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1 Introduction

In this paper, we consider nonlinear second order elliptic systems in divergence form of the
following type:

−divA(x, u,Du) = f(x, u,Du) in Ω (1.1)

or its parabolic version:

ut − divA(x, t, u,Du) = f(x, t, u,Du) in ΩT := Ω × (−T, 0), T > 0, (1.2)

where Ω is a bounded domain in Rn, n ≥ 2, u takes values in RN , N ≥ 1.
Considering about partial differential equations and systems has long history and so that

there are many results we have known. For example, harmonic functions, solutions of Laplace’s
equation (with Dirichlet boundary condition)∆u =

n∑
i=1

∂2

∂x2
i

u = 0 in Ω ⊂ Rn,

u = 0 on ∂Ω

has several well-known properties such as maximum principle, Liouville’s theorem, mean value
equality, etc.

Further, we knew that there are several ways of proving the existence of harmonic functions.
Dirichlet integral

D(u) =
1
2

∫
Ω
|Du|2dx, Du =

(
∂u

∂xi

)
i=1,...,n

is one of the idea to find harmonic functions. Riemann claimed that the minimum point (mini-
mizer) of D is harmonic function. In fact, if a minimizer u exists, then the first variation of the
Dirichlet integral vanishes:

d

dt
D(u + tϕ)

∣∣∣∣
t=0

= 0

for all smooth compactly supported functions ϕ in Ω; an integration by parts then yields

0 =
d

dt
D(u + tϕ)

∣∣∣∣
t=0

=
∫

Ω
∇u · ∇ϕdx

= −
∫

Ω
∆uϕdx, ϕ ∈ C∞

0 (Ω),

and arbitrariness of ϕ we conclude ∆u = 0.
As like above, the problem that considering about minimum points of functionals is called

Calculus of Variations. More precisely, it is to consider about the existence and differentiability
of minimum points for variational integrals of the type

F [u] :=
∫

Ω
F (x, u,Du)dx (1.3)
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where F (x, u, p) : Ω × RN × RnN → R and u : Ω → RN . Let F is of class C1 and assume that u0

is a minimum point. Then we have

d

dt
F(u0 + tϕ)

∣∣∣∣
t=0

= 0,

i.e., ∫
Ω
[Fpi

α
(x, u,Du)Dαϕi + Fui(x, u,Du)ϕi]dx = 0 (1.4)

for all ϕ ∈ C∞
0 (Ω, RN ). Here and in the following, we use the notation that repeated indices are

summed: here α goes from 1 to n and i from 1 to N .
If moreover we assume F , Ω and u is sufficiently smooth then we can integrate by part in

(1.4) and get

−DαFpi
α
(x, u,Du) + Fui(x, u,Du) = 0 in Ω i = 1, . . . , N (1.5)

which is a quasilinear system of partial differential equations. (1.4) and (1.5) are called Euler-
Lagrange equations.

The idea of using calculus of variations looks well to find harmonic functions but it is not
trivial that the minimizer of variational integral F exists in C2(Ω) in general.

This fault was solved by using Hilbert space W 1,2(Ω) instead of C2(Ω). Let us present
the existence theorem of solution for general elliptic equations (and minimizer for variational
integrals) in Hilbert space.

Theorem 1.1 ([19, Theorem 3.12]). Let Aαβ ∈ L∞(Ω) be elliptic and bounded, that is for some
λ, Λ > 0

λ|ξ|2 ≤ Aαβ(x)ξαξβ ≤ Λ|ξ|2, ∀x ∈ Ω. (1.6)

Then, for each g ∈ W 1,2(Ω) and f0, f
α ∈ L2(Ω), α = 1, . . . , n, there exists one and only one weak

solution u ∈ W 1,2(Ω) to the Dirichlet problem{
−Dβ(AαβDαu) = f0 − Dαfα in Ω
u = g on ∂Ω

(1.7)

meaning u − g ∈ W 1,2
0 (Ω) and∫

Ω
AαβDαuDβϕdx =

∫
Ω
(f0ϕ + fαDαϕ)dx

for all ϕ ∈ C∞
0 (Ω).

If in addition Aαβ = Aβα, then the solution u is the unique minimizer of the functional

F(v) =
1
2

∫
Ω

AαβDαvDβvdx −
∫

Ω
f0vdx −

∫
Ω

fαDαvdx

in the class
{v ∈ W 1,2(Ω): v − g ∈ W 1,2

0 (Ω)}.
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Note that the case Aαβ = δαβ is just as the case of Dirichlet integral. See also [19, Theorem
3.22] for the vector-valued case u : Ω → RN , N ≥ 1.

The previous theorem ensures the existence of harmonic functions, solutions of (1.7), but it
is able to find in W 1,2(Ω) and not in C2(Ω). Therefore there is a gap in the regularity scale.

The regularity problem for partial differential equations and systems (and also for calculus of
variations) is exactly the problem of filling this gap.

As the mathematicians considered more than a century for regularity problem, there are many
different results and that we could not quote all of them. Thus, we only present some important
results and we refer to [18, Chapter II] for detailed history about regularity problem.

One of the most important result in regularity problem is the theorem which due by De Giorgi
and independently by Nash. Let us consider variational integral defined on W 1,2(Ω, RN )

F(u) =
∫

Ω
F (Du)dx, (1.8)

where |F (p)| ≤ L|p|2 for some L > 0 and the derivatives of F ∈ C∞(RnN ), which we write as
Aα

i := Dpi
α
F , satisfy the growth and ellipticity conditions|Aα

i (p)| ≤ c|p|, |D
pj

β
Aα

i (p)| ≤ M

D
pj

β
Aα

i (p)ξi
αξj

β ≥ λ|ξ|2, ∀ξ ∈ RnN ,
(1.9)

for some λ,M > 0.
Then any critical point u of F satisfies the Euler-Lagrange equation∫

Ω
Aα

i (Du)Dαϕidx = 0, ∀ϕ ∈ W 1,2
0 (Ω, RN ). (1.10)

By the method of difference quotient, we differentiate (1.10).

Theorem 1.2 ([19, Proposition 8.6]). Let u ∈ W 1,2(Ω, RN ) be a weak solution to the elliptic
system (1.10) where Aα

i satisfy (1.9). Then u ∈ W 2,2
loc (Ω, RN ) and, for 1 ≤ s ≤ n, Dsu satisfies

the elliptic system∫
Ω

D
pj

β
Aα

i (Du)Dβ(Dsu
j)Dαϕidx = 0, ∀ϕ ∈ W 1,2

0 (Ω, RN ). (1.11)

The previous mathematician’s work (see for example [19, Corollary 5.16]) and Theorem 1.2
then imply that a critical point of the variational integral (1.8) is smooth as soon as the first
derivatives are continuous. Thus, we need to show that the solutions Dsu to the elliptic system
(1.11) are continuous. This is false in general but it is true in the scalar case (N = 1). Let us
assume N = 1 and rewrite (1.11) as∫

Ω
Aαβ(x)DαvDβϕdx = 0

where v := Dsu and Aαβ(x) := D
pj

β
Aα

i (Du(x)). Now under the assumption (1.9), we can only

say that Aαβ ∈ L∞ and Aαβξαξβ ≥ λ |ξ|2, and in this case we would like to show that v is
continuous, or has more regularity, say Hölder continuous. This is exactly the claim of De
Giorgi-Nash’s theorem.
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Theorem 1.3 (De Giorgi-Nash, [18, Theorem 2.1]). Let u ∈ W 1,2(Ω) be a weak solution to∫
Ω

Aαβ(x)DαuDβϕdx = 0, ∀ϕ ∈ C∞
0 (Ω)

where Aαβ ∈ L∞(Ω) satisfies (1.6). Then u ∈ C0,α
loc (Ω) for some positive α, and, for Ω′ b Ω,

‖u‖C0,α(Ω′) ≤ C(Ω,Ω′) ‖u‖L2(Ω).

Although regularity problem for elliptic systems in scalar case (N = 1) was solved by De
Giorgi-Nash’s theorem, we could not obtain the generalization of De Giorgi-Nash’s theorem for
general systems (N > 1). Nowadays, we know several counterexamples [18, Chapter II Section 3]
to the generalization of De Giorgi-Nash’s theorem for vector case. Therefore the goal is to obtain
partial regularity result, that is, to prove the existence of a regular set Ωu ⊂ Ω such that

Ωu := {x ∈ Ω: u is continuous on a neighbourhood of x}.

Partial regularity result also involves obtaining estimates on the size of singular set Ω\Ωu (proving
that singular set has zero n-dimensional Lebesgue measure or better, controlling the Hausdorff
dimension of the singular set), and higher regularity on the regular set Ωu.

In the next section, we will present some previous partial regularity results and our main
theorems.

2 Main theorems

The aim of this paper is to obtain a partial regularity of weak solutions to the elliptic system (1.1)
or the parabolic system (1.2) under p-growth condition, p ≥ 2, and some suitable conditions to
the coefficients A(x, u, w) or A(z, u, w) where z = (x, t). Here we assume the p-growth condition,
that is, the estimate

|A(x, u, w)| + (1 + |w|) |DwA(x, u, w)| ≤ L(1 + |w|)p−1 (2.1)

and the ellipticity condition〈
DwA(x, u, w)w̃, w̃

〉
:=

∑
1≤i,β≤N
1≤j,α≤n

D
wj

β
Ai

α(x, u, w)w̃α
i w̃β

j ≥ λ |w̃|2 (1 + |w|2)(p−2)/2 (2.2)

holds to the elliptic system (1.1) for all x ∈ Ω, u ∈ RN , w ∈ RnN or

|A(z, u, w)| + (1 + |w|) |DwA(z, u, w)| ≤ L(1 + |w|)p−1 (2.3)

and 〈
DwA(z, u, w)w̃, w̃

〉
:=

∑
1≤i,β≤N
1≤j,α≤n

D
wj

β
Ai

α(z, u, w)w̃α
i w̃β

j ≥ λ |w̃|2 (1 + |w|2)(p−2)/2 (2.4)

holds to the parabolic system (1.2) for all z ∈ ΩT , u ∈ RN , w ∈ RnN .
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p-growth condition is originally comes from the growth order of integrand for integral varia-
tions. For example, Dirichlet integral, ∫

Ω
|Du|2 dx,

has quadratic growth (p = 2). Starting from Dirichlet integral, it is natural to consider the
variational integral of the form ∫

Ω
F (Du)dx

where |F (w)| ≤ L |w|2 or more developed version |F (w)| ≤ L |w|p, p > 1. The case 1 < p < 2 is
called subquadratic growth and the case p > 2 is called superquadratic growth. If the integrand
has p-growth, then by taking Euler-Lagrange equation, it is natural to assume that leading part
of the equation has a growth order of (p − 1) as like in (1.9).

The regularity result for general nonlinear elliptic systems under p-growth condition (2.1) was
first proved by Giaquinta-Modica [20] in case of p = 2. They proved that the weak solutions of
(1.1) has Hölder continuous first derivatives for some Hölder exponent outside of a singular set
of Lebesgue measure zero if

|DwA(x, u, w)| ≤ L

holds for all (x, u, w) and (1 + |w|)−1A(x, u, w) is Hölder continuous in variables (x, u) uniformly
with respect to w. Duzaar-Grotowski [12] used a new method, namely A-harmonic approximation
technique (see Lemma 3.2), and obtained the optimal partial regularity result with more simple
proof in [20], i.e., weak solutions to (1.1) belong to C1,α when the coefficients (1+|w|)−1A(x, u, w)
are α-Hölder continuous. Note that the Hölder exponent for weak solutions α is same exponent
as for coefficients.

The superquadratic version is proved by Chen-Tan [8] and subquadratic case is by Beck [2].
In both cases, we have the optimal result in the sense of quadratic case [12].

On the other hand, the coefficients of systems are considered. The previous results are
all considered under Hölder continuous coefficients. The regularity results under more mild
assumptions are first proved by Duzaar-Gastel [11]. They assume Dini-type condition instead of
Hölder continuity to the coefficients A(x, u, w) and proved C1-regularity. More precisely, they
assume that the continuity of A(x, u, w) with respect to the variables (x, u) that

|A(x, u, w) − A(x0, u0, w)| ≤ κ(|u|)η(|x − x0| + |u − u0|)(1 + |w|) (2.5)

for all x, x0 ∈ Ω, u, u0 ∈ RN , p ∈ RnN , where κ : [0,∞) → [1,∞) is nondecreasing, and
η : (0,∞) → [0,∞) is nondecreasing and concave with η(+0) = 0. They also require that
r 7→ r−αη(r) is nonincreasing for some 0 < α < 1, and the Dini-type condition:∫ r

0

η(ρ)
ρ

dρ < +∞ for some r > 0. (2.6)

The subquadratic case, 1 < p < 2 was proved by Qiu [25].
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Our first main theorem is an extension of the result due to Duzaar-Gastel [11] to superquadratic
case, p ≥ 2. Let us assume that the coefficients A(x, u, w) has a modulus of continuity η : [0,∞) →
[0,∞) and nondecreasing function κ : [0,∞) → [1,∞) such that

|A(x, u, w) − A(x0, u0, w)| ≤ κ(|u|)η(|x − x0| + |u − u0|)(1 + |w|)p−1 (2.7)

for all x, x0 ∈ Ω, u, u0 ∈ RN , p ∈ RnN . Further more we assume that

(η1) η is nondecreasing function with η(0) = 0.

(η2) η is concave; to prove the regularity theorem we require that r 7→ r−αη(r) is nonincreasing
for some exponent α ∈ (0, 1).

We also assume modified Dini condition:

(η3) F (r) :=
∫ r

0

ηβ(ρ)
ρ

dρ < +∞ for some r > 0 and β ∈ (0, 1].

We assume that the inhomogeneous term f has p-growth, i.e., there exist constants a and b, with
a possibly depending on M , such that

|f(x, u, w)| ≤ a(M) |w|p + b (2.8)

for all x ∈ Ω, u ∈ RN with |u| ≤ M and p ∈ RnN .
Let us define that u ∈ W 1,p(Ω, RN ) is a weak solution of (1.1) if u satisfies∫

Ω
〈A(x, u,Du), Dϕ〉dx =

∫
Ω
〈f, ϕ〉dx (2.9)

for all ϕ ∈ C∞
0 (Ω, RN ), where 〈·, ·〉 is the standard Euclidean inner product on RN or RnN .

Now we are ready to state our first main theorem.

