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Abstract

Gaseous disks form around young stars as by-products of star for-

mation. Because planets are formed in them, these disks are called

protoplanetary disks. Protoplanetary disks consist of mainly molec-

ular hydrogen and atomic helium, and dust grains account for about

1% of the total mass. Dust grains are thought to be the building

blocks of planets. Various astronomical observations suggest gas ac-

cretion toward the central star. Such mass accretion implies that

the angular momentum of the gas is transported outward. The most

promising mechanism of this is magnetohydrodynamical (MHD) tur-

bulence driven by the magnetorotational instability (MRI). For the

MRI to operate, the ionization degree must be sufficiently high. How-

ever, because of their low temperature and high density, the ionization

degree of protoplanetary disks is very low. Neutral gas is ionized by

ionization sources such as cosmic rays, X-rays and UV from the cen-

tral star, and radionuclides, and various resultant particles are formed.

In this thesis, we first develop a method to solve the rate equations

governing the ionization chemistry quickly and accurately. Next, we

investigate the viability of the MRI in circumplanetary disks, gaseous

disks formed around newly-born gas giants, utilizing our method of

calculation of ionization degree. We find that well-developed MHD

turbulence cannot be sustained in circumplanetary disks. Because

satellites are thought to form in circumplanetary disks, our results



iii

suggest that satellite formation may take place over a long timescale

in a quiescent disk. Finally, we implement our ionization degree calcu-

lation scheme into the Athena MHD code and investigate the effects

of ionization dynamics. When the disk has mostly dissipated and tiny

dust grains have grown larger, we find that the ionization degree in

the surface layer becomes smaller than the equilibrium value for the

corresponding density. This is because a disk wind transports the low

ionization degree gas in the lower layers to the surface layer. This

effect is also expected to be important in the complicated chemical

evolution of protoplanetary disks.
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Chapter 1

Introduction

1.1 Protoplanetary Disks as Sites of Planet For-

mation

A variety of observations have suggested the presence of substantial

gas accretion disks around young stellar objects. Because planets are

thought to form in these disks, they are called protoplanetary disks.

Protoplanetary disks are by-products of star formation.

1.1.1 Observations of Protoplanetary Disks

Because spatially resolving large samples of protoplanetary disks is

difficult, the spectral energy distribution (SED) is often used to dis-

cuss statistical measures such as disk frequency and lifetime. The

SED is the distribution of radiative flux or brightness as a function

of frequency or wavelength. Protostars and pre-main sequence stars,

or young stellar objects (YSOs), are classified into four groups based

on the slope of their SEDs (Andre et al., 1993; Armitage, 2009; Lada,

1987). The spectral index, defined as

1
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Figure 1.1: Classification scheme for the energy distributions of embedded YSOs taken

from Figure 2 of Lada (1987).

αIR ≡=
d log(λFλ)

d log(λ)
, (1.1)

where λ is wavelength and Fλ is flux density, is calculated in the

wavelength range from near-IR to mid-IR (typically 2.2 µm to 10 or

24 µm). When near-IR emission is not detected and the SED peaks

in the far-IR or at mm wavelengths, the object is classified as Class

0. This corresponds to the cloud-collapse phase, the earliest stage of

star formation, during which protostars are deeply embedded within
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Figure 1.2: Classification of YSOs and their corresponding stellar evolution stage, taken

from Figure 2.1 of Armitage (2009).

optically thick gas and dust grains. Sources with αIR ≥ 0.3 are classi-

fied as Class I (upper panel of Figure 1.1). They consist of YSOs and

disks embedded within envelopes, and outflows or jets launched from

the vicinity of the central stars are detected. For −1.6 ≤ αIR < 0.3,

the object is classified as Class II (middle panel of Figure 1.1). In this

phase, most of envelopes have been accreted onto the disks, and opti-

cal emission from classical T-Tauri stars and IR to mm emission from
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Figure 1.3: A schematic of the time evolution of gas accretion rate, based on Hartmann

et al. (1998).

protoplanetary disks are detected. Finally, objects with αIR < −1.6

are classified as Class III (lower panel of Figure 1.1), which are mostly

represented by blackbody emission from weak-lined T-Tauri stars that

have almost no gas disks. The distinction between classical and weak-

lined T-Tauri stars is based on the strength of the Hα emission from

the accretion shock at the stellar surface. Classical T-Tauri stars have

stronger Hα emission which implies gas accretion from the disks to

the central stars. This classification scheme is summarized in Figure

1.2.

The UV excess beyond the expected stellar emission is also at-

tributed to gas accretion from the disk. Based on the calibration of

accretion luminosity, estimated from UV excess by Gullbring et al.
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Figure 1.4: Fraction of sources with SEDs showing an IR excess as a function of stellar

age based on Haisch et al. (2001).

(1998), a correlation between gas accretion rate and the age of the

central star is derived (Hartmann et al., 1998): with increasing age

the gas accretion rate decreases (Figure 1.3). On the other hand, IR

excess, which signifies the presence of a disk itself, can often be seen in

young clusters, but becomes rare after a few Myr (Haisch et al. 2001),

as shown in Figure 1.4. This suggests that the lifetime of protoplane-

tary disks is a few Myr.

1.1.2 Theory of Protoplanetary Disks

As described in Section 1.1.1, gas accretion onto a central star has been

observed. For gas orbiting a star to move inward, angular momen-

tum must be transported outward. The typically observed accretion

rate (∼ 10−8M�yr−1) is far larger than can be explained by molecu-

lar viscosity. Thus, as an alternative mechanism, angular momentum
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is thought to be removed by turbulent viscosity. This idea comes

from the theory of black hole accretion disks, and a non-dimensional

α parameter is introduced to express the strength of the turbulence

(Shakura and Sunyaev, 1973). α varies between 0 and 1, where 0

means inviscid, and observationally the value in protoplanetary disks

is estimated as ∼ 10−2 (Hartmann et al., 1998). At present, magne-

tohydrodynamic (MHD) turbulence driven by the magnetorotational

instability (MRI) is the most promising mechanism of gas accretion.

For the MRI to operate, the disk gas must be sufficiently ionized.

However, protoplanetary disks have a very low fraction of charged

components. This is because of their low temperature and high den-

sity. In order to understand disk evolution, we must investigate MRI

activity. The MRI is discussed in more detail in Section 1.3.

In the standard model for the formation of the Solar System, the

minimum mass solar nebula (MMSN) model (Hayashi, 1981) is used

for the protoplanetary disk. The basic idea of this model is that

the total estimated amount of solid materials, consisting of the rocky

planets and cores of the gas giants in the Solar System, is distributed

in a disk and hydrogen and helium gas are added to reproduce the

Solar composition. The surface density and temperature profiles of

the MMSN model are

Σg = 1.7 × 103
( r

1AU

)−1.5
g cm−2, (1.2)

T = 280
( r

1AU

)−0.5
K, (1.3)

where r is the orbital radius. For a disk in hydrostatic equilibrium,
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the density of the disk is given by:

ρg(r, z) ≡ Σn√
2πH

exp

(
− z2

2H2

)
, (1.4)

where z is the distance from the mid-plane and H is the scale height

of the disk:

H ≡ cs

Ωk
, (1.5)

where cs =
√

γkBT/µmH is the sound speed, Ωk =
√

GM∗/r3 is the

Keplerian frequency, γ is the specific heat ratio, µ is the mean molec-

ular weight of the neutral gas, mH is the mass of a hydrogen atom, G

is the gravitational constant, and M∗ is the mass of the central star.

In this Thesis, we adopt µ = 2.34 and M∗ = M�, and we assume disks

are vertically isothermal; γ is set to 1. We use Equation (1.5) for the

disk scale height throughout this Thesis, apart from Sections 4.3 and

4.4.



1.2. Circumplanetary Disks as Sites of Satellite Formation 8

1.2 Circumplanetary Disks as Sites of Satellite

Formation

During the formation of gas giant planets, mass is gained from parent

protoplanetary disks. Due to the conservation of angular momentum,

disks are formed around newly-born planets as the gas flows onto

them. These gaseous disks are called circumplanetary disks. Note

that circumplanetary disks are different from solid rings like those of

Saturn.

The evolution of circumplanetary disks is important not only for

the formation of gas giants but also for that of satellites. Regular

satellites, whose orbits are almost circular and in the equatorial plane

of the host planet, are thought to form in circumplanetary disks.

There have been several theoretical studies on satellite formation in

circumplanetary disks (e.g., Canup and Ward, 2002, 2006; Mosqueira

and Estrada, 2003; Ogihara and Ida, 2012; Sasaki et al., 2010). They

assumed the structures of circumplanetary disks and discussed satel-

lite formation in the disks. Canup and Ward (2002, 2006) performed

N-body simulations and successfully explained the total mass of the

Galilean satellites of Jupiter. A remaining problem is how to form cir-

cumplanetary disks including their viscous evolution and mass infall

from protoplanetary disks. Recently, a new idea for satellite formation

based on solid tidal disks has been advocated by Crida and Charnoz

(2012). If a sufficient amount of solid material is supplied within the

Roche radius, the mass distributions of most regular satellite systems

in the Solar system can be well explained. They suggest, however, that
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Galilean satellites have formed in a gaseous circumplanetary disk.

Nowadays, thanks to the SEEDS survey by the Subaru telescope

(Tamura, 2009) and ALMA, detailed observations of protoplanetary

disks are being realized, and more and more researchers are interested

in the structures caused by giant planets such as surface density gaps.

These structures are interesting in themselves, but also, because the

structures of circumplanetary disks are greatly affected by them, they

are very important for satellite formation. However, it is still difficult

to resolve circumplanetary disks embedded in protoplanetary disks.

Thus, at present, we have to rely on theoretical studies when we discuss

satellite formation.

Numerical simulations of gas giant formation (e.g. Ayliffe and Bate,

2009; Machida et al., 2010; Uribe et al., 2013) have shown that cir-

cumplanetary disks form during the accretion phases of giant planets.

Because their studies focused on gas giant formation, the resolution

was not sufficient to describe the formation of circumplanetary disks.

Tanigawa et al. (2012) performed high-resolution 3D simulation and

analyzed the flux of gas infall from a protoplanetary disk to a cir-

cumplanetary disk. For the evolution of a circumplanetary disk itself,

however, the driving mechanism for the angular momentum transfer

of the disk gas is not yet understood. In some circumplanetary disk

models, the viscous parameter corresponding to MRI-driven turbu-

lence is adopted, but a more detailed investigation of MRI activity is

required.
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1.3 Magnetorotational Instability as a Mechanism

for Mass Accretion

1.3.1 MHD Turbulence

If a differentially rotating disk is threaded by weak magnetic field and

the disk gas is sufficiently ionized to apply the ideal MHD approxima-

tion, the disk becomes unstable. This is called the magnetorotational

instability (MRI; Balbus and Hawley 1991). Figure 1.5 is a schematic

view of the MRI. For simplicity, we focus on two fluid elements which

are frozen into the magnetic field. Initially they are in the same orbit

(Figures 1.5 (a) and (a’)). If they are perturbed as shown in Figure

1.5 (b) and (b’), the fluid element that is moved inward orbits faster

and the other element orbits slower; their separation becomes larger.

Then, magnetic tension acting like a spring force subtracts angular

momentum from the inner fluid element and adds to that of the outer

element. Consequently, each element migrates further inward and out-

ward, respectively, and the perturbation grows (Figure 1.5 (c)). This

mechanism makes magnetic field and frozen-in gas turbulent (Figure

1.5 (d)). Presently, the MRI is the most promising driving source for

gas accretion.

