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In the present paper, the finite-Larmor-radius (gyro-viscous) term [K. V. Roberts and J. B. Taylor,

Phys. Rev. Lett. 8, 197–198 (1962)] is evaluated by using a full kinetic Vlasov simulation result of

the Kelvin-Helmholtz instability (KHI). The velocity field and the pressure tensor are calculated

from the high-resolution data of the velocity distribution functions obtained by the Vlasov simulation,

which are used to approximate the Finite-Larmor-Radius (FLR) term according to Roberts and

Taylor [Phys. Rev. Lett. 8, 197–198 (1962)]. The direct comparison between the pressure tensor and

the FLR term shows an agreement. It is also shown that the anisotropic pressure gradient enhanced

the linear growth of the KHI when the inner product between the vorticity of the primary velocity

shear layer and the magnetic field is negative, which is consistent with the previous FLR-

magnetohydrodynamic simulation result. This result suggests that it is not sufficient for reproducing

the kinetic simulation result by fluid simulations to include the FLR term (or the pressure tensor)

only in the equation of motion for fluid. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4952632]

Non-magnetohydrodynamic (MHD) effects on various

plasma processes are fundamental issues in plasma physics.

It is believed that fluid dynamics are dominant at large spa-

tial scales. Kinetic effects come into play a role when the

spatial scale is smaller toward gyro radius, inertial length,

and Debye length. For studies of multiscale plasma physics,

the direct comparison between fluid and kinetic theories/

modeling1 is an essential approach.

Development of the Kelvin-Helmholtz instability (KHI)

has been studied by means of self-consistent numerical simu-

lations by many authors. It is known that development of the

KHI depends on the orientation of the inner product between

the vorticity of the primary velocity shear layer X ¼ r� U
and the magnetic field vector B in kinetic simulations. In

magnetospheric plasma physics, this has been discussed in

terms of the dawn-dusk asymmetry at Earth’s magneto-

sphere, where X � B is positive at the duskside low-latitude

magnetospheric boundary but is negative at the dawnside

low-latitude magnetospheric boundary.2 The direction of ion

gyro motion and the rotation direction of KH vortices are

opposite for X � B > 0 while these are same for X � B < 0.

A Finite-Larmor-Radius (FLR) magnetohydrodynamic

(MHD) simulation of the KHI has shown that the linear

growth rate of unstable KH modes for X � B < 0 is larger

than that for X � B > 0.3 In the FLR-MHD simulation, a

gyro-viscous/FLR term is added to the equation of motion in

the standard MHD equations.4,5 On the other hand, full ki-

netic simulations of the KHI have shown that the linear

growth rate of unstable KH modes for X � B > 0 is larger

than that for X � B < 0 independently on the plasma beta and

on the density inhomogeneity.1,2,6,7 Hence, there is a contra-

diction between the results of the FLR-MHD simulation and

the full kinetic simulations.

Let us consider a four-dimensional phase space with two

spatial and two velocity dimensions (x; y; vx; vy). The MHD

equations are derived by taking the zeroth, first, and second

moments of the Vlasov equation. The equation of motion

(conservation law of momentum) for MHD fluid is given as

@

@t
miNUð Þ þ r � miNUUð Þ þ r � P ¼ J � B: (1)

Note that only the out-of-plane magnetic field Bz component

is considered since the out-of-plane current Jz component

does not exist in the present coordinate system. According to

Roberts and Taylor,5 the pressure tensor in the two dimen-

sions is approximated as

Pxx � P� P

2xc

@Uy

@x
þ @Ux

@y

� �
; (2)

Pyy � Pþ P

2xc

@Uy

@x
þ @Ux

@y

� �
; (3)

Pxy ¼ Pyx �
P

2xc

@Ux

@x
� @Uy

@y

� �
; (4)

where P � ðPxx þ PyyÞ=2 represents the scalar pressure and

xcs � qsBz=ms represents the gyro frequency for the species

s with sign included to consider the direction of the magnetic

field Bz. Then, the FLR-MHD momentum equation is

expressed as

@

@t
miNUð Þ þ r � miNUUð Þ þ rPþr �P ¼ J � B; (5)

where P represents the gyro-viscosity defined as

Pxx ¼ �Pyy ¼ �
P

2xc

@Uy

@x
þ @Ux

@y

� �
; (6)
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Pxy ¼ Pyx ¼
P

2xc

@Ux

@x
� @Uy

@y

� �
: (7)

It is easy to find that ðPxx � PyyÞ=2 ¼ Pxx ¼ �Pyy, and

that the gyro-viscosity is used to approximate the pressure

tensor.

