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Abstract

In this paper, we consider the existence problem of Ké&hler-Ricci solitons.
Let M be a Fano manifold. We call a Kéhler metric w € ¢;(M) a Kéahler-Ricci
soliton if it satisfies the equation Ric(w)—w = Ly w for some holomorphic vector
field V on M. We study the explicit construction of Kéahler-Ricci solitons on
special projective bundles, called “admissible bundles”, which were introduced
by Gauduchon and other collaborators to unify previous works on the existence
problem of canonical metrics on projective bundles. On admissible bundles,
the admissible Kahler-Ricci soliton condition can be written as a simple ODE,
and its existence is equivalent to the vanishing of Maschler-Tgnnesen invariant.
We also study the K-stability for Kéhler-Ricci solitons. It is known that a
necessary condition for the existence of Kéhler-Ricci solitons is the vanishing
of the modified Futaki invariant introduced by Tian-Zhu. In a recent work
of Berman-Nystrom, it was generalized for (singular) Fano varieties and the
notion of algebro-geometric stability of the pair (M, V) was introduced. We
propose a method of computing the modified Futaki invariant for Fano complete
intersections in projective spaces.
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1 Introduction

Let M be a compact complex manifold. We say that a Kéahler metric w is Kéahler-
Einstein if it satisfies the equation Ric(w) = cw for some real constant c. After
normalizing constants, we may assume that ¢ = —1, 0 or 1. Then ¢;(M) is repre-
sented by a negative, zero or positive real (1,1)-form. These conditions are simply
written as ¢1(M) < 0, ¢1(M) = 0 and ¢1(M) > 0 repectively. In the case of com-
pact Riemann surfaces, the existence of a Kéahler-Einstein metric follows from the
classical uniformization theorem, which states that there exists a unique metric of
constant scalar curvature on any compact Riemann surfaces. For higher dimensional
manifolds, it is well-known that every compact Kéhler manifold with ¢; (M) < 0 ad-
mits a unique Kahler-Einstein metric (cf. [Yau78], [Aub76]). On the other hand,
in the case of Fano manifolds, i.e., compact complex manifolds with ¢;(M) > 0,
there are examples admitting no Kahler-Einstein metrics. Hence we are especially
interested in the case of Fano manifolds.

Now let M be a Fano manifold. In this paper, we study the existence problem of
“Kahler-Ricci solitons”. A pair (w, V') of a Kéhler form w and a holomorphic vector
field V is called a Kahler-Ricci soliton if it satisfies the equation

Ric(w) — cw = Lyw

for some constant ¢ > 0, where Ly denotes the Lie derivative with respect to V.
In particular, if V = 0, w is Kéhler-Einstein. After normalizing constants, we may
assume that ¢ = 1. A Ké&hler-Ricci soliton gives rise to a self similar solution of the
following PDE for a t-dependent Kéhler form w;, called Kéhler-Ricci flow:

% = —Ric(wy) + wr,
wp € c1(M).

Generally, Kédhler-Ricci flow has good properties that (1) The Kéhler condition are
preserved under the flow. (2) Any solution w; belongs to ¢1(M). (3) There is a unique
long time solution [Cao85]. Thus we obtain a deformation family w; (0 < t < c0)
of Kahler forms in ¢;(M). If (wp, V) is a Kéhler-Ricci soliton, a direct computation
shows that wy = (exp(—Re(V)t))*wp is a unique solution of Kéhler-Ricci flow with
initial Kéhler form wy.

One motivation to study Kahler-Ricci solitons is that they are closely related to
the limiting behavior of solutions of Kéhler-Ricci flow. Tian-Zhu [TZ07] showed that
if M admits a Kéhler-Ricci soliton (wig, V') and the initial metric wp is invariant
under the action of the one-parameter subgroup generated by Im(V'), then any
solution of Kahler-Ricci flow converges to the wig in the sense of Cheeger-Gromov.

Another motivation is the uniqueness of the vector field V' which is the candidate
for a Kahler-Ricci soliton (wxs, V). In particular, the existence of a Kéhler-Ricci
soliton with respect to a non-zero holomorphic vector field is an obstruction to the
existence of Kahler-Einstein metrics. To explain this, we first mention the modified
Futaki invariant introduced by Tian-Zhu [TZ02], that is an obstruction to the exis-
tence of Kahler-Ricci solitons: let x be a real valued smooth function on M defined



by the equation
Ric(w) —w = Eaén,
27

here we remark that the function x (Ricci potential) uniquely exists up to an
additive constant. Let h be the Lie algebra consisting of all holomorphic vector
fields on M. Then any V' € § can be lifted to the anti-canonical bundle — K of M,
and naturally acts on the space of Hermitian metrics on — K. Let h be a Hermitian
metric on —K s such that w = —%65 log h and pi5,, the holomorphy potential of
the pair (h, V') defined by the equation Ly h = —pup v - b (cf. Definition 2.2). Then

we can easily check that
yw = géﬂh,v
—Appn,y + pny + V(k) =0,

where Ay = —gij 8;?;23 denotes the d-Laplacian with respect to w. Then one can

easily see that the pair (w, V') is a Kéhler-Ricci soliton if and only if x = p, 1y holds
up to an additive constant. Let F be a function on § defined by

1
- _ Hh, v, 1
F(V) o )”/Me w",

and Futy (W) the modified Futaki invariant defined as the Gateaux differential of F
at V in the direction W, i.e.,

1

- - by etV W
t=0 c1 (M) /MM ’

1
= — Wik — etV ™,
Cl(M)n /M ( :u'h,V)

Hence if there exists a Kéhler-Ricci soliton (w, V), then we have x = pp, v (up to
an additive constant) and Futy (W) must vanish. They showed that Futy (W) is
independent of a choice of w € ¢;(M) (In the case when V' = 0, this function coin-
cides with the original Futaki invariant and its independence was shown by Futaki
[Fut83]). Next, we consider Futy (W) from the geometric view point. We denote
by AutO(M ) the identity component of the group of holomorphic automorphisms of
M. Since Aut®(M) is a linear algebraic group [Fuj78], the Chevalley decomposition
allows us to obtain a semidirect decomposition

d
Futy (W) = ZF(V+tW)

Aut®(M) = Aut,. (M) x R,,

where Aut,.(M) is a reductive subgroup of Aut’(M), which is the complexification
of a maximal compact subgroup K, and R, the unipotent radical of Aut®(M ). We
also obtain the corresponding decomposition of h

b =Dbr + bu,

where b,.(= k(M)®), b, and (M) denotes the Lie algebras of Aut,.(M), R, and K
respectively. Tian-Zhu also showed that F is a real valued proper convex function



if restricted to the linear subspace h,g := {W € h,|Im(W) € x(M)}. Hence, from
the definition of Futy, we know that there exists a unique holomorphic vector field
V' € b, r such that Futy = 0 on h,. Moreover, Saito [Sail4] recently showed that
the equation Futy = 0 also holds on b, by modifying the earlier Mabuchi’s work for
classical Futaki invariant [Mab90]. Hence the modified Futaki invariant is, strictly
speaking, not an obstruction to the existence of a Kéhler-Ricci soliton, but it tells
us how to choose the candidate V for a Kéhler-Ricci soliton (w, V).

It is conjectured that the existence of a Kéhler-Ricci soliton is equivalent to some
stabilities. Let us first see that the case of Kéhler-Einstein metrics. Let wg € ¢1(M)
be a Kahler metric on M and H the space of all Kéhler-forms in ¢;(M). Mabuchi
[Mab86] introduced a functional Mab: H — R, called K-energy map by integrating
Futaki invariant:

1 ! _ .
Mab(w) = —W/[) /M ot(Scal(wy) — n)wy'dt, w € H,

where wy (0 <t < 1) is a path in H joining wy to w and ¢; is a smooth function
defined by w; = wp + %85%. Then Mab is well-defined, i.e., independent of a
choice of such a path w;. One can also see that changing a base point wy € H
affects only the constant term of Mab. Hence the derivative of the K-energy map
is independent of a choice of a base point wy € H. In particular, the derivative of
the K-energy map along the one-parameter subgroup p; = exp(tRe(V)) (t € R) for
a holomorphic vector field V is given by the real part of the Futaki invariant of V:

%Mab(p,’fw) = Re(Fut(V)).

By the definition, the critical point of the K-energy map is, if exists, a Kahler-
Einstein metric. Hence one might think that the existence of a Kahler-Einstein
metric is equivalent to the coercivity! of the K-energy map. Tian [Tian97] showed
that this statement is true when Aut(M) is discrete. If this is not the case, it is
known that the coercivity of the K-energy map leads to the existence of a Kahler-
Einstein metric [CTZ05]. But the converse problem is still open.

Donaldson threw the fresh light on this problem from the view point of geomet-
ric invariant theory. He constructed a suitable manifold with a Hamiltonian action
of an infinite dimensional group so that its moment map is given by the scalar
curvature (cf. [Don97]). He also introduced an algebraic definition of the Futaki
invariant and generalized it for any (possibly singular) Fano variety (cf. [Don02]).
Then the asymptotic behavior of the K-energy map near the boundary of H can be
controlled by the generalized Futaki invariants of all degenerations of M. Donald-
son’s formulation of this picture generalizes Ding-Tian’s K-stability [DT92] and is
called (Donaldson’s) K-stability: we consider a degeneration of M, called a test
configuration, which is parametrized by C and which can be regard as a flat mor-
phism of schemes M — C on which C* operates equivariantly, where each fiber of

!The word “coercive” is also called “strongly proper”, which is defined quantitatively by means
of Aubin’s functional. See [BN14, Section 3.6] for the precise definition.



M is (possibly singular) Fano variety. Each test configuration gives rise to a holo-
morphic vector field on the central fiber (the fiber over {0}), and we can associate
it with a number by means of the generalized Futaki invariant. We say that M is
K-stable if this number is non-negative for any test configuration and equals to 0
if and only if this test configuration is trivial. The idea of K-stability comes from
Hilbert-Mumford criterion (cf. Section 3.1.1) in geometric invariant theory, which
says that we have only to test all degenerations of M parametrized by C to check the
stability. It is known that M is K-stable if and only if M admits a Kéhler-Einstein
metric. The “if” part was proved by Ding-Tian [DT92], Berman [Ber12] and Stoppa
[Stop09]. The “only if” part was recently proved by Chen-Donaldson-Sun [CDS13]
and Tian [Tian12].

Berman-Nystrom [BN14] generalized Donaldson’s K-stability for pairs (M,V)
by extending the modified Futaki invariant for normal Q-Fano varieties with log-
terminal singularities, and showed that if M admits a Ké&hler-Ricci soliton with
respect to V, then (M,V) is K-polystable. However, it is still an open question
whether the K-polystability of (M, V') leads to the existence of a Kéhler-Ricci soliton
with respect to V.

Contributions

The author’s contributions in this paper consist of mainly two parts and are based
on [Takl4] and [Tak14-2]:

(1) The author gained the existence result of a Kéhler-Ricci soliton on “admis-
sible bundles” which are special projective bundles introduced in [ACGTO0S]:

Theorem 1.1 ([Tak14]). Let M be an admissible bundle and Q an admissible class
on M. We assume that 2 is proportional to ¢;(M). Then there exists an admissible
Kéhler-Ricci soliton in €2.

It is well-known that there exists a Kahler-Ricci soliton on a toric Fano manifold
[WZ04] and a certain CP'-bundle [TZ02]. Theorem 1.1 generalizes the existence
result proved by Tian-Zhu [TZ02] to the case when the dimension of the fiber is
greater than 1.

We say that M is an admissible bundle if it is a projective bundle of the form
P(Ey @ Ex) — S, where Ey and E, are projectively flat hermitian vector bundles
over a compact Kahler manifold S, and the base manifold S is locally a Ké&hler
product [],c 4 S, for some finite subset A C N. Then we assume that each S, has
a constant scalar curvature K&hler metric (+g,, +w,) (where + is chosen so that
w, is positive definite) and the condition c¢;(E)/rank(FEo) — c1(Ep)/rank(Ep) =
> acalwWa/2m]. In short, an admissible Kéhler metric is a Kéhler metric (g,w)
on M parametrized by real constants {4 }qea (0 < |z4| < 1) and a smooth function
©: [-1,1] — R satisfying (i) © > 0 on (—1,1), (ii) ©(%£1) = 0, (iii) ©'(£1) = F2.
Then we call Q := [w] an admissible K&hler class. Changing of such a function ©
gives a deformation family of Kahler metrics, but their corresponding Kéhler forms
(and hence admissible Kéhler classes) are the same, which only depends on a choice
of real constants {z, }qec4 (see Definition 2.6 for more detail).



Restricting our attention to admissible Kahler metrics, the equation of admissible
Kahler-Ricci soliton can be reduced to a simple ODE for a function F': [-1,1] — R:

F'(z2) +k-F(2) = P(z), F(z) >0 on (—1,1), F(£1) =0,

where k£ € R, P(z) and p.(z) are some polynomial functions of z depending only
on {z,}, and we put F(z) := O(z) - p.(z). We can solve this equation and get an
explicit solution F(z) = e ** [* P(t)e*dt under the condition F(—1) = 0. Hence
the condition F'(1) = 0 is equivalent to the vanishing of the Maschler-Tgnnesen
invariant MT(k) := f_ll P(t)ertdt.

The author showed that if €2 is proportional to ¢; (M), P(t) has exactly one root
on the interval (—1,1) (cf. Lemma 4.20). Combining with some results proved by
Maschler-Tgnnesen [MT11], we can show that there exists a unique ko € R such that
MT (ko) = 0. Then F(z) = e %= [* P(t)e*dt satisfies F(z) > 0 on (—1,1) and
an admissible Kéahler-Ricci soliton is naturally constructed from this F. We prove
Theorem 1.1 at the end of Section 4.2.2.