Theorem 2.1 (cf. [23], and Section 4). Let u ∈ W 1,p(Ω, RN ) ∩ L∞(Ω, RN ) be a bounded weak
solution of the elliptic system (1.1) satisfying (2.1), (2.2), (2.7), (2.8), (η1), (η2) and (η3) with
satisfying ‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M . Then there exists an open set Ωu ⊂ Ω such
that u ∈ C1(Ωu, RN ) with L n(Ω \ Ωu) = 0. Moreover, Ω \ Ωu ⊂ Σ1 ∪ Σ2 and

Σ1 =

{
x0 ∈ Ω: lim inf

ρ↘0
−
∫

Bρ(x0)
|Du − (Du)x0,ρ|p dx > 0

}
,

Σ2 =

{
x0 ∈ Ω: lim sup

ρ↘0
|(Du)x0,ρ| = +∞

}
.

In addition, for σ ∈ [α, 1) and x0 ∈ Ω \ Ωu the derivatives of u has modulus of continuity
r 7→ rσ + F (r) in a neighborhood of x0.
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Note that our result is optimal in the sense that in the case η(r) = rα, 0 < α < 1, we have
F (r) = α−1rα and C1,α-regularity is known to be optimal in that case.

As we knew already, if the coefficients A(x, u, p) is just continuous with respect to (x, u) then
we could not expect the continuity (and not even boundedness) of the gradients Du. But Foss-
Mingione [17] proved that we could still expect the Hölder continuity of the weak solution u itself
under the superquadratic growth condition, p ≥ 2. Subquadratic case was also proved by Beck
[3].

Bögelein-Duzaar-Habermann-Scheven [4] proved that continuity of the coefficients with re-
spect to (x, u) is not necessary to guarantee the regularity result, and VMO-condition is sufficient
to prove Hölder continuity of the weak solutions in case of homogeneous systems (f ≡ 0). More
precisely they assume that the partial mapping x 7→ A(x, u, w)/(1 + |w|)p−1 has vanishing mean
oscillation (VMO), uniformly in (u,w), i.e., the coefficients A(x, u, w) satisfies an estimate

|A(x, u, w) − (A(·, u, w))x0,ρ| ≤ Vx0(x, ρ)(1 + |w|)p−1, for all x ∈ Bρ(x0) (2.10)

where Vx0 : Rn × [0, ρ0] → [0, 2L] are bounded functions with

lim
ρ↘0

V (ρ) = 0, V (ρ) := sup
x0∈Ω

sup
0<r≤ρ

−
∫

Br(x0)∩Ω
Vx0(x, r)dx. (2.11)

They also assume that u 7→ A(x, u, w)/(1 + |w|)p−1 is continuous, i.e., there exists a modulus of
continuity ω : [0,∞) → [0,∞) such that an estimate

|A(x, u, w) − A(x, u0, w)| ≤ Lω(|u − u0|2)(1 + |w|)p−1 (2.12)

holds for all x ∈ Ω, u, u0 ∈ RN , w ∈ RnN .
Here we extend the result in [4] and gives Hölder continuity of the weak solutions to inhomo-

geneous systems (1.1) with inhomogeneous term satisfying p-growth condition (2.8).

Theorem 2.2 (cf. [22], and Section 5). Let u ∈ W 1,p(Ω, RN ) ∩ L∞(Ω, RN ) be a bounded weak
solution of the elliptic system (1.1) satisfying (2.1), (2.2), (2.12), (2.10), (2.11) and (2.8) with
satisfying ‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M . Then there exists an open set Ωu ⊂ Ω such
that u ∈ C0,α(Ωu, RN ) with L n(Ω \ Ωu) = 0 for every α ∈ (0, 1). Moreover, Ω \ Ωu ⊂ Σ1 ∪ Σ2

and

Σ1 =

{
x0 ∈ Ω: lim inf

ρ↘0
−
∫

Bρ(x0)
|Du − (Du)x0,ρ|p dx > 0

}
,

Σ2 =

{
x0 ∈ Ω: lim sup

ρ↘0
|(Du)x0,ρ| = +∞

}
.

Regularity result for the parabolic systems with Hölder continuous coefficients are first proved
by Duzaar-Mingione [13] in case of quadratic growth (p = 2). They proved an analogous of A-
harmonic approximation lemma, so called A-caloric approximation lemma (see Lemma 3.3), and
obtained the partial Hölder regularity to Du, where Du denotes the gradient with respect to
the spacial variables x, i.e., Du(x, t) ≡ Dxu(x, t). Then superquadratic case was proved by
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Duzaar-Mingione-Steffen [15] and subquadratic case by Scheven [26]. Similarly as in the elliptic
systems, Dini-type condition and continuous coefficients are considered. Baroni [1] proved that
the special derivatives Du are continuous outside of singular set under Dini-type condition with
quadratic growth (p = 2). Conditions under continuous coefficients are considered by Bögelein-
Foss-Mingione [7] in case of p ≥ 2 and by Foss-Geisbauer [16] in case of 1 < p < 2.

Our last result is an regularity theorem of parabolic systems (1.2) under VMO-condition
with superquadratic growth. As like in elliptic systems, let us assume that the partial mapping
z 7→ A(z, u, w)/(1 + |w|)p−1 has VMO, uniformly in (u,w), i.e., the coefficients A satisfies the
estimate

|A(z, u, w) − (A(·, u, w))z0,ρ| ≤ Vz0(z, ρ)(1 + |w|)p−1, for all z ∈ Qρ(z0) (2.13)

where Vz0 : Rn+1 × [0, ρ0] → [0, 2L] are bounded functions with

lim
ρ↘0

V (ρ) = 0, V (ρ) := sup
z0∈ΩT

sup
0<r≤ρ

−
∫

Qr(z0)∩ΩT

Vz0(z, r)dz. (2.14)

Moreover we assume that u 7→ A(z, u, w)/(1+ |w|)p−1 are continuous, i.e., there exists a bounded,
concave and non-decreasing function ω : [0,∞) → [0,∞) satisfying

|A(z, u, w) − A(z, u0, w)| ≤ Lω(|u − u0|2)(1 + |w|)p−1 (2.15)

for all z ∈ ΩT , u, u0 ∈ RN , w ∈ RnN . The inhomogeneous term f also satisfies p-growth condition,
i.e., there exist constants a, b > 0, with a possibly depending on M , such that

|f(z, u, w)| ≤ a(M) |w|p + b (2.16)

for all z ∈ ΩT , u ∈ RN with |u| ≤ M and w ∈ RnN .
We will prove the following theorem concerning weak solutions of (1.2), i.e., u ∈ C0(−T, 0;L2(Ω, RN ))∩

Lp(−T, 0;W 1,p(Ω, RN )), p ≥ 2 satisfying∫
ΩT

(
〈u, ϕt〉 − 〈A(z, u,Du), Dϕ〉

)
dz =

∫
ΩT

〈f, ϕ〉dz (2.17)

for all ϕ ∈ C∞
0 (ΩT , RN ).

Theorem 2.3 (cf. [24], and Section 6). Let u ∈ C0
b (−T, 0;L2(Ω, RN )) ∩Lp(−T, 0;W 1,p(Ω, RN ))

be a bounded weak solution of the parabolic system satisfying (1.2) satisfying (2.3), (2.4), (2.13),
(2.14), (2.15) and (2.16) with ‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M . Then there exists an
open set Ωu ⊂ ΩT such that u ∈ Cα,α/2(Ωu, RN ) with Hn+2

par (ΩT \ Ωu) = 0 for every α ∈ (0, 1).
Moreover, ΩT \ Ωu ⊂ Σ1

par ∪ Σ2
par and

Σ1
par =

{
z0 ∈ ΩT : lim inf

ρ↘0
−
∫

Qρ(z0)
|Du − (Du)z0,ρ|p dz > 0

}
,

Σ2
par =

{
z0 ∈ ΩT : lim sup

ρ↘0
|(Du)z0,ρ| = +∞

}
.
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The previous result means that the weak solution u is Hölder continuous in Ωu with exponent
α with respect to the parabolic metric dpar(·, ·) given by following:

dpar(z, z0) := max
{
|x − x0| ,

√
|t − t0|

}
for z = (x, t), z0 = (x0, t0) ∈ ΩT . (2.18)

In other word, u is Hölder continuous in Ωu with exponent α with respect to space variable x and
with exponent α/2 with respect to time variable t. Moreover, Hn+2

par denotes (n + 2)-dimensional
parabolic Hausdorff measure which is defined by

Hn+2
par (X) := sup

δ>0
Hn+2,δ

par (X) (2.19)

where

Hn+2,δ
par (X) := inf

{ ∞∑
i=1

Rn+2
i : X ⊂

∞⋃
i=0

Qzi,Ri , Ri ≤ δ

}
. (2.20)

Note that Hn+2
par is equivalent to (n + 1)-dimensional Lebesgue measure.

We close this section by briefly summarizing the notation used in this paper. As mentioned
above, we consider a bounded domain Ω ⊂ Rn and a cylindrical domain ΩT = Ω×(−T, 0) ⊂ Rn+1

where n ≥ 2 and T > 0. u maps from Ω to RN , N ≥ 1, in the elliptic setting and from Ω to RN in
the parabolic setting. Du denotes the gradient of u, especially with respect to the special variables
x in the parabolic setting, i.e., Du(x, t) ≡ Dxu(x, t). We write Bρ(x0) := {x ∈ Rn : |x − x0| < ρ}
and Qρ(z0) := Bρ(x0)×(t0−ρ2, t0) where z0 = (x0, t0) ∈ Rn+1. For a given function g, we denote
the average of g on ball Bρ(x0) by gx0,ρ = −

∫
Bρ(x0)∩Ω gdx = 1

|Bρ(x0)∩Ω|
∫
Bρ(x0)∩Ω gdx or average

on cylinder Qρ(z0) by gz0,ρ = −
∫
Qρ(z0)∩Ω gdz = 1

|Qρ(z0)∩Ω|
∫
Qρ(z0)∩Ω gdz. We denote c a positive

constants, possibly varying from line by line and special occurrences will be denoted by capital
letters C, C1, C2 or the likes.

3 Preliminaries

In this section we present A-harmonic approximation lemma, A-caloric approximation lemma
and other lemmas which we use to prove regularity theorems.

A-harmonic approximation technique (and also A-caloric approximation technique) has its
origin in De Giorgi’s harmonic approximation lemma [10] and Simon’s proof of the regularity
theorem of Allard [27]. The idea of this technique is simple. If we prove that the original solution
u is “close enough” to a solution v to an elliptic system with constant coefficients like

div[DwA(x0, ux0,ρ, Dux0,ρ)Dv] = 0 in Bρ(x0),

then we knew that v is smooth in the interior of Bρ(x0) and it satisfies good a priori estimates
by classical regularity theory. Thus we may hope that the good regularity estimates available
for v are in some sense inherited by u, and we may conclude the partial regularity of u. This
technique allowed us to obtain the regularity result without heavy tools such as Lp-L2-estimates
for the gradient Du (which was known as Gehring’s lemma). For further detail about A-harmonic
approximation techniques we may refer to the survey paper [14].

Before we introduce the A-harmonic approximation lemma (and A-caloric approximation
lemma), let us define the A-harmonic function and A-caloric function.
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Definition 3.1. Let 0 < λ < L be given and let A be a bilinear form with constant coefficients
satisfying

λ |w|2 ≤ A(w,w), A(w, w̃) ≤ L |w| |w̃| for all w, w̃ ∈ RnN . (3.1)

A function h is called A-harmonic in the ball Bρ(x0) if and only if it satisfies∫
Bρ(x0)

A(Dh,Dϕ)dx = 0 for all ϕ ∈ C∞
0 (Bρ(x0), RN ),

and a function g is called A-caloric in the cylinder Qρ(z0) if and only if it satisfies∫
Qρ(z0)

(
〈g, ϕt〉 − A(Dg,Dϕ)

)
dz = 0 for all ϕ ∈ C∞

0 (Qρ(z0), RN ).

Lemma 3.2 (A-harmonic approximation lemma, [4, Lemma 2.3]). Given ε > 0, 0 < λ < L and
p ≥ 2 there exists δ = δ(n,N, λ, L, ε) ≤ 1 with the following property: Whenever A is a bilinear
form on RnN satisfying (3.1), γ ∈ (0, 1], and whenever

w ∈ W 1,2(Bρ/2(x0), RN )

is a function satisfying

−
∫

Bρ/2(x0)

(
|Dw|2 + γp−2 |Dw|p

)
dx ≤ 1 (3.2)

and ∣∣∣∣∣
∫

Bρ/2(x0)

(
〈w,ϕt〉 − A(Dw,Dϕ)

)
dx

∣∣∣∣∣ ≤ δ sup
Bρ/2(x0)

|Dϕ| (3.3)

for every ϕ ∈ C∞
0 (Bρ/2(x0), RN ) then there exists a function

h ∈ W 1,2(Bρ/4(x0), RN )

which is A-harmonic on Bρ/4(x0) such that

−
∫

Bρ/4(x0)

(
|Dh|2 + γp−2 |Dh|p

)
dx ≤ C(n, p) (3.4)

and

−
∫

Bρ/4(x0)

(∣∣∣∣w − h

ρ/4

∣∣∣∣2 + γp−2

∣∣∣∣w − h

ρ/4

∣∣∣∣p
)

dx ≤ ε. (3.5)

Lemma 3.3 (A-caloric approximation lemma, [15, Lemma 3.2]). Given ε > 0, 0 < λ < L and
p ≥ 2 there exists δ = δ(n,N, p, λ, L, ε) ≤ 1 with the following property: Whenever A is a bilinear
form on RnN satisfying (3.1), γ ∈ (0, 1], and whenever

w ∈ Lp(t0 − (ρ/2)2, t0;W 1,2(Bρ/2(x0), RN ))
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is a function satisfying

−
∫

Qρ/2(z0)

(∣∣∣∣ w

ρ/2

∣∣∣∣2 + γp−2

∣∣∣∣ w

ρ/2

∣∣∣∣p
)

dz + −
∫

Qρ/2(z0)

(
|Dw|2 + γp−2 |Dw|p

)
dz ≤ 1 (3.6)

and ∣∣∣∣∣
∫

Qρ/2(z0)

(
〈w,ϕt〉 − A(Dw,Dϕ)

)
dz

∣∣∣∣∣ ≤ δ sup
Qρ/2(z0)

|Dϕ| (3.7)

for every ϕ ∈ C∞
0 (Qρ/2(z0), RN ) then there exists a function

h ∈ Lp(t0 − (ρ/4)2, t0; W 1,2(Bρ/4(x0), RN ))

which is A-caloric on Qρ/4(z0) such that

−
∫

Qρ/4(z0)

(∣∣∣∣ h

ρ/4

∣∣∣∣2 + γp−2

∣∣∣∣ h

ρ/4

∣∣∣∣p
)

dz + −
∫

Qρ/4(z0)

(
|Dh|2 + γp−2 |Dh|p

)
dz ≤ C̃(n, p) (3.8)

and

−
∫

Qρ/4(z0)

(∣∣∣∣w − h

ρ/4

∣∣∣∣2 + γp−2

∣∣∣∣w − h

ρ/4

∣∣∣∣p
)

dz ≤ ε. (3.9)

The next two lemmas features standard estimates for A-harmonic functions and A-caloric
functions.

