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This study investigated the regularity that characterizes the behavior of dissipative dynamical
systems excited by external temporal inputs for pointing movements. Right-handed healthy male
participants were asked to continuously point their right index ﬁnger at two light-emitting diodes
(LEDs) located in the oblique left and right directions in front of them. These movements were
performed under two conditions: one in which the direction was repeated and one in which the
directions were switched on a stochastic basis. These conditions consisted of 12 tempos (30, 36,
42, 48, 51, 54, 57, 60, 63, 66, 69, and 72 beats per minute). Data from the conditions under which
the input pattern was repeated revealed two diﬀerent trajectories in hyper-cylindrical state space
M, whereas the conditions under which the inputs were switched induced transitions between
the two trajectories, which were considered to be excited attractors. The transitions between the
two excited attractors were characterized by a self-similar structure. Moreover, the correlation
dimensions increased as the tempos increased. These results suggest a relationship of D ∝ 1/T
(T is the switching-time length; i.e. the condition) between temporal input and pointing behavior
and that continuous pointing movements are regular rather than random noise.
Keywords: Switching dynamics; self-similarity; motor control; complex system.
This is an Open Access article published by World Scientiﬁc Publishing Company. It is distributed under the terms of the
Creative Commons Attribution 4.0 (CC-BY) License. Further distribution of this work is permitted, provided the original
work is properly cited.
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1.1. Dynamical system perspective
on human motor control
The purpose of this study was to examine the control of rhythmical movement by humans. Previous
research analyzing such movement was based on
the frameworks of motor program theory [Schmidt
et al., 1979; Schmidt, 1991] and dynamical system
theory [Haken et al., 1985; Kelso, 1984]. In the
former, consecutive behavior was regarded as the
result of repeated execution by a low-ﬂexible motor
program [Yamamoto & Gohara, 2000]. In addition,
the variability that occurred in consecutive behaviors was considered to consist of a stochastic Gaussian distribution or random variation, such as a
uniform distribution and white noise. In the latter, the dynamical system approach, the variability that occurred in continuous human movement
was assumed to be not random variation but partly
structured. This structure of variability corresponds
to the fractal-like structure or self-similarity structure in a dynamical (i.e. complex) system. Furthermore, variability is inherent within all biological
systems and reﬂects variation in both space and
time. As a central feature of normal movement, the
optimal variability is consistent with a nonlinear
approach [Harbourne & Stergiou, 2009], that is, the
dynamical system approach.
About 50 years have passed since geometric
structures or arrangements, such as fractals or selfsimilarity, were discovered in various natural phenomena. Early well-known research included that
of Mandelbrot [1967], who showed the fractal-like
structure inherent in the British coastline. This
analysis focused on spatial properties, and the fractal was identiﬁed as self-similar geometric objects
[Werner, 2010]. Since then, fractal theory has been
used to understand not only natural phenomena but
also, from a biological viewpoint, the living body.
For example, detrended ﬂuctuation analysis has
been used to perform detailed analyses in the temporal domain [Peng et al., 1994, 1995], and power
spectrum density analysis has been used in the frequency domain [Ding et al., 2002; Torre et al., 2007].
Furthermore, in recent years, these analyses have
been extended to not only human motor control
research, such as in sports [Nakayama et al., 2010]
and occupational and clinical biomechanics [Hausdorﬀ, 2007; Kirchner et al., 2014], but also to timeseries analysis in football, as it involves coordination

among many players and competition with the
opposing team. Temporal ﬂuctuations in both the
team turf boundary and the ball location have been
found to follow the rules of fractional Brownian
motion [Kijima et al., 2014]. Consequently, selfsimilar structures have been identiﬁed in time-series
data regarding various phenomena.
Until now, the complex systems that are typical of fractal-like or self-similar structures (e.g.
physics, biology, and economics) have been considered to be composed of many subsystems. These
subsystems interact with one another and with the
external environment [Gohara & Okuyama, 1999b].
This implies that we should not assume that only
one system is involved in human motor control and
that we should consider the relationships between
subsystems and the environment. Such phenomena
have also been observed in various physical manifestations other than human movement, such as
optical systems [Arecchi et al., 1986; Tanii et al.,
1991, 1999], turbulence [Constantin et al., 1991;
Maas et al., 1997; Schmiegel & Eckhardt, 1997]
and electronic circuits [Matias et al., 1997; Mestl
et al., 1997]. This subsystem in human motor control corresponds to a movement pattern, and the
behavioral output of this pattern by the subsystem is from an attractor. This study examined the
interrelationship among several attractors that contribute to the basis of the subsystem’s behavior.
Consequently, we hypothesized that there are common underlying dynamic characteristics and patterns across diﬀerent systems, that are captured and
described using this framework that is reliable in a
dissipative dynamical system stochastically excited
by temporal inputs [Gohara & Okuyama, 1999b],
and one that has been examined experimentally
[Suzuki & Yamamoto, 2015; Yamamoto & Gohara,
2000]. We conducted this study within the framework of this theory.
Focusing on human motor control, Yamamoto
and Gohara [2000] veriﬁed that the dynamical
changes in behavior that were aﬀected by movement
patterns switched abruptly in a sequential fashion. This phenomenon is called switching dynamics. They examined the switching dynamics between
two attractors that formed the movement patterns
of the forehand and backhand strokes in tennis.
Speciﬁcally, they analyzed time-series data from the
two stroke motions in tennis and studied the geometric structure in the state space. As a result,
they conﬁrmed that the structure is the Cantor set.

1630026-2

September 13, 2016

14:42

WSPC/S0218-1274

1630026

Switching Dynamics Between Two Movement Patterns

L

(a)

R

(b)

L

R

(c)

Int. J. Bifurcation Chaos 2016.26. Downloaded from www.worldscientific.com
by NAGOYA UNIVERSITY LIBRARY on 02/13/17. For personal use only.

