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In this paper, we demonstrate that a unified description of early and late-time acceleration is possible in
the context of mimetic FðRÞ gravity. We study the inflationary era in detail and demonstrate that it can be
realized even in mimetic FðRÞ gravity where traditional FðRÞ gravity fails to describe the inflation. By
using standard methods we calculated the spectral index of primordial curvature perturbations and the
scalar-to-tensor ratio. We use two FðRÞ gravity models and as it turns out, for both the models under study
the observational indices are compatible with both the latest Planck and the BICEP2/Keck array data.
However, this is only true under some model-dependent fine-tuning, which constrains the models we study.
Finally, the graceful exit from inflation issue is addressed, and as we show, the curvature perturbations may
trigger the graceful exit from inflation when the slow-roll era ends. However, fine-tuning is needed in order
to produce enough inflation by the end of the slow-roll era.
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I. INTRODUCTION

Modified gravity offers a consistent theoretical frame-
work for the successful description of the Universe evo-
lution. After the striking observation of the late-time
acceleration in the late 90’s [1], many different forms of
modified gravity have been proposed, for example see the
reviews [2–7]. One of the most difficult aims is to find a
unified description of early and late-time acceleration, with
the FðRÞ theories being the most promising theories of this
kind [8–12]. A recent elegant proposal for a modified
gravity theory was introduced in Ref. [13], and it was called
mimetic gravity, with the mimetic terminology referring to
the fact that dark matter is mimicked by a geometrical term
which originates from the conformal degree of freedom of
the metric. It is exactly because of this that mimetic gravity
is an elegant modified gravity theory since no new term is
added by hand and one actually exploits the conformal
internal degree of freedom. Later on the mimetic gravity
was further studied in Refs. [14–28], and also was further
generalized in the context of FðRÞ gravity in Ref. [23].
Particularly, in Ref. [23], the Lagrange multiplier formal-
ism was used [29,30], and the resulting theory has three
vital components, the FðRÞ gravity, the potential and the
Lagrange multiplier. In effect, these components of the
theory offer much freedom for the realization of various
cosmological scenarios, see for example [28]. Also, mim-
etic FðRÞ gravity may not only unify inflation with the dark

energy era, but naturally introduces gravitational dark
matter.
The purpose of this paper is twofold. Firstly, we will

demonstrate how a unified description of early and late-time
acceleration can be achieved in the context of mimetic FðRÞ
gravity, and secondly we shall investigate how a viable
inflationary era can be generated by a mimetic FðRÞ theory.
Particularly, the viability of each inflationary scenario under
study is quantified in terms of the inflationary observational
indices, the spectral index of primordial curvature perturba-
tions ns and the scalar-to-tensor ratio r. Using standard
methods [31–34] we shall calculate the observational indi-
ces, and we shall investigate when the resulting cosmologies
are compatible with the latest Planck [35,36] and BICEP2/
Keck Array data [37]. For our study we shall use two quite
well-known FðRÞ gravities, the R2 model and a power-law
model of the form FðRÞ ¼ αRn. The R2 model is already
compatible with the Planck data, and as we demonstrate the
mimetic model is also in agreement with the Planck and
BICEP2/Keck Array data. More interestingly, the power-law
model in the context of nonmimetic FðRÞ gravity yields a
scalar-to-tensor ratio which is not compatible with the
observational data. However, in the mimetic version of
the theory, the power-law model is in agreement with all
the latest observational data, but at the expense of fine-tuning
on the free parameters of the theory. Thus the mimetic theory
has some appealing features—apart from the fine-tuning—
that need to be taken seriously into account. One could claim
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that in this theory many cosmological scenarios can be
realized, and nothing new is predicted from the theory. In our
opinion, the mimetic theory is “economic” in the sense that
nothing is actually added by hand, and only the conformal
degree of freedom of the metric is used. Therefore, the theory
deserves some attention, and many theoretical implications
resulting from it should be studied before the theory can be
considered as a mathematical construction only.
This paper is organized as follows: In Sec. II we present