Lemma 3.4 ([12, Theorem 2.3]). Consider A, λ and L as in Lemma 3.2. Then there exists
C0 ≥ 1 depending only on n, N , λ and L such that any A-harmonic function h on Bρ/2(x0)
satisfies (ρ

2

)2
sup

Bρ/4(x0)
|Dh|2 +

(ρ

2

)4
sup

Bρ/4(x0)

∣∣D2h
∣∣2 ≤ C0

(ρ

2

)2
−
∫

Bρ/2(x0)
|Dh|2 dx. (3.10)

Lemma 3.5 ([15, Lemma 4.7]). Let h ∈ L2(t0 − (ρ/4)2, t0;W 1,2(Bρ/4(x0), RN )) be A-caloric
function in Qρ/4(z0) with A satisfying (3.1). Then h is smooth in Bρ/4(x0)× (t0 − (ρ/4)2, t0] and
for any s ≥ 1 there exists a constant C = C(n,N,L, λ, s) ≥ 1 such that for any affine function
` : Rn → RN there holds

−
∫

Qθρ(z0)

∣∣∣∣h − `

θρ

∣∣∣∣s dz ≤ C̃0θ
2−
∫

Qρ(z0)

∣∣∣∣h − `

ρ/4

∣∣∣∣s dz for every 0 < θ ≥ 1/4.

Here we state the Poincaré inequality in a convenient form. Its proof can be find in several
literatures, for example [19, Proposition 3.10].

Lemma 3.6. There exists CP ≥ 1 depending only on n such that every u ∈ W 1,p(Bρ(x0), RN )
satisfies ∫

Bρ(x0)
|u − ux0,ρ|p dx ≤ CP ρp

∫
Bρ(x0)

|Du|p dx. (3.11)
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For given function u ∈ L2(Bρ(x0), RN ) we denote by `x0,ρ unique affine function minimizing

` 7→ −
∫

Bρ(x0)
|u − `|2 dx (3.12)

among all affine functions. An elementary calculation yield that `x0,ρ takes the form

`x0,ρ(x) = `x0,ρ(x0) + D`x0ρ(x − x0)

where
`x0,ρ(x0) = ux0,ρ and D`x0,ρ =

n + 2
ρ2

−
∫

Bρ(x0)
u ⊗ (x − x0)dx.

Using the Cauchy-Schwarz inequality we have the following lemma.

Lemma 3.7 ([4, Lemma 2]). Assume u ∈ L2(Bρ(x0), RN ), x0 ∈ Rn, ρ > 0 and 0 < θ ≤ 1. With
`x0,ρ and `x0,θρ we denote the affine functions from Rn to RN defined as above for the radii ρ and
θρ respectively. Then we have

|D`x0,ρ − D`x0,θρ|2 ≤ n(n + 2)
(θρ)2

−
∫

Bθρ(x0)
|u − `x0,ρ|2 dx (3.13)

and more generally,

|D`x0,ρ − D`|2 ≤ n(n + 2)
ρ2

−
∫

Bρ(x0)
|u − `|2 dx (3.14)

for all affine functions ` : Rn → RN .

Lemma 3.7 implies that `x0,ρ has the following quasi-minimizing property for the Lp-norm.

Lemma 3.8 ([4, Section 2]). Consider the minimizer of (3.12), that is, `x0,ρ. For any affine
functions ` : Rn → RN and p ≥ 2 we have

−
∫

Bρ(x0)
|u − `x0,ρ|p dx ≤ c(n, p)−

∫
Bρ(x0)

|u − `|p dx.

Similarly as above, for given u ∈ L2(Qρ(z0), RN ), z0 ∈ ΩT , ρ > 0, we denote by `z0,ρ the
unique affine function minimizing

` 7→ −
∫

Qρ(z0)
|u − `|2 dz (3.15)

among all affine functions `(z) = `(x) which are independent of the time variable t. Note that
`z0,ρ takes form

`z0,ρ(x) = `z0,ρ(x0) + D`z0ρ(x − x0)

where
`z0,ρ(x0) = uz0,ρ and D`z0,ρ =

n + 2
ρ2

−
∫

Qρ(z0)
u ⊗ (x − x0)dz,

and same argument yields the parallel result of Lemma 3.7:
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Lemma 3.9 ([15, Lemma 2.1]). Assume u ∈ L2(Qρ(z0), RN ), z0 ∈ Rn+1, ρ > 0 and 0 < θ ≤ 1.
With `z0,ρ and `z0,θρ we denote the affine functions from Rn to RN defined in (3.15) for the radii
ρ and θρ respectively. Then we have

|D`z0,ρ − D`z0,θρ|2 ≤ n(n + 2)
(θρ)2

−
∫

Qθρ(z0)
|u − `z0,ρ|2 dz (3.16)

and more generally,

|D`z0,ρ − D`|2 ≤ n(n + 2)
ρ2

−
∫

Qρ(z0)
|u − `|2 dz (3.17)

for all affine functions `(z) = `(x) which defined on Rn to RN .

The elementary calculation yields next two lemmas.

Lemma 3.10 ([22, Lemma 3.7]). Consider fixed a, b ≥ 0, p ≥ 1. Then for any ε > 0, there exists
K = K(p, ε) ≥ 0 satisfying

(a + b)p ≤ (1 + ε)ap + Kbp.

Lemma 3.11 ([20, Lemma 2.1]). For δ > 0, and for all a, b ∈ Rk we have

4−(1+2δ)(1 + |a|2 + |b − a|2)δ/2 ≤
∫ 1

0
(1 + |sa + (1 − s)b|2)δ/2ds. (3.18)

4 Elliptic system: Dini-continuous coefficients

Before we start proving the regularity theorem of the elliptic systems (1.1) with Dini continuous
coefficients, i.e., Theorem 2.1, let us make a few remarks.

From (2.1), we infer the existence of a modulus of continuity µ : [0,∞) × [0,∞) → [0, 1] such
that µ(s, 0) = 0 for all s, t 7→ µ(s, t) is nondecreasing for fixed s, s 7→ µ(s, t) is concave and
nondecreasing for fixed t, and µ also satisfies

|DwA(x, u, w) − DwA(x0, u0, w0)|

≤Lµ̃
(
|u| + |w| , |x − x0|2 + |u − u0|2 + |w − w0|2

)
(1 + |w| + |w0|)p−2 (4.1)

for all x, x0 ∈ Ω, u, u0 ∈ RN , w,w0 ∈ RnN with |u| + |w| ≤ M .
For technical reasons, we rewrite the modulus of continuity η by

η̃(t) := η2
(√

t
)

.

Therefore we have

(η̃1) η̃ is continuous, nondecreasing and η̃(+0) = 0.

(η̃2) η̃ is concave and t 7→ t−αη̃(t) is nonincreasing for the same exponent α as in (η2).

(η̃3) F̃ (t) :=
[
2F (

√
t)

]2
=

[∫ t

0

√
η̃β(τ)
τ

dτ

]
< +∞ for some t > 0.
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Changing κ by a constant, but keeping κ ≥ 1, we can also assume that

(η̃4) η̃(1) = 1, which implies t ≤ η̃(t) ≤ 1 for all t ∈ (0, 1].

Fix σ ≤ 1/α. For t ≤ s, we deduce tη̃σ(t) ≤ sη̃σ(s). For s ≤ t, we use nonincreasing property of
t−αη̃(t) and η̃(s) ≤ 1, we obtain sη̃σ(t) ≤ t. Combining both cases we have

sη̃σ(t) ≤ sη̃σ(s) + t for s ∈ [0, 1], t > 0, σ ≤ 1
α

.

In particular, we have

(η̃5) sη̃(t) ≤ sη̃(s) + t for s ∈ [0, 1], t > 0,

(η̃6) s
√

η̃(t) ≤ s
√

η̃(s) + t for s ∈ [0, 1], t > 0.

From (η̃2) we infer for i ∈ N ∪ {0}, θ ∈ (0, 1/8], t > 0

∫ θ2it

θ2(i+1)t

√
η̃β(τ)
τ

dτ ≥

√
η̃β(θ2it)
(θ2it)αβ

∫ θ2it

θ2(i+1)t
τ (αβ−2)/2dτ =

2
αβ

(1 − θαβ)
√

η̃β(θ2it),

which implies
k−1∑
i=0

√
η̃β(θ2it) ≤ αβ

2(1 − θαβ)

√
F̃ (t) (4.2)

for k ∈ N. This yields that

η̃(t) ≤ α2β2

4(1 − θαβ)2
F̃ (t) (4.3)

for all t ∈ [0, 1]. Moreover we have

t−αF̃ (t) = t−α

[√
F̃ (θt) +

∫ t

θt

√
τ−αη̃(τ)τ (α−2)/2dτ

]2

≤ t−α

[√
F̃ (θt) +

2
α

√
(θt)−αη̃(θt)

{√
tα −

√
(θt)α

}]2

≤

[√
t−αF̃ (θt) +

√
(θt)−αF̃ (θt)

1 − θα/2

1 − θαβ

]2

≤ 4(θt)−αF̃ (θt). (4.4)

The first step of proving the regularity theorem is to establish a Caccioppoli-type inequality
which able to control the derivatives Du by the solution u itself with increasing support.

For s, t ≥ 0 let

ρ1(s, t) := (1 + t)−1κ−1(s + t), G(s, t) := (1 + t)2κ2p(s + t).

Note that ρ1 ≤ 1 and G ≥ 1.
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Lemma 4.1. Consider ν ∈ RnN and ξ ∈ RN with |ξ| ≤ M fixed. Let u ∈ W 1,p(Ω, RN ) ∩
L∞(Ω, RN ) be a weak solution of the elliptic system (1.1) satisfying (2.1), (2.2), (2.7), (2.8),
(η1), (η2), (η3) and (η4) with ‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M . Then for any x0 ∈ Ω and
ρ ≤ ρ1(|ξ| , |ν|) with Bρ(x0) b Ω there holds

−
∫

Bρ/2(x0)

{
|Du − ν|2

(1 + |ν|)2
+

|Du − ν|p

(1 + |ν|)p

}
dx

≤ C1

[
−
∫

Bρ(x0)

{
|u − ξ − ν(x − x0)|2

ρ2(1 + |ν|)2
+

|u − ξ − ν(x − x0)|p

ρp(1 + |ν|)p

}
dx + G(|ξ| , |ν|)η̃(ρ2) + (a |ν| + b)2ρ2

]
(4.5)

for some C1 = C1(p, λ, L, a(M),M) ≥ 1.

Proof. Assume x0 ∈ Ω and ρ ≤ 1 satisfying Bρ(x0) b Ω and ρ ≤ ρ1(|ξ| , |ν|). We denote
ξ + ν(x − x0) by `(x) and let take a cut-off function ψ ∈ C∞

0 (Bρ(x0)) satisfying 0 ≤ ψ ≤ 1,
|Dψ| ≤ 4/ρ and ψ ≡ 1 on Bρ/2(x0). Then ϕ := ψp(u− `) is admissible as a test function in (2.9),
and obtain

−
∫

Bρ(x0)
ψp〈A(x, u,Du), Du − ν〉dx

= −−
∫

Bρ(x0)
〈A(x, u,Du), pψp−1Dψ ⊗ (u − `)〉dx + −

∫
Bρ(x0)

〈f, ϕ〉dx, (4.6)

where ξ ⊗ ζ := ξiζ
α. From equations

−−
∫

Bρ(x0)
ψp〈A(x, u, ν), Du − ν〉dx

= −
∫

Bρ(x0)
〈A(x, u, ν), pψp−1 ⊗ (u − `)〉dx −−

∫
Bρ(x0)

〈A(x, u, ν), Dϕ〉dx, (4.7)

and

−
∫

Bρ(x0)
〈A(x0, ξ, ν), Dϕ〉dx = 0 (4.8)
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we have

−
∫

Bρ(x0)
ψp〈A(x, u,Du) − A(x, u, ν), Du − ν〉dx

= −−
∫

Bρ(x0)
〈A(x, u,Du) − A(x, u, ν), pψp−1Dψ ⊗ (u − `)〉dx

−−
∫

Bρ(x0)
〈A(x, u, ν) − A(x, `, ν), Dϕ〉dx

−−
∫

Bρ(x0)
〈A(x, `, ν) − A(x0, ξ, ν), Dϕ〉dx

+ −
∫

Bρ(x0)
〈f, ϕ〉dx

=:I + II + III + IV. (4.9)

The terms I, II, III and IV are defined above. Using the ellipticity condition (2.2) and Lemma
3.11 to the left-hand side of (4.9), we have

−
∫

Bρ(x0)
ψp〈A(x, u,Du) − A(x, u, ν), Du − ν〉dx

=−
∫

Bρ(x0)
ψp

∫ 1

0

〈
DwA(x, u, sDu + (1 − s)ν)(Du − ν), Du − ν

〉
dsdx

≥−
∫

Bρ(x0)
ψpλ |Du − ν|2

∫ 1

0
(1 + |sDu + (1 − s)ν|)p−2dsdx

≥2(12−9p)/2λ−
∫

Bρ(x0)
ψp

{
(1 + |ν|)p−2 |Du − ν|2 + |Du − ν|p

}
dx. (4.10)

For ε > 0 to be fixed later, using (2.1) and Young’s inequality, we obtain

|I| ≤ε−
∫

Bρ(x0)
ψp

{
(1 + |ν|)p−2 |Du − ν|2 + |Du − ν|p

}
dx

+ c(p, L, ε)−
∫

Bρ(x0)

{
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 +
∣∣∣∣u − `

ρ

∣∣∣∣p
}

dx. (4.11)

We use (2.7) and Dϕ = ψp(Du − ν) + pψp−1Dψ ⊗ (u − `), and split the term II as follows:

|II| ≤−
∫

Bρ(x0)
κ(|ξ| + |ν| ρ)η(|u − `|)(1 + |ν|)p−1ψp |Du − ν| dx

+ −
∫

Bρ(x0)
κ(|ξ| + |ν| ρ)η(|u − `|)(1 + |ν|)p−1pψp−1 |Dψ| |u − `| dx

=:II1 + II2. (4.12)

Using Young’s inequality we estimate the term II1 as

II1 ≤ ε−
∫

Bρ(x0)
ψp(1 + |ν|)p−2 |Du − ν|2 dx +

1
ε
−
∫

Bρ(x0)
(1 + |ν|)pκ2(|ξ| + |ν|)η̃

(
|u − `|2

)
dx.
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Note that our choice ρ ≤ ρ1(|ξ| , |ν|) allow us to apply (η̃5), so that we get

II1 ≤ε−
∫

Bρ(x0)
ψp(1 + |ν|)p−2 |Du − ν|2 dx +

1
ε
−
∫

Bρ(x0)
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+
1
ε
−
∫

Bρ(x0)
(1 + |ν|)pκ2(|ξ| + |ν|)η̃

(
ρ2(1 + |ν|)2κ2(|ξ| + |ν|)

)
dx.