Fig. 1. Schematic diagrams of the interplay between systems. (a) A state in which a pointing-movement pattern
toward the left (L) side is continuously excited with temporal input (an autonomous system); (b) the right (R) side
that is excited in the same way; (c) a mixed state in which
only the L or R side is excited, but the L and R sides are
mutually excited and aﬀected (nonautonomous system).

Figures 1(a)–1(c) are schematic diagrams of these
phenomena. For example, Figs. 1(a) and 1(b)
imply continuous pointing movement excited by one
attractor; that is, only one direction, either right
or left, is repeated. Figure 1(c) implies that the
dynamics between two attractors switch, and continuous movement is repeatedly switched to either
the left or right side. If we try to understand continuous human movement according to motor program
theory, we evaluate the output of human behavior
as composed of continuous random trajectories. We
examined human behavior with two external stimuli presented on the left and right sides; that is, we
prepared a sequence of random stimuli [e.g. rightleft-left-right-left, etc.(RLLRL. . .)]. However, this
sequence was classiﬁed as only eight external input
patterns (RRR, LRR, RLR, LLR, LRL, RRL, RLL,
and LLL) and had third-order sequences. If outputs from human movement patterns were random,
this third-order sequence eﬀect would not remain
and the average trajectory of outputs would converge into one trajectory. If eight sequence eﬀects
remained and human movement were characterized by hysteresis, the average trajectory of outputs
would be eight trajectories. As mentioned above,
it has been conﬁrmed that these eight trajectories
exist in activities involving complex human motor
control, such as sports [Yamamoto & Gohara, 2000],
and that the structure is self-similar, as if it were
the Cantor set.
In a recent study, Suzuki and Yamamoto [2015]
used a correlation dimension, which is one of the
fractal dimensions used to quantify fractal-like or
self-similar structures, to analyze the switching
dynamics between two attractors that were inherent
motion patterns in table tennis, examining whether
the dynamics were aﬀected by diﬀerent temporal
intervals (i.e. the switching-time length T ). They
showed that the dynamics had only a fractal-like
structure, but the correlation dimension varied with

skill level and T . In this study, we applied the theoretical model developed by Gohara and Okuyama
[1999a, 1999b] to human motor control and elaborated on their ﬁndings [Suzuki & Yamamoto, 2015;
Yamamoto & Gohara, 2000]. That is, we attempted
to evaluate the switching dynamics between two
attractors involved in human motor control by calculating the correlation dimension and demonstrating the regular relationship between switching-time
length T and the correlation dimension. We focused
on a pointing task where participants pointed their
index ﬁnger towards the left and right diagonal
directions (left and right sides) in front of them.
According to Yamamoto and Gohara [2000], if we
move our ﬁnger continuously (i.e. a pointing movement) toward the left and right sides, we can
observe that this pointing movement is composed
of two movement patterns. That is, these movement patterns are composed of two attractors when
we continuously and rapidly move our ﬁnger in
two directions. Our main focus was on how the
behavior switched stochastically and rapidly with
switching-time length T , how it aﬀected the correlation dimension, and how it changed the relationship between them. The purpose of this experiment
was to examine how serial eﬀects aﬀect motor output when the input was switched stochastically and
rapidly and to demonstrate the regularity of the
relationship with regard to human motor control by
analyzing the relationship between switching-time
length T and correlation dimensions.

1.2. Mathematical background
Previous analyses of the interrelationships among
attractors in a complex system, especially those
using a dynamical system approach, have been carried out using two diﬀerent systems, autonomous
and nonautonomous. The former is called a closed
system; the latter is called an open system. Deﬁning the systems by an ordinary diﬀerential equation, an autonomous dynamical system is expressed
as ẋ = f (x). A nonautonomous system, depending
on the periodic temporal input I(t), is generally
deﬁned by the following equation:
ẋ = f [x, I(t)],

x, I ∈ RN

(1)

x and f are the state and the vector ﬁelds, respectively. Equation (1) implies that the temporal development of the state x is inﬂuenced by the input
I(t) from other systems. An attractor excited by
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the external input I(t) is called the excited attractor. In this theory, we should consider how the input
I(t) changes the vector ﬁeld over time.
In a dissipative dynamical system with periodic
input I(t) = I(t + T ), the introduction of the angular variable θ ≡ 2π
T t mod 2π and a new state variable y ≡ (x, θ) can transform the nonautonomous
system [Eq. (1)] into the following autonomous system [Gohara & Okuyama, 1999b]. This system is
called a continuous dynamical system
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ẏ = fI (y),

y ∈ RN × S 1 : M.

{gl } of the iterated function is named the Iterated
Function System (IFS) [Barnsley, 1993]. Map gl is
the contraction map when
 the discrete dynamics on
the Poincaré section
correspond to the random
iteration algorithm using the IFS with probabilities
[Gohara & Okuyama, 1999b]. Similarly, the set {fl }
is the vector ﬁeld, called the Vector Fields System
(VFS) [Gohara & Okuyama, 1999a; Nishikawa &
Gohara, 2002]. Schematically, the relation among
these sets is as follows:
{Il } → {fl } → {gl }.

