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Abstract

The Cauchy problem for the Navier-Stokes equations with the Coriolis force
is considered. It is proved that a similar a priori estimate, which is derived
for the Navier-Stokes equations by Lei-Lin [12], holds under the effect of the
Coriolis force. As an application existence of a unique global solution for
arbitrary speed of rotation is proved, as well as its asymptotic behavior.
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Chapter 1

Introduction

In this thesis, we consider the initial value problem of the Navier-Stokes
equations with the Coriolis force in R3,

O — vAu+ Qe X u+ (u, V)u+ Vp =0, in (0,00) x R?,

divu =0, in (0,00) x R?,  (NSg)
U|t:0 = Up, n Rg,
where v = u(t,z) = (ui(t,x), us(t, ), us(t,x)) denotes the unknown ve-
locity field, and p = p(t,z) denotes the unknown scalar pressure, while
up = up(z) = (up(x),ud(z),uj(x)) denotes the initial velocity field. The

constant v > 0 denotes the viscosity coefficient of the fluid, and €2 € R rep-
resents the speed of rotation around the vertical unit vector e3 = (0,0, 1),
which is called the Coriolis parameter.

Recently, this problem gained some attention due to its importance in
applications to geophysical flows, see e.g. [4]. Mathematically, (NSgq) also
have a interesting feature that there exists a global solution for arbitrary large
data provided the speed of rotation (2 is large enough, see e.g. [1, 4, 9]. There
are another type of results which shows the existence of a global solution
uniformly in  provided the data is sufficiently small, see e.g. [5, 8, 11, 10].
The purpose of this thesis is, concerning to the latter, to relax the smallness
condition of the data, based on the idea for the Navier-Stokes equations,
Q2 =0in (NSgq), by [12].

Before stating our main results, we give a definition of function spaces.
For m € R, we define

R = {1 €S F€ L Il = [ I d < o0},
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Recently, Lei and Lin introduced the space Xfl, which is contained in BMO~!
and equivalent to the Fourier-Herz space B;'. It is known that H*(R?) C
x L if s > %, see Lemma 2.1. Moreover it is known that there is an example

so that H2(R3) € y~!, see [12]. It is also known that y~! ¢ Hz(R?), see
[14].

Theorem 2.3. Let ug € x ! satisfy divuy = 0 and [Jug|l,-1 < (2m)’v.
For T > 0, assume that u € C([0,7); x™') is a solution to (NSq) in the
distribution sense satisfying

uwe L0, T; xY), Oue L' 0,T; x7 ).

Then, u satisfies

t
)]l + (v — (27r)‘3HUOHx1)/O ()|l d7 < [Juolly-1, 0<t<T.
(1.0.1)

Remark 1.1. (1) This a priori estimate is first derived in the case 2 = 0 in
[12, Proof of Theorem 1.1]. Here, Theorem 2.3 states that the same estimate
also holds under the effect of the Coriolis force.

(2) In this thesis, we define the Fourier transform of f by

flo) = #10e) = [ e (o) e

The constant (27)% in the theorem appears from the following formula:
Flfo)() = @m)*(F+9)(©),

where f % g denotes the convolution of f and g.

As an application of Theorem 2.3 we obtain the global solution to (NSq).

Theorem 2.5. Let s > 3/2 and 2 € R. Assume that ug € H*(R?) satisfy
divug = 0 and [Jug|[,-1 < (27)*v. Then, there exists a unique global solution
u € C([0,00); H*(R?)) to (NSq) satisfying

u e AC([0,00); H*H(R?)) N Ly, (0, 00; H*T(R?))

and

igg{!lﬂ(t)Hx—l + V- (27)3HUOHX—1)/O lu(r) e dr} < [luoll -



Remark 1.2. Since s > 3/2, we have H® — x~! by Lemma 2.1. For a
interval I and a Banach space X, AC(I; X) denotes the space of X-valued
absolutely continuous functions. There are several results which treats the
existence of a unique global solution to (NSg), see [10] and reference therein.
The advantage of this result is that the condition of the size of the data is
merely [luo|l-1 < (27)%v.

In chapter 3, we show the existence of a unique global solution for the
data ug € x ' with |lugl|,-1 < (27)%v. For the Navier-Stokes case = 0, see
(14, Theorem 1.3].

