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We study relativistic stars in the simplest model of the de Rham-Gabadadze-Tolley massive gravity
which describes the massive graviton without a ghost propagating mode. We consider the hydrostatic
equilibrium and obtain the modified Tolman-Oppenheimer-Volkoff equation and the constraint equation
coming from the potential terms in the gravitational action. We give analytical and numerical results for
quark and neutron stars and discuss the deviations compared with general relativity and F(R) gravity. It is
shown that the theory under investigation leads to a small deviation from general relativity in terms of
density profiles and mass-radius relation. Nevertheless, such a deviation may be observable in future

astrophysical probes.
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I. INTRODUCTION

Late-time accelerated expansion of the Universe has been
confirmed by several independent observations [1-9]. In
order to explain the accelerated expansion, we need to
include new energy sources, which are known as dark energy
(DE). The simplest example of DE is the cosmological
constant A. Furthermore, by including cold dark matter
(CDM) alongside the Standard Model (SM) particles, we
obtain the well-known ACDM model, which successfully
describes the current epoch of the Universe. The ACDM
model is, however, merely one of the phenomenological
models, and from a theoretical point of view, it suffers
from several theoretical problems. For example, we need to
theoretically explain the very large disagreement between the
theoretically estimated values of the cosmological constant
and the observational value, and the ratio of ordinary matter
and CDM with respect to DE in the current epoch.

Since one may regard that the inclusion of the cosmo-
logical constant could be a minimal extension of general
relativity, we can also consider the other extensions of
general relativity and investigate the possibility that these
extended theories could describe the real Universe. As
nonminimal extensions of general relativity to explain the
current expansion without a cosmological constant, modi-
fied gravitational theories have been proposed and inves-
tigated well (for a review, see, for instance, [10-14]). In
order to establish such a new gravitational theory, it is
important to study the cosmological models and compare
them with observational data. We should note that modified
gravitational theories could also be constrained by astro-
physical observations, for example, those of compact stars.
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Recently, massive and compact neutron stars whose
masses are Mg ~ 2M o, (M, is the solar mass) were found
[15—18]. It could hardly be understood in the framework of
general relativity and hadron physics so far if one uses the
stellar matter equations of state, which are comfortable
within astrophysics and hadron physics. Thus, there could
be two points of view to explain massive neutron stars: one
is from the particle physics side, which requires a phe-
nomenological change of the equation of state that is not
well justified, and another is the gravitational physics side,
using the convenient equation of state for stellar matter. The
sizes of the compact objects are determined by the balance
between the degeneracy force and gravitational force. In
order to explain massive neutron stars, three approaches
seem to be reasonable: (i) the repulsive force is stronger
than that realized with the standard equations of state,
(ii) the attractive force is weaker than that predicted in
general relativity, or (iii) we accept both cases (i) and
(ii) simultaneously. From the point of view of (i) based on
hadron physics, it was suggested that equations of state
could be modified by introducing new interactions [19,20].
From the point of view of (ii) based on gravitational
physics, it has been suggested that some models of
F(R) gravity can explain massive and compact neutron
stars [21-23]. In this work, we take on the viewpoint of
case (ii) and study if compact objects, quark stars and
neutron stars, are realized and how the internal structure of
compact objects deviates from that in general relativity if
we assume massive gravity coupled with matter, which is
described by the standard equations of state.

The de Rham-Gabadadze-Tolley (ARGT) massive grav-
ity [24-26] (for a review, see [27]) is the ghost-free theory

© 2016 American Physical Society
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with interacting massive spin-2 field. The basic idea of the
massive spin-2 field theory was proposed by Fierz and
Pauli in Ref. [28], where the consistent free massive spin-2
theory was given by adding a tuned mass term to the free
massless spin-2 field theory on flat space-time. It was,
however, shown that the Fierz-Pauli theory cannot recover
general relativity in the massless limit, due to the so-called
van Dam-Veltman-Zakharov (vDVZ) discontinuity [29,30].
After the discovery of the vDVZ discontinuity, in order to
avoid this problem, the Fierz-Pauli theory was extended to
an interacting theory by replacing the kinetic terms with the
Ricci scalar. As a result, the vDVZ discontinuity can be
screened by a nonlinear effect called the Vainshtein
mechanism [31]. Nevertheless, the nonlinear terms gen-
erate a ghost called the Boulware-Deser (BD) ghost [32].
The problem of the BD ghost mode has been discussed for
a long time, and the problem has finally been solved in
dRGT massive gravity by introducing a new form of
mass terms.

dRGT massive gravity is considered to be able to avoid
the constraint from the Solar System and terrestrial experi-
ments thanks to the Vainshtein mechanism, where the
nonlinear effects hide the extra degree of freedom coupled
with the matter source. At the same time, the massive
graviton leads to the modification of long-range gravita-
tional force because the gravitational potential is modified
to be the Yukawa-type potential, where the scale of
modification is characterized by that of the graviton mass.
Thus, one may expect that the mass of a massive graviton
could be comparable to the cosmological constant, which
could explain the accelerated expansion of the Universe
without introducing the cosmological constant [33-37].