1.3.2 Conditions for MRI Growth

There are two criteria for the MRI to be active (Balbus and Hawley,

1991; Okuzumi and Hirose, 2011; Sano and Miyama, 1999). First, the

ionization degree of the disk gas must be sufficiently high to couple to



1.3. Magnetorotational Instability as a Mechanism for Mass Accretion11

the magnetic field. We use the Elsasser number to investigate MRI

activity. The Elsasser number is written as

Λ =
v2

Az

ηΩK
, (1.6)

where vAz is the z component of the Alfvén velocity, η is the magnetic

diffusivity, and ΩK is the Keplerian frequency. In order for the MRI

to operate, Λ must be greater than unity (Sano and Miyama, 1999).

A region with Λ < 1 is called a dead zone. The magnetic diffusivity

(a)!

(b)!

(c)!

(d)!

(a’)!

(b’)!

Figure 1.5: Illustration of the MRI. (a)-(d) are edge-on views and (a’) and (b’) are face-on

views of a disk. Arrows represent magnetic field lines and yellow balls represent fluid

elements.
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can be written as (Blaes and Balbus, 1994):

η = 234

(
T

1K

)1/2

x−1
e cm2 s−1, (1.7)

where xe ≡ ne/nn (the ratio of number densities of electrons and neu-

tral gas molecules) is the ionization degree. If we know the magnetic

field strength and gas temperature, we only need the ionization degree

to estimate Λ. In this Thesis, we treat the magnetic field strength as

a parameter. The higher net field strength means that more magnetic

flux threads the disk. Using the z components of gas pressure Pgas,z

and magnetic pressure Pmag,z, the z component of plasma beta is given

by

βz ≡ Pgas,z

Pmag,z
=

ρgc
2
s

B2
z/8π

=
2c2

s

v2
Az

, (1.8)

where Bz is the net vertical magnetic field, vAz = Bz/
√

4πρg is the z

component of the Alfvén velocity, cs is the sound speed, and ρg is gas

density. Note that βz is defined in terms of net magnetic flux. From

Equations (1.6)-(1.8), and assuming that Bz is vertically constant, the

first condition for the operation of MRI can be written as

Λ =
2c2

sxe

234
√

TΩKβ0
exp

(
z2

2H2

)
> 1, (1.9)

where β0 is the mid-plane value of βz, z is the height from the mid-

plane, and H is the disk scale height. Here, we assume the disk is

vertically hydrostatic (see Equation (3.6)).

Second, the wavelength of the most unstable mode, λMRI = 2πvA/ΩK

should be smaller than the scale height of the disk. This corresponds

to the condition for sufficiently weak magnetic field: if the magnetic
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field is too strong, magnetic tension will prevent disk gas from be-

coming turbulent. We refer to the region with λMRI > H as the

magnetically-dominated atmosphere, in which the MRI is suppressed.

From Equation (1.8),

2πvA/ΩK = λMRI < H = cs/ΩK

βz > 8π2. (1.10)

When the MRI is driven, magnetic field is amplified by turbulence and

the magnetically dominated atmosphere encroaches on the active re-

gion. Okuzumi and Ormel (2013) quantitatively evaluated this using

MHD simulations by Okuzumi and Hirose (2011) and Gressel et al.

(2012). At the border separating active from dead zones, B2
z is ampli-

fied to be roughly 30 times larger than the original value (see Equation

(37) of Okuzumi and Ormel, 2013). This implies that the real plasma

beta at the border becomes βz/30. Thus, when the turbulence is

well-developed, the criterion to have MRI becomes βz/30 > 8π2, or

approximately,

βz & 2000. (1.11)

The onset of the MRI occurs only in the region where the two con-

ditions of Equations (1.9) and (1.10) are both met. The conditions

to have well-developed MRI turbulence, given by Equations (1.9) and

(1.11), are more severe than those for just the onset of the MRI, .

The height-averaged effective viscous stress of MRI can be calculated

in terms of the thicknesses of an MRI-active region and a dead zone

(Okuzumi and Hirose, 2011).



Chapter 2

Time-dependent Calculation of

Ionization Degree

In this chapter, we explain the ionization chemical networks and cal-

culation method of ionization degree in protoplanetary and circum-

planetary disks. Some parts of this chapter have previously appeared

in Fujii et al. (2011).

2.1 Reactions and Equations

2.1.1 Gas Phase Reactions

Protoplanetary disks mainly consist of hydrogen molecules and contain

a small fraction of heavy elements. Because of exposure to ionization

sources such as cosmic rays, X-rays, UV, and radiation generated by

radionuclides, hydrogen gas in disks is believed to be weakly ionized.

Resultant ionized particles produce secondary ions and molecules,

which enable further complex reactions. Here, we describe represen-

tative reactions.

14
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Ionization of hydrogen molecules leads to the following reactions

and produces H+
3 :

H2 −→ H+
2 + e, (2.1)

H+
2 + H2 −→ H+

3 + H. (2.2)

Reactions between H+
3 and molecules (e.g., CO) lead to heavier molec-

ular ions:

H+
3 + CO −→ HCO+ + H2. (2.3)

Molecular ions are removed by charge exchange reactions with atomic

heavy metals such as Mg:

HCO+ + Mg −→ Mg+ + HCO. (2.4)

As long as atomic heavy metals are abundant, dissociative recombi-

nation,

HCO+ + e− −→ CO + H, (2.5)

is slow, and charge exchange reactions (Equation (2.4)) dominate. A

small fraction of metal ions are removed by radiative recombination:

Mg+ + e− −→ Mg + hν. (2.6)

We denote major molecular ions (e.g. H+
2 , H+

3 , and HCO+) by m+,

and major heavy metal ions (e.g. Mg+, Fe+) by M+ for simplicity (Il-

gner and Nelson, 2006; Oppenheimer and Dalgarno, 1974; Sano et al.,

2000).

2.1.2 Grain Surface Reactions

Ions and free electrons propagating in neutral gas are captured on

grain surfaces. Since the velocity of electrons is far greater than that
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Figure 2.1: Schematic view of simplified re-

actions. m+, M+, and e represent molecu-

lar ions, heavy metal ions, and electrons, re-

spectively. Neutral gas is ionized by the ion-

ization source, and m+ transfer their charge

to M+. Some amount of ions and electrons

are captured by dust grains and only a small

amount of ions and electrons recombine.
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Neutral 
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!"#$%&'!

!"#$%&'$"#!

!"#$%&'!
()*+!

Figure 2.2: m+ is not shown because charge

transfer is so fast that dissociative recombi-

nation and capture by dust grains can be ne-

glected; m+ immediately transfer its charge

to M+.

of ions, dust grains tend to be negatively charged. In most cases,

this reaction proceeds faster than the collisions between dust grains

(Okuzumi, 2009). Thus, we neglect mutual collisions of dust grains.

In this study, we define the ionization degree as the number density

fraction of free electrons to neutral gas. With sufficient dust grains,

electrons (and ions) are captured onto dust grains efficiently and the

ionization degree is mainly determined by the balance of ionization

and the electron capture rate of dust grains. In Figure 2.1, we show a

schematic view of reactions in protoplanetary disks.
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2.1.3 Basic Equations

Since the number density of neutral gas, nn, is far greater than that

of charged particles, we can assume it does not depend on ionization

degree; nn can be treated as constant. The reaction equations for the

chemical network illustrated in Figure 2.1 are the following:

dnm+

dt
= ζnn − αm+nm+ne − βnm+nM −

∑
Z

km+d(Z)nd(Z)nm+, (2.7)

dnM+

dt
= −αM+nM+ne + βnm+nM −

∑
Z

kM+d(Z)nd(Z)nM+, (2.8)

dne

dt
= ζnn − αm+nm+ne − αM+nM+ne −

∑
Z

ked(Z)nd(Z)ne, (2.9)

dnd(Z)

dt
= −km+d(Z)nd(Z)nm+ − kM+d(Z)nd(Z)nM+ − ked(Z)nd(Z)ne

+km+d(Z − 1)nd(Z − 1)nm+ + kM+d(Z − 1)nd(Z − 1)nM+

+ked(Z + 1)nd(Z + 1)ne, (2.10)

where nj is the number density of each particle (m+, molecular ions;

M+, heavy metal ions; M, heavy metal atoms; e, electrons; d, dust

grains), Z is the charge of dust grains, ζ is the ionization rate, and

αm+, αM+, β, and kjd(Z) are the rate coefficients for dissociative re-

combination, radiative recombination, charge transfer, and capture of

gaseous particles by dust grains, respectively. For molecular ions, the

timescale of charge transfer is short enough to neglect dissociative re-

combination and capture onto dust grains. This means that almost all

positive charges are transferred to heavy metal ions. From Equation

(2.7), we obtain the relation βnm+nM ' ζnn. Thus, we can write the
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equations more simply as:

dnM+

dt
= ζnn − αM+nM+ne −

∑
Z

kM+d(Z)nd(Z)nM+, (2.11)

dne

dt
= ζnn − αM+nM+ne −

∑
Z

ked(Z)nd(Z)ne, (2.12)

dnd(Z)

dt
= −kM+d(Z)nd(Z)nM+ − ked(Z)nd(Z)ne

+kM+d(Z − 1)nd(Z − 1)nM+

+ked(Z + 1)nd(Z + 1)ne, (2.13)

In this way, we can treat the reaction equations as if M+ are formed

directly by primary ionization, as shown in Figure 2.2. Note that

Equation (2.13) must be solved for dust grains of each charge value

Z.

When we treat micron-sized or smaller grains, the number of charge

values, |Z|, that we have to consider is not so large. On the other hand,

when we are interested in several tens of µm to cm-sized grains, the

maximum value of |Z| becomes larger and the number of terms and

equations increases; the system of equations becomes more compli-

cated. In such cases, numerical calculation of Equations (2.11)−(2.13)

is not an easy task. On top of that, the timescales in the system are

very different and it is time-consuming to solve the equations explic-

itly in time. In order to avoid those difficulties, we use Gaussian ap-

proximation for the charge distribution of dust grains and a piecewise

exact solution method to solve the time evolution; these are explained

in Sections 2.2.1 and 2.2.2, respectively.
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2.1.4 Ionization Rate

There are various sources of primary ionization such as Galactic cosmic

rays, UV and X-rays from the host star, and the decay of short-lived

radionuclides. In the vicinity of the host star (<∼ 0.1 AU for solar

type stars), despite the high density, thermal ionization is the domi-

nant ionization source. Because of its small attenuation length, UV

ionization is only effective at the surface of the disk and is not im-

portant within the inner layers. Here, we take into account cosmic

rays, X-rays, and radionuclides as ionization sources. Denoting the

ionization rates due to cosmic rays, stellar X-rays, and radiation from

radionuclides as ζC, ζX, and ζR, respectively, the ionization rate at

radius r and height z from the disk mid-plane can be written as

ζ(r, z) ' ζC + ζX + ζR. (2.14)

The cosmic ray ionization rate is given by the following equation
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Figure 2.3: Ionization rates due to cosmic rays (solid line), X-rays (dotted line), and

radionuclides (dashed line) as a function of the vertical mass column density χ.
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(Umebayashi and Nakano, 1981):

ζC ' ζCR

2

{
exp

[
−χ(r, z)

χCR

]
+ exp

[
−Σ(r) − χ(r, z)