Theorem 3.1. Let ug € x ' and ||ugl[,-1 < (2m)?v. Then, there is a unique
global in time solution u € C([0,00); x ') of (NSq) satisfying

u € L*(0,00;X°) N LY(0,00; x*), O € L*0,00;x71),

and
t
Stgg{HU(t)Hx—l + (v — (27T)3||uo||x—1)/0 ()]l dT} < w1

Remark 1.3. (1) There are several results which treats the existence of a
unique global solution to (NSg), see [10] and reference therein. In particular,
the spaces F'M; ', which is considered by Giga, Inui, Mahalov, and Saal [5],
and By 5 by [10], are larger than x~'. However, the advantage of this result
is that the condition of the size of the data is merely |lug|,—1 < (27)%v.

(2) In the Navier-Stokes equations, the case 2 = 0, the corresponding result
is proved in [12, Theorem 1.1]. We notice that there is also the another
approach by [14, Theorem 1.3].



Chapter 2

H? Theory

2.1 A Priori Estimate and Its Application to
H*® Theory

1

In this thesis, we only use spaces x~!, x’, and x! below, so we summarize

elementary estimates concerning the spaces we will use later.

Lemma 2.1. (1) Form > —3/2, and s > m + 3/2,
L=2(m+3) ) eps(m+3)
1f llxm sy < ClLfI L [FAF
1/2 2
@) £ < IFIR AR
(3) IVl < 2m) 2 fllx-

Remark 2.2. Taking m = —1,1 in Lemma 2.1 (1) respectively, we have for
s>1/2,

1
2s

f

-5
1l @sy < ClIFNlL ™
and for s > 5/2,
5

f

1—2
£ llhaey < ClLAL ™



proof. (1) We take R > 0, which is determined later, to divide the integral

= m £ d m £ d
T /5 PURIGIES /Ig CREGHTE

< ([, termae) T emiisie s (fweemae) i

1 3 1
— |2 1/2( R™+3/2(90)3 4 Rm—s+3/2

s

Then, choosing R = Hf|]£21/s|]f||11q/§, we obtain the desired result.
(2) This estimate is easily derived by the Holder inequality,

o = [ 1€ RO FOR de < NI IS

(3) This is also easily derived from the Fourier inversion formula and the
Hausdorft-Young inequality. O]

Now we state our main results.

Theorem 2.3. Let ug € x ' satisfy divug = 0 and [Jug|l,-1 < (2m)*v.
For T > 0, assume that w € C([0,T); x~') is a solution to (NSq) in the
distribution sense satisfying

U € LI(O,T; Xl), owu € LI(O,T; X_l).
Then, u satisfies

t
[w() [l + (v = (27T)_3HU0||X1)/0 [u(T)[lyr d7 < fluolly-1, 0<t<T.
(2.1.1)

Remark 2.4. From the a priori estimate (2.1.1), we especially obtain

ol
v = 2m) > uolly

||U||L°°(O,T;x*1) < ||U0||x*17 ||U||L1(0,T;x1) <

As an application of Theorem 2.3 we obtain the global solution to (NSg).
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Theorem 2.5. Let s > 3/2 and Q € R. Assume that uy € H*(R?) satisfy
divug = 0 and |Jug|-1 < (27)3v. Then, there exists a unique global solution
u € C([0,00); H*(R?)) to (NSq) satisfying

u e AC([0,00); H*1(R%) N L0, 00; H*T1(R?))

and

igg{llﬂ(t)ﬂxfl + (v - (27T)_3||1to||><1)/O lu(r) e dr} < [luoll -

Remark 2.6. Since s > 3/2, we have H® — yx~! by Lemma 2.1. For a
interval I and a Banach space X, AC(I; X) denotes the space of X-valued
absolutely continuous functions. There are several results which treats the
existence of a unique global solution to (NSg), see [10] and reference therein.
The advantage of this result is that the condition of the size of the data is
merely [Jugl-1 < (2m)3v.

Next theorem states the asymptotic behavior of a given global solution
to (N SQ)

Theorem 2.7. Let s > 1/2 and Q € R. Assume that u € C([0,00); H*(R?))
is a global solution to (NSgq) satisfying

u € AC((0, 00);, H™(R%)) 1 L. ((0, 00); H* (R9)).
Then, lim;_« ||u(t)]],-1 = 0.

