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1. INTRODUCTION

In this paper, we discuss some properties of real numbers and some
functions in analytic number theory. This paper is divided into the
following four sections.

1. Introduction

2. Double analogue of Hamburger’s theorem

3. On the lem-sum function

4. A new construction of the real numbers by alternating series

Sections 2, 3 and 4 are devoted to the explanation of our main results.
Section 1 (this section) is divided into the following five parts.

1.1. Zeta-functions and arithmetic functions

1.2. Irrational numbers and Transcendental numbers
1.3. Summary of Section 2

1.4. Summary of Section 3

1.5. Summary of Section 4

Since the theory of zeta-functions and arithmetic functions and the
theory of irrational numbers and transcendental numbers are important
in analytic number theory, we show some facts in these theories in
Sections 1.1 and 1.2. The contents of Sections 2 and 3 relate to the
theory of zeta-functions and arithmetic functions. The contents of
Section 4 relate to the theory of irrational numbers and transcendental
numbers. In Sections 1.3 - 1.5, we give a summary of Sections 2 - 4.
These summaries are not long, because we give a detailed introduction
at the beginning of each section.

1.1. Zeta-functions and arithmetic functions. Let s = o+t with
o,t € R. The Riemann zeta-function ((s) is one of the most impor-
tant function in analytic number theory. The Riemann zeta-function

is defined by

oo

1
g(S) = E?

n=1

where o > 1. For ¢ > 1 the Riemann zeta-function can also be written
by the Euler product

1\ -1
((s) = mgne(l - Z;) :

By this fact, we can see a relationship between prime numbers and
¢(s). The function ((s) can be continued meromorphically to C and
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satisfies the functional equation

((s) = 2(27) IT(1 - 5) sm(%s)cu s,

where I'(s) is the Gamma function. Now we can state the Riemann
Hypothesis as follows :

Riemann Hypothesis. The real part of the zeros of ((s) in the region
0 <o < 1isequal to 1/2.

At present, the Riemann Hypothesis is an unsolved problem and one
of the most important problem in mathematics.

Let k € Nand S1 = 01+it1, vy S = Uk+Ztk with 01y ,O’k,tl, ce ,tk
R. Recently, multiple zeta-functions are studied by various authors.
The Euler-Zagier multiple zeta-function is one of the most important
multiple zeta-functions and defined by

o0

1 1
Ce(S1y -y Sk Z Z R Z —
= U _ ny
= ng=ni+1 ng=ng_1+1
where the sum is absolutely convergent in o, > 1,04_1+0, > 2,...,01+
-+ o0y > k. The function (x(s1, ..., sx) is continued meromorphically

to C* (see [1]). We note that (;(s1) = ((s1). In Section 2, we discuss
analytic properties of (5(s1, S2).

An arithmetic function f is a function f : N — C. An arithmetic
function f is multiplicative if and only if

f(mn) = f(m)f(n) for all ged(m,n) =1

holds, where ged(m,n) is the greatest common divisor of m and n.
If arithmetic functions f and g are multiplicative, then the Dirichlet
convolution product

(fxg)(n) =) _ f(d)g(n/d)
din

is also multiplicative. The relationship between the Riemann zeta-
function and the arithmetic functions are important. We show some
examples.

Example 1. The Mébius function p(n) is defined by

1 n=1

p(n) =9 (=% n=pips---py
0 otherwise,
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where p1, pa, . . ., pr are distinct prime numbers. The function p is mul-
tiplicative and satisfies

1 o pln)
5w
for o > 1 (see, for example, p. 3 in [26]). The Riemann Hypothesis is
equivalent to the statement that the estimate

3 uln) = O
1<n<z
holds for all € > 0 (see, for example, p. 47 in [14]).
Example 2. The Euler function ¢(n) is defined by
o(n) ={k € N |k <nand ged(k,n) = 1.}|.

The function ¢ is multiplicative and satisfies

Cs—1) o)

¢(s) n

n=1

for 0 > 2 (see, for example, p. 6 in [26]). We note that we use an

estimate of
> e(n)

1<n<x

in Section 3.

1.2. Irrational numbers and Transcendental numbers. An alge-
braic number is a root of equation of the form

™ + ap1 " -+ ay =0,

where n > 0, ag...,a, € Z and a, # 0. We denote the set of all
algebraic numbers by Q. A transcendental number « is a number
a € C\Q. If a € R is a transcendental number, then it is an irrational
number. Since Q (resp. Q) is a countable set, almost all numbers are
transcendental (resp. irrational). However, in general, it is difficult
to prove the transcendence (or irrationality) of a given number. The
following are well-known facts in the theory of irrational numbers and
transcendental numbers.

(1). The numbers e and 7 are transcendental.

(2). Let a,b € Q with a ¢ {0,1} and b € Q. Then a’ is transcendental,
which was proved by Gelfond and Schneider independently (see, for
example, p. 102-106 in [8]). By taking a =i and b = —2i, we see that
e™ is transcendental.
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(3). For n € N, ((2n) is transcendental, because
(271_)2n
2(2n)!

holds (see, for example, p. 98 in [24]), where B,, are Bernoulli numbers
defined by

¢(2n) = (~1)™*!

2n

z = 2"
— = ZOBnH (|z] < 2m)

(see, for example, p. 59 in [24]). For all n € NU {0}, B, is rational.
Apéry proved that ((3) is irrational (see [3] and [28]). However, whether
¢(5),¢(7),... are irrational or not is not known. We note that Rivoal
23] proved that there exist infinitely many irrational numbers in the
set {¢(2n+1) | n € N} and Zudilin [30] proved that one of the numbers

((5),¢(7),¢(9),¢(11) is irrational.

(4). We can conclude the irrationality of certain numbers by their dec-
imal expansion. For example,

62

<1

is an irrational number. In Section 4, we discuss an analogue of this
fact and prove the irrationality of certain numbers.

1.3. Summary of Section 2. Hamburger’s theorem states that the
Riemann zeta-function ((s) is characterized by its functional equa-
tion. Recently, Matsumoto [20] found a functional equation for Euler(-
Zagier) double zeta function (y(s1, s2), that is

g(s1,52) g(1 — 52,1 —s1)

™
= 2isin| — —-1) | F
(2m)sits2-1T(1 — s1) 515211 (s,) + Zsm(2 (51+82 )) (51, 52),

where F; is a meromorphic function defined in Section 2 and
F(l — 81)
F(SQ)

The purpose of Section 2 is to study a characterization of (5(s1, s2) and
¢(s) by Matsumoto’s functional equation and the well-known relation

Ca(s1,52) + Ca(s2, 81) = ((51)C(52) — ((81 + 82)-

The contents in Section 2 are a joint work with Kaneaki Matsuoka
(Graduate School of Mathematics, Nagoya University) and based on
[12].

g(s1, 52) = (51, 82) — [(s1+ s —1)¢(s1 + 82 — 1).
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1.4. Summary of Section 3. Pillai [22] first defined the ged-sum
function

o) = > ged(j,m)

and studied this function. The function g(n) was defined again by
Broughan [5]. The function g(n) and its analogue have been studied
by various authors. In Section 3, we consider the function

n

Lo(n) == Z(lcm(j,n))“
To(x) = La(n)

n<lz

for a € Z and x > 1. These functions were studied by Bordelles [4]
and Alladi [2]. In particular, the function L;(n) is called the lem-sum
function and is a natural analogue of the gcd-sum function. In Section
3, we give two kinds of asymptotic formulas for T,(z). Our results
include a generalization of Bordelles’s results and a refinement of the
error estimate in Alladi’s result. We prove these results by the method
similar to those of Bordelles.

The contents in Section 3 are a joint work with Kaneaki Matsuoka
(Graduate School of Mathematics, Nagoya University) and based on
[11].

