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Abstract

The purpose of the present paper is to discuss the effect of the
Earth-ionosphere waveguide propagation on the polarization and arrival
angles of whistlers for a refined model of calculation. It is found
that the effect of multi-rays is, generally,relatively small for
incident angles less than 60° for which the field analysis direction
finding is very effective,but it is very large for higher incident
angles. This effect appears as the error in arriving direction less
than 15° for nighttime and 10° for daytime for incident angles less
than 60°. The azimuthal dependence of the effect of multi-rays is
first studied,and it shows slight dependence in which the effect is
maximized in the North to South propagation in the Northern hemisphere.
The resultant polarization does not differ from the limiting polari-
zation for a direct ray and it is nearly circular. These theoretical
calculations are compared with experimental data,resulting in a
necessity of the refinement of the model of wave emergence at the base

of the ionosphere.

1. Introduction

The direction finding(DF) to locate the ionospheric exit points



of whistlers is of current importance in the study of the propagation
characteristics of whistlers in the magnetosphere and of magneto-
spheric plasma(Cousins,1972; Bullough and Sagredo,1973; Rycroft et al.,
1974 ; Tsuruda and Hayashi,1975; Okada et al.,1977; Leavitt et al.,
1978). A comarison of the DF data with the conventional dispersion
analysis has yielded one of the most important recent discoveries that
the field-aligned whistler ducts do not extend down to the F2 region
but normally terminate at the base of the protonosphere,say above 1000
km(Rycroft et al.,1974; Corcuff,1975). In interpreting the data
obtained by the field analysis direction findings(Tanaka,1972; Tsuruda
and Hayashi,1975; Tanaka et al.,1976; Okada et al.,1977; Leavitt et al.,
1978 ) the most serious point to consider is the effect of multi-rays
propagating in the Earth-ionosphere waveguide on the measurement of
the incident and azimuthal angles and the polarization of whistlers,
which is the subject of the present paper. Namely the effect is
thought to appear as the polarization error in the DF measurement.
Crary (1961) made a detailed study on the influence of multi-rays on
the DF accuracy,but he has dealt with a simple model such as a sharply
bounded ionosphere and QL approximation for the wave refractive index
of the icnosphere,which are quite insufficient when comparing with our
observed characteristics of arrival angles and the polarization. His
QL approximation prevented him from studying the azimuthal variation
of polarization error due to the presence of the Earth's magnetic
field,which is first investigated in this paper. We follow approxi-
mately the line of Crary(l96l) to estimate the effect of the Earth-
ionosphere waveguide propagation on the accuracy of the DF and
pelarization,but we made a few essential improvements including the
inhomogeneity of the lower ionospheric model and the Earth's magnetic
field. These theoretical calculations are compared with experimental
data.

Inclusion of the ionospheric inhomogeneity will make us to use
the full-wave method to calculate the ionospheric reflection and
transmission coefficients,which are essentially important in this
paper and so described briefly in Section 2. Then in Section 3 we
present the process of our calculation,and the computational results
of the resultant polarization and DF accuracy are given in Section 4.
Finally in Section 5 we compare the theoretical polarization with

previous measurements,and point out the future work to be done.
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2. Full-wave calculation of the ionospheric
reflection and transmission coefficients

2.1. Calculation of reflection coefficients of upgoing waves
The wave eguation governing the propagation of waves in a hori-

zontally stratified ionosphere is given by (Pitteway,1965)
-
de/dz = -jk T @ (1)

e = (E, Eyr ~ZoHys ZoH, ) (column vector)
where ko is the free space wave number, ZO the characteristic impe-
dance of free space and ¥ is a matrix determined by the prcpagation
parameters (see Pitteway,1965).

Eg. (1) is numerically integrated downward with the eigen vectors
at a sufficient height as the initial values and then the two
solutions for the wave incident on to the ionosphere from below are

given; the penetrating mode solution &, and the non-penetrating mode

2

. -+ . . g o .
solution e The transmission coefficient for the penetrating mode

1
solution is given by (Pitteway and Jespersen,1966)
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where £, m and n are the direction cosines of the wave normal for a
plane wave incident on the ionosphere from below and Re denotes the
real part of the guantity.