in brief the essential features of mimetic FðRÞ gravity, and
also we discuss how the Newton law for gravity is affected
by the mimetic potential and the Lagrange multiplier. Also
we investigate how the unification of late and early-time
acceleration can be achieved in the context of mimetic
FðRÞ gravity. In Sec. III we demonstrate how various viable
inflationary scenarios can be realized by the mimetic R2

and power-law FðRÞ models. Using standard methods we
calculate the observational indices in the slow-roll approxi-
mation, and we show the compatibility to all the latest

observational data can be achieved. In addition, we briefly
address the graceful exit from inflation issue by studying
the evolution of curvature perturbations when the slow-roll
condition does not any longer holds true. Finally, the
conclusions follow in the end of the paper.

II. UNIFICATION OF INFLATION AND DARK
ENERGY ERA WITH MIMETIC FðRÞ GRAVITY

The mimetic FðRÞ gravity formalism was introduced in
[23], and the gravitational action is

S ¼
Z ffiffiffiffiffiffi

−g
p �

FðRÞ
2κ2

þ λð∂μϕ∂μϕþ 1Þ − VðϕÞ
�

þ Smatterðgμν;ΨÞ; ð1Þ

where Smatter denotes the action of the matter fluids present.
We now rewrite the action (1) in a scalar-tensor form by
introducing the auxiliary field A

S ¼
Z ffiffiffiffiffiffi

−g
p �

1

2κ2
ðF0ðAÞðR − AÞ þ FðAÞÞ þ λð∂μϕ∂μϕþ 1Þ − VðϕÞ

�
þ Smatterðgμν;ΨÞ; ð2Þ

The variation of the action (2) with respect to A give the equation A ¼ R and by substituting the obtained equation A ¼ R
into (2), we reobtain the action (1). By rescaling the metric by

gμν → eσgμν; σ ¼ − lnF0ðAÞ; ð3Þ

we obtain the action in the Einstein frame,

S ¼
Z ffiffiffiffiffiffi

−g
p �

1

2κ2

�
R −

3

2
∂μσ∂μσ −UðσÞ

�
þ λeσð∂μϕ∂μϕþ eσÞ − e2σVðϕÞ

�
þ Smatterðeσgμν;ΨÞ;

UðσÞ ¼ A
F0ðAðσÞÞ −

FðAðσÞÞ
F0ðAðσÞÞ2 : ð4Þ

Here AðσÞ is given by solving the equation σ ¼ − lnF0ðAÞ with respect to A as A ¼ AðσÞ. By varying the resulting action
with respect to the physical metric gμν, we obtain the following Einstein equations:

0 ¼ gμν

�
1

2κ2

�
R −

3

2
∂μσ∂μσ −UðσÞ

�
þ λeσð∂μϕ∂μϕþ eσÞ − e2σVðϕÞ

�

−
1

κ2

�
Rμν −

3

2
∂μσ∂νσ

�
þ λeσ∂μϕ∂νϕþ Tμν; ð5Þ

with Tμν denoting the energy-momentum tensor corresponding to the matter fluids present. By varying with respect to σ
yields

0 ¼ 1

2κ2
ð3∇μ∇μσ −U0ðσÞÞ þ λeσð∂μϕ∂μϕþ 2eσÞ − 2e2σVðϕÞ þ 2T; ð6Þ
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with T ≡ Tμ
μ. On the other hand, by the varying the action

with respect to ϕ, we obtain

0 ¼ −2∇μðλeσ∇μϕÞ − e2σV 0ðϕÞ; ð7Þ

and also by varying with respect to λ, we obtain the mimetic
constraint,

0 ¼ ∂μϕ∂μϕþ eσ: ð8Þ

We now assume that the flat background can be a solution
to the gravitational equations if we neglect the contribution
from the matter fluids, so Tμν ¼ 0. Then we should require
that VðϕÞ ¼ 0, and there exists a value σ0 of σ, with the
property that, Uðσ0Þ ¼ U0ðσ0Þ ¼ 0. Then the flat back-
ground solution is given by