1.5. Summary of Section 4. A. Knopfmacher and J. Knopfmacher
constructed the complete ordered field of real numbers by the Sylvester
expansion and the Engel expansion in [17] and by the alternating-
Sylvester expansion and the alternating-Engel expansion in [18]. These
series expansions for the real numbers are similar to the decimal ex-
pansion and the simple continued fraction expansion. The advantages
of these constructions are the fact that those are concrete and do not
depend on the notion of equivalence classes.

In Section 4, we define the generalized alternating-Sylvester expan-
sion for the real numbers and present a new method of constructing the
complete ordered field of real numbers from the ordered field of rational
numbers. Our method is a generalization of that of A. Knopfmacher
and J. Knopfmacher [18]. Our result implies that there exist infinitely
many ways of constructing the complete ordered field of real numbers.
As an application of our results, we prove the irrationality of certain
numbers by certain properties of the generalized alternating-Sylvester
expansion.

The contents of this section are based on [10].



2. DOUBLE ANALOGUE OF HAMBURGER'S THEOREM

The contents in this section are a joint work with Kaneaki Matsuoka
(Graduate School of Mathematics, Nagoya University) and based on
[12].

2.1. Introduction. Let s = 0 + it, s; = 01 + it1, So = 09 + ity with
0,01,09,t,t1,t € R. The Riemann zeta function ((s) satisfies the
functional equation

(2.1) C(s) =x(s)C(L = s),
where

() = 202001 sin( )

and I'(s) is the gamma function. The following theorem is well-known
as a characterization of ((s).

Hamburger’s theorem (see, for example, p. 31 in [26]). Let G(s)
be an integral function of finite order, P(s) a polynomial, and f(s) =
G(s)/P(s), and let
00 a,
f(s) = 2

be absolutely convergent for o > 1. Let a > 0 and

f(s) = x(s)g(1 - s),

00 b,
g(l—S) :ZF’

n=1

where

the series being absolutely convergent for o < —a. Then f(s) = C((s),
where C' 1s a constant.

The purpose of this paper is to give an analogue of Hamburger’s
theorem for the Euler double zeta function.
The Euler double zeta function (5(s1, s2) is defined by

1
<2(51,52> = Z " (0'1 + o9 > 2, o9 > 1)
1<m<n

and continued meromorphically on C? (see [1]). The functions ((s) and
(2(s1, $2) satisfy the functional relation

(2.2) Ca(s1,82) + Ca(s2, 51) = ((51)C(s52) — ((51 + 82)

for s1,80 € C. On the other hand Matsumoto obtained the following
result in [20].



Let
I'l —s
g(s1, s2) = Ca(s1,52) — %F(& + 59— 1)((s1 4+ s2 — 1).
2
Let
OO€i¢
U(a,c;z) = L / e Wy (14 y) " dy
o [(a) Jo

be the confluent hypergeometric function, where Ra > 0, —71 < ¢ < m,
¢ + arg x| < m/2. We use the notation oy(k) = 3_ d.

Matsumoto’s theorem. We have
(2.3)

g9(s1, 82) gl =sg,1—sy) .. (7
Eryrr (I —sy) e iD(sy) 2o\ glortse=l) JFis, sa),

where i = /—1 = exp(mi/2) and F(u,v) is the series defined by

(2.4) Fi(u,v) = Z Outo—1(k)U (v, u + v; 2mik).
k=1

The series (2.4) is convergent only in the region Ru < 0, Rv > 1, but
it can be continued meromorphically to the whole C? space.

The equation (2.3) is a functional equation for ((s1, $2).

Moreover, Komori, Matsumoto and Tsumura obtained the following
result in [19].

Let wq,ws € C and

0 1 > 1
Co((51, 825w, wa) = Z (muwq )t Z (mwy + nws )2’

m=1 n=1

where 2* = exp(slog z), log z = log |z| +iarg z and —7 < arg z < 7 for

z € C. Note that CQ(Sl, S92, ]_, ].) = <2(817 Sg). Let

F(]_ — 81)
I(s2)

Theorem (Komori, Matsumoto and Tsumura). For wy,ws € C with
Rwi > 0, Rwy > 0, the hyperplane

Go(s1, 525 W1, wa) = (51 4 85 — 1)C(s1 + 89 — 1wy w1752,

Qopy1 = {(51,82) €C? | s +s9=2k+1} (k€ Z\{0})
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is not a singular locus of (a(s1, S2;w1,ws). On this hyperplane the fol-
lowing functional equation holds:

(2.5)
. 1—31—32
271 2
(ZL) 7 rlatalonssionin) — mlon s, )
W12
s1+s9—1
271 2
= F(l - 31){@(1 — 89,1 — 81;w17¢02) - 90(1 — 82,1 — 51;W17W2)}
[CO5Y9%))

for (s1,82) € Qop1 (k€ Z )\ {0}).

The equation (2.5) is a functional equation for (s(s1, S2;wi,ws) on
the hyperplane Qo1 (K € Z )\ {0}). In the case w; = wy =1 we have

9(s1, 82) _ 91 —s3,1—s)
(271')51+52*1F(1 — 81> Z'SlJrSz*lF(SQ)

on the hyperplane Qo1 (k € Z\ {0}). Therefore we see that

(2.6) 2i sin(g(sl + sy — 1)) Fo(s1,85) =0

on the hyperplane Qg1 (k€ Z \ {0}).
The following is our main result. The cardinal number of the set A
is denoted by |A].

Theorem 2.1. Let G(s) be an integral function of finite order, P(s) a
polynomial, and f(s) = G(s)/P(s), and let
oo ajn
fls)=2_ =
n=1
be absolutely convergent for o > 1. Let fy(s1,52) be a meromorphic
function on C?. Let

(2.7) fa(s1,82) + fa(s2,81) = f(s1)f(s2) — f(s1+ 82)
and
(2.8)

: - F(l __51) S So9 — S So —
@r)y 1T — 5) (fz(sl’sz) Ty T+ s = DS (1 s 1))

1 F(Sz)

i (0

(1 =51 —s9)f(1—s1 — 82)>—|—

+2i sin(%(sl + 59— 1)) F(s1,82)
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in the C? space. Let f(2) = —2n%f(—1) and
fB3) _ dB)

(2.9) Jim T(s)f(s) = —g5 =25
Assume that at least one of the following conditions (a) or (b) holds.
(a) In the closed vertical strip D ={s € C |2 <o <4}, ((1—-3s) <K
[f(L=s)] and [{s € D[ f(1—s) =0} < 1.
(b) There exists a constant ¢ € C\ {0} such that

c= lim x(s)f(1-s),

where s € R.
Then f(s) = ((s) and fa(s1,52) = C2(s1, 52).

Note that both f and f5 are unknown functions in Theorem 2.1. This
implies that by using (2.2) and (2.3) we can obtain a characterization
of both ¢ and (,.

We do not assume f(s) = x(s)f(1 — s) in Theorem 2.1. However,
we can obtain f(s) = x(s)f(1 — s) from functional equations (2.7) and
(2.8). This is a key step of the proof of Theorem 2.1.

It seems that the choice of special values of f(s) in the assumptions
of Theorem 2.1 can be replaced by other special values. In some sense,
it is indeed possible, but there is a problem. We will explain this point
after the proof of Theorem 2.1 (see Remark 2.2).

2.2. Lemmas for the proof of Theorem 2.1. In this section, we
collect some auxiliary results.

Lemma 2.1. Let f and g be meromorphic functions on C. Assume
that the functions f and g satisfy the functional equations

(2.10) () (1= 5) = g(s)g(1 — ) = 1
and
(2.11) f(s)f(k—s)=g(s)g(k —s)

for some k € R\ {1}. If there exists a g € R such that f(s)/g(s)
is bounded in the closed vertical strip D = {s € C | 09 < Rs <
oo+ |k — 1|}, then f(s) = +g(s).