The purposes of the present study are to evaluate the

gyro-viscous terms by using full kinetic simulation data and

to discuss reasons for the contradiction between the FLR-

MHD and kinetic simulation results. In the present study, we

use a full kinetic simulation result obtained by a previous full

electromagnetic Vlasov simulation study.7 The code has two

spatial and two velocity dimensions8 and is based on a non-

oscillatory and conservative semi-Lagrangian scheme9,10 with

several improvements.11–13 The detailed descriptions of the

simulation code are given in the references.

The KHI is driven by primary velocity and density shears

given by hyperbolic tangent (Uyi ¼ 0:5DUf1� tanhðy=LÞg
and Ni ¼ 0:5ðNlow � NhighÞtanhðy=LÞ þ 0:5ðNlow þ NhighÞ,
where L represents the half thickness of the shear layer).

There is a low-density plasma flowing in the þx direction in

the lower-part of the simulation domain (y< 0) and a high-

density plasma at rest in the upper-part of the simulation

domain (y> 0). The velocity difference and the density ratio

are given as DU ¼ VA and Nlow=Nhigh ¼ 0:1, respectively,

where VA ¼ B0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0miNhigh

p
is the Alfven velocity. The

wavelength of the most linearly unstable KH mode corre-

sponds to kKH ¼ 12L, which is much longer than both ion in-

ertial length and ion gyro radius (kKH � 9:3di � 112:4ri at

y¼ 0). Therefore, the primary KHI is in the MHD regime.

Two simulation runs with X � B > 0 and X � B < 0 were per-

formed to see the effect of the ion gyro motion. Since the vor-

ticity of the initial primary velocity shear is set to be positive

in the present simulation runs, the polarity of X � B is con-

trolled by the direction of the out-of-plane magnetic field Bz.

The initial density, bulk velocity, temperature of ions, and

electrons are determined based on a two-fluid equilibrium.

The initial velocity distributions of the ions and electrons are

isotropic Maxwellian. Therefore, the initial condition is not a

Vlasov equilibrium. See Ref. 7 for the detailed simulation

setup and results.

Figures 1 and 2 show the time development of the gyro-

viscous terms of ions during the evolution of the KHI for the

simulation run with X � B > 0 and X � B < 0, respectively.

The panels (a) show the pressure anisotropy ðPixx � PiyyÞ=2

at different times, where the pressure components are calcu-

lated from the ion velocity distribution in the Vlasov simula-

tion, the panels (b) show Pixxð¼ �PiyyÞ, which is also

calculated by using moment data in the Vlasov simulation

based on Eq. (6), and the panels (c) show the difference

between (a) and (b). The magnitude of the pressure is nor-

malized by the initial pressure at y ¼ 61. The solid lines

show the contour lines of the ion density.

In Fig. 1, both of ðPixx � PiyyÞ=2 and Pixx are enhanced at

the velocity shear (density shear) layer at xcit ¼ 30 (linear stage)

and at a strong density shear layer formed by the vortex forma-

tion at xcit ¼ 40 (nonlinear stage). Both of ðPixx � PiyyÞ=2 and

Pixx are positively polarized at xcit ¼ 30 and 40.

FIG. 1. Spatial profiles of ðPixx � PiyyÞ=2, Pixx and their difference, and Pixy, Pixy, and their difference at xcit¼ 30 and 40 for the run with X � B > 0.