As we regard the dRGT massive gravity as an alternative
theory of gravity, it is interesting to apply this theory to
astrophysical phenomena as well as to the accelerated
expansion of the Universe. It is very difficult to construct
the general framework that quantifies the deviations from
the predictions of general relativity in a strong-gravity field
because the nonperturbative effects depend on the detail of
each theory and parametric treatment is not suitable [38].
Furthermore, it is significant if we could conclude that
astrophysical and cosmological applications are compatible
with observations in the specific theory of modified gravity.
For the above reasons, it is indispensable to study compact
objects in dRGT massive gravity in the same way as in
F(R) gravity, as an astrophysical test of massive gravity in
the strong-gravity regime.

This paper is organized as follows: in Sec. II, we give a
brief review of dRGT massive gravity and derive the
equations of motion. In Sec. III, we consider the spherically
symmetric stellar metric and derive the Tolman-
Oppenheimer-Volkoff (TOV) equations in the minimal
model of dRGT massive gravity. It is shown that one
constraint equation coming from the potential terms in the
gravitational action appears. It leads to an explicit
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difference from the case of general relativity. In Sec. IV,
we present the numerical analysis for the quark star and
neutron star for some convenient equations of state. In
particular, the mass-central density and mass-radius rela-
tion are numerically analyzed. In Sec. V, we summarize the
obtained results for relativistic stars and discuss the
differences in massive gravity between general relativity
and F(R) gravity.

II. THE ACTION AND EQUATION OF MOTION
IN DRGT MASSIVE GRAVITY

In this section, we give a brief review of the dRGT
massive gravity and derive the equation of motion. The
action of the dRGT massive gravity [26] is given by

1
SarGT :W/d“x — det(g)

4
X [R—ngz,ﬂnen< g_lf>] + Smatter- (1)
n=0

Here, g,, and f,, are dynamical and reference metrics,
respectively, and « is the gravitational coupling given in
terms of the Newton constant of gravitation G, k> = 87G.
In (1), the coefficients f, and m are free parameters. The

matrix \/¢g~'f is defined as the square root of g fows

that is,
H P
( g_1f> ( g_1f> = gﬂpfplw (2)
p v

For general matrix X, ¢, (X)’s are defined as polynomials
of the eigenvalues of X:

wX) =1 e(X)=[X]

ex(X) = 5 (IX]? = [X7),

x(X) = ¢ (X" = 3[X][X?] +2[X7),

es(X) = 53 (IX]* = 6[X]2[X?] + 3[X]2
+SXIX] - X)) = det(X),

e (X)=0 fork >4, (3)

where the square brackets denote traces of the matrices, that
is, [X] = X/. For conventional notations in this paper,
hereafter, we denote the determinant of a matrix A as
det(A), and VA represents a matrix that is the square root
of A.

We should note that a nondynamical tensor is required in
order to describe the massive spin-2 field because we
cannot construct the potential terms without derivatives
only by using g,,. We may consider the invariants that
consist of g, , for example, gf,,, or g, but they are constants
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that correspond to the cosmological constant. We should

also note that e, (/g™ f) can be ignored when we study the
dynamics because

—det<g>e4< g”f)—JTt(f» (4)

which is nondynamical since f,, is a nondynamical tensor
and does not appear in the equation of motion. By the
variation of g,, in Eq. (1), we obtain the following equation
of motion:

1 1,8
OZR/U/( )__R g)gﬂv+2m Z nﬂn

n=

X [gﬂAY?n)y ( \/ g_lf) + gv/lY?,g#( g_lf)i| - KZT;W‘

(5)
Here, for a matrix X, Y,(X)’s are defined by
) =D e X9
or explicitly,
Yo(X) =1, Yi(X)=X-1[X],
2(X) = X2 = XIX] + 3 1(XP - [X7),
Y3(X) = X° = X2X] + 3 X(IXP - [X7)
~ CA(XP -3XIXT 420X ()