(2)

The hyper-cylindrical state space (i.e. state space)
M is incorporated into the continuous dynamical
system, and a solution φ starting from an initial
state x0 at t = 0 (θ = 0) converges with an attractor
at t → ∞.
In the statespace M, we can deﬁne the
Poincaré section
= {(x, θ) ∈ RN × S 1 | θ = 2π},
where a trajectory starting from an initial state at
θ = 0 returns to the same
 point at θ = 2π. Introducing Poincaré section
into the state space M,
we can deﬁne thefollowing discrete dynamical system. In section
, a state xτ is transformed into
another state xτ +1 after an interval T by the map
gI . Therefore, we can study two kinds of dynamics
with a continuous dynamical system [Eq. (2)] and
a discrete dynamical system [Eq. (3)]

.
(3)
xτ +1 = gI (xτ ), xτ ∈ RN :
Moreover, any subsystems that interact with
another subsystem because of the latter are
assumed to be the external environment in the
nonautonomous dynamical system [Gohara &
Okuyama, 1999a, 1999b; Nishikawa & Gohara,
2002; Sato & Gohara, 2001; Wada & Gohara, 2001a,
2001b]. Consider the dynamics when multiple input
patterns are stochastically and sequentially fed into
the system. Let us consider the input as a set {Il }L
l=1
of time functions Il sampled on the parameterized
space. The subscripts and individual sets are sometimes abbreviated and expressed as {·} for simplicity. When the inputs {Il } are stochastically fed into
the system continuously, the vector ﬁelds {fl } and
iterated functions {gl } are stochastically switched
[Gohara & Okuyama, 1999b]. That is, there are two
sets of dynamical systems (i.e. continuous and discrete dynamical systems, corresponding to the set
{Il }), and the former and latter systems are deﬁned
by the set {fl } and the set {gl }, respectively. The set

(4)

When a series of inputs I(t) is rapidly switched
with equal probability and is fed into a system to a
suﬃcient extent, the set C on the Poincaré section
satisﬁes the following equation. It has been proven
that this causes convergence of the attractive and
unique invariant set C [Barnsley, 1993].
C=

L


gl (C).

(5)

l=1

This set C strongly aﬀects the corresponding trajectory set Γ(C) in the state space M. Starting from
the initial set C in the space M, the trajectory set
Γ(C) is the union of the trajectory set γl (C) that is
aﬀected by each input I(t), and it is also the set of
the invariant trajectory, as follows:
Γ(C) =

L


γl (C).

(6)

l=1

Equations (5) and (6) are proven analytically when
all of the iterated functions gl (l = 1, 2, . . . , L)
are contractions. We can estimate the structure
of the set C or the trajectory set Γ(C) using the
correlation dimension value when input intervals
(i.e. switching-time length) change. We can conﬁrm
the detailed theoretical explanation for the dynamical system developed by Gohara and Okuyama
[1999a, 1999b], such as the nonautonomous system in which the input pattern is stochastically
changed, and the empirical study of autonomous
and nonautonomous systems for human movement
conducted by Yamamoto and Gohara [2000]. If an
excited attractor is assumed for human movement
in this theory, continuous external input would generate movement patterns. Moreover, we can examine human motor control from the standpoint of a
nonautonomous system on the condition that some
movement patterns are excited stochastically.
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2.1. Participants
The participants were seven healthy right-handed
men with no vision problems; handedness was
determined by the Edinburgh Handedness Inventory. Their ages ranged between 28 and 39 years
(mean age ± SD = 32.6 ± 4.2 years), their mean
weight was 67.4 ± 5.9 kg, and their mean height
was 171.7 ± 2.7 cm. They had no history of neurological or musculoskeletal disorders of the upper
extremities. The procedure used in this study
was approved by the Human Ethics Committee
of Nanzan University, and all participants provided written informed consent before the study
commenced.

2.2. Experimental setting
Four red light-emitting diodes (LEDs) (the size of
one LED was φ 0.5 cm) were grouped together at
every third position under a 72 × 50 × 1 cm (width
by depth by thickness) acrylic board (Fig. 2). One
LED group (home position: H) was located on the
table 30 cm in front of the participants, and two
LED groups were located 60 cm in front of them and

30 cm from the center to the left and the right sides
(L and R, respectively). Movement of a reﬂective
marker (1.5 cm in diameter) pasted on the participants’ index ﬁnger nail was sampled at 240 Hz by an
optical motion-tracking system (Qualisys Oqus 300,
Gothenburg, Sweden). Lighting of the LEDs was
controlled with LabVIEW programming (NI CompactDAQ, NI9403). The presentation of stimuli was
synchronized with Oqus.

2.3. Task and procedure
Participants put the tip of their index ﬁnger on
H at the beginning of a measurement. When the
left or right LED group was illuminated, which was
accompanied by a sound (100 msec, 1000 Hz), participants were supposed to point their index ﬁnger
towards the appropriate LED group as rapidly as
possible and then quickly return their ﬁnger to the
H position. The light from the three LED groups
was maintained for 400 msec, and 12 switchingtime lengths were set at 30, 36, 42, 48, 51, 54,
57, 60, 63, 66, 69 and 72 bpm (beats per minute).
These bpm equal inter-beat intervals of 2.00, 1.67,
1.43, 1.25, 1.17, 1.11, 1.05, 1.00, 0.95, 0.91, 0.87,
and 0.83 sec (seconds), respectively. Under the

400 msec.

30cm

30cm

L

R
30cm

833 - 2000 msec.

100 msec.

400 msec.