In the course of the proof of Theorem 1.1, the author found an explicit relation
between the modified Futaki invariant and Maschler-Tgnnesen invariant (cf. Lemma
4.20), both of which are obstructions to the existence of admissible Kéhler-Ricci
solitons.

(2) The author invented the following explicit formula of the function F (there-
fore the modified Futaki invariant Futy as well) for Fano complete intersections in
projective spaces:

Theorem 1.2 ([Tak14-2]). Let M be a Fano complete intersection in CPY  i.e., M is
the (N — s)-dimensional Fano variety in CPY defined by homogeneous polynomials

Fy,...,Fs of degree di,...,ds respectively, and w = g@élog (Zfio|zl|2) the

Fubini-Study metric of CPY. We suppose that there exists a constant m > 0
such that mw € ¢1(M). Let V € sl(N + 1,C) be a holomorphic vector field on

CPYN such that VF; = o;F; for some constants a; (¢ =1,...,s). Then we have
m=N+1—d; —---—ds and the function F can be written as
FV)=—-————"7"7"—""— (N exp Zaz / Hdw—l—d&v—al) mhv . eme - (1.1)
d d N ° CPNZ 1 7

where 0y := V log (Eﬁ\;o 121‘2)

From the above theorem, we know that F (V') can be written as a linear combi-
nation of the integrals Io; :== m' [pn (6y)'e™Vw (0 <1< ).

Though we can easily get a method of computing F using the localization formula
for orbifolds in [DT'92], our formula (1.1) is still valuable since we need not to assume
that M has at worst orbifold singularities. And we also do not require the explicit
geometric knowledge of M, V and w (local coordinates (uniformization), the zero set
of V, curvature, etc.). More concretely, in order to apply the localization formula in
[DT92] directly to our case, we have to know:



1. The zero set Zero(V') of V, where we assume that Zero(V') consists of disjoint
nondegenerate submanifolds {Z;}.

2. The values of integrals

e (W+GV)
/Zi det(Liy + Kz) ’
where L; (W) := [V,W] denotes an endomorphism and K; the curvature
matrix of the normal bundle of Z;.

If s(= codim(M)) = 1 and dim(Z;) = 0, the above integral can be computed by
taking local coordinates (or uniformization) around Z;. However, it is very hard to
compute in general.

In the case of Kéhler-Einstein metrics, the Futaki invariant of complete intersec-
tion was first computed by Lu [Lu99] using the adjunction formula and the Poincare-
Lelong formula. Then it was also computed by many mathematicians using different
techniques ([PS04], [Hou08] and [AV11]). Our formula (1.1) has in common with
Lu’s one in that F(V') is expressed by the degree dy, ..., ds of defining polynomials
of M and the weights aj, ..., as of the actions induced by the vector field V. How-
ever, we need more knowledge of V' to compute the integrals Ip; (0 <1 < s) (see
Section 5.2.3 for more details).

We prove Theorem 1.2 by modifying Lu’s approach for Futaki invariant studied
in Section 5.1. The author also gave another proof of Theorem 1.2 in quantized
settings. First, we define the quantization of the function F in reference to the
quantized modified Futaki invariant introduced by Berman-Nystrém [BN14], and
then show that this F coincides with the one defined as an integral invariant if the
variety has log-terminal singularities (cf. Proposition 5.12). Thanks to this algebraic
formula, we can compute F by the equivariant Riemann-Roch formula (cf. Lemma
5.16). We study these things in Section 5.2.2. Finally, in Section 5.2.3, the author
gave some examples of computing F for some varieties partly given by [Lu99]. The
author gave a new example of a singular cubic surface in CP? whose singularity is
not log-terminal (cf. Example 5.22).
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2 Preliminaries

Various holomorphic invariants are closely related to holomorphic equivariant coho-
mology. A famous example is the Futaki invariant. In this section, we first review
some basic materials about holomorphic equivariant cohomology.

Then we make a breif review of admissible bundles, which are projective bundles
of the form P(Ey @ Ey) — S, where Ey and E. are projectively flat Hermitian
holomorphic vector bundles over a compact Kéhler manifold S. Admissible bun-
dles were introduced by Apostolov-Calderbank-Gauduchon-Friedman [ACGTO08] to
unifiy and generalize previous works on the existence problem of canonical metrics
on projective bundles.

2.1 Holomorphic equivariant cohomology

Let M be a complex manifold and G be a Lie group acting holomorphically on M.
Denote g := Lie(G) the Lie algebra of G. Then for each £ € g, we denote by &5,
the real holomorphic vector field on M given by

NP) = Fllexp(—t) p)| T €O, pe M,

and &y == 1 (&5, — V—1J¢€5)), the complex holomorphic vector field on M. Let Clg]
be the algebra of complex valued polynomial function on g. We regard each element
in C[g]®.A(M) as a polynomial function which take values in differential forms. The
group G acts on an element o € Clg] ® A(M) by

(9-0)&) =g-(c(g"¢).g€Gand £ €gq.

Let Ag(M) = (C[g]®.A(M))% be the space of G-invariant elements in C[g] @ A(M).
For o € C[g] ® A(M), we define the bidegree of o by

bideg(c) = (deg(P) + p, deg(P) + q),

where 0 = P® ¢ (P € C|g] and ¢ € AP4(M)). For instance, bideg(§) = (1,1).
Thus Ag(M) = @ A% (M) has a structure of a bigraded algebra. We define the
equivariant exterior differential d; on Clg] @ A(M) as

(050)(&) = 0(0(&)) + 21V~ Tig,, (0(§)), o € Clg] ® A(M).

Then J, increases by (0, 1) the total bidegree on C[g]®.A(M), and preserves Ag(M).
Hence we have a complex (Ag (M), dy).

Definition 2.1. The holomorphic equivariant cohomology Hy(M) of the pair
(M, G) is the cohomology of the complex (Ag (M), dy).

Let E be a G-linearized holomorphic vector bundle over M, and Herm(E) the
space of Hermitian metrics on E. The group G acts on Herm(F) by the formula

(g-h)(u,v) =h(g™" -u,g7-v), g€ Gand u,v € E.



Hence for £ € g, we define the real Lie derivative of g on Herm(E) by

d
Léh = —exp(t) - h

dt =0

and the complex Lie derivative of g on Herm(M) by
1
Leh = o (Lgh = V/=1Lj¢h).

We can also define the representation of g on the space of sections I'(E) in a similar
way. Let V be the Chern connection with respect to h, and put

phe = Le — Ve,

Since png(fs) =Emf-s+f-Les—8Emf-s—f-Veys = f-ung(s) forany f € C(M)
and s € I'(E), we have uj, ¢ € I'(End(E)). Moreover, one can show that

. - _1 3
Leh = —pup¢ - h, ZEMQ(h) = —ph¢, and ZSMR(h) = ?8;%75,

where 0(h) = Oh - h=! is the connection form and R(h) = gé(@h -h71) is the
curvature form with respect to h. Define the equivariant curvature form Ry(h) by

Rg(h) = R(h) + Uhg-

Then Ry(h) is dy-closed and defines an element in HE} (M),
Now let us consider the case when E = L is a G-linearized ample line bundle.

Let h be a Hermitian metric on L with positive curvature, i.e., w := —2—;185 log h
is Kihler.? Then Hhe is a complex valued smooth function on M. Conversely, for a
given w, there exists a Hermitian metric h on L such that w = —g@é log h up to

multiple a constant. Hence the function py, ¢ dose not depend on a choice of such a
h, which we also denote by fi,¢.

Definition 2.2. The function pup¢ (resp. fio¢) is said to be the holomorphy
potential of the pair (h,§) (resp. (w,§)).

2.2 Admissible bundles

We make a brief review of special projective bundles, called “admissible bundles”
(see [ACGTO08] for more detail).

Definition 2.3. A projective bundle of the form M = P(Fy ® Ey) — S is called
an admissible bundle if it satisfies the following conditions:

2In this paper, we sometimes say w = —/—10dlog h € 2me;1 (L) is a Kihler form considering the
compatibility of notations in other references.
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1.

S has the universal covering S = [[,c 4 S, (for a finite index set A C N) of
simply connected Kéhler manifolds (S,, £g4, Tw,) of complex dimensions d,
with (ga,w,) being pullbacks of tensors on S; here, “+£” means that either +w,
or —w, is a Kahler form which defines a Kéhler metric denoted by +g, or —g,
respectively.

. Ey and E, are holomorphic projectively-flat Hermitian vector bundles over S

of rank dp + 1 and doo + 1 with ¢1(Es)/rankEs — ¢1(Ep)/rankEy = [ws/27]
and ws = Y, 4 Wa-

Here the second condition means that we can choose Hermitian metrics on FEj
and E,, whose Chern connections have tracelike curvatures Qy®Idg, and Q. ®Idg,_
satisfying Qoo — Qo = D c 4 Wa-

Let M be an admissible bundle. We define several notations and give some
remarks that we will use later:

we set the index set A := {a € NU{0,00}|d, > 0}.

ep = P(Eo @ 0) (resp. e = P(0 @ Ex)) denotes a subbundle of M. Then e
and ey, are disjoint submanifolds of M.

P(Ey) — S (resp. P(Ex) — S) is equipped with the fiberwise Fubini-Study
metric with the scalar curvature do(dp+1) (resp. doo(doo+1)), which is denoted
by (go,wo) (resp. (—goo, ~Woo))-

Let M be the blow-up of M along the set ey U eso, and set S = P(Ey) xs
P(Es) — S. Then M — S is a CP!-bundle (cf. Figure 1).

We define a U(1)-action on M by the canonical U(1)-action on Ey. Then the
Hermitian structures of Ey and E. induce the (fiberwise) moment map z :
M — [—1,1] of this U(1)-action with critical sets z=1(1) = ep and z7(—1) =
oo (we will see the explicit construction of z at the beginning of Section 2.2.2).

K denotes the infinitesimal generator of the U(1)-action on M.

éo (resp. € ) denotes the exceptional divisor corresponding to the submanifold
eo (resp. ex).

Set M = M\(eg U o). Then M — S is a C*-bundle, i.c., we have an
isomorphism MY/C* ~ S, where we remark that U(1) acts on MY freely and
this action can be extended to the corresponding C*-action on M? (cf. Figure
1).

2.2.1 Admissible Kahler classes and metrics

Now we only deal with special Kahler metrics that have nice properties. Before
discussing this, we introduce the Kéhler class to which they belong.

11
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Figure 1: The blow up M — M

Definition 2.4. A Kahler class 2 on M is called admissible if there are real con-
stants x,, with x9 = 1 and zo, = —1, such that the pullback of €2 to M has the
form

Q= [wal/za +Z, (2.1)

acA

where Z is the Poincaré dual to 27[ég + éxo].

We can see that any admissible class €2 has the form

Q= [wal/za+Z, (2.2)

acA

where the pullback of = to M is [w] — [weo] + Z, i.e., the cohomology class [wo] —
[Woo] + = vanishes along the fiber éy — eg and €5 — €oo.

Remark 2.5. We call the parameters {z,} the admissible data of . Since (2 is
Kahler, the admissible data {z,} satisfies the condition:

1. 0<|zg/<1lforallae A
2. x4 has the same sign as g,.

In this paper, we also assume that +g, has constant scalar curvature Scal(+g,) =
+d,Sa, where s, are constants defined in [ACGTO08, Section 1.2].
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Definition 2.6. Let Q be an admissible class with the admissible data {z,}. An
admissible Kahler metric g is the Kahler metric on M which has the form

14 x4z dz? 9 14 z42
g:ZA . ga+@(z)+@(z)6 , w:ZA Lt dz A (2.3)
ac ac

on M°, where @ is the connection 1-form (f(K) = 1) with the curvature df =
> uciWa, and © is a smooth function on [-1, 1] satisfying

©>0o0n(—1,1), O(+1) =0 and ©'(+1) = F2. (2.4)

The form w defined in (2.3) is a symplectic form, and the compatible complex
structure J of (g,w) is given by the pullback of the base complex structure and the
relation Jdz = ©4.

Remark 2.7. Using the relation dff =} _ ; wa, we can check that w is closed and
2 = [w]. Hence g is a Kéhler metric whose Kéhler form w belongs to €.

Remark 2.8. The defining equation (2.3) is motivated by the representation of the
canonical admissible metric g. in polar coordinates. In this case, the corresponding
function O, is given by ©.(z) =1 — 22 (cf. Lemma 2.11).

The condition (2.4) is the necessary and sufficient condition for extending a
metric g on M° which has the form (2.3) to a smooth metric defined on M (cf.
Section 2.2.3). In order to compute simply, we sometimes use the function

F(z) = 0(2) - pe(2) (2.5)

instead of ©(z), where p.(z) = [, 4(1 + 242)% is a polynomial of z. Then the
equation (2.4) forces F' to fulfill the condition

F>0on(—1,1), F(£1) =0 and F'(£1) = F2p.(%1). (2.6)

Remark 2.9. Generally, this is only necessary condition for F', i.e., we can not re-
store © from F satisfying (2.6). However, it is possible if g is extremal or Generalized
Quasi Einstein (GQE)? (cf. [ACGTO08, Section 2.4] and [MT11, Section 4]).

Remark 2.10. In the original paper [ACGTO08, Section 1.3, Section 1.4], admis-
sible classes and admissible metrics are defined by (2.2) and (2.3) "up to scale”
respectively because the condition of canonical metrics (cscK, extremal, GQE, etc.)
are preserved under the scaling of metrics. In this paper, the argument of scaling
metrics sometimes becomes essential. This is why we define them not up to scale.