gμν¼ημν; σ¼σ0; ϕ¼ϕ0þe
σ0
2 t; λ¼0; ð9Þ

where ϕ0 is an arbitrary constant. Let us briefly investigate
how the Newton law becomes in the case of mimetic FðRÞ
gravity. In order to investigate the Newton law, we consider
the following perturbation of the metric:

gμν ¼ ημν þ hμν; σ ¼ σ0 þ δσ;

ϕ ¼ ϕ0 þ e
σ0
2 tþ δϕ; λ ¼ δλ: ð10Þ

Consequently, owing to the fact that we assumed
Uðσ0Þ ¼ U0ðσ0Þ ¼ 0, we find UðσÞ ¼ Oðδσ2Þ. Then by
neglecting the terms Oðδσ3Þ and we only keep the term of
δσ2 as follows:

UðσÞ ∼ 3

2
m2δσ2: ð11Þ

Here we have chosen the constant of the proportion in δσ2

term as 3
2
m2. By comparing (11) with the kinetic term of σ

in (5), we find that m corresponds to the mass of the scalar
field σ. By linearizing Eq. (5), we obtain

∂λ∂λhμν − ∂μ∂λhλν − ∂ν∂λhλμ þ ∂μ∂νhþ ημν∂ρ∂σhρσ

− ημν∂λ∂λh ¼ κ2ðe2σ0δμtδνtδλþ TμνÞ: ð12Þ

Here h is the trace of hμν defined by h≡ ημνhμν. Fur-
thermore Eqs. (6), (7), (8) are linearized as follows:

0 ¼ 3

2κ2
ð∂μ∂μδσ −m2δσÞ þ e2σ0δλþ 2T; ð13Þ

0 ¼ δ_λ; ð14Þ
0 ¼ δ _ϕ: ð15Þ

Equations (14) and (15) indicate that δλ and δϕ are the
functions of the spatial coordinates. If δλ ¼ 0, Eq. (12) gives
the standard Newton law, and Eq. (13) gives a correction to
the Newton law which is identical to the standard FðRÞ
gravity correction (see [5] for example). However, if
δλðrÞ ≠ 0, the term including δλðrÞ plays the role of the
inhomogeneous dark matter, and there could appear uncon-
trollable corrections to the Newton law. The correction is,
however, time independent; therefore if we choose the initial
condition as follows, δλ ¼ 0, no correction to the Newton
law is generated. In the action (1) in the Jordan frame, by
varying with respect to the metric, instead of (5) we obtain

0 ¼ 1

2κ2

�
1

2
gμνFðRÞ − RμνF0ðRÞ

þ∇μ∇νF0ðRÞ − gμν∇2F0ðRÞ
�

þ 1

2
gμνfλð∂μϕ∂μϕþ 1Þ − VðϕÞg − λ∂μϕ∂νϕþ 1

2
Tμν:

ð16Þ

On the other hand, instead of (7) and (8), the variations of the
action with respect to ϕ and λ yield

0 ¼ −2∇μðλ∇μϕÞ − V 0ðϕÞ; ð17Þ

0 ¼ ∂μϕ∂μϕþ 1: ð18Þ

We now assume that the background metric is a flat
Friedmann-Robertson-Walker metric (FRW),

ds2 ¼ −dt2 þ aðtÞ2
X

i¼1;2;3

ðdxiÞ2; ð19Þ

and ϕ only depends on t. Then Eq. (18) can be solved as
follows:

ϕ ¼ t; ð20Þ

and effectively, Eq. (17) takes the following form:

