equivalence if Dy, (mod A) ~ D,,(modT) as triangulated categories. The notion of 2-periodic derived
category was first introduced by Peng and Xiao [PX97] to construct a categorification of the full part
of a semisimple Lie algebra via a 2-periodic version of Ringel-Hall algebra, which was based on Ringel’s
construction of the half of the quantum group via his Hall algebra. Inspired by this work, Bridgeland used
the 2-periodic derived category of a hereditary algebra to construct the full quantum group of a symmetric
Kac-Moody Lie algebra [Bril3]. Motivated by these studies, several authors analyzed the structure of
m-periodic derived categories [Ful2, Gor, Zhal4, Stal8]. Recently, the author studied periodic derived
categories from the viewpoint of homological representation theory and developed periodic tilting theory
which describe a way to relate periodic triangulated categories with periodic derived categories of Artin
algebras [Sail]. As a sequel of this work, we will study periodic derived invariants of Artin algebras in
Chapter 9.

We first compute the Grothendieck group of the periodic derived categories. Remark that the
Grothendieck monoid of a triangulated category coincides with the Grothendieck group of it (Propo-
sition 2.4.3). Thus, the study of the Grothendieck groups of triangulated categories is a part of that of
the Grothendieck monoids of them.



Theorem J (= Theorem 9.3.1, cf. [Sai22, Theorem 1.1]). Let A be a skeletally small abelian category
with enough projectives. Suppose that the global dimension of A is finite. Then we have an isomorphism
Ko(A if m is even,

Ko(Dun(A)) = { 1) oo
Ko(A)r, := Ko(A) ®z F2  if m is odd,

which is induced by the natural functor A — D,,,(A). Here Fy is the finite field of two elements.

As an immediate corollary of this, we can conclude that the number of isomorphism classes of simple
modules is a periodic derived invariant. That is, if Artin algebras are periodic derived equivalent, then the
numbers of isomorphism classes of simple modules over them are coincide. We also obtain the following
result which is an original motivation for this study. See §9.3 for precise meaning and significance of this
theorem.

Theorem K (= Corollary 9.3.6, cf. [Sai22, Corollary 1.6]). Let m be a positive integer, and 7 be an
idempotent complete algebraic m-periodic triangulated category over a perfect field k. Suppose that
Homy(X,Y) is finite dimensional over k for all objects X, Y € 7. Then the number of non-isomorphic
summands of a strict periodic tilting object is constant.

0.3 Organization

This thesis divides into two parts. In Part I, we develop a general theory of Grothendieck monoids of
extriangulated categories (Chapters 2-6). In Part II, we give applications of Grothendieck monoids to
representation theory and algebraic geometry (Chapters 7-9). In more detail, this thesis is organized as
follows.

In Chapter 1, we confirm the premises of this thesis. In §1.1, we give a precise formulation of the
content of this paper by using the Grothendieck universe. In §1.2, we fix the notations and conventions
that will be used throughout this thesis.

In Chapter 2, we introduce the main subject in this thesis the Grothendieck monoid of an extri-
angulated category. In §2.1 and 2.2, we recall the basics of commutative monoids and extriangulated
categories which will be used throughout this thesis. In §2.3, we define the Grothendieck monoids by
universal property and then construct it. We also explain the relationship between Grothendieck monoids
and groups. In §2.4, we explain the special future of the Grothendieck monoids of a triangulated category
and an exact category, respectively. We especially show that the Grothendieck monoid of a triangulated
category coincides with its Grothendieck group.

In Chapter 3, we classify several subcategories of an extriangulated category via its Grothendieck
monoid. In §3.1, we introduce the key notion of c-closed subcategories which are the largest class
of subcategories that can be classified via the Grothendieck monoid. In §3.3 and 3.6, we classify Serre
subcategories (Theorem A) and dense 2-out-of-3 subcategories (Theorem E) via the Grothendieck monoid
by showing that they are c-closed.

In Chapter 4, we show that the localization of an extriangulated category “commutes with the monoid
quotients”. In §4.1, we recall the quotient of monoids, which is a natural analogue of that of abelian
groups. In §4.2, we review the exact localization of an extriangulated category which was introduced
recently in [NOS22]. In §4.3, we prove Theorem F. The saturatedness of the exact localization is the key
observation of the proof.

In Chapter 5, we study intermediate subcategories of the derived category in detail, which also gives
a concrete example of the theory developed in Chapter 3 and 4 for an extriangulated category which
is neither abelian nor triangulated. In §5.1, we give a review on monoid localization, which makes
certain elements of a monoid invertible. In §5.2, we introduce intermediate subcategories which are
contained in the derived category of an abelian category. We give a bijective correspondence between
them and torsionfree classes of the abelian category. In §5.3, we compute the Grothendieck monoid of
an intermediate category and obtain a categorification of the monoid localization (Theorem G). In §5.4,
we study Serre subcategories of an intermediate subcategory. We classify Serre subcategories of it and
describe the behavior of the exact localization of an intermediate subcategory by its Serre subcategory
(Theorem H).
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In Chapter 6, we study the monoid spectrum MSpec M(C) of the Grothendieck monoid of an extri-
angulated category C. In §6.1, we recall the monoid spectrum of a commutative monoid, which is an
analogue of the spectrum of a commutative ring. In §6.2, we classify finitely generated Serre subcate-
gories of an extriangulated category via the topology of the monoid spectrum of its Grothendieck monoid
(Theorem D). We also study the sheaf of monoids on the monoid spectrum of the Grothendieck monoid
of an abelian category. We describe it by using the abelian quotient category by a Serre subcategory.

In Chapter 7, we compute the Grothendieck monoids of exact categories related to a smooth projective
curve and classify Serre subcategories of them (Theorems B and C).

In Chapter 8, we recover the topology of a noetherian scheme from the Grothendieck monoid of the
category of coherent sheaves on it by using the topology of the monoid spectrum (Theorem I).

In Chapter 9, we compute the Grothendieck group of the periodic derived category (Theorem J) and
explain an application to periodic tilting theorem (Theorem K).

We explain the relationships between this thesis and our other papers. Chapters 2-5 are based on
the collaboration paper [ES] with H. Enomoto. Chapters 6-8 are based on the author’s preprint [Sai2].
Chapter 9 is based on the author’s paper [Sai22].
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Chapter 1

Preliminaries

This chapter aims to confirm the premises of this thesis and fix notations and conventions throughout
this thesis.

In §1.1, we first recall that the definition of categories within the ZFC set theory. Next, we introduce
the notion of Grothendieck universes and some finiteness conditions for categories. The basic setup of
this paper is then described (see Convention 1.1.12). This setup is important to formulate precisely
the operation of taking the Grothendieck monoid as a functor from the category of skeletally small
extriangulated categories to the category of monoids (see §2.3 in the next chapter). We also discuss
that some categories are independent of the choice of Grothendieck universes, up to equivalences (see
Propositions 1.1.16 and 1.1.17). It guarantees that the Grothendieck monoids of these categories do not
depend on the choice of Grothendieck universes (see Proposition 2.3.5 in the next chapter).

1.1 Foundations for category theory

In this section, we will discuss the foundations for category theory which we use. References for this
section are [Kun09, SGA4-1, Mac98, DHKS04, KS06].

In this thesis, we entirely work in the ZFC set theory and assume the Grothendieck’s axiom of universe
(UA): for every set x, there exists a Grothendieck universe U such that z € U. We abbreviate the ZFC
set theory with (UA) as the ZFCU set theory. We use the following notations:

e () denotes the empty set.

e P(z) denotes the power set of a set .

e {z,y} denotes the pair of sets z and y.

e (z1,...,x,) denotes the ordered tuple of sets x1,...,x,.

e [Jx denotes the union of elements of a set x.

Categories are always considered within the ZFC set theory. To describe the precise meaning of this,
we recall the definition of categories.

Definition 1.1.1. A category is an ordered tuple C = (ObC, MorC,dom, codom, e, m) consisting of the
following:
e Sets ObC and MorC. We call an element of ObC an object and an element of MorC a morphism.
e Maps dom,codom: MorC — ObC. We denote by f: X — Y a morphism f such that dom(f) = X
and codom(f) =Y.
e A mape: ObC — MorC. We write idyx := e(X) for any object X and call it the identity morphism
of X.
e A map m: Comp,C — MorC from Comp,C := {(f,g) € MorC x MorC | codom(f) = dom(g)}.
Morphisms f and g are said to be composable if (f,g) € Comp,C. In this case, we write gf =
go f:=m(f,g) and call it the composition of f and g.
These are subject to the following conditions:
(C1) For any composable morphisms f and g, we have dom(gf) = dom(f) and codom(gf) = codom(g).
(C2) For any morphism f: X — Y, we have foidx = f =idy o f.
(C3) For any (f,9),(g,h) € Comp,C, we have h(gf) = (hg)f.
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Let C be a category. We simply write X € C instead of X € ObC. For a subset S of MorC and
objects X,Y € C, we define S(X,Y) := {f € S | dom(f) = X,codom(f) = Y}. We simply write
C(X,Y):=Hom¢(X,Y) := (MorC)(X,Y).

In our definition of categories, we cannot consider the category of “all sets” since there is no set of
all sets. To deal with this problem, we will introduce the notion of Grothendieck universes and consider
the category of sets within a fixed Grothendieck universe.

Definition 1.1.2. A set U is said to be a Grothendieck universe if it satisfies the following properties:
(Ul) IfxeUand y € x, then y € U.

(U2) If z,y € U, then {z,y} € U.

(U3) If z € U, then P(z) € U.

(U4) If f: I — U is a map with I € U, then |J;.; f(i) € U.

(U5) The first infinite ordinal w is an element of U*.

As described in the beginning of this section, we assume the Grothendieck’s aziom of universe (UA):
for every set z, there exists a universe U such that z € U.

Let U be a Grothendieck universe. An element of U is called a U-set. A set is called U-small if it is
isomorphic to a U-set. A subset of U is called a U-class.

Remark 1.1.3. Let U be a Grothendieck universe. The following immediately follow from Defini-
tion 1.1.2.
o A subset of a U-set is also a U-set.
e For any sets a and b, the ordered pair (a,b) (resp. the set Map(a,b) of maps from a to b) is a U-set
if and only if both a and b are U-sets.
e For any set x, the power set P(z) is a U-set if and only if x is a U-set.
e For any family {z;};cs of sets, it is a U-set if and only if I € U and x; € U for any i € I.
For any family {x;};cr of sets, if it is a U-set, then so are their product [[,.; z; and their disjoint
union | ;¢ ;.
If « is a U-set, then so is the union |Jz of elements of x.
If z is a U-set and R is an equivalence relation on x, then the quotient set x/R is also a U-set.
If there exists a surjective map f: x — y from a U-set = to a U-class y, then y is also a U-set.
A U-small U-class is a U-set.

el

We now introduce some hierarchy of categories using a Grothendieck universe.

Definition 1.1.4. Let U be a Grothendieck universe, and let C be a category.

(1) C is called a U-category if C = (ObC, MorC, dom, codom, e, m) € U.

(2) C is called a locally U-set category if Home(X,Y) € U for any X,Y € C.

(3) C is called a U-small category if ObC and MorC are U-small.

(4) C is called a locally U-small category if Home(X,Y) is U-small for any X,Y € C.

(5) C is said to be U-moderate if ObC C U.

(6) C is said to be skeletally U-small if it is locally U-small and the set |C| of isomorphism classes of
objects of C is U-small.

Remark 1.1.5. Let U be a Grothendieck universe. We describe the relationship between our terminology
and that of other literature.
[SGA4-1]:

o U-petite in [SGA4-1] is U-small in our terminology.

e A U-catégorie in [SGA4-1] is a locally U-small category in our terminology.
[Mac98]:

e A small set in [Mac98] is a U-set in our terminology.

o A small category in [Mac98] is a U-category in our terminology.

e A category with small hom-sets in [Mac98] is a locally U-set category in our terminology.
[DHKSO04]:

e A U-category in [DHKS04] is a U-moderate locally U-set category in our terminology.

e A small U-category in [DHKS04] is a U-category in our terminology.

1Some literatures do not include this condition in the definition of Grothendieck universes. This condition excludes that
the first infinite ordinal w is a Grothendieck universe.
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[KSO06]:
e A U-category in [KS06] is a locally U-small category in our terminology.
o A U-small category in [KS06] is a U-small category in our terminology.
o [Essentially U-small in [KS06] is skeletally U-small in our terminology.

We describe the relationship between the concepts introduced in Definition 1.1.4. We omit the proofs
since it is straightforward.

Remark 1.1.6. Let U be a Grothendieck universe.
(1) The following are equivalent for a category C.
e (C is a U-category.
e Ob(C and MorC are U-sets.
e C is a locally U-set category such that ObC € U.
e C is a U-moderate locally U-set category such that Ob(C is U-small.
(2) The following are equivalent for a category C.
e C is a U-small category.
e (C is a locally U-small category such that ObC is U-small.
e ( is isomorphic to a U-category.
(3) The following are equivalent for a category C.
o ( is skeletally U-small.
e There is a U-small full subcategory C’ such that the inclusion functor C’ < C is an equivalence
of categories.
e (C is equivalent to a U-category.
(4) The property of being a U-category (resp. locally U-set, resp. U-moderate) is not closed under
isomorphisms of categories.
(5) The property of being U-small is closed under isomorphisms of categories.
(6) The property of being locally U-small (resp. skeletally U-small) is closed under equivalences of
categories.

We will give examples of locally U-small categories.

Example 1.1.7. Let U be a Grothendieck universe. The following categories are frequently used in this
thesis:
e The category Sety of U-sets and maps.
e The category Aby of abelian groups belonging to U and group homomorphisms.
e The category Mony of commutative monoids belonging to U and monoid homomorphisms.
e For a (unital and associative) ring A, the category Mody A of (right) A-modules which belong to
U and A-linear maps.
e For a scheme X, the category Qcohy X of quasi-coherent &x-modules which belong to U and
O'x-linear maps.
These are U-moderate locally U-set categories.
e For a ring A belonging to U, the category mody A of finitely generated A-modules belonging to U
and A-linear maps.
e Let X be a scheme belonging to U.
— The category cohy X of coherent &'x-modules belonging to U and &x-linear maps.
— The full subcategory tory X of cohy X consisting of coherent torsion sheaves.
— The full subcategory vecty X of cohy X consisting of vector bundles.
These are skeletally U-small categories.

Remark 1.1.8. There is another foundation for category theory using the NBG set theory (due to von
Neumann, Bernays and Godel). See [Men15] for a detailed account of the NBG set theory. In the NBG
set theory, the notion of classes is introduced, and we can consider the products of classes and maps
between classes. Defining a category by an ordered pair of the class of objects, the class of morphisms
and some maps such as Definition 1.1.1, we can define the category Set of all sets since there is the class
of all sets in the NGB set theory.

We describe the relationship between the NBG set theory and the ZFCU set theory. Let U be a
Grothendieck universe. Then the power set P(U) is a model for the NBG set theory. Thus, replacing sets
and classes with U-sets and U-classes respectively, the proposition correct in the NBG set theory gives
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the proposition correct in the ZFCU set theory. In this sense, the ZFCU set theory is stronger than the
NBG set theory.

Let us discuss the reasons why we have chosen the ZFCU set theory rather than the NBG set theory
as the foundation for this thesis. In this thesis, we will treat the collection of full subcategories and the
Picard group of a scheme. Hence, we have to consider the collection of classes in both cases. Whereas
we can consider a set of U-classes in our foundation, we cannot consider a class of (proper) classes in
the NBG set theory. For this reason, we use the ZFCU set theory which is stronger than the NBG set
theory, as the foundation for this thesis.

Let C and D be categories. We denote by Fun(C, D) the category of functors from C to D and natural
transformations.

Example 1.1.9. Fix a Grothendieck universe U. Let C and D be categories.
(1) If both C and D are U-categories (resp. U-small), then so is Fun(C, D).
(2) If C is U-small and D is locally U-small, then Fun(C, D) is also locally U-small.

Let C be a category and S a subset of MorC. The localization C[S~!] of C with respect to S is a pair
of a category C[S~!] and a functor Q: C — C[S™1] satisfying the following:
(i) Q(s) is an isomorphism for any s € S.
(ii) For any category D and any functor F': C — D such that F(s) is an isomorphism for any s € S,
there exists a unique functor F: C[S~!] — D satisfying F = F o Q.
For any category C and a subset S of Mor C, the localization Q: C — C[S™!] certainly exists (cf. [DHKS04,
Subsection 33.8]). By the construction, Ob(C[S™!]) = Ob(C) and @ is the identity on the objects.

Example 1.1.10. Fix a Grothendieck universe U. Let C be a category and S a subset of MorC.
(1) If C is a U-category (resp. U-small, resp. skeletally U-small), then so is C[S~!].
(2) Even if C is locally U-set, the localization C[S~!] is not necessarily locally U-small (cf. [Kral0,
Subsection 4.15]).

We often fix two Grothendieck universes U and V such that U € V and consider the following
categories.

Definition 1.1.11. Let U and V be Grothendieck universes such that U € V, and let Cy be one of the
categories in Example 1.1.7. We define the category Cg by the essential image of the natural inclusion
functor Cy — Cy.

For example, Set is the category of U-small V-sets. It is clear that Cg is equivalent to Cy and a full
subcategory of Cy closed under isomorphisms.
We often use the following convention:

Convention 1.1.12. Let U and V be Grothendieck universes such that U € V. We use the following
convention:

o A set := U-small V-set.

e A collection := a V-set.

e A category := a V-category.

e small (resp. locally small, resp. skeletally small) := U-small (resp. locally U-small, resp. skeletally
U-small).
Assume that the underlying sets of monoids, abelian groups and topological spaces are U-small
V-sets.
Assume that rings, schemes and modules over them belong to U.
Mon := Mong and Ab := Abg.
For a ring A belonging to U, Mod A := Mody A and mod A := mody A.
For a scheme X belonging to U, Qcoh X := Qcohy X, coh X := cohy X, tor X := tory X and
vect X := vecty X.

For example, Fact 0.2.1 is interpreted as follows under this convention.

Fact 1.1.13 (The precise statment of Fact 0.2.1). Let X be a noetherian scheme belonging to U. There
is an inclusion preserving bijection between the following sets:
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o The U-small V-set of Serre subcategories of cohy X .
o The U-small V-set® of specialization-closed subsets of X.

More precisely, in [Gab62], Gabriel fixed a single Grothendieck universe U and did not mention the
size of the sets appearing in Fact 1.1.13. However, it is clear that they are U-small V-sets.

Warning 1.1.14. Let us explain the purpose of Convention 1.1.12. In this thesis, some sets, monoids,
and topological spaces are constructed from skeletally small categories. For example, we consider the set
of full subcategories closed under isomorphism (cf. Chapter 3), Grothendieck monoids (cf. Chapter 2),
and their monoid spectra (cf. Chapter 6). Thus, in Convention 1.1.12, we assume that monoids, abelian
groups and topological spaces are U-small V-sets. In this thesis, we do not construct rings, schemes and
modules over them from the set of full subcategories closed under isomorphism, Grothendieck monoids,
and their monoid spectra. Therefore, this convention does not cause any inconsistency.

Warning 1.1.15. Let us clarify the relationship and differences between our basic setup (Conven-
tion 1.1.12) and those of other literature cited in §0.2.
e In [Gab62], the ZFCU set theory was used and only one Grothendieck universe was fixed. Similar
to Fact 1.1.13, the content of this paper can be interpreted consistently in our setup.
e In [Tho97], the NBG set theory is referred in the definition of essentially small categories (cf.
[Tho97, page 4, (1.7)]). Thus, the foundation of this paper can be interpreted as the NBG set theory.
As explained in Remark 1.1.8, replacing sets and classes with U-sets and U-classes respectively,
we can interpret the statements in [Tho97] as statements in our setup. In particular, under this
interpretation, we can easily see that our definition of skeletally U-small coincides with the definition
of essentially small in [Tho97] by Remark 1.1.6 (3).
e In [Bro97, Mat18, ZZ21], there is no mention for set-theoretical foundations. However, [Mat18,
2721] cite [Tho97] as a previous study, so their foundation can be interpreted as the NBG set
theory. Therefore, as with the second item, these papers are also consistent with the current setup.

Finally, we prove that the category mody A of finitely generated modules over a ring A and the
category cohy X of coherent sheaves over a scheme X do not depend on the Grothendieck universe U up
to equivalences.

Proposition 1.1.16. Let U and V be Grothendieck universes such that U € V. For any ring A belonging
to U, the natural inclusion functor mody A — mody A is an equivalence of categories.

Proof. For any finitely generated A-module M, there are integer n > 0 and a surjection A-linear map

w: A®" — M. Thus, there is an isomorphism A®"/Ker(w) —» M. It is clear that A®"/Ker(w) is a
U-set. Therefore, the natural inclusion functor mody A < mody A is essentially surjective. O

Proposition 1.1.17. Let X be a scheme, and let U and V be Grothendieck universes such that X €
U € V. Then the following hold:

(1) The natural inclusion functor cohy X < cohy X is an equivalence of categories.

(2) The natural inclusion functor tory X < tory X is an equivalence of categories.

(3) The natural inclusion functor vecty X < vecty X is an equivalence of categories.

Proof. It is enough to show that the following claim:

e Every Ox-module of finite type is isomorphic to an &'x-module belonging to U.
Let % be an Ox-module of finite type. Then for any x € X there exists an open neighborhood U, of x
and an exact sequence of Oy -modules of the form

(x)
Dng W
ﬁUm E— E\UL — 0,

where n, > 0 is an integer. Then w*) induces an isomorphism ¢(*) ﬁ@”x/Ker (w(‘”)) =, P, It is
clear that ﬁ@"“/Ker (w(w)) is a U-set. Gluing {ﬁ?"“/Ker (w(””))} sex and {qﬁ(w } c x> We obtain an
O'x-module 7 belonging to U and an isomorphism ¢: ¥ — % of Ox- “modules. O

Remark 1.1.18. Let A be a ring, and let U and V be Grothendieck universes such that A € U € V.
Then the natural inclusion functor Mody A < Mody A is not essentially surjective since A®Y € Mody A
is not isomorphic to an object of Mody A. Thus, the property of being finitely generated is essential in
Proposition 1.1.16. The same can be said for Proposition 1.1.17.

21t is, in fact, a U-set.
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1.2 Global notations and convention

In this section, we fix a Grothendieck universe U.

Let C be a category. We denote by |C| the set of isomorphism classes of objects. The isomorphism
class of X € C is also denoted by X. A subcategory is said to be strictly full if it is a full subcategory
closed under isomorphisms. The strictly full subcategories of C are often identified with the subsets of
IC|. If C is skeletally U-small (see Definition 1.1.4), then |C| is U-small by the definition. Thus, the set
of strictly full subcategories of C is also U-small.

Let C be an additive category. A subcategory D of C is called an additive subcategory if it is a strictly
full subcategory closed under taking finite direct sums. In particular, each additive subcategory of C
contains a zero object. For a non-empty full subcategory D of C, we denote by add D the subcategory
of C consisting of direct summands of direct sums of objects in D. For the empty subcategory (), we
set add(() := {0}. Then add D is the smallest additive subcategory of C closed under direct summands
containing D.

Let A be a (unital and associative but not necessarily commutative) ring. For (right) A-modules M
and N, we denote by Homp (M, N) the set of A-linear maps from M to N.

Let X be a scheme with structure sheaf &'x. A point of X is not necessarily assumed to be closed.
For a point « € X, we denote by m, the maximal ideal of Ox , and k(z) := Ox 5 /m, the residue field
of z. Let .7 and ¢ be quasi-coherent sheaves on X. We denotes by Homg, (.%,¥) the set of Ox-linear
maps form .# to ¢4. The tensor product of .% and ¥ over Ox is denoted by .# ®¢, ¢. The sheaf of
homomorphisms from .7 to ¢ is denoted by H#om g, (F#,¥9). If no ambiguity can arise, we will often
omit the subscript €x. The support of .% is the subset of X defined by Supp % := {x € X | %, #0}. A
variety over a field k means a separated integral scheme of finite type over k. A curve is a 1-dimensional
variety.

For a commutative ring R, we often identify Mody R with Qcohy(Spec R). For a morphism f: X —
Y of schemes belonging to U, we denote by f.: Qcohy X — Qcohy Y the direct image functor and

*: Qcohy Y — Qcohy X the pull-back functor.

A monoid means a semigroup with unit. Every monoid is assumed to be commutative. We use an
additive notation, that is, the operation is denoted by + with its unit 0. We denote by N the monoid of
non-negative integers. For a subset S of a monoid M, we denote by (S)y the smallest submonoid of M
containing S.
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Part 1

General theory
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Chapter 2

Grothendieck monoids of
extriangulated categories

For a triangulated category or an exact category C, its Grothendieck group Ko(C) is a basic invariant and
has been studied and used in various areas. Recently, the Grothendieck monoid of an exact category,
a natural monoid version of the Grothendieck group, has been introduced by Berenstein-Greenstein in
[BG16] to study Hall algebras, and its relation to the categorical property of an exact category was
studied in [Eno22].

We can naturally generalize these constructions to an extriangulated category C. The Grothendieck
group Ko(C) was formulated by Zhu-Zhuang [ZZ21] and Haugland [Hua2l] and was used to classify
certain subcategories of an extriangulated category. The aim of this chapter is to define and investigate
the Grothendieck monoid M(C) of C.

2.1 Preliminaries: commutative monoids

We collect minimal definitions and properties of commutative monoids to describe our first results. The
main reference of this section is [Ogulg].

A monoid is a semigroup with a unit. In this paper, every monoid is assumed to be commutative.
Hence, we use the additive notation, that is, the binary operation is denoted by 4+, and the unit is
denoted by 0. A homomorphism of monoids is a map f: M — N satisfying f(z +y) = f(z) + f(y) and
f(0pr) = On. Let U be a Grothendieck universe. We denote by Mony the category of (commutative)
monoids belonging to U and homomorphisms of them. The category Mony has arbitrary U-small limits
and colimits (see [Ogul8, Section I.1.1]). We can define the product [];.; M; and the direct sum (=
coproduct) €,.; M; of monoids similarly to abelian groups. In particular, finite products and finite
direct sums coincide.

A basic example of monoids is the set N of non-negative integers with the arithmetic addition. A
monoid M is said to be free if it is isomorphic to N®! for some index set I. In this case, the cardinality
of I is called the rank of M. A basis of a free monoid is defined by a similar way to abelian groups.

Remark 2.1.1. For a monoid homomorphism f: M — N, define a submonoid of M by
Ker(f) :={z e M| f(z) =0}.

A caution is that the condition Ker(f) = 0 does not imply f is injective. Indeed, the monoid homomor-
phism
fiN®2 5N, (2,y)—z+y

is not injective but Ker(f) = 0.

The notion of quotients of monoids slightly differs from that of abelian groups. We introduce a class
of equivalence relations ~ on a monoid M to guarantee that the quotient set M/~ becomes a monoid.

Definition 2.1.2. The equivalence relation ~ on a monoid M is called a congruence if x ~ y implies
a+x ~a+y for every a,z,y € M.
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We can check easily that the quotient set M/~ of a monoid M by a congruence ~ has the unique
monoid structure such that the quotient map M — M/~ is a monoid homomorphism.
Next, we list the properties of monoids which we will use.

Definition 2.1.3. Let M be a monoid.
(1) M is sharp (or reduced) if a + b = 0 implies a = b = 0 for any a,b € M.
(2) M is cancellative (or integral) if a + © = a + y implies x = y for any a,z,y € M.

Remark 2.1.4. Let M be a monoid. An element & € M is said to be unit if there is y € M such that
x +y = 0. We denote by M* the set of units in M. Then M is sharp if and only if M* = 0.

Finally, we discuss the relationship between monoids and groups.

Definition 2.1.5. The group completion of a monoid M is a pair (gpM, p) of a group gpM and a monoid
homomorphism p: M — gpM satisfying the following universal property:
e For every monoid homomorphism f: M — G into a group G, there exists a unique group homo-
morphism f: gpM — G such that f = fp.

The group completion gpM certainly exists for any monoid M. It is constructed as the localization
of M with respect to M itself (see Definition 5.1.1). The group completion has the following properties
by the construction.

Proposition 2.1.6 (cf. Definition 5.1.1). Let M be a monoid and (gpM,p: M — gpM) its group
completion.
(1) gpM is an abelian group.
(2) For any x,y € M, the equality p(x) = p(y) holds in gpM if and only if x +s =y + s in M for
some s € M.
(3) If M is a group, then gpM = M.
(4) Let U be a Grothendieck universe. If M is a U-set (resp. U-small), then so is gpM.

The cancellation property is related to the group completion as follows.

Proposition 2.1.7. Let M be a monoid and (gpM,p: M — gpM) its group completion. Then the
following are equivalent.

(1) M is cancellative.

(2) The monoid homomorphism p: M — gpM is injective.

(3) There is an injective monoid homomorphism from M to some group.

Proof. It follows immediately from Proposition 2.1.6 and the fact that any submonoid of an abelian
group is cancellative. O

Let U be a Grothendieck universe. The assignment M — gpM gives rise to a functor gp: Mony — Aby
by the universal property. Also, the assignment M — M* (cf. Remark 2.1.4) gives rise to a functor
(=)*: Mony — Aby. Let V be a Grothendieck universe such that U € V. Then the following diagram
commutes by the construction:

Moreover, they restrict to Mong — Abg by Proposition 2.1.6.

Proposition 2.1.8. Let U be a Grothendieck universe. The forgetful functor Aby — Mony has both
the left adjoint functor gp: Mony — Aby and the right adjoint functor (—)*: Mony — Aby. A similar
statement also holds for Mong and Abg if we fiz a Grothendieck universe V such that U € V.

Proof. This follows from Definition 2.1.5 and the fact that units are preserved by monoid homomor-
phisms. O
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2.2 Preliminaries: extriangulated categories

In this paper, we omit the precise definitions and axioms of extriangulated categories. We refer the
reader to [NP19, LN19] for the basics of extriangulated categories.

Let U be a Grothendieck universe. An extriangulated U-category is an ordered tuple (C, E, ) consisting
of the following data satisfying certain axioms:

e (C is an additive U-category.

e [E is an additive bifunctor E: C°? x C — Aby.

e 5= {57 x}(z x)cobcxobc is a family of functions sz x : E(Z, X) — E(Z, X). Here the set E(Z, X)

is defined as follows.

A complex V over C is called a 3-term complex starting with A and ending in B if VY = A, V? = B and

Vi =0 for all i # 0,1,2. Two 3-term complexes X Ly & zand X L5 v £ 7 are equivalent if
there is an isomorphism y: Y — Y’ which makes the following diagram commute:

We denote by E(Z, X)) the set of equivalence classes of 3-term complexes starting with X and ending
with Z. Note that E(Z, X) is a U-set. Thus, an extriangulated U-category (C,E,s) is also a U-set.