3These are certain kinds of generalizations of constant scalar curvature Kahler metrics.
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2.2.2 Constructing canonical admissible Kahler metrics

We start with any (not necessarily Kéhler) cohomology class Q2 defined by the equa-
tion (2.2). Now we can show that the condition mentioned in Remark 2.5 is the
necessary and sufficient condition for €2 to be Kéhler (and hence, be admissible).
We can prove this by constructing the “canonical admissible metric” g. and its sym-
plectic form w,. belonging to Q: Let py (resp. pso) be a U(1)-action on Ey (resp.
E) defined by scalar multiplication. Then the moment map of this action is given
by 20 = 373 (resp. 200 = 372%), where we denote by rq (resp. ro) the norm function
induced by a Hermitian metric on Ey (resp. Eo). We also denote by Ky (resp.
K ) the infinitesimal generator of py (resp. poo). Let us consider the diagonal
U(1)-action p := pp @ poo 00 Ey @ Eo with the moment map zp + 2o0. Since p is free
restricted to the moment level zp+ 2z, = 2, the restriction of the Hermitian metric on
this level set descends to the fiberwise Fubini-Study metric on the quotient manifold
M, which we denote by (gar/s,war/s)- Since pg commutes with p and preserves the
Hermitian structure, pg also descends to a fiberwise Hamiltonian U(1)-action py on
M. From general results in symplectic geometry, the moment map of this action is
given by 2 =20 — 1 =1 — 2.

We extend (gpr/s,war/s) to a tensor on M by requiring that the restriction to
the horizontal distribution on M is zero. Hence (gM/S,wM/S) is semi-positive. In
order to get a (positive definite) metric on M, we set

1+ 242 14+ x,2
o= 3 S ks e = 3 s
acA acA

Then (g, wc) is a Kéhler metric with respect to the canonical complex structure J.
on M. Moreover, we have:

Lemma 2.11 ([ACGTO08]|, Lemma 1). For any admissible data {z,}, the corre-
sponding canonical Kéhler metric on M is of the form (2.3), where

O(2) = Oc(2) =1 — 22

Proof. The inverse image in Ey @ E,, of M° may be viewed as an open subset of
O(-1)g, ® O(—1)E,.. Then (g.,w.) is the Kahler quotient of the metric defined at
the moment level zg + 250 = 2:

1+ 2a)z0 + (1 = 24)z dzg | dz3
P e e 0D
a oo

acA

where 6, 0~ are connection 1-forms for the U(1)-line bundles O(—1)g,, O(—1)g_,
with 0g(Kp) = 1, 0so(Koo) = 1, dfy = —wp + Qo, dfs = Woo + Qoo.? Here we
take notice of two points: (1) The fiberwise Fubini-Study metric gg (resp. goo) iS
normalized to have scalar curvature do(dp + 1) (resp. doo(do +1)). (2) We extend

4The standard metric of C*™! can be written as the form % + 2202, where 2z is the square of
the norm function and 6 a connection of the U(1)-line bundle O(—1) — CP™ such that —df is the
Fubini-Study metric of CP™.
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(9nm/s>wnys) to a tensor on M by requiring that the restriction to the horizontal
distribution on M is zero. We also remark that Qg (resp. ) is degenerate along
the fiber P(Ep) — S (resp. P(Ex) — S5).

Put £ := O(1)g, ® O(=1)g_ and regard MY as an open subset of the blow-up
M = PO @ ﬁ) Since p is generated by Ky + K, the form 6., — 0y is invariant
under p, which defines the connection 6 on M? — S and corresponding line bundle
£ such that df = df, — dby = wg (where, we used Qo — o = >, c 4wa). Using the
relation zp = 142z and zo, = 1—2 and taking the quotient of (2.7) yields (g, w.) is an
admissible Kéhler metric corresponding to the function ©(z) = 0.(2) =1 —22. O

2.2.3 Symplectic potentials

Let M be an admissible bundle. Since M is a C*-bundle over S, we can think M°
as a family of toric manifolds parametrized by a compact Kéhler manifold S. Thus
we can apply some methods in toric geometry to each fiber of M. In particular, we
will mention symplectic potentials, which is important because the Kahler potential
of admissible metrics are represented by its Legendre transform.

We know that admissible metrics with a fixed symplectic form w define a defor-
mation family of complex structures. Now we will show that this can be regarded
as the same complex structure J. via U(1)-equivariant fiber-preserving diffeomor-
phisms.

Definition 2.12. A function u € C°([-1,1]) is called the symplectic potential
of an admissible Kahler metric O(z) if u”(z) = 1/0(2), u(£1l) = 0 and u — u, is
smooth on [—1,1], where u, is the canonical symplectic potential defined by

o) = %{(1 — 2)log(1 — 2) + (14 2) log(1 + 2) — 2log 2} (2.8)

The symplectic potential w is uniquely determined by the above condition. If we
put
y=u/() and h(y) = —u(z) + yz, (2.9)

then the direct computation shows that d5y = 6 and dd5h(y) = w — > _ 1Wa/%a
on M°. Lett: MY — R/27Z be an angle function (locally defined up to an
additive constant) and y., h. the functions corresponding to wu. defined by (2.9).
Since exp (y + v/—1t) and exp (y. + v/—1t) give C*-coordinates on the fibers, there
exists a unique U (1)-equivariant fiber-preserving diffeomorphism ¥ of M? such that

Uy = y., ¥t =t and hence ¥*J = J.. (2.10)

As J. and J are integrable complex structures, ¥ extends to a U(1)-equivariant
diffeomorphism of M leaving fixed any point on ey U eo. Hence U*w is a Kéhler
form on M with respect to J.. As ¥ : (M, J.) — (M, J) is biholomorphic by the

definition of ¥, we obtain

dd5, h(ye) = dd5 h(T*y) = Udd5h(y) = U*w — > wa/Ta,
acA
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V'w —w = ddj, (h(ye) = he(ye))
on MO,
Lemma 2.13 (JACGTO08|, Lemma 3). h(y.) — he(ye) is extended smoothly on M.

Proof. Since V is a diffeomorphism with U*y = y., the statement holds if and only
if h(y) — he(y) is smooth on M. By the definition of symplectic potentials, we know
that h(y) — he(ye) = —(u(z) — ue(2)) + 2(v'(2) — ul(2)) is smooth on M. Hence
we have only to show h.(y) — he(y.) is smooth on M. By (2.8), we can compute
he(y) = he(ye) as

hely) = heloe) =~ (1og (1= ) 10s (15,

where Z := ¥*z is the moment map of @ := V*w. Since V¥ is U(1)-equivariant and
fixes the critical set ey U es, we have Z(£1) = +1 regarded as a function of z. Using
the formula dz = 2’ - dz, we have

V2z =2"d? + 2 - V2.

Since z and Z are moment maps of the same U(1)-action po on M, they are Morse-
Bott functions with the same critical manifolds ey and e, (i.e., the Hessians V22
and V22 are non-degenerate in the normal direction). Hence we have Z'(£1) # 0
and thus h(y.) — he(ye) is smooth on M. O

Let K29 be the moduli space of admissible metrics with a fixed symplectic form
w. Then we obtain an inclusion map

jcadm s fKghler form in (€, J,)}

defined by © — U*w, where (€2, J.) denotes the Dolbeault cohomology class with
respect to J..
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3 Geometric invariant theory

Stability is a condition on a orbit of a group action that should insure that the
moduli space of stable orbits be a well-behaved space. Mumford-Fogarty-Kirwan
[MFK94] studied an algebraic variety M on which an algebraic group G acts and
defined a variety M /G as a projective scheme of the graded ring consisting of all
G-invariant functions over M. The main difficulty in this approach is to understand
the projection map M to M/G. To define this map, we eliminate certain “bad”
orbits and consider only “semistable” ones.

This construction can be also interpreted from a view point of symlectic geom-
etry. Assume that M is a Kéahler manifold with a Kéahler form w and a compact
group K acts on M by holomorphic isometry. Then Kempf-Ness theorem [KN79]
tells us that a G(:= K©)-orbit is semistable if and only if its closure contains a zero
of the moment map. This picture enables us to generalize this problem for infinite
dimensional settings.

In geometry, many important problems can be reduced to a PDE of the form

p(x) =0

where p denotes the moment map and x runs over a G-orbit in an infinite dimensional
symplectic manifold (see, for instance [DK97]). Donaldson [Don97] showed that the
equation of constant scalar curvature Kéhler (cscK) metric can be written as this
form, which gives us the formal aspects of stability.

3.1 Finite dimensional GIT
3.1.1 GIT stability

Let G be a reductive algebraic group with a finite linear representation V.
Definition 3.1. Let x € P(V'), then

1. z is semistable if there exists a non-constant G-invariant homogenous polyno-
mial f such that f(z) # 0.

2. z is polystable if x is semistable and the orbit G - z is closed in P(V')ss, where
we denote by P(V)g the set of all semistable points.

3. x is stable if z is polystable and has discrete stabilizer.
We say that = is unstable if = is not semistable.

In particular, we have the following relations between three notions of stability
stable = polystable = semistable.

Since the tautological bundle O(—1) on P(V') is just the blow-up at the origin, the
G-action defines a G-linearization of the line bundle O(—1) — P(V). We often use
the following alternative interpretation of stability:
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Proposition 3.2. Let z € P(V) and & € O(—1) a non-zero lift of x, then

1. x is semistable if and only if the closure of the orbit G - & dose not intersect
the zero section of O(—1).

2. x is polystable if and only if the orbit G - & is closed in O(—1).

Let A be the graded ring of all polynomials over V and A the algebra of all
G-invariant elements in A. We define the quotient space P(V)//G as a projective
variety ProjA®. Then the inclusion A® < A induces a rational map P(V) --»
P(V)//G. This map is not defined at unstable points. But restricting attention to
the set of all semistable elements P(V)g, we have a map P(V)ss — P(V)//G and
thus P(V')//G can be interpreted as the quotient of the set of all semistable points.

We want to generalize this picture for any polarized manifold (M, L) with a
group action, where we assume that G is a reductive algebraic group acting on M
homomorphically and can be lifted to a holomorphic action on L.

Definition 3.3. Let x € M and & € L, a non-zero lift of x, then

1. z is semistable if the closure of the orbit G- dose not intersect the zero section
of L.

2. x is polystable if the orbit G - £ is closed in L.

We also call a G-orbit is (poly/semi)stable if a point in the orbit is. This defini-
tion dose not depend on a choice of point in the orbit.

To see the relation with Proposition 3.2, we should consider the Kodaira embed-
ding M — P(H"(M, L))*. For simplicity, we assume that L is very ample. Then
the G-action on L induces an action on H°(M, L) and L is just the restriction of
the hyperplane bundle O(1)]|s.

Let Mg be the set of all semistable elements in M and set M//G := ProjA%,
where A 1= @, H°(M, L*) is the graded ring of all functions over M. Then we
have a map My — M//G.

Let A : C* — G be a nontrivial one-parameter subgroup and x € M. Since M is
projective, we can define

xo = %g% A(t)x.

Since xg is a fixed point of the G-action, we obtain a C*-action on the fiber L,,,
which has a weight —w)(x). Or equivalently, w)(x) is the unique integer such that
the limit
lim ¢ @ \(£)
t—0
exists in L and is not zero, where Z is a non-zero lift of = (see Figure 2).
Proposition 3.4 (Hilbert-Mumford criterion). Let x € M, then
1. x is semistable if and only if wy(x) > 0 for all .
2. x is polystable if and only if wy(x) > 0 for all A\ and equality holds if and only
if \ fixes z.
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C*orbit

Figure 2: A C*-orbit of a polystable point x

3. z is stable if and only if wy(z) > 0 for all A.

By virtue of Hilbert-Mumford criterion, we have only to consider any C*-orbit
to check the stability.

3.1.2 Kempf-Ness theorem

Let (M, L) be an n-dimensional polarized manifold with a K&hler form w € ¢;(L)
and b the Lie algebra consisting of all holomorphic vector fields on M. We assume
that a compact group K acts on (M,w) with a moment map p by holomorphic
isometry.

First, we see that a choice of moment map is equivalent to a choice of linearization
of L. Let h; be an ideal of h consisting of all holomorphic vector fields on M whose
zero set is non-empty.

Lemma 3.5 ([Kob95], Lemma 3, p.109). The space h; coincides with the space of
holomorphic vector fields that can be lifted to L.

Proof. Let h be a Hermitian metric on L such that w = —‘/2—7_?185 logh and 0 its
connection form on the associated principal bundle L° := L — {zero section}. We fix
a non-vanishing holomorphic section o of L° on a small open set U C M. Then we
have a natural identification L°|y ~ U x C* with a coordinate system (z1, ..., 2n,t)
defined by 0. We denote by 6y the pullback of the connection form 6 by o, then

1 —1_
v = (log lo}), 0 =0y + dt = dllog |lol }1D), w = 00y,

where %dt is the Maurer-Cartan form along the fibers. Let V be a holomorphic
vector field on M belonging to h;. Then by [Kob95, Theorem 4.4], there exists a
function f on M such that

\/?

1_
vw = ——07F.
iyw o f
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We lift V to a vector field V on L° of type (1,0) such that
—f=0(V),

which determines V uniquely. If we write
- 0 0
V = —— J—
; Jigz Y T

then X -
—f=0V)=0y(V)+ T
Applying 0, we obtain

~0f = Aivhu)+0(T) = —iv(960) + 9 (7)
= 2mvV/—Tliyw+0 (%) :

Hence 0 (%) = (0. Since t is holomorphic, so is 7. Thus we have proved V is
holomorphic. Hence V' can be also lifted to a holomorphic vector field on L. This
completes the proof of Lemma 3.5. 0

Let G be a complexification of K and ¢, g the Lie algebra of K, GG respectively.
By Lemma 3.5, the holomorphic vector field £y; defined by & € £ can be lifted to a
holomorphic vector field on L by

where t := t% denotes the canonical vector field on L. Thus we obtain an in-
finitesimal action of ¢ and its complexified action of g on L. We suppose that these
infinitesimal action can be integrated to group actions on L.