In free space below the ionosphere, each wave-field variable can
be resolved into an upgoing(incident) part U and a downgoing
(reflected) part D ; El = ﬁl + Bl’ 32 = 62 + 32. The reflection
”31, 1R1 and lRH of the ionosphere are conveniently
described by the components of Pitteway(1965) in the following way

coefficients "%',

&A= aawm [ € s I-UY,Z Uy,l
B TRy & Bl el e Hen
e [P4,1 “0y,1] [7€ -s] (3)
Dy,2 Py,2 ns C
where S = sinf, C = cosf, W = =U U and 8 is the

x,iuy,Z * Uy,i o

azimuthal angle relative to the magnetic North.
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The polarization ellipse is defined by projection from above on
to the ground plane,using two convenient angular parameters ¢ and ¥
such that

tan¢ = |U /U] v = arg(u,/u) (4)

2.2. Transmission coefficient of downgoing whistler waves

The transmission coefficient and polarization for downgoing
whistler waves can be deduced from those for upgoing waves by means of
a reciprocity theorem(Pitteway and Jespersen,l1966). The penetrating
mode incident with an angle of incidence I and azimuth 6 is reciprocal
with the downgoing whistler,emerging at an angle I from the vertical
in an azimuthal direction (180°-8). When the penetrating mode solution
has azimuth angle Bl,chosen to the azimuth for the downgoing whistler
62 so that el+62=180°,the transmission coefficients are the same and
the one polarization is obtained from the other by taking ¢ the same
and replacing ¥ by (180°-y).

To study the characteristics of the limiting polarization,we use
the polarization Q defined in the plane perpendicular to the emerging
wave normal. For polarization at azimuthal angle 6 the polarization Q
is related to the polarization parameters ¢ and y by

tang-exp(jy¥) - siné - cosf

Q = cosl — n¢-exp(ju)-cosd + sind

(5)

3. The effect of the earth-ionosphere waveguide

propagation on whistlers

We follow Crary's(196l) line to calculate the effect of multi-
rays on the physical parameters of whistlers. First we make a few
assumptions to simplify the computations.

1. Each individual ray component can be treated as a plane wave
in the antenna area,and the antenna is considered to be in the far
field.

2., All the energy in a set of sky-wave components is assumed to

be of the same frequency,although,actually,various rays contributing

=]



21

to a whistler signal at a given time are of slightly different
frequency because of the frequehcy variation of the whistler and the
difference in propagation times of the rays.

3. Although we consider the inhomogeneity of the ionosphere,being
essentially different from previous works,the lowest boundary is
assumed to be terminated at a specific height(hr) which contributes
to the partial reflection most efficiently,and is given by (Hayakawa
and Shimakura,1978)

i w
by = 3717 oo (6)
r
where wr(z) = wr(O)-exp(Yz) (= wpz/v: w_,electron plasma frequency,

v,electron collision frequency) and the lower part of the profile can
be approximated by being exponential (see Fig.3). wr(O) is the value
attained on the ground. The height(hr) is assumed to be same for all
sky-wave component®.~This termination is confirmed to have a negligi-
ble influence.

4., The plane wave energy is assumed to be uniform within the
transmission cone in the ionosphere. Then it is assumed that the
transmitted waves may be considered to radiate from a point source.

Next we have to formulate a system of eguations for calculating
the total field for the whistler-mode signal which arrives at a

receiving antenna. The ray geometry is illustrated in Fig.l.

lonosphere

Receiver

Fig.l Ray geometrv for multi-rays with n=0,1 and 2. The
Earth is a perfect sphere of radius 6367.39km.
The angle I is determined by the reflection height
hr,the ground distance D to the receiver and the

number of ionospheric reflections n.
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The expression for the transmitted waves below the ionosphere may
be written by using the transmission coefficient T and limiting

polarization Q described in Section 2.2.