Using the definition of G(·, ·) and the fact that η̃(ct) ≤ cη̃(t) for c ≥ 1, we deduce

II1 ≤ε−
∫

Bρ(x0)
ψp(1 + |ν|)p−2 |Du − ν|2 dx +

1
ε
−
∫

Bρ(x0)
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+
1
ε
(1 + |ν|)pG(|ξ| , |ν|)η̃(ρ2).

Similarly we see

II2 ≤ c(p, ε)−
∫

Bρ(x0)
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx + c(p, ε)(1 + |ν|)pG(|ξ| , |ν|)η̃(ρ2).

Combining these two estimates and get

|II| ≤ε−
∫

Bρ(x0)
ψp(1 + |ν|)p−2 |Du − ν|2 dx + c(p, ε)−

∫
Bρ(x0)

(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+ c(p, ε)(1 + |ν|)pG(|ξ| , |ν|)η̃(ρ2). (4.13)

In the same way we derive

|III| ≤−
∫

Bρ(x0)
(1 + |ν|)p−1κ(|ξ| + |ν|)η ((1 + |ν|)ρ) ψp |Du − ν| dx

+ −
∫

Bρ(x0)
(1 + |ν|)p−1κ(|ξ| + |ν| ρ)η((1 + |ν|)ρ)4p

∣∣∣∣u − `

ρ

∣∣∣∣ dx

≤ε−
∫

Bρ(x0)
ψp(1 + |ν|)p−2 |Du − ν|2 dx + ε−

∫
Bρ(x0)

(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+ c(p, ε)(1 + |ν|)pG(|ξ| , |ν|)η̃(ρ2). (4.14)

For ε′ > 0 to be fixed later, using (2.8), Lemma 3.10 and Young’s inequality, we have

|IV| ≤−
∫

Bρ(x0)
(a |Du|p + b)ψp |u − `| dx

≤a(1 + ε′)−
∫

Bρ(x0)
ψp |Du − ν|p |u − `| dx + εb2ρ2 +

1
ε
−
∫

Bρ(x0)

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+ −
∫

Bρ(x0)

{
aK(p, ε′)ρ |ν|(p+2)/2

}
(1 + |ν|)(p−2)/2

∣∣∣∣u − `

ρ

∣∣∣∣ dx

≤a(1 + ε′)(2M + |ν| ρ)−
∫

Bρ(x0)
ψp |Du − ν|p dx +

2
ε
−
∫

Bρ(x0)
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dx

+ ε(1 + |ν|)pρ2{aK |ν| + b}2. (4.15)
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Combining above estimates, from (4.9) to (4.15), and set Λ := 2(12−9p)/2λ− 3ε− a(1 + ε′)(2M +
|ν| ρ), this gives

Λ−
∫

Bρ(x0)
ψp{(1 + |ν|)p |Du − ν|2 + |Du − `|p}dx

≤c(p, L, ε)

[
−
∫

Bρ(x0)

{
(1 + |ν|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 +
∣∣∣∣u − `

ρ

∣∣∣∣p
}

dx + (1 + |ν|)pG(|ξ| , |ν|)η̃(ρ2)

]
+ ε(1 + |ν|)p{aK |ν| + b}2ρ2.

Now choose ε = ε(p, λ, a(M),M) > 0 and ε′ = ε′(p, λ, a(M),M) > 0 in a right way, we obtain
the claim.

Lemma 4.2. Under the same assumptions in Lemma 4.1, take especially ξ = ux0,ρ. Then for
any x0 ∈ Ω and ρ ≤ ρ1(|ξ| , |ν|) satisfy Bρ(x0) b Ω, the inequality

−
∫

Bρ(x0)
A(Dv,Dϕ)dx ≤ C2(1 + |ν|)

[
µ̃1/2(|ξ| + |ν| , Φ(x0, ρ, ν))Φ1/2(x0, ρ, ν)

+ Φ(x0, ρ, ν) + G(|ξ| , |ν|)
√

η̃(ρ2) + ρ(a |ν| + b)
]

sup
Bρ(x0)

|Dϕ|

(4.16)

holds for all ϕ ∈ C∞
0 (Bρ(x0), RN ), where

A(Dv,Dϕ) :=
1

(1 + |ν|)p−1
〈DwA(x0, ξ, ν)Dv,Dϕ〉,

Φ(x0, ρ, ν) := −
∫

Bρ(x0)

{
|Du − ν|2

(1 + |ν|)2
+

|Du − ν|p

(1 + |ν|)p

}
dx

and C2 = C2(n, p, L, a(M)) ≥ 1.

Proof. Assume x0 ∈ Ω and ρ ≤ 1 which satisfy Bρ(x0) b Ω and ρ ≤ ρ1(|ξ| , |ν|). Without loss
of generality we may assume supBρ(x0) |Du| ≤ 1. Note that this implies supBρ(x0) |u| ≤ ρ ≤ 1.
Using the fact that

∫
Bρ(x0) A(x0, ξ, ν)Dϕdx = 0 for all ϕ ∈ C∞

0 (Bρ(x0), RN ) we deduce

(1 + |ν|)p−1−
∫

Bρ(x0)
A(Dv,Dϕ)dx

=−
∫

Bρ(x0)

∫ 1

0
〈[DwA(x0, ξ, ν) − DwA(x0, ξ, ν + s(Du − ν))](Du − ν), Dϕ〉dsdx

+ −
∫

Bρ(x0)
〈A(x0, ξ,Du) − A(x, `,Du), Dϕ〉dx

+ −
∫

Bρ(x0)
〈A(x, `,Du) − A(x, u,Du), Dϕ〉dx

+ −
∫

Bρ(x0)
〈f, ϕ〉dx

=:I + II + III + IV (4.17)
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where terms I, II, III, IV are defined above.
We estimate the term I using the modulus of continuity µ̃(·, ·) from (4.1), Jensen’s inequality

and Hölder’s inequality, and we get

|I| ≤c(p, L)−
∫

Bρ(x0)

∫ 1

0
µ̃(|ξ| + |ν| , |Du − ν|2)(1 + |ν| + |Du − ν|)p−2 |Du − ν| dsdx

≤c(1 + |ν|)p−1−
∫

Bρ(x0)
µ̃(|ξ| + |ν| , |Du − D`|2)

{
|Du − ν|
1 + |ν|

+
|Du − ν|p−1

(1 + |ν|)p−1

}
dx

≤c(1 + |ν|)p−1
[
µ̃1/2

(
|ξ| + |ν| , (1 + |ν|)2Φ(x0, ρ, ν)

)
Φ1/2(x0, ρ, ν)

+ µ̃1/p
(
|ξ| + |ν| , (1 + |ν|)2Φ(x0, ρ, ν)

)
Φ1/q(x0, ρ, ν)

]
≤c(1 + |ν|)p

[
µ̃1/2(|ξ| + |ν| , Φ(x0, ρ, ν))Φ1/2(x0, ρ, ν) + Φ(x0, ρ, ν)

]
, (4.18)

where q > 0 is a dual exponent of p ≥ 2, i.e., q = p/(p − 1). The last inequality follows from the
fact that a1/pb1/q = a1/pb1/pb(p−2)/2 ≤ a1/2b1/2 + b holds by Young’s inequality and the fact that
µ̃(s, ct) ≤ cµ̃(s, t) for c ≥ 1 which deduce from the concavity of t 7→ µ̃(s, t).

Similarly, using the modulus of continuity η̃(·) from (2.7), Young’s inequality, and we deduce

|II| ≤2p−2κ(|ξ| + |ν|)(1 + |ν|)p
√

η̃(ρ2)

+ 2p−2−
∫

Bρ(x0)
κ(|ξ| + |ν|)

√
η̃(ρ2(1 + |ν|)2) |Du − ν|p−1 dx

≤2p−1(1 + |ν|)pG(|ξ| , |ν|)
√

η̃(ρ2) + 2p−2(1 + |ν|)pΦ(x0, ρ, ν). (4.19)

Here we have used η̃p/2(ρ2(1 + |ν|)2) ≤
√

η̃(ρ2(1 + |ν|)2) which follows from the nondecreasing
property of t 7→ η̃(t), (η̃4) and our assumption ρ ≤ ρ1 ≤ 1.

We derive, using again the modulus of continuity η̃(·) from (2.7),

|III| ≤c(p)−
∫

Bρ(x0)
κ(|ξ| + |ν|)

√
η̃(|u − `|2)(1 + |ν|)p−1dx

+ c(p)−
∫

Bρ(x0)
κ(|ξ| + |ν|)

√
η̃(|u − `|2) |Du − ν|p−1 dx

=:III1 + III2.

Using Hölder’s inequality, Jensen’s inequality, (η̃6) and the Poincaré inequality, we have

III1 ≤ c(p)(1 + |ν|)p−1κ(|ξ| + |ν|)η̃1/2

(
−
∫

Bρ(x0)
|u − `|2 dx

)

≤ cρ−2(1 + |ν|)p−2

{
ρ2(1 + |ν|)2κ2(|ξ| + |ν|)η̃1/2

(
ρ2(1 + |ν|)2κ2(|ξ| + |ν|)

)
+ −

∫
Bρ(x0)

|u − `|2 dx

}
≤ c(p)(1 + |ν|)pG(|ξ| , |ν|)

√
η̃(ρ2) + c(p, n)(1 + |ν|)pΦ(x0, ρ, ν).
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Similarly, we have, using Young’s inequality, (η̃5) and the Poincaré inequality,

III2 ≤ c(p)−
∫

Bρ(x0)
κp(|ξ| + |ν|)η̃p/2

(
|u − `|2

)
dx + c(p)−

∫
Bρ(x0)

|Du − ν|p dx

≤ c−
∫

Bρ(x0)

[
ρ−2{κ2(|ξ| + |ν|)ρη̃

(
κ2(|ξ| + |ν|)ρ2

)
+ |u − `|2}

]p/2
dx + c(1 + |ν|)pΦ(x0, ρ, ν)

≤ c(1 + |ν|)pG(|ξ| , |ν|)
√

η̃(ρ2) + c(n, p)(1 + |ν|)pΦ(x0, ρ, ν).

Thus we obtain

|III| ≤ c(p)(1 + |ν|)pG(|ξ| , |ν|)
√

η̃(ρ2) + c(n, p)(1 + |ν|)pΦ(x0, ρ, ν). (4.20)

Using (2.8) and recall our assumption supBρ(x0) |ϕ| ≤ ρ, we have

|IV| ≤ −
∫

Bρ(x0)
ρa(|Du − ν| + |ν|)pdx + bρ

≤ 2p−1a(1 + |ν|)pΦ(x0, ρ, ν) + 2p−1ρ(1 + |ν|)p(a |ν| + b). (4.21)

Combining these estimates, from (4.17) to (4.21), we obtain the conclusion.

For fixed x0 ∈ Ω and ρ ≤ 1, let write Φ(ρ) = Φ(x0, ρ, (Du)x0,ρ) from now on. Now we are
ready to establish the excess improvement.

Lemma 4.3. Assume the same assumptions with Lemma 4.1. Let θ ∈ (0, 1/8] be arbitrary and
impose the following smallness conditions on the excess:

(i) µ1/2(|ux0,ρ| + |(Du)x0,ρ| , Φ(ρ)) +
√

Φ(ρ) ≤ δ
2 with the constant δ = δ(n,N, p, λ, L, θn+p+2)

from Lemma 3.2;

(ii) (1 + |(Du)x0,ρ|)γ(ρ) ≤ θn
(
2
√

C0C
)−1,

where C0 and C are constants from Theorem 3.4 and Lemma 3.2, and
γ(ρ) := C2

[√
Φ(ρ) + 2δ−1

{
G(|ux0,ρ| , |(Du)x0,ρ|)

√
η̃(ρ2) + ρ(a(1 + |(Du)x0,ρ|) + b)

}]
,

(iii) ρ ≤ ρ1(|ux0,ρ| , |(Du)x0,ρ|).

Then there holds the excess improvement estimate

Φ(θρ) ≤ C3θ
2Φ(ρ) + H(|ux0,ρ| , |(Du)x0,ρ|)η̃(ρ2), (4.22)

with a constant C3 = C3(n,N, p, λ, L, a(M),M, θ) ≥ 1, where

H(s, t) := 8δ−2C3{G2(1 + s, 1 + t) + a(1 + t) + b}.

Proof. We consider Bρ(x0) b Ω and set ξ = ux0,ρ, ν = (Du)x0,ρ, ` = ξ + ν(x− x0). Assume (i),
(ii) and (iii) are satisfied. We rescale the solution u as

w :=
u − `

(1 + |ν|)γ
.
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Applying Lemma 4.2 on Bρ(x0) to w and combining the assumption (i), we obtain

−
∫

Bρ(x0)
A(Dw,Dϕ)dx

≤
[
µ1/2

(
|ξ| + |ν| ,

√
Φ(ρ)

)
+

√
Φ(ρ) +

δ

2

]
sup

Bρ(x0)
|Dϕ|

≤δ sup
Bρ(x0)

|Dϕ|

for all ϕ ∈ C∞
0 (Bρ(x0), RN ). Moreover, we have, note that γ ≥ C2

√
Φ(ρ) holds from the definition

of γ,

−
∫

Bρ(x0)
{|Dw|2 + γp−2 |Dw|p}dx = −

∫
Bρ(x0)

{
|Du − ν|2

γ2(1 + |ν|)2
+ γp−2 |Du − ν|p

γp(1 + |ν|)p

}
dx

≤ Φ
γ

≤ 1
C2

2 ≤ 1.