For an extriangulated U-category (C,E,s), we call a 3-term complex X Ly % 7a conflation if
its equivalence class is equal to §(J) for some § € E(Z, X). In this case, we call f an inflation and g a
deflation, and say that this complex realizes §. We write this situation as follows:

and we also call this diagram a conflation in C. In what follows, we often write C = (C,E,s) for an
extriangulated U-category (C,E,s) for simplicity.

Triangulated categories and Quillen’s exact categories can be naturally considered as extriangulated
categories as follows:

(1) An ezact U-category is an exact category whose underlying category is a U-category. Let £ be
an exact U-category. We denote by Ext;(Z, X) the set of equivalence classes of conflations (in
the sense of exact categories) in & of the form 0 - X — Y — Z — 0. Then we have a functor
Exti(—,—) : £ x & — Aby. Then by setting E := Ext} and s := id, we may regard £ as an
extriangulated U-category.

(2) A triangulated U-category is a triangulated category whose underlying category is a U-category.
Let T be a triangulated U-category with shift functor 3. Then by setting E(Z, X) := T (Z,XX),
we may regard 7 as an extriangulated U-category. In this case, for each h € E(Z, X) = T (Z,XX),

its realization s(h) is given by [X Ly < Z] which makes X Ly Lz vxa triangle in

T.
Throughout this paper, we always regard triangulated U-categories and exact U-categories (in particular,
abelian U-categories) as extriangulated U-categories in this way. Conversely, exact and triangulated
categories can be characterized within extriangulated U-categories as follows.

Fact 2.2.1 ([NP19, Corollary 3.18, 7.6]). Let (C,E,s) be an extriangulated U-category.

(1) If any inflation is monic and any deflation is epic, then C admits a natural structure of exact
category, in which conflations in the sense of an exact categories are conflations in the sense of
extriangulated categories.

(2) If any morphism is both an inflation and a deflation, then C admits a natural structure of a
triangulated category, in which triangles comes from conflations.

For later use, we fix some terminologies for extriangulated categories. Let C = (C,E, s) be an extrian-
gulated U-category. For any 6 € E(Z, X) and any morphisms z € C(X, X’) and z € C(Z', Z), we denote
E(idz,x)(6) and E(z,idx)(d) briefly by x.6 and 2*§ respectively.
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6 ’ ’ 6/
A morphism of conflations from X Sy 47 % wox Ly Loz 0 isa triplet

(x: X > X' y: Y =Y 2: Z— Z') of morphisms in C satisfying yf = f'z, zg = ¢’y and z,.§ = 2*¢".
We often write a morphism of conflations (z,y, z) as follows:

x Joy 2.7 0,
X/ T) Y */> Z/ 77577>

For two subcategories C; and Cs of an extriangulated U-category C, we denote by C; * Cy the subcat-
egory of C consisting of X € C such that there is a conflation

in C with Cy € C; and Cy € Cs.

We recall some properties of a subcategory D of an extriangulated U-category C.

e D is closed under finite direct sums if it contains a zero object of C and for any objects X,Y € D,
their direct sum X @Y in C belongs to D. We also say that D is an additive subcategory in this
case.

e D is closed under direct summands if X ®Y € D implies X, Y € D for any objects X,Y € C.

e D is closed under extensions if D is additive and D * D C D holds, that is, for any conflation
X =Y — Z --»in C, we have that X,Z € D implies Y € D. We also say that D is an
extension-closed subcategory in this case.

An extension-closed subcategory D of an extriangulated U-category C also has the structure of an extri-
angulated U-category induced from that of C, see [NP19, Remark 2.18]. In this structure, a conflation
X =Y — Z --» in D is precisely the conflation in C with X, Y, and Z in D. When we consider
extension-closed subcategories of an extriangulated U-category, we always regard D as an extriangulated
U-category in this way.

We also need the natural notion of functors between extriangulated categories, namely, an ezact

functor:

Definition 2.2.2 ([BS21, Definition 2.32]). Let (C;, E;, 5;) be extriangulated U-categories for i = 1,2, 3.
(1) An exact functor (F,¢): (C1,E1,81) — (C2,E2,82) is a pair of an additive functor F': C; — C2 and
a natural transformation ¢: E; = Eg o (F°P x F) such that for every conflation

in Cq, the following is a conflation in Cs:

Fx 2 py 9, pr 02X

We often write F' = (F, ¢): C; — Cy in this case.
(2) For two exact functors Fy = (F1,¢1): C1 — C2 and Fy = (Fy,¢2): C2 — Cs, their composition is
defined by Fy o Fy = (Fy o Fy,¢9 - ¢1) : C; — C3, where

(62 d1)coa: By(C, A) “20C4, o (PO, FA) 25000, B (GRC, GRA).

(3) Let F = (F,¢) and G = (G, ) be two exact functors C; — Ca. A natural transformation n: F = G
of exact functors is a natural transformation of additive functors such that, for any conflation

5
A BY 0 -5 inC, the following is a morphism of conflations in D:

FA _Fo, pp Fv, po 2o
TIA\L 7]Bl Tlci
GA —5> GB —5> GC .
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(4) ETcaty is the category of extriangulated U-categories and exact functors.

Horizontal compositions and vertical compositions of natural transformations of exact functors are
defined by those for natural transformations of additive functors. These compositions are also natural
transformations of exact functors. In particular, we can define an ezact equivalence of extriangulated
categories in the same way as that of additive categories.

Remark 2.2.3. Let FF = (F,¢): C — D be an exact functor of extriangulated U-categories, and let
(a,b,c) be a morphism of conflations

A1 —_— Bl E— Cl ***** >
A

in C. Then (Fa, Fb, Fc) gives a morphism of conflations

Faq Fy, bcy, 41 (01) R

FAy FB; o, - tom)
Fal Fbl FC\L
FAs Fra FBy 7 FCy S ENCS)

in D by the naturality of ¢.

Later, we need the following observation about exact functors to exact categories, which can be easily
proved by considering the extriangulated structure on exact categories.

Lemma 2.2.4. Let C = (C,E,s) be an extriangulated U-category, £ an exact U-category, and F: C — £
an additive functor. Then the following are equivalent.
(1) There is some ¢ which makes (F,¢) an exact functor between extriangulated categories.

(2) For each conflation X Ly %7 i C, the following is a conflation in &£:

Fg

0 Fx 2, py FZ 0.

Moreover, in this case, ¢ in (1) is uniquely determined.

Due to this fact, we call an additive functor F': C — & satisfying (2) above just an ezact functor.

Let U and V be Grothendieck universes such that U € V. Then it is clear that the natural inclusion
functor ETcaty — ETcaty is fully faithful. We consider the following full subcategories of ETcaty.

e The category ETcaty of U-small extriangulated V-categories.

e The category ETCaty of skeletally U-small extriangulated V-categories.
Note that a skeletally U-small category is not necessarily locally U-small in our definition (Defini-
tion 1.1.4).

In the remaining of this thesis, we often use the following convention:

Convention 2.2.5. Let U and V be Grothendieck universes such that U € V.
e An extriangulated category := an extriangulated V-category.

ETcat := ETcatg.

ETCat := ETCaty.

ETCAT := ETcaty.

2.3 Definition and construction of Grothendieck monoids

We define the Grothendieck monoid by the universal property. Recall that all monoids are commutative.

Definition 2.3.1. Let U be a Grothendieck universe, and let C be an extriangulated U-category.
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(1) An additive function on C with values in a monoid M is a map f: |C| — M satisfying the following
conditions:
(1) f(0) =0 holds.
(2) For every conflation

in C, we have f(Y) = f(X) + f(Z) in M.
We also say that f: |C| = M respects conflations.
(2) A Grothendieck monoid M(C) is a monoid M(C) together with an additive function 7: |C| — M(C)
which satisfies the following universal property:
e For any additive function f: |C| — M with values in a monoid M, there exists a unique
monoid homomorphism f: M(C) — M such that f = fr.

c] —L— M
=

We often write [X] := 7(X) for X € |C|.

Since the Grothendieck monoid of C is defined by the universal property, we must show that it
certainly exists. For later use, we give an explicit construction of M(C).

Definition 2.3.2. Let U be a Grothendieck universe and C an extriangulated U-category. Let A and B
be objects in C.
(1) A and B are conflation-related, abbreviated by c-related, if there is a conflation

such that either of the following holds in C:
(1) YAand X Z = B, or
(2) YBand X @ Z = A
In this case, we write A ~. B.
(2) Aand B inC are conflation-equivalent, abbreviated by c-equivalent, if there are objects Ag, Ay,..., A,
in C for some n > 0 satisfying Ag & A, A, = B, and A; ~. A;4;1 for each i. In this case, we write
A=, B.

It is immediate that ~. and =2, induce binary relations ~. and =, on the set |C|. Then clearly =,
is an equivalence relation on |C| generated by ~.. On the other hand, |C| can be regarded as a monoid
with the addition given by A+ B := A® B. Then we can state the following explicit construction of the
Grothendieck monoid.

Proposition 2.3.3. Let U be a Grothendieck universe and C an extriangulated U-category. Then the
following hold.
(1) =. is a monoid congruence on |C| (see Definition 2.1.2 for a monoid congruence).
(2) The quotient monoid |C| /=, together with the natural projection w: |C| — |C| /=, gives a Grothendieck
monoid of C.

Proof. (1) We must show that A ~. B implies A ® C ~, B ® C holds for every A, B, and C in C. By
the definition of &, it clearly suffices to show that A ~. B implies A @ C ~. B @ C, so suppose that
A ~. B holds. Then there is a conflation

such that either (a) Y 2 Aand X® Z = Bor (b)Y 2 Band X & Z = A. On the other hand, we have
the following conflation:
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since s is an additive realization [NP19, Definition 2.10]. Moreover, since conflations are closed under
finite direct sums (because s is an additive realization), we obtain the following conflation:

xoc 8 yge 09 7

Thus, we obtain Y @ C ~, (X @ C) @ Z = (X ¢ Z) @ C. In either case, we obtain A®C ~. Ba C.

(2) By (1), we obtain the quotient monoid |C| /~. and the natural monoid homomorphism 7: |C| —
IC| /.. We first show that 7: |C| — |C| /=, respects conflations. Since 7 is a monoid homomorphism,
we have 7(0) =0 and 7(X @Y) = n(X) +7(Y) for all objects X and Y inC. Let X - Y — Z --s> be a
conflation in C. Then we have Y ~. X & Z, which implies 7(Y) = (X & Z) = n(X) + n(Y) in |C| /..

Next, suppose that we have additive function f: |C| — M with values in a monoid M, and we will
show that there is a unique monoid homomorphism f: |C| /~. — M satisfying f = fr. The uniqueness
is clear since 7 is surjective, so we only show the existence of such f. To obtain a well-defined map
f:|Cl/=e — M satisfying f = fr, it clearly suffices to show that A ~. B implies f(A4) = f(B),
so suppose A ~. B. Then there is a conflation X — Y — Z --» such that either (a) ¥ = A and
X@eZ=Bor (b)Y Band X®Z = A. On the other hand, since f respects conflations, we have
fY) = f(X)+ f(Z). Moreover, we have the following split conflation

because s is an additive realization. Therefore, f(X) + f(Z) = f(X @ Z) holds, and hence f(Y) =
f(X @ Z). Thus f(A) = f(B) holds in either case. O

Let U be a Grothendieck universe and C an extriangulated U-category. In what follows, we often
identify M(C) with |C| /~. and write [X] € |C| /~. to represent an element for X € C. Note that M(C)
is a U-set by the construction.

The assignment C — M(C) actually gives a functor:

Proposition 2.3.4. Let U be a Grothendieck universe. We have a functor M(—): ETcaty — Mony
defined as follows.
e To C € ETcaty, we associate the Grothendieck monoid M(C) € Mony.
e To an exact functor F: C — D, we associate a monoid homomorphism M(F): M(C) — M(D)
defined by [C] — [F(C)].
Moreover, if F: C = D is an ezact equivalence, then M(F): M(C) — M(D) is a monoid isomorphism.

Since the proof is straightforward by using the defining universal property of the Grothendieck
monoid, we omit it.

Let U and V be Grothendieck universes such that U € V. Then the following diagram commutes by
the construction of Grothendieck monoids:

ETcaty M Mony

J J

ETcaty ~~% Mony .

If C is a skeletally U-small extriangulated V-category, then M(C) is clearly a U-small monoid. Thus, the
functor M(—): ETcaty — Mony restricts to a functor M(—): ETCaty — Mong (see §1.1 and 2.2 for the
notations).

We obtain the following result by the discussion above and Propositions 1.1.16 and 1.1.17.

Proposition 2.3.5. Let U and V be Grothendieck universes such that U € V.
(1) We have the following isomorphism of monoids for a ring A belonging to U.

e M(mody A) —+ M(mods A) — M(mody A).

(2) We have the following isomorphisms of monoids for a scheme X belonging to U.
o M(cohy X) — M(cohg X)) =5 M(cohy X).
e M(vecty X) = M(vectg X) = M(vecty X).
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e M(tory X) =, M(torg X) =, M(tory X).
Finally, we compare the Grothendieck monoid M(C) with the Grothendieck group K¢ (C).

Remark 2.3.6. Let U be a Grothendieck universe and C an extriangulated U-category.
(1) Recall that the Grothendieck group Ko(C) of C is defined by

Ko(C) := @ ZX/(A —B+C|A— B— C --»is a conflation).
Xe|C|

The image of X € |C| in Ko(C) is denoted by [X]. Then there is a natural monoid homomorphism
p: M(C) = Ko(C),  [X] = [X].

Then the defining properties of M(C) and Ko (C) immediately show that (Ko(C), p: M(C) — Ko(C))
is the group completion of M(C) (see Definition 2.1.5). Moreover, we have a natural isomorphism
of functors Ko(—) ~ gp o M(—): ETcaty — Aby.

(2) The natural map p is injective if and only if M(C) is cancellative by Proposition 2.1.7. In this case,
the Grothendieck monoid M(C) can be identified with the positive part

Kg (€)= {[X] € Ko(C) | X € C}

of the Grothendieck group. Thus, if M(C) is cancellative, the computation of M(C) becomes much
easier. However, not much is known about the conditions for an extriangulated category C under
which M(C) becomes cancellative.

(3) An element of M(C) can be expressed by [X] for some single object X € C, while an element of
Ko(C) can only be expressed by [X] — [Y] for some objects X,Y € C in general. It is an advantage
of the Grothendieck monoid.

2.4 Grothendieck monoids of exact and triangulated categories

In this section, we discuss the Grothendieck monoids of exact and triangulated categories, respectively.
We will see that the invertible elements of the Grothendieck monoid of an exact category are only 0,
while every element of that of a triangulated category is invertible. Fix a Grothendieck universe U.

We first consider the Grothendieck monoid of an exact category. Let £ be an exact U-category. We
regard it as an extriangulated U-category. Then our M(E) coincides with the Grothendieck monoid of
an exact category which is studied in [BG16, Eno22] by the universal property.

The Grothendieck monoid of an exact category has the following properties.

Proposition 2.4.1. Let C be an extriangulated U-category. Consider the following conditions.
(1) C is an exact category (with the usual extriangulated structure).
(2) If X - 0—=Y --» is a conflation in C, then X =0 holds in C (or equivalently, Y =0 holds).
(3) If [A] = 0 in M(C), then A =0 holds in C.
(4) M(C) is sharp (see Definition 2.1.3).
Then (1) = (2) & (3) = (4) holds.

Proof. The conditions in (2) are easily seen to be equivalent by considering the long exact sequence
associated to the conflation.

(1) = (2): This is clear since an inflation X — 0 in an exact category must be monic.

(2) = (3): It suffices to show that A ~. 0 implies A = 0. Then there exists a conflation X — Y —
Z --» such that either (a) Y 2 Aand X @®Z =0or (b) Y =0 and X @& Z = A. In the case (a), both X
and Z are isomorphic to 0 since X & Z = 0. Thus A =2 Y =0 by the conflation 0 — Y — 0 --». In the
case (b), both X and Z are isomorphic to 0 by the assumption. Thus A = X @ Z = (.

(3) = (2): Suppose that we have a conflation X — 0 — Y --». Then we have [X @Y ] = [X]+[V] =
[0] =0 in M(C). Thus (4) implies X &Y =0, so X 2Y =0 holds.

(3) = (4): Suppose that  +y = 0 holds in M(C). There are X and Y in C satisfying [X] = = and
[Y] =y, and [X ® Y] = [X]+ [Y] = 0 holds. Thus (4) implies X &Y = 0, which shows X 2 Y = 0.
Therefore, x = y = 0 holds. O
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It is natural to ask whether the conditions in Proposition 2.4.1 are equivalent. However, there is a
counterexample for (4) = (1) and (3) = (1) (see [BHST, Example 5.2, Remark 5.3]). Thus, we pose the
following question.

Question 2.4.2. Let C be an extriangulated U-category. Are the following conditions equivalent?
(1) If X - 0—=Y --» is a conflation in C, then X =0 holds in C (or equivalently, Y =0 holds).
(2) M(C) is sharp.

Next, we consider the Grothendieck monoid of a triangulated category.

Proposition 2.4.3. Let T be a triangulated U-category.
(1) M(T) is a group.
(2) There is a natural isomorphism M(T) = Ko(T) of groups.

Proof. (1) For every element [X] € M(T), there is a triangle

X — 00— XX —= ¥X.

This means that we have a conflation X — 0 — XX --», which implies [X] 4+ [EX] = 0 in M(T).
Therefore, every element in M(7) is invertible, that is, M(7) is a group.
(2) It follows from Remark 2.3.6 (1). O

In general, the converse does not hold: there is an extriangulated U-category which is not triangulated
but whose Grothendieck monoid is a group (see Corollary 5.3.2 for example).

The following example says the natural inclusion from an abelian category to its bounded derived
category categorifies the group completion of the Grothendieck monoid.

Example 2.4.4. Let A be an abelian U-category. Then A can be regarded as an extension-closed
subcategory of its bounded derived category DP(A). The natural inclusion functor A < D”(A) induces
a monoid homomorphism

M(A) = M(D"(A)) = Ko(D"(A)) 2 Ko(A)

by Proposition 2.4.3. In fact, the monoid homomorphism M(A) — Ky(A) coincides with the group
completion of M(A) (see Remark 2.3.6).
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Chapter 3

Classifying subcategories via
Grothendieck monoids

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every subcategory is a strictly full subcategory. Hereafter,
C = (C,E,s) is a skeletally small extriangulated category.

In this chapter, we give classifications of several subcategories of C via its Grothendieck monoid M(C).
More precisely, we consider the following assignments:

e For a subcategory D of C, we define a subset Mp of M(C) by

Mp :={[D] € M(C) | D € D}.
e For a subset N of M(C), we define a subcategory Dy of C by
Dy :={X eC|[X] e N}

In what follows, we will show that these maps give bijections between certain subcategories of C and
certain subsets of M(C). We freely identify M(C) with |C| /~. by Proposition 2.3.3. Note that the
collection of subcategories of C forms a set since C is skeletally small.

3.1 Classifying c-closed subcategories via subsets

The key notion of this chapter is c-closed subcategories defined below. These are the largest class of
subcategories which can be classified via the Grothendieck monoid (see Proposition 3.1.3). In §3.3 and
3.6, we will show that Serre subcategories and dense 2-out-of-3 subcategories are c-closed and classify
them via the Grothendieck monoid.

Definition 3.1.1. A subcategory D of C is said to be closed under c-equivalences if for any conflation
A — B — C --», we have that B € D if and only if A ® C € D. We also say that D is a c-closed
subcategory for short.

The following lemma follows immediately from Proposition 2.3.3. We freely use this characterization
in what follows.

Lemma 3.1.2. The following are equivalent for a subcategory D of C.
(1) D is closed under c-equivalences.
(2) For every X,Y €C, if X ~.Y (cf. Definition 2.3.2) holds and X belongs to D, then'Y also belongs
to D.
(3) For every X,Y €C, if [X] = [Y] holds in M(C) and X belongs to D, then'Y also belongs to D.

The relation between the subcategories Dy defined above and c-closed subcategories is as follows.
Note that a subcategory is not assumed to be additive.

Proposition 3.1.3. The following hold.
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(1) Dy is closed under c-equivalences for any subset N of M(C).
(2) The assignments D — Mp and N — Dy give mutually inverse bijections between the set of c-closed
subcategories of C and the power set of M(C).

Proof. (1) Let X € Dy and Y € C, and suppose that [X] = [Y] in M(C). Then we have [Y] = [X] € N,
and hence Y also belongs to Dy. This proves that Dy is closed under c-equivalences.

(2) First, we prove that Mp, = N holds for each subset N of M(C). Clearly, we have Mp, O N.
Take [X] € Mp,. Then there is an object Y € Dy such that [X] = [Y] holds in M(C). Since Dy is
closed under c-equivalences by (1), we have that X is also in Dy, that is, [X] € N. Hence, we obtain
Mp, = N.

Next, we prove that Dy, = D holds for a c-closed subcategory D of C. Clearly, we have Dy, 2 D.
Take X € Dwm,, then we have [X] € Mp, so there exists an object Y € D satisfying [X] = [Y] in
M(C). Since D is closed under c-equivalences, we obtain X € D. Therefore, we obtain Dy, = D, which
completes the proof. O

In the rest of this section, we will discuss the conditions under which all subcategories are classified
via M(C), that is, all subcategories are c-closed. We recommend that the reader skips the remaining part
of this section in the first reading. Let us begin with a simple observation.

Proposition 3.1.4. The following conditions are equivalent.
(1) All subcategories of C are c-closed.
(2) For any conflation A — B — C --» in C, we have B= A ¢ C.

Proof. (1) = (2): Let A — B — C --» be a conflation in C. Consider the subcategory X consisting of
objects isomorphic to B. Since X is c-closed, it contains A @ C. This means A ® C = B.

(2) = (1): Let X be a subcategory of C. For any conflation A -+ B — C' --», we have B= A¢ C
by the assumption (2). Thus B € X if and only if A @ C € X. This proves that X is c-closed. O

Let us call a conflation A — B — C --+ quasi-split if B =2 A @& C holds. There are subtle differences
between split and quasi-split conflations.

Example 3.1.5. There are two short exact sequences of abelian groups:
5:057Z 27 57/22—0 and e:0—0— (Z/22)%N = (2/22)®N — 0.
Then the short exact sequence obtained by their direct sum
§Pe:0 —— Z —— Z®(Z)22)®N —— Z/27. @ (Z/22)N —— 0

is quasi-split but not split. Indeed, the element § & € corresponds to (4,0) by the natural isomorphism
Exty, (Z/2Z & (Z/2Z)®N,Z) = Exty, (Z/2Z,7) & Exty, ((Z/2Z)®N,Z), and it is nonzero since § is not a
split exact sequence.

From this example, a quasi-split conflation is not a split conflation in general. However, there are the
following examples where this claim holds.

Example 3.1.6. In the following classes of extriangulated categories C, every quasi-split conflation is a
split conflation.
e C is an exact R-category over a commutative ring R such that C(A, B) is an R-module of finite

length for any A, B € C. Indeed, for any quasi-split conflation 0 — A — B EINo N 0, we have an
exact sequence

0——c(c,A) — c(c,B) LN e,

of R-modules. Now we have C(C,B) = C(C,A) & C(C,C) by the assumption. Considering the
lengths of R-modules in the above exact sequence, we conclude that C(C, f) is surjective, and this

implies that the conflation 0 - A — B EIN C' — 0 splits.

e ( is an extension-closed subcategory of mod A, where A is an algebra over a commutative noetherian
ring R with A € mod R. This follows from the result in [Miy67, Theorem 1], which states that any
quasi-split short exact sequence in mod A actually splits.
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The above examples lead us to the next question.

Question 3.1.7. When does a quasi-split conflation become a split conflation? More concretely, in the
following classes of exact categories C, does this question have a positive answer?
e C is an exact R-category over a commutative noetherian ring R such that C(A, B) € mod R holds
for any A, B € C.
e C is a noetherian exact category, that is for any X € C, the poset of admissible subobjects of X
satisfies the ascending chain condition (see [Eno22, Section 2] for this poset).

We now return to considering when all subcategories are classified via M(C). An extriangulated
category C is said to be quasi-split if every conflation in C is quasi-split. Recall that this condition is
equivalent to the condition under which all subcategories of C can be classified via the Grothendieck
monoid by Proposition 3.1.4. On the other hand, if every conflation of an extriangulated category C is
a split conflation, then every inflation is a monomorphism, and every deflation is an epimorphism. Thus
C becomes an exact category (see [NP19, Corollary 3.18]). Such an exact category C is called a split
exact category. It is clear that a split exact category is quasi-split. Thus, we have the following natural
question.

Question 3.1.8. When does a quasi-split extriangulated category C become a split exact category?

Example 3.1.9. Question 3.1.8 has a positive answer for the following classes of extriangulated cate-
gories C.

e ( is one of the exact categories in Example 3.1.6.

e More generally, C is an exact category in which Question 3.1.7 has a positive answer.

e C is an extriangulated category with enough projectives. See Proposition 3.1.10 below.

We recall some terminology to prove Proposition 3.1.10. An object P of C is projective if E(P, X) =0
for any X € C. We denote by ProjC the category of projective objects of C. Clearly ProjC is closed under
extensions and direct summands. An extriangulated category C has enough projectives if for any A € C,
there exists a deflation P — A from a projective object P.

Proposition 3.1.10. Suppose that an extriangulated category C has enough projectives. Then the fol-
lowing conditions are equivalent.

(1) Every subcategory of C is c-closed.

(2) Fvery additive subcategory of C is c-closed.

(3) Ewery extension-closed subcategory of C is c-closed.

(4) C is a split exact category.

(5)

C is a quasi-split extriangulated category.

Proof. The implications (1) = (2) = (3) and (4) = (5) = (1) are clear, so we only prove (3) =
(4). Let A —- B — C --» be a conflation in C. Since C has enough projectives, there is a conflation
X - P — C --»in C with P € ProjC. The assumption (3) implies that ProjC is c-closed, and hence
C @ X € ProjC. Then C is also projective since ProjC is closed under direct summands. Therefore the
conflation A — B — C' --» splits. This proves that C is a split exact category. O

3.2 Preliminaries: faces

In this section, we study faces a class of submonoids which corresponds to Serre subcategories in §3.3.
Hereafter, M is a monoid.

Definition 3.2.1.
(1) A submonoid F of M is called a face if for all z,y € M, we have that  +y € F if and only if both
re€FandyekF.
(2) Face M denotes the set of faces of M.

Remark 3.2.2. The set M* of units (see Remark 2.1.4) is the smallest face, and M itself is the largest
face. In particular, Face M is a singleton if and only if M is a group.

Example 3.2.3. Let M be a free monoid of rank 2 with basis e; and es.
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(1) N(ej + e2) is a submonoid of M but not a face.
(2) Face M = {M,Ney,Neg, 0} holds.

Let us give an explicit description of the face generated by a subset, which is useful to study faces.

Fact 3.2.4 (cf. [Ogul8, Proposition 1.1.4.2]). Let S be a subset of a monoid M.
(1) The submonoid (S)y of M generated by S, i.e. the submonoid

(S)y := {Z N T

i=1

m,n; € Nxz; GS}

is the smallest submonoid of M containing S. Note that (0)y = {0}.
(2) The face (S)face of M generated by S, i.e. the submonoid

(S)tace := {x € M | there exists y € M such that x +y € (S)n}

is the smallest face of M containing S.

Let f: M — N be a monoid homomorphism. For any face F of N, the inverse image f~!(F) is also
a face of M. Thus, we have an inclusion-preserving map Face(f): Face(N) — Face(M). The following
lemma is obvious but useful.

Lemma 3.2.5. The map Face(f): Face(N) — Face(M) is injective for a surjective monoid homomor-
phism f: M — N.

Proof. It is straightforward. O
Let us consider a finiteness condition on a monoid and classify faces of a monoid satisfying it.

Definition 3.2.6.
(1) M is finitely generated if M = (S) for a finite subset S of M.
(2) A face F of M is finitely generated if F = (S), . for a finite subset S of F.

face

Remark 3.2.7.
(1) If M is finitely generated, then it is finitely generated as a face.
(2) A face F of M is finitely generated if and only if F' = (z), ., for some element x € M. Indeed, if
F = (S),c0 for a finite subset S of M, then we can easily see that F = (> _¢s)

face face”®

Lemma 3.2.8. If M is generated by a (not necessarily finite) subset S C M, then the map

(—)face - P(S) = Face(M), A~ (A)

face
is an inclusion-preserving surjection, where P(S) is the power set of S.

Proof. Let F be a face of M and set Sg :={x € S|z € F}. We want to show that F' = (Sp);, ... We
may assume that F' # 0. It is clear that F O (Sp);, .. Take 0 # x € F. Then x = Y _.* | n;s; for some
s; € Sand 0 # n; € N by Fact 3.2.4. Since F' is a face, we obtain that s; € F for all ¢, which shows
2 € (SF)ace- Thus, we conclude that F' = (Sg)¢, ., and (=), : P(S) = Face(M) is surjective. Note
that we actually proved F = (Sp)y. O

Corollary 3.2.9. If M is finitely generated, then Face(M) is a finite set.

Proof. There is a finite subset S of M such that M = (S) because M is finitely generated. Then P(5)
is also a finite set, and we conclude that Face(M) is a finite set by Lemma 3.2.8. O

Example 3.2.10. Let M be a free monoid with basis {e; | ¢ € I'}. Then it is clear that the map
(—)ace - P({ei | © € I}) — Face(M) is bijective.

31



3.3 Classifying Serre subcategories via faces

In this section, we establish a bijection between the set of Serre subcategories of C and the set of faces
of M(C), which generalizes [Bro97].

Definition 3.3.1. An additive subcategory D of C is called a Serre subcategory if for any conflation

in C, we have that both X and Z are in D if and only if Y € D.

In particular, a Serre subcategory is extension-closed, so it can be regarded as an extriangulated
category in itself.
The relation between Serre subcategories and c-closed subcategories is the following.

Proposition 3.3.2. A subcategory of C is Serre if and only if it is closed under finite direct sums, direct
summands, and c-equivalences.

Proof. It is clear that a Serre subcategory is closed under finite direct sums and direct summands. Let
A — B — C --» be a conflation in C. For any additive subcategory D closed under direct summands,
A @ C belongs to D if and only if both A and C belong to D. Thus, we can conclude that D is Serre if
and only if it is closed under c-equivalences by comparing Definition 3.1.1 and 3.3.1. O

Now we can establish a bijection between Serre subcategories and faces.