Proof. We define r(s) = f(s)/g(s). By using (2.10) and (2.11) we have

glk—s) _fA—(k—59)
r(s) = = =r(s—(k—1)),
A CEr T ) B
namely, 7(s) is a periodic function with period |k — 1|. Since r(s) is
bounded in D, r(s) is a constant by Liouville’s theorem. On the other
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hand, in the case s = 1/2, we have f(1/2)? = ¢g(1/2)? = 1. This implies
the lemma. 0

Lemma 2.2. Let T > 0. Let h(s) be a meromorphic function on C
and r(s) := h(s)/h(1 — s). Assume that r(s +T) = r(s) holds for all
s € C. If there exist

and

lim A(l—s)#0,

s—+00,s€R

then r(s) =1 for all s € C.

Proof. We assume s € R and k£ € N. We define
c:= lim h(s).

s—~+00,8€R
Since we have r(1/2) = 1, we obtain
c= lim h(1/24kT) = (1/2+kT)h(1/2—kT) = lim h(1/2—kT).
k—+o00 k—+oo

lim r
k—+o00
Therefore we obtain lim,, 1 h(1—s) = ¢ # 0. If r(s) is not a constant,
then there exists an x such that r(x) # 1. Hence, we have

c= lim h(z+kT) = klirf r(z+ kT)h(1l — 2z — kT) = r(x)c,
—400

k—+o0
but this is impossible. 0

Note that Lemma 2.1 and Lemma 2.2 correspond to assumptions (a)
and (b) in Theorem 2.1, respectively.

Lemma 2.3. Let g(s1,52) be a meromorphic function on C*. The
solution of the functional equation

(2.12) g(s1,82) + g(s2,51) = ((51)((52) — ((51 + 52)

is
g(s1,52) = Ca(851,52) + @(s51, 52),

where p(s1,$2) s a meromorphic function which satisfies @(sa,51) =

_90(317 32)'

Proof. Let g be an arbitrary solution of (2.12). We define
F(s1,82) = g(51,52) — Ga(51, 82).

By (2.2) and (2.12) we have

F(s1,82) = g(s1,82) — Ca(51, 52) = Ca(82, 81) — g(s2, 51).

This implies F(sq, 1) = —F(s1, 82). Therefore we can write

(2.13) 9(51732> = C2(31>52) +90(51732>7



13

where ¢(s1, s9) is a meromorphic function which satisfies ¢(sq,$1) =
—p(s1, 52). On the other hand, (2.13) actually satisfies (2.12). O

Remark 2.1. Let f(s) be a meromorphic function on C. Assume that
f(s) does not have a pole at s = 0. If f(s) satisfies the functional
equation

(2.14) Ca(s1,82) + Cals2,81) = f(s1)f(s2) — f(s1+ 52),
then f(s) = ((s).

This claim implies that {(s) can be characterized by the functional
equation (2.14). We can prove this claim as follows.
By (2.2) we have

(2.15) f(s1)f(s2) = f(s1+ s2) = ((s51)((52) — ((51 + 52),

and by setting s; = 0 and sy = s, we obtain

F(s)(f(0) =1) = ¢(s)(¢(0) = 1).
Since ((0) = —1/2, we obtain

(2.16) f(s) = CC(s),
where C'is a constant. By substituting (2.16) into (2.15), we have

(C? = 1)¢(s1)¢(52) = (C = 1)¢(s1 + 52),

and with s; = sy = s,

(C% = 1)¢(s)* = (C = 1)¢(29),
which is possible if and only if C'= 1. Hence, we obtain f(s) = ((s).
2.3. Proof of Theorem 2.1. Now, we prove our main result.

Proof. We define C(s1,s2) = I'(s2)/I'(1 — s1). In the case s; + s5 = 3
we have

F(3 - 81)
F(]_ — 81)
By this relation, we see C'(sy, s1) = C(s1, $2) in the case s1+s5 = 3. On
the other hand, we can easily see x(s)x(3—s) = —47%((s—1)(s—2))7*
by the definition of x(s). Therefore, in the case s; + s; = 3, we obtain
X(s1)x(s2) = —47%(C(s1, 82))~!. Now, we assume s; + s, = 3. By (2.6)
we obtain

_4L7T20(31’ $2)(f2(s1,82)=C(s1,82) " f(2)) = fa(1=52,1=51)+C (51, 52) {3;32)

By interchanging s; and sy, we obtain

C(s1,82) = = (s1—1)(s1 —2).

—%0(817 52)(fa(52,81)=C(s1,82) 7' [(2)) = fo(1=51,1=82)+C(s1, 82)@

47 82’
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By adding the last two equations and using (2.7), we obtain
1

— 52051, 82)(f(51) f(s2) = f(3) = 2f(2)C (51, 52)71) =
F(1 = s0)f(1 = s2) = (=) +2C(s1, 52
namely,
(2.17) f(s1)f(3 = s1) = —47*(C(s1,52)) " f(1 = 51) f (51 — 2)

= X(s1)x(3 = s1)f(1 = s1)f(s1 — 2)
by f(2) = —272f(—1) and (2.9). If we define K(s) = f(s)/f(1 — s),
then we have K(s)K(1 —s) =1 and, by (2.17),

B f(s)f(83 —s)
218 XN = e — )
Ohn the oilher hand, if we define r(s) = K(s)/x(s) and h(s) = f(s)/{(s),
then we have

= K(s)K(3 —s).

) C-s)
(2.19) r(s) = (5 F=s)
by the definition of r(s),

(2.20) r(s) = % —r(s—2)
by (2.18) and the definition of r(s) an

(2.21) h(s) = ()(1—8)
by (2.1) and the definition of K (s).

First we assume that (a) holds. Since ((s) > 1 and f(s) < 1 in the
case 0 > 2, f(s)/C(s) is bounded in D. By (a) and (2.9), f'(—=2) # 0
and f(1—s) =01in D if and only if s = 3. Therefore ((1 —s)/f(1—s)
is bounded in D, namely, by (2.19), r(s) is also bounded in D. Hence,
we obtain K(s) = £x(s) by setting f = K and ¢ = x in Lemma 2.1,
and we obtain K(s) = x(s) by K(1/2) = x(1/2) = 1. This implies
f = ¢ by Hamburger’s theorem and (2.9).

Next we assume that (b) holds. Note that

i de aqp(n/d)

(s) = -
n=1

holds, where 1 is the Mobius function. By (b) we have

lim h(l—s)= lim w:c#@

s—+400 s—+00 C(S)
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for s € R. Since (2.20) and (2.21) hold, we obtain K(s) = x(s) by
Lemma 2.2. This implies f = ¢ by Hamburger’s theorem and (2.9).

Hereafter, we assume sq, s € C, namely, we do not assume sy + s =
3. If f =(, then, by Lemma 2.3, we can write

fa(s1,82) = Ga(s1, 52) + (51, 52),

where ¢ is a meromorphic function which satisfies ¢(s9, $1) = —¢(s1, $2).
The remaining task is to prove ¢ = 0. Note that the pair fy = (, and
f = ( is a solution of (2.8) by Matsumoto’s theorem. By subtracting
(2.3) from (2.8) we obtain

©(s1, 52) _ p(l—s93,1—s1)
(27T)31+3271F(1 — 81) Z’Sl+s2711—‘<32>

If we assume ¢ # 0, then we can define

2 81+82—1I‘ 1 —
G(s1,82) = plons) | ﬂ). — ( Sl),
©(1 — 59,1 — 59) o152 (59)
and we have
G(SQ,SI) = _SO(SI’S2) = G(Sl,Sz).