H
L
A

(b)

Y
X

H
R
A

H
30cm

(c)

(a)

H
L
R
A

(d)
Fig. 2. Experimental setup. (a) Two target LED groups were located 60 cm in front of a participant and 30 cm from the
center to both the left and right sides (L and R, respectively). Participants ﬁrst placed their index ﬁnger on the LED group
at home (H), and they then moved their ﬁnger towards the LED group on the L or R that was illuminated randomly. They
rapidly returned their ﬁnger to H after pointing to L or R. Time-line diagrams: (b) the periodic input conditions for L, (c) for
R, and (d) the switching input conditions. H, L, R, and A are the moments when the LEDs lit up at home and on the left
and right sides and when the auditory signal sounded, respectively.
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periodic-input condition [the time-line diagram is
shown in Figs. 2(b) and 2(c)], each participant
repeatedly pointed at the same LED group (L or R)
64 times under each condition. Under the switchinginput condition [the time-line diagram is shown in
Fig. 2(d)], they repeatedly pointed at the L or R
LED group 512 times, and this sequence was randomized. For each switching-time length T , these
pointing movements were divided into two trials
under the periodic-input condition and into 16 trials under the switching-input condition to equalize the number of pointing times (32 times) and
to avoid the inﬂuence of fatigue on the results. In
total, 512 pointing movements included a thirdorder sequence eﬀect denoting the following eight
input pattern sequences: RRR, LRR, RLR, LLR,
LRL, RRL, RLL, and LLL; this was similar to the
tasks employed by Yamamoto and Gohara [2000]
and Suzuki and Yamamoto [2015]. Data from the
ﬁrst two pointing movements in each trial were not
analyzed because each trial consisted of a thirdorder sequence. Consequently, 480 pointing movements (= 30 pointings × 16 trials = eight input
patterns sequence × 60 data points) were analyzed
for each condition. Participants participated individually, and measurements were taken under up
to three conditions per day. The experiment was
divided into four or ﬁve days per participant. Participants could also take breaks as needed between
trials. The duration of a break was determined by
the participant according to his needs.

2.4. Data analysis
A right-handed orthogonal frame of reference was
used, and the vectors X, Y, and Z deﬁned its axes:
X was horizontal and directed along the edge of
the table in front of the participant, Y was perpendicular to the other two axes, and Z was vertical.
The position data, which were based on a marker
on the tip of the index ﬁnger, for the X and Y
axes were calculated using Qualisys Track Manager
(Gothenburg, Sweden). Data were smoothed with
a second-order Butterworth digital low-pass ﬁlter
using a 5-Hz cut-oﬀ frequency. Data were diﬀerentiated to calculate velocities (Vx and Vy ) on the
X–Y plane. Under all 12 conditions, the moment
the LED group was lit at H was at θ = 0, 2π on
the Poincaré section (Σ) to embed the data in the
state space M. The correlation dimension Dc for
the set g(C) on the Poincaré section Σ (θ = 2π) was
estimated using the correlation integral calculated

using the Grassberger–Procaccia (G–P) algorithm
[Grassberger & Procaccia, 1983]. A ﬁtting curve
was approximated by an inverse proportion and an
exponential function to examine the relationship
between switching-time length T and the correlation dimension Dc . The validity and reliability of
this statistical model (a ﬁtting curve) were evaluated using Akaike’s information criterion (AIC).

3. Results
3.1. Periodic-input condition
Figure 3 shows the results for participant 2 under
the periodic-input condition (0.83 sec, 72 bpm) as a
typical example. Figure 3(a) portrays the changes
in V x and V y to exemplify the illumination of the
left LED group under the periodic condition, and
Fig. 3(b) shows when the right LED group was used.
Poincaré section Σ (θ = 0, θ = 2π) is the moment
the LED group was illuminated at H. The set of
trajectories in the state space M is expanded in
Figs. 3(e) and 3(f) to depict the trajectories and the
cross-section in the Poincaré section Σ. The trajectories in Figs. 3(e) and 3(f) correspond to Figs. 3(c)
and 3(d), respectively. The trajectories in Figs. 3(e)
and 3(f) began from the moment the LED group lit
up at H, the Poincaré section Σ (θ = 0), until the
next moment they lit up at H, Σ (θ = 2π). The
motion ﬁgures in the square box below Figs. 3(e)
and 3(f) show the motion of the participants at each
time point and at a time roughly equal to the pointing to each LED group. These results show that the
set Γ(C) of all trajectories starting from the initial
set C at θ = 0 on the Poincaré section, which is a
discrete dynamical system, terminated at the initial
set C and again at θ = 2π. The set γL (CL ) of trajectories under the periodic condition when the LED
group on the left was continuously lit starting from
the initial set CL at θ = 0 terminated at the set
gL (CL ) at θ = 2π. The set γR (CR ) of trajectories
under the periodic condition when the LED group
on the right was continuously lit starting from the
initial set CR at θ = 0 terminated at the set gR (CR )
at θ = 2π. Table 1 shows the results of a oneway multivariate analysis of variance (MANOVA)
(Wilks’ λ) for each participant and each periodicinput interval. These results reveal a signiﬁcant difference between two clusters consisting of the set
[gL (CL ), gR (CR )] on the Poincaré section (θ = 2π)
and a signiﬁcant diﬀerence in 82 of the 84 cases
(= seven participants × 12 switching-time length
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AL

0

Vy
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0

−2000
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−2000

0

−2000

2000

0

(c)

(d)

∑

∑

∑

∑
2000

2000

AL

0

Vy

AR
0

−2000

−2000

−2000

−2000

Vx

2000

Vx

Vx

Vy

20

T (sec.)

Vx

2000

θ=0

2000

θ=0

θ = 2π

θ = 2π
R

L
H

H

H

H

(e)

(f)

Fig. 3. A typical example of the periodic-input condition (participant 2, the switching-time length was 0.83 sec, 72 bpm). (a)
and (b) are time-series data over a period of 6 sec when the left (L) and the right (R) LED groups emitted repeatedly. The
blue and red solid lines are the velocity V x on the X-axis, and the black dotted lines are the velocity V y on the Y-axis. The
black, blue, and red triangles indicate the times when H, L, and R were lit, respectively. (c), (d), (e) and (f) present typical
examples of the state space and the set C on the Poincaré section. The set Γ(C) of the trajectories starting from an initial
state on Σ (θ = 0) in the state space was drawn after cycling 30 times around the cylinder for each input in the examples.
Additionally, the trajectories before and after that at θ = 0 and 2π were omitted to conﬁrm the set C on the Poincaré section.
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Table 1. Results of MANOVA (Wilks’ λ) of the diﬀerences between the mean left (L) and right (R) side input patterns on
the Poincaré section (θ = 2π) under the periodic-input condition.
Switching-Time Length (sec)
Participant