Proposition 3.3.3. The bijection in Proposition 3.1.3 (2) restricts to the bijection between the set
SerreC of Serre subcategories of C and the set Face M(C) of faces of M(C) (see Definition 3.2.1).

Proof. Let S be a Serre subcategory of C and F a face of M(C). We already know Dy, = S and
Mp, = F by Propositions 3.1.3 and 3.3.2. Hence, we only need to show that Ms is a face and D is a
Serre subcategory.

We first prove that Mg is a face. Note that S is closed under finite direct sums, direct summands,
and c-equivalences by Proposition 3.3.2. It is clear that Mg is a submonoid of M(C) since S is closed
under direct sums. Suppose that [X] + [Y] € Mg for some objects X,Y € C. By the definition of Mg,
there exists an object Z € S such that [Z] = [X]| + [Y] = [X @ Y]. Then we have X &Y € S because
S is closed under c-equivalences. Since S is closed under direct summands, both X and Y belong to S,
and hence [X],[Y] € Ms. This proves that Mg is a face of M(C).

Next, we prove that Dp is a Serre subcategory. It is obvious that D is closed under finite direct
sums since F' is a submonoid of M(C). We already know that Dp is c-closed by Proposition 3.1.3 (1).
Thus, it is enough to show that Dp is closed under direct summands by Proposition 3.3.2. Let X and Y
be objects in C with X ®Y € Dp. Then [X]|+[Y] =[X@Y] € F. Because F is a face of M(C), both [X]
and [Y] belong to F, which implies both X and Y belong to Dp. Therefore, D is a Serre subcategory
of C. O

Finally, we compare Mp with M(D) for an extension-closed subcategory D C C. The natural inclusion
functor ¢: D < C induces the monoid homomorphism M(¢): M(D) — M(C) by Proposition 2.3.4. Clearly,
the image of M(¢) coincides with Mp. Thus, we have a surjective monoid homomorphism M(D) — Mp.
This monoid homomorphism is not injective in general, as the following example shows.

Example 3.3.4. Consider the polynomial ring k[T] over a field k. Then the natural inclusion functor
mod k[T] < D"(mod k[T]) induces the group completion

M(modk[T]) — M (Db(mod ]k[T])) ~ Ko(modk[T7])

by Example 2.4.4. It is not injective. Indeed, [k[T]/(T)] is non-zero in M(modk[T]) by Proposition 2.4.1,
but it is zero in Ko(modk[T]) because there is a short exact sequence
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In spite of this example, if we consider Serre subcategories, then the natural monoid homomorphism
is injective:
Proposition 3.3.5. Let S be a Serre subcategory of C and v: & — C the inclusion functor. Then the
monoid homomorphism
M(e): M(S) — M(C)
is injective. In particular, it induces an isomorphism M(S) — Ms C M(C) of monoids.

Proof. Suppose that A, B € S satisfies M(¢)(A) = M(¢)(B) in M(C), that is, A ~. B in C. There is a
sequence of objects Ag = A, Ay,..., A, = B such that A; ~. A;11 in C for all i. Then A; € S for all 4
since S is c-closed. Thus, it is enough to show that A ~, B in C implies A ~, B in S. Since A ~,. B in
C, there is a conflation

X—Y —7-—-- » (3.3.1)

in C satisfying either (a) Y ¥ Aand X @ Z 2 Bor (b)Y 2 Band X ® Z = A. Since A,B € S and
S is closed under direct summands, we have X,Y,Z € S in both cases. Then the sequence (3.3.1) is a
conflation in §, which implies A ~. B in S. O

This injectivity is remarkable since it is false for Grothendieck groups and one has to consider the
higher K-group K; to deal with its failure.

Example 3.3.6. Consider the subcategory S of modk[T] consisting of finitely generated torsion k[T]-
modules. It is clearly a Serre subcategory. The natural inclusion functor & < modk|[T] induces an
injective monoid morphism M(S) < M(modk[T]) on the Grothendieck monoids by Proposition 3.3.5.

On the other hand, it induces a zero morphism Ko(S) Ko(modk[T]) on the Grothendieck groups.
Indeed, every object in S is a finite direct sum of finitely generated indecomposable torsion k[T]-modules,
and such a module M has a free resolution

0 —— K[T] —L— k[T] — M —— 0
for some polynomial f € k[T] by the structure theorem for finitely generated modules over a principal
ideal domain. This implies [M] = 0 in Ko(mod k[T7).

Remark 3.3.7. Propositions 3.3.3 and 3.3.5 are not entirely new. Those are originally mentioned in
[Bro97, Proposition 16.8] for the category Mod A of all modules over a (not necessarily noetherian) ring
A. Brookfield defined the Grothendieck monoids M(S) for Serre subcategories S of Mod A. He studied
mainly the case S = noeth A, the category of noetherian A-modules, and used the bijection to identify
M(noeth A) with the face Mygetha € M(Mod A) in our terminologies. Our approach using the notion of
c-closed subcategories is quite different from Brookfield’s one and has a broader application for classifying
certain subcategories. For example, see §3.6.

3.4 Classifying Serre subcategories of a length exact category

In this section, we concentrate on length exact categories (see Definition 3.4.1 below). We give concrete
examples of classifying Serre subcategories of a length exact category & via its Grothendieck monoid
M(E). Our strategy is the following:

(1) Relate the Grothendieck monoid M(&) with an abstract monoid M.

(2) Classify faces of the abstract monoid M.

(3) Classify Serre subcategories of £ by using (1) and (2).
Although we think that some results in this section are well-known to experts, we give the proofs from
the viewpoint of Grothendieck monoids. In what follows, £ is a skeletally small exact category.

We quickly review terminologies related to composition series to introduce finiteness conditions of

exact categories. Let X be an object of £. Two inflations Y — X and Z »— X are equivalent if there is

an isomorphism Y =5 Z such that the following diagram commutes:
Y
o Tx
2
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An admissible subobject of X is the equivalence class of an inflation ¥ ~— X. We often say that Y is an
admissible subobject of X and denote the cone of Y »— X by X/Y. We omit the adjective admissible if
£ is an abelian category. The collection of admissible subobjects of X forms a set since £ is a skeletally
small. For two admissible subobjects Y and Z of X, we write Y < Z if there exists an inflation Y — Z
such that the following diagram commutes:

Y
~
| o=

This binary relation < yields a partial order on the set of admissible subobjects of X. See [Eno22,
Section 2] for a detailed study of the poset of admissible subobjects.

An admissible subobject series of X is a finite sequence 0 = Xy < X; < --- < X,, = X of admissible
subobjects of X. It is proper if X;y1/X; # 0 for all 7. In this case, we say that this proper admissible
subobject series has length n. Two admissible subobject series 0 = Xy < X; < --- < X,, = X and
0=Y, <Y; <---<Y,, =Y are isomorphic if n = m and there exists a permutation o € &,, such that
Xi/Xi,1 = Ya(i)/Ya(i)fl forall 1 <i<mn.

A nonzero object X € £ is said to be simple if it has no admissible subobject except 0 and X itself.
We denote by sim & the set of isomorphism classes of simple objects of £. An admissible subobject series
0=Xo<X; < <X, =Xof X €& is a composition series if X;;1/X; is simple for all i.

Definition 3.4.1.
(1) An object X of £ is of finite length if the lengths of proper admissible subobject series of X have
an upper bound.
(2) £ is said to be length if every object in & is of finite length.
(3) A length exact category & satisfies the Jordan-Holder property if, for every X € &£, all composition
series of X are isomorphic to each other.

Note that any object of finite length has a composition series since proper admissible subobject series
of a maximal length are composition series (see [FEno22, Proposition 2.5]).

Example 3.4.2.

(1) A length-like function is an additive function ¢: |€| — N such that ¢(X) = 0 implies X 2 0. If £
has a length-like function, then £ is a length exact category (see [Eno22, Lemma 4.3]).

(2) Let A be a finite dimensional algebra over a field k. Then mod A is a length abelian category
since the dimension as vector spaces gives rise to a length-like function dimg: |mod A| — N. An
extension-closed subcategory of mod A is also a length exact category.

(3) A length abelian category satisfies the Jordan-Holder property (see [Ste75, p.92, Examples 2]).

The following facts are basics to study the Grothendieck monoid of a length exact category.

Fact 3.4.3 ([Eno22, Proposition 4.8]). If £ is a skeletally small length exact category, then M(E) is
generated by the set {[S] | S € simE}. Moreover, M(E) is finitely generated if and only if sim € is a finite
set.

Fact 3.4.4 ([Eno22, Theorem 4.12]). The following are equivalent.
(1) & satisfies the Jordan-Hélder property.
(2) M(E) is a free monoid with basis {|S]| S € simE}.
In particular, if A is a skeletally small length abelian category, then M(A) is a free monoid with a basis

{[S]| S € sim A}.

Example 3.4.5. Let A be a finite dimensional algebra over a field k. Then M(mod A) = N®" where n
is the number of isomorphism classes of simple A-modules. The number of maximal right ideals of A is
also n. Thus, if A is local, we have M(mod A) & N.

We will now begin to classify Serre subcategories of a length exact category. For a subcategory X
of an exact category &, the Serre subcategory generated by X is the smallest Serre subcategory (X)q,...
containing X. A Serre subcategory of the form (X) for some X € £ is said to be finitely generated.

Serre
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Proposition 3.4.6. Let & be a skeletally small length exzact category. Then we have an inclusion-
preserving surjection
(=) gerre : P(sim&) — Serre(€), X — (X)

Serre *

Proof. It follows from Proposition 3.3.3, Lemma 3.2.8 and Fact 3.4.3. O

As a corollary, we obtain a classification of Serre subcategories of an exact category satisfying the
Jordan-Holder property.

Corollary 3.4.7. Let &€ be a skeletally small exact category satisfying the Jordan-Holder property. Then
we have an inclusion-preserving bijection

(=) gerre : P(sim&) — Serre(€), X — (X)

Serre *
Proof. It follows from Example 3.2.10, Fact 3.4.4 and Proposition 3.4.6. O

We give a nontrivial example of classifying Serre subcategories of a length exact category which does
not satisfy the Jordan-Ho6lder property. We first introduce the Cayley quiver, which is a monoid version
of the Cayley graph of a group.

Definition 3.4.8 ([Eno22, Definition 7.5]). Let M be a monoid generated by A C M. Then the Cayley
quiver of M with respect to A is a quiver defined as follows:

e The vertex set is M.

e For each a € A and m € M, we draw a (labeled) arrow m = m + a.

For a length exact category &, the natural choice of A above is {[S] | S € simE}.

Example 3.4.9 (cf. [Eno22, Section 7.2]). Let A be the path algebra of the quiver 1 < 2 over a
field k. Then mod A is a length abelian category whose indecomposable objects are exactly two simple
modules Si,S2 and one projective injective module P. Thus M(modA) = N[S;] @ N[S,] = N®2 by
Fact 3.4.4. We identify M(mod A) with N®? via this isomorphism. Set N := N(m,n) C M(modA)
for (0,0) # (m,n) € N®2. Consider the extension-closed subcategory Dy of mod A corresponding to
N. Then Dy is a length exact category by Example 3.4.2. The structure of M(Dy) is determined by
Enomoto [Eno22, Proposition 7.6] as follows:
(1) Dy has exactly [ + 1 distinct simple objects Ay, ..., A;, where [ := min{m,n} and

Ay o= PP g SPY g g2,

Thus M(Dy) is generated by [Ao], ..., [4].
(2) Set a; := [A4;] for 0 < i <. Then the Cayley quiver of M(Dy) with respect to {a; | 0 <i <[} is
determined as follows, where 2~ denotes k + 1 arrows aq, . .., a; for 0 < k < [.

(Case 1) The case m # n:

ao

a . Go~il ap~l ap~l
2 3

1
ap an
/

ap aj ap~1

D

0

/

In particular, M(&) is free if and only if either m =0 or n = 0.
(Case 2) The case m = n:

A0~n Ao~ Ag~n
Qo 2a9 3ag
0 % : AQg~n—1 AQ~n—1 aQ~n—1
an an a
}" Qn, 2a, 3a,




Now we determine the faces of M(Dy) to classify the Serre subcategories of Dy:

(Case 1) Any face F of M(Dy) is of the form (a; | i € I), ., for some I C {0,...,l} by Lemma 3.2.8. If
I is not empty, then F' contains 2ag. Thus all a; belong to F since it is a face, and then FF = M(Dy).
Therefore Dy has no nontrivial Serre subcategories.

(Case 2) Let F' = (a; | i € I),., be aface of M(Dy) for some I C {0,...,n}. Ifie I for0<i<n-—1,
then 2ayp € F, and thus F' = M(Dy). Unlike the case m # n, M(Dy) has a nontrivial face
F = {ay) Hence Dy has exactly three Serre subcategories 0, Dy and (P®")

face® Serre*

3.5 Preliminaries: cofinal subgroups

In this section, we study subtractive submonoids and cofinal submonoids. A subtractive submonoid can
be thought as a submonoid which comes from a subgroup of the group completion. In §3.6, we will see
that cofinal subtractive monoids classify dense 2-out-of-3 subcategories. Hereafter, M is a monoid.

Definition 3.5.1. Let S be a subset of M.
(1) S is subtractive if z +y € S and € S imply y € S for any x,y € M.
(2) S'is cofinal if, for any x € M, there exists y € M satisfying = +y € S.

Remark 3.5.2.
(1) If M is a group, then a subtractive submonoid is nothing but a subgroup.
(2) If M is a group, then any submonoid N of M is cofinal since x + (—z) =0 € N for all x € M.
(3) We can define a pre-order < on any monoid M by

x <y :& there exists some a € M such that y =z + a.

A cofinal subset of M defined as above is nothing but a cofinal subset of M with respect to this
preorder <.

Since it is easier to deal with subgroups of a group than with submonoids of a monoid, we study the
relation between submonoids of a monoid and subgroups of its group completion. As a consequence of
this, we can classify certain subcategories via the Grothendieck groups.

Let p: M — gpM be the group completion. We define a preorder on gpM by

x < y & there exists a € M such that x + p(a) = y.

We set St :={z € S|z > 0} for a subset S of gpM. A subgroup H of gpM is directed if H = (H'),.
Here (S), is the subgroup of gpM generated by a subset S. A subset S of gpM is cofinal if, for any
x € gpM, there exists y € S such that z < y.

Remark 3.5.3.
(1) A subset S of gpM is cofinal if and only if, for any = € gpM, there exists a € M such that
x+pla) € 5.
(2) gpM™* = p(M) is a cofinal submonoid of gpM.

Example 3.5.4. Consider M; := N®". Then the preorder on gpM; = Z®" induced by M; is the
following:
(1, &) < (Y1, ,yn) < <y foralll<i<n. (3.5.1)

A subgroup H of Z®™ is cofinal if and only if it contains (z1,--- ,z,) € Z®" such that z; > 0 for all .
On the other hand, if we consider My := Z & N®(—1 then gpM, = Z&" but the preorder on Z&™ is
different from (3.5.1). In this case, we have

(@1, x0) < (Y1, yyn) & x; <y; forall2<i<n.

Consider the following two maps:

{submonoids of M} # {subgroups of gpM},
where ®(N) = (p(N))z and V(H) = p~1(H).
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Proposition 3.5.5. The following hold.
(1) ®(N) D N holds for any submonoid N of M.
(2) ®U(H) C H holds for any subgroup H of gpM.
(3) ® and ¥ restrict to inclusion-preserving bijections between Im ® and Im U.
(4) Im @ = {directed subgroups of gpM }.
(5) Im ¥ C {subtractive submonoids of M}.

Proof. (1),(2) and (5) are straightforward, hence we leave them to the reader. (3) is a formal consequence
of (1) and (2). Indeed, we have that ®(N) D PUP(N) D &(N) and U(H) 2D ¥OU(H) D V(H) for any
submonoid N of M and any subgroup H of gpM. We now prove (4). It is clear that ®(N) = (p(N)),
is directed. We show that a directed subgroup H of gpM belongs to the image of ®. Since H = (H*),,
we have that

D(p U (H*) = (p(p (H), = (H*), = H.

Here the second equality holds since H+ C gpM T = Im p. O

We will restrict this bijection to cofinal subtractive submonoids in Proposition 3.5.7. We need the
following lemma for this.

Lemma 3.5.6. Let S be a subset of M, and let T' be a subset of gpM .
(1) T is cofinal in gpM if and only if p~*(T) is cofinal in M.
(2) If S is a cofinal in M, then p(S) is cofinal in gpM.
(3) A cofinal subgroup of gpM is directed.

Proof. (1) Suppose that T is cofinal in gpM. Take any « € M. Then there exists a € M such that
p(z +a) = p(x) + p(a) € T. Thus = + a € p~1(T), which proves p~(T) is cofinal in M.

Conversely, suppose that p=1(T) is cofinal in M. Take any = € gpM. Since p(M) is cofinal in gpM,
there exists a € M such that < p(a). Because p~1(T) is cofinal in M, there is b € M such that
a+b € p~1(T). Hence, we have z < p(a) < p(a) + p(b) = p(a + b) € T. This shows that T is cofinal in
gpM.

(2) Tt easily follows from p~1(p(S)) 2 S and (1).

(3) Let H be a cofinal subgroup of gpM. Take any h € H. Then h = p(x) — p(y) holds for some
x,y € M. Since p~1(H) is cofinal in M by (1), there is some 3y’ € M such that y +y' € p~'(H).
Then we have h = p(z + ') — p(y +'). We also have p(x + ') = h + p(y +v') € H, which implies
p(x+y') € HNgpM™ = HT. Thus h = p(x+y')—p(y+y') € (H),. This proves that H is directed. [

Proposition 3.5.7. The following hold.
(1) For a subgroup H of gpM, it is cofinal in gpM if and only if U(N) is a cofinal submonoid of M.
(2) If N is a cofinal submonoid of M, then ®(N) is a cofinal subgroup of gpM.
(3) If N is a cofinal subtractive submonoid of M, then N = U®(N) holds.

Therefore we have the following commutative diagram:

{submonoids of M} i {subgroups of gpM}
Ul Ul
{subtractive submonoids of M} {directed subgroups of gpM}
Ul I
Im ¥ = Im ®
Ul Ul

{cofinal subtractive submonoids of M} = {cofinal subgroups of gpM }.

Proof. (1) and (2) follow from Lemma 3.5.6. We only prove (3). Let N be a cofinal subtractive
submonoid of M. Clearly N C W®(N) holds. Suppose x € ¥®(N) = p~((p(N))z). Then since p(z) €
(p(N))z and N is a submonoid of M, there are elements n; and ns in N such that p(z) = p(n1) — p(ns),
hence p(x + ng) = p(n1). Therefore, there is an element m € M such that x +ny +m =n; +m in M
(see the argument below Definition 5.1.1). Then, since N is cofinal in M, there is m’ € M satisfying
m+m' € N. Then we have x + (no +m+m') =ny +m+m’. Now x € N follows since N is subtractive
and z + (na + m +m’) and na + m + m/ belong to N. O
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Corollary 3.5.8. Let S be a cofinal subset of M. Then ® and ¥ restrict to the following bijections:
P
{subtractive submonoids of M containing S} ;’ {subgroups of gpM containing p(S)}.
Vs

Proof. Tt is easily checked that ®g and Ug are well-defined using Proposition 3.5.5 (5). Clearly any
submonoid N of M containing S is cofinal, hence ¥®(N) = N holds by Proposition 3.5.7 (3). Therefore,
it suffices to show that a subgroup H of gpM containing p(.5) is directed. But this follows from Lemma
3.5.6 (3). O

3.6 Classifying dense 2-out-of-3 subcategories via cofinal sub-
groups

In this section, we give classifications of dense 2-out-of-3 subcategories of C in terms of M(C) and K¢ (C),
which generalize Thomason’s classification of dense triangulated subcategories of a triangulated category
[Tho97] in terms of Ko(C) and remove the unnecessary assumption on [Mat18, ZZ21].

Definition 3.6.1. Let D be an additive subcategory of C.
(1) D is a dense subcategory if addD = C holds, that is, for every C € C, there is some C' € C
satisfying C & C' € D.
(2) D is a 2-out-of-3 subcategory if it satisfies 2-out-of-3 for conflations, that is, if two of three objects
X,Y,Z in a conflation X — Y — Z --» belong to D, then so does the third.

We note that 2-out-of-3 subcategories closed under direct summands are called thick subcategories,
see Definition 4.2.2.

Example 3.6.2. Let 7 be a triangulated subcategory. Then a subcategory of T is a 2-out-of-3 subcat-
egory if and only if it is a triangulated subcategory (see e.g. [Tho97, 1.1]).

Remark 3.6.3. Let D be a 2-out-of-3 subcategory of C. If X Y € D and X € D, then Y € D by a
split conflation X — X @Y — Y --». We will freely use this property in what follows.

We can relax the 2-out-of-3 condition of dense 2-out-of-3 subcategories by the following observation.

Proposition 3.6.4 ([ZZ21, Lemma 5.5]). Let D be a dense additive subcategory of C. Then the following
are equivalent.

(1) For every conflation X =Y — Z --» in C, if X and Y belong to D, then so does Z.

(2) For every conflation X —Y — Z --» in C, if Y and Z belong to D, then so does X.

A key observation in this section is as follows.
Proposition 3.6.5. Let D be a dense 2-out-of-3 subcategory of C. Then D is closed under c-equivalences.
Proof. Take any conflation
X—Y — 7 ----- > (3.6.1)

in C. It suffices to show that Y belongs to D if and only if so does X & Z.
First, suppose that Y belongs to D. Since D is dense, there is some W € C satisfying Y § ZeW € D.
By taking the direct sum of (3.6.1) and a split conflation Z — Z® W — W --», we obtain the following

conflation.
fo
|:O Id2:| [g 0 0

X0z 2L vgzew LN 2@ W ey S (3.6.2)

Since D is 2-out-of-3, Y @& (Z @ W) € D and Y € D implies Z @ W € D. Therefore, (3.6.2) implies that
X @ Z belongs to D.

Conversely, suppose that X @& Z belongs to D. By taking the direct sum of (3.6.1) and a split
conflation Z — Z @ X — X --», we obtain the following conflation:

0
IH (5% 8
X@Z#)Y@X@Z g X@Z ,,,,,,,, N (363)

Since D is 2-out-of-3 and X & Z € D, we have Y & (X & Z) € D, which impliessY e Dby X Z € D. O
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Now we can state the following classification of dense 2-out-of-3 subcategories.

Theorem 3.6.6. Let C be a skeletally small extriangulated category. There are bijections between the
following sets.

(1) The set of dense 2-out-of-3 subcategories of C.

(2) The set of cofinal subtractive submonoids of M(C).

(3) The set of cofinal subgroups of Ko(C).

Proof. There is a bijection between (2) and (3) by Proposition 3.5.7. Thus, we only construct a bijection
between (1) and (2). Due to Proposition 3.1.3 (2) and Proposition 3.6.5, we only have to check the
following well-definedness of maps:

(i) Mp is a cofinal subtractive submonoid for a dense 2-out-of-3 subcategory D.

(ii) Dy is a dense 2-out-of-3 subcategory of C for a cofinal subtractive submonoid N.

(i) Let D be a dense 2-out-of-3 subcategory of C. Since D is closed under direct sums, Mp is a
submonoid of M(C). To show that Mp is cofinal in M(C), take any [C] € M(C). Since C is dense, there is
some C’ satisfying C @ C’" € D. This implies [C] 4 [C'] = [C & C'] € Mp. Thus Mp is cofinal in M(C).

Next, to show that Mp is subtractive, suppose that = + y and x belong to Mp. Take XY € C
satisfying [X] = « and [Y] = y. Then [X @ Y] and [X] belong to Mp. Since D is c-closed by Proposition
3.6.5, we have D = Dy, by Proposition 3.1.3. Therefore, X & Y and X belong to D. Since D is
2-out-of-3, we obtain Y € D. Thus y = [Y] € Mp holds.

(ii) Let N be a cofinal subtractive submonoid of M(D). To show that Dy is dense, take any C' € C.
Since N is cofinal, there is some C’ € C satisfying [C' @ C’'] = [C] + [C'] € N. Thus C & C’ € Dy holds.

Next, we will check that Dy is 2-out-of-3. Take any conflation X — Y — Z --» in C. Then we have
Y] = [X]+ [Z] in M(C). If X and Z belong to Dy, then [X] and [Z] belong to N, and hence so does
[Y] = [X] + [Z] since N is a submonoid. Thus Y belongs to Dy. Similarly, if X and Y belong to Dy,
then [X] and [Y] = [X] + [Z] belong to N, and hence so does [Z] since N is subtractive. Thus Z belongs
to Dy. The same argument works if Y and Z belong to Dy. O

As a corollary, we can immediately deduce the following classification of dense triangulated subcate-
gories.

Corollary 3.6.7 ([Tho97, Theorem 2.1]). Let T be a skeletally small triangulated category. Then there
exists a bijection between the following two sets:

e The set of dense triangulated subcategories of T .

e The set of subgroups of Ko(T).

Proof. Since M(T) = Ko(7) holds by Proposition 2.4.3 and dense triangulated subcategories of T
are precisely dense 2-out-of-3 subcategories, we only have to check that a subset of Ko(7) is a cofinal
subtractive submonoid if and only if it is a subgroup. This follows from Remark 3.5.2. O

Using this observation, we can obtain all dense 2-out-of-3 subcategories in an abelian length category
with finitely many simples. First, recall the following description of the Grothendieck monoid. Let A be
an abelian length category, that is, an abelian category such that every object has a composition series.
Suppose that {S7,...S,} is the set of all non-isomorphic simple objects in A. Then for C' € A, define
dim C := (z1,...,2,) € N*, where z; is the multiplicity of S; in the composition series of C' (this is
well-defined due to the Jordan-Hoélder theorem). Then dim respects conflations, and moreover, it induces
the following isomorphisms of monoids and groups:

M(A) 25 N7
pl j (3.6.4)
Ko(A) —225 z7,

where p is the group completion and ¢ is the natural inclusion.

Corollary 3.6.8. Let A be an abelian length category with n simple objects up to isomorphism. Then
there are bijections between the following two sets:
o The set of dense 2-out-of-3 subcategories C of A.
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o The set of subgroups H of Z™ containing a strictly positive element.
Here an element x = (x1,...,x,) of Z™ is strictly positive if x; > 0 for all i. The maps are given by
C— ({dimC |CeC})z and H— {C €C|dimC € H}.

Proof. It follows from Example 3.5.4 and Theorem 3.6.6. [

Certain classes of dense 2-out-of-3 subcategories were classified via the Grothendieck group in [Mat18]
(for the exact case) and [ZZ21] (for the extriangulated case). We explain that their results can be
immediately deduced from ours. Let us explain some terminology to state them.

Definition 3.6.9. Let C be an extriangulated category. Then a set G of objects in C is called a generator
if for every C' € C there is a conflation X — G — C --» in C with G € G.

Now we can deduce their results as follows.

Corollary 3.6.10 ([Mat18, Theorem 2.7], [ZZ21, Theorem 5.7]). Let C be a skeletally small extriangu-
lated category and G a generator of C. Then there is a bijection between the following two sets:

(1) The set of dense 2-out-of-3 subcategories of C containing G.

(2) The set of subgroups of Ko(C) containing the image of G.

Proof. We will show that these sets are in bijection with the following one:
(3) The set of subtractive submonoids of M(C) containing the image of G.

Denote by [G] € M(C) the image of G in M(C), then [G] is cofinal in M(C). Indeed, for every
[C] € M(C), there is a conflation X — G — C --» in C, and thus [C] + [X] = [G] € [G] holds in
M(C). Therefore, by Corollary 3.5.8, we have a bijection between (2) and (3), and every submonoid in
(3) is cofinal. Therefore, (1) and (3) are subsets of the two sets in Theorem 3.6.6. Hence, it suffices to
observe the following well-definedness, which are immediate from definitions: If D is a dense 2-out-of-3
subcategory containing G, then Mp contains [G], and if N is a submonoid of M(C) containing [G], then
Dy contains G. O
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Chapter 4

Quotient of monoids and localization
of extriangulated categories

The purpose of this chapter is to prove Theorem 4.3.1, which describes the Grothendieck monoid of the
localization of extriangulated categories as a monoid quotient of the Grothendieck monoid.

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every category, functor, and subcategory is additive. In
particular, every subcategory is strictly full and nonempty.

4.1 Preliminaries: quotient of monoids

We introduce the notion of quotient of monoids, which is a natural analogue of that of abelian groups.
Hereafter, M is a monoid.
To each submonoid of a monoid, we can associate the congruence as follows.

Definition 4.1.1. Let N be a submonoid of M. Define a congruence on M as follows:
x ~ 1y :& there exist n,n’ € N such that x +n =y +n'.

Then the monoid M/N := M/~ is called the quotient monoid of M by N. We write x = y mod N if
x ~ gy holds. The equivalence class of x € M is denoted by z mod N.

It is easily seen that the quotient monoids have the following universal property.

Proposition 4.1.2. Let N be a submonoid of a monoid M, and let m: M — M/N be the quotient
homomorphism. Then w(N) = 0 holds, and for any monoid homomorphism f: M — X such that
F(N) = 0, there exists a unique monoid homomorphism f: M/N — X satisfying fm = f. This means
that the diagram

N ? M —" M/N
is a coequalizer diagram in Mon, where ¢ is the inclusion map.

Unlike the case of abelian groups, submonoids of M /N do not correspond to those of M containing
N:

Example 4.1.3. Let M := N®2 and N := N(1,0) + N(1,1) € M. Then we have M/N = 0 but M and
N are distinct submonoids of M containing V.

However, we have a bijection for faces.

Proposition 4.1.4. Let N be a submonoid of M, and let m: M — M/N be the quotient homomorphism.
(1) If F is a face of M containing N, then F/N := 7(F) is also a face of M/N.
(2) If F' is a face of M/N, then n=(F') is also a face of M containing N.
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(3) The assignments given in (1) and (2) give inclusion-preserving bijections between the set of faces
of M containing N and that of M/N.

Proof. We only prove (1) and (3) since the proof of (2) is straightforward.

(1) Tt is clear that F//N is a submonoid of M/N. Let a,b € M such that w(a) + 7(b) € F/N. Then
there exist € F and n,n’ € N such that t +n = (a+b) +n’ in M. Since z+n € F and F is a face of
M, we have that a,b € F'. Thus both 7(a) and 7(b) belong to F'/N, which proves F'/N is a face.