Theorem 3.6 (Kempf-Ness, [KN79]). 1. A G-orbit is semistable if and only if
its closure contains the zero of the moment map. Such a zero is called a
“de-stabilizer” of the original G-orbit. The de-stabilizers all lie in the unique
polystable orbit in the closure of the original G-orbit.

2. A G-orbit is polystable if and only if it contains a zero of the moment map.
The zeros within it form a unique K-orbit.

Outline of the proof. We fix a point x € M, its non-zero lift £ € L, and a K-
invariant Hermitian metric on L. The key idea is considering the following function,
called Kempf-Ness function:

O: G/K>g—logllg-z|]| e R

Actually, this map is well-defined since the norm || - || is invariant under the action
of K. Hence we have only to consider the y/—1&t-direction. For & € ¢, we set

By 1= exp(v/—1t€) - &, 14 := exp(v/—1t€) -  and define
f(t) := ®(exp(vV/=1t€)) = log |||, t € R.
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Then
1 d

f(t) = W@HQHQ = —(p(x1), €), (3.1)

F1(t) = d{p(e), €) (JExr) = 2mw(Eny, JExy) = I|Exr ()| * > 0. (3.2)

This yields that ® is convex along geodesics and ¢ is a critical point of ® if and only
if u(g-x) = 0. Regarding ® as a function on the orbit G - , we obtain

x is polystable < G- is closed in L
< ® has a critical point

< G -z contains the zero of the moment map.

In particular, we have an isomorphism as a set
Mye/G = u (0)/ K, (3.3)

where Mg is the set of all polystable points in M, and the RHS is a symplectic
quotient at moment level 0. Let us show a simple example.

Example 3.7. This example is a special case of [Szek06, Examplel.2.1]. We define
a U(1)-action on C? by t - (20, 21) := (tzo,t"'21) (t € C;|t| = 1), which naturally
descends to a U(1)-action on CP'. Since O(—1) is just the blow-up of C? at the
origin, U(1) also acts on O(—1) and its dual O(1). Then the compatible moment
map for the action on O(1) — CP! with respect to the Fubini-Study metric of CP?
is given by

_ 20l — | f? 1
a, [z0,21] € CP*, a € R(~u(1)).

20,21])a = —s——>a,
wlzoziDa = R

Hence 1~ 1(0) is the “equator” of CP. Complexified orbits (C*-orbits) of this action
are O1 := [1,0], Oz := {[20, 21|20 # 0 and z; # 0} and O3 := [0,1]. By Kempf-Ness
theorem, Oj is polystable, and O;, O3 are unstable. We can also show this by
Hilbert-Mumford criterion. For instance, if we set zy := [tzg,t 121] for [20, 1] € O,
we have lim;oz¢ = [0,1]. Then the induced action on O(—1)|, is given by
t-(0,1) = (0,t71), which has positive weight, and so is the induced action on
O(1)]jp,1]- Similarly, we can show that a; := [t 120, tz1] tends to [1,0] as ¢ — 0 and
the weight of the induced action on O(1)](; g] is positive. Hence Oz is polystable. In
this case, the isomorphism (3.3) is

O, /C* ~ (the equator of CP')/U(1) ~ {a point}.
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3.2 Infinite dimensional GIT

Let (M, w) be a 2n-dimensional symplectic manifold. We say that an almost complex
structure J is w-compatible if a Riemann metric

g7 (u,v) := w(u, Jv)

is almost Kéahler. Let J be the space of all w-compatible almost complex structures.
Then J is an infinite dimensional manifold, and for each J € J, the tangent space
at J is given by

T;J ={A € End(TM)|AJ + JA = 0,w(u, Av) = w(v, Au) = 0},

where we used that J? = —Idry and w(Ju, Jv) = w(u,v). The symplectic form w
gives a natural identification between the tangent bundle and the cotangent bundle,
ie., for A € T;7, we define

pa(u,v) = w(u, Av). (3.4)

Then one can check that p4 is a symmetric anti J-invariant section of T*M @ T* M.
Conversely, any symmetric anti J-invariant section of T*M & T*M gives rise to an
element in 777 via the relation (3.4). Since J is the space of smooth sections of
an Sp(2n)/U(n)-bundle over M, it carries a natural Kéhler structure. Actually, for
uw € T7;J, we define a complex structure Jon J by

() (u, v) == —p(Ju,v)

and a Kihler metric on J as an L? inner product

()= /ng(u,y)w”, JeJ, pvelyd.

We denote by Jin; a subvariety of J consisting of all w-compatible integrable complex
structures on M. Let K := Symp°(M,w) be the identity component of the group
of symplectic automorphisms. For simplicity, we assume that H'(M) = 0. Then K
is isomorphic to the group of Hamiltonian diffeomorphisms, and the Lie algebra &
of K consists of all Hamiltonian vector fields on M. We identify £ with the space
of all Hamiltonians with mean value 0, which we denote by C3°(M) (here, the Lie
bracket over C§°(M) is given by the standard poisson bracket for functions).

For f,g € C§°(M), we define a K-invariant inner product on C§°(M) as an L?
inner product

(f.9)= /M fgw™. (3.5)

The group K acts on the space J (as a pullback of a tensor), and this action
preserves holomorphic and symplectic structure of 7. Donaldson [Don97] showed
that
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Proposition 3.8. Via the inner product (3.5), the moment map of the action of K
on Jint is given by
Jint 2 J — Scal(J) — Scal € C5° (M),

where Scal(J) denote the scalar curvature of g; and Scal the average of scalar cur-
vature, which is independent of a choice of J € Jint.

Next, we consider what a G(:= K©)-orbit is. Since K is infinite dimensional,
there may not exist a genuine complexification G. However, we can still define a
foliation of 7, and we think of the leaves of this foliation as G-orbits. For a fixed
Jo € Jint, the complexified orbit G - Jy is given by

G- Jy = {J € Jis| ¢ € Diffo(M) such that ¢*J = Jo},

where we remark that for each J € G - Jy, a choice of ¢ is unique modulo the
action of automorphisms with respect to Jy. Let Hy be the space of Kéhler forms in
([w], Jo), where ([w], Jo) denotes the Dolbeault cohomology class with respect to Jp.
For simplicity, we assume that the stabilizer of Jy is discrete. Then there exists a
unique ¢ € Diffo(M) such that (ps)*J = Jy, and we can define a map G- Jy — Ho
with this ¢ as

G'J09J+—>(QOJ)*WE’H0.

Actually, the infinitesimal action of a Hamiltonian f € C§°(M) on w is
L_jox,w = —d(ijx,w) = —dJodf = —2v/—100f,

where X is the Hamiltonian vector field corresponding to f. The Kernel of this map
is exactly the group of Hamiltonian diffeomorphisms, thus we obtain G- Jy/ K ~ H,,
where the inverse morphism Ho — G - Jo/K is given by Moser’s theorem [Mos65]
(i.e., for any @ € Hp, there exists an isotopy joining w to @). Hence we conclude
that each G-orbits can be regarded as the space of Kéhler metrics in a fixed Kéhler
class with respect to a fixed complex structure®.

5In the Calabi-Yau theory, one studies the deformation of K&hler metrics in a fixed Kéahler class.
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4 Stability of manifolds

4.1 K-stability

Futaki [Fut83] introduced a holomorphic invariant which generalizes the obstruction
of Kazan-Warner to prescribe Gauss curvature on S?. Futaki invariant is defined
as an integral invariant, which is a Lie algebraic character from the Lie algebra of
holomorphic vector fields into C. The vanishing of this holomorphic invariant is a
necessary condition for the existence of a Kéhler-Einstein metric. But the problem
is that Futaki invariant dose not work when the manifold dose not have a non-trivial
holomorphic vector field.

Ding-Tian [DT92] extended Futaki invariant to a new obstruction to the exis-
tence of Kihler-Einstein metric on Fano manifolds using the jumping of complex
structures. However, this obstruction inherits original analytical definition and hard
to use. Besides, we had to assume the normality of varieties.

Finally, Donaldson [Don02] gave a pure algebraic definition of the Futaki in-
variant, and extending it to singular Fano varieties, which enabled us to define an
algebro-geometric stability of manifolds, called K-stability. In the definition of K-
stability, we can catch a glimpse of philosophy of Hilbert-Mumford criterion (cf.
Proposition 3.4).

4.1.1 Futaki invariant

Let (M, L) be a n-dimensional polarized manifold and h a Hermitian metric on L
with positive curvature w = —‘/2—?85 logh € ¢1(L) and b the Lie algebra consisting
of all holomorphic vector field on M. Then there exists a real-valued smooth function
k (called Ricci potential) on M such that
Ric(w) — HRic(w) = Eaéﬁ;,
27

where HRic(w) is the harmonic representative of Ric(w). Then w is cscK if and only
if k is a constant. In particular, a Kéhler form w € ¢1(M) is cscK if and only if it
is Kahler-Einstein. Calabi [Cal85] extended the original Futaki invariant [Fut83] to
an obstruction to the existence of cscK metrics for any polarized manifolds, which
is also called Futaki invariant:

1
c(L)”

Fut (W) = / Wk, W € by,

M
where b is an ideal of h defined in Section 3.1.2. The Futaki invariant Fut is a
holomorphic invariant, i.e., independent of a choice of Kahler form w € ¢;(L). The
vanishing of Fut is a necessary condition to the existence of a cscK metric, but
not sufficient. Tian [Tian97] found a Fano manifold whose automorphism group is
discrete. Hence Fut is trivial, but dose not admit any K&ahler-Einstein metrics.
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4.1.2 Ding-Tian’s K-stability

Let M be an n-dimensional normal Q-Fano variety®. We first introduce a general-
ization of Futaki invariant. The original definition of (generalized) Futaki invariant
(hereafter referred as Futaki invariant) was given by Ding-Tian [DT92]. In this
paper, we adopt an alternative characterization shown by Hou [Hou08, Theorem
2.7] as the definition of Futaki invariant. For simplicity, let us make the following
assumptions:

1. M is a compact subvariety of a projective manifold V.

2. L is an ample line bundle on N such that on the regular part M., of M, the
isomorphism
L‘Mreg = _kKMreg (41)

holds for some integer k.

3. The Lie group G := Aut(M) acts on (N, L) such that the isomorphism (4.1)
is G-equivariant.

Remark 4.1. In fact, M can be embedded into CPY ~ HO(M,—kK,) for a
sufficiently large integer k, and (CP™,O(1)) satisfies the requirement above.

Definition 4.2. A Hermitian metric h on —Kjy,, is said to be admissible if h* can
be extended to a Hermitian metric on L over N under the isomorphisms (4.1).

Let h be an admissible Hermitian metric on —Kyy,,, with positive curvature w :=
— g@é log h.

Definition 4.3. We define the Futaki invariant by

Fut(W) = _cl(]l\/_l)" /M —_ (4.2)

where pi5, v is the holomorphy potential of the pair (h, W) (cf. Definition 2.2).

We remark that pj,p and w can be extended continuously to M since h is
admissible. Hence the above integral is finite. Futaki invariant is independent of a
choice of admissible metric h on —Kjyy,,, and coincides with the Futaki invariant
defined in Section 4.1.1 when M is smooth.

Now let M be a smooth Fano manifold and consider the Kodaira embedding
M < CPNr (Ny, := dimH®(M, —kK)) defined by a basis of HO(M, —kKj;). Let
V € sl(N + 1,C) be a holomorphic vector field on CPMr and oy the one parameter
subgroup generated by Re(V'). Set M, := o,(M), then it is known that M; coverges
to a subvariety My, in CPM* as t — oo. Then oy fixes Moo. Therefore ReV is
tangent to M. Ding-Tian showed that the following;:

5We say that a normal projective variety M is Q-Fano if for a large integer k, —kKu,., can be
extended to an ample line bundle over M.
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Theorem 4.4 ([DT92], Theorem 0.1 (also refer to [Ber12], [Stop09])). Let M, oy,
V, My as above, and assume that the subvariety My, is normal and M admits a
Kaéhler-Einstein metric. Then Fut(V') is non-negative.

Especially, when V' is tangent to the image of M, we have Fut(V) > 0, and
replacing V' with —V forces the converse inequality Fut(V') < 0. Thus we obtain:

Corollary 4.5 ([Fut83]). If M admits a Kéhler-Einstein metric, then Fut(V) = 0
for any holomorphic vector field V on M.

4.1.3 Donaldson’s K-stability

Let (M, L) be an n-dimensional polarized manifold.

Definition 4.6. A test configuration for (M, L), of exponent r consists of:
e A flat morphism of schemes M — C.
e A line bundle £ — M.

e An equivariant C*-action p on L — M — C, where C*-acts on C by scalar
multiplication.

such that the generic fiber (M, L) is isomorphic to (M, L").

In the original definition proposed by Donaldson [Don02], M is a (not neces-
sarily normal) scheme. However, in the case of anti-canonical polarizations, it is
known that we have only to test on the “special” test configurations to check the
K-polystability, i.e., test configurations whose central fibers are normal Q-Fano va-
rieties with log-terminal singurarities (cf. Section 4.2.3).

There are a few remarks which immediately follow form the definition. First,
all the fibers (M, L;) (t € C*) are isomorphic to the generic fiber (M7, L;) via the
action p. Second, the C*-action induces an action on the central fiber (M, Lo),
and on the cohomology H®(My, kL) which we denote by pr. We also let By €
End(H"(My, kLg)) be defined by

pr(w) = exp(tBy,) = wPk for w = expt € RT (t € R).