Note that since the ¢,’s are written in terms of the trace of
g~'f, the following formula about the variation of the trace
could be useful,

(7)) -

Then, we obtain

(e (o))

n

= (—1)’+'tr<g(\/5f_‘f)r59“)en_

(Va'r). ©
r=0
and the third term in Eq. (5) is symmetrized with respect to
the indices u and v. If the metrics g and f are diagonal, the
matrix \/¢~!f is symmetric and the equation of motion is
written as
G, + m(z)llw = K2T

pv

(10)

where G, is the Einstein tensor, and we define the sum of
interaction terms 7, as follows:
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:i 1" Bugui Yy < g‘lf)- (11)

In Eq. (10), T, is the energy-momentum tensor, and we
assume that matter is minimally coupled to gravity in order
to avoid the ghost problem due to nonminimal matter
couplings [39,40].

III. MODIFIED TOV EQUATIONS
A. Ansatz

In this section, we study the static and spherical
equations of motion with the perfect fluid in hydrostatic
equilibrium. It is called the TOV equation in general
relativity. At first, we calculate the curvature and the
interaction terms for the spherically symmetric case and
check how the TOV equation is modified in dRGT massive
gravity.

For the dynamical metric g,, and reference metric f,,,
we assume the static and spherically symmetric ansatz in a
polar coordinate system,

e?dr’> +e**dp? + D*(p)(d6? + sin’Odg?),
(12)

Gudxtdx" =—

fudxtdx? =—h(p)di* +h™" (p)dp* + p*(d6* +sin’0dg?),
(13)

where p is the radial coordinate and ¢ and A are functions of
P, ¢ = ¢(p) and 2 = A(p). We note that we do not consider
the general class of the reference metric but a specific one
that is inspired by the static and spherically symmetric
solution in general relativity. h(p) is a function of p; for
example, i(r) = 1 — 2 for the Schwarzschild-type metric.
We also assume that the center of the space-time described
by f . locates at the center of physical space-time described
by g,, for simplicity.

In order to compare the difference between general
relativity and dRGT massive gravity, we change the form
of the above ansatz as follows: we define the new variable r
so that D(p) = r?, which can be solved with respect to p,
p = x(r), and we find

Gudxtdx’ = —e*Pdi* + e*dr* + r*(d6* + sin*0de?),
(14)
fudxtdx’ = —h(r)dt* + =1 (r) (' (r))?dr?
22(r)(d6* + sin* Odg?). (15)

We note that the scalar function y(r) corresponds to the
degree of freedom of the Stukelberg field. The general
coordinate transformation invariance is broken in the
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massive gravity, but it can be restored by changing the
Stukelberg field. In our case, the radial coordinate is chosen
so that the dynamical metric identified with physical space-
time is treated in the same procedure as the TOV equation.

For the above ansatz, we obtain the nonvanishing
components of the Ricci tensor and the Ricci scalar as
follows,

" "2 /91 2¢/ 2(¢p—2
Ry, = |¢"+(¢') —¢'A +Te<¢ ), (16)

2/
R,=—'—@P+r+2. )
Ryg=—(1=Ar+¢'rje +1, (18)
R§0(P = Sin2 HRQH, (19)
20 2¢ 1 2
—¢”—(¢,>2+¢,ﬂ/+ . _i_pe—%{_’_ -
(20)

and the nonvanishing components of the Einstein tensor as
follows,

1 1-=2Ar 221

Gtt = ﬁew - 2 S (21)
1 142¢'r
G, =— Feu + — (22)
/
o =17 {45” + ()= - ¢] *(23)

/ /
Gyy = rPsin’0 [¢~ Ty ﬂ} U (24)

B. The minimal model with flat reference metric

Next, we calculate the interaction terms in Eq. (10) to
obtain the modified TOV equation in massive gravity. It is,
however, not so easy to study all the cases with different
parameters and different reference metrics because it is
impossible to obtain the general solution for all models in
dRGT massive gravity. In this subsection, thus, we specify
the parameters f, and reference metric and study the
modified TOV equation.