Thus, these two inequalities allow us to apply A-harmonic approximation lemma (Lemma 3.2),
to conclude the existence of an A-harmonic function h satisfying

−
∫

Bρ/2(x0)

{∣∣∣∣w − h

ρ/2

∣∣∣∣2 + γp−2

∣∣∣∣w − h

ρ/2

∣∣∣∣p
}

dx ≤ θn+p+2, (4.23)

and
−
∫

Bρ/2(x0)
{|Dh| + γp−2 |Dh|p}dx ≤ C(n, p), (4.24)

where we taken ε = θn+p+2. From Theorem 3.4 and (4.24) we have

sup
Bρ/4(x0)

∣∣D2h
∣∣2 ≤ 4C0Cρ2.

From this we infer the following estimate for s = 2 respectively for s = p,

sup
Bρ/4(x0)

∣∣∣Dh
∣∣∣s ≤ c(n,N, λ, L, p, s)ρ−s.

For θ ∈ (0, 1/8], Taylor’s theorem applied to h at x0 yields

sup
x∈B2θρ(x0)

|h(x) − h(x0) − Dh(x0)(x − x0)|s ≤ c(n,N, λ, L, p, s)θ2sρs.

We have then

γs−2(2θρ)−s−
∫

B2θρ(x0)
|w − h(x0) − Dh(x0)(x − x0)|s dx

≤c(s)γs−2(2θρ)−s

[
−
∫

B2θρ(x0)
|w − h|s dx + −

∫
B2θρ(x0)

|h − h(x0) − Dh(x0)(x − x0)|s dx

]
≤c(n,N, λ, L, p, s)θ2.
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Set P0 = ν + γ(1 + |nu|)Dh(x0). Recall that the mean-value of u − P0(x − x0) on B2θρ(x0) is
ux0,2θρ, we have

(2θρ)−s−
∫

B2θρ(x0)
|u − ux0,2θρ − P0(x − x0)|s dx (4.25)

≤c(s)(2θρ)−sγs(1 + |ν|)s−
∫

B2θρ(x0)
|w − h(x0) − Dh(x0)(x − x0)|s dx (4.26)

≤c(n, N, λ, L, p, s)(1 + |ν|)sθ2γ2. (4.27)

By assumption (ii), we infer
√

Φ(ρ) ≤ θn/2. This yields

|(Du)x0,θρ − ν| ≤ θ−n−
∫

Bρ(x0)
|Du − ν| dx ≤ θ−n(1 + |ν|)

√
Φ(ρ) ≤ 1

2
(1 + |ν|).

Thus, combining with the estimate 1 + |ν| ≤ 1 + |(Du)x0,θρ| + |(Du)x0,θρ − ν|, we obtain

1 + |ν| ≤ 2(1 + |(Du)x0,θρ|). (4.28)

Then Theorem 3.4, (4.24) and assumption (iii) imply

|P0| ≤ |ν| + |γ(1 + |ν|)Dh(x0)| ≤ |ν| + γ(1 + |ν|)
√

C0C(n, p) ≤ 1
2

+ |ν| . (4.29)

Therefore, combining with (4.28), we have

1 + |P0| ≤ 3(1 + |(Du)x0,θρ|).

Applying the Caccioppoli-type inequality (Lemma 4.1) on B2θρ(x0) with ξ = ux0,2θρ and ν = P0

yields

Φ(θρ) ≤6pΦ(x0, θρ, P0)

≤6pC1

[
−
∫

B2θρ(x0)

{∣∣∣∣u − ux0,2θρ − P0(x − x0)
2θρ(1 + |P0|)

∣∣∣∣2 +
∣∣∣∣u − ux0,2θρ − P0(x − x0)

2θρ(1 + |P0|)

∣∣∣∣p
}

dx

+ G(|ux0,2θρ| , |P0|)η̃
(
(2θρ)2

)
+ (a |P0| + b)2(2θρ)2

]
. (4.30)
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Using Hölder’s inequality, the Poincaré inequality and assumption (ii) we have

|ux0,2θρ| ≤ |ux0,ρ| +

∣∣∣∣∣−
∫

B2θρ(x0)
(u − ux0,ρ − ν(x − x0))dx

∣∣∣∣∣
≤ |ux0,ρ| +

(
−
∫

B2θρ(x0)
|u − ux0,ρ − ν(x − x0)|2 dx

)1/2

≤ |ux0,ρ| + (2θ)−n/2

(
−
∫

Bρ(x0)
|u − ux0,ρ − ν(x − x0)|2 dx

)1/2

≤ |ux0,ρ| + θ−n/2
√

CP (1 + |ν|)
√

Φ(ρ)

≤ |ux0,ρ| + θ−n/2

√
CP

C2
(1 + |ν|)γ

≤ |ux0,ρ| + 1. (4.31)

Set H0(s, t) = G2(1 + s, 1 + t) + {a(1 + t) + b}q and using (4.29) we obtain

G(|ux0,2θρ| , |P0|)η̃((2θρ)2) + (a |P0| + b)2(2θρ)2 ≤ H0(|ξ| , |ν|)η̃(ρ2). (4.32)

Definitions of γ and H0 imply

γ2 ≤ 2C2
2

[
Φ(ρ) + 4δ−2

{
G(|ξ| , |ν|)

√
η̃(ρ2) + ρ(a(1 + |ν|) + b)

}2
]

≤ 2C2
2[Φ(ρ) + 8δ−2H0(|ξ| , |ν|)η̃(ρ2)]. (4.33)

Plugging (4.27), (4.32) and (4.33) into (4.30), we deduce

Φ(θρ) ≤ 6pC1

[
c(n,N, λ, L, p)θ2γ2 + G(|ux0,2θρ| , |P0|)η̃((2θρ)2) + (a |P0| + b)2(2θρ)2

]
≤ 6pC1

[
cθ2C2

2
{
Φ(ρ) + δ−2H0(|ξ| , |ν|)η̃(ρ2)

}
+ H0(|ξ| , |ν|)η̃(ρq)

]
≤ C3

[
θ2Φ(ρ) + 8δ−2H0(|ξ| , |ν|)η̃(ρ2)

]
,

and this complete the proof.

For σ ∈ [α, 1) we find θ ∈ (0, 1/8] such that C3θ
2 ≤ θ2σ/2. For T0 ≥ 1 there exists Φ0 > 0

such that

µ1/2
(
2T0,

√
2Φ0

)
+

√
2Φ0 ≤ δ

2
, (4.34)

2C4(1 + 2T0)
√

2Φ0 ≤ θn, (4.35)

where C4 := C3(1 +
√

CP ). Note that Φ0 < 1. Then we choose 0 < ρ0 ≤ 1 such that

C5

√
η̃(ρ0) ≤ Φ0, (4.36)

(1 + 2T0)(1 +
√

CP )
θn/2

√
C5α2β2F̃ (ρ2

0)
4(1 − θαβ)2

≤ 1
2
T0, (4.37)
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where
C5 = C5(n,N, λ, L, p, a(M),M, α, σ, T0) =

2H(2T0, 2T0)
2θ2α − θ2σ

.

Lemma 4.4. Assume that for some T0 ≥ 1 and Bρ(x0) b Ω we have

(a) |ux0,ρ| + |(Du)x0,ρ| ≤ T0,

(b) Φ(ρ) ≤ Φ0,

(c) ρ ≤ ρ0.

Then the smallness conditions (i), (ii) and (iii) are satisfied on Bθkρ(x0) for k ∈ N ∪ {0} in
Lemma 4.3. Moreover, the limit

Λx0 := lim
k→∞

(Du)x0,θkρ

exists, and the inequality

−
∫

Br(x0)
|Du − Λx0 |

s dx ≤ C6

[(
r

ρ

)2σ

Φ(ρ) + F̃ (r2)

]
(4.38)

is valid for 0 < r ≤ ρ with a constant C6 = C6(n,N, λ, L, p, a(M),M, α, β, σ, T0).

Proof. Inductively we shall derive for k ∈ N ∪ {0} the following three assertions:

(Ik) Φ(θkρ) ≤ 2Φ0,

(IIk)
∣∣ux0,θkρ

∣∣ +
∣∣(Du)x0,θkρ

∣∣ ≤ 2T0,

(IIIk) θkρ ≤ ρ1(
∣∣ux0,θkρ

∣∣ ,
∣∣(Du)x0,θkρ

∣∣).
We first note that (Ik), (IIk) and (4.34) imply the smallness condition (ik), i.e., (i) with θkρ
instead of ρ. Next we observe that (Ik), (IIk), (4.35) and (4.36) yield

(1 +
∣∣(Du)x0,θkρ

∣∣) (
2
√

C0C
)

γ(θkρ)

≤(1 +
∣∣(Du)x0,θkρ

∣∣) [
C3

√
2Φ0 + H(

∣∣ux0,θkρ

∣∣ ,
∣∣(Du)x0,θkρ

∣∣)√η̃(ρ0
2)

]
≤(1 + 2T0)

[
C3

√
2Φ0 + H(2T0, 2T0)

√
η̃(ρ0

2)
]

≤(1 + 2T0)
[
C3

√
2Φ0 +

2θ2α − θ2σ

2
Φ0

]
≤2C3(1 + 2T0)

√
2Φ0

≤1.

Thus we have (iik). Note that C2

(
2
√

C0C
)
≤ C3 and Φ0 < 1 are hold from there definitions.

Finally (iiik) is just (IIIk).
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By assumption (a), (b) and (c), there hold (I0), (II0) and (III0). Now suppose that we have
(Il), (IIl) and (IIIl) for l = 0, 1, . . . , k − 1 with some k ∈ N. Then we can use Lemma 4.3 with ρ,
θρ, . . . , θk−1ρ, and yield

Φ(θkρ) ≤
(

1
2
θ2σ

)k

Φ(ρ) +
k−1∑
l=0

(
1
2
θ2σ

)l

H(
∣∣ux0,θk−1−lρ

∣∣ ,
∣∣(Du)x0,θk−1−lρ

∣∣)η̃((θk−1−lρ)2)

≤
(

1
2
θ2σ

)k

Φ(ρ) + H(2T0, 2T0)
k−1∑
l=0

(
1
2
θ2σ

)l

η̃((θk−1−lρ)2).

The nondecreasing property of t 7→ t−αη̃(t) and the choice of σ imply

k−1∑
l=0

(
1
2
θ2σ

)l

η̃((θk−1−lρ)2) ≤ θ−2αη̃((θkρ)2)
k−1∑
l=0

(
1
2
θ2α−2σ

)l

≤ 2η̃((θkρ)2)
2θ2α − θ2σ

.

Therefore we have

Φ(θkρ) ≤
(

1
2
θ2σ

)k

Φ(ρ) + C5η̃((θkρ)2). (4.39)

Keeping in mind of (b), (c) and the choice of ρ, we prove (Ik). We next want to show (IIk). Using
the fact that −

∫
Bρ(x0) ν(x− x0)dx = 0 holds for all ν ∈ RnN , Hölder’s inequality and the Poincaré

inequality, we obtain

∣∣ux0,θkρ

∣∣ ≤ ∣∣ux0,θk−1ρ

∣∣ +

∣∣∣∣∣−
∫

B
θkρ

(x0)
(u − ux0,θk−1ρ − (Du)x0,θk−1ρ(x − x0))dx

∣∣∣∣∣
≤

∣∣ux0,θk−1ρ

∣∣ + θ−n/2
√

CP (1 +
∣∣(Du)x0,θk−1ρ

∣∣)√Φ(θk−1ρ)

≤ |ux0,ρ| + θ−n/2
√

CP

k−1∑
l=0

(1 +
∣∣(Du)x0,θlρ

∣∣)√Φ(θlρ).

Similarly we see

∣∣(Du)x0,θkρ

∣∣ ≤ ∣∣(Du)x0,θk−1ρ

∣∣ +

∣∣∣∣∣−
∫

B
θkρ

(x0)
(Du − (Du)x0,θk−1ρ)dx

∣∣∣∣∣
≤ |(Du)x0,ρ| + θ−n/2

k−1∑
l=0

(1 +
∣∣(Du)x0,θlρ

∣∣)√Φ(θlρ).
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Combining above two estimates and using (4.39) and (4.2) we infer∣∣ux0,θkρ

∣∣ +
∣∣(Du)x0,θkρ

∣∣
≤ |ux0,ρ| + |(Du)x0,ρ| +

(1 +
√

CP )(1 + 2T0)
θn/2

k−1∑
l=0

√
Φ(θlρ)

≤T0 +
(1 +

√
CP )(1 + 2T0)
θn/2

k−1∑
l=0

{(
1√
2
θσ

)l √
Φ(ρ) +

√
C5η̃(θ2lρ2)

}

≤T0 +
(1 +

√
CP )(1 + 2T0)
θn/2


√

2Φ(ρ)√
2 − θσ

+

√
C5α2β2F̃ (ρ2)
4(1 − θαβ)2


≤T0 +

1√
2 − θσ

θn/2

2
+

1
2
T0

≤2T0.

This proves (IIk). By (c), (IIk), (η̃4), the definition of H and (4.36), we easily derive

(1 +
∣∣(Du)x0,θkρ

∣∣)κ(
∣∣ux0,θkρ

∣∣ ,
∣∣(Du)x0,θkρ

∣∣)θkρ

≤H(2T0, 2T0)
√

η̃(ρ0)
≤1.

Thus, we prove (IIIk).
We next want to prove that (Du)x0,θkρ converges to some limit Λx0 in RnN . Arguing as in

the proof of (IIk) we deduce for k > j

∣∣(Du)x0,θkρ − (Du)x0,θjρ

∣∣ ≤ k∑
l=j+1

∣∣(Du)x0,θlρ − (Du)x0,θl−1ρ

∣∣
≤

k∑
l=j+1

θ−n/2(1 +
∣∣(Du)x0,θl−1ρ

∣∣)√Φ(θl−1ρ)

≤
(1 + 2T0)

√
θ2σjΦ(ρ

θn/2(
√

2 − θσ)
+

1 + 2T0

θn/2

√
C5α2β2F̃ (θ2jθ2)

4(1 − θαβ)2
. (4.40)

Taking into account our assumption (η̃3) we see that {(Du)x0,θkρ}k is a Cauchy sequence in RnN .
Therefore the limit

Λx0 := lim
k→∞

(Du)x0,θkρ

exists and from (4.40) we infer for j ∈ N ∪ {0}∣∣(Du)x0,θjρ − Λx0

∣∣ ≤ ∣∣(Du)x0,θkρ − (Du)x0,θjρ

∣∣ +
∣∣(Du)x0,θkρ − Λx0

∣∣
→ C7

√
θ2σjΦ(ρ) + F̃ (θ2jρ2) (as k → ∞)
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where

C7 :=
√

2(1 + 2T0)
θn/2

√
1

(
√

2 − θσ)2
+

C5α2β2

4(1 − θαβ)2
.