According to [PS07], a test configuration can be embedded into a projective
space as in the following;:

Lemma 4.7 ([PS07], Lemma 4.1). Let 7 be a test configuration of exponent r = 1
for the pair (M, L). Let h be a positively curved metric on L. Let k be an integer
such that L* is very ample. Then there is

1. an orthogonal basis s = (s, ..., sn,) of HY(M,kL) ~ HY(My,kLy).

2. an embedding I, : (k£ - M — C) — (O(1) x C — CPM~! x C - Q),
satisfying the following property: for every w € C* and every l; € kL,

L(p(w)ly) = (wP* - I,(1,), wb),
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where wP* is a diagonal matrix whose eigenvalues are the eigenvalues of
pr(w) € End(H°(My, kLg)). The matrix By, is uniquely determined, up to
a permutation of the diagonal entries, by k and the test configuration 7.
Moreover, the basis s is uniquely determined by h and 7 up to an element of
U(Ny + 1) which commutes with By.

In particular, we obtain an embedding M < CP™~! x C and a family of
subschemes of CPVs~! parametrized by t € C. These aspects are very similar to
those given by Ding-Tian [DT92] (see Section 4.1.2). But there are some obvious
differences between them. Ding-Tain considered only Fano manifolds polarized by
the anti-canonical bundle, and restricted their attention to test configurations with
normal central fibers. On the other hand, Donaldson [Don02] invented an algebraic
definition of Futaki invariant, which can be applied, more widely, to the central fiber
of any test configuration.

Let (M, L) be an n-dimensional polarized scheme and W be a holomorphic vector
field on M generating a C*-action which can be lifted to L. We define the quantized
Futaki invariant Futy (W) at level k by the weight of the induced C*-action on the
top exterior power /\N’“ H°(M, kL), i.e.,

Ny
Futy, (W) : Trace(etw)’HO(M,kL) = sz(k),
i=1

dt|,_,
where (wgk)) are the joint eigenvalues of the infinitesimal action generated by Re(W).
By the general theory, we know that the integers Futy (W), Ny are given by polyno-
mials of k for sufficiently large k. Moreover,

Lemma 4.8. The quantity Fu,i’“i]\gv) is bounded, i.e., Futy (W) is at most the degree

of N plus 1.

Proof. We can prove this in the same way as [PS07, Lemma 3.1]. For simplicity,
we may assume that L is very ample. Then M can be embedded to CPN1~! and
the image of M is a subscheme of CPN'~1 defined by a homogeneous ideal I C

Clz1,...,2N,], where (21,..., 2y, ) is the standard coordinates of CN'. We can write
(C[Zla s 7ZN1]/I = @ SZ/I“
i>0
where S; C C|z1,...,2n,] is the space of polynomials which are homogeneous of

degree i and I; = S; N I. Then we have H°(M, kL) ~ Sy /I for sufficiently large k.
This isomorphism is C*-equivariant if ¢ € C* acts on S, by the formula

(1) (1)
p1 PNy __ p1wy  + PNy W D1 PN —
t.zl ...lel_t 1 11\]1.,31 ZN117p1++pN1_k

Thus,
k k
{w§ )7--"w§\f,3} C {plwgl) +---+pN1w§\}1)|p1 + -+ pN, =k}
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On the other hand, we clearly have |p1w§1) +-- +pN1w§\}1)| <sup;_1. N, |w§1)] -k,

which yields that
w®| < Ck fori=1,...,N;

and hence
[Futy(W)[ < CkN.

This completes the proof of Lemma 4.8. O

By Lemma 4.8, we have an asymptotic expansion as k — oo:

QIWth(‘if)
kN

Definition 4.9. We define the Futaki invariant Fut(W) of the pair (M, L) with a
holomorphic vector field W to be the coefficient F}.

= Fy+ Bk~ + O(k72). (4.3)

Proposition 4.10 ([Don02|, Proposition 2.2.2). When M is smooth, Donaldson-
Futaki invariant is given by

1 n
F = @ /M W(k)w™.

Proof. By the (equivariant) Riemann-Roch formula, we have

Ny = /Mch(Lk)td(M)
— /Mekw (1+;Ric(w)+~-'>

L) ) —
= Al B gor gt o)
n! 2n!

= CK"+DEK" '+ O(k"?),

d
Futy(W) = ﬁTrace(etWHHO(M’kL)
t=0

d k(wttrnw) Lo
= — [ e Frw) (1 + —(Ric(w) + tAppnw) + - - -

dt Jur 2 ’ 0

il / Ric(w) Aw™™ 1 + il / IA +k w"+O(k"™

_= —_— w _— _

2n—1)! Juy pn,w Ri oy \2 oMnwW + kph,w

kn+1 n

k _
= ‘ / phww" + 5= pn vScal(w)w™ + O(k" 1)

= A"l 4 BE™ + O(K"7h).

Since
Fut,(W) A+Bk'+0(k™2) A N AD — BC
kN, — C+Dk 14032 C C?

k4 0(k™2),
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we obtain

AD — BC
CQ

= (1L)” /M fin,w (Scal(w) — Scal)w™
1

F o= 2.

O

If we choose another lift of W, then the eigenvalues of the infinitesimal action on
AN HO(M, kL) are given by (wgk) + ko) for some k-independent constant «v. Then

we have
23N (w® + ka) - 25N w
ka - kN,

Hence the choice of lift of W contributes only the constant term in the RHS of (4.3),
and hence Fut(W) is independent of a choice of lift of W to L.

Let (M, L) be a polarized manifold. A test configuration 7 for (M, L) induces the
C*-action on the central fiber (My, Ly). We denote by W its infinitesimal generator.
We say that a test configuration T is a product configuration if M = M x C and
its C*-action p is given by a scalar multiplication to the second factor of M. The
analogue of the Hilbert-Mumford criterion in this setting is the following;:

+ 2.

Definition 4.11. We say that the pair (M, L) is K-polystable if
1. Fut(W) > 0 for any test configuration 7 for (M, L).

2. My is normal and Fut(WW) = 0 if and only if the test configuration is a product
configuration”.

Theorem 4.12 ([CDS13] and [Tian12]). If a Fano manifold M is K-polystable, then
it admits a Kéahler-Einstein metric.

In the case of general polarizations, it is conjectured that the existence of a
cscK metric is equivalent to more stronger stability, for instance, strong K-stability
[Mab09] and uniform K-stability [Szek06].

4.2 Kahler-Ricci solitons

Tian-Zhu generalized Futaki invariant for the pair (M, V) of a Fano manifold M
and a holomorphic vector field V', called the modified Futaki invariant, which is an
obstruction to the existence of Kahler-Ricci soliton with respect to V. However,
it looks different in character compared to original Futaki invariant. First, we can

"There is an example of a non-normal test configuration with Fut(WW) = 0 (cf. [LX11], [Mab13]).
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always choose V' so that the modified Futaki invariant vanishes. Second, the modified
Futaki invariant is closely related to the canonical lift to the anti-canonical bundle
— K although Futaki invariant is independent of a choice of lift (see Section 4.1.3).

In the case of anti-canonical polarizations, the author generalized Tian-Zhu’s
existence result [TZ02] of Kéhler-Ricci solitons on a certain CP!-bundle over special
manifold, to an admissible bundle on which the existence of extremal metrics were
studied by Gauduchon and other collaborators. We study this construction method
in Section 4.2.2.

In [BN14, Theorem 1.3], Berman-Nystrom have shown that a normal Q-Fano va-
riety admitting a (singular) Kéhler-Ricci soliton necessarily has at worst log-terminal
singularities. They studied the existence problem of Kéahler-Ricci solitons on this
class of varieties. They generalized Donaldson’s K-stability to K&hler-Ricci soliton
case, and showed that the existence leads to K-polystability for the pair (M, V) (cf.
Section 4.2.3).

4.2.1 The modified Futaki invariant

Let M be a n-dimensional Fan(z manifold and h a Hermitian metric on —K); with
positive curvature w = —\/2—?88 logh € ¢1(M). Let bh be the Lie algebra consisting
of all holomorphic vector fields on M. Let k be a Ricci potential of w defined by

Ric(w) —w = —_185/@.
2m

Then one can see that w is a pair (w, V) is a Kéhler-Ricci soliton if and only if
Kk = ppyv up to an additive constant. The modified Futaki invariant is defined
as a functional

1
Futy(W) = ——— [ W(x— VWt Ve,
u V( ) 1 (M)n /M (K’ :U’h,V)e w b
which is independent of a choice of a Hermitian metric h [TZ02, Section 2].

4.2.2 Examples on admissible bundles

We first consider the existence problem of Generalized Quasi Einstein (GQE) met-
rics, which is a straightfoward extension of Kéahler-Ricci solitons for any polarizations
defined as follows:

Definition 4.13. Let M be a compact complex manifold with Kéahler class €. we
say that a Kéhler form w € 2 is Generalized Quasi Einstein (GQE) if it satisfies
the equation

Ric(w) — HRic(w) = Lyw (4.4)

for some homolorphic vector field V on M.

Let s be a Ricci potential of an admissible metric g:

Ric(w) — HRic(w) = v/—190k. (4.5)
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Then a Kahler metric is GQE if and only if its Ricci potential  is Killing, i.e.,
Jgradk is a Killing vector field (cf. [Kob95, p.93, 94]).

Examples of GQE metrics on admissible bundles were studied by Maschler and
Tonnesen-Friedman [MT11]. They showed that there exists an admissible GQE
metric in any admissible class if its admissible data {z,} is sufficiently small, i.e.,
|zq| is sufficiently small for all a € A. In reference to this result, we study the case
when  is proportional to ¢ (M) and prove Theorem 1.1.

Now we start with the review of constructing GQE metrics on admissible bundles.
We adopt the notations defined in Section 2.2. Let M be an n (:= " _ idq+1)-
dimensional admissible bundle and  an admissible class on M. Let C*°([—1,1]) be
the space of smooth functions over the interval [—1, 1].

Lemma 4.14 ([MT11], Proposition 3.1). For any admissible metric and S € C*°([—1,1]),
we have

_ G -FE)
ANyS(z) = o) (4.6)
Proof.
ApS(z) = —%(ddCS(z),w) (deSz Jw) = (d(S’( )Jdz),w)
_ ! "(z F(z) ecause Jdz = O(z)0 = F(z)
- (o ﬁ) ) (e 12 = 00 = 7550 )
L ((SQFQ) SOFEREY, .
- (00 ) denoue)
! (2 F(z) Wa, W ecause df = w
5 |5 )pc(z)g o ) B do g\ o
_ LSRFE) ES’(z)F(z) pe(2) dgxq
- 2 pe(2) + 2 pe(2) pe(2) Z;l 14+ 242
USOFEY (g o r g 1 (o _da
= ) <B (dzN0,dz,NO) =1, (wg,w) 1+%z.).

O]

According to [ACGO06, (79)], the scalar curvature of an admissible metric is given
by

1 2dgsqre  F"(2)

1 = — . 4.

Scalg(w) 5 EA T4z pol2) (4.7)
ac

Let C§°([—1,1]) be the set of smooth function on [—1, 1] normalized so that they
integrate to zero when viewed as smooth function on M by compositing with z.
Then,

Corollary 4.15 ([MT11], Corollary 3.2). Given an admissible metric g, its Lapla-
cian gives a surjective map from C§°([—1,1]) to itself (considered as a space of
smooth functions over M).
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Proof. Given R(z) € C§°([—1,1]), we can obtain an explicit solution of AyS(z) =
R(z) outside the critical set of z by virtue of Lemma 4.14. Using de I'Hopital’s rule
and (2.6), this solution extends to the critical set of z. O

Taking the trace of (4.5), we obtain
Scalg(w) — Scal = —Apk (4.8)
Combining with Corollary 4.15 and (4.7), we have:

Corollary 4.16 ([MT11], Corollary 3.3). The Ricci potential x of an admissible
metric is a function of z.

For any admissible metric, the space of Killing potentials depending only on z is
a vector space spanned by 1 and z, i.e., the space of all affine functions of z. Hence,

Lemma 4.17. An admissible metric is GQE if and only if there exists & € R such
that kK = kz up to an additive constant.

Define the polynomial P(t) by

! dqSqTq B
Pi)=2 e R ) LG I
ac

where ag and By are constants defined by

! ! dy5aq
Qg = / pc(t)dt and 50 = pc(l) +pc(_1) +/ Z 1 t pc(t)dt' (4‘10)
-1 1 \acd + T

Clearly, these quantities are independent of a choice of admissible metric, depend
only on M and the admissible class 2. We added a constant 2p.(—1) to the RHS of
(4.9) so that P(+1) = F2p.(£1) holds. Then P(t) has the following properties:

Lemma 4.18 ([MT11], Lemma 4.3). For any given admissible data, P(t) satisfies:
If dy = 0, then P(—1) > 0, otherwise P(—1) = 0. If dogc = 0, then P(1) < 0,
otherwise P(1) = 0. Furthermore, P(t) > 0 in some (deleted) right neighborhood
of t = —1, and P(t) < 0 in some (deleted) left neighborhood of t = 1. Concretely,
we see that if dy > 0, then P(@)(—1) > 0 (and the lower order derivatives vanish),
while if dy, > 0, then P(%<)(1) has sign (—1)%<*! (and the lower order derivatives
vanish).

Lemma 4.19. For any admissible metric, we have
F'(2) + K (2) - F(2) = P(2). (4.11)
Proof. From (4.6) — (4.10), we get

F'(2) + [5(2) - F(2)] = P'(2),
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where we used the relation Scal = g—g (cf. [ACGTO08, Section 2.2]). Since F(z) and
P(z) have the same boundary condition F(+1) = P(+1) = F2p.(+£1), integrating
the above on z yields

F'(2)+K(2) - F(z) = P(2).