—p(1 — 59,1 —59)
However, this implies that
N(1—s) TI(1-sy)

[(s2)  T(s1)
holds, namely, sin ws; = sin wss holds for all s;,s5 € C. This is impos-
sible. This completes the proof. U

Remark 2.2. We guess that if assumption (b) holds, then the choice of
special values of f(s) in Theorem 2.1 can be replaced by other special
values, namely, we choose hyperplane s; + so = 2k +1 (0 # k € Z)
instead of the hyperplane s; + s; = 3 in the proof of Theorem 2.1.
However, if assumption (b) does not hold, then assumption (a) must
be replaced by a more complicate assumption, because we use (2.9)
when we determine the zeros of f(1 —s) in D.
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3. ON THE LCM-SUM FUNCTION

The contents in this section are a joint work with Kaneaki Matsuoka
(Graduate School of Mathematics, Nagoya University) and based on
[11].

3.1. Introduction. Pillai [22] first defined the ged-sum function
g(n) = gcd(j,n)
j=1

and studied this function. The function g(n) was defined again by
Broughan [5]. Broughan considered

Galz) =) ng(n)

for @« € Rand z > 1, and obtained some asymptotic formulas for G, (z).
The function G,(x) was studied by some authors (see, for example,
6, 25]). Some generalizations of the function g(n) was considered (see,
for example, [4, 27]).

On the other hand, the lcm-sum function

[(n) = Zlcm(j, n)

was considered by some authors. Alladi [2] studied the sum

n

> (em(jn))”  (reR,r>1)

Jj=1

and obtained

(3.1) Z Z(lem(j, n)) = %xww Oz,

n<lz j=1

We define the functions

fora e Z and x > 1.
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Bordelles studied the sums 7' (x) and 71 (z) and obtained

ln) = 201 ( + ) ¥ 1) ).

Z Zlcm(j, n) = ﬂx‘l + O(z*(log z)*3(loglog 2)*3)  (z > e),

n<lz j=1 8€(2)
3 1 _ (logz)*  (logz)? A2
nzgx ; lem(j,n)  6((2) + 20(2) (7 + log(%>) + O(log ),

where Id*(n) = n® (a € Z),
1, ifn=1;
To(n) = {

0, otherwise,

F x G is the usual Dirichlet convolution product and A is the Glaisher-
Kinkelin constant [24, p. 25]). Gould and Shonhiwa [9] stated that the
log —factors in the error term in the second formula can be removed.

In this paper we study T,(x) for a > 2 or a < —2. The following
theorems are our main results. These results are proved by the methods
similar to those of Bordelles [4, Section 6].

We write f(z) = O(g(z)), or equivalently f(x) < g(x), where there
is a constant C' > 0 such that |f(x)| < Cg(z) for all values of z under
consideration.

Theorem 3.1. Let B, be Bernoulli numbers defined by

z OOBZ"
ez—l_Z "l
n=0

If we define .
oun) = Y td) (%)
djn

and

a—1
1 1 1 a+1
Mu(n) o= (1% [ ——p+ -+ —— > B
(n) ( (a+1“0+270+a+1k1<k+1> ’““9”’“»(”)’

then for a € Z we have
L,(n) = (M, x1d")(n).
Theorem 3.2. Let x > e and a € N. Then we have

—2(5$ $22<>(2>x2“+2+0(x2“+1(10g 2)*3(loglog z)*?)  (as x — o),

where the implied constant depends on a.

To(x) =
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Theorem 3.3. Let x > 1 and k € N with kK > 2. Then we have

(3.2) > Loi(n) = @(1 + %)

T_k<I> =

(as x — 00),

C(k) ( S(B)*\ (k)" logx 1
2 <1+g(2k)> _(k — Dk + 1)+O(x )

where the implied constant depends on k.

We note that the function L,(n) is not multiplicative for all a € Z \
{0}, but we can write L,(n) (a > 1) explicitly by Dirichlet convolution.
In the proof of Theorem 3.2 we use this fact. The error estimates in
Theorem 3.2 are better than (3.1). Since we have

n

gr(n) =) _(ged(j,n))" > (n)

j=1

Z 9-(n)

is divergent for all 7. Therefore the behavior of the sum T,(x) (a € Z
and a < —2) is completely different from that of the sum

Z 9a(n2)

n<x

for all » € R, the sum

3.2. Lemmas for the proof of theorems. In this section, we collect
some auxiliary results and definitions.
Let B, (x) be Bernoulli polynomials defined by

ze z
e —1 n(l')g
—0
The following relations are well- known (24, p. 59].
Bu(z +1) = By(x) =

Bl (Z) By
B,(0) = B, ( =B, (n>1).

Lemma 3.1. Let m,n € N and
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Then we have

mntt 1 1 n—+1
Sn _ fapoe ) B n—
) = T () B
Proof. We have
1
$um) = ——=(Bua(m +1) = B (1)
1
= n——|—1(B"+1( )+ (n+1)m" — Byy1)
1 n+1 n+ 1
= Bym" 1k 1 B
mntt ~— (n+1
= B n—
nt1 1(k+1) et
O
We use the following lemmas in the proof of Theorem 3.2.
Lemma 3.2. Let r,k € N with r > k and x > 1. We have
>_nen(n
n<z
Proof. We have
Sl = X0t Y i
n<z n<x din
= p(d)d* (dF + (2d)F + -+ (d|z/d]) )
d<z
- Suir X
d<z j<a/d
< $7"+1
O
Lemma 3.3. Letr € N and x > e. We have
r+2
0O r+1 1 2/3 log 1 4/3
> n"e(n) —T+2)€(2)+ (2" (log x)**(loglog #)**)  (as x — o),

n<x

where the implied constant depends on r.
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Proof. We can obtain the lemma by the estimate [29]

2

S eln + O(a(log ) (loglog ) /%)
()

n<x

and the partial summation formula.

3.3. Proof of Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1. We have

n

Z(gcdn9> Z Z

dn j=
cd(4; )
-z Z (kdy =2, >, K"
dln k<n/d dln k<n/d
ged(k,n/d)=1 ged(k,n/d)=1

By Lemma 3.1 we have

Dok =D Tk > pld)=) du(d) > m

k<N k<N  d|ged(k,N) d|N m<N/d

ged(k,N)=1
1 /N\“T" 1/N\°
p— da — —_— — —_—
o) +a()
d|N
_|_
+

d|N d|N
Ne X fa+1 d\"
B _
Py <k+ 1) ’““Z“(d)(N)
k=1 d|N
a—1
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Hence we obtain

E) (e B e

din 1

— (M, % 1d%)(n).
O

Proof of Theorem 3.2. By Lemma 3.2, Lemma 3.3 and Theorem 3.1,
we have

D La(n) =) (M, *1d%)(n) = > d* > M,(

n<z n<w d<z m<z/d

1
1 1 1 a+1
:E:dGE R E— —E B
m ( +190+20+ +1k1<k+1) k+190k)(m)

d<wz m<z/d

:a+1z Zm(p (a+1)+

d<z m<z/d

1 a—1 +1 . .
z()z 5w

d<z m<z/d

- (@ (@)
(( )2a+1 (log(x/d) 2/3(10g10g(m/d))4/3))+

O(z° (Z d*(z/d) 2a+1>

d<zx
2a+2 2 X » »
~a+D(2a+2)C Z da+2 “*!(log )** (loglog z)"/*)+
_|_ O( 2a+1)'
This implies the theorem. 0

3.4. Proof of Theorem 3.3.
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Proof of Theorem 3.3. Since we have

n

Lorn) = Z (lcm n,j))

= TR Ly Y
dln Jj=1
ged(j,n)=d
1 & 1
=>4 Y o=
dn i<
ged(i, 7)=1
1 1
-G 2w
dn i<
ged(i, 7)=1

we obtain

> L =Y

1<j
ged(4,7)
=1
=)D+ =
j=1 J i<j
ged(i,5)=
=1
> z )
n=1 i<j
ged(i,5)=
J=n
Also we have

nk
n=2 """ ged(ig)
gcd ’Lj) ij=n
ij=n
and the relation [26, 1.2.8]
. i Z _ G(R)?
n=1 nk ged(i,5)= C(2k)
ij=n