First, we introduce a minimal model of the dRGT
massive gravity where the parameters f, are chosen as
follows:
pr=-1

pr=0.  p3=0. (25)

Here, we should note that the interaction terms in (1) can be
expressed in terms of another variable K = /g~ ' f — 1,
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Zﬁ(@) S e, (0
n=0 n=0

The parameters a, are related to f, by the following
relation,

1 n+i
a,. (27)

=(4-1i) 2(4

Then, if we require the flat solution and the recovery of the
covariant Fierz-Pauli action in the limit where the gravi-
tational coupling vanishes, the general action of massive
gravity with parameters f, are reduced to a two-parameter
family with parameters a; and a4, where the minimal
model corresponds to (a3, ay) = (1,1).

So, we find that the interaction terms in the minimal
model are given as follows:

M(n—1i)!

I, = gtt(ﬁOYE()); - ﬁlyzl)t + ﬂ2Y22), _ﬂ3Y€3);)

— () <3 _ 2)((}") _ )(/]E:)) e—i(r)) , (28)

I, = grr(ﬂOY{o)r _ﬂl Yzl)r + ﬁ2Y€2)V - ‘B3Y€3)r)

— 21 (3 _ () ,/h(r)e—f/’(”), (29)

166' = gGH(ﬁOY?O)g - ﬂl Y(gl)g + ﬂQY(gz)g - /33Y(93)9)

:r2< _)@_ X(r) —A(r) _ h(r)e—aﬁ(r)), (30)

€
r h(r)
Lyg = 995 (BoY 1oy = B1Y 1oy + BaY oy — B3 Ta)
/
= rzsin2€<3 _Hn) 20 e \/h(r)e_¢(’)>.
ro /h(r)

(31)

Now, we derive the equation of motion (10) in the minimal
model. For the matter field, we consider a perfect fluid with
the following energy-momentum tensor,

T,, = diag(e*’p,e* P, r*P, r’sin?0P). (32)

Then, one obtains (z,t), (r,r), and (6, 0), (¢, p) compo-
nents as follows:

1 1-2%
—82Gp(r) = -3 Je—zw)

+ 2
m _2)((’”)_)(/(’") —A(r)
3(3 p \/me’l ), (33)
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1 1+2¢/
82GP(r) = ——+ L. Aul rf (0)r 2107

+m} (3 - ZLr('”) - h(r)e"/’(r)>, (34)

82GP(r) = e 21 <¢” + (¢ - A - % + ﬂ)

r

+m(3-40 - X}g()) =40

_ h(r)e_¢(’>> ) (35)

We should note that the (6, 8) or (¢, ¢) component of the
field equation plays a crucial role in contrast to general
relativity. In the static and spherically symmetric case, the
Einstein equation leads to two nontrivial equations, (z, )
and (r,r) components. However, in massive gravity, we
need to take the (6, 0) or (¢, ®) component into account
because the degrees of freedom increase by introducing the
second metric f,,.

Next, we fix the reference metric f,,. For simplicity, we
assume that 2(r) = 1 in the reference metric f,,, that is, we
consider the Minkowski metric as the reference one with an
extra arbitrary function y(r):

fudxtdx’ = —di® + (i (r))2dr* + x*(r)(d6* + sin*dg?),
h(r) = 1. (36)

Note that the choice of reference metric requires special
attention for cosmological applications. If one considers the
simple Friedmann-Robertson-Walker (FRW) ansatz for g,
with the Minkowski metric for f,,, one cannot obtain
nontrivial flat FRW cosmology [33,34]. However, in this
case we choose the flat reference metric because it is better
to limit the number of free parameters for the numerical
calculation later. As a result, in our model, the free
parameter is only the graviton mass. Furthermore, we fix
the graviton mass by choosing the mass to be the cosmo-
logical scale.

In this case, the (¢,1), (r,r), and (6, 6), (¢, @) compo-
nents of the equation of motion are given by

1 1=2Y(r)r
—8nGp(r) = — ER T()e‘”(r)
2
+m? (3 _zdn) /(r)e—w)). (37)
r
1 1429
82GP(r) = —— + - f (D)7 2400
r r
2
+ m(z) <3 )((r) ¢(r)>’ (38)
r
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N ¢/
872'GP(V) — e—zx(r) <¢// + (¢/)2 _ ¢/A/ - +_>
r r

b (3 A e - e—¢<r>) e

Finally, we change the variables and rewrite the field
equations (37) and (38). Let us define the variable M(r),
which is called the mass parameter, as follows:

2GM(r)

e_Z/l(r) =1-=

, (40)

because we expect that external space-time is described by
the asymptotically Schwarzschild metric. Differentiating
the above relation (40) with respect to r, we obtain the
following equation,

1
~SM(r) = — 4 e (1 - 2rd)

%. (41)

Equation (37) can be rewritten in terms of the mass
parameter M(r) as

2G
7M’(r) =8nGp(r)

a0 (1 20M0) 7

.
GM'(r) =4zGp(r)r?