(3) We have that 7= 1(F")/N = n(rm~Y(F’)) = F’' since 7 is surjective. It is easy to check that
7~ Y(F/N) D F. It remains to show that 7= 1(F/N) C F. Let a € 7~ *(F/N). Then we have 7(a) € F/N.
There exist x € F and n,n’ € N such that x +n = a +n’. Since x +n € F and F is a face, we have
a € F, which proves m~*(F/N) C F. O

Corollary 4.1.5. Let N be a submonoid of a monoid M. There is an inclusion-preserving bijection
between Face(M/N) and Face(M/{N)tace). In particular, we have an inclusion-preserving bijection
Face(M) = Face(M/M*), where M* is the set of units of M.

Proof. Proposition 4.1.4 shows that both Face(M/N) and Face(M /(N )ace) are in bijection with {X €
Face M | X D N} by the definition of (N)gce. Thus, the former assertion holds. The latter assertion
follows from Remark 3.2.2 and the former one by putting N := 0. O

4.2 Preliminaries: localization of extriangulated categories

We first recall the localization of an extriangulated category following [NOS22].

Definition 4.2.1. Let C be an extriangulated category, and let S C Mor C be a collection of morphisms.
A pair (Cg, Q) of an extriangulated category Cg and an exact functor Q: C — Cg is the ezact localization
of C with respect to S if it satisfies the following conditions:
(i) F(s) is an isomorphism in Cg for any s € S.
(ii) For any extriangulated category D and any exact functor F': C — D such that F(s) is an isomor-
phism for any s € .S, there exists a unique exact functor Fg: Cg — D satisfying F' = Fg o Q.

If the exact localization exists, it is unique up to exact isomorphisms. Note that the exact localization
is closed under exact isomorphisms, but not closed under exact equivalences, see Remark 4.2.7 below.

Nakaoka—Ogawa—Sakai [NOS22] constructs the exact localization of an extriangulated category by
a collection of morphisms under some assumptions. We only recall the construction of the localization
of an extriangulated category by the collection of morphisms determined by a thick subcategory, as we
shall explain.

From now on, C = (C,E,s) is an extriangulated category.

Definition 4.2.2. A subcategory A of C is a thick subcategory if it satisfies the following conditions:
(i) NV is closed under direct summands.
(ii) N satisfies 2-out-of-3 for conflations in C, that is, if two of three objects A, B,C in a conflation
A — B — C --» belong to N, then so does the third.

For a thick subcategory A/ C C, we set the following collections of morphisms:

L := {£ € MorC | there is a conflation A 4B N-->with N € N,
R := {r € MorC | there is a conflation N — A - B --» with N € N'}.
We define Sxs to be the collection of all finite compositions of morphisms in £ and R. We can easily

check Lo L C L and RoR C R. Thus, a morphism s in Sy is of the form s = --- 0, 17,4 17ny2 -
for some ¢; € £ and r; € R. The thick subcategory N can be recovered from Sy since we have

N ={AeC|both A— 0and 0 — A belong to Sy} (4.2.1)

by [NOS22, Lemma 4.5]. In the following, we consider the exact localization C/N := Cg,, of C with
respect to Spr. This localization satisfies the following natural universal property.
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Proposition 4.2.3. Let C be an extriangulated category and N a thick subcategory of C. Suppose that
the exact localization Q: C — C/N = Cg,, exists. Then it satisfies the following conditions.
(i) Q(N) =20 holds for every N € N.
(ii) For any extriangulated category D and an any exact functor F: C — D such that F(N) =0 holds
for every N € N, there exists a unique exact functor Fxr: C/N — D satisfying F = Fyr o Q.

Proof. By comparing the claimed properties with Definition 4.2.1, it suffices to show the following claim:
for an extriangulated category D and an exact functor F': C — D, we have that F(N) = 0 holds for
every N € N if and only if F(s) is an isomorphism for every s € Syr.

To see the “only if” part, suppose that F(N) = 0 holds for every N € N. It suffices to check
that F'(¢) and F(r) are isomorphisms for ¢ € £ and r € R respectively. By the definition of £, there

is a conflation A % B — N --» with N € N. Since F is an exact functor, we obtain a conflation

F(A) o, F(B) — F(N) --» in D. Then F(N) = 0 implies that F'(¢) is an isomorphism in D by

considering the associated long exact sequence (cf. [NP19, Corollary 3.12]). The same proof applies to
reR.

To see the “if” part, suppose that F(s) is an isomorphism for every s € Spr, and let N € A/. Then
0 — N clearly belongs to £ C Syr, so 0 — F(N) is an isomorphism in D. Thus the assertion holds. [J

Let C := C/[N] be the quotient by the ideal [A] consisting of morphisms which factor through
objects in NV, and let p: C — C be the canonical functor. In what follows, we write f := p(f) for any
morphism f in C. Set Sy := p(Sxr)'. We recall a condition in [NOS22] under which the exact localization

C/N = (C/N,Q) exists.

Condition 4.2.4. Let N be a thick subcategory of C.

(i) f € Sy holds for any split monomorphism f: A — B in C such that f is an isomorphism in C.
(This is equivalent to the dual condition by [NOS22, Lemma 3.2]: f € Sy holds for any split
epimorphism f: A — B in C such that f is an isomorphism in C.)

(ii) Sy satisfies 2-out-of-3 with respect to compositions in C.

(iii) Sy is a multiplicative system in C.
(iv) The set {% | z is an inflation in C and s,t € S N} is closed under compositions. Dually, the set
{tys | y is a deflation in C and s, € Sy} is closed under compositions.

Fact 4.2.5 ([NOS22, Theorem 3.5, Lemma 3.32]). Let N be a thick subcategory of C. If it satisfies
Condition 4.2.4, then there exists the exact localization C/ N satisfying the following properties.

(1) C/N is constructed as the category W_lg of fractions. In particular, every morphism in C/N can
be described as a right or left roof of morphisms in C.

(2) For any inflation o in C/ N, there exist an inflation f in C and isomorphisms (3,7 in C/N satisfying
a = BoQ(f)oy. Dually, for any deflation o in C/N', there exist a deflation f in C and isomorphisms
B,7v in C/N satisfying a = BoQ(f)on.

Remark 4.2.6. Let us confirm that Condition 4.2.4 implies the conditions in [NOS22, Theorem 3.5].
Suppose that Sur satisfies Condition 4.2.4. It is clear that Sy satisfies (MO) in [NOS22, Section 3].
The condition (MR1), (MR2), and (MR4) in [NOS22, Theorem 3.5] are nothing but (i), (iii), and (iv)
of Condition 4.2.4, respectively. By [NOS22, Lemma 4.6], Sxr satisfies (M3) in [NOS22, Corollary 3.4].
Thus, it also satisfies (MR3) by the condition (i) and [NOS22, Lemma 3.2, Claim 3.6]. Therefore Sy
satisfies all the conditions in [NOS22, Theorem 3.5].

Remark 4.2.7. Some readers may find the definition of exact localizations unsatisfactory since it is not
preserved by exact equivalences. In fact, there is a notion of exact 2-localizations, which is preserved by
exact equivalences. For two extriangulated categories C and D, we denote by Fun®(C, D) the category
of exact functors C — D and natural transformations of them. Any exact functor F': C — C’ induces a
functor F* : Fun®(C’, D) — Fun®*(C, D) defined by F*(G) := Go F.

For a collection S C MorC of morphisms in an extriangulated category C, the ezxact 2-localization of
C with respect to S is a pair (Cg, @) of an extriangulated category Cs and an exact functor Q: C — Cg
which satisfies the following conditions:

LOur notation Sy is different from the one in [NOS22]. However, they coincide if (i) of Condition 4.2.4 is satisfied. See
[NOS22, Lemma 3.2].
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(i) F(s) is an isomorphism in Cg for any s € S.

(ii) For any extriangulated category D and an exact functor F': C — D such that F'(s) is an isomorphism
for any s € S, there exist an exact functor F:Cs — D and a natural isomorphism F' & Fo Q of
exact functors.

(iii) The functor

Q*: Fun™(Cs,D) — Fun®™(C,D)

is fully faithful for every extriangulated category D.
In fact, the exact localization C/N obtained by Fact 4.2.5 is also the exact 2-localization by [NOS22,
Theorem 3.5].

Although Condition 4.2.4 seems a little technical, there is a sufficient condition which we can easily
verify, see Fact 4.2.12 and 4.2.13. In this paper, we focus on the situation where Condition 4.2.4 is
satisfied so that we can use the additional properties (1)—(2) of Fact 4.2.5 freely.

Remark 4.2.8. We do not assume in Condition 4.2.4 that Sxs is a multiplicative system. However,
any morphism f: X — Y in C/N is of the form f = Q(s)7'Q(g) for some morphisms g: X — A in C
and s: Y — A in Sy. Indeed, let Q: C — WA@ = Q/N be the canonical functor. For any morphism
f: X =Y inC/N, there are morphisms g: X - AinC and5: Y — Ain Sy satisfying f = Q(3)~'Q(9).
Since Q(¢) = Q(¢) holds for any morphism ¢ in C, the claim follows.

We introduce some convenient classes of thick subcategories.

Definition 4.2.9. Let A be a thick subcategory of C.
(1) N is called biresolving if for any C' € C, there exist an inflation C' — N and a deflation N’ — C in
C with N,N' e V.
(2) N is called percolating if for any morphism f: X — Y in C factoring through some object in N,
there exist a deflation g: X — N and an inflation h: N — Y satisfying N € N and f = hg®*.

For the triangulated case, we have the following observation.

Example 4.2.10. Let 7 be a triangulated category with shift functor 3.
(1) A thick subcategory of T in the sense of Definition 4.2.2 coincides with the usual one, that is,
a subcategory of T closed under cones, shifts, and direct summands. We can easily check it by
considering the following conflations:

X L v 5 Cone(f) 5, X 503X -, and D7IX 50 X —-».

(2) Any thick subcategory of T is biresolving because there exist conflations C' L NS NeSC --»
and S"1Ca& N - N L C —-».

(3) Similarly, any thick subcategory of T is percolating because every morphism is both an inflation
and a deflation in 7.

Typical examples of percolating subcategories are Serre subcategories of admissible extriangulated
categories, as we shall explain. A morphism f: A — B in C is called admissible if it has a factorization
f =i od such that ¢ is an inflation and d is a deflation. We call this factorization a deflation-inflation
factorization. We also say that C is admissible if every morphism in C is admissible. For examples,
abelian categories and triangulated categories are admissible.

Example 4.2.11. Let C be an admissible extriangulated category. Then every Serre subcategory N
of C is percolating. Indeed, let f: X — Y be a morphism in C having a factorization X — N -5 Y
with N € N. Consider a deflation-inflation factorization X A, M, My N of . Since N is a Serre
subcategory, an inflation i; implies M7 € A. Then consider a deflation-inflation factorization M o
Mo 220y of M, Ay N Y Y. We have M; € N by a deflation dy, and X dadi Mo 22, YV is a desired
decomposition. It is obvious that Serre subcategories are thick, and thus A is percolating.

The following two facts are useful conditions where Condition 4.2.4 is satisfied for biresolving and
percolating subcategories.

2This definition is different from [NOS22, Definition 4.28], but they are equivalent by [NOS22, Lemma 4.29].
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Fact 4.2.12 ([NOS22, Propostion 4.26]). If N is biresolving, then Condition /.2.J is satisfied. In this
case, C/N is a triangulated category.

Fact 4.2.13 ([NOS22, Corollary 4.42]). Let N be a thick subcategory of C. Consider the following

conditions:

(EL1) N is percolating.

(EL2) For any split monomorphism f: A — B in C such that f is an isomorphism in C, there eist
NeN and j: N — B in C such that [f j]: A® N — B is an isomorphism in C.

(EL3) For every conflation A LB o -sin C, both of the following hold:
Ker (C(-.4) 25 ¢(-,B) ) € V(- 4),
Ker (c<c,) BLN C(B,)> c VG, -).

(EL4) C is admissible, namely, every morphism f: A — B in C has a factorization f =iod such that
1 is an inflation and d is a deflation.
Then the following statements hold.
(1) If (EL1)~(EL3) are satisfied, then Condition 4.2.4 is satisfied, and C/N is an ezact category.
(2) If (EL1)—(EL4) are satisfied, then C/N is an abelian category (endowed with the natural extrian-
gulated structure).

The situation can be summarized as follows.

N is biresolving —=22212 Condition 4.2.4 + C/A is triangulated

(EL1)-(EL3) (+ (EL4)J*23"Condition 4.2.4 + C/N is exact (+ abelian)

Our main interests are the above two cases, namely, the case where N is biresolving, and the case where
(EL1)-(EL3) are satisfied (so N is percolating).

Remark 4.2.14.

(1) Consider the following condition:

(WIC) Let h = gf be a morphism in C. If h is an inflation, then so is f. Dually, if h is a deflation,
then so is g.

Then (WIC) implies (EL2) by [NOS22, Remark 4.31 (2)]. A triangulated category satisfies (WIC)
since every morphism is both an inflation and a deflation. More generally, an extension-closed
subcategory of a triangulated category which is closed under direct summands satisfies (WIC), see
Lemma 4.2.16 below.

(2) (EL2) implies Condition 4.2.4 (i) by [NOS22, Lemma 3.2, 4.34].

(3) Under the condition (EL1), the condition (EL3) is equivalent to that f (resp. §) is a monomorphism

(resp. an epimorphism) in C for every conflation A ANy ; BNy B C, see Lemma 4.3.5.

Example 4.2.15. The following are typical examples of the case where N is biresolving or A satisfies
(EL1)—(EL4).

(1) Let 7 be a triangulated category. A thick subcategory N of T is biresolving as mentioned in
Example 4.2.10, so the exact localization T /A exists and becomes a triangulated category by Fact
4.2.12. This coincides with the Verdier quotient of 7 by N/

(2) Let F be a Frobenius exact category, and let N be the subcategory of projective objects in F.
Then A is a biresolving subcategory of F. In this case, the exact localization F /A coincides with
the usual stable (triangulated) category F = F/[N].

(3) Let A be an abelian category. A Serre subcategory S of A is percolating as mentioned in Example
4.2.11. Moreover, it satisfies (EL1)-(EL4) in Fact 4.2.13. Indeed, (EL2) is satisfied by Remark
4.2.14 (1) since A satisfies (WIC), and (EL3) is satisfied since every inflation and deflation in A is
a monomorphism and an epimorphism respectively. Therefore, the exact localization A4/S exists
and becomes an abelian category by Fact 4.2.13. This coincides with the Serre quotient of A by S.

We have the following convenient criterion for the condition (WIC).
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Lemma 4.2.16. Let C be an extension-closed subcategory of a triangulated category T with shift functor
Y. If C is closed under direct summands in T, then it satisfies (WIC).

Proof. Let f: A - B and g: B — C be morphisms in C. Suppose that h := gf is an inflation, and

c 9 . . . T .
thus there is a conflation A > ¢ s D s in C. Then there exists a conflation A 2+ B % X s in
T by taking cone of f. Applying [LN19, Proposition 1.20] (see also [NeeO1, Proposition 1.4.3]) to T, we
obtain a morphism = : X — D in T which gives a morphism of conflations

&
>
14
N
Y

Q
——
8

Q
)
g
RN

H 1

in 7 and makes B —— X & C [m—_c> D --» a conflation in 7. Since B,D € C and C is extension-
closed, we have X & C' € C, which implies X € C because C is closed under direct summands. Hence f
is an inflation in C. We can dually prove that, if h is a deflation, then so is g, so we omit it. O

4.3 The Grothendieck monoid of the localization of an extrian-
gulated category

In this section, we investigate the relations between Grothendieck monoids and the exact localization.
Throughout this section, C is a skeletally small extriangulated category and AN is a thick subcategory
of C. Note that, if Nakaoka-Ogawa-Sakai exact localization C/N exists, it is also skeletally small by the
construction (cf. Example 1.1.10 and Fact 4.2.5).

The following is the main theorem of this section. We refer the reader to Definition 4.1.1 for the
quotient monoid by a submonoid.

Theorem 4.3.1. Suppose that the following two conditions are satisfied:
(i) Condition 4.2.4 is satisfied. Thus, the ezact localization Q: C — C/N emists, and we can freely use
Fact 4.2.5.
(ii) Snr is saturated, that is, for every morphism f in C, we have f € Sy if Q(f) is an isomorphism
in C/N.
Then M(Q): M(C) — M(C/N) induces an isomorphism of monoids:

M(C)/My = M(C/N).
We first prove this theorem, and then discuss the condition (ii) of this theorem.

Lemma 4.3.2. Assume the same conditions as in Theorem /.3.1. Let X and Y be objects in C. If
X 2Y inC/N, then [X] = [Y] mod My.

Proof. Let f: X =Y be an isomorphism in C/A/. We have morphisms g: X — AinC and s: Y — A
in Sy such that f = Q(s)71Q(g) by Remark 4.2.8. Then Q(g) is also an isomorphism in C/A/, and thus
g € Sn because Sy is saturated. Therefore, it is enough to show that [X] = [Y] mod My, if there is a
morphism s: X — Y in Sp. Since a morphism in Sy is a finite composition of morphisms in £ and R,
we may assume that s € £ or s € R. If s € £, then there is a conflation X =Y — N --» with N € N.
Then [X] + [N] = [Y] holds in M(C), which implies [X] = [Y] mod Mys. The case s € R is similar. O

Proof of Theorem 4.3.1. The homomorphism M(Q): M(C) — M(C/N) induces a homomorphism
¢: M(C)/My — M(C/N) satisfying ¢([A] mod Mys) = [Q(A)] by Proposition 4.1.2 since Q(N) = 0
holds by Proposition 4.2.3. Clearly ¢ is surjective since @ is the identity on objects. We have to show
that ¢ is injective. Suppose that [Q(A)] = [Q(B)] in M(C/N) for A, B € C, or equivalently, A ~. B in
C/N. We want to show that [A] = [B] mod M. It suffices to prove it for the case A ~. B in C/N.
Since A ~. B in C/N, there exists a conflation X — Y — Z --» in C/N such that either (a)
X®oZ2AandY 2BinC/Nor(b) X®&Z = BandY = Ain C/N. Clearly we only have to deal with
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the case (a). By Fact 4.2.5 (2), we can find a conflation X’ L5 v" 25 2 —~5 in C such that we have an
isomorphism of conflations

X —Y —— 7 ——-- >
IR I
x By 89y

in C/N. Thus, by Lemma 4.3.2, we have
Al=[XaZl=X'"®Z]=[Y']=[V]=[B] mod M.
This proves the injectivity of ¢. O

In the following, we discuss the kernel of the localization functor Q: C — C/N and study when Sy
is saturated. We would like to thank Hiroyuki Nakaoka for sharing the results on the kernel of the
localization functor. We prepare some lemmas.

Lemma 4.3.3. Suppose (i) of Condition 4.2./ and let A € C. If there exists a split monomorphism
u: A— N with N € N, then Ae N.

Proof. The morphism % is a split monomorphism in C since so is u in C. Then the split monomorphism
A % N 2 0 should be an isomorphism in C. Thus, (i) of Condition 4.2.4 implies that u: A — N belongs
to Spnr. By composing this with N — 0, which is in Sy, we obtain that A — 0 is in Sxs. Dually, 0 = A
is also in Sy by considering a retraction ¢: N — A of u. By (4.2.1), we conclude that A € N. O
Lemma 4.3.4. Suppose (i) of Condition 4.2.4. Then the following hold.

(1) Let N ey 7% bea conflation with N € N and7=0in C. ThenY € N.

(2) Dually, let X Ly SN 2, be a conflation with N € N and £ =0 in C. Then'Y € N.
In each case, all objects in the above conflations belong to N since N is a thick subcategory.
Proof. We only prove (1) since (2) follows dually. The assumption 7 = 0 implies that it has a factor-
ization Y 25 N’ 25 Z in C with N’ € . Then there is a morphism of conflations

N5 M5 N -T2,
R
N T) Y ﬁ Z 777677}

The top row implies M € N because N is extension-closed. We can choose b: M — Y so that M i

YoN' 19771, 7 __,is s conflation by [LN19, Proposition 1.20]. This implies that the following diagram

is a weak pullback diagram, and hence a section ¢: Y — M of b is induced:

Since M € N, we obtain Y € A by Lemma 4.3.3. O

Set £ := p(£) and R := p(R). We have the following interpretation of (EL3) for the case of
percolating subcategories.

Lemma 4.3.5. Let N be a percolating subcategory, and let f: A — B be a morphism in C.
(1) f is a monomorphism in C if and only if Ker (C(—,A) S, C(—,B)) C N](—, A) holds.
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(2) f is an epimorphism in C if and only if Ker (C(B7 =) (et C(A, —)) C [N](B,—) holds.

Proof. Since (2) is the dual of (1), we only prove (1). To show the “only if” part, suppose that f is a
monomorphism in C. Let z € Ker (C(X, A) M C(X, B)>, that is, z: X — A satisfies fx = 0 in C.

Because f is a monomorphism, we have Z = 0 in C. This means = € [N](X, A).
To show the “if” part, suppose that Ker (C( ,A) EL R C(—, )) C [NM](—, A) holds. Let z: X —

A be a morphism in C with fo = 0 in C, that is, fz factors through an object in N. Then fx has a
deflation-inflation factorlzatlon X 4 N5 Bwith N € NV since A is percolating. In particular, we

have a conflation K -5 X —>7N --». Note that £ € £. Then we have fzl = idl = 0, and by the
assumption, we conclude that z¢ = 0 in C. Since £ € £ is an epimorphism in C by [NOS22, Lemma 4.7
(2)], we have T = 0. This proves that f is a monomorphism. O

Corollary 4.3.6. Suppose that either of the following conditions holds.
(i) N is a biresolving subcategory.
(ii) NV satisfies (EL1)-(EL3).
Then any morphism in Sxr is both a monomorphism and an epimorphism in C.

Proof. By [NOS22, Lemma 4.7, every morphism in £ (resp. R) is an epimorphism (resp. a monomor-
phism) in C. Thus, it suffices to show that every morphism in £ is a monomorphism in each case, since
the proof for R follows dually.

(i) This case is precisely [NOS22, Lemma 4.24].

(ii) In this case, N is a percolating subcategory by (EL1). Thus, the assertion follows from (EL3)
and Lemma 4.3.5, since every morphism in £ is an inflation in C by definition. O

Now we can show that the kernel of C — C/A coincides with ' under some conditions. Recall that
a kernel ker F' of an additive functor F': C — D consists of objects C' € C satisfying F/(C) 20 in D.

Proposition 4.3.7. Suppose that Condition 4.2.4 is satisfied, and that every morphism in Sy is a
monomorphism in C. Then Ker(Q: C — C/N) =N holds.

Proof. We have Ker(Q: C — C/N') D N by Proposition 4.2.3. Conversely, suppose that X € C satisfies
Q(X) =0 in C/N. Then there exists Y € C satisfying 0 € Sy(X,Y) since C/N is constructed as the
category of fractions W_lé by Fact 4.2.5. Hence, we obtain s € Sy(X,Y) satisfying 5 = 0 in C. By
the construction of Sy, we can write either s = tf or s = ur for some t,u € Sy, £ € L, and r € R. We
consider the case s = t/. Since f is a monomorphism in C by the assumption, § = £¢ = 0 implies ¢ = 0.
Thus, Lemma 4.3.4 (2) implies X € A. The case s = ur can be proved similarly using Lemma 4.3.4
(1). O

Consequently, we can describe the kernel of the localization for the cases we are interested in.

Corollary 4.3.8. Suppose that either of the following conditions holds.
(i) N is a biresolving subcategory.
(i) NV satisfies (EL1)-(EL3).

Then Ker(Q: C — C/N) =N holds.

Proof. For each case, Condition 4.2.4 is satisfied by Fact 4.2.12 and 4.2.13, and every morphism in Sx-
is a monomorphism by Corollary 4.3.6. Thus, the assertion follows from Proposition 4.3.7. O

Using this result, we next consider whether Sy is saturated. Assume Condition 4.2.4, and let Q: C —
C/N be the localization functor. Recall that Sy is saturated if f € S holds for any morphism f in C
such that Q(f) is an isomorphism in C/N.

Proposition 4.3.9. If N is a biresolving subcategory of C, then Sxr is saturated.
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Proof. Let f: X — Y be a morphism in C with Q(f) is an isomorphism in C/N. Since N is biresolving,
there is a conflation X — N -4 C 2, with N € N. Then there is a morphism of conflations

X— N —C -—--- ¥
fl lg H (4.3.1)
Y —— M —— C - >

We can choose a morphism g: N — M so that

[7]

X L Nvey L2t g 0

M2 (4.3.2)

is a conflation by [LN19, Proposition 1.20]. We have a factorization f = [0idy Jo[F] for [0idy ] : N®Y —
Y and [7]: X - N @Y. Clearly, [0idy ] belongs to R. Thus, it is enough to show that [7] belongs to
L, that is, M € M. Applying Q to (4.3.1), we have a morphism of conflation

X N
| |ew
Y M

Q(a) Q)

Q) Q(y)

-

in C/N by Remark 2.2.3. Since Q(f) is an isomorphism by the assumption, Q(g) is an isomorphism in
C/N by [NP19, Corollary 3.6]. Thus, we obtain M = N = 0 in C/N, which shows M € Ker Q. Since
Ker @ = N holds by Corollary 4.3.8, we obtain M € N. This proves [ 7] € £ by (4.3.2). O

Unfortunately, for the percolating case, we do not know whether the condition (EL1)—(EL3) implies
that Sy is saturated, although we have the following criterion.

Proposition 4.3.10. Suppose that N satisfies (EL1)—(EL3). Then the following conditions are equiva-
lent.
(1) Sy is saturated.
(2) For a morphism f: X — Y in C, if Q(f) is an isomorphism in C/N, then f is admissible in C,
that is, there exists a deflation-inflation factorization of f.

Proof. (1) = (2): We have Sy = Lo R by [NOS22, Lemma 4.37]. Hence, if Q(f) is an isomorphism in
C/N, then f € Sy = L o R since Sy is saturated, which proves (2) since a morphism in £ (resp. R) is
an inflation (resp. a deflation).

(2) = (1): Let f: X — Y be a morphism in C such that Q(f) is an isomorphism in C/N. There

is a deflation-inflation factorization X % A 5 YV of f by (2). In particular, we have conflations

K5 X4 4-5andd B Y S € - Since Q@ is an exact functor, we obtain conflations

QK) 2% g(x) 2% 0(a) —-» and Q(A) 2 0(v) 2 Q(O) —-» in /N In particular, Q(d)
is a deflation in C/N. Thus Q(d) is an epimorphism because C/N is an exact category by Fact 4.2.13.
On the other hand, Q(d) is a split monomorphism since Q(f) = Q(i) o Q(d) is an isomorphism. Thus
Q(d) is an isomorphism in C/A. Dually, Q(i) is also an isomorphism in C/N. Hence, both Q(K) and
Q(C) are isomorphic to 0 in C/N, which implies K,C € Ker @ = N by Corollary 4.3.8. We conclude
that d € R and i € £, and hence f =iod € Sy. O

Therefore, if one assumes in addition that (EL4) holds, that is, C is admissible, then we can show the
saturatedness of Syr. We can summarize our results of the saturatedness as follows.

Corollary 4.3.11. Suppose that either of the following conditions holds.
(i) N is a biresolving subcategory.
(il) NV satisfies (EL1)—-(EL4).
Then Sy is saturated.
Proof. (i) This is Proposition 4.3.9.
(ii) Since N satisfies (EL1)—(EL3), we can apply Proposition 4.3.10. In addition, every morphism in C

is admissible by (EL4), and hence the condition in Proposition 4.3.10 (2) automatically holds. Therefore,
Sy is saturated. O

49



As a consequence, we can deduce the following result for the cases we are interested in.

Corollary 4.3.12. Suppose that either of the following conditions holds.

(i) N is a biresolving subcategory.

(i) NV satisfies (EL1)—(EL4).
Then the monoid homomorphism M(Q): M(C) — M(C/N) for the exact localization Q: C — C/N induces
an isomorphism of monoids:

M(C)/Mpr — M(C/N).
Proof. This follows from Theorem 4.3.1 and Corollary 4.3.11. O

Remark 4.3.13. Ogawa [Oga] developed localization theory of triangulated categories with respect
to an extension-closed subcategory. We briefly introduce his results and explain the relation to ours.
Let T be a triangulated category and A an extension-closed subcategory of 7. We consider T as the
extriangulated category (T,E,s). Then there is a subfunctor Ex C E satisfying the following;:

o TN .= (T, En, sjg, ) is an extriangulated category.

e N is a thick subcategory of TV and satisfies Condition 4.2.4. In particular, the exact localization

TN /N exists by Fact 4.2.5.

e Sy is saturated in TV.
Thus, we can apply Theorem 4.3.1 and obtain a monoid isomorphism M (TN ) /My — M (’TN JN )
for any extension-closed subcategory A of 7. However, we do not know a relation between M(7) and
M (TN ) at this moment.

Finally, we give applications of our description Theorem 4.3.1 of the Grothendieck monoid of the
exact localization.

First, by applying this to the abelian case, we obtain the following consequence on the Serre quotient
of an abelian category.

Corollary 4.3.14. Let A be a skeletally small abelian category, S a Serre subcategory of A, andt: § — A
and Q: A — A/S the inclusion and the localization functor respectively. Then the following holds.

(1) M(¢): M(S) = M(A) is injective, so we have an isomorphism M(S) = Mg.

(2) M(Q): M(A) — M(A/S) induces an isomorphism of monoids M(A)/Ms = M(A/S).

Proof. (1) This is Proposition 3.3.5.
(2) Example 4.2.15 (3) shows that S satisfies (EL1)—(EL4). Therefore, we can apply Corollary 4.3.12
to this setting. O

This may be seen as a “short exact sequence” of monoids:

0 —— M(S) M(A) M(A/S) — 0. (4.3.3)

This description of M(A/S) gives the following description of Serre subcategories of A/S, which
seems to be a folklore.

Corollary 4.3.15. Let A be a skeletally small abelian category and S a Serre subcategory of A. Then
there is a bijection between the following two sets:

(1) Serre(A/S).

(2) {S' € Serre A | S C S’}
Proof. There is a bijection between Serre(A/S) and Face M(A/S) by Proposition 3.3.3. On the other
hand, M(A/S) is isomorphic to the quotient monoid M(A)/Ms by Corollary 4.3.14 (2). Thus, Proposition
4.1.4 (3) shows that Face(M(A)/Mg) is in bijection with the set of faces of M(A) containing Ms. Since
Face M(.A) are in bijection with Serre A by Proposition 3.3.3 again and since S corresponds to Mg in this
bijection, we conclude that Face(M(A)/Mgs) are in bijection with (2). The situation can be summarized
as the following figure.