Therefore we obtain

SiCE v ) )

C(2k)
ged(i,j)=1

ij=n

This implies (3.2).
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By the relation

k k)
> L) = %(1 + g((y)g)) — Y Lk(n),

n<x n>x

the remaining task is to estimate the sum Z _k(n). We have

Srm= Y Y

n>x n>x dln z<" d=1 h> i<h J

gcd(z,g): ged(5,h)=1

XY aply oo

k
) J<h 7 4| ged(4,h)

n>x

SH

d=1 h>2 Sh m<h
=1 «— (o) 1

- Z dk Z k§2k La ik
d=1 6=1 l>% m<l
=1 . 1 1

=> 2 > du()) 2k
q=1 dé=q l>% m<l
=1 . 1 1=k k

=2 2 dn(®) ) (k) — = +00™)
q=1 dé=q l>%

Y LS e S ey - 2L op
Do 20 (W =g+ 0™ )+
g<zx dé=q l>§

k 1 Ik —k
3 S ) Y 5 (k) -+ ou)
q>x dd=q l>%

= Sl + SQ,

say. We have
1 [* A
=Y ) Y g (e - o)
gz I 45— q 1>z
¢(
=3 Y ( ) (a/q) 41 + O((afa) )~
q<x dé=q
2k+2
(5)~*

—Kk_D@k_m+4xwm>%“0
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=% ko) (w0 4 Ol

q<a: déd=q
C(k)
=2 Z ( (2/q) " + O((x/9)” ))
q<oc dlq
C(k‘)x i u( _ ()]
=T Zd_ <$k22|: dk>
q<z d|q q<z d|q
- _1 ZZ _1gk+1 _kH)
d<z j<*
Ck —k+1 d 3
- O S os(5) 5 0t
_ ((k)z*log et
=Gy o)
and
1 " 1 [1F k
S e X o) (e - = + o)
q> dé=q l>%
o0 1 ll k B
<<Z 2kz Zl_k< 1+O(l k>>
q>x dé=q =1
<Yty
q>z dlq
< kL
Therefore we obtain
(k) “lloga .
;L 1)<(k+1>—|—0($ ).

This completes the proof.
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4. A NEW CONSTRUCTION OF THE REAL NUMBERS BY
ALTERNATING SERIES

The contents of this section are based on [10].

4.1. Introduction. The purpose of this paper is to present a new
method of constructing the complete ordered field of real numbers from
the ordered field of rational numbers. Our method is similar to the
method which was established by A. Knopfmacher and J. Knopfmacher
in [18], but our method is more general. Moreover our result gives
infinitely many ways of constructing the complete ordered field of real
numbers. As an application of our results, we prove the irrationality
of certain series.

A. Knopfmacher and J. Knopfmacher constructed the complete or-
dered field of real numbers by the Sylvester expansion and the En-
gel expansion in [17] and by the alternating-Sylvester expansion and
the alternating-Engel expansion in [18]. The advantages of these con-
structions are the fact that those are concrete and do not depend on
the notion of equivalence classes. The alternating-Sylvester expan-
sion and the alternating-Engel expansion are generalizations of Op-
penheim’s expansion (see [21]) and special cases of the alternating
Balkema-Oppenheim’s expansion (see [13]), which were introduced by
A. Knopfmacher and J. Knopfmacher in [18]. The definition of the
alternating-Sylvester expansion and the alternating-FEngel expansion
are the following.

(i) Alternating-Sylvester expansion. Let o € R, a9 = [a] and A; =
{a}, where {2} = x — [z]. We define, for n € N and A,, > 0,

=)
ap = | —
A,
and
1

An+1:__An

Then
1 1 1

(4.1) a=aq+———+——...,

a1 a2 a3

where a; > 1 and a,,41 > a,(a, + 1) for n € N.

(ii) Alternating-Engel expansion. Let o € R, ag = [a] and A; =
{a}. We define, for n € N and A4,, > 0,

(3]
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and
An+1 = 1 — anAn.
Then
1 1 1
(42) o=ay+ — — + — ...,

a1 a1a2 a1a203

where a; > 1 and a,41 > a; + 1 for n € N.
The relation

(4.3) — <ac< (€ (0,1], d=[a"")

is used in these expansions. We introduce a new series expansion for
every real numbers by using a more general relation

c c
_— <— g -1 .
d+1<a_d (€ (0,1, ceN, d=[ca™])

Definition 4.1 (Generalized alternating-Sylvester expansion). Let a €
R, ¢ = [a] and Ay = {a}. Let {c,}52, be a sequence of positive
integers. We define, forn € N,

an =5 (or An#0),

A,
o[ A0
10 (4,=0)
and
An-‘rl =dq4n — An
Then
(4.4) a=q+ Y (=1)" g
n=1

If we regard the alternating-Sylvester series (4.1) as an analogue of
the regular continued fraction

(I()“‘ )
a; +
as +

1
a3_|_...
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the generalized alternating-Sylvester series (4.4) is an analogue of the
continued fraction
@]

ag +
C2
aq +

C3
(05} +

as _|_ . o

By taking some appropriate {¢,}, we can get a simple continued frac-
tion representation for some real numbers. For example, we have (see
(2.1.22) in [15])

4

12

22

S+

1+

T4
On the other hand, the regular continued fraction representation of 7
is complicate. Therefore we can expect that if we take some appropri-
ate {c,}, then we can get a simple series representation for some real
numbers. In fact we can prove irrationality of certain numbers by using
such a representation.

The outline of this paper is the following. In Section 4.2 we study
some fundamental properties of the generalized alternating-Sylvester
series. In Section 4.3 we take an arbitrary sequence of positive integers
{c,}32, such that ¢, | ¢,41 for all n € N and we prove that the set

(4.5) S{en}) = H{an}nZo [ {an} appears in (4.4)}

can be identified with the complete ordered field of real numbers R by
introducing the relation < and the operator + and -. In other words
we prove that S({c,}) becomes an ordered field which is isomorphic to
R. Since there exist infinitely many {c,} such that ¢, | ¢,11, this im-
plies that there exist infinitely many ways of constructing the complete
ordered field of real numbers. Our construction is similar to that in
[18]. Therefore our construction is also concrete and does not use the
notion of equivalence classes. When we prove that S({¢,}) becomes an
ordered field, we use a general lemma (see Lemma 4.7). It seems that
this lemma can be used in [16], [17] and [18]. In Section 4.4, we prove
the irrationality of certain series by Proposition 4.3 and Proposition
4.4.

Remark 4.1. At first glance, it seems that we can define generalized
alternating-Engel series as follows :
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Let « € R, Aj = a—ag with 0 < A; < 1, a9 € Z. Let {¢,} be a
sequence of positive integers. We define, for n € N and A,, # 0,

and

Then
C1 Co C3

3] @102 a10a2as3

However, a,.1 > a, does not hold in this series. For example, if we
set Ay = a =5/7, ¢ =2 and ¢y = 1, then a; = 2, Ay = 4/7 and
as = 1. This is a trouble. In order to simplify the argument we do not
argue on this series.

4.2. Fundamental properties of the generalized alternating Sylvester
series. In this section, we take an arbitrary sequence of positive inte-
gers {¢, }5°, and fix it.

Proposition 4.1. The generalized alternating-Sylvester series has the
following properties for n € N.

(1) If A, # 0, then we have

Cn

c
<A, <=2,
a, + 1 an

(2) If Apy1 # 0, then we have

Cn+1

Upy1 + 1> an(a, +1).