T//1+|0| 2 (7)

B = T'|Q|"exp[j-arg(Q)l/v’l+|Q|2 (8)

it

=]
I

It

The subscripts || and | indicate that the electric field is parallel to
or perpendicular to the plane of incidence,respectively.

The transmitted wave given by ] AX3
Egs.(7) and (8) is then reflected n
times by the Earth and ionosphere
before arriving at the receiver.

The reflections from the ionosphere

are described by the four reflection

Ground

coefficients (Eqg.(3)),while the
reflections from the Earth are
expressed in terms of the Fresnel _
reflection coefficients R" and R, . ‘/»’
The electric field for each ray is

calculated as the sum of n sky-wave

components by using these six Fig.2 The coordinate system.
reflection coefficients. The addi- The X=X, plane is the plane
tion of components can be expressed of incidence.
by
k20 = k=1B0Bufn T k-15R K (%
Tl T L T B T T (g
where OE" = E“t and oEL = Eit‘ The gquantities kEH and kEl for kK = n;,

represent the field of the n-hop ray uncorrected for path length. The
fields are then corrected for path length by

(n) _ i ;
E” = nE“E-exp(]LTn) (11)
n
(n) _ e :
By = nELRnexp(jLTn) (12)
where Eén),Efn),Rn and LTn are the parallel polarized component,

perpendicular polarized component,propagation distance and phase of
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the nth-order ray,respectively.

The series of rays arriving at a different angle In,each con-
taining a parallel and a perpendicular component of electric field,
have components in all three coordinate directions. So,we can de-

compose the wave into these components:

E (n)

By = 3 1! cosI = |Exl|exp(j¢l) (13}
B, =zE™ - |E__|exp(js.) (14)
x2 i %2 pPi1%,

E . =35 EM™gint = |E_.|exp(isy) (15)
x3 n Il n x3 3

The coordinate system is shown in Fig.2. The Xq=¥q plane is the plane
of incidence. Since the three axial components of field have indepen-
dent phases and amplitudes,the figure that the total field vector
describes is an ellipse. We can determine the orientation of the plane
of this ellipse,and the incident and azimuthal angles of the normal of
this plane is given by,

2 2

= -1 _ -] L7+ m
6, = tan “(m/2) , I, = tan (- = ) (16)

where
22 = sin®(9,- 6)/[sin (0= 65)+(|E 4 |/1E 5102 sin® (6~ 0,)
2 .2

+(Ey | /1B 5115 sin® (65 ¢7)] (17)
m= 2 [E,|-sin(o3- ¢)/[|E,[sin(d,- ¢,)] (18)
Ti = 1-]Exl|-sin(¢1— ¢2)/[lEx3|sin(¢2- ¢45)] (19)

The errors in incident and azimuthal angles caused by multi-rays are
defined by

AT = I -1 ' AB = 6 (20)
e "o e

where the angle I, is the incident angle of a direct ray(n=0). Then
the polarization of the total field is given by



=(Ex151nee- Exzcosee)/[-(Exlcosee+ Exzslnee)cosle

+ Ex3SlnIe] (21)

The polarization is right handed circular when |P|=1 and arg(P)=-90°.

4. Computational results

4.1. Ionospheric model

The calculations are carried out for ionospheric parameters given
in Table 1. The gyro-frequency and geomagnetic dip angle correspond
to the geomagnetic latitude of 34.5°North referring to our Moshiri
observatory. In the computation,we choose a specific frequency of
5.6kHz for the wave frequency because our DF measurements have been

made at this frequency. The ionospheric models at night and by day are
given in Fig.3.

Table 1. Ionospheric parameters.