Serre(A/S) ¢---------mmmmmmm oo + {S" € Serre A| S C S’} C Serre A

! ! I

Face M(A/S) «—— Face(M(A)/Ms) +—— {F € FaceM(A) | Ms C F} C FaceM(A)
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It is well-known that the similar sequence to (4.3.3) for the Grothendieck group is only right exact.
Actually, we can deduce it using our result as follows.

Corollary 4.3.16. Suppose that all the items in Condition 4.2./ are satisfied and Sy is saturated (e.g.
the assumption in Corollary 4.5.11 holds). Then the following sequence is exact:

Ko(N) ~2 Ko () 1 Ko(C/N) —— 0,

where 12 N — C is the inclusion functor and Q: C — C/N is the exact localization functor.

Proof. The diagram

M(A) % M(c) 29 mc/n)

is a coequalizer diagram in Mon by Theorem 4.3.1 (see also Proposition 4.1.2). Since the group completion
functor gp: Mon — Ab is a left adjoint of the forgetful functor Ab — Mon by Proposition 2.1.8, it
preserves colimits. Hence, we have a coequalizer diagram

Ko(A) =22 Ko(€) "2 Ky(c/A)

0

in Ab because gp o M = Ky by Remark 2.3.6. This is nothing but the claimed exact sequence. O
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Chapter 5

Localization of monoids and
intermediate subcategories

In this chapter, we address a categorification of a monoid localization, which makes certain elements
of a monoid invertible (see §5.1). For this purpose, we study intermediate subcategories of the derived
category in detail, which also gives a concrete example of the theory developed in Chapter 3 and 4 for
an extriangulated category which is neither abelian nor triangulated.

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every category, functor, and subcategory is additive. In
particular, every subcategory is strictly full and nonempty.

5.1 Preliminaries: localization of monoids

In this section, we introduce the localization of a monoid, which is a monoid analogue of the localization
of a commutative ring.

Definition 5.1.1. Let M be a monoid and S a subset of M. The localization of M with respect to S is a
monoid Mg together with a monoid homomorphism p: M — Mg which satisfies the following universal
property:
(i) p(s) is invertible in Mg for each s € S.
(ii) For any monoid homomorphism ¢: M — X such that ¢(s) is invertible for each s € S, there is a
unique monoid homomorphism ¢: Mg — X satisfying ¢ = ¢p.

The localization of a monoid M with respect to a subset S C M does exist, which is constructed as
follows: Define a binary relation on M x (S)y by

(x,8) ~ (y,t) :< there exist u € (S)y such that  +t+u=y+ s+ u in M.

It is a congruence on the monoid M X (S)y, and hence the quotient set Mg := M x (S)n/~ becomes a
monoid. We denote by [, s] the equivalence class of (z,s) € M x (S)y. We can think of [z, s] as “z —s.”
Then it is straightforward to check that the monoid Mg together with a monoid morphism p: M — Mg
defined by p(m) = [m, 0] is the localization of M with respect to S. We call p: M — Mg the localization
homomorphism of M with respect to S.

We reveal the relationship between faces of Mg and those of M in Proposition 5.1.4 below. Let us
prove two lemmas for this purpose.

Lemma 5.1.2. Let S be a subset of M. Then the natural monoid homomorphism

[x,s] = [z, s]

MS — M<S>facc7
18 an isomorphism.

Proof. Let p: M — Mg be the localization homomorphism. We have that p~!(MZ) = (S)face by
[Ogul8, The text following Proposition 1.4.4]. Then the conclusion follows immediately from the uni-
versal property. O
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Lemma 5.1.3. Let F be a face of M.
(1) M/F is sharp (see Definition 2.1.3 (1)).
(2) The monoid homomorphism

¢: Mp/Mp — M/F, [z,s] mod M} — z mod F'
is an isomorphism.

Proof. (1) Let 2,y € M such that £ +y = 0 mod F. There are elements s,t € F such that t +y+s =1
in M. Since F is a face, both z and y belong to F', which implies both z = 0 mod F and y = 0 mod F.
Therefore M/F is sharp.

(2) The quotient homomorphism M — M/F induces a monoid homomorphism ¢': Mp — M/F
by the universal property of Mp. Then ¢'(M;) = 0 since M/F is sharp. Thus ¢’ induces a monoid
homomorphism ¢: Mp /My — M/F by the universal property of Mp /M. The homomorphism ¢ is
clearly surjective. We prove that ¢ is injective. Let [x,s],[y,t] € Mp such that x = y mod F. Then
there are n,n’ € F such that © +n =y +n' in M. Hence, we have the following equalities in Mp:

[58,5] + [s+n,0] = [SU+S+TL,S] = [I+TL,0] = [y+n/70] = [yvt] + [t+n/>0]'
We conclude that [z, s] = [y, t] mod M} because [s+ n,0], [t +n',0] € M;:. Therefore ¢ is injective. [

Proposition 5.1.4. Let M be a monoid and S a subset of M. Then there is an inclusion-preserving
bijection between the following sets:

(1) Face(Mg).

(2) {F € FaceM | F D S}.

Proof. We have the following inclusion-preserving bijections:
Face(Mg) = Face (M(s),,..) = Face (M<S>facc/M<XS)face) = Face(M/(S)tace)

by Lemma 5.1.2, 5.1.3, and Corollary 4.1.5. The set Face(M/(S)tace) corresponds bijectively to the set
(2) by Proposition 4.1.4. O

5.2 Intermediate subcategories of the derived category

In the remaining of this chapter, A denotes a skeletally small abelian category. We denote by Db(A)
the bounded derived category of A, which we regard as an extriangulated category. Note that Db(A) is
skeletally small since so is .A. We also denote by H*: Db(A) — A the i-th cohomology functor. We often
identify A with the essential image of the canonical embedding A < Db(A), that is, the subcategory of
DP(A) consisting of X such that H*(X) = 0 for i # 0.

The following observation is useful throughout this section, and can be proved easily by using the
truncation functor.

Lemma 5.2.1. Let A be a skeletally small abelian category and B and B' subcategories of A.
(1) We have the following equality in DP(A):

B[]+ B ={X e D*(A) | H'(X) =0 fori#0,-1, HY(X) € B, and H*(X) € B'}.

(2) For every X € A[1] x A, we have the following conflation in D®(A), which is natural on X :

Moreover, every conflation A[l] = X — B --» with A, B € A is isomorphic to the above conflation.
(3) For every X € A[1] x A, there is some Y € DP(A) with X =Y in DP(A) such that Y is a complex
concentrated in degree 0 and —1.

Let us introduce the main topic of this section.
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Definition 5.2.2. Let A be a skeletally small abelian category. An intermediate subcategory of DP (A)
is a subcategory C satisfying the following conditions:

(1) ACC C AJl] * A holds.

(2) C is closed under extensions in DP(A).

(3) C is closed under direct summands in D"(A).
By (2), we regard an intermediate subcategory as an extriangulated category.

See Figure 0.2.1 for the intuition of this notion. The simplest example of an intermediate subcategory
is A itself, and generally intermediate subcategories are larger than A but not too large so that they are
contained in A[1] x A.

First, we will see that intermediate subcategories can be described using torsionfree classes in A.
Here a subcategory F of A is called a torsionfree class if F is closed under subobjects and extensions.
Note that torsionfree classes do not necessarily correspond to torsion classes and torsion pairs in general.

Theorem 5.2.3. Let A be a skeletally small abelian category. Then the following hold.
(1) If F is a torsionfree class in A, then F[1] % A is an intermediate subcategory of D (A).
(2) IfC is an intermediate subcategory of D (A), then H=(C) is a torsionfree class in A, and we have
C=HYC)1]* A.
(3) The assignments given in (1) and (2) give bijections between the set of torsionfree classes in A and
that of intermediate subcategories of DP(A).

Proof. (1) Let F be a torsionfree class in A. Recall from Lemma 5.2.1 (1) that F[1] *x A consists of
X € DP(A) satisfying H'(X) = 0 fori # 0, —1 and H~*(X) € F. We clearly have A C F[1]*A C A[1]+A.
Next, we show that F[1] * A is closed under extensions in Db(A). Suppose that there is a conflation
(triangle)

in D”(A) with X, Z € F[1] % A. It clearly suffices to show that H~(Y") € F. Since H is a cohomological
functor, we have the following exact sequence in A:

0=H2Z) — HYX) — H YY) — HY(2).

Since we have H 1(X),H '(Z) € F and F is closed under subobjects and extensions, we obtain
H=(Y) € F. Since clearly H(Y) = 0 for i # 0,—1, we obtain Y € F[1] * A, so C is closed under
extensions in D”(A).

Since H{(X ®Y) = H(X)® H(Y) holds and F is closed under direct summands in A, we can easily
check that F[1] * A is closed under direct summands in D"(A).

(2) Suppose that C is an intermediate subcategory of D"(A), that is, A C C C A[1]*.A holds and C is
closed under extensions and direct summands in D”(A). We first show the equality C = H~1(C)[1] * A.
Lemma 5.2.1 (2) implies C € H~1(C)[1] * A. To show the converse, it suffices to show H~1(C)[1] C C
since A C C and C is closed under extensions.

Take any C' € C and we will see H~*(C)[1] € C. By Lemma 5.2.1 (3), we may assume that C' = C*®
is a complex concentrated in degree 0 and —1, that is, C is of the form C =[--- - 0 — C~1 — C° —
0 — ---]. Lemma 5.2.1 (2) gives the following triangle:

H (O[] —L5 ¢ —— HO(C) -

On the other hand, define the cochain map g: C° — C by the following:

co 0 0 oo 0
d I
c 0 c! co 0

Then by consider the mapping cocone of [f, g]: H=1(C)[1] ® C° — C, we obtain the following triangle
in D"(A):

A——HYO)ec L4 o .
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We claim that A belongs to A. To show that, consider the cohomology long exact sequence induced from
the above triangle:

0= H2(C) —— H-Y(A) —— H-Y(H-'(O)[1] & C°) —— H-1(C)

— 5 HYHYO)[1] & C°) —L— HO(C)

—— s HY(A) —— HY{(HYO)1]eC% =0

Clearly we have H'(A) = 0 for i # —1,0,1. On the other hand, f is isomorphic to H~!(f), which is an
isomorphism. Hence H'(A) = 0 holds. Moreover, g is isomorphic to H%(g): C° — H°(C), which is
surjective. Hence H'(A) = 0 holds. Therefore, we have shown that H*(A) = 0 for i # 0. Thus A € A
holds.

It follows that H~1(C)[1]® C° belongs to C, since A C C and C is closed under extensions. Therefore,
we obtain H~1(C)[1] € C because C is closed under direct summands. Thus, we have shown that
C = HC)[1] * A holds.

We claim that H~1(C) is a torsionfree class in A. Put F := H~!(C) for simplicity, and then we have
C = F[1] * A by the above argument. Suppose that we have a short exact sequence

0 X Y Z 0

in A. Note that this gives a triangle X — Y — Z — X[1] in D?(A). If X and Z belong to F, then X[1]
and Z[1] belongs to F[1] C C. Therefore, the conflation

X[1] — Y[1] — Z][1] ----- y
in D"(A) implies that Y[1] € C since C is closed under extensions. Then we obtain Y = H-1(Y[1]) €

HYC)=F.
Similarly, suppose that Y belongs to F. Then we have a conflation

7z —— X[1] — Y[1] ----- >
in D(A), and we have Z € A C C and Y1 ] Fl] C Therefore, X[1] € C holds since C is closed
under extensions. Hence, we obtain X = H~1(X[1]) € H !(C) = F. Therefore, F is a torsionfree class

in A.

(3) Let F be a torsionfree class in A. Then Lemma 5.2.1 (1) shows H*(F[1] * A) C F. Since we
clearly have 7 C H~!(F[1] * A), we obtain H~*(F[1] * A) = F. Conversely, if C is an intermediate
subcategory of DP(A), then we have C = H~(C)[1] * A by the proof of (2). Thus, the assignments in
(1) and (2) are mutually inverse. O

5.3 The Grothendieck monoid of an intermediate subcategory

By the previous section, an intermediate subcategory of Db(A) is of the form F[1] * A for a torsionfree
class F in A. Next, we will calculate the Grothendieck monoid of this extriangulated category. Note
that the inclusion functor A — F[1] * A induces a monoid homomorphism M(A) — M(F[1] x A).

Theorem 5.3.1. Let A be a skeletally small abelian category and F a torsionfree class in A, and put
C := F[1]*A. Then the natural monoid homomorphism M(A) — M(C) induces the following isomorphism
of monoids

M(A)m = M(C),
where the left-hand side is the localization of M(A) with respect to Mg (see Definition 5.1.1).

Proof. Let ¢: M(A) — M(C) be the natural monoid homomorphism. We check that ¢ satisfies the
universal property of the localization of M(A) with respect to M£.
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First, we show that every element in ¢((Mx) is invertible. Take any [F| € Mz with F € F, then
L[F] =[F] in M(C). Now we have a conflation

in C = F[1] x A. Therefore, [F] + [F[1]] = 0 holds in M(C), that is, ¢[F] € M(C) is invertible.

Next, we will check the universal property. Let ¢: M(A) — M be a monoid homomorphism such that
©[F] is invertible in M for every F' € F. We have to show that there is a unique monoid homomorphism
@: M(C) = M which makes the following diagram commute:

M(A) —— M(C)

=
TP

We first check the uniqueness. Suppose that there is such a map p. Let C € C be any object. Then
since C = F[1] x A, there is a conflation in C

with H=1(C) € F by Lemma 5.2.1. Thus [C] = [H°(C)] + [H~1(C)[1]] = [H°(C)] — [H*(C)] in M(C).
Since P is a monoid homomorphism, it preserves the inverse. Therefore, we must have

B =5[H(C)] - B[H(C)] = Be[H"(C)] = B [H' (C)] = ¢[H(C)] — ¢[H' (C)].

Therefore, the uniqueness of @ holds.
Next, we will construct @. Consider the following map ¢: |C| — M:

YIX] = o[H(X)] = [H ™ (X))].

Note that o[H~1(X)] has an inverse in M since H!(X) € F. We will show that 9 respects conflations
in C. Clearly ¢[0] = 0 holds. Take any conflation

in C. Since this is a triangle in Db(A), we obtain the following long exact sequence in A:

H2(Z)=0 —— HYX) — H YY) —— H Y2)
—_— H(X) —— H(Y) —— H%(Z) —— H?*(X)=0
By decomposing this long exact sequence into short exact sequences in A, we can easily obtain the

equality
[HT GOV + [HHZ)] + [HO(Y)] = [HHY)] + [H(X)] + [H°(Z)]

in M(A). Therefore, by applying ¢, we obtain
PH X))+ @[HHZ)] + ¢[H(Y)] = o[H (V)] + o[H (X)) + ¢[H°(2)],

which clearly implies ¥[Y] = ¢[X] 4+ ¥[Z] in M. Thus ¥ respects conflations, so it induces a monoid
homomorphism @: M(C) — M. Moreover, for any A € A, we have pi[A] = p[H°(A)] — o[H}(A)] =
v[A] — 0 = p[A], and hence P = ¢ holds. O

As an immediate consequence, we obtain the following example of an extriangulated category whose
Grothendieck monoid is a group:

Corollary 5.3.2. Let A be a skeletally small abelian category. Then the natural homomorphism M(A) —
M(A[1] x A) induces an isomorphism Ko(A) =2 M(A[1] x A).
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Proof. By Theorem 5.3.1, we have that M(A[1] x A) is isomorphic to the localization of M(A) with
respect to the whole set M(.A). This is nothing but the group completion of M(A), which is Ko(A) (see
Remark 2.3.6). O

The above corollary says that the inclusion A < A[1] % A categorifies the group completion M(A) —
Ko(A). Furthermore, we can realize all the localization of M(.A) in this way, as follows.

Remark 5.3.3. Consider the localization M(A)g of M(.A) with respect to any subset S C M(A). We
have a monoid isomorphism M(A)s = M(A)(sy, by Lemma 5.1.2. Then F := D is a Serre
subcategory of A and Mz = (S),., by Proposition 3.3.3. In particular, it is a torsionfree class of A. By

Theorem 5.3.1, we have a monoid isomorphism
M(A)s = M(A)s),,, = M(Amy = MF[L] * A).

Thus, we can realize all localizations of M(A) as the Grothendieck monoids of intermediate subcategories
of Db(A). Therefore, the natural inclusion A < C to an intermediate subcategory yields a categorification
of a localization of the monoid M(A).

Next, we describe the Grothendieck monoid of an intermediate subcategory of Db(A) when A is an
abelian length category with finitely many simples. Recall that an abelian length category is a skeletally
small abelian category such that every object has a finite length. For an abelian length category A, we
denote by sim A the set of isomorphism classes of simple objects in A. The following observation on the
localization of a monoid can be easily checked.

Lemma 5.3.4. Let M and N be monoids. Then the localization of M@ N with respect to M 1is isomorphic
to (gpM) ® N.

Corollary 5.3.5. Let A be an abelian length category and F a torsionfree class in A. Define simg A as
follows:

simz A:= {[S] €simA| S appears as a composition factor of a some object in F}.

Then we have an isomorphism of monoids
M(F[1] x A) = 7@simr A o N©(sim A\simz A)

Proof. Since A is an abelian length category and the Jordan-Hélder theorem holds in A, we have that
M(A) is a free commutative monoid with the basis {[S] € M(A) | [S] € sim A}, see [Eno22, Corollary
4.10]. Thus, we have an isomorphism M(A) = N®smA which sends [A] € M(A) to 3 n;[S;], where n;

is the multiplicity of S; in the composition series of M. In the rest of this proof, we identify M(.A) with
N@ sim .A.

Theorem 5.3.1 implies that M(F[1] % .A) is the localization of M(.A) with respect to Mz. By Lemma
5.1.2, this localization coincides with that with respect to the smallest face (Mx)gace of M(A) containing
Mz. It is easily checked that the following holds:

(MF)face = N7 A € NOsimr A g NS(im Alsims4) — \(A),
Then Lemma 5.3.4 immediately deduces the assertion. O

Example 5.3.6. Let k be a field and Q a quiver 1 + 2 + 3, and let A := modk@. Then the
Auslander-Reiten quiver of D(A) is as follows:

3[\/\/\/\/]

NSNS SN

=N

2]
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Consider the torsionfree class F := add{1,?} in A. Then an intermediate subcategory C := F[1] x A is
the additive closure of the gray region. Since A is length, M(A) = N[S1] ® N[S2] & N[S3], where S; = i is
the simple module corresponding to each vertex i. Then simz. A = {51, 52}, so Corollary 5.3.5 implies
M(C) = Z[S1] ® Z[Ss2] ® N[Ss3]. For example, [Sq] is invertible in M(C) although [S2[1]] & C, which can be
checked alternatively as follows. We have [So] = [3] + [1[1]] in M(C) by a conflation

On the other hand, [?] and [1[1]] have inverses [?[1]] and [1] in M(C) respectively. Thus [S2] has an inverse
HUIESUE

5.4 Serre subcategories of an intermediate subcategory

In this section, we classify Serre subcategories of an intermediate subcategory and study its localization.
First, we classify Serre subcategories of an intermediate subcategory via Serre subcategories of the
original abelian category.

Proposition 5.4.1. Let A be a skeletally small abelian category and F a torsionfree class in A. Then
there is a bijection between the following two sets.

(1) Serre(F[1]*.A).

(2) {S €Serre A | F C S}.
The maps are given as follows: for D in (1), we consider AND in (2), and for S in (2) we consider

F1]*S in (1).

Proof. Let D be a Serre subcategory of F[1] x A. Then clearly AN D is a Serre subcategory of A since
A is an extension-closed subcategory of F[1] x A. Moreover, for any F' € F, we have a conflation

F——0—— F[1] ----- > (5.4.1)

in F[1] %A, which implies that F' € D and F[1] € D since D is a Serre subcategory of F[1]*.A and 0 € D.
Thus F € AND, and hence F C AND.

Conversely, let S be a Serre subcategory of A with F C S, and put D := F[1] *S. By Lemma 5.2.1
(1), we can describe D as follows:

Flll«S={X e F[1]* A| H(X) € S}.

We claim that D is a Serre subcategory of F[1] * A. Suppose that there is a conflation

in F[1] * A. Then we obtain the following long exact sequence in A:

0
H"(f)

H'(2) —2 HO(X) 7o) 9 go(z) — HY(X) =0

Thus, we obtain the following short exact sequence:
0
0 — Coks —— HOY) 9 mo(z)y — 0.
If X and Z belong to F[1]*S, then we have H°(X), H*(Z) € S by X, Z € F[1] x A, and CokJ € S since
S is closed under quotients in A. Thus H°(Y) € S holds since S is closed under extensions. Similarly, if

Y belongs to F[1] xS, then H(Y) € S, and hence Cok §, H’(Z) € S since S is closed under subobjects
and quotients. Moreover, we have another short exact sequence:

0 Imd H°(X) —— Cokd —— 0.

Since Im 4 is a quotient of H=1(Z) € F C S, we have Im§ € S. Thus H%(X) € S holds since S is closed
under extensions. Therefore, we obtain X, Z € F[1] S, so F[1] xS is a Serre subcategory of F[1] * A.
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Finally, we check that these maps are inverse to each other. Let D be a Serre subcategory of
F[1] « A, and we will see D = F[1] * (AN D). By the conflation (5.4.1), we have F[1] C D. Thus,
we obtain F[1] x (AN D) C D since D is closed under extensions. Conversely, let X € D. Then since
X € D C F[1] * A, we have the conflation

in F[1] x A with F € F and A € A. Since D is a Serre subcategory of F[1] * A, we have in addition
A € D, and hence A € AND. Thus X € F[1] x (AN D). Next, let S be a Serre subcategory of A
containing F. Clearly we have S C F[1]* S, s0 S C AN (F[1] * S). Conversely, let A € AN (F[1] *S).
Then we have an isomorphism A = HY(A), and H°(A) € S holds by Lemma 5.2.1 (1). Therefore, we
obtain A € S. O

Remark 5.4.2. The bijection in Proposition 5.4.1 can also be constructed purely combinatorially as
follows: Proposition 3.3.3, Theorem 5.3.1, and Proposition 5.1.4 give the following diagram consisting of
bijections.

Serre(F[1] x .A) {S € Serre(A) | F C S}

M(—)l l“"(—)

Face M(F[1] * A) = Face M(A)m, «—— {F € FaceM(A) | Mz C F}

F

Therefore, we can think of Proposition 5.4.1 as a categorification of Proposition 5.1.4 on faces.

Next, we discuss the localization of an intermediate subcategory by its Serre subcategory. Such a
localization is always possible and yields an abelian category:

Proposition 5.4.3. Let A be a skeletally small abelian category, F a torsionfree class in A, and D a
Serre subcategory of F[1] * A. Then D satisfies conditions (EL1)—(EL4) in Fact 4.2.13. Therefore, the
exact localization (F[1] x A) /D exists and is an abelian category.

Proof. (EL1) Since D is a Serre subcategory of F[1] x A and F[1] x A is admissible as shown in (EL4)
below, it is a percolating subcategory by Example 4.2.11.

(EL2) Lemma 5.2.1 (1) implies that F[1] * A is closed under direct summands in D"(A). Therefore,
F[1] * A satisfies the condition (WIC) by Lemma 4.2.16, and thus (EL2) is satisfied by [NOS22, Remark
431 (2)].

(EL3) First, we will check the first condition in (EL3). Let f: X — Y be an inflation in F[1] * A and
@: W — X in F[1] x A a morphism satisfying f¢ = 0. We have the following triangle in D”(A) with

Z € F[1] * A:
w
2N
.
] = X —— Y

Since fy =0 and h is a weak kernel of f in Db(.A), it follows that ¢ factors through h, so we obtain the
above g: W — Z[—1] satisfying ¢ = hg. Then, since Z € F|[1] *x A, we have the following triangle in
D”(A) with F € F and A € A.

7| Z.

Pt 0
7{/ Lp \

F s 2[-1] —— A[-1] — F[1].

Here b = 0 holds since both D" (A)(F[1],.A[—1]) and D"(A)(A, A[—1]) vanish. Therefore, we obtain the
above v satisfying ¥ = av. Thus ¢ = hp = hatyy holds, so ¢ factors through the object F' € F. On the
other hand, by the proof of Proposition 5.4.1, we have F C D. Hence ¢ factors through an object in D.
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Next, we will prove the second condition. Let g: Y — Z be a deflation in F[1] * A and ¢: Z - W
in F[1] * A a morphism satisfying ¢g = 0. We have the following triangle in D"(A) with X € F[1]  A:

y 447, X]
e
Rlz/a
W

Since g = 0 and h is a weak cokernel of g in DP(A), it follows that ¢ factors through &, so we obtain
the above @: X[1] — W satistying ¢ = @h. Then, since W € F[1] x A, we have the following triangle in
D"(A) with F € F and A € A.

X 1]

X[1]
L 0
e Lp\
] = W — A

Here b = 0 holds since X[1] € F[2] * A[1] and both D"(A)(F[2],.A4) and D”(A)(A[1], A) vanish. There-
fore, we obtain the above 1 satisfying @ = ai. Thus ¢ = ph = ayh holds, so ¢ factors through the
object F[1] € F[1]. On the other hand, by the proof of Proposition 5.4.1, we have F[1] C D. Hence ¢
factors through an object in D, and thus (EL3) is satisfied.

(EL4) The proof of this part is essentially the same as the proof of the fact that the heart of a ¢-
structure is an abelian category. We denote by (=)<, (=)=1: DP(A4) — A the truncation functors with
respect to the standard ¢-structure of D" (A).

Let f: X — Y be any morphism in F[1]x.A. By taking the mapping cocone K of f and the truncation
of K and using the octahedral axiom, we obtain the following commutative diagram consisting of triangles

in D"(A):

F F2).

KS0 ——+ K=0
K x 1y K[1]
p H l (5.4.2)
K> W——Y K=1[1]
K=1] == K=[1]
We claim that f = ip is a deflation-inflation factorization. It suffices to show the following three

assertions.
(1) K=Y e F[1]x A
(2) K211l € AC F[1] * A.
(3) We Fl1] * A.
(1) By the second row of (5.4.2), we have the following long exact sequence in A:

0=H2%Y) — HYK) —— H}(X)
— H YY) ——— HY(K) ——— HY(X)
— HY (YY) ———— HYK) —— HY(X) =0.
It easily follows that H*(K) =0 for i ¢ {—1,0,1}. Moreover, since H!(X) € F, we have H (K) € F
because F is closed under subobjects. Since the i-th cohomology of K=° is zero for i > 0 and the same
as K for i <0, we obtain that K=Y belongs to F[1] x A by Lemma 5.2.1 (1).

(2) Because the i-th cohomology of K vanishes for i > 1 except for ¢ = 1 by the proof of (1), we have
K= € A[-1]. Thus K=![1] € A holds.
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(3) Since H (X) = 0 and HY(K=<[1]) = H**'(K=Y) = 0 for i > 1, we obtain that H*(W) = 0 for
i > 1 by the second column of (5.4.2). On the other hand, the third row of (5.4.2) shows the following
exact sequence in A:

0= HY(K>) —— HY (W) —— HN(Y) — HO(K>") =0
Thus H (W) = 0 holds for i < —2and H~}(W) = H~1(Y) € F holds. Therefore, we obtain W € F[1]*x.A
by Lemma 5.2.1 (1). O

Actually, we can describe the localization of an intermediate subcategory as a usual Serre quotient
of an abelian category as follows.

Theorem 5.4.4. Let A be a skeletally small abelian category, F a torsionfree class in F, and S a Serre
subcategory of A with F C §. We have the following commutative diagram consisting of exact functors
of extriangulated categories, where Q1 and Qo are localization functors:

A—F—— Fl1]x A
Qll le
A/S =2 (F[1] * A)/(F[1] ¥ S)
Then @ gives an equivalence of extriangulated categories (or equivalently, abelian categories).

Proof. First, recall that an exact functor from an extriangulated category to an exact category (e.g.
an abelian category) is precisely an additive functor preserving conflations by Lemma 2.2.4. It is easily
checked from the universality of the localization that an exact functor ® exists (see Proposition 4.2.3).
Furthermore, since both .A/S and (F[1] x A)/(F[1]  S) are abelian categories by Proposition 5.4.3, we
only have to check that ® is just an equivalence of an additive category.

Actually, we will construct a quasi-inverse : (F[1] x A)/(F[1] * S) — A/S as follows. Consider the
following diagram.

FxA —H 4
Q2l J{Ql (5.4.3)
(f[l]*A)/(]—'[l]*S) ————— >y A/S

in F[1] x A. Then since it is a triangle in Db(A), we obtain the following long exact sequence in A:
HYZ) — H(X) — H°(Y) —— H%(Z) — HYX)=0

Then Lemma 5.2.1 (1) implies H~*(Z) € F. Now since F is contained in S, we obtain the following
short exact sequence in A/S by applying an exact functor @)1 to the above exact sequence:

0 —— QH*(X) —— Q1H°(Y) —— Q1H°(Z) —— 0.
Therefore, Lemma 2.2.4 shows that Q1 H? is an exact functor between extriangulated categories. Hence,
an exact functor ¥ in (5.4.3) is induced. Now we obtain the following strict commutative diagram

consisting of additive functors between additive categories.

At s A— "y
Qll J/Qz J/Ql

A/S —— (FIUIx A)/(F[1] % S) —— A/S
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Since HY is naturally isomorphic to id_4, we have Q1 H%. ~ Q1. Thus, the universal property of Q; as an
exact 2-localization (see Remark 4.2.7) implies that ¥® is naturally isomorphic to the identity functor.
Similarly, we have the following strict commutative diagram.

F[1] % A H A L F[1]+ A

@ JQI |

(F[1]+A)/(F[1] = S) A/S (F[1]*A)/(F[1] +S)

4 <]

We claim that QotH? is naturally isomorphic to Q2. In fact, for any morphism f: X — Y in F[1] x A,
we obtain the following morphism of conflations in F[1] * A:

HY(X)1] — X —— (H%(X) -~ >
Jf L

a2 |
YY) —— Y —— (HOY) -

-
Since ()2 is an exact functor which sends every object in F[1] to 0, we obtain the following exact
commutative diagram in an abelian category (F[1]  A)/(F[1] x S):
0=QH 1(X)1] — Q2(X) —— Q2H’(X) —— 0
QHt (| |@ | )
0= QQH_l(Y>[1] —_— QQ(Y) —_— QQLHO(Y) — 0
Therefore, Q2 H? is naturally isomorphic to Q2. Thus, the universal property of an exact 2-localization

Q1 (Remark 4.2.7) implies that ®¥ is naturally isomorphic to the identity functor. Therefore, ® and ¥
are mutually quasi-inverse. O
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Chapter 6

The spectra of Grothendieck
monoids

In this chapter, we study the monoid spectrum of the Grothendieck monoid and introduce a topology
on the set of Serre subcategories. As a consequence, we classify finitely generated Serre subcategories by
using this topology.