O]

In particular, by Lemma 4.17 and Lemma 4.19, the admissible GQE condition
can be written as
F'(2)+k-F(z) = P(2)

for some constant k£ € R. The point is that the admissible GQE condition can be
reduced to simple ODE of z. Hence we get an explicit solution

F(z)=e" / Zl P(t)ertdt (4.12)

under the boundary condition F'(—1) = 0. In order to construct a GQE metric from
this F'(z), we also need F'(z) to satisfy F'(1) = 0. Therefore

1

MT(k) := / P(t)e*dt (4.13)
—1

is an obstruction to the existence of admissible GQE metrics with the Ricci potential

kz, which we would like to call Maschler-T@gnnesen invariant. Actually, since

P(t) depends only on M and 2, so MT is.

Next, we assume that €2 is proportional to ¢;(M). Then there are two obstruc-
tions to the existence of an admissible Kéahler-Ricci soliton, namely, the modified
Futaki invariant and Maschler-Tgnnesen invariant. We study the relation between
these two invariants. For any k£ € R, let X § be a holomorphic vector field such
that ¢ XhW = /=10 kz, where J is the compatible complex structure induced by an
admissible metric. Since K is the infinitesimal generator of the U(1)-action on M

and the function z is the moment map of this action, we get ixw = —dz. Hence
X2=-JK —=1K and Xk =% . X2 = -L(JK + V=1K).

Lemma 4.20. Let M and () are defined as above. Then

1. If we set Q = 27\ "tei (M) for some positive constant ), then we have \ =
5 )
2. The modified Futaki invariant and Maschler-Tgnnesen invariant have a relation
2 -1 kC
Fut)\fle;' (XJ) = OZO exp _ﬁ MT(k) (414)

as a function of k, where C' := dy — d is a constant.

Proof. In this proof, we consider a fixed admissible metric ¢ whose Kéhler form w
belongs to 2.
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(1) Put ¢’ = A\g and w’ = Mw, then (¢’,w’) defines a Kéhler structure and ' €
2mc1(M). Let k be the Ricci potential of w. Since the Ricci form is preserved under
scaling of w, & is also the Ricci potential of w’. Let p, x be the holomorphy potential
of the pair (', X'). Then p,, x satisfies the equation —Ag g/ fto x +phr x +X (k) = 0,
where Ay o is the 0-Laplacian with respect to g’. We set My x2 = 2Az — C for some
constant C, then C' is computed by

C=-20pgrz+2 2+ K (2)-O(2)
= =20y 4z + 2z + £'(2) - O(2)
_ F(2)
 pe(2)

(4.15)

+ 2z + K (2) - O(2),

where we used (4.6) and X3(k(z)) = —JK (k(2)) = —d(k(2))(JK) = K'(2)Jdz(K) =
k/'(z)-0O(z), and denoted by Ay, the O-Laplacian with respect to g. In order to find
C' as above, we take the limit of z to the boundary. Since

F(2)
pe(2)

ey .p/c(z)_ (5 Py xada
=02 +6(z) =5 =0 +6() EAHM,

using (2.4) and de ’'Hépital’s rule, we get

F/
lim 23 _ 9 o4
z—1 pe(2)

Similarly, we have lim, , %((zz)) = 2+ 2dy. Therefore combining with (4.15), we

obtain €' = —2—2d + 2\ = 2+2dg — 2, and hence C' = dy — dso and \ = Gotdeet2,
(2) From the argument in (1), we have fiy x2 = 2Az—C and Pt Xk = kXz — %
Hence, by (4.11) and (4.15), we have

2Xzpe(z) — Cpe(z) + P(z) = 0.

Hence the direct computation shows that

@m)e (M)® = A" /Mw"

Wa/Tq)%
= )\"n!/Mpc(z) /\M dz N0

dg!
acA
Wq
= 27\"nlagVol S,H— )

" La
acA
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nn

/M Hegr x2 €XP(Hyr y-1x5) (@)

kC

= )\”/ (2\z — O)eF* ax
M

da
= M'nlexp <—Z§> /M(Q)\z — C)eMp.(2) /\ (wafﬁa) dz N6
acA “

kC Wa 1
= 27\"nlexp <—2)\> Vol | S, H - / (202 — C)pe(2)er?dz
~ da —1
acA

kC w
= —27\"n! - 2 MT
2 A" n! exp ( 2/\> Vol | S, H . (k),
acA
where we used the equation w”/n! = p.(2) </\a€A %) dz N0 (cf. [ACGTOS,
Section 2.2]). Thus we obtain
k
Fut, 11 (X3) = ag ' exp _kC MT ().
7 2)
O

Corollary 4.21. We assume the same as above. Then = 27¢y (M) holds if and
only if dy = d = 0, i.e., a blow-down occurs. In this case, we have

Futy -1 x5 (X7) = ag 'MT(k) (4.16)
for any admissible metrics.

From Lemma 4.18, we know that the polynomial P(¢) has at least one root in
the interval (—1,1). If P(t) has exactly one root in the interval (—1,1), Maschler-
Tgnnesen invariant has good behavior.

Lemma 4.22 ([MT11], Proposition 4.2). If the function P(t) has exactly one root
in the interval (—1,1), then there exists a unique ky € R such that MT(kg) = 0.
Moreover, for this kg, the function F'(z) defined by (4.10) satisfies ' > 0 on (—1,1),
and an admissible GQE metric is naturally constructed from F'.

Proof. Since P(t) has exactly one root ¢y in the interval (—1, 1), we may write

P(t) = (t —to)p(t)-

By Lemma 4.18, p(t) is negative for all ¢ € (—1,1). Let us consider the function

1 1
G(k) = ektO/ P(t)eFtdt = / p(t)(t — o)) gt
-1 —1

By the direct computation, one can show that G'(k) is negative and limy_,+ ., G(k) =
Foo, which yield the existence and uniqueness of ko such that G(kg) = 0, or equiva-
lently, MT (ko) = 0. It is clear that F(t) is positive on (—1,1) since P(t)e*o! changes
sign exactly once in (—1,1). This completes the proof of Lemma 4.22. ]
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Proof of Theorem 1.1. This is a direct corollary from Lemma 4.20: from the ar-
gument in the proof of Lemma 4.20, we know that P(t) = (C — 2\t)p.(t), where
A= W and C' = dy— d are constants. Thus P(t) has exactly one root t = %
in the interval (—1,1). Therefore we have the desired result by Lemma 4.22. t

Our theorem includes Tian-Zhu’s example on a CP!-bundle [TZ02, Example 4.1]
as a special case:

Example 4.23. We consider an admissible bundle M := CPTl#CP!*! = P(O®
O(1)) — CP' for I > 1. Since the 2nd betti number of CP' is 1, every Kihler class
on M is admissible up to scale (cf. [ACGT08, Remark 2]), so ¢;(M) is admissible up
to scale. By Corollary 4.21, there exists an admissible class {2 with the admissible
data x € (—1,1) (z # 0) such that Q = 27¢1(M). Then we have

1 ((1+1)/2] I 221
_ Ly
MT(0) = 2/1t(1+xt)dt 4 ; <2i—1>2¢+1‘

This is a linear combination of monomials of odd degree with negative coefficients,
that yields MT(0) # 0. Combining with Theorem 1.1, there exists an admissible
Kaéhler-Ricci soliton with respect to a non-trivial holomorphic vector field.

4.2.3 K-stability for Kahler-Ricci solitons

In this section, we study K-stability for Kéhler-Ricci solitons introduced by Berman-
Nystrom [BN14]. Let M be a Fano manifold and a pair (w, V) a Kéhler-Ricci soliton:

Ric(w) —w = Lyw. (4.17)

Taking the imaginary part of the above equation yields Ly, yw = 0, hence w is
invariant under the group action generated by Im(V'). We first see that the Ricci
soliton vector field V' comes from an element in a Lie algebra of a complex torus
acting homomorphically on M. More generally, we show that:

Proposition 4.24 ([BN14], Lemma 2.13). Let M be a Fano manifold and V' a holo-
morphic vector field on M. If there exists a Kahler metric w which is invariant under
the action of Im(V'), then there exists a complex torus T, acting holomorphically
on M such that Im(V') may be identified with an element in the Lie algebra of the
corresponding real torus T C T..

Proof. First, we check that the isometry group K of w is a compact Lie group.
This is shown by considering the canonical imbedding M — HY(M, —kK,;) and
the K-invariant Hilbert norm ||s||? := [}, |s[fw" (s € H°(M,—kKy)). Actually,
K is identified with a subgroup of the group consisting of unitary transformations
on H°(M,—kK);) with respect to || - ||, which yields K is compact. Taking the
topological closure of the 1-parameter subgroup generated by Im(V) in K, we get
a real torus T as desired. In general, any holomorphic action of a real torus on M
can be naturally extended to the corresponding complex torus action on M. O
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Definition 4.25. We say that a variety M has log-terminal singularities if we can
write KM ="Ky + ), a;E; with a; > —1 for a log resolution 7 : M — M, where
a; € Q and F; are exceptional irreducible divisors.

Definition 4.26. A special test configuration 7 for (M, V) consists of:
e A flat morphism of schemes M — C.

e An equivariant C*-action p on M — C, where C*-acts on C by scalar multi-
plication.

e A holomorphic vector field V on M.
such that

1. Each fiber of M — C is a normal Q-Fano variety with log-terminal singulari-
ties.

2. The generic fiber (M, V1) is isomorphic to (M, V).
3. The vector field V preserves the each fiber of M — C.

4. The action p preserves V.

Let W be a holomorphic vector field on M generating the C*-action p, which
commutes with V by the assumption. Then there are two commuting vector fields
Vo := V|, Wo := W), tangent to the central fiber M.

Remark 4.27. (1) In the original paper [BN14], they studied the existence problem
of (singular) K&hler-Ricci solitons on a normal Q-Fano variety M, which is defined
as a pair (w,V) of a Kédhler metric w with the maximal volume (i.e., the volume
coincides with the global algebraic top intersection number ¢;(M)™) and a holomor-
phic vector field V' on the regular set M,y satisfying the equation (4.17) on M.
If (M,V) admits a Kéhler-Ricci soliton, M have at worst log-terminal singularities
[BN14, Theorem 1.3]. In that sense, it seems natural to assume that each fiber of
M has log-terminal singularities.

(2) As the case of cscK is so, we may need to consider more general test configu-
rations, not only special ones. In fact, [WZZ14] introcuced slightly different notion
of K-stability, and studied the case of toric degenerations on toric manifolds, on
which the existence of Kahler-Ricci solitons has already been shown by Wang-Zhu
[WZ04].

Let M be a normal Q-Fano variety with log-terminal singularities. Let V be
a holomorphic vector field on M generating a torus action and W a holomorphic
vector field on M generating a C*-action commuting with V. Set

Ny := dimH°(M, —kKyy).

We define the quantized modified Futaki invariant at level k as

7 Y

Ny
Futy (W) := — Z exp(vl(k))w(k) (4.18)
i=1
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(k) (k) )

where (v;"/,w;"’) are the joint eigenvalues for commuting action of Re(V') and Re(W')
on HY(M, —kK ) defined by the canonical lift to —K ;. In the same way as Lemma
4.8, we know that the limit limy_, ﬁFutV,k(W) exists.

Definition 4.28. We define the modified Futaki invariant for (M, V') as the limit

1
Futy (W) = klgrolo TMFUtV’k(W) (4.19)

Remark 4.29. In [BN14], they adopted an alternative definition of the modified
Futaki invariant, which is defined as the derivative of the modified K-energy?®.

The analogue of the Hilbert-Mumford criterion in this setting is the following:

Definition 4.30. Let M be a Fano manifold and V' a holomorphic vector field on
M generating a torus action. We say that the pair (M, V') is K-polystable if

1. Futy, (Wy) > 0 for any special test configuration 7 for (M, V).

2. Futy, (Wp) = 0 if and only if the special test configuration is a product config-
uration.

Then Berman-Nystrom showed that:

Theorem 4.31 ([BN14], Theorem 1.5). If the pair (M, V) admits a Kéhler-Ricci
soliton, then (M, V') is K-polystable.

80ne needs a special test configuration for defining the modified K-energy.
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5 Fano complete intersections

In this section, we prove Theorem 1.2. We first recall the preceding results on Futaki
invariant shown by Lu [Lu99] and Hou [Hou08]. Then we give two definitions of the
function F (and the modified Futaki invariant). One is a Ding-Tian type integral
invariant for normal Q-Fano varieties defined in terms of admissible metrics. The
other is a quantized version of F for normal QQ-Fano varieties with log-terminal
singularities. These definitions are equivalent when the variety has log-terminal
singularities. Correspondingly, we give two proofs of Theorem 1.2. Finally, we give
some examples of computing F.

5.1 Preceding results on Futaki invariant

Let M be an n-dimensional normal variety in CP" and X a holomorphic vector field

on CPY. Then X can be identified with the linear vector field nyj:o aijzi% on
CN*! and the traceless matrix (a;;)o<ij<n € sl(N +1,C) such that the push-foward
of ZZN»:O aijzii with the standard projection 7 : CN*t1 — CPV is equal to X.

»J 0zJ

For a holomorphic vector field X, we define a complex valued smooth function

on CN*tt — 0 by
N .
Ox == X (log (Z yﬂ)) : (5.1)
=0

which descends to a smooth function on CPY. Let w = %85 log(zi]\il 12%)?) €
7c1(O(1)) be the Fubini-Study metric of CPY. Then we have

ixw = 7”_139)(. (5.2)
2

We say that “X is tangent to M” if and only if Re(X) leaves M invariant. If M
is a hypersurface defined by a homogenous polynomial F' of degree d, X is tangent to
M if and only if X fixes [F] € P(H(M, O(d))), or, equivalently, X F' = vF for some
constant . For any X which is tangent to M, the equation (5.2) can be written as

- 00 & 0
Xi=gi X (i=1,....n), X=S X~ 5.3
oy (1= Teesn), X =3 X (53)
at some smooth point in local holomorphic coordinates (z!,...,2") of M, where

(9;7) is the matrix of w.

