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Abstract Finding loop invariants is one of the most important tasks in program verification. It is, however,

difficult to automatically find meaningful loop invariants. In this report, we present a method for automatically

generating loop invariants in the form of extended polynomial inequality, in which function instances may be in-

cluded, over program variables. The method is based on the extended polynomial lemma which is improved to

Farkas’ Lemma.
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ZDTT T LD wple,p) REtET D &
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T3 WTHES BHPEBOFE, BRUMERRLTERE LT3,
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o G 6 {z=0Ay=0}
e 7TV —=byp po+piz+py+psf(z) 20
o BHOWEAR f(0)=0
flo+1)=1-f(v)
while true
doy:=y+ f(z);z:=x2+1o0d
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Po + P10 + p20 + p3 f(0) = 0

R@%fwy+0tw5§miﬂwﬁﬁen,:mr&u%&
17D L ROKRIBRE p BT 2HBANELNS.

Po 20
o ERHIMOBEG TOTI5 L chORRENRMELFHET .
Po+pi(x+ 1)+ p2x(y + f(x)) +paflz+1)20

RM5 fz+1) = 1— f(z) LOOBBRIIFUHBLH, Zh
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Po+p1+ps +p1x + p2y + (p2 — p3) fz) 20
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A% DHZ0) L RBZARZMVELT, SELEpIcET2H
BREACTUTOL > RIFFI%IES.

t t t

Po+p1+p3 2 Po
D1 =1\ ™

D2 = p2

P2 — D3 = D3

RN ICETINAHKEMEY, A2 0%2BUTHEETSL
p1+p3 2 0Ap2 =2p3 LVIMBANBLND.

UEDHERD»S po 2 0Ap1 +p3 2 0Ap2 = 2p3 2T/~ T
REUTpo=0,p1=—1,p2=2,p3 =1 HHD. TH%& pIT
RATDE —z+2y+ f(2) 20 EWIAREADBERTES.
X6 po=0,p1 = 1,p2 = ~2,p3 = -1 LML RBI L hD
—(—z+2y+ f(z)) 20 B LERL UTHRRATES. TnrsJ
LE PV ALERBRIIUTOESY.

£1 PlenhL—AFER
z|o|1]|2]|3|4|5]|6]|7]|8]-
yloflo[1|1l2]2[3[3]4]-
fx)o|1|oj1]{of1]o]1]0]-
z-2y-f(z) Jo|o|ojolo|ofofofo]-

£ 1 BOHPK o — 2y — f() = 04 6 DT 1T 5 AT
BEREBOTVWBRILNHERTE S,

Bl 7 TV NIEBROBRBNENSHERITRT.
o FIHASA 0 {z=0Ay=0}
e VSl —h @ Ppo+p1T+ py+

p3f(x) + pag(x) + psh(z) 2 0

f(0)=0

fo+1) =1-f(v)

(7=EL fv)y20&93)

9(0) =1

glv+1) =h(v) +1

(77U gv) 20 &3 3)

h(0) =0

h(v+1)=g(v)+1

(2L h(v) 20 &9 3)

while true do

if 0 = f(z) then y :=y + g(x)

else y:=y+ h(z) £i

rz:=xz+1od

o MHIKIKODBE TR E 0 D OBFFIRMEEZEHETS.

o BHOME R

e TUTTAhe

po + P10 + p20 + p3 £(0) + pag(0) + psh(0) = 0

RM5 f(0) = 0,9(0) = 1,h(0) — 0 L\ EHZBHANES
, THUCEYEBR RO LROKRAEE p BT 2HER
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Po+ps20
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e BEBHNOBEE b=0=f(z) $5L, TUTFLhcDE
JEATRMER, (b= po+pi(z+1)+p2(y+g(z))+psflz+1)+
pag(z+1) +psh(z+1) 2 0) A (=b = po+pi1(z+1) +p2(y+
h(z))+psf(xz+1)+psg(xz+1)+psh(z+1) 2 0) LAB. -bik
BB D f(z) 20 THEIeDH b= f(z)21L4R
Y, R®5 f(z+1) = 1-f(z), g(z+1) = h(z)+1,h(z+1) —
g(z) +1 2V FRZBAPBLN, Thizk ) BHERLRE
ZEWRAT DL RORMBE p BT IHREAPBFLND.