Gyro-frequency 1161.16kHz
Magnetic dip angle 52 88"

Ionospheric model daytime, nighttime
Reflection height (h ) 60km (for daytime)

85km (for nighttime)

Pig.3 The daytime and nighttime

ionospheric models used in the

height {km )

computations. The lower part of
the profiles when we expect the

partial reflection can be ap-

proximated by exponential

4 504 | L, S KT S ).
models. 7 10 10° 107 10% 10°

-3
Electron density (cni) and

Electron collision frequency 'sec™')



4.2. The characteristics of resultant polarization

Figures 4 and 5 are the results of polarization. The broken lines
indicate the limiting polarization for a direct ray(Q in Eg.(5)) and
the full lines refer to the polarization of the total field (P in
Eg.(21)). The calculation is made for the nighttime ionospheric model.
Fig.4 shows how the limiting polarization Q varies with incident
angle IO of a direct ray and also how the polarization P changes with
incident angle IO of a corresponding direct ray,in the case of South
to North propagation in the Northern hemisphere (BO=180°). For the
incident angle IO less than 60°,the polarization of the total field
can be considered to be nearly circular,and also it is not so much
different from the limiting polarization for the direct ray. This
indicates that the contribution of a direct ray is considerably
dominant and the higher order multi-rays(n=1,2--*) are not so influ-
ential on the polarization. With the increase of Io above 60°,the
polarization(P) is found to oscillate around the broken line of the
limiting polarization of a direct ray. The contribution to the total
field from the multi-rays is enhanced compared to that of a direct ray
for the larger incident angle IO on the following reasons. The first
is that the ratio of the path length of successive order rays decrease
with the increase of the ground distance D,and the other is the
relative decrease of the contribution of an input direct ray because

the larger the incident angle the smaller the transmission coefficient.

tan‘llp | tan”! lo)

Fig.4 Variation of polarization with
incident angle IO for nighttime

ionospheric model. The broken :
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Fig.5(a) Azimuthal dependence in the case of IO=30°.
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Fig.5 Azimuthal dependence of polarization for nighttime model.
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Figs.5 show the azimuthal dependence of the polarizations Q and P
with three different direct ray angles(IO) of 30°(Fig.5(a)),45°(Fig.5
(b)) and 60° (Fig.5(c)). 80=0° indicates North to South,eo=90° East to
West,80=180° South to North and 80=270° West to East propagation in
the Northern hemisphere. The difference of the polarization of a
direct ray and of the total field is already found to be relatively
small for I0 less than 60° for a specific direction(60=180°),as shown
in Fig.4,and this tendency is confirmed to be valid for other azimuth-
al directions in the case of I0 less than 60°(see Figs.5(a) and 5(b)).
As can be expected from the variation in Fig.4 we understand that
there is a significant difference between the polarization of the
total field and a direct ray for I, greater than 60°. Fig.5(c) indi-
cates that the difference shows a maximum at 80=0,or North to South
propagation,and so the influence of multi-rays is maximized in this
propagating direction. The polarization P is found to be closer to
circular for the azimuth 90 from 90° to 270°,while it is closer to
linear for other azimuthal directions. The most circular polarization
is seen at 802225°,and the most linear polarization is found at 60:
3302,

Similar computational results for daytime ionospheric model are
given in Figs.6 and 7. Fig.6 shows that for the smaller incident angle
Io<60°,the wave polarization(P) seems to be closer to circular than in
the case of nighttime ionosphere. It is likely from Fig.7 that the
polarization does not a show a significant variation with azimuth
compared with that at night. This is apparently due to that the ab-
sorption due to the collision in the lower ionosphere is dominant over

the effect of Earth's magnetic field during daytime.

4.3, The error in the measurement of incident and azimuthal angles
Figures 8 and 9 show the results of the error in incident and
azimuthal angles due to the effect of multi-rays for the nighttime
model. Fig.8 shows the variation of the error(AI) in incident angle
and (A6) in azimuthal angle with incident angle Io in the case of
South to North propagation(80=180°). The errors of AI and A6 are
relatively small for the incident angle Io less than 60° such that
AT is less than 6° and A6 less than 10°,respectively. But,with the
increase of incident angle larger than 60°,the errors of AI and Af are
seen to oscillate with large amplitudes and AI varies from -15° to 19°
and A9 from -18° to 23°,respectively. Fig.9 illustrates the azimuthal
dependence of the errors AI and A6 for three specific values of IO=
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30°,45° and 60°. It seems that the azimuthal dependence is not so much
in the case of Io=30°,whereas the errors of AI and AB for IO=60°
exhibit remarkable azimuthal dependence such that the errors A8 varies
from 3° to 46° over the whole azimuth. The error is maximized in the
North to South propagating direction(80=0),and this is due to the fact
that the effect of multi-rays is most effective in this direction as
mentioned in the previous section.