χCR

]}
, (2.15)

where ζCR ∼ 1.0× 10−17 s−1 is the cosmic ray ionization rate in inter-

stellar space. Cosmic rays may be blown out by stellar winds and the

ionization rate may be lower by several orders of magnitude depend-

ing on stellar activity (Cleeves et al., 2013). χCR ∼ 96 g cm−2 is the

attenuation length of cosmic rays (Umebayashi and Nakano, 1981),

and Σ(r) is the surface density of a disk at r. The vertical column

density from z to the outside of the disk is given by

χ(r, z) =

∫ ∞

z

ρ(r, z)dz. (2.16)

The X-ray ionization rate is

ζX ' ζXR

( r∗
1AU

)−2
(

LXR

2 × 1030erg s−1

)
×
{

exp

[
−χ(r, z)

χXR

]
+ exp

[
−Σ(r) − χ(r, z)

χXR

]}
, (2.17)

where r∗ is the distance from the host star, LXR ∼ 2 × 1030 erg s−1

is the X-ray luminosity, and ζXR ∼ 2.6 × 10−15 s−1 and χXR ∼ 8.0 g

cm−2 are the fitting parameters (Igea and Glassgold 1999; Turner and

Sano 2008). A new study on X-ray ionization rates done by Ercolano

and Glassgold (2013) confirmed the calculation of Igea and Glassgold

(1999) and also calculated rates using parameters based on current ob-

servations. Equation (2.17) only takes into account X-rays scattered

by the diffuse gas well above the mid-plane and neglects direct X-ray

irradiation (see Turner and Sano, 2008). This may cause the under-

estimation of ionization degree in the surface layer, but the scattered
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X-rays are dominant near the border of the active/dead zones. In

addition, when we study on circumplanetary disks, a protoplanetary

disk likely blocks direct irradiation and prevents it from reaching a

geometrically much thinner circumplanetary disk. We adopt an ion-

ization rate due to radionuclides of ζR = 7.6× 10−19 s−1 (Umebayashi

and Nakano, 2009). A plot of each ionization source is provided in

Fig. 2.1.4.

2.1.5 Rate Coefficients

We use the UMIST database (RATE‘06) for the reaction rate of ra-

diative recombination, αM+ = 2.80×10−12(T/300)−0.86 cm3 s−1, where

T is temperature. Because we assume polarization of dust grains is

negligible, the capture rate of positive ions (electrons) by dust grains

can be written as

ki(e)d(Z) ≡ 〈σi(e)d(Z)vi(e)〉v, (2.18)

where 〈 〉v represents a value averaged by the Maxwellian distribu-

tion, and σi(e)d is the collisional cross section between dust grains and

positive ions (electrons):

σi(e)d =

{
Si(e)πa2

(
1 − 2Qi(e)Qd

ami(e)v2

) (
1
2mi(e)v

2 >
Qi(e)Qd

a

)
0

(
1
2mi(e)v

2 <
Qi(e)Qd

a

) (2.19)

where Qi(e) is the charge of positive ions (electrons), Qd is that of dust

grains, and Si(e) is the sticking probability. We assume Si(e) = 1 in

this work. Using Equation (2.19), Equation (2.18) can be calculated
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as:

kid(z) =

{
πa2〈vi〉vexp

(
− q2Z

akBT

)
(Z > 0)

πa2〈vi〉v
(
1 − q2Z

akBT

)
(Z < 0)

(2.20)

ked(z) =

{
πa2〈ve〉v

(
1 + q2Z

akBT

)
(Z > 0)

πa2〈ve〉vexp
(

q2Z
akBT

)
(Z < 0),

(2.21)

where q is the charge of an electron, a is the radius of the grains, kB is

the Boltzmann constant, and 〈vi(e)〉v is the thermal velocity of an ion

(electron):

〈vi(e)〉v =

√
8kBT

πmi(e)
. (2.22)

As we can see, the dependence on particle species is only the inverse of

the square root of mass. Thus, we do not have to pay much attention

to specific species as long as we are interested in the ionization degree

in a dusty environment.

In this study, we consider compact dust grains with density ρgrain =

3 g cm−3. The mass of a dust grain is mgrain = (4π/3)ρgraina
3, and the

number density of dust grains is nd = ρd/mgrain = fdgρn/mgrain, where

fdg is the dust-to-gas mass ratio:

fdg =
ρd

ρn
. (2.23)

We take a and fdg as free parameters.



2.2. Fast and Accurate Method for Ionization Degree Calculations 23

2.2 Fast and Accurate Method for Ionization De-

gree Calculations

2.2.1 Gaussian Approximation of Charge Distribution of

Dust Grains

In the basic equations, the third terms of Equations (2.11) and (2.12)

contain a number of Z-dependent terms. This means that the wider

the charge distribution we consider, the more reactions we have to

solve. Additionally, Equation (2.13) consists of many equations.

Since the charge distribution of dust grains can be approximated

by a Gaussian distribution (Okuzumi, 2009), nd(Z) can be written as

nd(Z) =
Nd√

2π〈δZ2〉
exp

[
−(Z − 〈Z〉)2

2〈δZ2〉

]
, (2.24)

where Nd is the total number density of dust grains, defined as

Nd ≡
∑
Z

nd(Z). (2.25)

Instead of solving Equation (2.13) for each Z, we calculate the time

evolution of the mean charge 〈Z〉 and the dispersion 〈δZ2〉 of the

charge distribution of dust grains. 〈Z〉 and 〈δZ2〉 can be obtained

from the following equations:

〈Z〉 ≡ 1

Nd

∑
Z

Znd(Z) ' 1

Nd

∫ ∞

−∞
Znd(Z)dZ, (2.26)

〈δZ2〉 ≡ 〈Z2〉 − 〈Z〉2

' 1

Nd

∫ ∞

−∞
Z2nd(Z)dZ −

[
1

Nd

∫ ∞

−∞
Znd(Z)dZ

]2

, (2.27)

where 〈 〉 denotes the averaged value weighted by the number density

of dust grains, nd(Z).
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We derive the differential equation for 〈Z〉 by taking the first mo-

ment of Equation (2.13):∑
Z

Z
d

dt
nd(Z) =

∑
Z

[kM+d(Z)nM+nd(Z) − ked(Z)nend(Z)]

=

[∑
Z

kM+d(Z)nd(Z)

]
nM+ −

[∑
Z

ked(Z)nd(Z)

]
ne

= 〈kM+d〉NdnM+ − 〈ked〉Ndne, (2.28)

where 〈kM+d〉 and 〈ked〉 are nd(Z) weighted averaged rate coefficients.

With Equation (2.28) and

d

dt
〈Z〉 =

d

dt

[
1

Nd

∑
Z

Znd(Z)

]

=
1

Nd

[∑
Z

Z
d

dt
nd(Z)

]
, (2.29)

we obtain
d〈Z〉
dt

= 〈kM+d〉nM+ − 〈ked〉ne. (2.30)

Next, we take the second moment of Equation (2.13):∑
Z

Z2 d

dt
nd(Z) = 〈kM+d〉NdnM+ + 2〈ZkM+d〉NdnM+

+〈ked〉Ndne − 2〈Zked〉Ndne. (2.31)

In a similar way as before, we obtain the following equation:

d

dt
〈Z2〉 = 〈kM+d〉nM+ + 2〈ZkM+d〉nM+

+〈ked〉ne − 2〈Zked〉ne. (2.32)
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Using this, we can derive the differential equation of 〈δZ2〉:

d〈δZ2〉
dt

=
d〈Z2〉

dt
− d〈Z〉2

dt

=
d〈Z2〉

dt
− 2〈Z〉d〈Z〉

dt

= (〈kM+d〉 + 2〈ZkM+d〉 − 2〈Z〉〈kM+d〉) nM+

+ (〈ked〉 − 2〈Zked〉 + 2〈Z〉〈ked〉) ne

= (〈kM+d〉 + 2〈kM+dδZ〉) nM+

+ (〈ked〉 − 2〈kedδZ〉) ne. (2.33)

The full formulae for 〈kM+d〉, 〈ked〉, 〈kM+dδZ〉, and 〈kM+dδZ〉 are the

following (see Appendix of Fujii et al., 2011):

〈kM+d〉 ' πa2〈vM+〉v

{
1

2

(
1 − q2

akBT
〈Z〉
)

erfc

[
〈Z〉√
2〈δZ2〉

]

+
q2

akBT

√
〈δZ2〉
2π

exp

[
− 〈Z〉2

2〈δZ2〉

]
+

1

2
erfc

[√
〈δZ2〉

2

q2

akBT
− 〈Z〉√

2〈δZ2〉

]

× exp

[
1

2

(
q2

akBT

)2

〈δZ2〉 −
(

q2

akBT

)
〈Z〉

]}
, (2.34)

〈ked〉 ' 〈kM+d〉 |〈Z〉 → −〈Z〉 (2.35)

〈kM+dδZ〉 ' πa2〈vM+〉v
q2

2akBT
〈δZ2〉

(
−erfc

[
〈Z〉√
2〈δZ2〉

]

− exp

[
− q2

akBT
〈Z〉 +

1

2

(
q2

akBT

)2

〈δZ2〉

]

×erfc

[
q2

akBT

√
〈δZ2〉

2
− 〈Z〉√

2〈δZ2〉

])
, (2.36)
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〈kedδZ〉 ' πa2〈ve〉v
q2

2akBT
〈δZ2〉

(
erfc

[
− 〈Z〉√

2〈δZ2〉

]

+ exp

[
q2

akBT
〈Z〉 +

1

2

(
q2

akBT

)2

〈δZ2〉

]

×erfc

[
q2

akBT

√
〈δZ2〉

2
+

〈Z〉√
2〈δZ2〉

])
. (2.37)

In this Thesis, we use these formulae unless specially mentioned. When

we neglect positively charged grains, these formulae can be approxi-

mated as

〈kM+d〉 ' πa2〈vM+〉v
(

1 − q2

akBT
〈Z〉
)

, (2.38)

〈ked〉 ' πa2〈ve〉v exp

[
1

2

(
q2

akBT

)2

〈δZ2〉 +

(
q2

akBT

)
〈Z〉

]
, (2.39)

〈kM+dδZ〉 ' −πa2〈vM+〉v
q2

akBT
〈δZ2〉, (2.40)

〈kedδZ〉 ' πa2〈ve〉v
q2

akBT
〈δZ2〉

× exp

[
q2

akBT
〈Z〉 +

1

2

(
q2

akBT

)2

〈δZ2〉

]
. (2.41)

This approximation is valid when the grain size is not very small

(Okuzumi, 2009). By using Gaussian approximation, the number of

equations can be dramatically reduced.
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2.2.2 Piecewise Exact Solution Method

The equations we have to solve are as follows:

dnM+

dt
= ζnn − αM+nM+ne − 〈kM+d〉NdnM+, (2.42)

dne

dt
= ζnn − αM+nM+ne − 〈ked〉Ndne, (2.43)

d〈Z〉
dt

= 〈kM+d〉nM+ − 〈ked〉ne, (2.44)

d〈δZ2〉
dt

= (〈kM+d〉 + 2〈kM+dδZ〉) nM+

+ (〈ked〉 − 2〈kedδZ〉) ne. (2.45)

We solve our equations partially using a piecewise exact solution method

(Inoue and Inutsuka, 2008). This method enables us to solve with large

time steps.