0.83

0.87

0.91

0.95

1.00

1.05

1.11

1.18

1.25

1.43

1.67

2.00

#1
#2
#3
#4
#5
#6
#7

0.15∗∗
0.51∗∗
0.54∗∗
0.80∗∗
0.83∗∗
0.33∗∗
0.08∗∗

0.34∗∗
0.77∗∗
0.43∗∗
0.52∗∗
0.64∗∗
0.32∗∗
0.09∗∗

0.38∗∗
0.83∗∗
0.37∗∗
0.14∗∗
0.38∗∗
0.50∗∗
0.04∗∗

0.08∗∗
0.89∗∗
0.11∗∗
0.40∗∗
0.49∗∗
0.69∗∗
0.28∗∗

0.05∗∗
0.31∗∗
0.21∗∗
0.21∗∗
0.07∗∗
0.87∗∗
0.04∗∗

0.18∗∗
0.02∗∗
0.13∗∗
0.19∗∗
0.04∗∗
0.63∗∗
0.37∗∗

0.29∗∗
0.10∗∗
0.13∗∗
0.17∗∗
0.02∗∗
0.96
0.09∗∗

0.13∗∗
0.10∗∗
0.08∗∗
0.20∗∗
0.08∗∗
0.53∗∗
0.16∗∗

0.26∗∗
0.03∗∗
0.02∗∗
0.10∗∗
0.05∗∗
0.11∗∗
0.51∗∗

0.10∗∗
0.22∗∗
0.01∗∗
0.07∗∗
0.03∗∗
0.06∗∗
0.57∗∗

0.01∗∗
0.13∗∗
0.08∗∗
0.22∗∗
0.03∗∗
0.24∗∗
0.65∗∗

0.86∗∗
0.41∗∗
0.71∗∗
0.29∗∗
0.53∗∗
0.49∗∗
0.98
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∗∗

p < 0.01.

conditions) (≈ 97.6%). As shown in the schematic
diagrams in Figs. 1(a) and 1(b), there were two
attractors of motion patterns [AL , AR in Figs. 3(c)–
3(f)] inherent in the pointing movements towards
the left and right sides, and these attractors were
excited by external input and may be regarded as
limit-cycle attractors.

3.2. Switching-input condition
Figure 4 shows the results for participant 2 under
the switching-input condition (0.83 sec, 72 bpm) as
a typical example. The blue and red trajectories in
Fig. 4(a) show that the preceding inputs were left
and right, respectively. Figures 4(b) and 4(c) show
that the trajectories were embedded in the state
space M. Similar to the depiction in Fig. 3, the
moment that the LED group lit up at the H position is located at θ = 0 and θ = 2π on the Poincaré
section. The trajectories in the state space M are
shown unfolded in Figs. 4(d) and 4(e). The blue
lines in Figs. 4(b) and 4(d) show the results when
the preceding input was L and the current input
was L (LL); the red lines show the results when the
preceding input was R and the current input was L
(RL). The blue lines in Figs. 4(c) and 4(e) show the
results when the preceding input was L and the current input was R (LR); the red lines show the results
when the preceding input was R and the current
input was R (RR). The motion ﬁgures shown in the
square boxes above and below Figs. 4(d) and 4(e)
show the motion of the participants at each time
point and at a time roughly equal to pointing to
each LED group. Figure 4(d) shows that the set
γL (CL ) of trajectories after the left LED group was
illuminated and the set γR (CR ) of trajectories after
the right LED group was illuminated starting from

the initial sets CL and CR at θ = 0 terminated in the
set gL (CL ) at θ = 2π. Figure 4(e) shows that the set
γL (CL ) of trajectories when the left LED group was
illuminated and the set γR (CR ) of trajectories when
the right LED group was illuminated starting from
the initial set CL and CR at θ = 0 terminated in the
set gR (CR ) at θ = 2π. These results indicate that
the continuous pointing movements towards the left
and right sides followed an approximately fractallike structure.
A one-way MANOVA (Wilks’ λ) was performed
to test for the equality of the means of the multiple
variables in the clusters of the set that were LL and
RL, and RR and LR, respectively, to examine the
third-order sequence eﬀect on the Poincaré section
(θ = 2π) for each participant and each switchinginput condition (Table 2). Figure 5 shows typical
results on the Poincaré section (θ = 2π) for each
participant and the ﬁve selected switching-input
conditions. The results reveal signiﬁcant diﬀerences
in 72 of the 84 cases (= seven participants ×
switching-time length 12 conditions) (≈ 85.7%) for
pointing movement switching towards the left side
and in 53 of the 84 cases (≈ 63.1%) for pointing
movement switching towards the right side. This
result indicates that not only an attractor of pointing movement towards the left and right directions
existed, as revealed under the periodic-input condition, but also the preceding input and current
input formed four clusters (LL, RL, RR, and LR) on
the Poincaré section Σ with a third-order sequence
eﬀect. Figure 6 shows the trajectories in an unfolded
cylinder during the switching-input condition under
three (0.83 sec, 0.95 sec, 2.00 sec) of the 12 conditions selected as a typical example. The trajectories
during the long-interval condition (2.00 sec, 30 bpm)
seem to be simple trajectories while the sequence
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eﬀect remained, because the trajectories seem to
have converged closer to each other on the Poincaré
section (θ = 2π) and do not appear to have spread
on the section [Fig. 6(a)]. In fact, eight trajectories were generated by a third-order sequence eﬀect
as the switching-time length shortened [Figs. 6(b)
and 6(c)]. Consequently, these results indicate that
these trajectories were aﬀected by hysteresis (i.e. a
sequence from the input before the preceding input
to the current input).
Figure 7 shows an ellipse of equal probability
of the set C on the Poincaré section (θ = 2π).
The maps of L and R in Fig. 7(a), the contents
of which were inﬂuenced by the preceding inputs