Remark 2.8. In the Navier-Stokes case {2 = 0, this result corresponds to
the result in [3]. In that result, the assumption is only u € C([0,00); x ')
is a global solution. Compared with that result, additional assumptions are
imposed for the uniqueness of solutions.

As an application of Theorem 2.7 we obtain the following.

Corollary 2.9. The global solution to (NSq) derived in Theorem 2.5 satisfies
tlim |u(t)]] -1 = 0.

This chapter is organized as follows. In Section 2.2 we give a proof of
Theorem 2.3. In Section 2.3 we prove Theorem 2.5 as an application of
Theorem 2.3. In Section 2.4 we give a proof of Theorem 2.7.



2.2 Proof of Theorem 2.3

In this section we give a proof of Theorem 2.3.

Proof of Theorem 2.3. By applying the Fourier transform to the equation,

we have
O + v|E[PTU + Qes x U+ F[(u, V)u| +i€p = 0.

Thus, we obtain
O,|u)* = 2Re(0,1 - )
= —20|¢|ul* — 2QRel(es x @) - 1] — 2Re{F[(u, V)u] - u} — 2Re|[(i€p) - a].
Here, since _ o o
(63 X ﬁ) ‘U= —ﬁgﬂl + ﬁlﬁg =2¢Im [ﬁlﬂg s
we observe that Re[(es x 1) - @] = 0. Also, we have (i€p) - u = 0, since
divu = 0. Moreover, we notice that

(2m) i * Dy (€)

NE

Fl(w, V)u] ()

i
I

|
E

(21)3 / G(E — ) imty (n) dn

Eo

w ||
—

(2m)%igy / k(€ — ) 5(n) d,

Eo
—_

since Zizl(fk — n)uk (€& —n) = 0. Therefore, we obtain

3
Ot + 2v[EP[al” < 2(2m) Y 1€k (] * [i35]) |uy)
G k=1

< 2(2m)~"le| [al (@l * [a).

Then, for € > 0, we observe that

O ful?
~|2 1/2 t
ol +)" = S L o

vI¢|*[al® 3 €l ] PO
< - —~ + 2 — s * .
- (|U|2+6)1/2 ( ﬂ-) (|u|2+€)1/2 (|U‘ ‘u|)



Integrating with respect to ¢, we obtain

; oy 1 VPP
(P +2)2 + [ LS s dr

< (@) +2)" + (2m) /0 (m‘(i’ gﬁ?f);

75 ([a(r)] * [a(r)])(€) dr.

Then, letting ¢ — 0, we get

e, €)] + / VIR f(r, )] dr < [io(€)] + (2m) / €] ([a(r)] * [a(r)) () dr.

Finally, dividing by |£|, and then integrating over R", we obtain

t t
s+ [ Tl dr < Juoll + @) [ ) o e

By applying Lemma 2.1 (2), we obtain,

[u@®)llx-1 + Vilull sy < lluolly-1 + (2) 71l oo 0,051 el 22009 x0)-
(2.2.1)
To derive the desired estimate (2.1.1), it suffices to prove that
[ull Lo (0,5x-1) < lluolly-1, 0<t<T.
For the proof, we first show that
|u)|| -+ < 2m)*y, 0<t<T (2.2.2)

holds by contradiction. From the assumption |ug|l,-1 < (27)%v and u €
C([0,T); x™1), we observe that there exists § > 0 such that (2.2.2) holds on
0,6). Now assume that there exists to € (0,7) such that |[u(t)|,-1 < (27)v
for 0 <t <ty and

luto) - = (27)°r,

then by (2.2.1) we reach the contradiction
(2m)* = [[u(to) - < luolly— < (27)%,

since [[ul|poe((0,t0);x-1) = (27)%v. Therefore, we obtain (2.2.2). Finally, apply-

)

ing (2.2.2) to estimate on the right hand side of (2.2.1), we obtain
[u(®)ll-r < lluoll-1, 0<t<T.

This completes the proof. n
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2.3 Proof of Theorem 2.5

Below we fix 2 € R. For the existence of local solutions, we employ the
following result.