CTL
(3) The inequality A,, > A,11 holds. If A, # 0, then we even have
Ap > Anir.
4) The inequality q, < 1 holds.
5) If Apyq # 0, then we have apyq > ayp.
6) If A, # 0, then we have A, 11 < ﬁ
7) The inequality G, > Gni1 holds. If g,+1 # 0, then we even have
qn > qn+1-

(
(
(
(

Proof. (1) This trivially follows from the definition of the generalized
alternating-Sylvester expansion.
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(2) From (1) and the definition, we have
Cn+1
An—i—l

Cn+1

Cn

an+1 +1 >

a,
Cn+1
Cn __ _Cn

an an+1

= Cnt1 an(an -+ 1)

Cn

(3) In the case A, =0, we have A, > A,1. For A, # 0, we have

>

c c c
App <o o O
a, a,+1 a,+1

(4) By (3), we have A,, < 1 for all n. Hence,

< A,.

el
An = || =2 Cn
An
holds. This implies (4).
(5) From (2), we have (5) by using (4).
(6) By (4), we have
c c c 1
Ay < —— — = n < ,
+ a, ap+1 apla,+1) = a,+1

(7) In the case ¢,+1 = 0, we have ¢, > ¢,+1. For ¢,11 # 0, we have

Cn+1 Cn+1 1
Gn+1 < — < <—<gq
" Cni1@n Han +1) =1 7 cprian + i1 —1 7~ ay "

by (2) and (4). O

Remark 4.2. Since we have
n

(1) lge = A+ (1) Ay (foralln € N),

k=1

the series in (4.4) converges by Proposition 4.1 (5), (6). Hence,

(4.6) ()" 'Y (=D = ()" Y (D (A + A) = 4,

holds for all n € N.

In order to prove Proposition 4.2 we require some lemmas.
We can easily see that the following lemma holds.

Lemma 4.1. Let ¢,d € N and a € (0,1]. Then
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(1) there does not exist d' € Z such that
c c ¢
i1~ a = d
(2) d = [ca™] is equivalent to
c
d+1°

<€
a< —.
—d

Lemma 4.2. Let o,/ € (0,1], c € N, d = [¢/a] and d' = [¢/]. If
c/d # c/d then a < o is equivalent to ¢/d < c¢/d'.

Proof. First, we assume a < «'. Since ¢/(d 4+ 1) < a < ¢/d and
c/(d 4+ 1) < o < c¢/d hold by Lemma 4.1 (2), it is sufficient that we
consider the following cases.
(1) a <o <c/d.
(2) ¢/(d+1)<a<c/d<d.
(B) a<c/(d+1)<da.
If (1) holds, then we have
c
d+1
This implies that ¢/d = ¢/d’ by Lemma 4.1 (2), which is impossible.
If (2) holds, then we have
C St
d+1 d —d’
which is impossible by Lemma 4.1 (1).
If (3) holds, then we have

c
<a<ad <-=.
d

by Lemma 4.1 (1).

Next, we assume c¢/d < ¢/d'. Since ¢/(d' + 1) < ¢/d is impossible by
Lemma 4.1 (1), we have
c c ,

< =< < .
“=acav1t"

Al

O

Proposition 4.2. Let a,a’ € R with a # o/. We define a,/, A,/
and ¢, as a,, A, and q, which appear in the generalized alternating
Sylvester expansion of o/, respectively. Let

i =min{j € NU{0} | ¢; # ¢;}.
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Then o < o is equivalent to

{q,-<q,§ (1=0 or2ti),

¢>q (2]iandi>2).

Proof. First, we consider the case i = 0. If & < o/, then we have
qo = [a] < [&/] = q. Therefore we obtain ¢y < ¢j. On the other hand,
if gy < (), then we have [a] < [@/]. Therefore we obtain a < /.

Next, we assume ¢ # 0. Then we can write
(4.7)

i—1

“= q0+2 ot (=D)AL o =) (D) g (=) A

k=1
by Remark 4.2. These relations imply that o < o' is equivalent to

A; < Al (211),
—A; < —A, (2]iandi>2).

By Proposition 4.1 (1) and Lemma 4.2, this is equivalent to
¢ >q. (2]iandi>2).

This implies the proposition. O

In order to consider the case a € Q we prove the next lemma.

Lemma 4.3. Let ¢ € N and p/q € QN (0,1] with p,q € N. Let
d = [cq/p]. Then the numerator of ¢/d — p/q is less than p. In other
words, cq — dp < p.

Proof. We have

cq cq p—1
cq—dpch—<;—{p}>p<7p p—1

O

Proposition 4.3. The real number « is rational if and only if there
exists an m € N such that q,, = 0.

Proof. 1f there exists an m € N such that ¢,, = 0, then « is rational.
We assume o = p/q, where p,q € Z and ¢ # 0. Without loss of
generality, we may assume that ¢o = 0, A; = p/q and p,q > 0. By
the definition of a,, A, and Lemma 4.3, the numerator of A, is strictly
monotonically decreasing. This implies the proposition. U
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Propositions 4.1, 4.2 and 4.3 imply that the generalized alternating-
Sylvester series is similar to alternating-Sylvester series.

4.3. Construction of the real numbers. In this section we take
an arbitrary sequence of positive integers {c,}2, which satisfies the
condition ¢, | ¢,41 for all n € N and fix it. Moreover we identify

{122, € S{en}) with (qo, g1, go, - - - ).

Remark 4.3. By the condition ¢, | ¢,11 for any n € N, the inequality
in Proposition 4.1 (2) becomes

Cn+1

An+1 Z an(an + 1)

If the equality holds in the above and ¢, 2 = 0, then we have
Cn,

an +1°

This contradicts the definition of ¢,. Hence, ¢, # 0 or

An =qn — Qnt+1 =

cn—i—l

(py1 > an(a, + 1)

n

holds.

In Section 1, we assumed the existence of the real numbers, and we
defined S({c,}) in (4.5). In order to use S({c,}) for the construction
of the real numbers, here we remove that assumption.

First we will define a set of sequences of rational numbers T'({c,}).
We will prove S({c,}) = T({¢,}) in Proposition 4.4. For the sake of
simplicity, we define a set of sequences of positive integers

U({cn}) == {{an} CN|VneNl|a, > CZHan(an + 1)} }

n

Definition 4.2. Let {q,}5, be a sequence of rational numbers. We
define {qn} € T({cn}) if and only if

(1) q € Z,

(2) ¢ <1 foralln €N,

(3) if ¢t = 1, then g # 0,

(4) if ¢ =0 for m € N, then g, =0 for all n > m,

(5) there ezists a {a,} € U({c,}) such that g, = ¢, /ay, for alln € N

if gn 7 0, and
(6) Zf Gn+1 7& 07 then qn+2 7& 0 or

Cn+1 an(an + 1)

41 >
n

holds.
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We can easily see that the following lemma holds.

Lemma 4.4. Let {¢,} € T({c,}) and n € N.
(1) Ap+1 > Q.

(2) gni1 < a 1+1
( ) Gn+1 < Qn- [f qn+1 7é O then qn+1 < (n-
(4)

The series
> (=

k=1
converges.

Proposition 4.4. S({c,}) = T({c.}).