First, we split our equations and solve analytically. The solution of

dnM+

dt
= ζnn − 〈kM+d〉NdnM+, (2.46)

is

nM+(t + ∆t) =

(
nM+(t) − ζnn

〈kM+d〉Nd

)
e−〈kM+d〉Nd∆t

+
ζnn

〈kM+d〉Nd
, (2.47)

where ∆t is the time step of time integration, and the solution of

dne

dt
= ζnn − 〈ked〉Ndne (2.48)

is

ne(t + ∆t) =

(
ne(t) −

ζnn

〈ked〉Nd

)
e−〈ked〉Nd∆t +

ζnn

〈ked〉Nd
. (2.49)
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We treat rate coefficients such as 〈kjd〉 as constants during a single

step. From Equations (2.42) − (2.44),

dne

dt
− dnM+

dt
= 〈kM+d〉nM+Nd − 〈ked〉neNd

= Nd
d〈Z〉
dt

, (2.50)

and with charge conservation,

Nd〈Z〉(t) + nM+(t) − ne(t) = constant = 0, (2.51)

〈Z〉(t + ∆t) = 〈Z〉(t) +
ne(t + ∆t) − nM+(t + ∆t)

Nd

−ne(t) − nM+(t)

Nd
. (2.52)

We use these solutions as initial conditions for the time integration of

the remaining complex equation and terms of the slow reaction:

d〈δZ2〉
dt

= (〈kM+d〉 + 2〈kM+dδZ〉) nM+

+ (〈ked〉 − 2〈kedδZ〉) ne (2.53)

dnM+

dt
= −αM+nM+ne (2.54)

dne

dt
= −αM+nM+ne. (2.55)

In conclusion, the equations to be solved numerically are Equations

(2.47), (2.49), (2.52), and (2.53)-(2.55).
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2.3 Test Calculations

In order to confirm the accuracy of our calculation method, we com-

pare the result with the direct calculation of the original equations

(2.11), (2.12), and (2.13). We assume the disk is hydrostatic and

vertically isothermal, and adopt a typical surface density and tem-

perature at 1 AU of 1700 g cm−2 and 280 K (Hayashi, 1981). The

number density of the neutral gas and the ionization rate at the mid-

plane are nn = 4.22× 1014 cm−3 and ζ = 7.6× 10−19 s−1, respectively.

We choose a dust-to-gas mass ratio of fdg = 0.01 and a dust radius

of 0.1 µm. For solving the original set of equations, we consider grain

charge variation of −4 < Z < 4, and set the initial conditions to be

nM+ = 0, ne = 0, nd(0) = 1.11 × 103 cm−3, and nd(Z 6= 0) = 0. For

our speed-up method, we start the calculation with the initial condi-

tions of xM+ = xe = 〈Z〉 = 〈δZ2〉 = 0. Figure 2.4 shows the result of

the comparison. We can see that the results of the direct calculation

and our method agree very well. With this setup, our method can

integrate the equations with ∼ 105 times longer time steps than the

explicit time integration of the original equations.

The ionization degree immediately approaches equilibrium, but it

takes about 107s to be perfectly in equilibrium. This is the timescale

for dust grains to collide with charged particles (Okuzumi, 2009). This

timescale is written as

t−1 ' ζnn

nd
[s−1]. (2.56)

The number density of electrons is small because electrons travel faster



2.3. Test Calculations 30

than ions and are more likely to be captured by dust grains. Thus,

dust grains charge negatively. The total charge of positive ions is

balanced by that of dust grains, and charge neutrality is satisfied.
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Figure 2.4: The top-left panel is the number density of heavy metal ions, the top-right

panel is that of free electrons, and both are normalized by the number density of neutral

gas. The bottom-left panel is the absolute value of the product of averaged dust charge and

the total abundance of dust grains and shows the absolute value of the total charge held

by dust grains. The bottom-right panel is the dispersion of the dust charge distribution.

Lines show the results of the basic equations, and crosses show the results of our calculation

with two kinds of speed-up method. These panels show that the Gaussian distribution

approximation and a piecewise exact solution method are successful.



Chapter 3

Viability of the Magnetorotational

Instability in Circumplanetary

Disks

In this Chapter, MRI activity, as a possible angular-momentum trans-

fer mechanism, in circumplanetary disks is discussed both in a stan-

dard model of satellite forming disk and a model based on recent nu-

merical simulation results. Some parts of this chapter have previously

appeared in Fujii et al. (2011) and Fujii et al. (2014b).

3.1 Ionization Degree in Circumplanetary Disks

Since circumplanetary disks are thought to be the formation sites of

regular satellites (e.g., Canup and Ward 2002; Canup and Ward 2002;

Sasaki et al. 2010), an understanding of their evolution is very im-

portant. Although the ionization degree is one of the most important

factors for disk evolution in the context of the MRI, it has not been

widely discussed in the literature. Takata and Stevenson (1996) calcu-

32
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lated the ionization degree with a focus on the despin mechanism for

proto-giant planets. However, the disk surface densities they consid-

ered were much higher than those of disk models for satellite forma-

tion, and they did not discuss the MRI. In this Section, we calculate

the ionization degree in circumplanetary disks in order to investigate

whether the MRI can operate there.

3.1.1 Properties of Circumplanetary Disks

To model a circumplanetary disks, we consider an actively-supplied

gaseous accretion disk, also called the gas-starved disk model (Canup

and Ward 2002, 2006; see Appendix of Sasaki et al. 2010). The radial

profile of the temperature is given as

Tcir ' 160

(
Mp

MJ

)1/2(
r

20RJ

)−3/4

K, (3.1)

where Mp is the mass of the central planet, MJ is that of Jupiter, r

is the orbital radius from the central planet, and RJ is the radius of

Jupiter. We adopt 5× 106 yr for the timescale to accrete gas as heavy

as the central planet, and assume the disk is vertically isothermal.

With viscosity coefficient α = 5× 10−3, the surface density is given as

Σcir ' 100

(
Mp

MJ

)(
r

20RJ

)−3/4

g cm−2. (3.2)

In Section 3.1, we assume Mp = MJ and parameterize the vertical

component of the plasma beta at mid-plane, β0, the radius of dust

grains a, and the dust-to-gas mass ratio fdg = ρd/ρg.
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3.1.2 Limitations of Standard Model

We use our method that is described in Chapter 2 for ionization calcu-

lation in the standard model, the gas-starved disk. The abundance of

radionuclides has greater uncertainty than in protoplanetary disks, but

since the ionization by cosmic rays is efficient in this surface density

regime, radionuclides do not affect the ionization degree very much.

Also, circumplanetary disks are located at the orbital radius of gas

giant planets which is rather far from the star, and therefore, X-ray

ionization is less effective. Furthermore, the scale height of circum-

planetary disks is far smaller than that of protoplanetary disks. Thus,

geometrically, X-rays are less likely to reach the circumplanetary disks.

In this section, we consider only cosmic rays as ionization sources.

Figure 3.1 shows the size of the dead zone, the region whose Elsasser

number (Equation 1.6 or 1.9) is smaller than unity, for the model of

β0 = 100, a = 10−3 cm, and fdg = 10−2. Note that the scale height at

r = 20RJ is about 1.6RJ.

Hereafter, as a matter of convenience for the discussion of the MRI,

we express the vertical distance in units of H. In Figure 3.2, we present

the fdg dependence of the size of the dead zones. One can see that

dead zones cover large areas for all magnetic field strengths, and the

presence of dust grains enlarges the dead zones. Especially in the case

β0 = 106, corresponding to weak magnetic field, the dead zone covers

almost the entire region of the disk. Figure 3.3 shows the results for

the various models of β0 and a. The dust-to-gas mass ratio is kept the

same as the inter stellar space in these plots. Larger grain size leads
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Figure 3.1: Size of the MRI-inactive region with β0 = 100, a = 10−3cm, and fdg = 10−2.

The horizontal axis is orbital radius from the central planet and vertical axis is the distance

from the mid-plane. The region under the thick line is the MRI-inactive region, dead zone.

The density of the neutral gas is also shown as contour lines.

to higher ionization degree because the total surface density of dust

grains becomes smaller under the constant dust-to-gas mass ratio.

Previous studies on circumplanetary disks or satellite formation

mainly focused on MRI-active disks for theoretical reasons, however

it turned out that circumplanetary disks are largely covered by the

dead zones when we adopt a standard model. This suggests that close

investigation in other disk models is needed.

We also performed calculations for the models of fdg = 10, 100.

The results for the models of a =1mm with various values of fdg is
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Figure 3.2: Boundaries of the MRI-inactive region in circumplanetary disks: (a)β0 = 102,

(b)β0 = 104, and (c)β0 = 106. The horizontal axes denote the orbital radius from the

central planet, and the vertical axes are the distance from the mid-plane normalized by

the scale height of the corresponding radius. The radius of dust grains is a = 10µm.

Contour lines show the boundaries of the MRI-active regions and the dead zones for each

model of the dust-to-gas mass ratio fdg.
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Figure 3.3: Same as 3.2, but the dust-to-gas mass ratio is fixed to fdg = 10−2, and we

consider the dust grain radius a as a parameter.
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fdg ne/nn 〈Z〉 〈δZ2〉

100 4.83×10−19 −2.26 × 103 6.46×103

10 8.97×10−17 −3.70 × 104 9.56×103

1 1.75×10−15 −4.49 × 104 9.83×103

10−2 1.76×10−13 −4.50 × 104 9.83×103

Table 3.1: Ionization degree ne/nn, the mean charge of dust grains (normalized by the

charge of an electron) 〈Z〉, and the dispersion of the charge distribution of dust grains

〈δZ2〉 at r = 15RJ, z = 0. The radius of dust grains is fixed at a = 1mm and we take

the dust to gas mass ratio fdg as a parameter. Our method is effective when the charge

distribution of dust grains is very wide, because it can reduce the number of exations to

solve.

summarized in Table 3.1. When the grain size is small (e.g. 0.1 µm),

the mean charge and dispersion of the charge distribution of dust

grains are also small, but when the grain size is relatively large (e.g.

1mm), those values become significantly large. Our method explained

in Chapter 2 is highly effective in such cases.
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3.2 Alternative Disk Models

3.2.1 Surface Density Evolution

In order to construct a realistic model of circumplanetary disks, the

way of mass supply is important. Tanigawa et al. (2012) performed 3D

high-resolution simulations of mass inflow from a protoplanetary disk

to a circumplanetary disk. Through detailed analysis of the results,

they obtained the mass infall rate onto a circumplanetary disk. We

use their result to determine the surface density of circumplanetary

disks. We solve a diffusion equation of a disk with mass infall from

outside of the disk. We adopt the α model of Shakura and Sunyaev

(1973). The diffusion equation of a Keplerian disk with a source term

f is

∂Σ

∂t
=

1

r

∂

∂r

[
3r1/2 ∂

∂r

(
r1/2νΣ

)]
+ f, (3.3)

where r is radius, ν is kinematic viscosity coefficient. For f , we use

the result of Tanigawa et al. (2012).

They measured physical properties of infalling gas just before it

falls onto a circumplanetary disk. Since the infall is supersonic, its

properties do not depend on the architecture of the circumplanetary

disk at the downstream and thus the physical properties are less uncer-

tain. The mass and specific angular momentum of infalling gas they

measured are fs ∝ r0 and hs ∝ r1, respectively. Thus, the effective

mass flux is f ∝ r−1. This is because the angular momentum at the

radius where gas falls onto a circumplanetary disk is smaller than that

of Keplerian rotation at the same radius and the radial dependence of
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angular momentum is smaller than the Keplerian profile: gas will move

inward until it rotates at the Keplerian velocity if it conserves specific

angular momentum, and the mass tends to be center-concentrated.