Proposition 2.10. Let s > 3/2. For ug € H*(R®) with divug = 0, there
exists T = T(|Q, s, ||uo|lgs) > 0 such that (NSq) admits a unique strong
solution u € C([0,T); H*(R?)) satisfying

u e AC(0,T); H*"(R®)) N LY(0,T; H*(R?)).

Remark 2.11. (1) For the proof, we refer to [13, Lemma 3.1]. We notice
that the condition in [13, Lemma 3.1] is s > 3/2 + 1, because their main
subject is the Euler equation. For the above statement, s > 3/2 is sufficient.

(2) In this proposition, the size of T' is characterized by

ColQUT + Cy|ugl|gs(T 4+ TV?712) < . (2.3.1)

N | —

(3) Since s > 3/2, the solution constructed by Proposition 2.10 satisfies the
assumptions in Theorem 2.3. In particular, since

Ou = vAu — QP(e3 x u) — P(u, Vu) in H**
holds for a.e. t € (0,T), where P = (8;;+ R, R;); ; is the Helmholtz projection,
we easily observe that du € L'(0,T; x™1).
We will use the following energy estimate.
Proposition 2.12. Lets > 0 and T > 0. Assume thatu € C([0,T); H*(R?))
is a solution to (NSq) satisfying
u € AC([0,T); HY(R*) N LY(0, T; H"(R?)).

Then, u satisfies

[u(t)]

Remark 2.13. For the proof of this proposition, we also refer to [13, Proof
of Theorem 4.1]. There, we easily observe that

d
()

C [ IVu(r)l oo v 0<t<T.

Hs S H'U,()’ Hs€E

e < Ol Vu(t)|| < lu(t)]

HS

holds for s > 0. We notice that the term concerning {2e; x u vanishes due to
its property of the skew symmetry in H®.

11



Now we are in a position to prove Theorem 2.5.

Proof of Theorem 2.5. Let T be the maximal existence time of a unique
solution derived by applying Proposition 2.10 repeatedly. Now assume 7™ <
oo. Then, by (2.3.1), we must have

u(t)]
Since this solution satisfies the energy estimate in Proposition 2.12, we

have
[[u(t)]

Then, since |Jug|,-1 < (27)3v, applying Theorem 2.3 we obtain

e = 00. (2.3.2)

lim
t—T*

e lo VUl dr o < p e

He < ||uo|

et
v~ @m) 3 uoll,—

T*
/ V()= dr < oz <
0

This implies supg.,p+ ||u(t)|| s < 0o, which contradicts to (2.3.2). O

2.4 Proof of Theorem 2.7

In this section we give a proof of Theorem 2.7.
We take € > 0 arbitrary small. Since ug € H® — x~!, we are able to take
Ry > 0 such that

[ el < 5
1€1>Ro

Now we set

vo = F X(le/<roy o)y wo = F[X{iel> roy o)

Then, we observe that vy € H®, wg € H®, ug = vg + wy, and

9
ol < 5.

By applying Theorem 2.5 for the initial data w, we obtain the solution
(w, pw) to (NSq). Then, w € C([0,00); H*) N L*(0, 00; H**') satisfies
€
27

t> 0.
(2.4.1)

t
[w(@)fl + (v = (27T)_3Hwo|!x1)/o [w(T)[lxr d < flwolly-1 <

12



Now we set v := u — w. Then, v € C([0,00); H®) satisfies
v € AC((0,00); H™(B) 1 L} (0, 00; H* (R?))
and

0w+ vAv+ Qes x v+ (v, V)v+ (w, V)v + (v, V)w + V(p — py) =0,
dive = 0,

V|t=0 = vo.

Taking L?-inner product with v, the equation becomes

d
o1z +vIVeD)lze = (v, V)w, v) 2.

