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0000000000,00000000000.
() 000000 BOKODDDOOOO.
(i) 0000000 00. 0000, w2(B,z,y) = (B, ,y).

()00,00BOOOO0OUDOOOOOUODNADDODOOODOODOOOOOOO. O
00,0000000DNADOODOOODODNAOB 0DDOODDDOOD. ODD0O0OO,
FominO Zelevinsky 0 00000000000 DOO0O0OOOOOOOODOOCOOOOO
0.00,31)00000Cexeter 0000 000D00O0ODOOODOOOODOOOODOOO.
oooooobooooooor-OO0OO0OOO0OO0OCOO0OO0OO0OOOROOO0O0O0OCOOO0,T,
goo. oo, T, 0000000 bOO0bLO0 T, 0000000, T,0D00000000
UnO0000D000,100n0000000000000000D00A0O.
00,T,0000+0000,000000% =(B%2t,¢)000000,000 kD
0000000000000 0+¢+0¢00o00,0000oooooooo Et/:,uk(zt)
000000,8 ={Y}er, 100000 (cluster pattern) D0 0. OO, X =% 00
000¢«¢0000000000000000T, 0000008000000 (exchange
graph)00 0. 0000,0000000000000000O0DOOOOOO.O0O00OO
0so,T,000¢t(000T,0000000)0000000000O0,¢tO00O0OO0
00X 0000SO00000000)0000000000000000O0O0O0O0.

3. 00

gbooboobgooooooo,boobobobooobobooboboobobon
goboobooobboobooooog.

Definition 3.1 00000000 POO000,000000000¢O00000,00
000000,0000a(bdc)=ab®ac00000,POO0DO (semifield) 00 0.

eUdfdooobobbbObObd0oUoooooobooboboooooag.

goboobooboobbooboobooon.

()000o.

00oooO0ooooo0l1={1}j0000,1e1=10000000000. 000
0000 (trivial semifield) 0 0 0O .

{)0000.

oooooodd w = (u,...,u,) 0000,w000000000000000OO
0000000000000 0000 Z4[wOODOO. D0O0O0,«0QUOODOOO
F() D fw) = p(u)/aw) (p(w),q(w) € Z:[u]) DOOD000, 000 f()0DOOD
(subtraction-free expression) 0 0 0. 0000, f(u) = u? — ujus +u3 0,

u“;’ —|—u§

flu) = 2 (31)

0000000000.0000000«w0QUO0ODO000000000Q+(w)0DODO.
0000,Q+(v)J000,0x00e@e0,00000000000000DDODODOO
Q+(v)D0000D0. 000«w00000 (universal semifield) 00O .

(i) 0000000,



o0oo0o0doo0w= (u1,...,u,) 0000, w000 10 Lawrent D0 00000
O{I[,u | a € 2} 0O Trop(v) 00D. OOODO, Trop(w) D000, 0 xO0000O
Laurent OO O OO0, 000 0O

n n n
[T @ ul =T ™" (3.2)
=1 =1 =1

00000 Trop(u) 000000, 000«w00000DO00O0O (tropical semifield) O O
U.00,0eb0000000000.

O0000Qu(v) 00000000 Trop(v) DODODODODOOOODODOOOODODODO
go.

Toop @ Qi (u) —  Trop(u)
c +w— 1 (000D0OO0O0ceZy).

00000000000 (tropicalization map) DO 0. 00O,

S U 1Y NG 1 . (3.4)
Py 2y Y1 D y2 1

gbood.obob,0bgboboooooboboboboooboooobobon
gbobooobooobooboooboobooonoobon.
oo,pOO0000O00ODODOO,PODODODODODODODO,ODOO0ZPOO
o0.0ooooo,o0ozZzp0b0oPObOO0ODOODOOD,O+0PODeDOOODO
oboboboobogoooooooooobobob.oooo,gbzZzro0bO0obOD
00,000000000000000000O [FZ02. DODOOO,00ZPOOOOO
ooo.o0o0ooQpPOOO.
ugbboobuoobboobooboobooboobboooboooboboooog.

4. 000000
oobooobdoobobooboboobboobo b, 00PObOO0. nOPOOO
O00000000000000000 (coefficient semifield) 00000
w=(wi,...,w,) 0000000000000, wd0QPODOOODOO F = QP(w)
O000,000000 (ambient field)D00. 000000, 0000000 FOOOO
goooooooooooon.
obo,b020000000000000000¢0.