We assume that the central planet is located in the orbit of 5.2AU

in a protoplanetary disk of a solar mass star. If we adopt the minimum

mass solar nebula model (Hayashi, 1981), the surface density and the

sound speed of the protoplanetary disk at 5.2AU are ΣP = 143 g cm−2

and csP = 6.58 × 104 cm s−1. We assume the central planet has 0.4

Jupiter masses. Using these values, we obtain the mass infall rate as

f = 1.3 × 10−3ε

(
Σp

143 g cm−2

)(
r

RJ

)−1

g cm−2 s−1, (3.4)

where ε is the dissipation factor of protoplanetary disk gas, and RJ is a

Jupiter radius. We use this formula only within r ∼ 20RJ and set f =

0 at larger radii, because the power law index of the mass infall rate

drops outside ∼ 20RJ (Tanigawa et al., 2012). When a (proto-)planet

grows to some extent, a gap will open in the disk, and ε represents

such situations. Since the viscous timescale of a circumplanetary disk

is sufficiently smaller than that of a protoplanetary disk, we treat ε as

a constant value. ε = 1 corresponds to an initial condition.

We employ the standard α prescription,

ν = αcsH = α
c2
s

ΩK
, (3.5)

and α = 0.05 to calculate choose ν. We solve Equation (3.3) nu-

merically with the initial condition Σ(t = 0) = 0, time step ∆t =

1.0 × 103 s, and cell width ∆r = 0.85RJ. The calculation range is

0.85RJ ≤ r ≤ 210RJ. The boundary conditions are ν = 0 at the inner
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boundary and Σ = 0 at the outer boundary. We assume that the disk

is vertically hydrostatic and give the gas density profile as

ρg(r, z) ≡ Σ√
2πH

exp

(
− z2

2H2

)
, (3.6)

and the temperature of the disk gas as T =123K.
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Figure 3.4: Surface densities of circumplanetary disks with α = 0.05. Each line shows the

result of a different value of ε, the dissipation factor of protoplanetary disk gas. The blue

thick line is the analytic solution (see 3.2.2). Black stars indicate the orbits of Galilean

moons.

In Fig. 3.4, we plot the surface density in steady states with

ε = 1, 0.1, 10−3, 10−5. Note that the critical surface density to

be gravitationally unstable is several orders of magnitude larger than

the ε = 1 case (the solid black line).

3.2.2 Analytic Treatment

We can analytically solve Equation (3.3) using Equation (3.5) when α

is a constant value and the disk is steady and isothermal (cf. Appendix
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of Canup and Ward, 2002). The source term f is proportional to r−1

so we write f ≡ A/r, where A is a constant. If we write ν = ν0 (r/r0)
3
2 ,

where ν0 is the kinematic viscosity coefficient for r = r0, the solution

of

0 =
1

r

∂

∂r

[
3r

1
2

∂

∂r

(
r

1
2νΣ

)]
+

A

r
, (3.7)

is

Σ =
r

3
2

0

ν0

(
−2

9
Ar−

1
2 + C1r

−3
2 + C2r

−2
)

, (3.8)

where C1 and C2 are constants. C2 should be zero since the torque

r1/2νΣ vanishes at r = 0. The mass accretion rate of a steady state

at the inner boundary, Ṁp, is

Ṁp ' −2πrinΣvr

= 6πr
1
2

in
∂

∂r

(
r

1
2

inνΣ
)

= 3πC1, (3.9)

where rin is the radius of the inner boundary and vr is the radial

velocity of the gas. We consider the second term on the right hand

side of Equation (3.8) to be dominant. Since the inner edge of a disk

is far smaller than the outer edge of the region with infall, rb, the total

infall rate onto the circumplanetary disk Ṁs can be approximated as

Ṁs = 2π

∫ rb

rin

fr dr

' 2πArb. (3.10)

In a steady state, the mass falling onto the central planet should be

equal to the inflow from the surrounding protoplanetary disk, thus
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gas dissipation factor ε 1, 10−3, 10−5

dust-to-gas ratio fdg 0 (dust free), 0.01

dust radius a [µm] 0.1, 10

mid-plane value of plasma beta (z component) β0 104, 105

Table 3.2: Parameters for calculations in Section 3.2.3

Ṁp = Ṁs and C1 can be derived as

C1 =
2

3
Arb. (3.11)

In this way, we obtain the analytic solution for the surface density:

Σ =
A

ν0
r

3
2
0

(
−2

9
r−

1
2 +

2

3
rbr

−3
2

)
. (3.12)

This solution for ε = 1 and rb = 20RJ is plotted in Fig. 3.4. We

consider only the mass accreted onto the central planet and neglect

the mass extending outwards, thus the analytic solution is slightly

larger than the numerical solution. About 10% of the infalling mass

flux exits the disk outwards.

3.2.3 MRI Activity in Circumplanetary Disks

We calculate the ionization degree in circumplanetary disks for the

surface densities obtained in Section 3.2.1. The parameters employed

in our calculations are shown in Table 3.2. Note that cases with larger

fdg or smaller a than the ranges shown result in smaller MRI-active

regions and the results with smaller fdg or larger a approach those of

the dust-free calculations. Since the magnetic field strength is uncer-

tain, we choose optimistic values of β0 for MRI to operate. If we focus

only on the MRI, there are no heating sources if the disk is MRI-

dead. The radial profiles of temperature structure are not affected
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dramatically by MRI-activity as long as the disk is not hot enough

for thermal ionization to be effective. Thus, we assume isothermality

in our calculations of ionization degree to be consistent with the disk

model. In this section, we take into account cosmic rays, X-rays, and

radionuclides as ionization sources (Equation 2.14).

Fig. 3.5 shows the results for the case of α = 0.05, ε = 1, and fdg =

0. The region above the solid line Λ = 1 and inside the gray shaded

area (βz > 8π2) is unstable to MRI as dictated by the conditions

discussed in Section 1.3.2. The hatched region illustrates βz > 2000,

the criterion for turbulence to be well developed (refer to Equation

1.11). Thus, a region of well-developed MRI turbulence is above Λ = 1

and within the hatched region. For the parameters of Fig. 3.5, there is

no region that has well-developed MRI turbulence. This means that

under these settings, the MRI cannot generate the accretion stress,

α = 0.05, which we have assumed in the calculations of surface density.

A calculation with smaller α results in a smaller region with Λ > 1

because the surface density is larger and the ionization degree is lower.

Consequently, we cannot find a self-consistent solution for Σ and α

when ε = 1.

The results for ε = 10−3 are shown in Fig. 3.6, which corresponds to

the case of gap opening or global disk dispersal. Without dust grains,

active layers with well-developed turbulence appear at large radii, but

with dust grains, such layers do not exist in satellite-forming regions.

Fig. 3.7 shows the results for ε = 10−5. The MRI-active layers become

thicker but the situation does not change dramatically. It is difficult to
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Figure 3.5: Borders of MRI-active/inactive regions. The horizontal axis is radius normal-

ized by Jupiter radius, and the vertical axis is the vertical extent of the disk normalized by

disk scale height. The solid lines show Λ = 1 for the dust-free case, and the region above

the lines are Λ > 1. Shaded and hatched areas are the regions βz > 8π2 and βz > 2000,

respectively. The top panel is the case with β0 = 104 and the bottom panel is the case

with β0 = 105. These are cases in which the infall rate is not decreased (ε = 1). We plot

only the results of dust-free cases. If there are dust grains, the ionization degree is smaller

and the line Λ = 1 is higher. Gas from the protoplanetary disk infalls onto the region

r < 20 RJ.
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Figure 3.6: Same as Figure 3.5 but for the case of ε = 10−3. The radius of dust grains, a,

used in these calculations is indicated in the figure.
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sustain well-developed MRI turbulence in circumplanetary disks with

dust grains, especially in areas experiencing gas infall.

When the surface density is smaller, the ionization degree is larger

and the line Λ = 1 is lower. We estimate the minimum surface density

needed to form satellites to find the lower limit of the line Λ = 1. The

timescale to form a satellite of radius Rs and density ρs orbiting at r

is

τs ≈ 1

Ω

ρsRs

ΣsolFg

∼ 8yr

(
Rs

2500 km

)(
ρs

2 g cm−3

)(
Fg

100

)−1

×
(

Σsol

3 × 103 g cm−2

)−1(
r

15RJ

)3/2

, (3.13)

where Σsol is the surface density of solids and Fg ≡ 1+(vesc/v∞)2 is the

gravitational focusing factor for colliding objects with relative velocity

at infinity v∞ and mutual escape velocity vesc (Canup and Ward, 2002;

Lissauer and Stewart, 1993; Ward, 1996). To form a satellite whose

radius, density, and orbit are similar to Ganymede’s within the lifetime

of the disk, τs ∼ 107 yr, the required surface density of solids is

Σsol ∼ 10−3 g cm−2
(

r

15RJ

)3/2(
Rs

2500 km

)(
ρs

2 g cm−3

)(
Fg

100

)−1

.

(3.14)

The value of Fg depends on the size of the proto-satellite. Since

we want to know the minimum value of Σsol, we choose the max-

imum value of the gravitational focusing factor, Fg ∼ 100, when

v∞ ' (Ms/3Mp)
1/3 vK (vK is the Keplerian velocity around the planet

at the proto-satellite orbit). If we assume the dust-to-gas mass ratio
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Figure 3.7: Same as Fig. 3.6 but for the case of ε = 10−5.
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does not depend on the height and take fdg = 10−2, the surface den-

sity of gas should be larger than Σ ∼ 0.1 g cm−2. According to this

estimation, and Fig. 3.4, it seems quite difficult to form satellites with

ε = 10−5 or smaller. Therefore, we do not consider even smaller infall

rates.

Next, we investigate the surface density at each radius that can

sustain well-developed MRI turbulence. The results are summarized

in Fig. 3.8. The surface densities which can sustain well-developed

turbulence for z > 2H, z > 0.5H, and for the entire height at each

radius are shown. The mid-plane plasma beta considered here is β0 =

105. If we choose larger β0, the line Λ = 1 shifts higher which means

the MRI-active region becomes smaller. On the other hand, if we

choose smaller β0, the region with βz > 2000 is smaller, and having

large MRI-active regions becomes difficult.
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Figure 3.8: Relation between disk surface density and MRI activity at each radius. • rep-

resents the surface densities at the given radius that have well-developed MRI turbulence

through the entire height of the disk, ◦ represents the surface densities for have well-

developed turbulence only above 0.5H, and 4 represents those which have well-developed

turbulence only above 2H. Since we choose β0 = 105, βz < 2000 above 2.8H and well-

developed turbulence cannot be sustained in such a region. We plot × for the surface

densities with which we cannot find regions of Λ > 1 below 2.5H. The top panel is the

result of a dust-free calculation and the bottom panel is that of a case with dust grains

of a = 0.1µm. With dust grains, the MRI-active region is smaller because of the lower

ionization degree.
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3.3 Implications

We find that when accounting for cosmic rays, X-rays, and radionu-

clides, circumplanetary disks are not likely to sustain well-developed

MRI turbulence. In contrast to protoplanetary disks, the volume ra-

tio of MRI-active regions to dead zones for circumplanetary disks is

very small. This is because the typical length scale of circumplan-

etary disks is smaller by several orders of magnitude than that of

protoplanetary disks. This makes the timescale of magnetic diffusion

smaller. According to Equation (1.6), even if vAz and η are the same,

the Elsasser number tends to be smaller in circumplanetary disks. For

example, typical ionization degrees at 5AU in a protoplanetary disk

and at 15RJ in a circumplanetary disk are both ∼ 10−10, but the Ke-

plerian frequency of a protoplanetary disk at 5AU is ∼ 10−8 s−1 and

that of a circumplanetary disk at 15RJ is ∼ 10−5 s−1. Therefore, it is

very difficult for MRI turbulence to be well developed in circumplan-

etary disks unless the surface density is very small, as we show in Fig.