Combining this with (4.39), and recalling the estimate (4.3) we arrive at

−
∫

B
θjρ

(x0)
|Du − Λx0 |

2 dx ≤ 2(1 + 2T0)Φ(θjρ) + 2
∣∣(Du)x0,θjρ − Λx0

∣∣2
≤ C8

{
θ2σjΦ(ρ) + F̃ (θ2σjρ2)

}
with

C8 := 2
{

1 + 2T0 + C7
2 +

C5α
2β2(1 + 2T0)

4(1 − θαβ)2

}
.

For 0 < r ≤ ρ we find j ∈ N ∪ {0} such that θj+1ρ ≤ r < θjρ. Then using the above estimate
with (4.4) imply

−
∫

Br(x0)
|Du − Λx0 |

2 dx ≤ θ−n−
∫

Bj
θρ(x0)

|Du − Λx0 |
2 dx

≤ C8θ
−n{θ2σjΦ(ρ) + F̃ (θ2σρ2)

≤ 4C8θ
−n−2σ

{(
r

ρ

)2σ

Φ(ρ) + F̃ (r2)

}
.

This proves (4.38) with C6 := 4C8θ
−n−2σ.

The regularity theorem (Theorem 2.1) is obtained from Lemma 4.4 by using standard argu-
ments.

5 Elliptic system: VMO-coefficients

From p-growth condition (2.1), we may infer the modulus of continuity function µ : [0,∞) →
[0,∞) such that µ is bounded, concave, non-decreasing and we have

|DwA(x, u, w) − DwA(x, u, w0)| ≤ Lµ

(
|w − w0|

1 + |w| + |w0|

)
(1 + |w| + |w0|)p−2 (5.1)

for all x ∈ Ω, u ∈ RN , w,w0 ∈ RnN . Without loss of generality, we may assume µ ≤ 1. Note
that µ is differ from the one we take in the case of Dini-continuous coefficients, (4.1).

Lemma 5.1. Let u ∈ W 1,p(Ω, RN ) ∩ L∞(Ω, RN ) be a weak solution of the elliptic system (1.1)
satisfying (2.1), (2.2), (2.12), (2.10), (2.11) and (2.8) with ‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M .
For any x0 ∈ Ω and ρ ≤ 1 with Bρ(x0) b Ω and any affine function ` : Rn → RN with |`(x0)| ≤ M ,
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we have the estimate

−
∫

Bρ/2(x0)

{
|Du − D`|2

(1 + |D`|)2
+

|Du − D`|p

(1 + |D`|)p

}
dx

≤C9

[
−
∫

Bρ(x0)

{
|u − `|2

ρ2(1 + |D`|)2
+

|u − `|p

ρp(1 + |D`|)p

}
dx

+ ω

(
−
∫

Bρ(x0)
|u − `(x0)|2 dx

)
+ V (ρ) + (aq |D`|q + bq)ρq

]
(5.2)

with the constant C9 = C9(p, λ, L, a(M),M) ≤ 1.

Proof. Similar as in the proof of Lemma 4.1, we take a standard cut-off function ψ ∈ C∞
0 (Ω, RN )

and insert the admissible test function ϕ := ψp(u − `) to (2.9) we obtain

−
∫

Bρ(x0)
ψp〈A(x, u,Du) − A(x, u,D`), Du − D`〉dx

= −−
∫

Bρ(x0)
〈A(x, u,Du) − A(x, u,D`), pψp−1Dψ ⊗ (u − `)〉dx

−−
∫

Bρ(x0)
〈A(x, u,D`) − A(x, `(x0), D`), Dϕ〉dx

−−
∫

Bρ(x0)
〈A(x, `(x0), D`) − (A(·, `(x0), D`))x0,ρ, Dϕ〉dx

+ −
∫

Bρ(x0)
〈f, ϕ〉dx

=:I + II + III + IV. (5.3)

Note that the term III is differ from (4.9). The left-hand side of (5.3), the term I and IV are
estimated as similar as in Lemma 4.1, and we have

−
∫

Bρ(x0)
ψp〈A(x, u,Du) − A(x, u,D`), Du − D`〉dx

≥2(12−9p)/2λ−
∫

Bρ(x0)
ψp

{
(1 + |D`|)p−2 |Du − D`|2 |Du − D`|p

}
dx (5.4)

|I| ≤ε−
∫

Bρ(x0)
ψp

{
(1 + |D`|)p−2 |Du − D`|2 |Du − D`|p

}
dx

+ c(p, L, ε)−
∫

Bρ(x0)

{
(1 + |D`|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 +
∣∣∣∣u − `

ρ

p
∣∣∣∣
}

dx (5.5)

|IV| ≤a(1 + ε′)(2M + |D`| ρ)−
∫

Bρ(x0)
ψp |Du − D`|p dx

+ c(p, ε)−
∫

Bρ(x0)

∣∣∣∣u − `

ρ

∣∣∣∣p dx + ε(1 + |D`|)pρq{aqKq |D`|q + bq} (5.6)
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where ε, ε′ > 0 to be fixed later. In order to estimate the term II, we use (2.12), Dϕ = ψp(Du−
D`) + pψp−1 ⊗ (u − `), and Young’s inequality, we get

|II| ≤ε−
∫

Bρ(x0)
|Du − D`|p dx + ε−q/p−

∫
Bρ(x0)

Lqωq(|u − `(x0)|2)(1 + |D`|)pdx

+ ε−
∫

Bρ(x0)

∣∣∣∣u − `

ρ

∣∣∣∣p dx + ε−q/p−
∫

Bρ(x0)
(4Lp)qωq(|u − `(x0)|2)(1 + |D`|)pdx

≤ε−
∫

Bρ(x0)
ψp |Du − D`|p dx + ε−

∫
Bρ(x0)

∣∣∣∣u − `

ρ

∣∣∣∣p dx

+ c(p, L, ε)(1 + |D`|)pω

(
−
∫

Bρ(x0)
|u − `(x0)|2

)
dx, (5.7)

where we use Jensen’s inequality in the last step. We next estimate the term III by using VMO-
condition (2.10) and again Young’s inequality, we have

|III| ≤ ε

2p−1
−
∫

Bρ(x0)

{
ψp |Du − D`| + 4p |u − `|

ρ

}p

dx +
(

2p−1

ε

)q/p

−
∫

Bρ(x0)
Vx0

q(x, ρ)(1 + |D`|)pdx.

Then using the fact that Vx0
q = Vx0

q−1 · Vx0 ≤ (2L)q−1Vx0 ≤ 2LVx0 , and (2.11) we infer

|III| ≤ ε−
∫

Bρ(x0)
ψp |Du − D`|p dx + c(p, ε)−

∫
Bρ(x0)

∣∣∣∣u − `

ρ

∣∣∣∣p dx + c(p, L, ε)(1 + |D`|)pV (ρ). (5.8)

Combining (5.3) through (5.8), and set Λ := 2(12−9p)/2λ− 3ε− a(1 + ε′)(2M + |D`| ρ), this gives

Λ−
∫

Bρ(x0)
ψp

{
|Du − D`|2

(1 + |D`|)2
+

|Du − D`|p

(1 + |D`|)p

}
dx

≤c(p, L, ε)

[
−
∫

Bρ(x0)

{∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣2 +
∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣p
}

dx + ω

(
−
∫

Bρ(x0)
|u − `(x0)|2 dx

)
+ V (ρ)

]
+ ε{aq(1 + K(q, ε′))q |D`|q + bq}ρq.

Now choose ε = ε(λ, p, a(M),M) > 0 and ε′ = ε′(λ, p, a(M),M) > 0 in a right way, we obtain
(5.2).
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Here let us write

v := u − ` = u − `(x0) − D`(x − x0),

A(Dv,Dϕ) :=
1

(1 + |D`|)p−1

〈(
DξA(·, `(x0), D`)

)
x0,ρ

Dv,Dϕ
〉
,

Φ(x0, ρ, `) := −
∫

Bρ(x0)

{
|Du − D`|2

(1 + |D`|)2
+

|Du − D`|p

(1 + |D`|)p

}
dx

Ψ(x0, ρ, `) := −
∫

Bρ(x0)

{
|u − `|2

ρ2(1 + |D`|)2
+

|u − `|p

ρp(1 + |D`|)p

}
dx

Ψ∗(x0, ρ, `) := Ψ(x0, ρ, `) + ω

(
−
∫

Bρ(x0)
|u − `(x0)|2 dx

)
+ V (ρ) + (aq |D`|q + bq)ρq

for shorten.

Lemma 5.2. Assume the same assumptions in Lemma 5.1. Then for any x0 ∈ Ω and ρ ≤ ρ0

with satisfy B2ρ(x0) b Ω, and any affine function ` : Rn → RN with |`(x0)| ≤ M , the inequality

−
∫

Bρ(x0)
A(Dv,Dϕ)dx ≤ C10(1 + |D`|)

[
µ1/2

(√
Ψ∗(x0, 2ρ, `)

) √
Ψ∗(x0, 2ρ, `)

+ Ψ∗(x0, 2ρ, `) + ρ(a|D`|p + b)
]

sup
Bρ(x0)

|Dϕ| (5.9)

holds for all ϕ ∈ C∞
0 (Bρ(x0), RN ) and a constant C10 = C10(n, p, λ, L, a(M)) ≥ 1.

Proof. Assume x0 ∈ Ω and ρ ≤ 1 satisfy Bρ(x0) b Ω.

(1 + |D`|)p−1−
∫

Bρ(x0)
A(Dv,Dϕ)dx

=−
∫

Bρ(x0)

∫ 1

0

〈[(
DwA(·, `(x0), D`)

)
x0,ρ

−
(
DwA(·, `(x0), D` + sDv)

)
x0,ρ

]
Dv,Dϕ

〉
dsdx

+ −
∫

Bρ(x0)

〈(
A(·, `(x0), Du)

)
x0,ρ

− A(x, `(x0), Du), Dϕ
〉
dx

+ −
∫

Bρ(x0)
〈A(x, `(x0), Du) − A(x, u,Du), Dϕ〉dx

+ −
∫

Bρ(x0)
〈f, ϕ〉dx

=:I + II + III + IV (5.10)

Using the modulus of continuity µ(·) from (5.1), Jensen’s inequality and Hölder’s inequality, we
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estimate

| I | ≤ c(p, L)(1 + |D`|)p−1−
∫

Bρ(x0)
µ

(
|Du − D`|
1 + |D`|

) {
|Du − D`|
1 + |D`|

+
|Du − D`|p−1

(1 + |D`|)p−1

}
dx

≤ c(1 + |D`|)p−1
[
µ1/2

(√
Φ(x0, ρ, `)

) √
Φ(x0, ρ, `) + µ1/p

(
Φ1/2(x0, ρ, `)

)
Φ1/q(x0, ρ, `)

]
≤ c(1 + |D`|)p−1

[
µ1/2

(√
Φ(x0, ρ, `)

) √
Φ(x0, ρ, `) + Φ(x0, ρ, `)

]
. (5.11)

The last inequality follows from the fact that a1/pb1/q = a1/pb1/pb(p−2)/p ≤ a1/2b1/2 + b holds by
Young’s inequality.

By using the VMO-conditions (2.10), (2.11), Young’s inequality and the bound Vx0(x, ρ) ≤ 2L,
the term II can be estimated as

|II| ≤ c(p)(1 + |D`|)p−1−
∫

Bρ(x0)

{
Vx0(x, ρ) + Vx0(x, ρ)

|Du − D`|p−1

(1 + |D`|)p−1

}
dx

≤ c(1 + |D`|)p−1[(1 + (2L)p−1)V (ρ) + Φ(x0, ρ, `)] (5.12)

Similarly, we estimate the term III by using the continuity condition (2.12), Young’s inequality,
the bound ω ≤ 1 and Jensen’s inequality. This leads us to

|III| ≤ L−
∫

Bρ(x0)
(1 + |D`| + |Du − D`|)p−1ω(|u − `(x0)|2)dx

≤ c(p, L)(1 + |D`|)p−1

[
ω

(
−
∫

Bρ(x0)
|u − `(x0)|2 dx

)
+ Φ(x0, ρ, `)

]
(5.13)

The term IV is estimated as similar as in Dini-continuous coefficients case, Lemma 4.2, therefore
we have

|IV| ≤ −
∫

Bρ(x0)
ρ(a |Du|p + b)dx

≤ 2p−1a(1 + |D`|)pΦ(x0, ρ, `) + 2p−1ρ(1 + |D`|)p−1(a |D`|p + b) (5.14)

Combining estimates (5.10) through (5.14), we arrive at

−
∫

Bρ(x0)
A(Dv,Dϕ)dx

≤c(p, L, a(M))(1 + |D`|)

×
[
µ1/2

(√
Φ(x0, ρ, `)

) √
Φ(x0, ρ, `) + Φ(x0, ρ, `) + Ψ∗(x0, ρ, `) + ρ(a |D`|p + b)

]
≤C10(1 + |D`|)

[
µ1/2

(√
Ψ∗(x0, 2ρ, `)

) √
Ψ∗(x0, 2ρ, `) + Ψ∗(x0, 2ρ, `) + ρ(a |D`|p + b)

]
,

where we use the Caccioppoli-type inequality (Lemma 5.2), Φ(x0, ρ, `) ≤ C1Ψ∗(x0, 2ρ, `) and the
concavity of µ to have µ(cs) ≤ cµ(s) for c ≥ 1 at the last step and this complete the proof.
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From now on, for fixed x0 ∈ Ω and ρ ≤ 1 let us write Φ(ρ) = Φ(x0, ρ, `x0,ρ), Ψ(ρ) =
Ψ(x0, ρ, `x0,ρ) and Ψ∗(ρ) = Ψ∗(x0, ρ, `x0,ρ) for shorten. Here `x0,ρ is a minimizer which we intro-
duce in (3.12).

Now we are ready to establish the excess improvement estimate for VMO-coefficients system.
Note that the excess improvement estimate (5.15) is established by functional Ψ and not by Φ
as like in (4.22), Lemma 4.3, because our purpose is to prove u ∈ C0,α and not Du ∈ C0,α in this
section.