1
+§m%r2 [3—

r

(42)

On the other hand, when we operate the covariant
derivative on Eq. (10), we find that

V(G + m3Iw) =V, T, (43)

In general relativity with I =0, V,T* = 0 is automati-
cally derived from the Bianchi identity V,G" = 0.
Therefore, it is reasonable that T,, is assumed to be
separately conserved, and the conservation law V¥T,, = 0
gives

¢ =—(P+p)'P, = —/ (P+p)"'Pdr. (44)

Equation (38) can be rewritten in terms of the energy-
density p and the pressure P as
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87GP(r) = — % + % [1=2(P+p)~'P'r] <1 - 2GAF4(F)) +mj <3 - 2”—;’") —el (”f’)‘]”/"’) : (45)
Furthermore, Eq. (39) is given by
82GP(r) = {—«P F) Y (P ) PR (P —l—p)_lP’} (1 fGLﬁ)
- % {(P +p)7tP - ﬂ (1 - er(r))/ + m3 (3 —@ —7(r (1 - er(r)> " er’*P)'P’dr) . (46)

Additionally, the interaction term /,, has to be separately conserved, V,/* = 0, because V,G"” = 0 and V, 7" = 0.
Note that we can express the interaction terms as " = X" g%, where XY is defined as

2 2
X’; = dlag (3 _ @ _)(/(r)e_l(r)’ 33— )(’(.r) — e_¢(r)’3 _@ _)(/(r)e_i(r) — e—(ﬁ(")’ 3 _@ _)(/(r)e_i(r) — e“f’(’)) .

r r
(47)
Thus, the constraint is written as V, X’ = 0, and a nontrivial relation is given by V, X = 0 as
2 2y 2 2GM 1z 2
0= (G000 - = (2 pr i) (1-2580) P2 (48)
r r r r r
Now, we introduce the dimensionless variables defined by

M - mM, r—r,r, p—)ﬁMQ/rZ, P—>pM®/rg,, my = aM . (49)

Here M, is the solar mass and r, = GM,. After the short calculation, Egs. (42), (45), and (46) are rewritten as

~ 1 2 2 1/2
m'(r) = 4xp(r)r* + J@*(ryMo)*r? {3 20 (1 - m(’”)) } , (50)
; r r
I 1 2 2 -
sp() ==+ 5 1= 20+ 777 (12202 ) b (o2 (- e ) sy
r r ) r
~ - 1 - 2m(r 1 - 1 2m(r)\’
8zp(r) = [—((p +p)7 )+ ((p+p)7 P = (p +p)"p/] <1 —%) -3 [(p +p)7'p' —;} (1 - r< ))
2 1/2 PN
+ P (r,M)? <3 _2 <1 - m(’)> —eJ oy d’). (52)
: r r

And, the constraint (48) is rewritten as

0= (—(p +p)7'p' +%> <1 —2m—(r)> vz

r r

(53)

For mgy = 0, Eqgs. (50) and (51) reduce to ordinary TOV
equations consistently,

m'(r) = 4zp(r)r?,
o dmp(A + ()
P(r) = r(r—=2m(r))

(p(r) +p(r).  (54)

We should note that the constraint equation (53) does not
appear in the above equations because the interaction terms
do not appear in the action (1). We also note that, in

Eq. (38), e appears from the mass term, which is a unique
property in massive gravity. Since ¢’ can be expressed as a
function of p and P in Eq. (44), the integrations of p and P
appear in the modified TOV equation. As we will see in the
next subsection, the TOV equation in massive gravity
becomes a second-order differential equation because of
the integration.

C. Constraint and field equations

In the previous subsection, we saw that one constraint
equation comes from the conservation law for the inter-
action terms. In this subsection, we substitute the constraint
into two field equations and complete their further defor-
mation into a form suitable for numerical calculation.
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At first, the field equations are written as

1
m'(r) = 4zp(r)r* + E(Jtz(rgM@)zr2 {

701
sap(r) == 5+ 251 207) (1 - 2’"(”) @ rMo 2<3 fqdr)

r

and the constraint is

Here, we define a new variable ¢ as

o . P
g=(p+p)'p. P=7y

Equation (58) is the constraint for V,,I’“’ = 0 and can be rewritten as

(2 (-3e)”

87p(r) = —%+ (1 - 24r) (1 _%qr> L a2(rgMO)2<3 _2x_£r)_ efqd,)’
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D. Consistency check field equations and use one equation of state later. So,
the system appears overconstrained, and we need to
check that the two equations are identical.