The corresponding computational results of the errors AI and A8
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for the daytime ionosphere are given in Figs.1l0 and 1l. When the
incident angle is less than 60°,both of the errors AI and AB are
smaller than 5°. And we find insignificant dependence of the errors
with azimuthal direction.

From these results we may conclude that,under the normal situ-
ation of the field analysis method DF measurements,the errors of AI
and AP owing to the effect of multi-rays are found to be less than
10° and 15° for nighttime,and less than 5° and 10° for daytime,res-
pectively. In general,the error by day is smaller than that at night
hecause the reflection coefficients of the daytime ionosphere are
nearly one half of those at night,resulting in the reduced effect of
multi-rays by day. Futhermore,there is a little azimuthal dependence
by day. So,we have to pay significant attention to the effect of
multi-rays in interpreting the DF data at night.

Additionally,we have calculated the frequency dependence of the
errors for a specific combination of I, and 8 . The result is show in
Fig.12. The errors AI and A8 is found to show a regular oscillation
with large amplitudes,and so their average value over a wide range in
frequency tends to zero,as was first pointed out by Crary(1961) . And
this principle was used by Cousins(1973) and leavitt et al. (1978) to

reduce the polarization errors caused by multi-rays.

5, Discussion and future problems

One of the most important results emerged from the present cal-
culations is that the polarization of the resultant wave field as the
superposition of multi-rays from a point source is found to be very
close to the limiting polarization of a corresponding direct ray for
the incident angle I, less than 60°,and the polarization is nearly
circular in that range. The recent observation by Okada et al. (1977),
has yielded that some whistlers have a polarization close to circular,
but the polarization of a considerable number of whistler is greatly
different from circular even for the overhead exit: Such a great
difference of polarization from circular cannot be explained only by
the effect of multi-rays discussed in the present paper. This dis-
crepancy may be resulted from the inaccuracy of the model of calcu-
lation used in the present paper. The most probable possibility of the
discrepancy may be related to the assumption of the emergence of waves

from a point source,and we should consider a more general case in
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which the emergence region cannot be considered a point source,but it
has a significant extent indicating the integral of point sources.
Then the polarization can be determined by the superposition of multi-
ple direct rays emerging from various points over the significantly
spread region. The calculation in this direction such as done by
Tanaka et al.(1976) is being carried out. However,when the observed
whistler has a polarization very close to circular,the emergence
region for the relevant whistler can be regarded as a point source,
as is inferred from the present paper,and the results in the present
paper are still very useful. The polarization is not used as an in-
formative quantity so often,but it seems likely that the polarization
may provide us with the important information on the extent of emer-
gence region of whistlers.

Based on the results in the present paper,suggestions in inter-
preting the field analysis DF data are summarized as follows.

(1) By using the observed whistler polarization,we have to group
the whistlers into those with a nearly circular polarization and those
with a polarization considerably different from circular.

(2) For whistlers with a nearly circular polarization,the emer-
gence region at the base of the ionosphere can be regarded as "a point
source",and also the error in the measurement of arrival direction
(incident and azimuthal angles) is relatively small,of the order of
10°, In this case,the frequency dependence of the exit points(Okada
et al.,1978) will be useful for the investigation of the propagation
mechanism of low-latitude whistlers(Hayakawa and Tanaka,1978).

(3) When the observed whistler polarization departs from circular,
the emergence region at the ionospheric base seems to have a signifi-
cant extent. The polarization is determined by the superposition of
multiple direct rays from various points in the spread emergence
region,and we expect a great error in the measurement of arrival
angles,probably greater than 10°.

(4) It may be possible that we can deduce or guess the extent of
emergence region and mechanism of transmission by making use of the
polarization data.
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