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every subcategory is a strictly full subcategory. Hereafter,
C is a skeletally small extriangulated category.

6.1 Preliminaries: the spectrum of a commutative monoid

In this section, we review the spectrum of a monoid. The main reference is [Ogul8]. We often refer
to [GW20], a textbook of scheme theory since many constructions are analogies of the spectrum of a
commutative ring. Throughout this section, M is a monoid.

Definition 6.1.1.
(1) A subset I of M is called an ideal if for all z € I and a € M, we have v +a € I.
(2) An ideal p of M is said to be prime if it satisfies (i) p # M and (ii) x+y € p impliesz Epor y € p
for all z,y € M.
(3) The monoid spectrum of M is the set MSpec M of prime ideals of M.

For a subset S of M, the ideal (S);4.. generated by S is the smallest ideal of M containing S. We

can describe it as follows:
<S>idcal = {.’E+a | x € S,a € M}

Remark 6.1.2.
(1) The set M T := M\ M* of non-units is the unique maximal ideal of M. It is also a prime ideal of
M.
(2) The empty set @ is the unique minimal ideal of M. Tt is also a prime ideal of M.
(3) The monoid spectrum MSpec M is never empty and has the maximum and minimum element with
respect to inclusion by (1) and (2). MSpec M consists of exactly one point if and only if M is a

group.
The relation between faces and prime ideals is the following.
Fact 6.1.3 ([Ogul8, Section 1.1.4]).
(1) p¢:= M\ p is a face of M for any prime ideal p of M.
(2) F°:= M\ F is a prime ideal of M for any face F' of M.

(3) The assignments given in (1) and (2) give inclusion-reversing bijections between Face(M) and

MSpec M.

63



We will now endow MSpec M with the structure of a topological space. For a subset S of M, we set
V(S) :={p € MSpec M | p D S}.

Note that V(S) V ({5);4ea1) holds. They satisfy the following equalities (cf. [GW20, Lemma 2.1]):

e V(M) =0 and V(0) = MSpec M.

® Nuca V(Sa) =V (Uuea Sa) for a family {Sa}aca of subsets of M.

o V(HYUV(J)=V({INJ) for ideals I, J of M.
These equalities show that we can define a topology on MSpec M by taking the subsets of the form V(.5)
to be the closed subsets. We call it the Zariski topology on MSpec M . Note that MSpec M has a unique
closed point M and a unique generic point ) by Remark 6.1.2. In particular, MSpec M is an irreducible
topological space.

Let

D(f) :={p € MSpec M | f & p}
for each element f € M. They are open in MSpec M since D(f) = MSpec M \ V(f). They satisty

D(f)nD(g) = D(f +g)

for any f,g € M. Open subsets of MSpec M of this form are called principal open subsets of MSpec M.
The set of principal open subsets D(f) forms a basis of the Zariski topology on MSpec M (cf. [GW20,
Proposition 2.5]).

We define a preorder on a topological space.

Definition 6.1.4. Let X be a topological space.
(1) For two points x,y € X, we say that x is a specialization of y or that y is a generalization of x if
x belongs to the topological closure {y} of {y} in X. Define a preorder < on X by

x Xy & x is a specialization of y.

We call it the spectialization order on X. When we regard X as a poset by the specialization order,
it is denoted by Xgpa = (X, <X).

(2) A subset A of X is specialization-closed (rvesp. generalization-closed) if for any x € A and every its
specialization (resp. generalization) =’ € X, we have that ' € A.

Remark 6.1.5. Let X be a topological space.
(1) A subset A of X is specialization-closed if and only if its complement A¢ = X \ A is generalization-
closed.
(2) Any closed subset is specialization-closed. Also, any open subset is generalization-closed.
(3) Recall that X is called a Ty-space if for any distinct points, there exists an open subset containing
exactly one of them. In this case, the specialization order on X is a partial order. That is, x <y
and y <z imply =y for any z,y € Xgpal.

The specialization order on MSpec M recovers the inclusion-order on prime ideals.

Proposition 6.1.6. The following hold.
(1) {p} =V (p) for any prime ideal p C M.
(2) (MSpec M)SpCl is isomorphic to MSpec M ordered by reverse inclusion as posets.

Proof. We omit the proof since it is straightforward. O

We give a topological characterization of principal open subsets D(f). We will use it to classify
finitely generated Serre subcategories in Proposition 6.2.6.

Definition 6.1.7. A topological space X is strongly quasi-compact if for every open covering {U; };cr of
X, there exists ¢ € I such that X = U;.

Lemma 6.1.8. Let M be a monoid. A nonempty open subset U of MSpec M 1is strongly quasi-compact
if and only if U = D(f) for some f € M.
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Proof. We first show that D(f) is nonempty and strongly quasi-compact. The subset D(f) has the
maximum element (f)f, . with respect to inclusions. Indeed, for any p € D(f), we have f ¢ p. Since p©
is a face and f € p¢, we obtain (f),,.. C p¢. Thus, we conclude that (f);, . 2 p. Let {U;}ics be an open

face face =

covering of D(f). Then there exists ¢ € I such that (f),., € U;, which implies D(f) = U; because U; is
generalization-closed. This proves D(f) is strongly quasi-compact.

Conversely, suppose that U is a nonempty strongly quasi-compact open subset of MSpec M. Since
the principal open subsets are a basis of Zariski topology, the open subset U is covered by them. Thus

U = D(f) for some f € M because U is strongly quasi-compact. O
The monoid spectrum MSpec M is equipped with a natural sheaf of monoids.

Fact 6.1.9 ([Ogul8, Section I1.1.2]). There is a sheaf Op of monoids on MSpec M, which is called the
structure sheaf, satisfying the following.
(1) For any element f € M, we have that On(D(f)) = My.
(2) In particular, we have that O (MSpec M(A)) = M.
(3) For any point p € MSpec M, the stalk Onr,p of Oar is isomorphic to the localization Mye of M with
respect to p¢ := M \ p.

A monoidal space is a pair (X,.#) of a topological space X and a sheaf .# of monoids on X. A
morphism (f, f°): (X,.#) — (Y,.#) of monoidal spaces is a pair of continuous map f: X — Y and a
morphism f°: f~'. 4" — _# of sheaves of monoids such that the map on the stalks Nf(x) — My are local
monoid homomorphism for all 2 € X. Here a monoid morphism ¢: M — N is local if ¢~1(N*) = M*.
A morphism (f, f*): (X,.#) — (Y,./#) is an isomorphism if and only if f is a homeomorphism and f* is
an isomorphism of sheaves. An affine monoid scheme is a monoidal space isomorphic to (MSpec M, Oy)
for some monoid M.

Remark 6.1.10. An affine monoid scheme (MSpec M, &);) was first introduced by Kato [Kat94] to
study toric singularities. Deitmar [Dei05] used it to construct a theory of “schemes over the field F; with
one element”. See [LP11] for more information.

6.2 The spectrum of the Grothendieck monoid

In this section, we first introduce a topology on the set Serre(C) of Serre subcategories and study the
relationship between the topologies on Serre(C) and MSpec M(C). Next, we classify finitely generated
Serre subcategories by using this topology. Finally, we introduce a sheaf .# of monoids on Serre(.A) for
an abelian category A, which is related to the quotient abelian category A/S, and compare it with the
structure sheaf O 4) of MSpec M(A).

Let us begin with the bijections which follow from Proposition 3.3.3 and Fact 6.1.3.

Proposition 6.2.1. There are bijections between the following sets:

(1) The set Serre(C) of Serre subcategories of C.

(2) The set Face M(C) of faces of M(C).

(3) The set MSpec M(C) of prime ideals of M(C).
Moreover, the bijection between (1) and (2) is inclusion-preserving while the one between (2) and (3) is
inclusion-reversing.

The bijection between (1) and (3) induces a topology on Serre(C) from MSpec M(C). In the following,
we describe this topology explicitly. For a subcategory X of C, we set

V(X):={S € Serre(C) | SN X = 0}.

We can easily check that the following equalities hold:

e V(C) =10 and V() = Serre(C).

® Naca V(Xa) = V(Upea Xa) for a family {X,}aca of subcategories of C.

o V(X)UV(Y)=V(X®Y) for subcategories X, Y of C, where Y @Y :={X @Y | X € X, Y € V}.
Thus, we can define a topology on Serre(C), which is called the Zariski topology, by taking the subsets
of the form V(X') to be the closed subsets.
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For an object X € C, we put
Ux :={S € Serre(C) | X € S}.

We can easily check that Ux N Uy = Uxgy for any X,Y € C.
We now compare the Zariski topology on MSpec M(C) with the one on Serre(C).

Proposition 6.2.2. The following hold.
(1) The bijection ®: Serre(C) — MSpec M(C) in Proposition 6.2.1 is a homeomorphism.
(2) The set of subsets of the form Ux forms an open basis of Serre(C).
(3) Serre(C)spal =2 (Serre(C), C) as posets (see Definition 6.1.4).

Proof. We first note that ®(S) = Mg := M(C) \ Mg for any S € Serre(C).

(1) Let X be a subcategory of C, and let S be a Serre subcategory of C. Then SN X = ) if and only
if Ms "My = 0 since S is c-closed by Proposition 3.3.2. It is equivalent to ®(S) = Mg D My. Thus, we
obtain ®(V (X)) = V(Mx), which implies ® is a homeomorphism since My runs through all subsets of
M(C) by Proposition 3.1.3.

(2) It is clear since ®(Ux) = D([X]) for any X € C.

(3) It follows from Proposition 6.1.6 and the fact that & is inclusion-reversing. O

Remark 6.2.3. The topology on Serre(C) is a natural analogue of the topology on the set of thick
subcategories of a triangulated category, which is introduced by Balmer [Bal05] (see also [MT20, Mat21]).

Next, we will classify finitely generated Serre subcategories of C by using the Zariski topology on
Serre(C). Recall that a Serre subcategory S of C is finitely generated if S = (X) for some object
X € C. We need two lemmas for the open subsets Ux of Serre(C).

Serre

Lemma 6.2.4. Let U be a nonempty open subset of Serre(C). Then U is strongly quasi-compact if and
only if U = Ux for some X € C.

Proof. Let ®: Serre(C) =, MSpec M(C) be the homeomorphism in Proposition 6.2.2. This lemma
immediately follows from Lemma 6.1.8 and ®(Ux) = D([X]). O

Lemma 6.2.5. Let X and Y be objects of C. Then Ux C Uy if and only if (X)g e 2 (V)sorer N
particular, Ux = Uy if and only if (X) =(Y)

Serre Serre”

Proof. Suppose that Ux C Uy. Then (X)
that (Y) C (X)

Serre = Serre*

which implies Y € (Y)

Serre

€ Ux C Uy, which implies Y € (X)g,,... Thus, we have
Conversely, suppose that (X)g. .0 2 (Y)gerer Take & € Ux. Then X € S,
C(X) C S, and hence § € Uy. Thus, we have that Uy C Uy. O

Serre Serre

Proposition 6.2.6. There are bijections between the following sets:

(1) The set of finitely generated Serre subcategories of C.

(2) The set of nonempty strongly quasi-compact open subsets of Serre(C).

(3) The set of nonempty strongly quasi-compact open subsets of MSpec M(C).
The bijection from (1) to (2) is given by X = (X)g, e — Ux.
Proof. Let ®: Serre(C) =5 MSpec M(C) be the homeomorphism in Proposition 6.2.2. It is clear that
there is a bijection between (2) and (3) induced by ®. Let us construct a bijection between (1) and (2).
For any X,Y € C, Ux = Uy if and only if (X)g .. = (Y)gere Py Lemma 6.2.5. Thus, the assignment
X = (X)gerre — Ux is well-defined and injective. On the other hand, it is surjective by Lemma 6.2.4.
Therefore, the assignment X = (X) — Ux gives a bijection from (1) to (2). O

Serre

Finally, we construct a sheaf of monoids on Serre(.A) for a skeletally small abelian category .4, which
is related to the quotient abelian category A/S. There is no application of this sheaf at this moment.
However, it may be interesting from the viewpoints of geometry over the field F; with one element and
noncommutative algebraic geometry. Even if the reader skips the rest of this section, there is no harm
to read the other sections.

We begin with a review of the notion of abelian quotient categories. See [Pop73, Section 4.3] for
details. For a Serre subcategory S of A, there are an abelian category A/S and an exact functor
Q: A— A/S which satisty the following universal property:
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e For any exact functor F': A — C of abelian categories such that F(S) = 0, there exists a unique
exact functor F': A/S — C satisfying F = FQ.
We call A/S the abelian quotient category of A with respect to S, and Q: A — A/S the quotient functor.
The following facts are useful to study the abelian quotient category A/S.

Fact 6.2.7 ([Pop73, Lemma 4.3.4, 4.3.7, 4.3.9]). Let S be a Serre subcategory of an abelian category A,
and let Q: A — A/S be the quotient functor.
(1) S={X € A | Q(X) =0} holds.
(2) Let f: X =Y be a morphism in A.
e Q(f) is a monomorphism in A/S if and only if Ker(f) € S.
e Q(f) is an epimorphism in A/S if and only if Cok(f) € S.
e Q(f) is an isomorphism in A/S if and only if Ker(f), Cok(f) € S.
(3) Any morphism of A/S can be written by Q(s)"1Q(f)Q(t)~* for some morphisms s,t, f in A.

Let A be a skeletally small abelian category. Let us construct a sheaf of monoids on Serre(.A). Let BB be
the set of strongly quasi-compact open subsets of Serre(\A). Explicitly, we have that B={Ux | X € A}
by Lemma 6.2.4. Then B is an open basis of Serre(.A) by Proposition 6.2.2. Note that Uy 2 Uy if and
only if (X)gore © (Y)gome for any X, Y € A by Lemma 6.2.5. In this case, there is an exact functor
Fxy: Al (X)some = A/ (Y)geme induced by the universal property of the abelian quotient category
A/ (X)geme- In particular, we obtain a monoid homomorphism rxy = M(Fxy): M(A/ (X)gere) —
M(A/ (Y )gerre)- Thus, the assignment

UX — %A(UX) = M(A/ <X>Serre)
defines a presheaf of monoids on B. Define a presheaf .#4 on Serre(.A) by

Vi .///A(V) = @%A(U),
U

where U runs through the set of U € B with U C V. Then it satisfies the condition of [GW20, Proposition
2.20] since U € B is strongly quasi-compact. Thus .#4 is a sheaf on Serre(.A). We need the following
lemma to study this sheaf .# 4.

Lemma 6.2.8. Let S be a Serre subcategory of a skeletally small abelian category A, and let X,Y € A.
(1) If X is a subobject of Y in A/S, then there is M € S such that X remains a subobject of Y in

'A/ <M>Serre'
(2) If Y is a quotient of X in A/S, then there is M € S such that Y remains a quotient of X in

A/ <M>Serre‘
() If X =Y in A/S, then there is M € S such that X =Y in A/ (M)

Serre*

Proof. The proof of (2) is similar to that of (1), and (3) is a consequence of (1) and (2). Thus we
only prove (1). Any monomorphism X < Y in A/S can be written as Q(s) 1Q(f)Q(t)~! for some
morphisms s, ¢, f in A by Fact 6.2.7 (3). We set

M :=Ker(s) @ Ker(t) @ Cok(s) @ Cok(t) @ Ker(f).

Then M € S by Fact 6.2.7 (2). Since Ker(s), Ker(t), Cok(s), Cok(t) and Ker(f) belong to (M)g
the morphisms s and ¢ are isomorphisms in A/ (M) and f is a monomorphism in A/ (M)g, .-
Thus, there is a monomorphism X — Y in A/ (M) and hence X remains a subobject of YV in

A/ (M) O

erre’
Serre?
Serre’

Serre*
The following fact is useful to study the Grothendieck monoid of an abelian category.
Fact 6.2.9 ([Bro98, Proposition 3.3]). Let A be a skeletally small abelian category. For any two objects

X,Y € A, the equality [X] = [Y] holds in M(A) if and only if X andY have isomorphic subobject series
(see §5.4 for the terminologies).

Proposition 6.2.10. Let A be a skeletally small abelian category and .# 4 a sheaf on Serre(A) con-
structed as above.
(1) For any X € A, we have #A(Ux) = M(A/ (X)gorre)-
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(2) In particular, we have # 4(Serre(A)) = M(A).
(3) For any point S € Serre(A), the stalk Ma.s of M is isomorphic to M(A/S).

Proof. We only prove (3) because (1) and (2) are obvious by the definition of .#Z4. Let S be a Serre
subcategory of A. For any X € A with S € Ux, we have the natural exact functor A/ (X) — A/S.
They induce a monoid homomorphism

Serre
¢: Ma,s = colim A4 (Ux) = colim M(A/ (X)g.10) = M(A/S).
Ux>S Ux>3S

It is clear that ¢ is surjective. We now prove ¢ is injective. We first note that the natural map M(A) —
M 4. is surjective since the natural map M(A) = M(A/ (M)g.,,.) is surjective. We denote by [X]s the
element of .#4 s represented by X € A. Suppose that ¢ ([X]s) = ¢ ([Y]s) for some X,Y € A. Then
there are admissible subobject series 0 = X < X; <. < X, =X and 0=Y; <Y1 <--- <Y, =Y
such that X;/X; 1 = Y,)/Y,0)-1 in A/S for some permutation o € &, by Fact 6.2.9. Applying
Lemma 6.2.8 to X;_1 < X, Y;_1 <Y and X;/X;_1 = Y,/ Ys0)—1, and taking their direct sum, we get
M € S such that X and Y remain having isomorphic subobject series in A/ (M), Thus [X] = [Y]
in M(A/(M)goppe) and S € Upr. This proves [X]s = [YV]s in A4, s. O

Finally, we compare (Serre(A),.#4) with (MSpec M(A), Opm(4)) as monoidal spaces. Define a sheaf
5M( 4) on MSpec M(A) by the sheafification of presheaf

U= Omay(U)/Omay(U)™.
For any object X € A, we have an isomorphism
On(a) (D([X]))/ Ongay (D([X])) ™ = M(A) (x1/M(A) ) — M(A)/ ([X])aee — MIA/ (X)gerre)-
by Theorem 4.3.1, Lemmas 5.1.2 and 5.1.3. Thus, we have a natural isomorphism
O (D(X]) = Aa(Ux). (6.2.1)

Let ®: Serre(C) = MSpec M(A) be the homeomorphism in Proposition 6.2.2. Then (6.2.1) gives rise
to an isomorphism ®~1¢& m(A) — 44 of sheaves of monoids. Thus we have the following proposition.

Proposition 6.2.11. Let A be a skeletally small abelian category. The bijection in Proposition 6.2.1
induces an isomorphism of monoidal spaces

(Serre(A), #4) = (MSpec M(A), O a)).
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Part 11

Applications
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Chapter 7

The Grothendieck monoids of
smooth projective curves

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every category, functor, and subcategory is additive. In
particular, every subcategory is strictly full and nonempty. Hereafter C' is a smooth projective curve
over an algebraically closed field k.

There are three exact categories related to C":

e The category coh(C') of coherent sheaves on C.

e The category vect(C) of vector bundles on C.

e The category tor(C) of coherent torsion sheaves on C'.
We determine the Grothendieck monoids of them and classify Serre subcategories of them. For the basics
of algebraic geometry, we refer to [Har77, GW20]. We will review the categorical properties of coh C' in
each of the following sections. Note that coh(C') is skeletally small, and hence so are vect(C) and tor(C').

7.1 The case of coherent torsion sheaves

We first review a categorical characterization of coherent torsion sheaves on a curve. Let ¢ : Z <— X be a
closed immersion into a noetherian scheme X and let .# be the quasi-coherent ideal sheaf corresponding
to Z. Then the functor i, : coh Z — coh X is a fully faithful exact functor whose essential image Im i,
is the subcategory consisting of coherent sheaves .# such that .#.% = 0 (cf. [SP, Tag 01QX]). It follows
immediately that Imi, is closed under subobjects in coh X. This means that there is no difference
between subobjects of .# € coh Z and subobjects of i..# € coh X. For a closed point x € X, consider
the natural closed immersion i: Spec(x) < X. Then & := i+ Ogpec n(x) is a simple object of coh X by
the above discussion.

Lemma 7.1.1. The following are equivalent for a coherent sheaf F on a noetherian scheme X :
(1) Z is a simple object in coh X .
(2) F = O, for some closed point x € X.

Proof. We have already proved that (2) implies (1). Hence, we only prove that (1) implies (2). Suppose
that .# is a simple object in coh X. Recall that a simple object is nonzero, so we have Supp.# # (.
There is a closed point = of Supp.# because X is noetherian (cf. [GW20, Lemmal.25, Exercise 3.13]).
Let i: Speck(x) < X be the natural closed immersion. Then .Z(x) := i*% = %,/ %, m,; € mod k()
is nonzero by Nakayama’s lemma. Because the unit morphism # — i,i*.% = i..% (x) is surjective and
Z is simple, we have that & —» i+ (x). Then Z(z) is also a simple object in mod k(z). This means
F(x) = k(z), and we obtain the desired result. O

Lemma 7.1.2. The following are equivalent for a coherent sheaf F on a noetherian scheme X :
(1) & is of finite length in coh X (see Definition 3.4.1).
(2) Supp(.Z) consists of only finitely many closed points.

In this case, the following hold:
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(i) Fu is an Ox z-module of finite length for any x € X.
(ii) The natural morphism F — @zesupp & lowFy i an isomorphism, where iy is the natural mor-
phism Spec Ox , — X.

Proof. It is clear when .# = 0. We assume that .# # 0, and hence Supp.%# # 0.

(1) = (2): There is a composition series 0 = Fy C F C --- C %, = Z in coh X since Z is of
finite length. Then .%;/.%;_1 = O, for some closed point z; € X by Lemma 7.1.1. Thus, we have
Supp.Z = ;_, Supp Oy, = {z; | 1 <i<n}.

(2) = (1): We regard Z := Supp.Z as a closed subscheme of X which corresponds to the annihilator
Ann(.F7) of F (cf. [GW20, Subsection 7.17]). Note that 0, = Ox ./ Anng, ,(%,) as rings. Then the
natural morphism HwESupp z9pec Oz, — Z is an isomorphism and 0z, is an artinian local ring by
(2) and [GW20, Proposition 5.11]. Since .%, is finitely generated over the artinian ring & ., it is of
finite length as an €z ,-module, and hence (i) also holds. Let j: Z — X and j,: Spec 0z, — Z be the
natural closed immersions. Then we have

7= P )= D e (F) T Aoy (F) = D e P
zESupp F rESupp F rESupp F

Thus, we obtain isomorphisms

F =472 | P i P ()P (7.1.1)
zESupp F rE€Supp F

See [GW20, Remark 7.36] for the first isomorphism. Since jj, is a closed immersion and .%, is of finite
length, we conclude that .# is also of finite length in coh X. Then (ii) holds by (7.1.1) and the following
commutative diagram:

e

Spec 0z, — Spec Ox ;.
O

Let us characterize coherent sheaves of finite length on a smooth projective curve C. For any closed
point = € C, we set O,y 1= ix (Oc /m?), where ¢ is the natural morphism Spec O¢,, — C.

Lemma 7.1.3. The following are equivalent for a coherent sheaf F on C':
(1) 7 is of finite length in coh C.
(2) Supp(F) has only finitely many points.
(3) #, =0 holds, where n is the generic point of C.
In this case, the following hold:
(i) Fy is a torsion Oc z-module for any x € C.
(i) 7 = D.csupp # Onax for some positive integers ny > 0.

Proof. It is clear when .# = 0. We assume that # # 0, and hence Supp.# # 0. Since C is a 1-
dimensional integral scheme of finite type over k, the following are equivalent for a non-empty closed
subset Z of C (cf. [GW20, Proposition 5.20]):

e dimZ = 0.

e 7 has only finitely many points.

e 7 consists of finitely many closed points.

e n¢gZ.
The equivalence of (1), (2) and (3) follows from Lemma 7.1.2 and the above. For a finitely generated
module over the discrete valuation ring &c¢ ,, it is of finite length if and only if it is torsion. Moreover,
it is of the form O¢ ,/m2= for some integer n, > 0. Thus (i) and (ii) follow from Lemma 7.1.2. O

A coherent sheaf .# on C is said to be torsion if it satisfies the equivalent conditions of Lemma
7.1.3. We denote by tor C' the category of coherent torsion sheaves. It is immediate that tor C' is a Serre
subcategory of the abelian category coh C'. It is also clear that tor C' is a length abelian category.
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We will calculate the Grothendieck monoid M(tor C') and classify Serre subcategories of tor C. For
this, we recall divisors on C. Let C(k) be the set of closed points of C. We denote by Div(C) the free
abelian group generated by C(k). An element D = Y7 | m;z; of Div(C) is called a divisor on C. The
integer deg D := Y7 | m; is called the degree of D. A divisor D = >_"" | m;x; is said to be effective if
m; > 0 for all i. Divt(C) denotes the set of effective divisors on C, which is a submonoid of Div(C).

Proposition 7.1.4. The following hold.
(1) sim(torC) = {0, | x € C(k)} holds (see §3.4 for the notation,).
(2) There is a monoid isomorphism

o

Div™(C) — M(tor C), Zmle — Zmi i)

Proof. It follows from Lemma 7.1.1 and Fact 3.4.4. O

Corollary 7.1.5. There is an inclusion-preserving bijection

P(C(k)) — Serre(torC), A ws (O, |z € A)

Serre *
Proof. It follows from Example 3.4.2 (3), Corollary 3.4.7 and Proposition 7.1.4. O

Note that P(C(k)) is exactly the set of specialization-closed subsets except C itself (see Definition
6.1.4).

7.2 The case of vector bundles

We begin with a review of vector bundles on a noetherian scheme X. A locally free sheaf of rank n on
X is a coherent sheaf .7 such that %, = 6’@” for all z € X (cf. [GW20, Proposition 7.41]). We call
a locally free sheaf of finite rank on X a vector bundle over X. We denote by vect X the category of
vector bundled over X. Then vect X is an extension-closed subcategory of coh X. Indeed, for any exact
sequence 0 — % — ¢ — # — 0 in coh X with %, # € vect X and any = € X, the exact sequence
0= F, = 9, — 5 — 0 splits since J7, is a free Ox y-module. Thus ¥, = F, @ S, is also a free
Ox z-module for any z € X. This implies ¥ € vect X, and hence vect X is extension-closed. Then
vect X is a length exact category because the ranks of vector bundles give rise to a length-like function
rk: |vect X| — N. An admissible subobject in vect X is called a subbundle.

Before studying the Grothendieck monoid M(vect C'), we recall the structure of the Grothendieck
group Ko (vect C). For this, we will introduce the Picard group of a noetherian scheme X. A line bundle
& is a vector bundle of rank 1. It gives rise to an exact equivalence — ® .%: coh X — coh X, which
restricts to an exact equivalence vect X — vect X. It is clear that tk(% ® ¥) = k(% ) 1k(¥) for any
vector bundles % and ¥. In particular, we have that rk(.Z ® ¥') = rk(¥) if .Z is a line bundle. The
set Pic X of isomorphism classes of line bundles over X becomes a group whose operation is the tensor
product ® and unit is &x. The inverse of .£ in Pic(X) is given by the dual £ := S#om g, (£, Ox) of
Z. The group Pic X is called the Picard group of X. We can assign a vector bundle ¥ of rank r» > 1 with
a line bundle det ¥ := A" ¥, which is called the determinant bundle of ¥. We define the determinant
bundle of the zero sheaf 0 by det(0) := Ox. It gives rise to an additive function det: |vect X| — Pic X.

Fact 7.2.1 ([LeP97, Section 2.6]). The following holds for a smooth projective curve C.

(1) The inclusion functor vect C < coh C induces a group isomorphism Ko(vect C) —s Ko(coh C).
(2) There is a group isomorphism

Ko(vect C) = Pic(C) x Z, [¥] > (det ¥, 1k ¥).

We will determine the Grothendieck monoid M(vect C') in Proposition 7.2.4 below. Let us give a few
preliminaries for Proposition 7.2.4. A coherent sheaf .% on a noetherian scheme X is globally generated if
there exists a surjective morphism ﬁ;‘?” — % . We do not define very ample line bundles which appear in
the following fact. See [Har77, Section II.5, page 120] for the definition. We only note that any projective
variety has a very ample line bundle.
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Fact 7.2.2 (Serre [Ser55, Theorem 66.2], cf. [Har77, Theorem 11.5.17]). Let X be a projective variety
over k, and let O(1) be a very ample line bundle on X. Then for any coherent sheaf F on X, there is
an integer ng such that F @ O(1)®™ is globally generated for all n > ng.

Fact 7.2.3 (Atiyah [Ati57, Theorem 2]). Let X be a smooth projective variety of dimension d over k,
and let ¥ be a globally generated vector bundle of rank r over X. If r > d, then ¥ contains a trivial

subbundle of rank r — d, that is, there is an inflation ﬁ;‘?(rfd) — ¥ in vect X.

We prepare notations to use the following proof. Let £/(1) be a very ample line bundle on a smooth
projective curve C. We set @(n) := €(1)®" when n > 0 and @(n) := (0(1)¥)®!"! when n < 0. For a
coherent sheaf # on C, we set Z(n) := % ® O(n). Then F(n)® O(m) = % (n + m) holds for any
integers n and m.

Proposition 7.2.4. The following hold.
(1) A vector bundle is simple in vect C if and only if it is a line bundle.
(2) M(vectC) is a cancellative monoid, that is, the natural monoid homomorphism M(vectC) —
Ko(vect C) is injective (see Definition 2.1.3 and Remark 2.3.6).
(3) There is a monoid isomorphism

o~

M(vect C) — (PicC x NT) U{(0¢,0)} C PicC x Z, [¥]+ (det ¥, 1k ¥'),
where NT := N\ {0} is the semigroup of strictly positive integers.

Proof. (1) Let ¥ be a vector bundle of rank r. Then there is some integer n such that ¥'(n) is globally
generated by Fact 7.2.2. If » > 1, then there is an inflation ﬁg(r_l) — ¥ (n) in vect(C) by Fact 7.2.3.
Since the functor —® @ (—n): vect C' — vect C is exact, we have an inflation &(—n)®("—1) »— ¥, Thus,
a simple object in vect C' has to be a line bundle. Conversely, a line bundle is a simple object in vect C
because rk: |vect C| — N is a length-like function.