Now let M be a normal Q-Fano complete intersection in CP™ defined by the
homogeneous polynomials Fy, ..., Fy of degree di,...,ds respectively and suppose
that mw € ¢1(M) for some constant m > 0. Let W be a holomorphic vector fields
on CPY such that

WEF; = BiF;

for some constants 8; (i = 1,...,s). The process to obtain an explicit expression of
Futaki invariant is divided to two steps.
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Stepl. We compute the moment map defined by the canonical lift to —Kpy,, -
Let G be the Lie group generated by W. Then G acts on O(1) and the normal bundle
Ny, in a natural manner, which we denote by o and oy respectively. Using the
adjunction formula, we know that m=N+1—-d; —--- — d,s and

_KMreg = O(m) ’Mreg7 (54)
where we remark that this isomorphism is not G-equivariant. But the isomorphism
7KMrcg = O(N + 1)|Mrcg ® (detNMrcg)_l (55)

is G-equivalent if G' acts on the RHS by 0¥+ ® (detoy)~!. Hence we can compute
the moment map by studying the G-action on Ny, . We first consider the case of
hypersurfaces in CPY.

Lemma 5.1 ([Hou08], Proposition 3.2). Let M be a hypersurface of degree d defined
by F € HY(CPY,0(d)) such that g- F = p(g)F, where p : G — C* is a character of
G. Then we have a G-equivariant isomorphism

NMreg = Cp_l |Mreg ® O(d)|Mreg (56)

where C,-1 is a trivial bundle on CPN with linearization p~.

Proof. Over Mg, dF gives a non-vanishing section of O(d)|n,., ® Ny, ., which
gives an isomorphism
Cp’Mreg = O(d)’Mreg ® Nj\}reg’

Since g- F = p(g)F for g € G, we have g-dF = p(g)dF over M,eg, which yields that
this isomorphism is G-equivariant. O

Lemma 5.2 ([Hou08], Section 3). Let h be the Hermitian metric on O(1) such that

w= —%85 log h is the Fubini-Study metric of CPY. Then we have

S
pmw = > Bi + mbw, (5.7)
i=1
where h™ is the Hermitian metric on —K)yy,,, defined via the isomorphism (5.4).

Proof. Since M is complete, the normal bundle Ny, splits over Mg as
Nty = O(d1) @ - - @ O(ds).

Let p; be the character of the G-action on Fj, then by Lemma 5.1, the G-action on
det Ny, is
Pl @pyt @ttt

Therefore the G-action on —Kyy,,, is

PLR:Rps @™
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Thus the moment map ppm w is given by

S
pnmw = Bi+ mbw.
i=1

Step2. We compute the integral invariant I defined as follows: we set N; :=
{F;=0} cCPY (i=1,...5),and M; := N;n---NN; (i =1,...s). Thus we have
an increasing sequence of subvariety in CP:

M=M,C My C---C M C M, :=CPV.

For k=0,...,s, we define an integral invariant I = I(WW) by

I = /M (9W +W)N7k+1. (58)

Lemma 5.3 ([Lu99], Lemma 5.1). We have

(5.9)

Iy =dplior — BRI di (1< k<5s)
Io =0,

where we put H?:1 d; = 1 in the case of k = 1.

Proof. Define a smooth function &; (i =1,...,s) on CPY by
LI

(Sl

Using the Poincare-Lelong formula, we obtain

2;1351%& = [Ny] — dyw,

™

& =

where [Ny is the divisor of the zero locus of Fj. Then we have

I, = (N—k+1) [ 6y F
My,
=1 -
— (Nk:+1)/ (8810g§k+dkw>/\0WwN_k
My_1 2T
= (N—-k+1 X901 N — I
( + )/Mk_l o 00108 & N Oww ™" 4 S di -

On the other hand, the direct computation shows that
Wlog &k = Br — diOw .
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Hence integrating by parts, we obtain

(N —k+1) / 7V8810g§k/\6?ww = — W log &w™N —F+1
M1

M1

1
= — di + ————dplp_1.
5kH A e LS

=1

Thus we obtain

N—-k+1
I, = — di + ————=di1 ——d -
k 5kH tw R I v LU

= dplp_ 1 — H d;.
=1

The integral Iy = (N + 1) [op~v Oww? is exatly the Futaki invariant Fut(W) of
CPY (up to a multiple constant). Since CPY admits a Kihler-Einstein metric, the
integral Iy must be zero. O

The equation (5.9) can be written as

[ B
di-dp  dy-dpy  dy

Therefore we have:

Lemma 5.4 ([Lu99], Theorem 5.1). For k =1,...,s, we have

Theorem 5.5 ([Lu99], Theorem 1.1). Let M be a normal Q-Fano complete inter-
section in CPY defined by homogeneous polynomials F\, ..., Fy of degree dy, . . ., d,
respectively. Let W € sl(N + 1,C) be a holomorphic vector field on CPY such that

WF; = BiF;
for some constants «; (i = 1,...,s). Then the Futaki invariant Fut(W) can be
written as
ﬁz
Fut(W Z B + T Z (5.10)
where m=N+1—-dy — -+ —d;.

42



Proof. By Lemma 5.2, we have
1 S
Fut(W) = —s/ B; + mby | (mw)N—*
W) = e | (z >< )

1 S
= = /81/ wN_S—i—m/ GWCUN_S
Hizldi (; M M
1 2 u m
= ——= di- i 713 .
i (Tl o -y

i=1
Combining with Lemma 5.4, we have the desired result. O
As a corollary, we have:

Corollary 5.6 ([Lu99], Corollary 1.1). Let M be a hypersurface in CPY defined
by the homogeneous polynomial F' of degree d and W € sl(N + 1, C) a holomorphic

vector field on CPY satisfying
WF =gF

for some constant 8. Then the Futaki invariant Fut(W) can be written as

N+1)d-1)

Fut(W) = ! N 8.

In particular, Re(Fut(W)) and —Re(/3) have the same signature.
5.2 The modified Futaki invariant of complete intersections

5.2.1 Calculations of the function F

Let M be an n-dimensional normal Q-Fano variety. We assume the same condition
as in Section 4.1.2. Let h be an admissible Hermitian metric on —Kyy,, with positive

curvature w = —%85 log h. We define a function F on h := Lie(H) by

F(V) = _cl(]l\/[)" /M etV " (5.11)

and the modified Futaki invariant Futy by

1

= / pn el VW™ (5.12)
M

Futy (W) = L F(V 4 W) i

dt

t=0
Then,

Lemma 5.7. The function F and Futy are independent of the embedding M — N
and a choice of admissible Hermitian metric h on —Kyy,, -
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This was shown in [Hou08, Section 2.3] using the equivariant Chern-Weil theo-
rem. When M has log-terminal singularities, the modified Futaki invariant (5.12)
coincides with the one defined in quantized settings (Section 4.2.3). We will show
this in Proposition 5.12.

Now let M be a normal Q-Fano complete intersection in CPY defined by the
homogeneous polynomials F1, ..., Fs of degree dy, ..., ds respectively. We adopt the
same notations as in Section 5.1. Let V be a holomorphic vector field on CPY such
that

VE;, = o;F;

for some constants a; (1 = 1,...,s). We define the integrals Ij; = I ;(V) (k =
0,1,...,51>0) by

Ik,l = ml (ev)lemeva_k. (5.13)
My,
Lemma 5.8. For k =1,...,s, I o satisfies
maoy, dp
Ipo=|dy — ——— | I —Ip 11. 5.14
k,0 <k N_k+1>k1,0+N_k+1k1,1 (5.14)

Proof. We can prove (5.14) in the same way as Lemma 5.3. Define a smooth function
& (i=1,...,s) on CPY by

|F?
T
N . 7
<Zi:0 |ZZ|2>
Using the Poincare-Lelong formula, we obtain

2;13510%& = [Ni] — dyw,
T

&=

where [Ny is the divisor of the zero locus of Fj. Then we have

Ik,o — / €m9VCL)N_k
My,

J—1 _
= / <88 log & + de> A emov Nk
Mi_1 27T

= / 788 log & A MOV Nk 4 didr—1,0-
Miy—1

On the other hand, using the relation
Viog &y = ap — dify

and integrating by parts, we obtain

=1 _
/ ~_~90log & A eV N R
My

27
m
= - V(lo v yN—h+1
Noig ), | Viose)
maoy, dp
- %k 7 — I 1.
N kt1 PO TN kg1
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Thus we get the desired result. O

Corollary 5.9.

c1(M)N=s (: mN—s /M wN—s) — Vs lj_l:d’ (5.15)

Proof. If we set V = 0 in Lemma 5.8, then we have o, = 0, I;; = 0 and hence
I 0 = dplp—1,0. Hence we have

Cl(M)N_S — mN—s/ wN—s:mN—sI&O
M

s s
= mh—s Hdl ~lpo = miV s H d;.
=1 =1

O
In order to get the explicit expression of I}, o, we show the next lemma.
Lemma 5.10. For k =1,...,s, the equation
( m9 mw
W CPNHdCU+d9V—OZZ) Vi.e
k
N—-—k—-1)!
+ W Z/ N(diev - Oéi) . H (dpw + dp9V - Ctp)emev -
k
(N —k—1)! 0
= W (CPN H(dlw + d’LHV — O[Z) s W em V. 6mw
=1
(5.16)

holds.

Proof. For i =0,...,k, put
Jii= Z dpy - -~ dp / N(dth v — aq1) T (ko—iev B O‘Qkﬂ')emevw]\a
1<p1<--<p;i <k cp

where ¢ < -+ < qg—; and {q1,...,qx—i} ={1,...,k} —{p1,...,pi}. Then the direct
computation shows that

ml

(N / o
A d d9 mby  omw ;
mN—k CPNH whdify —ai)e ‘]°+Z (N—k+1)-- (N—k:+z’)J

and

N —k—1)!
: - omN-k Z/ N (difly — i) H (dpw + dpfy — ap)e™V - ™
cp pe{l,...k}—{i}
k -
Ji.
; (N —k+1)
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Hence the LHS of (5.16) is

k i
JO*; (N—k)---(n]\lf—kJrz’—l)Ji’
which is equal to the RHS of (5.16). O
Lemma 5.11. For £ =1,...,s, I} o can be written as
VKT o
Ip= "0 20 /CPN T + iy = ager® - (5.17)

Proof. We will prove (5.17) by induction for k. When k = 1, the equation (5.17)
coincides exactly with (5.14), so the statement holds.
Next, we assume that (5.17) holds for a fixed k. Then by Lemma 5.8, we have

maoy, dp.
Iyi10 = (dk+1 N _+kl> Io + ﬁlk,l

Using the induction hypothesis, we have

k
Mag+1 (N —k— 1)' mo mw
A i o opr R iHl(diw +dify — ;)™ e
and
di41
I
N—k"
Ay d
= - —I o(V +tV
Nk aroVEV)
k
(N — k- 1)! N
= i mN—Fk Z cpN (dify — ai) - H 4 (dpw + dpby — )™ - e
=1 pe{177k}_{7'}
k
(N —k— 1)' mo mw
TN R . di+10v H(diw +dily — a;)e™V e

i=1

Hence combining with Lemma 5.10, we obtain

Ik’+1,0 = dk+1 (the LHS of (516))
k
(N—k—l)! ) ) N,mOy | mw
+ N R - (dps10y — ags1) H(dzw + dify — «a;)e e

i=1

k+1

(N—k—l)!/ P

= T N—k-1 | |(diw+diev_ai)€ e,
m cpN e

Therefore the statement holds for k& + 1. O
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Proof of Theorem 1.2. By Lemma 5.2 and Corollary 5.9, F can by written as
1 S
FV) = —S/ exp a; +mby | (mw)N
V) = e [ (z ) ()

1 S
= —1=5 S & a; | Isp.

Thus, combining with Lemma 5.11, we get the desired formula for F. O

5.2.2 Another proof of Theorem 1.2

Let M be a normal Q-Fano variety with log-terminal singularities. Let V be a
holomorphic vector field on M generating a torus action and W a holomorphic vector
field on M generating a C*-action commuting with V. We remark that Theorem 1.2
holds even if the singularities of M are not log-terminal and V is any holomorphic
vector field. But we need these assumptions in order to prove Theorem 1.2 from the
view point of the quantization of the function F.
Set
Ny = dimH (M, —kK ).

We define the quantization of the function F at level k as
Ny,

Fi(V) = —kTrace(e”/™) yo(ar_picr) = —k > exp(v” /k), (5.18)
i=1

where (vgk)) are the joint eigenvalues for the action of Re(V) on HY(M, —kK)y)
defined by the canonical lift of V' to —Kj;. Then the quantized modified Futaki
invariant at level k (see Section 4.2.3) is given by the Gateaux differential of Fj, at

V in the direction W:

Ny,
d
Futye(W) = 2 Fu(V +1W)| =~ S exp(ol? /k)w®, (5.19)
t=0 i=1

(k) (k))

where (v;”,w,; ) are the joint eigenvalues for the commuting action of Re(V') and
Re(W). Then we have:

Proposition 5.12. In the case when M is smooth,
(1) We have the asymptotic expansion of Fi (V') as k — oo:

Fe(V) =FOW) k4 FOW) k" 4

where F() (V) is proportional to F(V).
(2) We have the asymptotic expansion of Futy (W) as k — oo:

Futuk(W) = Futg]) (W) . kn-ﬁ-l + Futi/l) (W) B LR ’
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where Futg) (W) is the 4 th order modified Futaki invariant defined in [BN14, Section
4.4], and Futs))(W) is proportional to Futy (W).