[shown in Fig. 7(b)], consist of the maps LL and
RL and the maps RR and LR, respectively. Moreover, the maps LL, RL, RR, and LR in Fig. 7(b),
the contents of which were inﬂuenced by the inputs
before the preceding inputs [shown in Fig. 7(c)],
consist of the maps LLL and RLL, LRL and RRL,
RRR and LRR, and LLR and RLR, respectively.
These relationships show that these maps on the
Poincaré section show the third-order sequence
eﬀect, as we conﬁrmed from the results of the oneway MANOVA analysis of the Poincaré maps under
the switching-input conditions (shown in Table 2).
These results imply that the variability during continuous movement with the switching input was not

2000
0
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22

T (sec.)
(a)

∑

∑

θ

θ
2000

Vy

2000

Vy

0

0

γR(CR)

γL(CL)
−2000

−2000
−2000

0

−2000

2000

0

2000

Vx

Vx
(b)

(c)

Fig. 4. A typical example under the switching-input condition (participant 2, input interval 0.83 sec, 72 bpm). (a) Time-series
data for a period of 12 sec during the switching-input condition. The black, blue, and red triangles indicate when the LEDs
at home (H), on the left side (L), and on the right side (R) lit up, respectively. The blue and red solid lines are the velocity
V x on the X-axis, and the black dotted line is the velocity V y on the Y-axis. (b) and (c) The state space M. (d) and (e) The
unfolded state space. The blue and red lines indicate that the preceding inputs were L and R, respectively. The blue line in
(b) and (d) shows the results when the preceding input was L and the current input was L (LL); the red line shows the results
when the preceding input was R and the current input was L (RL). The blue line in (c) and (e) shows the results when the
preceding input was L and the current input was R (LR); the red line shows the results when the preceding input was R and
the current input was R (RR). The set g(C) on the Poincaré section θ = 2π (when the LED group at H was activated) is
represented by the same color as each trajectory. The corresponding small illustrations at the top and bottom in (d) and (e)
show the motion of participants at each point and approximately when pointing to each LED. The blue and red illustrations
depict the motion pattern in which the preceding inputs were L and R, respectively. Additionally, the trajectories before and
after that at θ = 0 and 2π were omitted to conﬁrm the set g(C) on Poincaré section.
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(Continued)

Table 2. Results of MANOVA (Wilks’ λ) of diﬀerences between the mean left side–left side (LL) and right side–left side
(RL), the mean right side–right side (RR) and left side–right side (LR) input pattern on the Poincaré section (θ = 2π) under
the switching-input condition.
Switching-Time Length (sec)
Participant

∗

0.83

0.87

0.91

0.95

1.00

1.05

1.11

1.18

1.25

1.43

1.67

2.00

#1

LL/RL 0.91∗∗
RR/LR 0.81∗∗

0.96∗
0.98

0.77∗∗
0.77∗∗

0.80∗∗
0.91∗∗

0.87∗∗
0.88∗∗

0.76∗∗
0.79∗∗

0.63∗∗
0.94∗∗

0.83∗∗
0.99

0.78∗∗
0.92∗∗

0.63∗∗
0.99

0.92∗∗
0.98

0.89∗∗
0.96∗

#2

LL/RL 0.86∗∗
RR/LR 0.99

0.63∗∗
0.99

0.85∗∗
0.98

0.62∗∗
0.97∗

0.80∗∗
0.99

0.75∗∗
0.92∗∗

0.75∗∗
0.95∗∗

0.83∗∗
0.92∗∗

0.96∗∗
0.97∗

0.93∗∗
0.98

1.00
0.98

0.98
0.99

#3

LL/RL 0.70∗∗
RR/LR 0.66∗∗

0.96∗∗
0.75∗∗

0.99
0.81∗∗

0.96∗∗
0.90∗∗

0.97∗
0.92∗∗

0.86∗∗
0.96∗∗

0.92∗∗
0.98

0.95∗∗
0.97∗

0.87∗∗
0.95∗∗

0.88∗∗
0.93∗∗

0.87∗∗
0.96∗

0.85∗∗
0.99

#4

LL/RL 0.88∗∗
RR/LR 0.81∗∗

0.91∗∗
0.91∗∗

0.98
0.97∗

0.93∗∗
0.93∗∗

0.94∗∗
1.00

0.96∗∗
1.00

0.92∗∗
0.99

0.94∗∗
0.99

0.96∗∗
0.99

0.97∗
1.00

0.98
0.97∗

0.99
0.99

#5

LL/RL 0.97∗
RR/LR 0.87∗∗

0.98
0.87∗∗

0.98
0.92∗∗

0.95∗∗
0.86∗∗

0.95∗∗
0.91∗∗

0.99
0.96∗∗

0.99
0.94∗∗

0.88∗∗
0.89∗∗

0.89∗∗
0.84∗∗

0.86∗∗
0.91∗∗

0.96∗
0.96∗∗

0.98∗
0.93∗∗

#6

LL/RL 0.83∗∗
RR/LR 0.99

0.75∗∗
0.90∗∗

0.84∗∗
0.99

0.72∗∗
0.99

0.72∗∗
0.86∗∗

0.73∗∗
0.87∗∗

0.67∗∗
0.85∗∗

0.65∗∗
0.98

0.86∗∗
0.99

0.97∗
1.00

0.97∗
0.98

0.99
0.94∗∗

#7

LL/RL 0.96∗
RR/LR 0.98

0.86∗∗
0.91∗∗

0.74∗∗
0.96∗∗

0.82∗∗
0.99

0.88∗∗
0.98∗

0.89∗∗
0.97∗

0.90∗∗
0.88∗∗

0.97∗
0.99

1.00
0.96∗

0.94∗∗
0.96∗∗

0.91∗∗
1.00

0.97∗
0.97∗

p < 0.05, ∗∗ p < 0.01.
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Fig. 5. Results of g(C) on the Poincaré section (θ = 2π) under ﬁve selected conditions (0.83, 0.95, 1.05, 1.43, 2.00 sec) over
all 12 conditions. The results from participants #1 to #7 are arranged in a row, and the ﬁve conditions are in columns. The
blue and red dots indicate that the preceding inputs were L and R, respectively.
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(a)