3.8.

If there are no other mechanisms to give rise to viscosity and disks

are not massive, the gas piles up in circumplanetary disks until the

disks become massive enough to be gravitationally unstable. It is

possible to promote gas accretion by gravitational instability (GI),

but it may not reduce the disk surface density much below the critical

value for GI. Therefore the surface density is expected to remain large

for a long time and satellites may form in such thick and calm disks.

If there is viscous heating in such a massive disk, it will easily heat
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up, and thermal ionization may drive the MRI (Lubow and Martin,

2012). Even if GI can drive turbulence, it does not necessarily mean

the turbulence can generate heat in situ. The question of where the

energy dissipates remains open (Balbus and Papaloizou, 1999; Good-

man and Rafikov, 2001; Muto et al., 2010). We should be careful

in treating the heating by gravitational turbulence. Further study of

energy dissipation by GI is necessary.

If thermal ionization triggers the MRI, disks would be less massive

because of a high accretion rate. Suppose that if at each annulus of a

disk, gravitational energy is converted into thermal energy and radi-

ates as a black body from the disk surface, the effective temperature

is

Teff =

(
3GMpṀ

8πσSBr3

)1/4

, (3.15)

where Mp is the planet mass, Ṁ is the mass accretion rate, and σSB

is the Stefan-Boltzmann constant. We can estimate the mid-plane

temperature, Tc, from the approximation Tc ' τ 1/4Teff (τ � 1), where

τ is optical depth, given by τ ∼ κΣ where κ is opacity. Here we use

Ṁ = 3πνΣ. Then, the mid-plane temperature can be written as

Tc = 1.0 × 103
(

κ

5 cm2 g−1

)1/5 ( α

10−2

)−1/5
(

Mp

MJ

)3/10

×

(
Ṁ

3.1 × 10−7MJ yr−1

)2/5(
r

10RJ

)−9/10

K, (3.16)

where MJ is the Jupiter mass. When the mid-plane temperature ex-

ceeds about 1000K, the ionization degree becomes sufficiently high to

sustain the MRI. The inner disk may be hot enough to have thermal
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ionization especially during the early phases of gas giant formation;

however, the outer disk seems to remain cool. More detailed calcu-

lations of the mid-plane temperature of circumplanetary disks have

been done by Keith and Wardle (2014).



Chapter 4

Ionization Dynamics in

Protoplanetary Disks

In this chapter, the effects of ionization dynamics in protoplanetary

disks are examined. We show a simple model estimation and evaluate

chemical timescales. We also perform three dimensional MHD simu-

lations with chemical species. Section 4.2 has been published as Fujii

et al. (2014a).

4.1 Effects of Non-equilibrium Ionization

A proper treatment of the disk ionization degree is important for non-

ideal MHD simulations. When the chemical timescale is much shorter

than the dynamical timescale, the assumption of ionization equilib-

rium is valid, and we can use the equilibrium solution of ionization

degree to compute diffusivities. If the chemical timescale is longer

than the dynamical timescale, however, non-equilibrium ionization

may affect the dynamics. In the absence of dust grains, the chem-

ical timescale is known to be very large, and the dead zone size can

54
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be smaller due to vertical turbulent mixing of ionized gas (Ilgner and

Nelson, 2008; Inutsuka and Sano, 2005; Turner et al., 2007). On the

other hand, in the presence of dust grains, vertical mixing is effective

only in limited cases (Turner and Sano, 2008). In this chapter, we

investigate the effects of non-equilibrium ionization with dust grains

on the evolution of protoplanetary disks.

4.2 A Toy Model of Turbulent Mixing

When the abundance of small dust grains is negligibly small, ionized

gas in the surface layer can be transferred deep inside protoplanetary

disks by MHD turbulence, and the sizes of the dead zones decrease

(Inutsuka and Sano, 2005). In this section, we carry out a simple

model calculation to test the effect of turbulent mixing in the presence

of dust grains.

We adopt the MMSN model (Hayashi, 1981) and choose fdg =

10−2 and β0 = 104. We take into account cosmic rays, X-rays, and

radionuclides as ionization sources (Equation 2.14), and model the

vertical movement of a fluid element along an eddy as

z(t) = 2Hsin

(
Ωt

2

)
+ 2H, (4.1)

where z(t) is the distance from the mid-plane at time t, Ω is the Kep-

lerian frequency, and H is the disk scale height. Note that, this is the

only section of this chapter where scale height is defined by Equation

(1.5). The time evolution of ionization degree along eddies is calcu-

lated to observe the effects of turbulent mixing on dead zone size.
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Figure 4.1 shows the results. With sub-micron grains, there seems to

be almost no difference between the case with an eddy and that with-

out. With a slight increase in the size of the grains, however, we can

see a difference between the two. In the latter case, the timescale of

mixing we assumed is smaller than that of the chemical reactions. The

timescales of the chemical reactions depend on grain size (or number

density of grains), gas density, ionization rate, and so on. The sizes of

a dead zone may decrease through vertical mixing, but further inves-

tigation through time-dependent calculations of the ionization degree

with MHD simulations is needed.
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Figure 4.1: Boundaries of dead zones with grain size a = 10−5 cm (top panel) and a =

10−4 cm (bottom panel). The horizontal axes denote the radius of a protoplanetary disk,

and the vertical axes show the vertical extent of the disk normalized by the scale height of

the corresponding radius. The solid lines show the cases without eddies, and the dashed

lines show the cases with eddies. The regions below the lines are dead zones.
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4.3 Timescales

We rewrite the rate equations for chemical reactions (Equations (2.42)-

(2.45)) that we derived in Section 2.2:

dnM+

dt
= ζnn − αM+nM+ne − 〈kM+d〉NdnM+, (4.2)

dne

dt
= ζnn − αM+nM+ne − 〈ked〉Ndne, (4.3)

d〈Z〉
dt

= 〈kM+d〉nM+ − 〈ked〉ne, (4.4)

d〈δZ2〉
dt

= (〈kM+d〉 + 2〈kM+dδZ〉) nM+

+ (〈ked〉 − 2〈kedδZ〉) ne. (4.5)

In order to estimate the timescales of the reactions and the abundance

of each species in protoplanetary disks, we solve Equations (4.2)-(4.5)

for the MMSN disk model (Hayashi, 1981). For the calculation, we use

the method described in Chapter 2 with cosmic rays, stellar X-rays,

and radionuclides as ionization sources.

The dominant species as a function of disk radius for β0 = 105 and

a = 10−4 cm with various fdg are shown in Figure 4.2. From charge

neutrality, the charge of all species balance each other throughout

the evolution. In the high-density regime, the total charge of metal

ions is balanced with that of dust grains; nM+ is comparable to |〈Z〉Nd|

(denoted by dots in Figure 4.2). Note that the electron number density

is several orders of magnitude smaller than nM+ and |〈Z〉Nd| because

they are mostly absorbed by dust grains. Thus, 〈Z〉 is a negative

value. On the other hand, in the low-density regime, nM+ is in charge

balance with ne (denoted by large circles in Figure 4.2) because a

sufficient number of electrons and ions is supplied by ionization. The
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intermediate case, defined as the smaller of ne or |〈Z〉Nd| being at least

10% of the other quantity, is denoted by small circles. Similar plots for

a = 10−5 are shown in Figure 4.3. In these parameter ranges, mostly,

metal ions and electrons are balanced near the dead zone boundary.

In Figure 4.4, the dominant species near the dead zone boundaries

for various strengths of magnetic field are plotted. Since the chemical

reactions are not affected by magnetic fields, only the line showing

Λ = 1 varies. The dead zone boundaries are located in the areas

where charged dust grains are not a dominant species.

However, grain surface reactions are important for determining the

chemical timescale. From Equation (4.3), the timescales of ionization,

radiative recombination, and capture onto grain surface are written as

tioniz ∼
nM+

ζnn
, (4.6)

trec ∼
1

αM+nM+

, (4.7)

tcap ∼ 1

〈ked〉Nd
. (4.8)

When the system is in equilibrium, tioniz balances with either trec or

tcap. The borders of areas where grain surface capture of electrons

dominates gas phase recombination, and vice versa, are plotted in

green in Figures 4.5-4.9. The dead-zone boundaries are shown in blue,

and the lines along which the timescale of chemical reactions, tioniz,

equals the typical eddy turnover time of MRI turbulence, tKep ≡ 1/Ω,

is plotted in red. It can bee seen that the green lines are far above the

blue lines in most of the plots. Thus, although charged dust grains
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Figure 4.2: Combinations of species holding positive and negative charge for β0 = 105 and

a = 10−4 cm and, from top to bottom, fdg = 10−2, 10−3, 10−4. Large circles mean that

nM+ and ne hold most of the positive and negative charge. Dots show that the metal ions

and dust grains are in charge balance, i.e., qnM+ + q〈Z〉Nd = 0. Small circles represent

the intermediate case. The solid curve corresponds to Λ = 1.
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Figure 4.3: Same as Figure 4.2 but for a = 10−5 cm and, from top to bottom, fdg =

10−2, 10−3, 10−4, 10−5.
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Figure 4.4: Same as Figure 4.3 but for β0 is varied between 102 and 106 with fdg held

constant at 10−3. Note that only the line showing Λ = 1 varies.
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are less abundant near a dead-zone boundary, grain surface reactions

dominate the gas phase reactions in large areas, including near the

boundary of dead zones. In this section, we choose the set of param-

eters β0 = 106, fdg = 10−2, and a = 10−5 cm as a fiducial model. In

Figure 4.5, the dead-zone boundary is located at a larger scale height

for weaker magnetic field. This indicates a better chance of vertical

mixing for weaker magnetic field cases, unless a stronger magnetic

field causes very strong turbulence. However, the distance between

the blue and red lines is large for the fiducial parameter setting. In

the left side panels of Figure 4.6, grain size is an order of magnitude

larger than in the fiducial model, and in the right side panels, the

dust-to-gas mass ratio is an order of magnitude lower. Basically, these

two changes have a similar effect. Thus, the dead-zone boundaries

appear at a similar place. In Figure 4.7, the changes in fdg and a are

two orders of magnitude in total, and in Figures 4.8 and 4.9, three

and four orders of magnitude, respectively. The smaller the value of

fdg, or the larger the value of a, the lower the location of the red lines

becomes, but at the same time, the size of the dead zones becomes

smaller. Thus, there are not many cases for which the dead zone size is

affected by vertical mixing of ionized materials with these parameter

settings.

In Figure 4.10, the results for a disk whose surface density is 0.01

times that of the MMSN model (0.01MMSN) are shown. In the bot-

tom panel, the line for which the timescale of chemical reactions equals

the typical eddy turnover time of MRI turbulence is located in the
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vicinity of the dead-zone boundary. Thus, this case is thought to be

worth investigating in detail with numerical simulations.

The abundance of each chemical species as a function of distance

from the mid-plane at 2AU for the 0.01MMSN model is shown in

Figure 4.11. Since the values of 〈Z〉 and 〈dZ2〉 are mainly determined

by temperature and grain size, they do not vary with height at a given

orbit.
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Figure 4.5: Reaction timescales and dead zone boundaries for fdg = 10−2, a = 10−5 cm,

and, from top to bottom, β0 = 106, 104, 102. The dead-zone boundary is shown in blue.