Since
(v, VYw,v)r2 = —(w, (v, V)v) 2,

we obtain

(v, V)w, v} 2] < flwl| o< [0l 2 [ Vo]l 2
< Cllwllyollv] 2| V]| 22

< Clwlollvlz + 5 Vel
Therefore, we obtain
d 2 v 2 2 2
SO + 2 IVo@2 = Collw®) o).
Then, by Gronwall’s inequality,
O+ [ 190l < PO 6 (24

Here, by (2.4.1) we have

[woll -+

2m) 3 [wolly
(2.4.3)

t
/ W™ Re dr < w1 Wl < 5 =
0

Therefore, by Lemma 2.1 (1), (2.4.2), (2.4.3) we obtain

~ ~ ) ¢, ol
| le@trar < [ 0@ BveE < 2 ool e (i)
0 0

(2m) =3 {wol[y

13



Since v € C([0,00); x!), we observe that there exists ¢y > 0 such that
llu(to)|lx-1 < /2, and thus we have ||u(to) ||, -1 < [[v(to)|ly-1 +|lw(to)]l -1 < e.
So, applying Theorem 2.5 for the data u(ty) we obtain

[u(@)ll-+ < lulto)lly-+ <&, > 1o,

which implies limy .o ||u(t) |- = 0.

Here, we notice that in the final part of the proof we need the uniqueness
of solutions, which is assured in our class of solutions. In fact, if u;, and
ug € C([0,00); H?) are two solutions to (NSq) satisfying

Uy, Uz € AC([Oa OO); HS_I(R?’)) N Llloc(oa 05 H8+1(R3))7
then, u := u; — uy satisfies divu = 0 and
O+ vAu + Qeg x u+ (u, V)u + (ug, V)u + (u, V)us + V(p1 — p2) = 0,

and thus we obtain

d, _ v - - - -
EHU(t)Hiz +3 IVu(t)]|72 = (@, V)ug, @) 2| < [[Vua(t)||7e 0(t)]172-

Therefore, we have

d

—Na®lz2 = Cllua @)l @1 122

and Gronwall’s inequality implies u(t) = 0 for ¢ > 0.

14



Chapter 3

vy~ Theory

3.1 Main Theorem in y~! Theory

In this section, we state our main result and representation of the solution
of linearized equation of (NSg).

Theorem 3.1. Let ug € x ' and |lug|ly-1 < (27)v. Then, there is a unique
global in time solution u € C([0,00);x™!) of (NSq) satisfying

u € L*(0,00;x") N LY(0,00;x"),  Owu € LY(0,00;x71),

and

sup { Ju()r + (= 20 S ualn) [ @)l dr} < ualo

Remark 3.2. In the Navier-Stokes equations, the case 2 = 0, the corre-
sponding result is proved in [12, Theorem 1.1]. We notice that there is also
another approach by [14, Theorem 1.3]. The argument below is based on the
latter.

For the proof of Theorem 3.1 we consider the integral equation
t
u(t) = S(t)up — / S(t—s)PV - (u®u)(s)ds, (3.1.1)
0

where P = (§;; + R;R;);; denotes the Helmholtz projection, R; = ]—"’1%]—"

denotes the Riesz transforms, and V - (u @ u) = (3_; 9;(usu;))i=1,2,3. Here
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S(t) represents the semigroup corresponding to the linear problem

v — vAv + Qes x v+ Vg =0,
dive =0, (3.1.2)

U|t:0 = Vo,

which is given explicitly by

S0 (€) = cos (ﬂ%t) e 153 (€) + sin (Q%t) P R(E) R (©),

where [ is the 3 x 3 identity matrix and

& _&

05 I

R(¢) = gﬁ 0& Gl
R

For its derivation, see e.g. [8]. The integral equation (3.1.1) formally derived
as follows. We first apply P to the equation, then we have

Ou — vAu+ QPes x u +PV - (u®@u) =0, (3.1.3)
where (u, Vu) = V - (u® u) holds since divu = 0. Here, we notice that
QPes x u = Qeg x u+ Vq (3.1.4)

holds, where ¢ denotes the pressure to the linear problem (3.1.2). Indeed,
taking div to the first equation of (3.1.2), we have

div yu — vdiv Au + Qdiv (e3 x u) + Ag = 0.
Since divu = 0, it follows that

Ag = —Qdiv (e3 x u)
= Q(alu2 — 82u1).

16
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Since P = (d;; + R, R;); j, we find that

P€3 xu=DP U1
0
—U2 —R%UQ + R1R2u1
= Ui + —R2R1U2 + R%Ul
0 —R3R1U2 + R3R2u1
1
= —V ,
es X u+ 0 q

by definition of R;. Thus, we obtain the equation

Ou — vAu + Qeg X u+ Vg = —P(u, V)u,
divu = 0, (3.1.5)

U|t:0 = Ug,

Therefore, by Duhamel’s principle, we obtain (3.1.1).