Proof. S({c,}) C T'({cn}) trivially follows by Proposition 4.1 and Re-
mark 4.3. In order to prove S({c,}) D T({c,}), we take {q),} € T'({c,})
and assume that ¢) € Z and ¢/, = 0 or ¢/, = ¢,/al, for all n € N. Since

we can set
kl
CY—QOJFE: /

by Lemma 4.4 (4), we have

a = qo+ Z(—
k=1

by the generalized alternating-Sylvester expansion. It is sufficient to
prove that ¢, = ¢/, for all n € N U {0}. Since the case ¢ = 0 is
trivial, we may assume ¢; # 0. By considering [«], we have ¢y = ¢, and
a—qo=A1 < ¢ =c/a). If ¢f = Ay, then ¢; = ¢} by Lemma 4.1 (2).
If ¢} # Ay, then we have A; > ¢} —q¢b > ¢1/(a}+1) by {a,} € U{c.})
and Definition 4.2 (5). However, A, = ¢{ —¢} = ¢1/(a}+1) is impossible
because of Definition 4.2 (6). Thus we obtain ¢;/(a]+1) < A; < ¢1/a.
This implies ¢; = ¢; by Lemma 4.1 (2).
Next we suppose that ¢,_; = ¢/,_, holds for n > 1. Then we have

n—1 00
()" MAp=a—g - > (-1 g =) (-1 g,
k=1 k=n

by Remark 4.2. Hence, we obtain A4, < ¢, = ¢,/al,. If ¢/, = A,,, then
¢, = qn by Lemma 4.1 (2). If ¢, # A,, then we have A, > ¢, — ¢, >
cn/(al, + 1) by {al,} € U({c,}) and Definition 4.2 (5). By Definition
4.2 (6) we obtain A, > ¢,/(al, + 1). Since this implies ¢, = ¢}, we
obtain the assertion of the proposition inductively. U
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In the rest of this section, we set S = S({¢,}) for simplicity, and we
introduce a relation < and operators +, - for S.
First we define the binary relation < on S.

Definition 4.3. Let {p,},{q.} € S with {p,} # {¢.} and
i =min{j € NU{0} [ p; # ¢}
We define {p,} < {q.} if and only if
P < q; (ZZOOTZTZ),
pi>q (2]iandi>2).
Proposition 4.5. For any {p,},{q.}, {rn} € S, we have

(1) {pn} < {pn} does not hold (irreflexive law),

(2) {pn} <Aan} or {pn} = {an} or {an} <{pn} (trichotomy),
(3) ;’f {fn} < {qn} and {g,} < {r.} then {p,} < {rn} (transitive

In other words, < is a linear order in the strict sense on S.

Proof. We can easily see that (1) and (2) hold. In order to prove (3),
we define

= min{j ENU{O} | py £}, i =minj €NU{0} | g; #15)
and ¢ = min{iy, 5 }. Then

pr=qp=r (forany ke€{0,1,...,i—1})
and

PiF G O Qi F Ty
hold. If 7 is odd, then we have

pi < q and ¢; <r; (i

il = i2)7
pi=q and ¢; <r; (i =1y # 11),
pi<gq and ¢ =r; (i =15 #i2).
Therefore we obtain p; < r;. The other cases can be proved by the
same argument. O
If we define
Qs = {{q.} € S | there exists an m € N such that g, = 0},
we can identify Qs with Q by Proposition 4.2 and 4.3. In short, the
map

@5 (w+ i(—nn—lqn) ) € Qs

is an order-isomorphism. Hence, we may conclude that Q C S.
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Theorem 4.1. Let M be a non-empty subset of S. If M is bounded
from above (below), then there exists a supremum (an infimum).

Proof. Since M is bounded from above, there exists a dy such that
dy = max{qy € Z | there exists a (qo,q1,...) € M}.

If there does not exist an upper bound for M such that (do, ¢1,...) € S,
then (dp+1,0,...) is a supremum for M. We assume that there exists
an upper bound for M such that (dy,q,...) € S. Since there exists a
(90, q1,--.) € M such that gy = dp, we can define

d; = max{q € Q | there exists a (do,q1,...) € M}
from the definition of S and <. By the same argument, we can define
dy = min{qy € Q | there exists a (do, d1,qe,...) € M}.

In general, if we have defined d;_; for k > 1, then we define

g = max{q, € Q| I(do,d1,...,dp-1,qk,...) € M} (k—11is even),
"7 \min{q € Q| I(do,du, ..., dr_1,qr,...) € M} (k—11is odd).

By the definition of < and {d,,}, {d,,} is the supremum for M. We can
prove this as follows. If {d,} is not an upper bound for M, then there
exists a {g,} € M such that {d,} < {¢.}. By setting i = min{n €
N | d, # ¢n}, we have d; < ¢; for odd i or d; > ¢; for even i. This
contradicts the definition of {d,}. On the other hand, if {d,} is not
minimum upper bound for M, then there exists an upper bound for
M {r,} such that {r,} < {d,}. We set j = min{n € N | d,, # r,}.
By the definition of {d,}, there exists an X = (z¢,x1,...) € M such
that o = dj for 0 < k < j. Then we have {r,} < X < {d,}. This is
impossible.

The case of the infimum can be proved by the same argument. [

In order to introduce the algebraic structure for S, we require some
preparations.

Definition 4.4. Let {a,}>2, be a sequence of rational numbers. We
say that L(ay,) holds if and only if, for allm € N, there exists an N € N
such that |a,| < 1/m holds for alln > N.

Note that in the usual sense L(a,) means lim a, = 0.
n—oo

The following definition and lemma are the same as in [18, p. 611].
Definition 4.5. Let X € S with X = (zg,x1,...). We define
X, = (xo,x1,...,2,,0,...),

where n € N.
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We can easily see that the next lemma holds.

Lemma 4.5. Let X € S with X = (zg,21,...). Then we have

(1) Xop < Xopgo < X < Xopir < Xopoy,
(2) L<X2n—1 - X2’n>;
(3) sup X2n = inf X2n71 =X.

In order to prove Lemma 4.7, we also require the next lemma.

Lemma 4.6. Let {a,} be a monotonically increasing sequence of ra-
tional numbers which is bounded from above. Let X = supa,. Then
we have L(Xo,_ 1 — ay).

Proof. By contradiction. Assume that there exists an m such that
VN eN,dn € Njn > N and | Xy, 1 — ay| = Xop_1 — a, > 1/m]

holds. Since we have X5, 1 — a, > Xs9,41 — a1 by the assumption
of the lemma, we have Xy, 1 —a, > 1/m for all n € N. On the other
hand, by Lemma 4.5, there exists an N € N such that

X2n—1 — Xgn < ]./2’/’)1

holds for all n > N. Hence, we have

1
an<X2n 11—
m
1
< Xon-1— —
1
< Xoy — —
2N T 5

for n > N. This implies that Xon — (1/2)m is an upper bound for
{a,}. Therefore we obtain

1
supa, < Xoy — z— < Xoy < sup Xy, = X.
2m
This contradicts the definition of X. O

The following lemma is important in the proofs of algebraic prop-
erties of S. It seems that this lemma can be used in the work of A.
Knopfmacher and J. Knopfmacher [16], [17], [18].

Lemma 4.7. Let {a,},{b,} be monotonically increasing sequence of
rational numbers which are bounded from above. Then sup a, = sup b,
is equivalent to L(a, —by,).
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Proof. First we assume supa,, = supb,. We set X = supa,, = supb,.
Since

|an - bn| S ‘an - XQn—1| + |X2n—1 - bn‘;
we have L(a,, —b,) by Lemma 4.6.

Next we assume L(a, —b,). By contradiction. Assume that sup a,, #
sup b,. Without loss of generality, we may assume sup a,, < sup b,,. We
set X = supa,. Then there exists an N € N such that Xs, 1 < b,
holds for all n > N. Since b, — X9, 1 < byy1 — Xopyq1 for n > N, we
have

bn — an| = (bn — Xon—1) + (Xon—1 — an) > by — Xoy—1 >0
for n > N. This contradicts L(a, — b,). O

Now we define the operators on S, and prove that S is an ordered
field. (These definitions are the same as in [18].)

Definition 4.6. Let X, Y € S. We define the following symbols and
operators.
(1) 0=(0,0,...)(=0€Q).
X+Y = sup(Xgn + Y5,).
—sup( Xon-1).

(2)
(3) =
(4) 1=(1,0,...)(=1€Q).
(5)

sup(Xy, - Ya,) (X,Y >0),
TS0y (x<0y o),
(X (-Y)  (X>0,Y <0).

(6)

~—

—((=X)7) (X <0).

Since Xo, + Yo, < X5+ Y1, —Xo,1 < X5, Xy, - Y, < X -
Vi (X,Y >0)and (X, 1) ' < X;' (X > 0), these definitions are
possible.