In the region above the green line, gas phase recombination is faster than grain surface

capture of dust grains. The red line shows the location where the timescale of chemical

reactions, tchem, equals the dynamical timescale, tKep.
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Figure 4.6: Line colors have the same meanings as in Figure 4.5. The left side panels are

the cases with fdg = 10−2 and a = 10−4 cm, and the right side panels are the cases with

fdg = 10−3 and a = 10−5 cm. On both sides, the values of β0 from top to bottom are

106, 104, and 102.
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Figure 4.7: Line colors have the same meanings as in Figure 4.5. The left side panels are

the cases with fdg = 10−3 and a = 10−4 cm, and the right side panels are the cases with

fdg = 10−2 and a = 10−3 cm. On both sides, the values of β0 are 106, 104, and 102 from

top to bottom.
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Figure 4.8: Line colors have the same meanings as in Figure 4.5. The left side panels are

the cases with fdg = 10−5 and a = 10−5 cm, and the right side panels are the cases with

fdg = 10−3 and a = 10−3 cm. On both sides, the values of β0 are 106, 104, and 102 from

top to bottom.



4.3. Timescales 69

0

1

2

3

4

z/
h

10 20 30

r�[AU]

gas phase

grain surface

tchem<tKep

tchem>tKep

dead
active

β=106, �fdg=10−4,�a=10−3[cm]

0

1

2

3

4

z/
h

10 20 30

r�[AU]

gas phase

grain surface

tchem<tKep

tchem>tKep

dead
active

β=104, �fdg=10−4,�a=10−3[cm]

0

1

2

3

4

z/
h

10 20 30

r�[AU]

gas phase

grain surface

tchem<tKep

tchem>tKep

dead

active

β=102, �fdg=10−4,�a=10−3[cm]

Figure 4.9: Line colors have the same meanings as in Figure 4.5. Here, fdg = 10−4,

a = 10−3 cm, and the values of β0 are 106, 104, and 102 from top to bottom.
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Figure 4.10: Results for the 0.01MMSN model. Line colors have the same meanings as

in Figure 4.5. β0 is kept as 106, and from top to bottom, the cases with fdg = 10−2 and

a = 10−5 cm, fdg = 10−4 and a = 10−5 cm, and fdg = 10−4 and a = 10−4 cm are shown.
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4.4 MHD Simulations

In this section, we investigate the effects of non-equilibrium ionization

on detailed numerical simulations of magnetized protoplanetary disks.

4.4.1 Simulation Setup

We consider a small patch of disk of size much smaller than the dis-

tance from the central star r0. This patch is called a shearing box

(Goldreich and Lynden-Bell, 1965). In a shearing box, a cylindrical

coordinate system centered on the star can be approximated by a local

Cartesian coordinates as x = r − r0, y = r0φ, and z rotating with the

Keplerian velocity of the center of the box (Figure 4.4.1).

r0!
"!

y!
x!

Figure 4.12: Illustration of the shearing box approximation.

We use the Athena MHD code (Stone et al., 2008) to solve the MHD

equations in a shearing box (Hawley et al., 1995) for conservation of
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mass, conservation of momentum, and the induction equation:

∂ρ

∂t
+ ∇ · (ρv) = 0, (4.9)

∂ρv

∂t
+ ∇ · (ρvv − BB) + ∇

(
P +

1

2
B2
)

= 3ρΩ2x − ρΩ2z − 2Ω × ρv, (4.10)

∂B

∂t
−∇× (v × B) = ∇× (−η∇× B) , (4.11)

where ρ is density, v is velocity, P is the gas pressure, B is the mag-

netic field, and η is Ohmic resistivity, which is defined by Equation

(1.7). x̂, ŷ, and ẑ are unit vectors pointing in the radial, azimuthal,

and vertical directions, respectively. We use an isothermal equation

of state, P = ρc2
s. Note that we choose the system of units to have

magnetic permeability µ = 1 and, to avoid the extra factor of
√

4π,

use units for magnetic field such that the magnetic pressure is B2/2.

The second term on the right-hand side of Equation (4.10) is the ver-

tical gravity from the central star, and the inclusion of this in the

momentum equation allows our simulations to have vertical density

stratification. The first and third terms are the centrifugal force and

Coriolis force, respectively. An orbital advection algorithm (Johansen

et al., 2009; Masset, 2000) is also implemented. The velocity can be

decomposed into the background shear flow vK = −3/2Ωxŷ and ve-

locity fluctuations u:

v = vK + u. (4.12)

Note that vK is time independent. Using Equation (4.12), Equations
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(4.9-4.11) can be rewritten as

∂ρ

∂t
+ vK

∂ρ

∂y
+ ∇ · (ρu) = 0, (4.13)

∂ρu

∂t
+ vK

∂ρu

∂y
+ ∇ · (ρuu − BB) + ∇

(
P +

1

2
B2
)

= 2ρΩuyx̂ − 1

2
ρΩuxŷ − ρΩ2z, (4.14)

∂B

∂t
−∇× (vK × B) −∇× (u × B) = −∇× (η∇× B) . (4.15)

When we split Equations (4.13-4.15) into a linear advection part and

a fluctuation part, the linear advection part is given by

∂ρ

∂t
+ vK

∂ρ

∂y
= 0, (4.16)

∂ρu

∂t
+ vK

∂ρu

∂y
= 0, (4.17)

∂B

∂t
−∇× (vK × B) = 0, (4.18)

and the fluctuation part is given by

∂ρ

∂t
+ ∇ · (ρu) = 0, (4.19)

∂ρu

∂t
+ ∇ · (ρuu − BB) + ∇

(
P +

1

2
B2
)

= 2ρΩuyx̂ − 1

2
ρΩuxŷ − ρΩ2z, (4.20)

∂B

∂t
−∇× (u × B) = −∇× (η∇× B) . (4.21)

Note that Equations (4.19-4.21) have the same formulation as Equa-

tions (4.9-4.11). In order to increase the efficiency of calculations, the

advection part and fluctuation part are solved separately.
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The y-boundary conditions are strictly periodic. For the x-boundary

conditions, the orbital velocity difference is considered. Thus, when

we denote the box size in the x direction as Lx,

f(x, y, z) 7→ f(x ± Lx, y ∓ wt, z), (4.22)

ρvy(x, y, z) 7→ ρvy(x ± Lx, y ∓ wt, z) ∓ ρw, (4.23)

where f = (ρ, ρvx,B) and w = 3/2ΩLx is the orbital velocity differ-

ence across the box (Gressel and Ziegler, 2007; Hawley et al., 1995).

For the z-boundary, we adopt outflow boundary conditions which al-

low only an outgoing flow and set the vertical velocity to zero in the

case of an inward flow. The density is extrapolated assuming hydro-

static equilibrium and the other variables are extrapolated with zero

slope.

In this chapter (excluding Section 4.2), we define the scale height

as h =
√

2cs/Ω and use h = 1, Ω = 1, and ρ0 = 1, where ρ0 is

the mid-plane density. We set the initial density profile to be ρ =

ρ0 exp(−z2/h2) and choose a constant net vertical magnetic field Bz,0

so that β = 106 at the mid-plane. Initially, a density floor of 10−6

is applied, and about 30 orbits after the simulation is started it is

changed to 5×10−5. This is to avoid the small time steps caused

by large Alfvén velocities. The abundances of electrons and metal

ions are set to zero at the beginning. The box size is (x, y, z) =

(±0.5h,±2h,±4h) and is divided into (16, 32, 384) grid zones.

For the ionization degree calculation, we use Equation (2.14) for the

ionization rate, and Equations (2.38)-(2.41) for the rate coefficients of

grain surface absorption of charged particles. We use the equilibrium
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values for 〈Z〉 and 〈dZ2〉 from Figure 4.11 and only solve the time

evolution of electron and metal ion number densities:

∂nM+

∂t
+ ∇ · (nM+v) = ζnn − αM+nM+ne − 〈kM+d〉NdnM+, (4.24)

∂ne

∂t
+ ∇ · (nev) = ζnn − αM+nM+ne − 〈ke〉Ndne. (4.25)

4.4.2 Results

We present the simulation results at 2AU of the MMSN model with

0.01 times smaller surface density (0.01MMSN model). In Figure 4.13

a snapshot of the velocity field is shown. Channel flows and velocity

shears can be seen as eddies.

In most of the following plots, a space average over the x-y plane

and a time average over 100-200 orbits are taken. In Figure 4.14

we plot the magnetic energy B2
j , where j represents the x, y, z com-

ponents. Both the x and y components of the magnetic field were

initially zero, thus these components are generated through the evo-

lution. Although the magnetic field is amplified, the mean field is

remains small. Figure 4.15 shows plots of 〈BxBy〉 and 〈Bx〉〈By〉. As

we can see, 〈BxBy〉 is a few orders of magnitude larger than 〈Bx〉〈By〉.

This means that the magnetic field is turbulent rather than coherent.

We calculate α = 〈ρuxuy − BxBy〉/〈ρ〉c2
s and present the results in

Figure 4.16.

The gas accretion rates in the surface layers are higher than those

inside the disk.

We observe a disk wind, an outward flow from the surface of the

disk caused by MHD turbulence (Suzuki and Inutsuka, 2009). Figure
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Figure 4.13: Snapshot of the velocity field on the x-z plane (y=0) 199.75 orbits after the

simulation started.
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Figure 4.14: Horizontally-averaged magnetic energy of each component. A time average

is also taken over 100-200 orbits.
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Figure 4.15: Averaged Maxwell stress BxBy (upper panel) and its coherent component

(lower panel). Averages are taken in the same manner as for Figure 4.14.
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4.17 shows the wind velocity, given by 〈vz〉 ≡ 〈ρvz〉/〈ρ〉. One can see

that there are outward flows and the velocity increases from a height

of around ±2.5h. In Figure 4.18 we plot the z-component of mass

flux in the t-z plane at quarter-orbit intervals. One can see that mass

flows out from the vertical boundaries. The cycle of this quasi-periodic

time variation is ∼ 5-10 orbits, which is consistent with Suzuki and

Inutsuka (2009) and Suzuki et al. (2010). In Figure 4.19 the initial and

averaged density profiles are shown. Initially the disk is hydrostatic,

but because of the disk wind mass is loaded up to the surface layers. A

comparison of the ionization degree obtained by the simulation and the

equilibrium solutions for the ionization degree of one-zone calculations

is shown in Figure 4.20. At high altitudes, the ionization degree from

the simulation is smaller than that of the one-zone calculations. This

is because low-ionization-degree gas in deeper regions of the disk is

transported to the surface layer by the disk wind.

The timescale of vertical advection by the disk wind is tadv = h/|vz|.