3.2 Existence of Solutions for Any Time In-
terval

In this section, we state there exists a local solution of (NSq) if |Jugl/y-1 <
473v. First we prove the following lemma about S(t).

Lemma 3.3. Foru e S and u € L., we have

Pu)| < [ae)l,

and

S(Hu(©)] < e<Pra(e)|.

17



proof. By definition of P, we have
N u + Ry Zzzl Rju;)
|]P)UJ(£)’ =|F U + R2 zgzl RjUj)
U3+R32] 1R u])
A~ &1 i€
Ut g Za ! \5| ;)
=|| @+ Zy ! \s| ;)
U3 + ZI? Z] 1 \él ;)

2 2 2
ZWW—Ewew+éi&F§wm2

It follows that

2

Sl =

= oo (e 0 s () < e 2
ﬂ“(m) @+ (i) | <t
-t ()

= o (1) O + s { 0?
=mm%an(§)(m m@Q

< la)*.
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Proposition 3.4. For any T > 0, we define B : L*([0, T]; x°)x L*([0, T}; X°) —
L*([0,T];X°) as

t
B(u,v) = / S(t—s)PV - (u®@v)ds, wu,ve L*([0,T];x°).
0
Then, B is the continuous bilinear map, and

1Bl :=  sup [|B(u,v)[[rz50 <

lul< ol <1 V2v(2m)®
proof. For T > 0 and u,v € L*([0,T]; x°), we have from Lemma 3.3

—

Blu,v)(t,6)| < / FIS(E = )PV - (u@0)](s,€)|ds
= / P Y - (1 0))(s, €)lds

< / e VIR | FIV - (u @ 0))(s,€)|ds

t
| el ol ).

19



Using Minkowski’s integral inequality and Young’s inequality, we have

' ST — 2\
3G i = ([ 1B 0et)” = </ ([ 15w olae) dt)
L ' ' —v(t—s)|€|? N R 2 3
([ o)
T T ) %
1 3 (A </RB\/() X[O,t](S)e*V(th)m?|£Ha’ * ’@\|d5d§) dt)

T T , :
(/ o 2v(t=s)[¢] |€|2 (’ﬂ‘ * ‘ﬂ(s’f))z dt) dsd§
R3 JO s

27)3
_LS/ /T|g||a|*|a|(s,g) (/T6_2V<t_s)§|2dt)2d8d€
\/@2# /Ra/ [l # [ol(s, &) dsds

1

<

1

e ML OB DI ORI
1

V2u(

=

IN

< ]| 220,710 1V | 22 (0,77:x0)

2m)3

where X0, is characteristic function on [0,¢]. Thus we conclude

1
18] < m

]

Theorem 3.5. Let ug be in x ™ and |lugl|y-1 < 4m*v. For any T > 0, there
is a unique solution u € L*([0,T];x") of (NSq) such that ||ull L2010 <
273/ 2v.

Now we use the following lemma to prove this.

Lemma 3.6 ([2]). Let E be a Banach space, B a continuous bz’linear map

from Ex E — E, and a positive real number o such that a < 4HBII For any

20



a in the ball B(0,a) = {z € E;||z||g < a}, then there exists a unique x in
B(0,2a) such that © = a + B(x,x).

Using Lemma 3.6, we can prove Theorem.

we can get for any T > 0,

( *”'f‘%lu (¢ >|d5)2dt>é
</ ( / -ZV'WW >|2dt)%dg
< L

proof. Using ||B]| <

2)37

[S()uollL2(o/7:x0) <

ol
Ug|[y—1-
T
2u(2r)>
Since ||uglly-1 < 47y, we have ot LYl -1 < Vav(en)?® 4H18||'

So using Lemma 3.6 for o = 2V7T3, E = L*([0,T);X°) and a = S(t)uy,
we can conclude there exists a unique u in B(0, 2a) such that u = S(t)ug +
B(u,u). Moreover, we have ||ul| 2o 1150 < 2+ V2um® = 273/ 20 O