(f(x) =0 = po+p1+p3+pa+ps +prx+ pay — f(x)ps +
(p2 +ps)g(z) + pah(z) 20 A (f(z) 21 =po+p1 +p3+
Pa+ 05 + p1x + p2y — f(2)p3 + psg(x) + (p2 + pa)h(z) 2 0)

ENTNOHI% qu,q2 £ T2 L, BRI (0= q)A(p=
@) LRY, InbETHETS.
o (p=q1) DJFE flz)=0&Y, f(z) CHETITHERY
N, 45 7HIZ RIZ g(v),h(v) 20 LI EENRH B &b
> PMEDLND.

Po +p1+ps +pat+ps > Po
P1 = P1

P2 = | Al p2

P2+ ps 2 D4

2 2 Ds

AICETOIMSHNEEY, N2 0 2B ULTHEETD L
P1+p3s+pa+ps+ps 20Ape 2 0Aps =ps £ RERH
Bohd.

o (p=>q) D/E 4561THIEZ RIZ f(v),9(v),h(v) 20 &
WHOLRENRHZZ b = MEbnb.

~tr qt - qt

-po+p1+p3+p4+p5 2 po —1
p1 = p1 0
2 = [ A1 ]t D2 0
—p3 = Az p3 1
s P D4 0
i p2tps | [ 2 ] | s 0|

A, e KB BRCTHIEZEY, A, 20 28U THEEY
52 0=p; LOIRMEBANEOLNDS.

UEDHERNS po+ps 2 0AD1+p3s+ps+pa+ps 2
OAP2 = 0Aps =ps AO 2 p3 2Tl THEE LT po=~1,p1 =
~2,p2=0,p3=0,ps = 1,p5 =1 B3H 5. TNk o ITRAT
52 —1-2z+g(x)+h(@) 20 LV LERDBFERTES.
Ty 5% MU —AULBERIIUTOLEY.
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Bl 8 mu,v) &V ZEIHEKIZOVTORERZERT S.
o WIHA%M 6 {z=3Ay=0Az=0}
e 7V T —bN ¢ po+pix+pezy+ pamiz,y) 20
o BEOMEAR m(u,0)=0
m(u,v+ 1) = u + m(u,v)
=ELU mu,v) 20295,
e 175 Ahc  while true
do z:=z+m(z,y);y:=y+1od
o MIHIRINDGE WM& HE 0 » O RF[HEINFRELHETS.

po+ P13+ p23 %0+ p3m(3,0) 2 0

RHB m(u,0) — 0 £\ > BHABANELN, THITEYE
HOZ 2175 LROKRAIEEK p KHT 2 RBASELNG.

po+3p1 20
e EREINOES TOF5hc POEFEMSELEEETS.
po + p1x + p2x(y + 1) + psm(z,y +1) =0

R»5 m(z,y+1) = z+m(z,y) LVIERIRANE LN,
ZHIZ &) R ENRAEEERA T ERORAEE p 12T
SHEANELND.

po + (p1 + p2 + p3)x + pazy + pam(z,y) 2 0

A% QN2 0) LRBATMLELT, FEUEp ICEYT 550
ARZAVTUTOL > BIT51 25, 47THIZ RISm(u,v) 20
EVDRENHB LD 2 MMfEDND.

Po ’ 2 ‘ Po !
p1+p2+ps3 =l a2

P2 = P2

b3 2 p3

RIZ AT IR E/ED, A2085 XA E2BUTHEE
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