When we take the typical eddy turnover time of MRI turbulence, 1/Ω,

as a correlation time, the timescale of turbulent diffusion is written as

tdiff = h2Ω/δv2
z . According to Figure 4.21, the timescale of turbulent

diffusion is too large to have vertical mixing of chemical species. On

the other hand, the advection timescale is relatively small except in

the vicinity of the mid-plane, where the advection timescale cannot

be defined because vz is almost zero. Above and below ±3h, fluid

elements can travel more than one scale height by the time needed for

chemical reactions to reach equilibrium. Although the averaged verti-



4.4. MHD Simulations 81

cal velocity profile is smooth (Figure 4.17), the actual time evolution

of the vertical velocity shows strong time variation. Figure 4.22 plots

the horizontally-averaged ionization degree as a function of height at

every quarter an orbital period. Note that the vertical axis is correct

only for the lowest plot (the other plots are vertically offset for clar-

ity). We can see the correlation of ionization degree at shifted heights,

which shows the vertical propagation of ionization degree as waves.
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Figure 4.16: Averaged alpha parameter.
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Figure 4.17: Averaged velocity of the disk wind. The wind starts to accelerate at around

±2.5 h.
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Figure 4.19: Averaged and initial density. The initial hydrostatic profile is kept near the

mid-plane, but the density increases due to the disk wind in the surface layers.
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Figure 4.20: Ionization degree; the purple line is the averaged simulation result and the

orange line shows the equilibrium solutions of one-zone calculations with the same density

profile.
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Figure 4.21: Timescales of diffusion by turbulence (upper panel) and vertical advection

by the disk wind (lower panel). The timescale for chemical reactions to reach equilibrium

is shown in magenta.
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Figure 4.22: Propagation of ionization degree. The value of the ionization degree averaged

over the x-y plane is plotted as a function of height. From the lowest to uppermost lines,

time is increased by one quarter of an orbital period. Large gradients at about 1.5 h, 1.2

h, -1 h, and -2.3h propagate outward. Note that the vertical axis is correct only for the

lowest plot (the other plots are vertically offset for clarity).
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4.5 Conclusions and Discussion

In order to search for the conditions for which non-equilibrium ioniza-

tion affects MHD evolution, we estimated the timescale for the ion-

ization degree of protoplanetary disk gas to reach equilibrium using

various parameter settings. In our fiducial model, β = 106, fdg = 10−2,

and a = 10−5 cm, the grain surface reaction of charged particle absorp-

tion dominates throughout most of the disk. In this regime, generally,

the chemical timescale is very short, and thus we can use the equi-

librium solution of ionization degree when we treat non-ideal MHD

effects. If the timescale of ionization chemistry is longer than that

of the dynamical evolution, however, non-equilibrium ionization may

affect the dynamics. Chemical timescales are very large in the absence

of small dust grains. In this Thesis, we studied the timescales for the

cases of a small abundance of grains and/or larger grains. We find

that, in the MMSN model, the chemical timescales are much shorter

than the dynamical timescale near the dead zone boundaries —if we

reduce dust grains too much, the dead zone becomes smaller and the

separation of the line on which the chemical timescale equals the dy-

namical timescale and the dead zone boundary does not become small.

In the case of the 0.01MMSN model, there exist parameter ranges in

which the line of tchem = tKep is close to the dead zone boundary.

We performed MHD simulations at 2AU of the 0.01MMSN model

with β = 106, fdg = 10−4, and a = 10−4 cm, corresponding to the

disk evolution stage when the gas has mostly dissipated and most

of the small grains have grown into larger bodies. We find that the
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Figure 4.23: Vertical column density as a function of z up to the outside of the disk. Note

that z is defined at the upper cell boundary in this plot.

actual timescale of turbulent mixing is more than two orders of mag-

nitude larger than our assumption, 1/Ω, and turbulent mixing is not

observed. Instead, we find that the timescale of vertical advection

due to the disk wind is smaller than that of the ionization degree to

reach equilibrium in the disk surface layer, and the ionization degree

becomes smaller than the equilibrium value above/below about ±2h.

This may change MRI activity in the surface layer in which ambipolar

diffusion is effective. The inclusion of ambipolar diffusion in our nu-

merical simulations is future work. In addition, the transfer of poorly

ionized gas to the disk surface should strongly affect the chemical evo-

lution of protoplanetary disks.

Originally we focused on the vicinity of dead zone boundaries,

therefore we did not pay much attention to the disk surface. How-
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ever, ionization due to far ultraviolet (FUV) radiation is very effective

in surface layers. The typical depth to which FUV ionization is im-

portant is ∼ 0.02 g cm−2 (Perez-Becker and Chiang, 2011). In Figure

4.23, we plot the column density as a function of z up to the outside

of the disk (see Equation 2.16) of our simulation results. At 2h, above

which the ionization degree is lower than the equilibrium solution, the

vertical column density is larger than 0.02 g cm−2 owing to the disk

wind. Thus, our neglecting FUV ionization is not expected to produce

large errors.



Chapter 5

Summary and Future Prospects

As the cradles of planets and satellites, protoplanetary and circum-

planetary disks are important ingredients in their formation theories.

Although it is difficult to observe circumplanetary disks owing to their

small size and luminosity, observation of protoplanetary disks is a very

active area of modern astrophysics. These observations imply that the

gas in disks undergoes inward accretion toward the central stars. In

order to have such inward gas accretion, the angular momentum of

the gas must be removed. At present, MHD turbulence driven by the

MRI is the most promising mechanism to explain this angular momen-

tum transport. Since the gas in the disk must be sufficiently ionized

for the MRI to operate, ionization degree is a key factor for the disk

evolution.

We have developed a fast and accurate method to calculate the

ionization degree in protoplanetary and circumplanetary disks. This

method enables time-dependent calculations by using the following

speed-up techniques:

• Gaussian charge distribution of dust grains

90
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We adopted a Gaussian distribution for the charge distribution

of dust grains (Okuzumi, 2009). With this approximation we can

reduce the number of terms and equations to solve. This method

is powerful, especially when we consider large dust grains or a

small dust-to-gas mass ratio.

• Piecewise exact solution method

We utilized the piecewise exact solution method developed by

Inoue and Inutsuka (2008). We analytically solve sets of rapid

reaction terms in advance, and solve the remaining terms nu-

merically with the analytic solutions as initial conditions of time

integration. This method enables large time steps for calculations

regardless of the timescale of rapid reactions.

The advantages of our method are that it is fast enough to be imple-

mented into MHD codes and solve ionization dynamics at every time

step, and it can resolve short-timescale phenomena such as the evo-

lution of protoplanetary disks under variable X-ray ionization due to

stellar flares. Because the dynamical timescale and chemical timescale

are comparable, this method is also useful in circumplanetary disks.

Our method can calculate the ionization degree quickly even when the

dispersion of the grain charge distribution is very large (e.g. about 104;

the number of basic equations to solve in this case is about 20, 000).

We estimated the size of regions that can sustain magnetic turbu-

lence in circumplanetary disks. We calculated the ionization degree

in disks accounting for galactic cosmic rays, X-rays from the host star

of the surrounding protoplanetary disk, and the decay of short-lived
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radionuclides as ionization sources and evaluated the MRI activity.

We adopted the α model and solved the diffusion equation of a disk

with infalling mass flux from a protoplanetary disk obtained by Tani-

gawa et al. (2012). Even by varying parameters such as gas infall rate,

magnetic field, dust-to-gas mass ratio, and radius of dust grains over

a wide range, it was difficult to find a sufficiently large MRI-active re-

gion that can sustain well-developed turbulence, a region where both

the Elsasser number is larger than unity and the magnetic pressure is

sufficiently smaller than the gas pressure. We found that the surface

density that can sustain well-developed MRI turbulence is Σ ∼0.001-

0.01 g cm−2 for a typical satellite-forming region, even without dust

grains. Note that we have performed the calculations for a very opti-

mistic set of assumptions for activation of the MRI. If metals are frozen

out onto dust grains or cosmic rays are shielded by stellar activity, it

becomes even more difficult to sustain the MRI.

This suggests that gas accretion in circumplanetary disks is slower

than previously thought, and satellites can be formed slowly, perhaps

by gravitational collapse. The temperature of the disk might be lower

than expected because viscous heating is not very efficient.

There remain various uncertainties concerning circumplanetary disks,

for example, how many dust grains remain after planet formation, and

how large are they. We have to study the ionization degree in various

cases. In this Thesis, we assumed dust grains of fixed size, thus the

result may change if we consider the coagulation of dust grains, or if

we consider ice as dust grains.
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Recently, Turner, Lee, and Sano (2014) have investigated the pos-

sibility of the MRI in various models of circumplanetary disks from

the literature. They choose the mid-plane value of plasma beta to be

103. Their condition to sustain the MRI is that the magnetic pres-

sure must be smaller than the gas pressure, which is satisfied below

3.7 scale heights. They concluded that there are active layers at the

disk surface. Our results are consistent with theirs when we choose

the condition that βz > 8π2 to sustain the MRI. For example, Fig-

ure 3 of Turner et al. (2014) and Fig. 3.5 of this Thesis show similar

models of surface density, and both have surface active layers. Note

that even if the MRI can be sustained at the disk surface, it does

not necessarily mean that there is well-developed turbulence. When

MRI turbulence is well developed, the magnetically dominated atmo-

sphere encroaches on a lower altitude and the region of well-developed

turbulence becomes smaller (Okuzumi and Ormel, 2013). The main

difference between Turner et al. (2014) and our work is that we con-

sider the criterion for turbulence to be well developed as well as that

of just having the onset of the MRI.

As we mentioned earlier, if gravitational instability is the only

mechanism of gas accretion, a massive and static disk will remain

even after infall from the protoplanetary disk terminates. This sug-

gests that the lifetime of circumplanetary disks may be longer than

that of protoplanetary disks. Thus, perhaps we are more likely to be

able to observe circumplanetary disks than previously thought (e.g.,

Mamajek et al., 2012), and satellite formation may occur over a long
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timescale. On the other hand, it remains important to consider other

mechanisms for angular momentum transport. A possible mechanism

is spiral density waves caused by a non-axisymmetric potential (e.g.,

Machida et al., 2010; Martin and Lubow, 2011; Rivier et al., 2012),

but this must be investigated in more detail. Another possibly im-

portant mechanism for satellite formation is the capture of planetesi-

mals when they cross circumplanetary disks (Fujita et al., 2013) (see

Estrada and Mosqueira, 2006, for the gas-poor case). Since our re-

sults suggest a large surface density, capture is expected to be ef-

fective. Non-axisymmetry in the density structure caused by these

proto-satellites may play a role in angular momentum transport and

it may be interesting to analyze that effect.

We implemented our scheme to calculate the ionization degree into

the Athena MHD code (Stone et al., 2008) and examined the effects of

non-equilibrium dynamics. When the charged-particle absorption by

dust grains is effective, i.e., in the high-density regime, the timescale of

chemical reactions is very small. Thus, the ionization degree reaches

equilibrium immediately and the equilibrium approximation is valid

for computing the dynamical evolution. When small dust grains are

not abundant, however, the chemical timescale can be close to or

longer than the dynamical timescale. In such a case, we have to take

into account the non-equilibrium evolution of ionization chemistry to

investigate the accretion disk evolution.

Assuming the late evolution stage of a protoplanetary disk when

the disk gas has mostly dissipated and small grains have grown larger,
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we performed 3D numerical simulations using the Athena code. Con-

sistent with Suzuki and Inutsuka (2009) and Suzuki et al. (2010), the

disk wind, a flow from inside the disk to the outside caused by MHD

effects, can be seen in our simulations. We find that the vertical dis-

tribution of electrons changes from the equilibrium solution of the

corresponding height. This is because the disk wind transfers poorly

ionized gas near the disk mid-plane to the upper and lower surface lay-

ers. This may affect MRI activity in the ambipolar regime. Also, this

effect may influence chemical evolution. Further investigation with

a wider parameter region is planned for our future work. Since the

dynamical timescale is smaller in circumplanetary disks, the effect of

vertical advection/turbulent mixing is thought to be more important,

and it may be interesting to carry out similar work in circumplanetary

disks.
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