3.3 Existence of Local Solutions for Any Ini-
tial Data
In this section we prove existence of local solutions for any initial data in
-1
X

Theorem 3.7. For any uy € X, there exists a positive number p = py, > 0
and T = T(v,||uo|x-1,p) > 0 such that (NSq) has a unique solution u €
C([0,T);x™") satisfying

we L0, T:x°) N LY 0, Tix'), € L0, Tix 7).
Remark 3.8. T is determined by

7T61/

T'= ——5—.
20%, luoll3-1
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proof. We fix some positive number p,, > 0 such that

|0 (&)
—2(d
/mpuo g =T

Defining u) = F~ (X p(0puy) (€)@(£)), we get

T 2
5Ol = ([ ([ 1Fs@@l) dt)
. ~ 2\ 2
/ (/ \u%(f)\ds) it
0 [€1<pug
T 1 2
- — | d d
< /D(/|§I<pu0|s| RG] 5) t

1
< puolluoll - T3,

[SIES

IN

[N

So using Minkowski inequality, we deduce that

1S ()t 20,100y < IS(E) (w0 — ud) | z2(0.17x0) + IS )| £2(0.77:00)

1

T 2
/ / e PG (©)dE | dt |+ puolluoll 1T
0 €12 pug
T ) % 1
< / ( [ e Wg)mt) 06 + puy o]l T
§‘>pu0 0

»

IN

|10(€)
= d£ + pPu HUOH —1T2
V 2v /§|>pu0 |£| ’ X
1
< —— 10+ puol | T2,
2v
So if )
TV
T=——"——, (3.3.1)
2p% o2 -
we get

IS (#)uollL2(o.11:x0) < v,
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By Lemma 3.6, this implies that (NSq) has a unique solution w in L2([0, T'; x°).

Now we show u € L'([0,T]; x!).

T
15ty s = / 1S(uolldt

- [ [ st

T
< [ lelte) [ e earae
< [ ool

R3 V|§|2

Dol
= —||uo||y-1-
1% 0X1

Similarly, we see that by Lemma 3.3

g/OT/RB !6\/Ot\f[S(t—s)]P’V~(u®u)](s,§)|dsd§dt

/Otsu )PV - (1 ® u)(s)ds

Lix!

T ¢
< /0 /R ¢l /0 e VP9 | FIPY - (u @ w)](s, €)|dsdédt
T t 9
—V|§|2(t—s)iA N
= /0 /Rs/o ‘ (gﬂ)3‘“| * |ul(s, §)dsdédt
T 1 R R
: / /R el * [El(s, )deds

<o [ IR
_V(27T>3 0 X0 "

Therefore we obtain that u € L*([0, T]; x').
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We see u € L¥x!. Indeed, we have

IS#)uoll gy = sup [|S(E)uolly-—1
0<t<T

= sup | €[S (t)uol€)lde

0<t<T JR3

—1,—vigPt) o
< sup [ [¢]7 e @y (€)|de
0<t<T JR3

/ € @ €)]de = Jluoll—

Moreover using Lemma 3.3 and Hausdorff-Young inequality, we obtain

/0 "S(t— )PV - (u® u)(s)ds

LEx—1

sup
0<t<T

= SUP/ N
0<t<T JR3

= sup / N
0<t<T JR3

< swp / Jel / FIS(t - $)PY - (u®u)(s)) (s €)|dsde

0<t<T

/OtS(t PV - (1 ® u)(s)ds

X71

F {/{:S(t — 5PV - (u@u)(s)ds} (5)’ de
/ot FIS(t =PV - (u@u)(s)] (s,€)ds

dg

< s [ [ FONFEY o u)(o)] (5. ldsie
< sw [ [ EONET o )6 (5.l

su / |£| 1/ —v|€]2(t—s)
ozeer Jgs
1
sup / / [l « (5, )5, €)deds
0<t<T

* [ul(s, §)dsdS

| N
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It follows that u € L¥x ™ .
Next we prove dyu € L'([0,T]; x~'), which implies v € C([0,T]; x~'). We
have

Owu(t) = vAu(t) — QPe3 x u(t) — PV - (u ® u)

in the distribution sense.
Then we see that

T T
| nauolode< [ [ e = ulo

and

|y woueas [ ] A9 @oule e

T

g/ / @] + |aldedt
0 R3
1

<

>~ (27T)3 ||u||L%XO'

Since u € L¥x ™!, we see
T
/0 |QPes x u(t)]|y-rdt < QT |[ul|gor1.