(2) Define a monoid homomorphism by ® := (det, rk): M(vect C) — Pic C'xN. Consider the following
commutative diagram:

M(vect C') —— Kg(vect C)

<I>l lHZ

PicC x N «—— PicC x Z.

It is enough to show that ® is injective. Take vector bundles % and ¥ such that ®(%) = ®(¥'). That
is, they satisfy det Z = det ¥ and r := 1k % = rk . It follows from Fact 7.2.2 that % (n) and ¥ (n)
are globally generated for some same integer n. Then there are conflations

0—=0(-n)®" Y 59 5250 and 0—0(—n)®" Y 59 5 # -0

in vect C' by Fact 7.2.3. Here . and .# are line bundles. Then we have
Y \Y%
L =det. L =2 det % ® det (ﬁ’(—n)@(’”_l)) > det ¥ ® det (ﬁ(—n)@(’"_l)) Xdets = M.

{{—)Ience7 we obtain (%] = [L]+ (r — )[O(—n)] = [#] + (r — 1)[€(—n)] = [¥] in M(vect C'). This proves
is injective.
(3)JIt follows from Im ® = (PicC' x N*) U {(0¢,0)}. O

Corollary 7.2.5. The exact category vect C' has no nontrivial Serre subcategories.

Proof. It is enough to show that the monoid M := (Pic C x NT)U{(&¢,0)} C Pic C'xZ has no nontrivial
faces by Proposition 3.3.3 and Proposition 7.2.4 (3). Let F' be a nonzero face of M. There is (&, r) € F
such that (&, r) # (¢, 0). Then we have (0¢, 1) € F since 2(Z,r) = (£%%,2r—1)+(0c,1) in M and F
is a face. For any non-zero element (.#, s) € M, we obtain (A, s)+(#",s) = (O¢,2s) = 2s(0¢c,1) € F,
and thus (.#,s) € F. This means F = M, and hence M has no nontrivial faces. O
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7.3 The case of coherent sheaves

We finally deal with the case of the category coh C' of coherent sheaves. We begin with the relationship
between tor C, vect C' and coh C.

Lemma 7.3.1. The following hold.
(1) Homg, (7,7%) = 0 holds for all 7 € torC' and ¥ € vectC.

(2) For every coherent sheaf & on C, there exists an exact sequence
O%ﬁtorég%yvectéo

in coh C' such that Fior € tor C and Fyeer € vect C.
In particular, (tor C,vect C) is a torsion pair in coh C' (see [Ste75, Section VI.2] for the definition).

Proof. (1) Let f:  — ¥ be a morphism from a coherent torsion sheaf to a vector bundle in coh C.
Then 7, is a torsion module and ¥, is a free module for any x € C' by Lemma 7.1.3 and the definition
of vector bundles. Hence f,: 9, — ¥, is equal to zero for all x € C. This implies f = 0.

(2) Let n be the generic point of C' and K (C) := O, the function field of C. Consider the natural
morphism j: Spec K(C) — C. Define a coherent sheaf #,, by the kernel of the unit morphism .# —
J«J*F = j«.#,. Note that j,.%, is a constant sheaf on C with value .%,. Thus, we have .#,(U) =
{s € Z(U) | s, = 0} for every open subset U of C. Then it is clear that F,,, = 0, and thus F,, is
a coherent torsion sheaf. Set Fect := F/ Fior € coh C. Then Fyeet is a subsheaf of the constant sheaf
J«Fy. Hence (Fyeet), is an Og -submodule of #, for every point x € C. This implies (Fyect), is a
torsionfree O¢ y-module, and thus it is a free J¢ z-module since ¢, is a discrete valuation ring. For
this reason, Fect is a vector bundle. O

We will determine the structure of the Grothendieck monoid M(coh C) in Proposition 7.3.2 below.
For this, we recall the relation between divisors and line bundles. We can attach to a divisor D a line
bundle O¢(D). It gives rise to a group homomorphism

DivC — PicC, D+ Oc(D).

For any effective divisor D = 7" | n;z; on C, we set Op := @ | Oy,a, (see the sentence before Lemma
7.1.3 for the definition of &,,,). Then there is the following exact sequence in coh C:

0— Oc(—D) — Oc — Op — 0. (7.3.1)
Note that the abelian category coh C' is not length since there is an infinite subobject series of O¢:
- C Oc(=3x) C Oc(—2x) € Oc(—x) S Oc,
where z is a closed point of C. Thus we cannot use the results in §3.4.

Proposition 7.3.2. The following hold.
(1) The inclusion functors tor C — coh C' and vect C' — coh C' induce injective monoid homomorphisms
M(tor C) < M(coh C) and M(vect C) — M(coh C), respectively.
(2) For any line bundle £ and any effective divisor D, we have [£] + [Op] = [£ ® Oc(D)].
(3) M(coh Q) is the disjoint union of Mior ¢ and M\-/i_ectC = Myectc \ {0} as a set.

Proof. (1) The natural monoid homomorphism M(tor C) — M(coh C) is injective by Proposition 3.3.5.
We prove that the natural monoid homomorphism ¢: M(vect C) — M(coh C) is injective. Recall that
M(vect C) is cancellative and the natural homomorphism Kg(vect C') — Kg(coh C) is an isomorphism by
Proposition 7.2.4 and Fact 7.2.1. It follows that ¢ is injective by the following commutative diagram:

M(vect C) —— M(coh C)

[ |

Ko (vect C') —— Ko(coh C).
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(2) We first note that 7 ® £ = .7 for any coherent torsion sheaf 7. Applying the exact functor
—®(Z ® 0c(D)): cohC = coh C to the exact sequence (7.3.1), we get an exact sequence

0% —¥%®0c(D)— Op —0.

Hence, we have the equality [.Z] + [Op] = [Z ® Oc(D)).

(3) For any coherent sheaf .%, there exists a coherent torsion sheaf 7 and a vector bundle ¥ such
that [Z#] =[]+ [¥] by Lemma 7.3.1. Then there is an effective divisor D such that .7 = ¢p. We can
write [¥] = Y_._,[-%] for some line bundles .%; by Proposition 7.2.4. If ¥ is a nonzero vector bundle,
we have

ﬁD +Z gl(g)ﬁc Z $1®ﬁC @@g 6,\/lvectC'

=2

This proves the desired conclusion. O

As a corollary of Proposition 7.3.2, we recover Fact 0.2.1 for smooth projective curves. See Definition
6.1.4 for the definition of specialization-closed subsets.

Corollary 7.3.3 (cf. [Gab62, Proposition V1.2.4]). There is an inclusion-preserving bijection between
the following sets:

e The set of Serre subcategories of coh C.

o The set of specialization-closed subsets of C'.

Proof. It is enough to classify faces of M(coh C) by Proposition 3.3.3. Let F' be a face of M(coh C). If
[¥] € F for some nonzero vector bundle ¥, it contains Mect ¢ by Corollary 7.2.5. Then F must coincide
with M(coh C) by the exact sequence (7.3.1). Thus, if F' # M(coh C), it is contained in My . The
faces of M(tor C') bijectively correspond to the subsets of the set C'(k) of closed points by Corollary 7.1.5.
Extending this bijection by assigning M(coh C') with C, we obtain the desired bijection. O

We also have the following corollary of Proposition 7.3.2. This corollary is used in Example 8.0.5
later.

Corollary 7.3.4. Let Cy and Cy be smooth projective curves over an algebraically closed field k. If
M(coh C1) = M(coh C3) as monoids, then Pic Cy = PicCy as groups.

Proof. We first recall some terminologies and a result. A nonzero element = of a monoid M is called an
atom if x =y + z for y, z € M implies either y = 0 or z = 0. We denote by Atom M the set of atoms in
M. For a skeletally small exact category £, we have the following bijection by [Eno22, Proposition 3.6)
(see §3.4 for the notation):
sim& — Atom(M(€)), S+ [9].
Thus Atom(M(coh C;) ) {[O] | x is a closed point of C;} by Lemma 7.1.1.
Let ¢: M(coh Cy) =, M(coh C3) be a monoid isomorphism. Then ¢ preserves atoms, and hence it

restricts to a monoid isomorphism My ¢, =, Mior ¢, - Since M(coh C) = Moo U MvectC by Proposi-
tion 7.3.2, the monoid isomorphism ¢ also restricts to Myect ¢, = Myect ¢, By Proposition 7.2.4, we

have Atom(M(vect C;)) = {[-Z] | -Z is a line bundle on C;}. Thus, there is a some line bundle . on Cs
such that ¢([0c,]) = [#]. Twisting this isomorphism by M (— @ £V) : M(vect Cy) —» M(vect Cs), we
have a monoid isomorphism ¢ : M(vect C1) = M(vect C3) such that ¢([0c,]) = [Oc,].

It is enough to show that M(vect C;)/ ([0c,])y = Pic C; as monoids. Consider the monoid homomor-
phism det: M(vect C;) — PicC;. It induces a monoid homomorphism M(vect C;)/ ([Oc,])y — PicC. Tt
is clear that this homomorphism is surjective. We now prove that it is injective. Suppose that det Z =
det ¥ for some vector bundles % and ¥'. We may assume that tk % > rk¥. Set d := rk% —rk¥". Then
we have det(%) = det (¥ @ ﬁ@d) and k(%) =1k (V @ ﬁgid). Since (det,rk): M(vect C;) — PicC; x N
is injective as proved in Proposition 7.2.4 (2), we have the following equality in M(vect C;):

(%) = [V & 687 = [7]+d[0c,].
This means that (%] = [¥] mod ([0¢,])y, and hence the monoid homomorphism M(vect C;)/ ([O¢,])y —
Pic C is injective. O
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Now we compare the Grothendieck monoid M(coh C) with the Grothendieck group Ko(coh C'). There
are unique group homomorphisms deg, rk: Ky(coh C') — Z satisfying the following conditions (see [LeP97,
Section 2.6]):

o 1k(.F) = rk(Fyect) for any coherent sheaf .# on C.

e deg(0¢c (D)) = deg D for any divisor D on C.

e deg(0p) = deg D for any effective divisor D on C.

The image of the map (rk,deg): Ko(coh C) — Z®? is illustrated as follows:
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Here the gray region corresponds to the Grothendieck monoid M(coh C'). Let p: M(coh C') — Kg(coh C)
be the natural map. The map p is injective on Myect ¢ by Proposition 7.2.4 and 7.3.2. Whereas, the
map p loses a lot of information on My, . Indeed, for two effective divisors D and FE, the equality
[Op] = [Og] holds in Ko(coh C) if and only if Oc(D) = O¢(E) in PicC.

Example 7.3.5. Let P! be the projective line. Then deg: Pic C' — Z is a group isomorphism (cf. [GW20),
Example 11.45]). In particular, the map (rk,deg): Ko(cohPt) — Z®? is a group isomorphism. For two
effective divisors D and E on P!, the equality [0'p] = [0'g] holds in Ko(coh C) if and only if deg D = deg E.
Thus, the map p loses all information except the degrees for torsion sheaves. In particular, the equality
[0;] = [0,] holds in Kg(cohC) for any closed points z,y € P'(k). Thus, the Grothendieck group
Ko(coh P1) has no information about closed points of P1. In contrast, the Grothendieck monoid M(coh P!)
remembers all closed points of P! because M(coh C) 2 Miorc = P, cp1 (10 N[O:].

This example has another consequence. Let k@ be the path algebra of Kronecker quiver. It is
well-known that the bounded derived categories D’(cohP') and D?(modkQ) are triangulated equiva-
lent. However, we have a monoid isomorphism M(modk@Q) = N®2 by Fact 3.4.4. Thus M(cohP!) and
M(mod k(@) are not isomorphic as monoids. This implies the Grothendieck monoids are not derived
invariants.

Finally, we will introduce the notion of the twisted disjoint union to describe the structure of M(coh C)
in terms of purely monoid-theoretic language. The rest of this section does not affect the other sections
and can be skipped. We first recall the notion of a monoid action. Let M be a monoid. An M -action
on a set X is a monoid homomorphism o: M — Endse(X) := Homse (X, X). The pair X = (X, 0) is
called an M-set. Set oy, := o(m) and m -z := oy (z) for all m € M and z € X. Amap f: X - Y
between M-sets is M -equivariant if f(m -x) =m - f(x) holds for all m € M and z € X.

Let X, Y and Z be M-sets. A map a: X x Y — Z is an M-bimorphism if it satisfies m - a(x,y) =
alm - z,y) = a(z,m-y) for allm € M, z € X and y € Y. An M-semigroup is an M-set S with
an M-bimorphism «: S x § — S satisfying associativity and commutativity. In other words, it is a

76



(commutative) semigroup S with an M-action satisfying m - (x +y) = m-z+y = 2 + m -y for all
m € M and z,y € S. An M -semigroup homomorphism is an M-equivariant map f: S — T satisfying
flx+1y) = f(x) + f(y) for all x,y € S. We denote by SemiGrp,, the category of M-semigroups and
M -semigroups homomorphisms.

Example 7.3.6. Let ¢: M — X be a monoid homomorphism. Then ¢ defines an action of M on X by
m-x:=¢(m)+x for m € M and x € X. We can easily check that X is an M-semigroup by this action.

Let M be a monoid, and let S be an M-semigroup whose action is given by o: M — Endse(5).
The twisted disjoint union M U, S of M and S is the set-theoretic disjoint union M U S with a binary
operation given by
x+pyy ifbothz e M and y € M,
r+gy ifbothze SandyesS,
ox(y) UHxeMandyes,
oy(z) ifxeSandyeM,

Tty =

where +)s (resp. +5) denotes the binary operation on M (resp. S). We can check easily that M U, S is
a (commutative) monoid. The natural inclusion i: M — ML, S is a monoid homomorphism. Hence, we
can think of M U, S as an M-semigroup by Example 7.3.6. Then the natural inclusion j: S — M U, S
is an M-semigroup homomorphism.

We describe a universal property of the twisted disjoint union. We denote by Mon,;, the slice category
of Mon under a monoid M. That is, its objects are monoid homomorphisms M — X, and morphisms
between ¢: M — X and ¢: M — Y are monoid homomorphisms f: X — Y satisfying f¢ = 1.

Proposition 7.3.7. Let ¢: M — X be a monoid homomorphism. We regard X as an M -semigroup.
Let S be an M-semigroup, and let i: M — M U, S and j: S — M U, S be the natural inclusions. Then
there is a natural isomorphism

Hompton,,, (M Uy S, X) — Homsemigrp,, (S, X),  h e hj.

Proof. We omit the proof since it is straightforward. O

Consider the Grothendieck monoid M(coh C'). Then M(coh C') is an Mo ¢-semigroup by the inclusion
homomorphism Mo ¢ = M(coh C). The subsemigroup M., o := Myect ¢\ {0} is also an Mo, c-semigroup
whose Mo c-action is given by o(¢,1([#]) := [0p] + [#]. Then the natural inclusion map M} » <
M(coh C) is an My o-semigroup homomorphism. It induces a monoid homomorphism h: My o Uy
M\J,;ctc — M(coh C) by Proposition 7.3.7. It is clear that h is an isomorphism. Thus the following
statement follows.

Corollary 7.3.8. There is a monoid isomorphism
Divt(C) U, (PicC x NT) =5 M(coh ©),

where the Div' (C)-action on Pic C x Nt is defined by op(Z,r) := (£ @ Oc(D),r).

7



Chapter 8

Reconstruction of the topology of a
noetherian scheme

Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. We assume that all subcategories are strictly full subcategories. Hereafter X is a
noetherian scheme.

In this chapter, we recover the topology of X from the Grothendieck monoid M(coh X). We first
construct an immersion from X to Serre(coh X) as topological spaces. For any point € X, define a
subcategory of coh X by

coh” X :={F € coh X | %, =0}.

It is clear that coh” X is a Serre subcategory of coh X. Let j: X — Serre(coh X) be a map defined by
j(x) := coh™ X.

Lemma 8.0.1. The map j: X — Serre(coh X) is an immersion of topological spaces. That is, it is a
homeomorphism onto a subspace of Serre(coh X).

Proof. We first prove that j is injective. Let x,y € X be distinct points. Since any scheme is Ty-space
(cf. [GW20, Proposition 3.25]), the specialization order on X is a partial order by Remark 6.1.5 (2).

Thus = ¢ {y} or y ¢ {x} hold. We may assume that = ¢ {y}. Then ﬁ{.T} ¢ coh” X but ﬁ{T} € coh” X,

where we consider {z} and {y} as reduced subschemes of X. Hence coh® X # coh? X, which proves j is
injective. For a coherent sheaf . on X, we have

T Uz)={zeX | Feccoh®"X}={recX|ZF =0}=X)\Supp.Z.

Thus j is continuous. Let Z be a closed subset of X. We consider Z as a reduced subscheme of X.
Then it is straightforward that coh” X € V({&z}) if and only if x € Supp(€z) = Z for any = € X.
Thus, we have j(Z) = j(X) NV ({0z}), and hence j(Z) is a closed subset of j(X). Therefore j is a
homeomorphism onto the subspace j(X) of Serre(coh X). O

Next, we determine the image of the immersion j: X < Serre(coh X). A Serre subcategory S of an
abelian category A is meet-irreducible ift X NY C S implies ¥ C S or Y C S for any X, € Serre(A).

Proposition 8.0.2. For a Serre subcategory S of coh X, it is meet-irreducible if and only if S = coh” X
for some point x € X. In particular, we have

J(X) = {S € Serre(coh X)) | S is meet-irreducible}.
Proof. By Gabriel’s classification of Serre subcategories (Fact 0.2.1), there is a poset isomorphism
Spcl(X) —> Serre(coh X), Z s cohy X := {# € cohX | Supp ¥ C 7},

where Spcl(X) is the set of specialization-closed subsets of X ordered by inclusion. Then for any Z €
Spcl(X), the Serre subcategory cohz X is meet-irreducible if and only if so is Z in the following sense:
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e A specialization-closed subset Z is meet-irreducible if AN B C Z implies A C Z or B C Z for any
A, B € Spcl(X).
We also introduce the dual notion for generalization-closed subsets. We denote by Genl(X) the set of
generalization-closed subsets of X.
e A generalization-closed subset U is join-irreducible if AU B 2 U implies A O U or B O U for any
A, B € Genl(X).
Then Z € Spcl(X) is meet-irreducible if and only Z¢(:= X \ Z) € Genl(X) is join-irreducible. Therefore,
it is equivalent that determining meet-irreducible Serre subcategories of coh X and determining join-
irreducible generalization-closed subsets of X.

We now determine join-irreducible generalization-closed subsets of X. For any point x € X, we denote
by ()., the set of generalizations of z. It is clear that (z),,,, is a join-irreducible generalization-closed
subset for any x € X. We prove that any join-irreducible generalization-closed subset is of the form
(x) gent fOr some z € X. Let A € Genl(X) be join-irreducible. For any = € A, there is a minimal element

y € A with respect to the specialization-order such that y < 2. Indeed, if m N A has exactly one point
x, then x itself is a minimal element of A. If {z} N A contains a point z; such that = # x1, then we
have a sequence x > 1 of points of A. Repeating this operation, we have a sequence x > x1 = xo > -+ -
of points of A. This sequence terminates since X is noetherian. Thus, we get a minimal element y € A
such that y < z. Let I be the set of minimal elements of A. Then A = J,c; (a)gen by the discussion

above. Fix z € I. Since
A= <x>gen1 U U <a>gen1
a€l,a#x

and A is join-irreducible, we have that A = (). 0r A = Ucr ae (@ gem- I A = User e (@) gents
then € A =U,c; 4zs (@) gen- Hence, there is a € I such that a # z and z € (a) which contradicts
the minimality of z. Thus we have A = (x),.,-

We have proved that a subset A of X is join-irreducible generalization-closed subsets if and only

genl’

if A= (2),, for some z € X. We can easily see that 7, = 0 if and only if Supp.F# C (x)éenl for
any % € coh X because Supp .Z is specialization-closed. Thus coh(g,f>genl X = coh® X, which proves the
proposition. O

Let X be a noetherian scheme. Define Serre(coh X )i;reqa by the set of meet-irreducible Serre subcate-
gories of coh X. We consider it as a subspace of Serre(coh X'). Then the immersion j: X = Serre(coh X)

induces a homeomorphism X = Serre(coh X )iyrea by Lemma 8.0.1. Thus, we can recover the topologi-
cal space X from the topological space Serre(coh X). In particular, the Grothendieck monoid M(coh X)
recovers the topology of X. Moreover, Serre(coh X )ireq has the following property.

Lemma 8.0.3. Let X andY be noetherian schemes. Any homeomorphism Serre(coh X) = Serre(cohY)
restricts to a homeomorphism Serre(coh X )irred = Serre(coh Y )irred -

Proof. Let ¥: Serre(coh X) = Serre(cohY) be a homeomorphism. Then it is clear that ¥ is also

a poset isomorphism Serre(coh X)gpel = Serre(cohY)gpe1. Thus ¥ is an isomorphism of the poset
Serre(coh X)) and Serre(cohY’) ordered by inclusion by Proposition 6.2.2 (3). Therefore ¥ preserves
meet-irreducible Serre subcategories, and hence we have ¥(Serre(coh X )iyred) = Serre(coh Y )ipred- O

Based on the above considerations, we obtain the following.

Theorem 8.0.4. Consider the following conditions for noetherian schemes X and Y.
(1) X 2Y as schemes.

) M(coh X) 2= M(cohY) as monoids.

(3) MSpec M(coh X') = MSpec M(cohY') as topological spaces.
)
)

Then 1) = (2) = (3) & (4) = (5)” hold.

Proof. The implications “(1) = (2) = (3)” are obvious. The equivalence “(3) < (4)” follows from
Proposition 6.2.2. The implication “(4) = (5)” follows from Lemma 8.0.1 and 8.0.3. O
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The implications “(2) = (1)” and “(5) = (2)” of Theorem 8.0.4 do not hold. Example 0.2.2 (1) is a
counter example of the former. We now give a counter example of the latter. The following example is
suggested by Professor Kazuhiro Fujiwara and Professor Sho Tanimoto.

Example 8.0.5. Let C be a smooth projective curve over a field k. Then C has 1 generic point and
max{|NJ, [k|} closed points. Hence, the underlying topological space of C depends only on the cardinality
of k. Consider the projective line P! and an elliptic curve E over the complex number field C. Then
P! = E as topological spaces by the discussion above. On the other hand, we can deduce Pic P! % Pic
since Pic P! = Z is countable but Pic E = E(C) x Z is uncountable. Here E(C) is the group of C-rational
points of the elliptic curve E. Thus, we can conclude that M(cohP') 22 M(coh E) by Corollary 7.3.4.

We finally comment on [BKS07] and our approach.

Remark 8.0.6. Let X be a noetherian scheme. Buan, Krause and Solberg reconstructed the topological
space X from the poset Serre(coh X)) of Serre subcategories in [BKS07]. We review their approach and
compare it with ours.

We first recall the spectrum of a frame. See [BKS07] and [PP12] for detailed explanations. A frame
is a poset L = (L, <) satisfying the following conditions:

e L is a complete lattice, that is, any subset A of L admits a supremum sup A = \/,., a and an

infimum inf A = A . 4, a. We denote by a V b := sup{a,b} and a A b := inf{a, b}.
e [ satisfies the distributed law:
(\/ a)nrb=\/(anb)

acA acA
for any subset A C L and any element b € L.
An element p of a frame L is meet-irreducible if x Ay < p implies x < p or y < p for any z,y € L. The
set LSpec L of meet-irreducible elements of L is called the lattice spectrum of L. The set LSpec L has a
topology whose closed subsets are of the form

V(a):={peLSpecL|a<p}, ac€lL.

We can endow the underlying set LSpec L with a new topology by taking subsets of the following form
to be the open subsets:

Y = U Y; such that X \Y; is a quasi-compact open in LSpec L for all ¢ € I. (8.0.1)
iel
We denote this new space by LSpec* L and call this topology the dual topology of LSpec L, which was
introduced by Hochster in [Hoc69].

We now come back to the case L = Serre(coh X). Buan, Krause and Solberg proved that X and
LSpec*(Serre(coh X)) are homeomorphic for any noetherian scheme X in [BKS07, Section 9] by using
Hochster duality [Hoc69, Proposition 8]. This gives another proof of “(4) = (5)” in Theorem 8.0.4.
Indeed, consider the following condition:

(4.5) Serre(coh X) = Serre(cohY') as posets.
Then “(4) = (4.5)” holds by Proposition 6.2.2 (3). If Serre(coh X) = Serre(cohY’) as posets, then we
have homeomorphisms

X = LSpec* (Serre(coh X)) = LSpec™(Serre(coh Y)) 2 Y.

Thus “(4.5) = (5)” holds.

We now compare our approach with that of [BKS07]. An advantage of our approach is that we
can avoid the dual topology and Hochster duality. Although Serre(coh X )ireqa = LSpec(Serre(coh X))
as subsets of Serre(coh X), they have different topologies. Serre(coh X) has the correct topology in the
sense that X can be embedded in Serre(coh X) as a topological space.

On the other hand, an advantage of the approach of [BKS07] is that it is more general than ours.
Indeed, we can recover the poset structure of Serre(coh X) from the topology of Serre(coh X) by consid-
ering the specialization-order (Proposition 6.2.2 (3)). However, the author does not know whether the
topology on Serre(coh X') which we introduced in this paper can be recovered from the poset structure
of Serre(coh X). In particular, we cannot prove “(4.5) = (5)” by our approach.

In summary, our approach is simpler than [BKS07] and avoids heavy facts such as Hochster duality,
but the approach of [BKS07] is more general than ours.
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Chapter 9

The Grothendieck groups of periodic
derived categories

The m-periodic derived category of an abelian category is a natural Z/mZ-periodic analogue of the usual
derived category. In this chapter, we determine the Grothendieck group (= Grothendieck monoid by
Proposition 2.4.3) of the periodic derived category of a skeletally small abelian category with enough
projectives. In particular, we prove that the Grothendieck group of the m-periodic derived category of
finitely generated modules over an Artin algebra is a free Z-module if m is even, and is an Fs-vector
space if m is odd. Moreover, in both cases of parity of m, the rank of the Grothendieck group is equal
to the number of isomorphism classes of simple modules in both cases. As an application, we prove that
the number of non-isomorphic summands of a strict periodic tilting object T', which was introduced by
the author in [Sail] as a periodic analogue of tilting objects, is independent of the choice of T'.
Throughout this chapter, we fix Grothendieck universes U and V such that U € V and use Convention
1.1.12 and 2.2.5. Moreover, we assume that every category, functor, and subcategory is additive. In
particular, every subcategory is strictly full and nonempty. We denote by ¥ the suspension functor of a
triangulated category. For a positive integer m, we denote by Z,, := Z/mZ the cyclic group of order m.

9.1 Grothendieck groups of periodic triangulated categories

In this section, we investigate properties of the Grothendieck group of a periodic triangulated category.
Definition 9.1.1. Let T be a triangulated category.

(1) For a positive integer m > 0, T is m-periodic if ™ ~ Id as additive functors.

(2) The period of T is the smallest positive integer m such that 7 is m-periodic.
9.1.1 Even periodic case

Let m be an even integer, and T be a skeletally small m-periodic triangulated category.

Lemma 9.1.2. A cohomological functor F: T — A induces a homomorphism

¢: Ko(T) — Ko(A) HZ X))

Proof. We need to show that for any exact triangle X — Y — Z — XX in T, the equality ¢(X) —
d(Y) 4+ ¢(Z) = 0 holds in Ko(A). We have two exact sequences in A:

Fl(z) L Frx) ~ FO(X) % FO(Y), (9.1.1)

0 Kerg — FOX) L FOY) = - — F" 1Y) = F™1(Z) L Im f — 0. (9.1.2)

By (9.1.2), we have [Kerg] = ¢(X) — (V) + o(Z) + ( 1)™[Im f]. Then (9.1.1) and the assumption that
m is even imply the equality ¢(X) — ¢(Y) + ¢(Z) = 0. O
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9.1.2 0Odd periodic case
Let m be an odd integer, and 7 be a skeletally small m-periodic triangulated category.
Lemma 9.1.3. Ko(7) is an Fa-vector space. That is, for any element o € Ko(T), we have 2« = 0.

Proof. By the axiom of triangulated categories, a triangle X — 0 — XX — ¥ X is exact for any X € 7.
It implies [XX] = —[X] in Ko(7). Hence, we have [X] = [¥"X] = (—1)"[X] = —[X], which yields
2[X]=0forany X € T. O

Lemma 9.1.4. A cohomological functor F': T — A induces a homomorphism

[y

m—

¢r,: Ko(T) — Ko(A)g,,  [X]— D (=1)" [F'(X)] mod 2K¢(A),

=0
where KO(A)FQ = Ko(.A) ®z Fo ~ Ko(.A)/QKQ(.A)

Proof. Let X - Y — Z — ¥ X be an exact triangle in 7. Then we have, for some object K € A,
(K] = ¢r, (X) = ¢, (V) + ¢r, (Z) + (—1)™[K]

in Ko(A) by the same calculation as in Lemma 9.1.2. Since m is odd, we get ¢r,(X) — ¢p, (V) +
o1, (Z) = 2[K] = 0 mod 2Ky (A). Hence, the map [T] = Ko(A)p,, [X] — ¢r,(X) mod 2Ky (A) induces a
homomorphism ¢, : Ko(7) = Ko(A)p,. O

9.2 Preliminaries: periodic derived categories

In this section, we give a review of periodic derived categories. See [Sail, §3] for a detailed account. Let
us fix a positive integer m.

Definition 9.2.1. Let C be an additive category.
(1) An m-periodic complez V is a family (V,dy) = (V' di,);cz,, of objects V; € C and morphisms
di,: Vi — Vit in C satisfying dif'di, = 0 for all i € Z,,.
(2) A periodic chain map f:V — W between m-periodic complexes V and W is a family (f;);cz,, of
morphisms in C satisfying fi™d}, = di, f* for all i € Z,,.
(3) C,(C) denotes the category of m-periodic complexes and periodic chain maps.

We can say roughly that an m-periodic complex is a Z,,-graded complex. Replacing Z,, by Z in the
above Definition 9.2.1, we recover the usual notion of complexes, chain maps and their category.