Definition 4.1 000000000 (B,z,y) 0 (POOO0O0O0O0)OO (seed with coef-
ficients in P) 0O O .

e B=(by),., 000000000,

e x=(z)",, z; €F000,2,..,2,0QPOOODODOO.

o y=(yi)l,, yi €P.

BOOOOO (exchange matrix), z 00 OO (cluster variables) 0000 200, yO0O
O (coefficients) D D00 yO OO ODO.



000,000000000000000.00«0000, [a]ly+ =max(e,0)0000.

Definition 4.2 00 (B,z,y)0 ke {l,...,n}0000,00000000 (B,2,y) =
ur(B,xz,y)0 (B,z,y) 0 kOODOOOOOODO.

—byj i=kO0OD0j=k

by = (4.1)
bij + [—bik)+br; + biklb;]+ 000000,
-1 .
; =k
=" bkl + b Z (4.2)
Yily (1 D yk)) B 7é ka
A A= e @155 (4.3
Li i # k.

B0 BOOUDODODDOODODODDOOODODOODOODOODOODOO. OO,000
oboobobobobobobo.

Proposition 4.3 000000000. 0000, pi(B,r,y) = (B,z,y).

0o,4,...,2,000000000000000,0000 (B,,y)000000
gooooooooooo.

cooooooobooobooboo. o20b000D000D, T, OnODOODDOODO,
S={Ser, 0 (PODDOOOD)000O00O0OO0ODO (cluster pattern) 00 0. ¢y 0
T,0000000,xe0SO000000000,SO0x00000000000000
0.0000x000000000S8S0000,S00000000 0000000
0 x(Sh)ooo.

Definition 4.4 0000 SP 0000, X(S°) 00000 FO ZPOODOO A(SP) D
0000000000 (cluster algebra with initial seed X0)0 0 O .

5. 000000: A,0D00DOO

00000000 (41)-(43)000000000,0000000000000000
0000000000.000,-,=10000000000000000000000
00000000000,,=20000000.2000000T,000000000
000zZO0OO0O0OO0000000.000000000000000,T,000000 8
0000, T,000¢€Zz0000000000 0 X(t) = (B(t),z(t),y(t)0000
0000.000,0000000000000000000000000000000
oo.

(1) L2 3(0) 5 B(1) ¢ B2) (5.1)

0000, $(0) = (B(0),z(0),y0)000000000,000000 B0O)DOO
n=200000000000000

Bmy:G Bﬁ (5.2)



oodd.oo,ooboorPoOO0ddd10OD. 00000, yDO0O0O0O0OoooOooOO
D.DDDD,DD(4.1)DD

B(0 t:00

B(t) = () (5.3)

-B(0) 00O
000000000O0O00. 000 43) o000, 000z000000DOO.
tdogogoog,
$2(t)+1
z1(t) (5.4)
xg(t—l—l):xg(t),

Jfl(t + 1) =

to0ooooo,

x1(t+ 1) = z1(t)

z1(t)+1 (5.5)
za(t)

0000000000000 00O0,t0000 200 z()0002z00«(0)00000

000000O00000. 0000000000 (0)=x0000,t=1,...,5000

O00000000O000o00oo0oU0o0O0UD. (boooooooooooY

xo(t+1) =

.261(0) = (5 6)
x2(0) = x2,
z2(0) +1 xo +1
z1(1) = 20+ 1 o
z1(0) 1 (5.7)
z2(1) = 22(0) = z2,
x9 +1
n(2) =a1(1) = =
x1(1)+1 1 (z9+1 1+ a0+ 1 (5-8)
.CUQ(Z) = = — 1) =
z2(1) T2\ T1 1T
x1(3)2x2(2)+1: T <$1—|—$2+1 1);1‘14—1
x1(2) x2+1 T1%2 Z2 (5.9)
- (3)_x (2):x1+x2+
2 2 oo,
x1+1
w1(4) = 21(3) = =
T2 (5.10)
$(4)_i€1(3)+1_ T122 <$1+1+1>Lx
VT T 5B)  mtat+ 1\ - b
r2(4) +1 T2 !
T1(9) = = 1+ 1) =2
=@ ot m (5.11)

DDD,DDDDDéD,DDDDDDDDDDDDDDDDDDDDDDDDDDDD

gbobgbo. ooobobobobooooobobooooboooooboo, 2000

gboosgbbooooogbooon.
gboboobooboboooboobooooboon.