Now we prove that + (resp. -) shares the same properties with the
usual addition (resp. multiplication).

Proposition 4.6. Let X,Y, Z € S. We have
(1) X+Y =Y+ X,
(2) X+0=X,
()(X+Y)+Z X+ Y +2),
(4) X+ (=X) =0,

P {sup((in_nl) (X >0),
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(5) if X <Y, then X +Z <Y +Z.

Proof. (1), (2) These trivially follow from the definition of +.
(3) Weset A = X +Y, which means L(As, —(Xa,+Y2,)) by Lemma
4.7. Since

|(A2n + ZZn) - (XZn + }/én + ZQTL)‘ = |A2n - (X2n + Y72n)|7

we have L((Agn, + Zon) — (Xon + Yo, + Za,)). By Lemma 4.7, this
implies sup(Aa, + Zo,) = sup(Xa, + Yo, + Z2,). Hence, we obtain
(X +Y)+ Z =sup(Xs, + Yo, + Z3,). By the same argument, we can
also prove that X + (Y + Z) = sup(Xa, + Yan + Zay).
(4) We set A = —X, which means L(As, + Xs,-1) by Lemma 4.7.
Since
| Xon + Aop| < [ Xon — Xono1| + | Xono1 + Asal,

we have L((Xa, + Ag,) — 0) from Lemma 4.5. This implies sup(Xa, +
Ay,) = sup 0 by Lemma 4.7. Hence, we obtain (4).

(5) Since Xo, + Zo, < Yo, + Zs, holds for sufficiently large n, we
have X+Z <Y +Z. f X+ 7 =Y +Z, then we have L((Xo, + Z2,) —
(Yon, + Zo,,)) by Lemma 4.7. In short we have L(Xs, — Ys,). However,
this is impossible by Lemma 4.7. U

From Proposition 4.6 (1), (2), (3) and (4), it follows that S is an
abelian group on 4. Hence, we can use —(—X) = X, —(X +Y) =
(—X) + (=Y), etc. Moreover we obtain 0 < X < 0+ (—X) < X +
(—X)e X<0,X<0e0<—-Xand X <Y & —X > -Y by
Proposition 4.6 (5).

Proposition 4.7. Let X,Y,Z € S. We have

E2) X 1=X,

(3) XY = —((~X)-Y) = ~(X - (-Y)),
(4) X-X1=1 (X#0),

(5) (X-Y)-Z=X-(Y-2),

(6)

Proof. (1), (2) These trivially follow from the definition of -.
(3) In the case X, Y > 0, by setting Z = —X and W = =Y we have

~(=X) V)= —~(Z:Y) = ~(~((-2)- V) = X -,
—(X - (2Y)) = —(X W) = —(~(X - (W) = XV,

From this case, we can prove the other cases. For example, in the case
X <0,Y >0, we have

S(X (V) = (= X) - (H(=Y) = (= X) V) = XY,
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(4) For X > 0, we set A = X!, which means L(As, — (X9, 1))
by Lemma 4.7. Since

| Xon Az — Xon(Xon_1) 7 <1 X4] - |A2n — (Xon1) 7!,

we obtain L(Xy, As,—Xo,(Xo,_1)71). This implies X- X! = sup(Xas,(Xo,_1) 1)
by Lemma 4.7. On the other hand, since

|X2n<X2n—1)_l_]-| = |(X2n—1)_1|'|X2n_X2n—l| < |X2_1|'|X2n_X2n—1|a

we obtain L(Xs,(Xs,_1)"' —1). This implies X - X~ = 1. In the case
X <0, by (3), we have

XX =X (=0 = (%) (=) = L

(5) For X,Y,Z > 0, we can prove (5) by the same argument as in
the proof of Proposition 4.6 (3). By using (3), we can prove the other
cases from this case. For example, in the case X, Z > 0 and Y <0, we
have

(X-Y) Z=(-(X-(-Y)) -2
=—((X-(-Y))- 2)
=-(X-((-Y)-2)) (=Y >0)
=X (=((-Y)-2))
=X-(Y-2)

(6) For X, Y > 0, we can prove (6) by the same argument as in the
proof of Proposition 4.6 (5). From this case, we can also prove the
other cases easily. For example, in the case X <Y < 0, by (3), we
have

—(X-2)=(-X)-Z>(-Y)- Z=—=(Y -Z).
This implies X - Z <Y - Z. O
Proposition 4.8. Let X\ Y, Z € S. We have X-(Y+Z) = X-Y+X-Z.

Proof. First we assume XY, 7 > 0. Let A=Y + 272, B= XY
and C = X - Z. Then L(As, — (Y2, + Z2,)), L(Ba, — X2,Y5,) and
L(Cs, — X2, Z5,) holds by Lemma 4.7. Since we have
’X2nA2n - (BZn + C2n)|
- |X2n(A2n - (}/én + Z2n)) + (X2ny2n - BQn) + (X2nZZn - CZn)l
S ‘Xl‘ : |A2n - (Y’Zn + ZQn)' + ‘XQnYén - B2n‘ + ‘XQnZ2n - C2n|7

we obtain L(Xs,As, — (Ban, + Cay,)). This implies sup(Xs,A42,) =
sup(Ba,+Coy,) from Lemma 4.7. This implies X-(Y+7) = X Y +X-Z.
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Next we consider the case X > 0and Y+ 272 > 0. Since Y > 0
or Z > 0 holds by Proposition 4.6 (5), we may assume Z < 0. Since
—Z >0, we obtain

X Y4+2)+X - (-2)=X-Y+Z+(-2)=X"Y.

This is equivalent to X - (Y + Z) = X - Y + X - Z by Proposition 4.7
(3).

By Proposition 4.7 (3), we can easily prove the other cases from these
cases. For example, in the case X > 0 and Y + Z < 0, we have

X (Y+2)=—-(X((-Y)+(—=2))) = (X (-YV)+X-(-2)) = X-Y+X-Z.
l

By Propositions 4.5, 4.6, 4.7 and 4.8, S is an ordered field. Since
any ordered field which satisfies Theorem 4.1 is isomorphic to R (see
[7]), we obtain the following theorem.

Theorem 4.2. The set S can be identified with the complete ordered
field of real numbers.

4.4. An application. Let {a,}°; be a sequence of positive integers.
For K > 1, we define a set of sequences of positive integers

P(K):={{a,} CN|3IN e N,Vn € Njn > N = a,41 > Ka,(a,+1)]}.

For each {a,} € P(K) we define

[e.9]

2 {an}) = Zf;

n=1

which is an entire function.
The purpose of this section is to prove the following theorem by using
some properties of the generalized alternating-Sylvester expansion.

Theorem 4.3. Let {p,} € P(K) andl €{1,2,3,...,[K]}. Then

—l;{pn}) i

n=1

’I’L

Pn

1s an rrational number.
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Proof. We assume that p,.1 > Kp,(p, + 1) for alln > N (N € N).

We define a,, = pypon—1 and ¢, = ["2¥=1 Then we have
2N—-1 [ele]
ety = 3 E Ny 3 B
n=1 Pn n=2N Pn
2N—-1 00
_1 n _1 n—1 o
:Z—(p>z"+2—( l & A+ A,
n=1 n n=1 n

say. Note that A; € Q. Since we have
Unt1 = Pntan = Kppyon—1(Pnyonv—1 +1)

> [Klan(a, +1) > Cn+1an(an +1),
c

n

by Definition 4.2 and Proposition 4.4, the series Ay is the generalized
alternating-Sylvester expansion of the number A;. By Proposition 4.3
we obtain the theorem. O

Remark 4.4. We cannot obtain Theorem 4.3 by using the alternating-
Sylvester series. For example, the series
i (_1)n—12n
T
n=1 3
is the generalized alternating-Sylvester series, but is not the alternating
Sylvester series.
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