From Eq. (63) and Eq. (65), we can eliminate »’ and
obtain

In the last section, we derived the three field equa-
tions where the mass parameter m(r) is eliminated by
substituting the constraint. Here, we have three arbitrary
functions; y, p, and p. On the other hand, we have three

|

sl (1 1 1\~
S ST _= AT
ﬂ‘] r2+<r2 q(q r ta 24"

3 (e D ro(1-50) +@lmop[ A el w). (66)

2

Furthermore, we use Eq. (64) and eliminate y:

o 1 1 -2
8zp(r) + 1627 = ——=52¢'r* =2¢*r* +4qr +1) <1 - —qr)
q r°r 2
1 ! 1 - 2 2 fqdr
——(I+an(gr+a)(1-5ar) +3a(r,Mo)*[1 -] "], (67)
On the other hand, from Eq. (64), we obtain
1 1 -2
a*(ruMo)*y = —4np'r —4np ~53 <1 —Eqr> (1 =2qr)
A2 ) st -2an-L(1-La) T @r+ )
2 qu qr—r—4g qr . 2‘]” qr—r—4g
11 :
+ﬁ+§a2(rgM®)2[3 -(1+ qr)efqd ] (68)

and substitute it into Eq. (63)

Pl 2 1/ = . )
Sﬂngﬂ;—ﬁ‘l—ﬁ l—iq(r)r +- l—iq(r)r (q'r +q) +3a*(r,M)

1 1 -2 1 1 1 -2
+87p -2 (1 ——qr> (1-2qr) +p_a2(rgM®>2 [3 —ef"dr}—i- (4ﬂp/r+4ﬂp +— <1 ——Qr) (1 —2gr)

2 2r2 2
Ll s =200+ (1= Lar) (@ + 0
5 sar) (dr+q qr) +- sar) (dr+q
11 . 1\
_p_gf)ﬂ(rgM@)zP—(l+c]r)ef"dD(I—EQr> . (69)

After tedious calculation, we obtain the following equation,

Pr_1 1., 2.2 LY?
8zp + 1671~ = — — = (2¢'r* = 2¢°r* +4qr + 1) 1 = - qr
q r°r 2
1 L R 2 2 [ adr
- I—Eqr (g'r+q)(1 + gqr) + 3a*(r,M,) [l—e ] (70)

Equations (67) and (70) are degenerate, and the number of functions and that of equations are identical.
Finally, we find that we need to solve the following equation,

1 1 -2
8zpq + 167p’ = % -5 (299 = 2¢°r* + 4¢°r + q) <1 - Eqr>
r

L

qr> _3(q’r +q)(1 + qr) + 3a*(r,My)? [q - qef"d'} : (71)

SN IR
| =
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For the equation of state that relates the energy density p(r)
with the pressure p(r), Eq. (71) is expressed as the
differential equation with respect to p(r). By solving
the differential equation, we can find the r-dependence
of the pressure p(r).

IV. NUMERICAL ANALYSIS FOR
RELATIVISTIC STARS

A. Quark stars

In the last section, the fundamental equations and the
dynamical variables have been formulated to investigate a
relativistic star in dRGT massive gravity. In this section, we
study the quark star and neutron star by numerical
simulations. Such stars have been studied in F(R) gravity
[21-23,41,42]. We compare our results in massive gravity
with those in F(R) gravity as well as in general relativity.

The methodology in our numerical simulations is dis-
cussed below. In our study, we solve the third order
ordinary differential equation with three boundary con-
ditions. We set the first conditions as a value of central
density by hand because we need relations of some
parameters for a certain central density region. Also, we
set the second condition as p’(r = 0) = 0. Finally, we set
the third condition to be that the radius of the star becomes
identical with that in general relativity for the choice of
central density. The radius of the star r = r is defined by
the condition p(ry) = 0.

For solving the equation numerically, we treat the
problem as an initial-value problem at the center r = 0.
We set two of the initial conditions as a value of central
density and p’(r = 0) = 0 as before. But we should choose
the value of p”(r = 0) such that the last boundary con-
dition is satisfied. So we optimize the value of p”(r = 0)
(shooting method).