FIG. 2. Spatial profiles of ðPixx � PiyyÞ=2, Pixx and their difference, and Pixy, Pixy, and their difference at xcit¼ 30 and 40 for the run with X � B < 0.
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The panels (d) show the off-diagonal pressure Pixy at dif-

ferent times, which are calculated from the ion velocity dis-

tribution in the Vlasov simulation, the panels (e) show Pixy,

which are calculated based on Eq. (7), and the panels (f)

show the difference between (d) and (e). At xcit ¼ 30, both

of ðPixx � PiyyÞ=2 and Pixx are enhanced at the velocity shear

(density shear) layer but vary sinusoidally along the shear

layer. At xcit ¼ 40, both of ðPixx � PiyyÞ=2 and Pixx are neg-

atively polarized at a strong density shear layer and are posi-

tively polarized inside the primary KH vortex.

In contrast to panels (a) and (b) of Fig. 1, both of

ðPixx � PiyyÞ=2 and Pixx in Fig. 2 are negatively polarized

but have same tendency. Both of Pixy and Pixy in Fig. 2 also

have the opposite polarity to Fig. 1. That is, these are posi-

tively polarized at a strong density shear layer and are nega-

tively polarized inside the primary KH vortex. From the

comparison among the gyro-viscosity P and the anisotropic/

off-diagonal pressure components P� PI of ions, it is shown

that these components have similar profiles to each other but

have the difference of �30% in the magnitude.

We next discuss how the anisotropic and off-diagonal

pressure components (i.e., P� PI) affect the linear growth

of the KHI. Let us assume that the linear growth of

the velocity field Uy is expressed as Uy1ðx; y; tÞ ¼ U0ðyÞ
exp ½ikxx� iðxþ icÞt�. Then, its time derivative is given as

@Uy1=@t ¼ ðc� ixÞUy1. It is seen that the advection

component has a phase shift by 90	 relative to the velocity

field Uy, and the amplification component has the same

phase as the velocity field Uy. Let us consider the following

linearized equation of motion for fluid:

@Uy1

@t
¼ �Ux0

@Uy1

@x
� 1

miN

@P1

@y
� 1

2l2
0miN

@

@y
Bz1Bz0ð Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bð Þ

þ 1

2miN

@

@y
Pixx1 � Piyy1ð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
cð Þ

� 1

miN

@Pixy1

@x|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
dð Þ

: (8)

The first line of Eq. (8) corresponds to the MHD equation of

motion, and the second line shows the non-MHD terms. One

can understand that the first term (advection term) in the

MHD terms does not have the amplification component, and

that the MHD pressure gradient terms have both of amplifi-

cation component and advection component (at the sonic ve-

locity). Note that the scalar pressure P includes both of ion

and electron components, while it is found from our Vlasov

simulation result that the contribution of electrons in the

non-MHD terms, @ðPexx1 � Peyy1Þ=@x and @Pexy1=@x, is

negligible.

Figure 3 shows the contribution of the MHD and non-

MHD terms in the linearized equation of motion for fluid (8)

FIG. 3. Contribution of the MHD and non-MHD terms in the linearized equation of motion for fluid (8) at xcit¼ 30 for the run with X � B > 0. (a) The velocity

field Uy, (b) the MHD pressure gradient term in Eq. (8), (c) the @ðPixx � PiyyÞ=@y term, and (d) the @Pixy=@y term. (e) The pressure anisotropy ðPixx � PiyyÞ=2 in

the term (8c) is replaced by Pixx and (f) the off-diagonal pressure Pixy in the term (8d) is replaced by Pixy. The spectral intensity of the amplification component of

(g) P and (f) P. The magnitude of the acceleration terms is normalized by DU2=L. The dashed lines in panels (a)–(f) represent the counter lines of the ion density.

FIG. 4. Contribution of the MHD and

non-MHD terms in the linearized equa-

tion of motion for fluid (8) at xcit¼ 30

for the run with X � B < 0 with the

same format as Fig. 3.
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at xcit¼ 30 for the run with X � B > 0. The panels (a)–(d)

show the velocity field Uy, the MHD pressure gradient term

in Eq. (8), the @ðPixx � PiyyÞ=@y term, and the @Pixy=@y term,

respectively. In panels (e) and (f), the pressure anisotropy

ðPixx � PiyyÞ=2 in the term (8c) and the off-diagonal pressure

Pixy in the term (8d) are replaced by Pixx and Pixy,

respectively.