(3) the 7 th order modified Futaki invariant Futg)(W) is the Gateaux differential
of F®) at V in the direction W, i.e.,

d i 7
%f,g V4w =Futl) ().
t=0

In general, when M is a (possibly singular) Fano variety, we have

(4)

()

1
Futy (W) = klggo I{T\koutV’k(W)’

where the LHS is the modified Futaki invariant defined as an integral invariant
(5.12). Thus two definitions of the modified Futaki invariant are equivalent when
M has log-terminal singularities.

Proof. The statements (2) and (5) were shown in [BN14, Section 4.4]. (3) is trivial
from the definition of Futy ;(W).

(1) As with the proof of (2) (cf. [BN14, Section 4.4]) or [WZZ14, Lemma 1.2],
Fi(V) can be calculated by the equivariant Riemann-Roch formula as

Fe(V) = —kTrace(eV/k)HO(M,—kKM)
" / ch®(— kI y7)tdS (M)
M

E— / MV . et ds (M)
M
1

= [ el R L O,
cJM

where ch? (resp. td?) denotes the equivariant Chern character (resp. the equivariant
Todd class). Thus FO (V) = Cl(ﬂij\{)n - F(V).
(4) By definition, F(V') can be written as

1
FV)=- / e“h’Vw”:—/e”yv,
W) c(M)™ Jur R

where vV is the push forward measure of the Monge-Ampere measure m under

pn,v- Let I/]Y be the spectral measure on R attached to the infinitesimal action of
Re(V) on HO(M, —kKy;):

1
vV _
Ve = M;évz(k)/k
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Then by [BN14, Proposition 4.1], VL/ converges to vV as k — oo in a weak topology.
Hence we have

Ny,
1 1 (k) / v,V / v,V
(V)= —— exp(v,”’ k) = — e, — e'v’ =F(V
kN, (V) Nk; p(v; " /k) " k R (V)

as k — oo. O

Remark 5.13. When M is smooth, by the equivariant Riemann-Roch formula, we
have an asymptotic expansion as k — oo:

Ny = %MM)” 4 O, (5.20)

Combining with Proposition 5.12 (1), we have

o FeV) = F(V) + 07 (5.21)

as k — oo. In general, when M is a (possibly singular) Fano variety, we do not know
whether we can obtain the expansion (5.21). However, Proposition 5.12 (4) allows

us to use the equivariant Riemann-Roch formula formally to compute the leading
term of (5.21) (i.e., the limit limg_, ﬁfk(V)) even if M has singularities.

Now we give another proof of the main theorem using this algebraic formula for

F.

Lemma 5.14 ([AV11], Lemma 5.1). Let B be a holomorphic vector bundle of rank
b on a manifold M, then

b
Z(—l)ich(/\iB) — Cb(B)td(B)fl_

i=0
Proof. Let rq1,...,r, be the Chern roots of B. Since
ch(A'B*) = Z e ot tre)
1<p1<--<pi<b
we obtain
Do(D'(NBY) = Y (-1F YT e )
1=0 1=0 1<p1 < <pi<b
b
= JJa-e)
p=1
b b
1—e
= [I~II ,
=1 p=1 p
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Now let M be a Fano complete intersection in CPY. We will adopt the notation
in Section 5.2.1. We further assume that V' € si(N + 1,C) is a Hermitian matrix.
Then Im(V) is Killing with respect to the Fubini-Study metric w.

Lemma 5.15 ([AV11], Lemma 5.2). We have the following asymptotic expansion
of Ni as k — oo:

dl---dsmN_S
(N —s)!

Lemma 5.16. We have the following asymptotic expansion of Fi (V) as k — oo:

Fi(V :—exp<2az>/ Hdw—i—dﬁv—az) mby . gme  pN=stL L O(EN ).
cPN
(5.23)

Proof. This proof is essentially based on the argument in [AV11, Lemma 5.3]. The
only difference between Lemma 5.16 and [AV11, Lemma 5.3] is the linearization of
— Ky, to which we only have to pay attention. In order to avoid confusion, let
L(~ O(m)) be a linearized line bundle on CP" such that L|js is isomorphic to
— K as a linearized line bundle whose linearization is determined by the canonical
lift of V to —Kjs. Let G be the Lie group generated by V and p; be the character
of the G-action on Fj. Let C -1 be a trivial bundle on CPY with linearization pl

Set L; := O(d;) ® C, -1 and B =L@ - ® Ls. Then rankB = s and the section

F = (Fl,...,Fs) € HO(CPN, B) is invariant. Since M is complete, the Koszul
complex:

Ny = NS ok, (5.22)

0— AB* 5 A*IB* ... B* 5 Ocpy = Oy — 0

is exact and equivariant, where Oj; denotes the structure sheaf of M. Tensoring by
L* preserves the exactness and equivariance, so we obtain
S
VM, L) = SO (1) (CPY, LF @ AL B,
i=0
where x? denotes the Lefschetz number. By the equivariant Riemann-Roch formula
and Lemma 5.14, we get

Fe(V) = —kz x*(CPN, LF & N'B¥)
- _ _1)¢ g/ at ¥\ ke (L) g0 N
kZ( 1) /CPNch (A B*)eFabtas(c P
= —k / (Z(-l)ichg(N‘B*)> ehitqe(cpN)
cPN \iZ

= —k / S(B)td9(B) Lk dDtqs(c pN)
cpN

_ - 8 _ YN qe )Lk (L) g8 pN
k:/(CPNil;[l(chl(O(l)) 5 s (B) I Das(PY),
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Let h be a Hermitian metric on O(1) such that w = —%85 log h is the Fubini-
Study metric of the CPY. Then by Lemma 5.2, the equivariant 1st Chern form for
(h,V/k) and (h™,V/k) are written as

1 m 1<
g . g
w+ EQV € c1(0(1)) and mw + A Oy + z Zél a; € ¢i(L)

respectively. Both td?(B)~! and td?(CPY) can be written as the form

1+A+Z%Bi,

i>1

where A (resp. B;) denotes 2{-forms (I > 1 (resp. [ > 0)) not depending on k. Hence
we have

Fr(V) = —kexp (Z 041> /(C H (d w+ k:<d Oy — a1)> td9(B) eV . emetqs(cPN)

PNz 1
- (Za’> /CPNH Ay + dify = a)e™ -7 JN L O (RN ),
=1
O

Proof of Theorem 1.2. By Lemma 5.15 and Lemma 5.16, we have an asymptotic
expansion as k — oo:

(N mly e
m]—“k(‘/) R Nsexp Zaz /C Hdw+d9v oj)e +O(k™1).

N
P =1

On the other hand, by Proposition 5.12 (4), ﬁfk(V) converges to F(V) as k — oo.
Hence we have the desired formula. ]

5.2.3 Examples of computing F

In this section, we compute F for several examples (cf. [Lu99, Section 6]). Let M
be a Fano complete intersection in CPY. We will adopt the notation in Section
5.2.1. First, we will mention some results obtained as a corollary of the localization
formula in holomorphic equivariant cohomology theory (cf. [Liu95, Theorem 1.6]).

Lemma 5.17. If V = diag(Xo, ..., Ay) is a diagonal matrix with different eigenval-
ues Ag,...,An. Then we have

N em)\i

: (5.24)
; e, ny—giy(Ai = Ap)

Ino = NI

51



Since Iy are given by the derivatives of Iy, we can calculate I; for any integer
[. On the other hand, by Theorem 1.2, F(V') can be written as a linear combination
of Ins (0 <1 <s). Hence we can express F (V) in terms of the eigenvalues of V.

However, we can calculate F (V) without using Theorem 1.2 in a special case:
we assume that M has at worst orbifold singularities and V' satisfies the condition

1. V has isolated zero points {p;}.

2. V is nondegenerate at each zero point p;, i.e., for each local uniformization 7 :
U — U/T'; € M with m(U)Np; # (), 7V vanishes along 7~ !(p;) and the matrix

ov’ . _ —
B; = <—az,§ is nondegenerate near 7' (p;), where (2!,...,2V79)
1<j,k<N—s
is local holomorphic coordinates around 7~ !(p;) and V = ZN s ; 62]'

In the same way as [DT92, Proposition 1.2], we have:
Lemma 5.18. Let M and V be as above. Then we have

m9v ()

F(V)= (N exp <Z az> Z |F | det B (5.25)

where |I';| is the order of the local uniformization group I'; at a point p;.

Remark 5.19. One can extend Lemma 5.17 and Lemma 5.18 to the case when the
zero set of V' is the sum of nondegenerate submanifolds, where the word “nondegen-
erate” means that the induced actions of V' to the normal bundle of submanifolds
are nondegenerate. However, since Iy o(V) and F(V) are clearly continuous with
respect to V', we may think that the equations (5.24) and (5.25) hold in the sense
of limit V. — V of any expression. For instance,

Lemma 5.20. Let m = 1 and V' = diag(Ao, A1, A2, A2) € si(4,C) a holomorphic
vector field on (CP3, where A\g, A1 and Ay are different numbers. Then we have

)\0 )\1

e
+
(Ao = A1) (Ao —A2)2 (A1 = Ao) (A1 — A2)?
Ao+ A1 —2) Ao — Ao)( A2 — Ap) et
(A2 = A0)*(A2 — A1)
Proof. Let € # 0 be a small number. If we set V. := diag(Ag, A1, A2 + €, A2 — €),
then V. has different eigenvalues. Hence we can compute Iy (V') = lime_,0 Lo,0(Ve)
directly using (5.24). O

IO,() = 6

Example 5.21. Let M C CP? be the zero set of a cubic polynomial F := zpz? +
z9z3(z9 — 2z3), where (zo, 21, 22, 23) are homogeneous coordinates of CP3? and V =
diag(—7t,5t,t,t) (t # 0) a holomorphic vector field tangent to M. We compute F
in two methods:

(1) The variety M has a unique quotient singularity at pg :

= [1,0,0,0]. If we
restricts V to M, V has five zeros py = [1,0,0,0], [0, 1,0,0], [0,0,1,0], |

,0,0,1] and

)
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[0,0,1,1]. Let ¢; := j—é (i = 1,2,3) be Euclidean coordinates defined near py. Then
we can rewrite I’ near pg in the standard form

=l o a@ -

5 =
20

According to [Liu95, Example 1], we see that there is a uniformization ¢ : C? —
C2?/T C M defined by
(1 = uv(ut —v?)
b4 C=ut+01
(3 = uv?,
where I is the dihedral subgroup in SU(2) of type D4. Thus we have ¢*(V) =

2tu% + 2tv%. Since the order of the group D4 is 8, applying Lemma 5.18, we
obtain

2 1 6_7t 65t et
FV) = —Ze3t( 2. 3.
W) 3° (8 w2 T T —32t2>
_ e—4t €8t N e4t
C 482 24¢2  16t2°

(2) By Theorem 1.2, we obtain

3

t 1
3t
= — 1—-11 — I .
e {( 3> 0,0+30,1}

e Tt e 3(1 + 8t)et

2
FV) = —Zet /CP3(3w+3¢9V — 3t)elve”

By Lemma 5.17, we have

ho="10g5 t 528~ 1288
and
(Tt +3)e=™ (5t —3)e?  3(8t% — 15t — 3)e!
0.1 = T 98¢3 3213 12813
Hence we have u o u
F(V)=-° S

4812 2442 T 1612
The next example is a new example of computing F for a normal Q-Fano variety

whose singurarity is not log-terminal.

Example 5.22. Let M C CP? be the zero locus of the cubic polynomial F :=
23423+ 23 = 0and V = diag(t,t,t,—3t) (t # 0) a holomorphic vector field tangent
to M. Then M has a unique singularity at [0,0,0,1]. Let 7 : M — M a resolution
of M. By the adjunction formula, we have

Ky ="Ky — E,
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where E is an exceptional divisor (an elliptic curve). Hence the singularity of M is
not log-terminal®. By Theorem 1.2, we get

t 1
FV)=—e*3 (1 -2 ) Ioo+ =1
(V) € {( 3> 0,0+30,1},

3(8t2 — 4t + 1)t 33

Ipo =

3213 32137
3(8t3 — 12t2 + 9t — 3)et 9t + 1)~
Ip1 = +
3213 3213
and ( ) u
1 —4t)e 1
FV)y=+—"7" _ ~
(V) 8¢2 8¢2

Example 5.23. Let M C CP* be the zero locus defined by

Fy = zpz1 + Z%
F2 = Z% + 2324

and V = diag(—T7t, 3t, —2t,5t,t) (t # 0) a holomorphic vector field tangent to M.
Then M has a unique quotient singularity at [1,0,0,0,0]. By Theorem 1.2, we have

t t? 2t 1
=M (1-2 - S ) I+ —
F(V)=—e {( 3~ 5 Jloot {515 | oat oy

6771‘/ 3e3t 246721‘/ €5t et
I = _ _ _
00 = 50061 ~ 2501 5250t | og¢d | gtd
(Tt +4)e™™  3(4—3t)e3t  48(t+2)e 2 (5t —4)e  (t —4)e

Ioq = —
0.1 2004 25¢4 525¢4 o8t sl
and
P (49t? + 56t +20)e~ "t 3(9t? — 24t +20)e3  96(¢% + 4t + 5)e 2
0.2 = 2004 25¢4 525¢4
5(5t2 — 8t +4)e (12 — 8t + 20)e!
28¢4 St '
Hence we have 5t - 5
e e e
F(V) = 182 e 1

Here we remark that V has only three zero points p; = [1,0,0,0, 0], p2 = [0,0,0, 1, 0],
p3 =[0,0,0,0,1] in M. Actually, the exponents appeared in the above expression of
F(V) are =5t = Oy (p1) + 2t, Tt = Oy (p2) + 2t, 3t = Oy (ps3) + 2t, so correspond to
the three zero points of V.

9Generally, a log-terminal singularity is not a quotient singularity (e.g., an ordinary double point
of a variety in C" (n > 3)).
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