Thus we have du € L'([0,T]; x~'). Finally, we prove uniqueness of the
solution to (NSq) in L¥x~' N Lix'. For u,v € LEx~' N Lix!, we set
w = u — v. Then, we observe

w(t) = {S(t)uo _ /0 'St — )P (u e u)(s)ds}
- {S(t)uo - /OtS(t _ PV (v® v)(s)ds}

= —/tS(t—s)IP’V-(u®u—v®v)(s)ds.
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So by Lemma 3.3, we see
w91 = |7 [ [ sa- 98V (e u—ve o) ©)
< /Ot FIS(t— )PV - (u@u—v@0)] (s, )| ds

t
< / VIR (=) |FIPV - (u®@u—v®0uv)|(s,§)|ds
0

IN

/0 e | F IV (@ (u—v) + (u—v) @ )] (5,€)| ds

1 t 5 R N o
< oy [, I ¢ (7€) + 18] 715, ).

Then we have

1 b PN
el < g [, [ AR @0 + (71 + 1) 5. e
1 t
< o /| (@)l + ol ods.

Using Lemma 2.1, for € > 0, there exists a positive number C. such that
1 1 1 1
[us)llyollw(s)llxo < fluls)l 5 lluls)ll -1 - lw(s)l 3 llw(s)l -
< Celluls)llxr lwls) - +elluls)llx-llwls)llx-

Thus we have

[wl[Lgen—1 < ellullgon—rlwllpyyo + Cellullpyp lwl] g1
Similarly we see

v[wllpy < ellullzg-rllwllpya + Cellull o lw] Loy

Here we take sufficiently small € > 0 such that
v

ellullpgx— < -

Furthermore, if we take 0 > 0 such that

1

C€||u||L%X1 < Za
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we have
[wll zgex— + vllwll g <2eflullzgey—llwllzpe + 20 ull g lwl g
< S([wllzgx-r +vlwlppa)-
Thus we deduce [[wl|peey-1 + v||wl|g1,1 = 0. Therefore , we have

w(t) =0, telo0,d).

Repeating this argument, we see uniqueness of the solution. O

3.4 Proof of Theorem 3.1

In this section, we prove Theorem 3.1.

proof. Let T* be the maximal existence time of a solution of (NSq), derived
by applying Theorem 3.7 repeatedly. Suppose T < co. By (3.3.1), we must
have
lim
t—T*

u(t) [l = oo,

or
lim p(t) = oo, (3.4.1)

t—T*

where p(t) is determined by

p(t) = inf {p > 0; Aﬂ %dﬁ < 7r3y} .
>p

We easily observe that supg,.p- |[u(t)||y-1 < ||uolly-2 by Theorem 2.3.
So, it suffices to show that (3.4.1) would never happen. For 0 < t < T*, we
find that

—

Ju(t, §) < [S(t)uo(€)] +/Ot [FISE = $)PV - (u@u)](s, §)]|ds

<R+ [ I e )]s, )l
0

t

< @@+ [ e MFIFIV - (uw@u)(s,€)|ds

t 2 |§| x|
eV =lEl 5L 13 (s, €)ds.

(27)?

< [ao ()] +

J
J
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Hence we see that

[,z 1806 ©lgide < ol + / [ s

<ol + gy [ 1) s
0
1
< ||U0||X e YY) (27_(_) ||u||L2 ([0,7%);x9)

Applying Theorem 2.3, we obtain that

T*
T / () 20t
T*
< [ @ uold
0

[0l

V= @n3 ||“0||><*1

< [luollx- -

Thus we have there exists some M > 0, such that

/R sup [a(t, >\|£,ds<M

3 0<t<T*

This implies that we are able to take p > 0 such that

d
/5 sup [a(t, € >r|§| ¢ <,

|>p 0<t<T*
we get for any 0 <t < T™,

~ ju(t, §)|
d ———d
/|§>p‘ wh:4) €] ‘< /£|>p0<sl}1<pT* €] Ser

This contradicts to (3.4.1).
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