Lemma 5.3. Assume the same assumptions in Lemma 5.1. Let θ ∈ (0, 1/4] be arbitrary and
impose the following smallness conditions on the excess:

(i) µ1/2(
√

Ψ(ρ)) +
√

Ψ(ρ) ≤ δ
2 with the constant δ = δ(n,N, p, λ, L, θn+p+2) from Lemma 3.2.

(ii) Ψ(ρ) ≤ θn+2

4n(n+2) ,

(iii) γ(ρ) := [Ψq/2
∗ (ρ) + δ−qρq(a|D`x0,ρ| + b)q]1/q ≤ 1.

Then there holds the excess improvement estimate

Ψ(θρ) ≤ C11θ
2Ψ∗(ρ) (5.15)

with a constant C11 = C11(n,N, p, λ, L, a(M),M, θ) ≥ 1.

Proof. We first rescale u and set

w :=
u − `x0,ρ

C(1 + |D`x0,ρ|)γ
.

Similarly as Dini-coefficient case, by Lemma 5.2 and assumption (i), the map w is approximately
A-harmonic in the sense that

−
∫

Bρ/2(x0)
A(Dw,Dϕ)dx ≤

[
µ1/2

(√
Ψ∗(ρ)

)
+

√
Ψ∗(ρ) +

δ

2

]
sup

Bρ/2(x0)
|Dϕ|

≤ δ sup
Bρ/2(x0)

|Dϕ| ,

for all ϕ ∈ C∞
0 (Bρ/2(x0), RN ). Moreover, we have

−
∫

Bρ/2(x0)

{
|Dw|2 + γp−2 |Dw|p

}
dx ≤ C9Ψ∗(ρ)

C10
2γ2

≤ C9

C10
2 ≤ 1,

and thus Lemma 3.2 ensures the existence of an A-harmonic function h with the properties

−
∫

Bρ/2(x0)

{∣∣∣∣w − h

ρ/2

∣∣∣∣2 + γp−2

∣∣∣∣w − h

ρ/2

∣∣∣∣p
}

dx ≤ θn+p+2 (5.16)

−
∫

Bρ/2(x0)

{
|Dh|2 + γp−2 |Dh|p

}
dx ≤ C(n, p). (5.17)

33



Using Lemma 3.4 and Taylor’s theorem, we have the decay estimate for s = 2 as well as for s = p,
where θ ∈ (0, 1/8] can be chosen arbitrarily:

γs−2(θρ)−s−
∫

Bθρ(x0)
|w − h(x0) − Dh(x0)(x − x0)|s dx

≤2s−1γs−2(θρ)−s

[
−
∫

Bθρ(x0)
|w − h|s dx + −

∫
Bθρ(x0)

|h − h(x0) − Dh(x0)(x − x0)|s dx

]
≤c(s, n,N, p, λ, L)θ2

Scaling back to u and using Lemma 3.8 we get

(θρ)−s−
∫

Bθρ(x0)
|u − `x0,θρ|s dx

≤c(s, n)(θρ)−s−
∫

Bθρ(x0)
|u − `x0,θρ − C10γ(1 + |D`x0,ρ|)(h(x0) − Dh(x0)(x − x0))|s dx

=c(s, n,N, p, λ, L, a(M))(θρ)−sγs(1 + |D`x0,ρ|)s−
∫

Bθρ(x0)
|w − h(x0) − Dh(x0)(x − x0)|s dx

≤cγ2(1 + |D`x0,ρ|)sθ2

≤c(1 + |D`x0,ρ|)sθ2
[
Ψ∗

q/2(ρ) + 2q/pδ−qΨ∗(ρ)
]2/q

≤c(1 + |D`x0,ρ|)sθ2Ψ∗(ρ) (5.18)

Here we would like to replace the term |D`x0,ρ| on the right-hand side by |D`x0,θρ|. For this, we
use Lemma 3.7 and the assumption (ii) in order to estimate

|D`x0,ρ − D`x0,θρ| ≤
n(n + 2)

(θρ)2
−
∫

Bθρ(x0)
|u − `x0,ρ|2 dx

≤ n(n + 2)
θn+2ρ2

−
∫

Bρ(x0)
|u − `x0,ρ|2 dx

≤ n(n + 2)
θn+2

(1 + |D`x0,ρ|)2Ψ(ρ) ≤ 1
4
(1 + |D`x0,ρ|)2.

This yields

1 + |D`x0,ρ| ≤ 1 + |D`x0,θρ| + |D`x0,ρ − D`x0,θρ| ≤ 1 + |D`x0,θρ| +
1
2
(1 + |D`x0,ρ|),

and after reabsorbing the last term from the right-hand side on the left, we obtain

1 + |D`x0,ρ| ≤ 2(1 + |D`x0,θρ|).

Plugging this into (5.18)

(θρ)−s−
∫

Bθρ(x0)
|u − `x0,θρ|s dx ≤ c(s, n,N, p, λ, L, a(M))(1 + |D`x0,θρ|)sΨ∗(ρ)

for s = 2 and s = p. Dividing by (1 + |D`x0,θρ|)s, then adding the corresponding terms for s = 2
and s = p, we deduce the claim.
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We fix an arbitrarily Hölder exponent α ∈ (0, 1) and define the Campanato-type excess

Cα(ρ) = Cα(x0, ρ) = ρ−2α−
∫

Bρ(x0)
|u − ux0,ρ|2 dx.

In the following lemma, we iterate the excess improvement estimate (5.15) from Lemma 5.3 and
obtain the boundedness of the two excess functionals, Cα and Ψ.

Lemma 5.4. Under the same assumption with Lemma 5.1, for every α ∈ (0, 1), there exist
constants ε∗, κ∗, ρ∗ > 0 and θ∗ ∈ (0, 1/8], all depending at most on n, N , p, λ, L, a(M), b, α,
µ(·), ρ0, ω(·), V (·) and M , such that the conditions

Ψ(ρ) < ε∗, and Cα(x0, ρ) < κ∗ ((A0))

for all ρ ∈ (0, ρ∗) with Bρ(x0) b Ω, imply

Ψ(θ ∗k ρ) < ε∗, and Cα(x0, θ
k
∗ρ) < κ∗ ((Ak))

respectively, for every k ∈ N.

Proof. We begin by choosing the constants. First, let

θ∗ := min

{(
1

16n(n + 2)

)1/(2−2α)

,
1√

4C11

}
≤ 1

8
,

with the constant C11 determined in Lemma 5.3. In particular, the choice of θ∗ > 0 fixes the
constant δ > 0 from Lemma 3.2. Next, we fix an ε∗ > 0 sufficiently small to ensure

ε∗ ≤
θn+2
∗

16n(n + 2)
and µ1/2 (

√
ε∗) +

√
ε∗ ≤

δ

2
.

Then, we choose κ∗ > 0 so small that
ω(κ∗) < ε∗.

Finally, we fix ρ∗ > 0 small enough to guarantee

ρ∗ ≤ min{ρ0, κ
1/(2−2α)
∗ , 1}, V (ρ∗) < ε∗ and

{(
a
√

n(n + 2)κ∗

)q
+ bq

}
ρqα
∗ < ε∗.

Recall that q = p/(p − 1). Now we prove the assertion (Ak) by induction. We assume that we
have already established (Ak) up to some k ∈ N∪{0}. We begin with proving the first part of the
assertion (Ak+1), that is, the one concerning Ψ(θk+1

∗ ρ). First, using Lemma 3.7 with ` ≡ ux0,θk
∗ρ,

we obtain ∣∣∣D`x0,θk
∗ρ

∣∣∣ ≤ n(n + 2)
(θk

∗ρ)2
−
∫

B
θk∗ρ

(x0)

∣∣∣u − ux0,θk
∗ρ

∣∣∣2 dx

= n(n + 2)(θk
∗ρ)2α−2Cα(θk

∗ρ)

≤ n(n + 2)ρ2α−2
∗ κ∗. (5.19)
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Thus, the assumption (Ak), the choice of κ∗ and ρ∗ and the above estimate infer

Ψ∗(θk
∗ρ) ≤ Ψ(θk

∗ρ) + ω
(
Cα(θk

∗ρ)
)

+ V (θk
∗ρ) +

(
a

∣∣∣D`x0,θk
∗ρ

∣∣∣q + b
)

(θk
∗ρ)q

≤ ε∗ + ω(κ∗) + V (ρ∗) +
((

a
√

n(n + 2)κ∗

)q
+ bq

)
ρqα
∗ < 4ε∗. (5.20)

Now it is easy to check that our choice of ε∗ implies that the smallness condition assumptions (i)
and (ii) in Lemma 5.3 are satisfied on the level θk

∗ρ, that is, we have

µ1/2

(√
Ψ∗(θk

∗ρ)
)

+
√

Ψ∗(θk
∗ρ) < µ

(√
4ε∗

)
+

√
4ε∗ ≤

δ

2
,

and

Ψ(θk
∗ρ) < ε∗ <

θn+2
∗

4n(n + 2)
.

Furthermore, we have the smallness condition assumption (iii), that is,

γ(θk
∗ρ) =

[
Ψq/2

∗ (θk
∗ρ) + δ−q(θk

∗ρ)q
(
a

∣∣∣D`x0,θk
∗ρ

∣∣∣ + b
)q]1/q

≤ 1. (5.21)

To check (5.21), first, note that Ψ∗(θk
∗ρ) < 1 holds by the estimate (5.20) and the choice of ε∗.

This implies

Ψq/2
∗ (θk

∗ρ) ≤ Ψ1/2
∗ (θk

∗ρ) <
√

4ε∗ ≤
δ

4
. (5.22)

Next, using (5.19) and ρα−1
∗ ≥ 1, we obtain

δ−q(θk
∗ρ)q

(
a

∣∣∣D`x0,θk
∗ρ

∣∣∣ + b
)q

≤ δ−qρq
∗

(
a
√

n(n + 2)κ∗ρ
α−1
∗ + b

)q

≤ δ−qρqα
∗

(
a
√

n(n + 2)κ∗ + b
)q

≤ δ−qρqα
∗ 2q/p

{(
a
√

n(n + 2)κ∗

)q
+ bq

}
.

Then the choice of ρ∗ and ε∗ imply

δ−q(θk
∗ρ)q

(
a

∣∣∣D`x0,θk
∗ρ

∣∣∣ + B
)q

≤ δ−q2−4+q/pδ2−q ≤ δ

8
. (5.23)

Therefore combining (5.22) and (5.23), we have (5.21). We may thus apply Lemma 5.3 with the
radius θk

∗ρ instead of ρ, which yields

Ψ(θk+1
∗ ρ) ≤ C11θ

2
∗Ψ∗(θkρ) < 4C11θ

2ε∗ ≤ ε∗,

by the choice of θ∗ > 0. We have thus established the first part of the assertion (Ak+1) and it
remains to prove the second one, that is, the one concerning Cα(x0, θ

k+1
∗ ρ). For this aim, we first

compute

1
(θk

∗ρ)2
−
∫

B
θk∗ρ

(x0)

∣∣∣u − `x0,θk
∗

∣∣∣2 dx ≤ (1 +
∣∣∣D`x0,θk

∗ρ

∣∣∣)2Ψ(θk
∗ρ) ≤ 2ε∗ + 2ε∗

∣∣∣D`x0,θk
∗ρ

∣∣∣2
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where we used the assumption (Ak) in the last step. Since `x0,θk
: ρ(x) = ux0,θk

∗
+ D`x0,θk

∗ρ(x− x0),
we can estimate

Cα(θk+1
∗ ρ) ≤ (θk+1

∗ ρ)−2α−
∫

B
θk+1
∗ ρ

(x0)

∣∣∣u − ux0,θk
∗ρ

∣∣∣2 dx

≤ 2(θk+1
∗ ρ)−2α

−∫
B

θk+1
∗ ρ

(x0)

∣∣∣u − `x0,θk
∗ρ

∣∣∣2 dx +
∣∣∣D`x0,θk

∗ρ

∣∣∣2 (θk+1
∗ ρ)2


≤ 2(θk+1

∗ ρ)−2α

[
θ−n−

∫
B

θk∗ρ
(x0)

∣∣∣u − `x0,θk
∗ρ

∣∣∣2 dx +
∣∣∣D`x0,θk

∗ρ

∣∣∣2 (θk+1
∗ ρ)2

]

≤ 4(θk
∗ρ)2−2α

[
ε∗θ

−n−2α
∗ +

∣∣∣D`x0,θk
∗ρ

∣∣∣2 (ε∗θ−n−2α
∗ + θ2−2α

∗ )
]

.

Using (5.19) and recalling the choice of ρ∗, ε∗ and θ∗, we deduce

Cα(θk+1
∗ ρ) ≤ 4ρ2−2α

∗
[
ε∗θ

−n−2α
∗ + n(n + 2)κ∗ρ

2−2α
∗ (ε∗θ−n−2α

∗ + θ2−2α
∗ )

]
≤ 1

4
ρ2−2α
∗ θ2−2α

∗ + 8n(n + 2)κ∗θ
2−2α
∗

≤ 1
4
κ∗ +

1
2
κ∗ < κ∗.

This proves the second part of the assertion (Ak+1) and finally we conclude the proof of the
lemma.

Now, to obtain the regularity theorem (Theorem 2.2), it is similar argument as in [4, Section
3.5] by using Lemma 5.4 and so we omit it.

6 Parabolic system: VMO-coefficients

Similarly as in the elliptic case, from (2.3), we may infer a modulus of continuity function
µ : [0,∞) → [0,∞) such that µ is bounded, concave, non-decreasing and we have

|DwA(z, u, w) − DwA(z, u, w0)| ≤ Lµ

(
|w − w0|

1 + |w| + |w0|

)
(1 + |w| + |w0|)p−2 (6.1)

for all z ∈ ΩT , u ∈ RN , w,w0 ∈ RnN . Without loss of generality, we may assume µ ≤ 1.

Lemma 6.1. Let u ∈ C0
b (−T, 0;L2(Ω, RN ))∩Lp(−T, 0;W 1,p(Ω, RN )) be a bounded weak solution

to the parabolic system (1.2) under the structure conditions (2.3), (2.4), (2.15) and (2.16) with
‖u‖∞ ≤ M and 2(10−9p)/2λ > a(M)M . For any z0 = (x0, t0) ∈ ΩT and ρ ≤ 1 with Qρ(z0) b ΩT ,

37



and any affine functions ` : Rn → RN with |`(x0)| ≤ M , we have the estimate

sup
t0−(ρ/2)2<t<t0

−
∫

Bρ/2(x0)

∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣2 dx + −
∫

Qρ/2(z0)

{∣∣∣∣ Du − D`

(1 + |D`|)

∣∣∣∣2 +
∣∣∣∣ Du − D`

(1 + |D`|)

∣∣∣∣p
}

dz

≤ C1

[
−
∫

Qρ(z0)

{∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣2 +
∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣p
}

dz

+ ω

(
−
∫

Qρ(z0)
|u − `(x0)|dz

)
+ V (ρ) + (aq|D`|q + bq)ρq

]
, (6.2)

with the constant C1 = C1(λ, p, L, a(M),M) ≥ 1.