(i) (Laurent00) 2000000000 ODODODODOOOOOOOO,00Q00CODOO
00,000 Lauvrent0 OO OO0,

(ii) (O00)00 Lawrent0 0000000000 0OOOOODO.

(iii) (DO000O0O000O00D)000000000 Laurent0 00000 1, z122, T2
0A4000000 o, a1 +a2, 00000000,

(iv) (000)00000(.1)00000010000,0000000000000.

0000, ()0 G)0000000000000000, 00, (i)0 (v)00ooooo
000000000000000000000000000000.

6. Juooooong
gbobod,booboobbooboobboooboobbon.

AZ) 00000 X000000000. 00000000,00 20020 20
O0000000.200000 (43)0QPUUOOUOOUOOUOOOUD,0DO0UDOO
£02z0QPOODODDODODDODOO,0D0D0O0O0OOOOOOOOO.

Theorem 6.1 (Laurent 00 [FZ02]) 000 200 2!0 20 ZPO OO Laurent 0 O
googad.

00, [Fz02]0000,00000000 (4.1)~(4.3) 0000000 Laurentd 0 00
gooooooboooooooon.
Theoremﬁ.lDDDDDD:cDDmf[l
2
xgz%x)dt”, Pl(x) € ZP[a], d'; € Z (6.1)
[T ()%
ogoooo. oo, goobooooboooooonooooooog.

Definition 6.2 ZPOOOO00 P(z) € ZPz)000000000, P(z) 00000,
P(zx)0000 (0000)000PO0OO0(00ZPOO40000)000000000
0oooooooo.

000000 [FZo2l0o0O00,000000000000O0DOO0OO0OOOO0OOO
gbobobob,boboboboboobgoboog.

Theorem 6.3 (000 [GHKK14]) 000 P/(z)0000000.

00, [FZzo3000000000000000O0O000000DO. O0L0OOOOOo0Oo
gbooooobgd.

Definition 6.4 000 A(X%)0000 (of finite type) 00000, 0000 X000
gooboosbhoboobOoboboboobon.

gbbogboobboooooab.

Definition 6.5 00000000 B, BPOOUO, B0 BOOUOOODO (00000
0)0000000000, B0 BOOOOO (mutation-equivalent) 0 0 O .



Definition 6.6 00000000 BOO0OO,00000000C=C(B)0BOOO
00000000 (Cartan counterpart of B)O OO .
P i=j
—laij| i #J.
O0C(B)DKacOOOUDOOODOOODO (OO)CartanOD0OOOOOOOOOOO. (OO
0000000,0000000000000000ODO.)
gooooooobobooooobobbd LebobooogooooD,00b0bO
00 Coxeter 00O DOO0O0OO0)00O000 Cartan0 00O, Ay, Bpy, Cny Dy, Es, E7, Eg

O00000(@OU00DynkinO0O)000O0O00O0O. Fomin-Zelevinsky [FZ03] 0, O
I A A A

Theorem 6.7 (J0 0000000 [FZ03]) 000 AXP)000000000000
00000,000000B*000000000000 B 0I00000O0O CartanD
0CB)000000000000.

0000000000,00000 Catan00 C(B)YOODODDODODDOODOOO.
0000,00000 AA000000000.0000,0000°P000y0O0000O
goooob,bbobddooduoobbobtbodooou, bbb ooooooo
gooooo.

ugd,gobobobbobbbtbuddooooon.

002000 (61)00000000000004d! = (d,)’, 00000000
(denominator vector), 0000 dOO0O0O (d-vector) DOO. 0O00,00000000
00 (6.1)00O0O00000,00000000x,000000000000O0. 00O
00o0o0oO0o0oO0o0ooO(obo0ooOoU0o0o0o0o0)DoooooOo,00000
000000000000.000,000 AX)0000000,000000000
BhO0OODO0OO Cartan0 000000000 DOOOOO,0000000dOOOOO
I A I

Theorem 6.8 (000000000000 [FZ03]) B*OODO0O Cartan0 0O C(B')
000000, AC(B%)D ¢(B*) 000000000000 00. D000, 000
AX) D00 2000004d0000000000 A(C(B)D00O0DODOO0OOOO
00.00000000000 A0 0002000002000 AC(BR)0000
gooooooboboooooo.

0000020000000000000,000y0000000000000,0
oooo.
0000,0000P000y00y=y»0000000Q,(y)0D0O0.0000,y
0040000, (3.3)00000000000000000000000000000
0000000000 =(c,)", 00000

Ttrop - Q—i—(y) — TI'Op(y)

" o (6.3)
yi 1= ().