We should note that the only free parameter in our model
is the graviton mass, and we assume m, = /A because we
use dRGT massive gravity. Also, the graviton mass is
constrained by observation in the Solar System and should
be small [43-48].

At first, we study the quark star, using the equation of
state called the MIT bag model [42]. The equation of state
is given by

p = c(p—4B). (72)

Here, ¢ depends on the mass of strange quark mg, and ¢ =
0.28 if we choose m, =250 [MeV]. B is called a bag
constant, which we fix as B = 60 MeV/ fm3. Then, we
search p(r), which satisfies p(r) =0. Note that the
equation of state is linear; thus, we stop the calculation
if p(r) gets negative and define r = r( as the point between
p(r)>0and p(r) <O0.

We plot the m —p, m—ry,, relations in general
relativity (blue line) and massive gravity (orange line)

PHYSICAL REVIEW D 93, 124013 (2016)

M(fmax)
2.0r

1.8+
1.6

1.4
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1.0¢

0.8+

0.6}

log(p/g cm=3)
146 148 15.0 15.2 15.4 15.6 15.8

FIG. 1. This figure shows the mass-central density relations for
quark star in general relativity and massive gravity.

(see Figs. 1 and 2). The total mass of the quark star is
smaller than that in general relativity.

B. Neutron stars

Next, we study the neutron stars, using the equation of
state called the SLy model [49]. The equation of state is
given by

¢ =log(p/g em™),
¢ = log(P/dyn cm~2),

Folw) = —

RS 7

~6.22+ 6.121& + 0.006004¢3
N 1 +0.16345¢
+ (17.24 4+ 1.065&) f(6.54(11.8421 — &))

+ (=22.003 + 1.5552¢)f(9.3(14.19 — &))
+ (23.73 = 1.508¢) £(1.79(15.13 = &)). (74)

¢

f0(6.50(& — 11.8440))

In this case, we utilize a function fitted to numerical
points in the SLy model (see Fig. 3), which is valid if
p > 10° [g/cm®]. We should note that the equation of state

M(/max)

0-
1.5+

— GR

1.0 MG
0.5
00 ‘ ‘ ‘ ‘ ‘ ‘ eIk

8.0 8.5 9.0 9.5 10.0 10.5 11.0 115

FIG. 2. This figure shows the mass-radius relations for quark
star in general relativity and massive gravity.
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SLy equation of state

log P (dyn cm™2)

1037 -

1032 L

1027 L

1022 L
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L L L L L lo cm™3
0.1 1000.0 107 10" 10'° 9l )
FIG. 3. SLy equation of state.
mass—central density relation
M(Fmax)
2.0
15
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1.0
0.5
0.0 . . . . . : 'log(p/g cm™3)

14.4 14.6 14.8 15.0 15.2 154 15.6 15.8

FIG. 4. This figure shows the mass-central density relations for
neutron star in general relativity and massive gravity.

includes a logarithmic function, and the radius is ill defined
if p(r) < 0. Therefore, in this case, we define the radius
r=rgas p(ry) < 107! and remove the ill-defined points.

We plot the m — p, m — r,, relations (see Figs. 4 and 5),
where we interpolate lines between plotted points after we
remove the ill-behaved points. The region of total mass is
narrow compared with the case in general relativity; that is,
a massive neutron star cannot be realized.

mass—radius relation

M(Fmax)
2,00
1.5}
— GR
MG
1.0
0.5}
. . . . . . ' I'max
6 8 10 12 14 16 18
FIG. 5. This figure shows the mass-radius relations for neutron

star in general relativity and massive gravity.
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V. SUMMARY AND DISCUSSION

We have investigated the relativistic stars in the dRGT
massive gravity, which is a nonlinear theory of massive
gravitons. We assumed the perfect fluid in hydrostatic
equilibrium with the standard equation of state, and after
we specified the parameters and reference metric and
assumed that the graviton mass is comparable with the
cosmological constant, we derived the mass-central density
and mass-radius profile for quark stars and neutron stars
numerically.

We have concluded that the TOV equation is corrected by
the term that is proportional to the graviton mass, which
results from the potential term of massive gravitons in the
action, and one constraint equation appears if we assume
conservation of the energy-momentum tensor. The correc-
tion is very small if we consider the light graviton mass
against a massive object. The mass-radius relation is more
constrained than that in general relativity, and we have
shown that the maximal mass gets smaller for quark stars
and neutron stars. Therefore, the compact massive neutron
star cannot be explained in this specific version of dRGT
massive gravity, which is different from F(R) gravity
[21,22.41]. However, the results of our work do not indicate
that dRGT massive gravity should be excluded by obser-
vation. Indeed, we have assumed the standard equations of
state to study the maximal mass as well as a particular
minimal version of massive gravity. It could be that the
massive neutron star could be possible if we choose
different equations of state or consider a more complicated
version of massive gravity with more parameters.