Example 9.2.2. Let C be an additive category.
(1) A 1-periodic complex is a morphism d: V — V in C with d? = 0.
dO
(2) A 2-periodic complex is a diagram V? = V! in C with d'd° = d°%d* = 0.
dl
Two periodic chain maps f,g: V' — W of m-periodic complexes are called homotopic if there exist
st: Vi Wit (i € Z,,) such that fi — g¢ = d%lsi + st1di, for all i € Z,,. This homotopy condition
defines an equivalence relation ~j, on the set Homc,  (c)(V,W). The homotopy category Hw(C) of m-
periodic complezes is the category whose objects are the same as those of C,,(C), and whose morphism
set is defined by Homy ¢)(V, W) = Homc, c)(V,W)/~pn. The shift functor [1] : H,(C) — Hn(C) is
defined by

Ve V[ i= (VL —dy ez,
The homotopy category Hy,(C) is a triangulated category with suspension functor [1] : Hy, (C) — Hw(C).
For an abelian category A, the category C,,(A) is also an abelian category, where a sequence 0 —

ULvSwsom Cin(A) is exact if and only if 0 — U* L Vi S Wi 0 s exact in A for all
i € L. Define the ith cohomology of V € C,,(A) by H (V) := Kerd},/Imdi; ' for i € Z,,. It gives rise
to a functor H': H,,(A) — A for all i € Z,,. A periodic chain map f: V — W of m-periodic complexes
is called a quasi-isomorphism if H'(f): H*(V) — H*(W) is an isomorphism for all i € Z,,.
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Definition 9.2.3. For an abelian category A, the m-periodic derived category D,,(A) is the localization
of Hy, (A) with respect to quasi-isomorphisms.

By the standard argument, one can find that the category D,,(A) is a triangulated category and the
localization functor Hy, (A) — D, (A) is a triangulated functor.

Remark 9.2.4. The periodic derived category is a typical example of periodic triangulated categories.
A caution is that the period of D,,,(A) is not necessarily equal to m, and it actually depends on the parity
of m. By [Sail, Proposition 5.1], we have the following three cases for the period p of D,,(A).
(i) m is even and p = m.

(ii) m is odd and p = m.

(iii) m is odd and p = 2m.
This phenomenon, which might look strange at first glance, is caused by the change of signs of differential
by the shift functor [1]. For example, the shift of a 1-periodic complex is (M, d)[l] = (M, —d). Hence
(M,d) and (M,d)[1] are not isomorphic in general.

The ith cohomology functor H®: H,,(A) — A induces a functor D,,(A) — A. We also denote the
latter by H®: D,,(A) — A. One of the advantage of considering the localized category D,,(A) is that
an exact sequence in A yields an exact triangle in D,,(.A).

Fact 9.2.5 ([Sail, Propostions 3.12, 3.19]). Let A be an abelian category.
(1) The natural functor Cp,(A) — Dy (A) is an exact functor of extriangulated categories.
(2) The ith cohomology functor H': D,,(A) — A is a cohomological functor.

The purpose of this paper is to study the Grothendieck group of a periodic derived category. First, we
should find out the condition of a periodic derived category under which we can define the Grothendieck
group. It turns out to be sufficient to find the condition under which the periodic derived category
considered is skeletally small. We will give a solution of this problem in Proposition 9.2.8 below.

Let us give a few preliminary for Proposition 9.2.8. For an abelian category A, we denote by Proj.A
the full subcategory of A consisting of projective objects.

Fact 9.2.6 ([Gor, Lemma 9.5], c.f. [Sail, Corollary 3.28]). Let A be an abelian category of finite global
dimension with enough projectives. Then the natural functor Hy, (Proj A) — D,,(A) is a triangulated
equivalence.

Fact 9.2.7 ([Gor, Proposition 9.7], c.f. [Sail, Lemma 3.26]). Let A be an abelian category of finite global
dimension with enough projectives. Then the smallest triangulated subcategory of Dy, (A) containing A
coincides with D, (A).

These facts yield the following statements on the Grothendieck group of a periodic derived category.

Proposition 9.2.8. Let A be a skeletally small abelian category of finite global dimension with enough
projectives.
(1) The periodic derived category Dy, (A) is skeletally small. In particular, we can define the Grothendieck
group of Dy, (A).
(2) The natural functor A — D,,,(A) is an ezxact functor of extriangulated categories. In particular, we
have an induced homomorphism 1: Ko(A) = Ko(Dyn (A)).
(3) The smallest triangulated subcategory of Dy, (A) containing A coincides with Dy, (A). In particular,
the homomorphism 1 : Ko(A) = Ko(Ds, (A)) is surjective.

Proof. (1) It is not obvious in general that Homp  4)(V, W) forms a set since D,,,(A) is a localization
of Hy, (A). However, it is enough to show that Hy,(Proj.A) is skeletally small since the natural functor
H. (Proj A) = Dy, (A) is an equivalence by Fact 9.2.6. Note that Mor A = Uns,nepa Homa (M, N) forms
a set since A is skeletally small. Then Homy ) (V, W) is a quotient of the set Homc ) (V,W) C
17 Hom 4 (V?, W) and [Hy (Proj A)| is a subset of the set []";" Mor.A. Thus Hy, (Proj A) is skeletally
small.

(2) Since the natural inclusion A — C,,(A) and the natural functor C,,(A) — D,,(A) are exact,
their composition A — D,,(A) is also exact.

(3) For a collection S of objects in a triangulated category, it is well-known that every object of the
smallest triangulated category containing S is a (finite) iterated extension of shifts of objects belonging
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to S. Hence, Fact 9.2.7 implies that each object of D,,(.A) is an iterated extension of shifts of objects of
A, and thus ) is surjective. O

Finally, we explain the relation between periodic complexes and usual complexes. We will not use
the following results and explanations in the rest of this paper but they give a good picture of periodic
derived categories.

Let A be an abelian category. The symbol C(A) (resp. C°(A)) denotes the category of complexes
(resp. bounded complexes) over A. We introduce the functors ¢ and 7 as follows.

L Cm(A> — C(A), L(V) = (V(i mod m)’ dg mod m))iez ,

7 CP(A) — Cp(A), 7(V):= @ Vi, @ &,

j=imod m j=imod m €70,

The functors ¢ and 7 preserve quasi-isomorphisms, and induce triangulated functors ¢: D,,(A) — D(A)
and 7: DP(A) — D,,(A), respectively. The functor m: D(A) — D,,(A) is called the covering functor-.
This name comes from the following fact.

Fact 9.2.9 ([Sail, Corollary 3.29]). Let A be a skeletally small abelian category of finite global dimension
with enough projectives. Then, for any V,W € Db(A), we have

Homp,,, () (7V, 7W) = @ Hompy (4 (V, Wmi]).
1E€EL

In general, for an additive category C and an auto-equivalence F': C — C, the orbit category C/F of
C by F'is defined by

Ob(C/F):=0bC, Home,r(X,Y) =) Home (X, F'Y).
i€z
The composition of two morphisms f: X — FPY and g: Y — F9Z is defined by (FPg)of: X — FPTi1Z.
The natural functor 7: C — C/F is called the covering functor in general. The identity idgx gives rise
to a natural isomorphism 7(FX) = m(X) in C/F for all X € C. Roughly speaking, the orbit category
C/F is obtained by identifying the {F™}, cz-orbits of objects of C.

Fact 9.2.9 means that Imm C D,,(.A) can be identified with the orbit category D”(A)/[m] of the
bounded derived category by the m-shift functor. In fact, D,,(A) is the smallest triangulated category
containing the orbit category D”(A)/[m]. See [Kel05, Zhal4] for the detailed accounts.

An abelian category is called hereditary if it is of global dimension 1 and has enough projectives. The
periodic derived categories of hereditary abelian categories are rather simple.

Fact 9.2.10 ([Bril3, Lemma 4.2], [Stal8, Lemma 5.1], c.f. [Sail, Proposition 3.32]). Let A be a hereditary
abelian category. Then for any m-periodic complex V' € D,,(A), there exists an isomorphism V ~

@iezm Hi(V)[_i] in D, (A).

In particular, the covering functor w: D(A) — D,,(A) is essentially surjective, and thus the m-
periodic derived category D,,(A) can be identified with the orbit category D"(A)/[m)].

Example 9.2.11. Let k@ be a path algebra over a field k. By Fact 9.2.10, an indecomposable object
of D,,(modkQ@) is of the form M][i] for some M € modk@ and some i € Z,,. If m > 2, then we have

Homyg(M,N) if i =0 mod m
Homp,, (mod k@) (M, N[i]) = { Extyo(M,N) ifi=1mod m
0 if 1 £ 0,1 mod m

for any M, N € modk@ by Fact 9.2.9.

The category D,,(mod k@) admits Auslander-Reiten sequences [Ful2, Theorem 2.10], and the covering
functor 7: D”(mod k@) — D,,(mod kQ) preserves Auslander-Reiten sequences [Ful2, Theorem 3.1]. For
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example, let us consider the quiver @ = 1 < 2 < 3. Then the Auslander-Reiten quiver of Dy(mod k@)
is the following:

9.3 The Grothendieck groups of periodic derived categories

The following theorem is the main result of this chapter. It indicates that the m-periodic derived
categories behave similarly as the usual derived categories if m is even. In contrast, they behave strangely
if m is odd. The even periodic case is a direct generalization of [Ful2, Proposition 2.11], but the odd
periodic case is a new one and includes a new insight of odd periodic triangulated categories.

Theorem 9.3.1. Let A be a skeletally small abelian category with enough projectives. Suppose that the
global dimension of A is finite. Then we have an isomorphism

Ko(A) if m is even,

Ko(Din(A)) = {KO(A)F2 = Ko(A) @z Fy  if m is odd,

which is induced by the natural functor A — D,,(A). Here Fy is the finite field of two elements.

Proof. Let m be a positive integer, and p be the period of D,,(A). As explained in Remark 9.2.4, we
have the following three cases.
(i) m is even and p = m.
(ii) m is odd and p = m.
(iii) m is odd and p = 2m.
We prove Theorem 9.3.1 separately in these cases. The proof of the case (iii) will also work in the case
(ii), but we give separate proofs since the proof of the case (ii) is simple and motivates the proof of (iii).
In all the cases, we have a surjective homomorphism ¢ : Ko(A) — Ko (Dy,,(A)) induced by the natural
exact functor A — D,,(A) by Proposition 9.2.8. Now we separate the argument into each case.
(i) If m is even, then the Oth cohomology functor H° : D,,(A) — A induces a homomorphism

¢: Ko (Din(A)) — Ko(A),  [V]— Y (—1)[H (V)]
=1

by Lemma 9.1.2. The homomorphism ¢ is a retraction of ¥, and hence 1 is injective. Thus % is
an isomorphism.

(ii) If m is odd and p = m, then D,,(A) is an odd periodic triangulated category. Thus Kg (D,,(.A))
is an [Fy-vector space by Lemma 9.1.3; and ¢ induces a surjective homomorphism ¢, : Ko(A)p, —
Ko (Din(A)). The 0th cohomology functor H® : D,,,(A) — A also induces a homomorphism

052 Ko (Din(A)) — Ko(A)p,, (V] SIHH(V)] mod 2Ko(A)

i=1

by Lemma 9.1.4. The homomorphism ¢r, is clearly a retraction of ¢r,, and hence ¥r, is an
isomorphism.

(iii) If m is odd and p = 2m, then D,,(A) is an even periodic triangulated category. Before starting
the correct argument, let us give a try to do an analogous discussion as the case (i). Applying
Lemma 9.1.2 to the Oth cohomology functor H° : D,,,(A) — A, we have an induced homomorphism
¢: Ko (D (A)) = Ko(A), which turns out to be the zero map. Indeed, we have

2m m 2m
V)= (CU)H W] =Y (CUDH (V)] + Y (Z)H(V)]
i=1 i=1 1=m+1
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= Z(—l)i[Hi(V)] - (FV)IH(V)] =0.

=1

Thus, the proof of the case (i) does not work in the case (iii).

Although D,,(A) is even periodic, we can prove the similar results as Lemmas 9.1.3 and 9.1.4, that
is, Ko (D (A)) is an Fa-vector space and the assignment ¢g, (V) := >0 [H(V)] mod 2K (A)
defines a homomorphism ¢g,: Ko (D, (A)) = Ko(A)r,. We first prove that Ko (D, (A)) is an Fa-
vector space. An m-periodic complex V = (V*,d");cz,, and its m-shift X"V = (V', —d")cz,, are
not necessary isomorphic in D,,(A) in general. However, we have [V] = [E™V] in Kq (D, (A)).
We prove this by induction on the number ny of i € Z,, with V? # 0. It is clear if nyy = 0 or 1.
Suppose ny > 2. Then there exists i € Z,,, such that V¢ # 0. We may assume that i = 0. There
exists the following exact sequences in C,,(A).

0 0 0
! ! !
(e VTl 20y L v

H !

H
(e — Yl Vo Vi)

— <J+—T<¢—o

| L]
VO/ZO(V) (e —— 0 = VOZOV) — 0 — o),
| | | |
0 0 0 0
and
0 0 0 0
| | L
ZV) (= 00— Z2%(V) — 00— 1)

l |

l
eVl S 20 BV
[

sVl 0 —— V),

| I

0 0 0 0

Noting that V? = (¥™V)? and Z(V) = ZY(X™V), we also have exact sequences 0 — YU —
YV — VO/Z%V) = 0 and 0 — Z°%(V) — ¥™U — ¥™W — 0. Since ny < ny, we have [W] =
[E™W] in Ko (D), (A)) by the induction hypothesis. The canonical exact functor Cy,(A) — D, (A)
carries the exact sequences above to exact triangles in D,,(.A), and thus we have

é
;
|

VI=[W+[2°(V)] +[V?/2°(V)] = [E"W] + [2°(V)] + [V*/2°(V)] = [£"V] = —[V].

Hence Ko (D, (A)) is an Fa-vector space. The method above is Gorsky’s induction technique for
periodic complexes, which appears in the proof of Fact 9.2.7. See [Gor, Proposition 9.7].

Next, we prove that the assignment ¢, (V) := Y_7", [H*(V)] mod 2K(A) defines a homomorphism
o5, Ko (D (A)) = Ko(A)p,. Let U =V — W — 2U be an exact triangle in D,,(A). Note that
H°(U) = H™(U) holds. Then we have two exact sequences in A:

H = w) L amU) ~ HOU) L HO(V),

0= Kerg — HOU) % HO(V) = - — H™ V) = H™ Y (W) L Im f — 0.

A similar discussion as in Lemma 9.1.4 implies ¢p, (U) — ¢, (V) + ¢, (W) = 0 mod 2Ky (A).
The rest of the proof is similar to (ii).
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The proof is now finished. O
As an immediate corollary, we have the following.

Corollary 9.3.2. Let A be an Artin algebra of finite global dimension, and let n be the number of
isomorphism classes of simple modules. Then we have

7o if m is even.

Ko(Dy(mod A)) =~ ’

0(Dum ) {F;e" if m is odd.
Let us explain the motivation of Theorem 9.3.1 and Corollary 9.3.2. In [Sail], the author proves
the periodic tilting theorem, which gives a sufficient condition for a given triangulated category to be

equivalent to the periodic derived category of an algebra. We review some definitions and results in
[Sail].

Definition 9.3.3. Let 7 be an m-periodic triangulated category.
(1) An object T € T is called m-periodic tilting if it satisfies Hom(T,X'T) = 0 for any i € Z \ mZ
and the smallest thick triangulated category containing 7' coincides with 7.
(2) An m-periodic tilting object T' € T is called strict if the global dimension of the endomorphism
algebra Endr(T) is less than m.

We will not give the definitions of the conditions algebraic and idempotent complete in the following
theorem. See [Sail] for the precise description. We can say that these conditions are mild, and in fact
they are satisfied by almost all concrete triangulated categories appearing in the study of representations
of algebras.

Fact 9.3.4 (The periodic tilting theorem [Sail, Corollary 5.4]). Let T be an idempotent complete alge-
braic m-periodic triangulated category over a perfect field k. Suppose that Homy(X,Y') is finite dimen-
stonal over k for all objects X, Y € T. If T has a strict m-periodic tilting object T, then there exists a
triangulated equivalence T — D,,(mod A), where A := Endr(T).

The periodic tilting theorem and periodic tilting objects are periodic analogue of the usual tilting
theorem and tilting objects (c.f. [Tilt07]). Hence, we expect that periodic tilting objects have properties
similar to the usual tilting objects. However, we have the following example which was taught by
Professor Osamu Iyama in the conference Algebraic Lie Theory and Representation Theory, 2021.

Example 9.3.5. Let kA3 be the path algebra of the quiver 1 < 2 + 3 of type A3 over a perfect field
k. The Auslander-Reiten quiver of Dy(modkAj) is the following (see also Example 9.2.11):

Then X = @?:1 X;and Y = @?:1 Y; are both 2-periodic tilting objects in Da(modkAs). Thus,
the number of non-isomorphic summands of a periodic tilting object is not constant, while it is known
that the number of non-isomorphic summands of a tilting object is constant.

In the above Example 9.3.5, we observe that End(X) ~ kAs and End(Y") is isomorphic to a self-
injective Nakayama algebra, and hence X is strict but Y is not. Thus, we can expect that the number
of non-isomorphic summands of a strict periodic tilting object is constant. It is true as the following
Corollary 9.3.6 shows.

Corollary 9.3.6. Let m be a positive integer, and T be an idempotent complete algebraic m-periodic
triangulated category over a perfect field k. Suppose that Homy(X,Y) is finite dimensional over k for
all objects X,Y € T. Then the number of non-isomorphic summands of a strict periodic tilting object is
constant.
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Proof. Let T1,T> € T be strict m-periodic tilting objects, and set A; := End7(T;) (i = 1,2). Then
we have two triangulated equivalences 7 — D,,(mod A;) by Fact 9.3.4. Their composition induces an
isomorphism Kg(D,,(mod Ay)) =~ Ko(D,,(mod As)) of the Grothendieck groups. Hence A; and As have
the same number of isomorphism classes of simple modules by Corollary 9.3.2. Since the number of
non-isomorphic summands of T; is equal to the number of isomorphism classes of simple modules over
A;, we have the statement. O

88



Bibliography

[SGA4-1]

[Ati57)

[AH59]

[Bal05]

[Bei78]

[BS21]

[BG16]

[BOO1]

[BS58]

[Bral6]
[Bril3]

[Bro97]

[Bro9g]

[Bro03]

[BHST]

[BKS07]

[Biih10]

M. Artin, A. Grothendieck, J. L. Verdier (eds.), Théorie des topos et cohomologie étale des
schémas. Tome 1. Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964, SGA 4.
With the collaboration of N. Bourbaki, P. Deligne and B. Saint-Donat, Lecture Notes in
Mathematics 270, Springer Verlag, Berlin etc., 1972.

M. F. Atiyah, Vector bundles over an elliptic curve, Proc. London Math. Soc. 7 (1957),
414-452.

M. F. Atiyah, F. Hirzebruch, Riemann-Roch theorems for differentiable manifolds, Bull.
Amer. Math. Soc. 65 (1959), 276-281.

P. Balmer, The spectrum of prime ideals in tensor triangulated categories, J. Reine Angew.
Math. 588 (2005), 149-168.

A. A. Beilinson, Coherent sheaves on P™ and problems in linear algebra, Funktsional. Anal.

i Prilozhen. 12 (1978), no. 3, 68-69.

R. Bennett-Tennenhaus, A. Shah, Transport of structure in higher homological algebra, J.
Algebra 574 (2021), 514-549.

A. Berenstein, J. Greenstein, Primitively generated Hall algebras, Pacific J. Math. 281 (2016),
no. 2, 287-331.

A. Bondal, D. Orlov, Reconstruction of a variety from the derived category and groups of
autoequivalences, Comp. Math. 125 (2001), 327-344

A. Borel, J.-P. Serre, Le théoréme de Riemann-Roch, Bull. Soc. Math. France 86 (1958),
97-136.

M. Brandenburg, Rosenberg’s reconstruction theorem, Expo. Math. 36 (2018), no. 1, 98-117.

T. Bridgeland, Quantum groups via Hall algebras of complexes, Ann. Math., 177 (2013),
739-759.

G. Brookfield, Monoids and Categories of Noetherian Modules, PhD thesis, University of
California, Santa Barbara, 1997.

G. Brookfield, Direct sum cancellation of Noetherian modules, J. Algebra 200 (1998), no. 1,
207-224.

G. Brookfield, The extensional structure of commutative Noetherian rings, Comm. Algebra
31 (2003), no. 6, 2543-2571.

T. Brustle, S. Hassoun, A. Shah, A. Tattar, Stratifying systems and Jordan-Holder extrian-
gulated categories, arXiv:2208.07808.

A. B. Buan, H. Krause, . Solberg, Support varieties: an ideal approach, Homology Homo-
topy Appl. 9 (2007), no. 1, 45-74.

T. Biihler, Ezxact categories, Expo. Math. 28 (2010), no. 1, 1-69.

89



[CE56]
[Dei05]

[DHKS04]

[Eno22]

[ES]

[Fac02]

[Ful2]
[Gab62]
[GPOS]

[Gor]

[GW20]

[Gro57]

[Hap88]

[Har66]

[Har77)

[Hoc69]

[Hua21]

[KS06]

[Kan12]

[Kat94]
[Kel05]
[Kral0]

H. Cartan, S. Eilenberg, Homological algebra, Princeton University Press, Princeton, 1956.

A. Deitmar, Schemes over F1, Number fields and function fields—two parallel worlds, 87-100,
Progr. Math., 239, Birkhauser Boston, 2005.

W.-G. Dwyer, P.-S. Hirschhorn, D.-M. Kan, J.-H. Smith, Homotopy limit functors on model
categories and homotopical categories, Mathematical Surveys and Monographs, 113, Ameri-
can Mathematical Society, Providence, 2004.

H. Enomoto, The Jordan-Holder property and Grothendieck monoids of exact categories, Adv.
Math, 396 (2022).

H. Enomoto, S. Saito, Grothendieck monoids of extriangulated categories, preprint (2022),
arXiv:2208.02928.

A. Facchini, Direct sum decompositions of modules, semilocal endomorphism rings, and Krull
monoids, J. Algebra 256 (2002), no. 1, 280-307.

C. Fu, On root categories of finite-dimensional algebras, J. Alg., 370 (2012), 233-265.
P. Gabriel, Des catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323-448.

G. Garkusha, M. Prest, Reconstructing projective schemes from Serre subcategories, J. Alge-
bra 319 (2008), no. 3, 1132-1153.

M. Gorsky, Semi-derived Hall algebras and tilting invariance of Bridgeland—Hall algebras,
arXiv:1303.5879.

U. Gortz, T. Wedhorn, Algebraic geometry I. Schemes—with examples and exercises, Second
edition, Springer Studium Mathematik—Master, 2020.

A. Grothendieck, Sur quelques points d’alébre homologique, Tohoku Math. J. (2) 9 (1957),
119-221.

D. Happel, Triangulated categories in the representation theory of finite-dimensional alge-
bras, London Mathematical Society Lecture Note Series, 119, Cambridge University Press,
Cambridge, 1988.

R. Hartshorne, Residues and duality, Lecture Notes in Mathematics, No. 20 Springer-Verlag,
1966.

R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, 52, Springer-Verlag,
1977.

M. Hochster, Prime ideal structure in commutative rings, Trans. Amer. Math. Soc. 142
(1969), 43-60.

J. Haugland, The Grothendieck group of an n-exangulated category, Appl. Categ. Structures
29 (2021), no. 3, 431-446.

M. Kashiwara, P. Schapira, Categories and sheaves, Grundlehren der mathematischen Wis-
senschaften, 332, Springer-Verlag, 2006.

R. Kanda, Classifying Serre subcategories via atom spectrum, Adv. Math. 231 (2012), no.
3—4, 1572-1588.

K. Kato, Toric singularities, Amer. J. Math. 116 (1994), no. 5, 1073-1099.
B. Keller, On triangulated orbit categories, Doc. Math., 10 (2005), 551-581.

H. Krause, Localization theory for triangulated categories, in: T. Holm, P. Jgrgensen and
R. Rouquier (eds.), Triangulated categories, 161-235, London Math. Soc. Lecture Note Ser.
375, Cambridge Univ. Press, Cambridge 2010.

90



[Kun09]

[LeP97]

[LN19]

[LP11]

[Mac98]

[Mat18]

[Mat21]

[MT20]

[Men15]

[Miy67]
[Muk81]

[NOS22]

INP19]

[Nee01]

[Oga]

[Ogulg]

[PX97]
[PP12]

[Poi1895]
[Pop73]

[Ros98]

[Sail]

K. Kunen, The foundations of mathematics, Studies in Logic (London), 19. Mathematical
Logic and Foundations. College Publications, London, 2009.

J. Le Potier, Lectures on vector bundles, Cambridge Studies in Advanced Mathematics, 54,
Cambridge University Press, 1997.

Y. Liu, H. Nakaoka, Hearts of twin cotorsion pairs on extriangulated categories, J. Algebra
528 (2019), 96-149.

J. Lopez Pena, O. Lorscheid, Mapping Fi-land: an overview of geometries over the field
with one element, Noncommutative geometry, arithmetic, and related topics, 241-265, Johns
Hopkins Univ. Press, 2011.

S. Mac Lane, Categories for the working mathematician, Second edition, Graduate Texts in
Mathematics, 5, Springer-Verlag, New York, 1998.

H. Matsui, Classifying dense resolving and coresolving subcategories of exact categories via
Grothendieck groups, Algebr. Represent. Theory 21 (2018), no. 3, 551-563.

H. Matsui, Prime thick subcategories and spectra of derived and singularity categories of
noetherian schemes, Pacific J. Math. 313 (2021), no. 2, 433-457.

H. Matsui, R. Takahashi, Construction of spectra of triangulated categories and applications
to commutative rings, J. Math. Soc. Japan 72 (2020), no. 4, 1283-1307.

E. Mendelson, Introduction to mathematical logic. Sixth edition, Textbooks in Mathematics.
CRC Press, Boca Raton, 2015.

T. Miyata, Note on direct summands of modules, J. Math. Kyoto Univ. 7 (1967) 65-69.

S. Mukai, Duality between D(X) and D(X ) with its application to Picard sheaves, Nagoya
Math. J. 81 (1981), 153-175.

H. Nakaoka, Y. Ogawa, A. Sakai, Localization of extriangulated categories, J. Algebra 611
(2022), 341-398.

H. Nakaoka, Y. Palu, Ertriangulated categories, Hovey twin cotorsion pairs and model struc-
tures, Cah. Topol. Géom. Différ. Catég. 60 (2019), no. 2, 117-193.

A. Neeman, Triangulated categories, Annals of Mathematics Studies, 148, Princeton Univer-
sity Press, 2001.

Y. Ogawa, Localization of triangulated categories with respect to extension-closed subcate-
gories, preprint (2022), arXiv:2205.12116.

A. Ogus, Lectures on logarithmic algebraic geometry, Cambridge Studies in Advanced Math-
ematics, 178, Cambridge University Press, 2018.

L. Peng, J. Xiao, Root categories and simple Lie algebras, J. Alg., 198, (1997), no. 1, 19-56.

J. Picado, A. Pultr, Frames and locales. Topology without points, Frontiers in Mathematics.
Birkhauser/Springer Basel AG, 2012.

H. Poincaré, Analysis situs, Journal de I'Ecole Polytechnique (2), 1, (1895), 1-123.

N. Popescu, Abelian categories with applications to rings and modules, London Mathematical
Society Monographs, No. 3. Academic Press, 1973.

A. L. Rosenberg, The spectrum of abelian categories and reconstruction of schemes, Rings,
Hopf algebras, and Brauer groups, 257-274, Lecture Notes in Pure and Appl. Math. 197,
Dekker, New York, 1998.

S. Saito, Tilting objects in periodic triangulated categories, preprint (2021), arXiv:2011.14096.

91



[Tilt07]

[Ver67]

[Zhal4]

[2721]

S. Saito, The spectrum of Grothendieck monoid: classifying Serre subcategories and recon-
struction theorem, preprint (2022), arXiv:2206.15271.

S. Saito, A note on Grothendieck groups of periodic derived categories, J. Algebra 609 (2022),
552-566.

J. P. Serre, Faisceauz algébriques cohérents, Ann. of Math. 61 (1955), 197-278.
The Stacks Project Authors, Stacks Project, https://stacks.math.columbia.edu, 2022.

T. Stai, The triangulated hull of periodic complexes, Math. Res. Lett. 25 (2018), no. 1, 199
236.

B. Stenstrom, Rings of Quotients An Introduction to Methods of Ring Theory, Springer-
Verlag, 1975.

R. W. Thomason, The classification of triangulated subcategories, Compositio Math. 105
(1997), no. 1, 1-27.

L.A. Hiigel, D. Happel, H. Krause ed., Handbook of Tilting Theory, London Math. Soc. Lect.
Note Ser., 332 (2007), Cambridge University Press.

J.-L. Verdier, Des catégories dérivées des catégories abéliennes, PhD thesis. Université de
Paris, 1967.

X. Zhao, A note on the equivalence of m-periodic derived categories, Sc. China Math., 57
(2014), no. 11, 2329-2334.

B. Zhu, X. Zhuang, Grothendieck groups in extriangulated categories, J. Algebra 574 (2021),
206-232.

92


https://stacks.math.columbia.edu

	Introduction
	Background
	Homological methods in representation theory and algebraic geometry
	Grothendieck groups
	Grothendieck monoids

	Main results
	Classifying subcategories
	Categorifications of monoid operations
	Reconstruction theorems
	Periodic derived invariants

	Organization
	Acknowledgement

	Preliminaries
	Foundations for category theory
	Global notations and convention

	I General theory
	Grothendieck monoids of extriangulated categories
	Preliminaries: commutative monoids
	Preliminaries: extriangulated categories
	Definition and construction of Grothendieck monoids
	Grothendieck monoids of exact and triangulated categories

	Classifying subcategories via Grothendieck monoids
	Classifying c-closed subcategories via subsets
	Preliminaries: faces
	Classifying Serre subcategories via faces
	Classifying Serre subcategories of a length exact category
	Preliminaries: cofinal subgroups
	Classifying dense 2-out-of-3 subcategories via cofinal subgroups

	Quotient of monoids and localization of extriangulated categories
	Preliminaries: quotient of monoids
	Preliminaries: localization of extriangulated categories
	The Grothendieck monoid of the localization of an extriangulated category

	Localization of monoids and intermediate subcategories
	Preliminaries: localization of monoids
	Intermediate subcategories of the derived category
	The Grothendieck monoid of an intermediate subcategory
	Serre subcategories of an intermediate subcategory

	The spectra of Grothendieck monoids
	Preliminaries: the spectrum of a commutative monoid
	The spectrum of the Grothendieck monoid


	II Applications
	The Grothendieck monoids of smooth projective curves
	The case of coherent torsion sheaves
	The case of vector bundles
	The case of coherent sheaves

	Reconstruction of the topology of a noetherian scheme
	The Grothendieck groups of periodic derived categories
	Grothendieck groups of periodic triangulated categories
	Even periodic case
	Odd periodic case

	Preliminaries: periodic derived categories
	The Grothendieck groups of periodic derived categories