000000 dD0y0c¢0000 (cvector)DO0O. 0DODDODO,c00000DOOO
UbybOoobooobobooboooboooog.

Definition 6.9 000000 v = (v)?,0,00000000,0000000000
0000000000000 00000,0200000 (sign-coherent)DO00OOOO.

000000 ([FZ07j0000000,0000000000DO0O0000000OO.

Theorem 6.10 (¢cO 000000000 [GHKK14])) OO0 cO00O00OO0O0OO0OOO
go.

gbbooboobobooboobboobo,opboobooobooboooon.

Theorem 6.11 (¢c000000000000[NC13])) 000000 BY000000
000000. 0000,000¢00000,C(B*) 00000000 A(C(B®))O
oooooo.

oboo,0bobobobobobobobobobobobobob.nobObOO
DTnDDDtDDDDCDDDDDDDDDDDDDDCt:(cﬁi)giZIDDDZtDCD
0 (C-matrix) 0 00O .

Theorem 6.12 (CO0ODD000000 [Plall]) 000000 BY000000000
000.0000,00000¢¢eT,0000,

st=xt — =", (6.4)

— 0000000, «<<=000000000.co00yooboboOoooo,oboo
goooooboboobob,0obobobooboboobobobooobobon
gboobobobobo.

00, Theorem 6.110 Theorem 6.120 000000000000 BOOO00O0O0O
gobooobdgo. oo, boobbooboooboooboobboob,bon
0000000 BY0D0000000D000D00000000DOD. 000000000
uboobooobooobooobooboooog.

7.000gn
00 ChekhovO Chapiro [CSI4|0 00000000 O0DOODOO0OOOOOODOOOOO
gboobobo.

O0000,200000 43)0000000000O0OOOOOOOOO.

T lbule | 19
-1 —0jk]+ k n
x; x; — = . b,
x; = ! 31;‘[1 J 1Dy Y 1= ykl—‘[x]’gk. (71)
j=1

Ty ’L;é]{?,

000,004 090000000000000000000000D00O,00000A0
00000000.0000000000000O0,y00000 (42) 0000000
OO000.00,000000000 0000004000000 1®y, 1+9.000
OO0O0D00d. Chehkhovd Shapiro0 00 0O0OOOODOODOODO P, OODOO, Laurent O



ggdobotbooobotbooo, bbb boooobbooobbuoouobo
goooono.

[CS4|00y0000000p0OOO00DODOO0OOOOOOOOOODODOO,0000O,
y0OOOOO0O0O0O0O0O0O0O000OO0 [Nakls|DO0OOO0o0ooooooooooog.

00,0000000,000n00000POOOO,0000000000000O00O0O
000000000 00000. 0000000000000 D0O0,00000 (mutation
data) 0000000 (d,z2)0000000. 000, d=(d1,...,dn), d: e NODO O, dy,
0 k0000000000000 R0000000. 00, 2= (2is)iet....neel..d-1,
%,€PO000PO0000000.000,00000000 (reciprocity) zi.s = 2i4,s
oooo00. 00, z0=24 =1000. 000,000 p,000000000000
o0looooooooooooo.oo,d=(1,...,1)0000,2z00000,000
gogooooooobon.

000000000, k=1,...,n0000,00 (B,z,y) D k0000 (d,2) 00
(B, 2',y") = u(B,z,y) 0000 000O.

/ —bij i=k0OOOj=k
by = (72)
bij + [—bik) +dibr; + birdi[br;l+ 000000,
(7! i=k
! — d —byi
Yi = b\ [ T , (7.3)
Yi (y;E ’””) (@ Zk,syi> i £k,
s=0
d.
dr Z zk,sgz
-1 [—bjr]+ s=0 . n
€T, Z; - i=k b,
=9 Jl_Il ’ e s Uk = Yk ij'“. (7.4)
@ Zk,sYk j=1
s=0
zi i 4k

ugbboobogbboooboobooobuooboobboobaa.
OboobOoboognD, Lavwrent 0000, 0000000 0ODOODOOOOOOOOO
0000000, 0000000000000000. (OO0, [CS14, Nakl5|O OO
000.)00000,000000000000C0OO0O000OO,00D0000b0OOO
gboboobooobobooboobooooog,bbooboobooboboooboon.

gooo
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