0.95 sec. (63bpm )
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(b)
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Vx
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θ=0

θ=π/2

θ=π
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(c)
Fig. 6. The unfolded state space during the three switching-input conditions selected from all 12 conditions (data from
participant 2). Data on the Poincaré section Σ were obtained from participant 2 (480 data points for each section), and each
trajectory depicts the mean trajectory of the set Γ(C) of the third-order sequence. Additionally, the trajectories γ(C) before
and after those at θ = 0, π/2, π, 3π/2, and 2π were omitted to conﬁrm the set g(C) on the Poincaré section.
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(b)
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LRR
LLR
RLR
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RRL

RRR
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LRL
RRL
LLR
RLR
LRR
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Fig. 7. The structure, which was aﬀected by the third-order
sequential eﬀects, of the set g(C) (an ellipse of equal probability) on the Poincaré section. (a) The result of the map during
the current input, (b) the ellipses calculated when classiﬁed
by the sequence of the preceding input and (c) the ellipses
calculated when classiﬁed by the sequence of the input before
the preceding input.

a stochastic distribution, such as a Gaussian distribution, random variation, a uniform distribution,
or white noise, and that the variability is generated
regularly by the fractal-like structure when a human
switches rapidly between two movement patterns
with external inputs.

3.3. Correlation dimensions on
Poincaré section
Figure 8 is a typical example (participant 2) of
the correlation integral O(r) calculated by the G–P
method [Grassberger & Procaccia, 1983] to quantify the set g(C) on the Poincaré section under the
switching-input condition. The correlation integral
is the calculation used most widely for estimating
the fractal dimension of small datasets, and the
degree of incline in the log–log plot of Fig. 8 indicates the correlation dimension value. Figure 8(a)

shows the results of the correlation integral for
all 12 conditions; a part of Fig. 8(a) is expanded
in Fig. 8(b). The inclination of the slope under
each condition (i.e. the correlation dimension Dc )
increased as an approximate function of decreases
in the input interval.
Figure 9(a) shows a typical example of the set
g(C) on the Poincaré section (θ = 2π) under three
selected conditions (0.83 sec, 0.95 sec, 2.00 sec) over
all 12 conditions. Comparison of the set g(C) during
the longer switching-time length with the set g(C)
during the shorter switching-time length revealed
that the former converged on the local region during the longer input interval condition (e.g. 2.00 sec,
30 bpm) and that the latter spread over the whole
section during the shorter input interval condition
(e.g. 0.83 sec, 72 bpm). Consequently, the dimension
shifted towards zero as the time interval increased,
and it shifted to near two as the time interval
decreased. This implies that the trajectories Γ(C)
and the set g(C) gradually spread over the whole
space as the input interval shortened. That is, the
correlation dimension was nearly zero at the limit
T → ∞ because the trajectories seem to converge
at a point in spite of having the same structure. On
the other hand, the correlation dimension increased
to near two at the limit T → 0 because the trajectories spread around two attractors due to the rapid
transitions between them [Nishikawa & Gohara,
2002].
The upper part of Fig. 9(b) is the mean and
the standard deviation of the correlation dimension
for each of the switching-time lengths T . At ﬁrst,
the AIC was calculated using the correlation dimension of all participants under 12 conditions (84 data
points = seven participants × 12 conditions) after
ﬁtting an inverse proportion curve with and without a constant and an exponential function. The
leftmost green (inverse proportion without the constant), blue (inverse proportion with the constant),
and red (exponential function) blank circles at the
bottom of Fig. 9(b) present the results of this calculation. Next, we calculated the AIC for each ﬁtting curve using 77 data points (= seven participants × 11 conditions) after excluding only seven
data points for the shortest input interval (0.83 sec).
The results are represented by the second leftmost
blank circles. We repeatedly calculated the AIC
after excluding the results of the correlation dimension from the shorter input interval conditions. The
rightmost blank circles are the results of the AIC
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Fig. 8. Results of the correlation dimension from the correlation integral under all 12 switching-input conditions (data from
participant 2). This is a typical example of how to calculate the set g(C) on the Poincaré section (θ = 2π) with the correlation
integral O(r). (a) The results under all 12 switching-input conditions and (b) part of (a) that was magniﬁed to conﬁrm the
slope in detail. In these ﬁgures, the line color is the same as the text color depicting each switching-time length T . The values
in parentheses are the correlation dimension value.
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Inverse proportion with constant term
Exponential function
0.0
0.6

1.0

1.4

1.8

10
0
2.2

Switching-time length T ( sec. )
(b)
Fig. 9. Means and standard deviations of the correlation dimensions under all switching-time lengths T . (a) The set g(C) on
the Poincaré section (θ = 2π) for the typical example (participant 2) and (b) means (black circles) and standard deviations
(error bars) calculated from the data obtained from all participants under all 12 conditions. The red dotted line, blue line,
and green dotted line are the ﬁtting curves with the exponential function and the inverse proportion with and without the
constant term, respectively. A number of conditions were selected and analyzed based on the results for the AIC to plot these
ﬁtting curves. The results for the AIC are shown in the lower part of (b). The black circles in the upper part of (b) (nine
conditions from 2.00 sec in which the maximal switching-time length T was 0.95 sec) were ﬁnally selected to ﬁt the curve.