Although the massive neutron star cannot be realized, we
can distinguish dRGT massive gravity from general rela-
tivity. The mass-central density and mass-radius relation for
the quark star show that the deviation from general
relativity is very small. However, for the neutron star,
quite an important difference appears between the cases of
a small radius and a large one. This may be evidence to
quantify the difference from general relativity in the strong-
gravity regime. This deviation is considered to be derived
from the constraint equation (58), which relates the energy
density and pressure inside the neutron star. At the same
time, the effect of the mass term is very small, and it is
given by the ratio between the graviton mass and neutron
star mass ~O(a?). The mass term affects the geometry
outside the star and causes the accelerated expansion of the
Universe at large scales. Note that the constraint does not
depend on the mass of the graviton.

On the other hand, neutron stars in F(R) gravity have
been studied in order to test it in astrophysical phenom-
enology. In previous studies, the gravitational action was
assumed to be F(R) = R + h(R), where the function f(R)
corresponds to the deviation from general relativity. The
mass-central density and mass-radius relation were studied
as well in our work, and it has been shown that, for a
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specific function of f(R), the massive neutron star whose
mass M ~2M, is realized.

In this work, we did not study all models of dRGT
massive gravity because we fixed the free parameters /3,
and the reference metric f,,. Thus, we have two simple
ways to generalize our work. First, one can change the
parameters a3 and a4 in the two-parameter family of dRGT
massive gravity. It means that the potential of the massive
graviton is changed and it would lead to a different mass-
radius relation. Second, we can change the reference metric
from Minkowski to other ones. As we mentioned, we have
considered the specific class of the reference metric and
formulated the modified TOV equation. A flat reference
metric brings a simple but nontrivial modification to the
TOV equation. The reference metric may be chosen in a
more general form, so that it may not be the solution of
equations of motion in general relativity. Regarding the
choice of reference metric, we can also generalize our study
to the massive bigravity theory, which describes the
interaction between the massless spin-2 field, correspond-
ing to usual massless graviton, and massive spin-2 field
[50-52] [for the F(R) gravity extension of massive gravity,
see [53-55]]. In bigravity, the reference metric is dynamical
and determined by the equation of motion; thus, we need
not fix the reference metric by hand.

Finally, we make some remarks about compact stars in
dRGT massive gravity. The compact stars usually have a
maximal mass, and then gravitational collapse to a black
hole is inevitable. If the horizon is formed, the interaction

terms diverge at the horizon because of \/g~'f. This
singularity is not removable; therefore, the naked singu-
larity appears. However, we do not know what happens
after gravitational collapse, precisely.

In massive gravity, the basic equation forms as
G,, +m§l,, = K*T,,. For example, in the case of the
Schwarzschild metric, the Einstein tensor is equal to zero,

G,, = 0. If the energy-momentum tensor 7,, =0, the

PHYSICAL REVIEW D 93, 124013 (2016)

interaction terms [, should be zero although these

terms include a nontrivial effect caused by /¢! f, except
for the case that f,, is proportional to the Schwarzschild
metric. For general space-time with a horizon, if the
interaction terms diverge at the horizon, G,, and/or T,
should diverge, although the strength of the gravitational
force, curvature, is finite at the horizon; thus, the energy-
density and pressure are also finite. From the viewpoint of
analogy to classical mechanics, the mass term is a potential
of the metric, and the solution cannot arrive at the horizon if
the potential goes to positive infinity at the horizon. For the
above reasons, the metric with a horizon may not be a
solution.

dRGT massive gravity has the cutoff scale A3, where the
ghost mode caused by the higher derivatives is suppressed.
A5 depends on the graviton mass m, and the cutoff scale is
low if the graviton mass is small. In this work, we have
assumed m, = V/A; then, A3 ~ 1000 [km], which is larger
than the scale of compact stars. Heavier massive gravitons
make the cutoff scale higher, but it spoils the motivation to
explain the late-time acceleration as modified gravity. If we
accept the cosmological constant and heavy graviton mass,
we can explain relativistic stars, and our numerical results
do not change drastically because the correction is propor-
tional to the ratio between the graviton mass and the
massive star, and it is still small.
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