Proof. The following calculations are not rigorous enough. To proceed in a rigorous way, we
should use a smoothing procedure in time via a family of non-negative mollifying functions or
via Steklov averages, but this is standard argument and yields only technical minor changes we
shall proceed formally.

Assume z0 ∈ ΩT and ρ ≤ 1 satisfy Qρ(z0) b ΩT . We take a cut-off functions χ ∈ C∞
0 (Bρ(x0))

and ζ ∈ C1(R). More precisely, let us take t̃ ∈ (t0 − ρ2/4, t0) and ϑ ∈ (0, ρ2/4 − t̃) and then
ζ ∈ C1(R) satisfying 

ζ ≡ 1, on (−ρ2/4, t̃ − ϑ),
ζ ≡ 0, on (−∞,−ρ2) ∪ (t̃,∞),
0 ≤ ζ ≤ 1 on R,

ζt = −1/ϑ, on (t̃ − ϑ, t̃),
|ζt| ≤ 1/ρ2, on (−ρ2,−ρ2/4).

(6.3)

Moreover, χ ∈ C∞
0 (Bρ(x0)) satisfy 0 ≤ χ ≤ 1 on Bρ(x0), χ ≡ 1 on Bρ/2(x0) and |Dχ| ≤ 4/ρ.

Then ϕ(x, t) := ζ(t)χp(x)(u(x, t)− `(x)) is admissible as a test function in (2.17), and we obtain

−
∫

Qρ(z0)
ζχp〈A(z, u,Du), Du − D`〉dz

= −−
∫

Qρ(z0)
〈A(z, u,Du), pζχp−1Dχ ⊗ (u − `)〉dz

+ −
∫

Qρ(z0)
〈u, ∂tϕ〉dz + −

∫
Qρ(z0)

〈f, ϕ〉dz. (6.4)

Furthermore, we have

−−
∫

Qρ(z0)
ζχp〈A(z, u,D`), Du − D`〉dz

= −
∫

Qρ(z0)
〈A(z, u,D`), pζχp−1Dχ ⊗ (u − `)〉dz −−

∫
Qρ(z0)

〈A(z, u,D`), Dϕ〉dz, (6.5)

and
−
∫

Qρ(z0)
〈(A(·, `(x0), D`))x0,ρ, Dϕ〉dz = 0. (6.6)
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Adding these three equations and we obtain

−
∫

Qρ(z0)
ζχp〈A(z, u,Du) − A(z, u,D`), Du − D`〉dz

= −−
∫

Qρ(z0)
〈A(z, u,Du) − A(z, u,D`), pζχp−1Dχ ⊗ (u − `)〉dz

−−
∫

Qρ(z0)
〈A(z, u,D`) − A(z, `(x0), D`), Dϕ〉dz

−−
∫

Qρ(z0)
〈A(z, `(x0), D`) − (A(·, `(x0), D`))z0,ρ, Dϕ〉dz

+ −
∫

Qρ(z0)
〈u − `, ∂tϕ〉dz

+ −
∫

Qρ(z0)
〈f, ϕ〉dz

=:I + II + III + IV + V. (6.7)

As like in elliptic case, using the ellipticity condition (2.4) and Lemma 3.11 to the left-hand side
of (6.7), we get

〈A(z, u,Du) − A(z, u,D`), Du − D`〉
≥2(12−9p)/2λ{(1 + |D`|)p−2 |Du − D`|2 + |Du − D`|p}. (6.8)

The terms I, II, III and V are estimated as similar as in elliptic case:

|I| ≤ε−
∫

Qρ(z0)
ζχp{(1 + |D`|)p−2 |Du − D`|2 + |Du − D`|p}dz

+ c(p, L, ε)−
∫

Qρ(z0)

{
(1 + |D`|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 +
∣∣∣∣u − `

ρ

∣∣∣∣
}

dz (6.9)

|II| ≤ε−
∫

Qρ(z0)
ζχp(1 + |D`|)p−2 |Du − D`|2 dz + ε−

∫
Qρ(z0)

(1 + |D`|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dz

+ c(p, L, ε)(1 + |D`|)pω2

(
−
∫

Qρ(z0)
|u − `(x0)|2 dz

)
, (6.10)

|III| ≤ε−
∫

Qρ(z0)
ζχp |Du − D`|p dz + c(p, ε)−

∫
Qρ(z0)

∣∣∣∣u − `

ρ

∣∣∣∣p dz + c(p, L, ε)(1 + |D`|)pV (ρ), (6.11)

|V| ≤a(1 + ε′)(2M + |D`| ρ)−
∫

Qρ(z0)
ζχp |Du − D`|p dz + c(p, ε)−

∫
Qρ(z0)

∣∣∣∣u − `

ρ

∣∣∣∣p dz

+ ε(1 + |D`|)pρq
{
aqKq(p, ε′) |D`|q + bq

}
. (6.12)

where ε, ε′ > 0 are fixed later and K(p, ε′) ≥ 0 is a constant from Lemma 3.10.
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To estimate the term IV, recall that ζt satisfies ζ = −1/ϑ on (t̃ − ϑ, t̃) and |ζt| ≤ 1/ρ2 on
(−ρ2,−ρ2/4). This implies

IV = −
∫

Qρ(z0)
ζtχ

p |u − `|2 dz + −
∫

Qρ(z0)
ζχp · ∂t

1
2
|u − `|2 dz

=
1
2
−
∫

Qρ(z0)
ζtχ

p |u − `|2 dz

=
1

2 |Qρ(z0)|

∫ t0−ρ2/4

t0−ρ2

∫
Bρ(x0)

χp

∣∣∣∣u − `

ρ

∣∣∣∣2 dxdt − 1
2 |Qρ(z0)|

∫ t̃

t̃−ϑ

∫
Bρ(x0)

χp |u − `|2 dxdt

≤ 1
2
−
∫

Qρ(z0)
(1 + |D`|)p−2

∣∣∣∣u − `

ρ

∣∣∣∣2 dz − 1
2 |Qρ(z0)|

∫ t̃

t̃−ϑ

∫
Bρ(x0)

χp |u − `|2 dz. (6.13)

Combining (6.7) through (6.13) then choose suitable ε = ε(p, λ, a(M),M) > 0 and ε′ = ε′(p, λ, a(M), M) >
0. Further, taking the limit ϑ → 0, we obtain (6.2).

Lemma 6.2. Assume the same assumptions in Lemma 6.1. Then for any z0 = (x0, t0) ∈ ΩT

and ρ ≤ ρ0 satisfying Q2ρ(z0) b ΩT , and any affine functions ` : Rn → RN with |`(x0)| ≤ M , the
inequality

−
∫

Qρ(z0)

(
〈v, ϕt〉 − A(Dv,Dϕ)

)
dz

≤C2(1 + |D`|)
[
µ1/2

(√
Ψ∗(z0, 2ρ, `)

)√
Ψ∗(z0, 2ρ, `) + Ψ∗(z0, 2ρ, `) + ρ(a|D`|p + b)

]
sup

Qρ(z0)
|Dϕ|

(6.14)

holds for all ϕ ∈ C∞
0 (Qρ(x0), RN ) and a constant C2 = C2(n, λ, L, p, a(M)) ≥ 1, where

v := u − ` = u − `(x0) − D`(x − x0),

A(Dv,Dϕ) :=
1

(1 + |D`)p−1

〈(
∂wA(·, `(x0), D`)

)
z0,ρ

Dv,Dϕ
〉
,

Ψ(z0, ρ, `) := −
∫

Qρ(z0)

{∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣2 +
∣∣∣∣ u − `

ρ(1 + |D`|)

∣∣∣∣p
}

dz,

Ψ∗(z0, ρ, `) := Ψ(z0, ρ, `) + ω

(
−
∫

Qρ(z0)
|u − `(x0)|2dz

)
+ V (ρ) + (aq|D`|q + bq)ρq.

To obtain the estimate (6.14), calculation goes parallel as in Lemma 5.2 and so that we omit
the proof of Lemma 6.2.

From now on, let us write Φ(ρ) = Φ(z0, ρ, `z0,ρ), Ψ(ρ) = Ψ(z0, ρ, `z0,ρ), Ψ∗(ρ) = Ψ∗(z0, ρ, `z0,ρ)
for fixed z0 ∈ ΩT and 0 < ρ ≤ 1 as like in previous sections. Here `z0,ρ is a minimizer which we
introduce in Section 3.

Lemma 6.3. Assume the same assumptions in Lemma 6.1. Let θ ∈ (0, 1/4] be an arbitrary and
impose the following smallness conditions on the excess:
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(i) µ1/2
(√

Ψ∗(ρ)
)

+
√

Ψ∗(ρ) ≤ δ
2 with the constant δ = δ(n,N, p, λ, L, θn+p+4) from Lemma

3.3,

(ii) Ψ(ρ) ≤ θn+4

4n(n+2) ,

(iii) γ(ρ) := [Ψq/2
∗ (ρ) + δ−qρq(a|D`| + b)q]1/q ≤ 1.

Then there holds the excess improvement estimate

Ψ(θρ) ≤ C3θ
2Ψ∗(ρ) (6.15)

with a constant C3 = C3(n, λ, L, p, a(M)) ≥ 1.

Proof. Set
w :=

u − `

C(1 + |D`|)γ(ρ)
.

As like in Lemma 5.3, the assumptions (i), (ii), (iii) and the claim of Lemma 5.2 enable us to use
A-caloric approximation lemma (Lemma 3.3) so that there exists a function

h ∈ Lp(t0 − (ρ/4)2, t0; W 1,2(Bρ/4(x0)), RN )

which is A-caloric on Qρ/4(z0) and satisfies

−
∫

Qρ(z0)

(∣∣∣∣ h

ρ/4

∣∣∣∣2 + γp−2

∣∣∣∣ h

ρ/4

∣∣∣∣p
)

dz + −
∫

Qρ(z0)

(
|Dh|2 + γp−2 |Dh|p

)
dz ≤ 2 · 2n+2+2p

and

−
∫

Qρ(z0)

(∣∣∣∣w − h

ρ/4

∣∣∣∣2 + γp−2

∣∣∣∣w − h

ρ/4

∣∣∣∣p
)

dz ≤ θn+p+4. (6.16)

Then from Lemma 3.5, we have for s = 2 respectively for s = p

γs−2(θρ)−s−
∫

Qθρ(z0)

∣∣h − hz0,ρ/4 − (Dh)z0,ρ/4(x − x0)
∣∣s dz

≤c(s)γs−2θs
(ρ

4

)−s
−
∫

Qρ/4(z0)

∣∣h − hz0,ρ/4 − (Dh)z0,ρ/4(x − x0)
∣∣s dz

≤3s−1cγs−2θs
(ρ

4

)−s
[
−
∫

Qρ/4(z0)
|h|s dz +

∣∣hz0,ρ/4

∣∣s +
∣∣(Dh)z0,ρ/4

∣∣s (ρ

4

)s
]

≤2 · 3s−1cγs−2θs

[(ρ

4

)−s
−
∫

Qρ/4(z0)
|h|s dz + −

∫
Qρ/4(z0)

|Dh|s dz

]
≤2n+4+p · 3s−1cθs.
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Thus, using (6.16) we obtain

γs−2(θρ)−s−
∫

Qθρ(z0)

∣∣w − hz0,ρ/4 − (Dh)z0,ρ/4(x − x0)
∣∣s dz

≤2s−1(θρ)−s

[
−
∫

Qθρ(z0)
γs−2 |w − h|s dz + γs−2−

∫
Qθρ(z0)

∣∣h − hz0,ρ/4 − (Dh)z0,ρ/4(x − x0)
∣∣s dz

]

≤2s−1

[
4n+2−sθ−n−2−s−

∫
Qρ/4(z0)

γs−2

∣∣∣∣w − h

ρ/4

∣∣∣∣s dz + 3s−1 · 2n+4+pcθs

]
≤2s−1

(
4n+2−s + 3s−1 · 2n+4+pc(s)

)
θ2.

Scaling back to u, we have

(θρ)−s−
∫

Qθρ(z0)
|u − `z0,θρ|s dz

≤c(n, s)(θρ)−s−
∫

Qθρ(z0)

∣∣u − `z0,ρ − Cγ(1 + |D`z0,ρ|)(hz0,ρ/4 − (Dh)z0,ρ/4(x − x0))
∣∣s dz

=cCsγs(1 + |D`z0,ρ|)s(θρ)−s−
∫

Qθρ(z0)

∣∣w − hz0,ρ/4 − (Dh)z0,ρ/4(x − x0)
∣∣s dz

≤c(n, s, p, C)γ2(1 + |D`z0,ρ|)sθs

≤c(1 + |D`z0,ρ|)sθ2[Ψ∗
q/2(ρ) + 2q/pδ−qΨ∗(ρ)]2/q

≤c(1 + |D`z0,ρ|)sθsΨ∗(ρ).

By the similar arguments in Lemma 5.2, we can replace the term (1 + |D`z0,ρ|) by (1 + |D`z0,θρ|)
and this immediately yields the claim.

Let fix an arbitrarily Hölder exponent α ∈ (0, 1) and define the Campanato-type excess

Cα(z0, ρ) := Cα(ρ) = ρ−2α−
∫

Qρ(z0)
|u − uz0,ρ|2 dz.

The similar arguments as in Lemma 5.4 yields the following lemma.

Lemma 6.4. Assume the same assumption in Lemma 6.1. For every α ∈ (0, 1) there exist
constants ε∗, κ∗, ρ∗ > 0 and θ∗ ∈ (0, 1/8] such that the conditions

Ψ(ρ) < ε∗ and Cα(ρ) < κ∗ (A0)

for all 0 < ρ < ρ∗ with Qρ(z0) b ΩT , imply

Ψ(θk
∗ρ) < ε∗ and Cα(θk

∗ρ) < κ∗ (Ak)

respectively, for every k ∈ N ∪ {0}.
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Now it is easy to obtain Theorem 2.3 from Lemma 6.4 by using the integral characterization
of Hölder continuous functions with respect to the parabolic metric of Campanato-Da Prato [9].
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