under only six conditions (42 data points). The
AIC calculated for the ﬁrst nine conditions (63 data
points) from the longest input interval (2.00 sec) to
the ninth condition (0.95 sec) diﬀered from that calculated for the tenth, 11th, and 12th conditions due
to the ﬁtting curve (an inverse proportion with the
constant term and an exponential function). The
ﬁtting curves for the nine conditions (2.00 sec to

0.95 sec) appear in the upper part of Fig. 9(b).
We selected the inverse proportion with the constant rather than the exponential function following the theoretical model developed by Gohara and
Okuyama [1999b]. For a continuous switching pointing movement, the correlation dimension Dc of the
set g(C) increased as the input interval decreased
(e.g. Dc = 1.43/T + 0.002).
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4. Discussion
Recent research has identiﬁed a fractal-like or selfsimilar structure not only in various physical phenomena [Arecchi et al., 1986; Constantin et al.,
1991; Maas et al., 1997; Matias et al., 1997; Mestl
et al., 1997; Schmiegel & Eckhardt, 1997; Tanii
et al., 1991, 1999] but also in continuous movements
under human motor control for a particular input
interval [Yamamoto & Gohara, 2000] or for certain switching-time lengths T [Suzuki & Yamamoto,
2015]. The purpose of this study was to examine the
regularity of the ﬂuctuations in human motor control, speciﬁcally abrupt switching behavior with an
external input, applying a theoretical model containing a function for switching-time length T and
self-similar structure to a continuous human pointing movement.
According to the theory of dynamical systems
with external inputs, an attractor forms a movement pattern during a periodic-input condition
[Gohara & Okuyama, 1999a]. It has been conﬁrmed
that each movement pattern (i.e. the pointing movement towards the left and right diagonal directions in this study) forms limit-cycle attractors by a
quantitative (Table 1) and geometric (Fig. 3) structure. In addition, the set g(C) on the Poincaré
section was a noninteger value for switching-input
conditions. If a correlation dimension is a noninteger value, the geometric structure is known as
a fractal-like structure [Grassberger & Procaccia,
1983; Suzuki & Yamamoto, 2015]. In other words,
these results show that in this study the variability in human motor control, especially pointing
movements towards the left and right diagonal forward directions, had a fractal-like or self-similar
structure. This implies that the noise in a movement pattern, which is generated via motor control in humans, is a structural ﬂuctuation rather
than stochastic noise. This means that four kinds
of movement pattern were generated regularly and
are aﬀected by the third-order eﬀect, which corresponds to the sequence from the input pattern
before the preceding input pattern to that from the
current input pattern. In other words, human movement is characterized by the sequence of the input
patterns, which is the same as the changes of motor
frequency in the hysteresis eﬀect [Kostrubiec et al.,
2006; Wallace, 1996; Zanone et al., 2010]. This suggests that the dynamical system perspective reveals
the common underlying characteristics and patterns

like self-similar structures or hysteresis in human
behavior.
Furthermore, these noninteger values diﬀered
according to switching-time length. The results
obtained from the ﬁtting curve with an inverse proportion and an exponential function indicate that
the relationship between the correlation dimension
and the switching-time length was one of inverse
proportion, which is the regular relationship. As
Nishikawa and Gohara [2002] suggested, the T
(time)-dependence of the correlation dimension can
be understood by intuition, as the dynamics at both
limits, T → 0 and T → 2, of the curve are considered. That is, two attractors converged near the
region at T → ∞ [the sets on the Poincaré section
at 2.00 sec in Fig. 5 rightmost in column, Figs. 6(a)
and 9(a) rightmost], and the correlation dimension approached zero. In contrast, the trajectories
became disordered around the two attractors, with
a rapid transition at T → 0, and the correlation
dimension approached two [Nishikawa & Gohara,
2002].
The relationship between the switching-time
length T and the correlation dimension Dc during continuous pointing movement is also expected
to be one of inverse proportion for human motor
control, as in the theoretical model developed by
Gohara and Okuyama [1999b] and the empirical
study involving an experiment with an electrical
circuit conducted by Nishikawa and Gohara [2002].
That is, this relationship is approximately Dc ∝
1/T . The experimental data collected by Suzuki
and Yamamoto [2015] showed that changes between
skill levels in table tennis diﬀered in the correlation dimension, but the maximum of the correlation
dimension remained the same (Dc ≈ 1.8). In this
study, the ceiling value of the correlation dimension was 1.4 or 1.5 for human movement relating
to abrupt switching of pointing direction as the
switching-time length decreased. Therefore, the correlation dimension in human motor control does
not endlessly proceed upward in inverse proportion to the switching-time length [Fig. 9(b)] and
the variability does not become completely random
and may be a speciﬁc noninteger value, such as 1.4
or 1.5 in the pointing movement and 1.8 in table
tennis [Suzuki & Yamamoto, 2015]. This implies
that the switching behavior between two attractors generates a fractal-like state in the set g(C)
on the Poincaré section and that the structure is
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self-similar or fractal-like rather than consisting of
a stochastic error. This phenomenon shows that
the switching-time length aﬀects the complexity of
human movement and that human behavior does
not increase randomly as the switching-time length
decreases. Finally, the result of the curve ﬁtting
was an inverse proportion with a constant term.
The implication of this constant term in the switching behavior of two attractors suggests that human
movement patterns are not uniform and are variable at only that rate (i.e. the value of the constant term). This also shows that human movement
does not become completely random, as the correlation dimension values did not exceed 1.4 or 1.5 in
Fig. 9(b).
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