The velocity field Uy has a peak at y=L � �1. It is seen

that the phases of both of MHD and non-MHD terms at

y=L � �1 are almost in the same phase and are shift by 90	

relative to the velocity field Uy. This suggests that the advec-

tion component is dominant in both of MHD and non-MHD

terms. Thus, we Fourier-transformed these terms and showed

the intensity of the amplification component in panel (g),

which has the same phase as the velocity field Uy. It is shown

that the off-diagonal pressure Pixy term (d) is small, and that

the pressure anisotropy ðPixx � PiyyÞ=2 term (c) at y=L � �1

has the opposite polarity to the MHD pressure gradient term

(b). Note that there also exists a strong amplification compo-

nent at y=L � 0. However, this component varies in time

(oscillates) and does not contribute to the linear growth of

the KHI.

Figure 4 shows the contribution of the MHD and non-

MHD terms in the linearized equation of motion for fluid (8)

at xcit ¼ 30 for the run with X � B < 0, with the same format

as Fig. 3. The velocity field Uy has a peak at y=L � �2. In

contrast to Fig. 3, the pressure anisotropy ðPixx � PiyyÞ=2

term (c) at y=L � �2 has the same polarity as the MHD pres-

sure gradient term (b).

These results suggest that the pressure anisotropy term

enhances the linear development of the MHD velocity field

in the KHI in the run with X � B < 0 rather than in run with

X � B > 0, which is inconsistent with the previous kinetic

simulations.1,2,6,7 We can also check how the gyro-viscous

terms affect the linear development the MHD velocity field

in the KHI. As shown in panel (h) of Figs. 3 and 4, the gyro-

viscous terms have the same polarity as the pressure tensor

terms, which confirms consistency with the previous FLR-

MHD simulation.3

In summary, it is reconfirmed that the gyro-viscosity is a

good (but not perfect) approximation of the pressure tensor.

It is also shown that the KHI is accelerated by the pressure

tensor term or the gyro-viscous term for X � B < 0 and is

decelerated for X � B > 0, which is consistent with the previ-

ous FLR-MHD simulation.3

The previous study1 has shown that the growth rate of the

KHI for the Hall-MHD simulation is same for X � B > 0 and

<0 with L ¼ 3di. In the present case, on the other hand, the

half thickness of the initial velocity shear layer was set as

L ¼ 0:78di, in which the Hall effect may not be negligible.

Our linear analyses of the MHD and the Hall-MHD equations

give the growth rate of the KHI at kxL ¼ 0:52 as c=x0

¼ 0:0885 for MHD, 0.087 for Hall-MHD with X � B > 0, and

0.085 for Hall-MHD with X � B < 0, where x0 � DU=L. The

previous Vlasov simulation7 showed that the growth rate is

c=x0 ¼ 0:078 for X � B > 0 and 0.067 for X � B < 0.

Therefore, the influence of the gyro-viscous effect is greater

than that of the Hall effect in the present case.

The present result suggests that fluid simulations with

the gyro-viscous or the pressure tensor terms only in the
equation of motion cannot reproduce the result of kinetic

simulations. It is expected that the difference between the

previous FLR-MHD simulation3 and the full kinetic simula-

tions1,2,6,7 comes from the energy equation

@

@t
miNjUj2þ 2P
� �

¼�r � miNjUj2U
� �

� 2r � PUð Þ

�2r � PUð Þ�r �Q� 2E � J
¼�r � miNjUj2U

� �
� 4r � PUð Þ � 2E � J

�2r � PUð Þ �r �Q; (9)

where Q � ðQxxx þ Qxyy;Qxxy þ QyyyÞ represents a heat flux

vector and r � ðPUÞ ¼ r � ðPUÞ þ r � ðPUÞ. The first line

of Eq. (9) corresponds to the scalar energy equation for

MHD fluids, and the second line corresponds to the non-

MHD terms. In the FLR-MHD energy equation, both of the

gyro-viscous term and the heat flux term in the second line

of Eq. (9) are neglected. To solve the issue on the contradic-

tion between the FLR-MHD simulation and the kinetic simu-

lation, therefore, FLR-MHD simulations including the gyro-

viscous terms in the energy conservation law or fluid simula-

tions with the energy tensor equations are necessary, which

are left as future studies.
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