0 ¼ 2_λþ 6Hλ − V 0ðtÞ; ð21Þ
where H ¼ _a=a. On the other hand, the ðt; tÞ and ði; jÞ
(i, j ¼ 1, 2, 3) components of (16) have the following form:

0 ¼ 1

2κ2

�
−
1

2
FðRÞ þ 3ðH2 þ _HÞF0ðRÞ − 18ð4H2 _H þHḦÞF00ðRÞ

�
þ 1

2
VðtÞ − λþ 1

2
ρ; ð22Þ
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0 ¼ 1

2κ2

�
1

2
FðRÞ − ð _H þ 3H2ÞF0ðRÞ þ 6ð8H2 _H þ 4 _H2 þ 6HḦ þH

…ÞF00ðRÞ þ 36ð4H _H þ ḦÞ2F000ðRÞ
�
−
1

2
VðtÞ þ 1

2
p;

ð23Þ

where ρ and p are energy density and the pressure of the
matter, respectively and the scalar curvature is given by
R ¼ 12H2 þ 6 _H. By using the conservation law for the
matter fluids, 0 ¼ _ρþ 3Hðρþ pÞ, Eq. (21) can be
obtained from (22) and (23). We should also note that
Eq. (22) is the equation which governs the cosmic time t
dependence of the Lagrange multiplier λ, and it has the
following form:

λðtÞ ¼ 1

2κ2

�
−
1

2
FðRðtÞÞ þ 3ðHðtÞ2 þ _HðtÞÞF0ðRðtÞÞ

− 18ð4HðtÞ2 _HðtÞ þHðtÞḦðtÞÞF00ððRÞÞ
�

þ 1

2
VðtÞ þ 1

2
ρðtÞ: ð24Þ

Then the only remaining equation, which we should
solve, is Eq. (23). Equation (23) indicates that an
arbitrary evolution of the expansion of the Universe
given by aðtÞ can be realized by properly choosing

the mimetic potential VðϕÞ. If we assume that the energy
density is given by the sum of the contributions from all
the perfect fluids present, with constant equation of state
(EoS) parameter wi, then the energy density ρi with wi is
proportional to a−3ð1þwiÞ. Effectively, we find the follow-
ing expression of ρ:

ρ ¼
X
i

ρ0ia−3ð1þwiÞ; ð25Þ

with ρ0i’s being constants. Equation (25) also gives the
expression of the pressure p,

p ¼
X
i

wiρ0ia−3ð1þwiÞ; ð26Þ

and when ρ and p are given by (25) and (26), for the
evolution of the expansion given by aðtÞ, Eq. (23) gives
the mimetic potential V as a function of t, which has the
following form:

VðtÞ ¼ 1

κ2

�
1

2
Fð12HðtÞ2 þ 6 _HðtÞÞ − ð _HðtÞ þ 3HðtÞ2ÞF0ð12HðtÞ2 þ 6 _HðtÞÞ

þ 6ð8HðtÞ2 _HðtÞ þ 4 _HðtÞ2 þ 6HðtÞḦðtÞ þH
…ðtÞÞF00ð12HðtÞ2 þ 6 _HðtÞÞ

þ 36ð4HðtÞ _HðtÞ þ ḦðtÞÞ2F000ð12HðtÞ2 þ 6 _HðtÞÞ
�
þ pðaðtÞÞ: ð27Þ

We may choose the FðRÞ gravity to describe a realistic
model, where the accelerated expansion of the Universe
occurs at late times and the Newton law can be reproduced
by the chameleon mechanism [38]. Then we find the
potential VðϕÞ which vanishes at late times. Even if we
choose FðRÞ as that of a “realistic”model, the expansion of
the Universe becomes smooth due to the potential VðϕÞ.
The “realistic” FðRÞ model includes a parameter
m ∼ 10−33 eV which has mass dimensions. The parameter
m plays the role of the effective cosmological constant.
When the curvature R is large enough compared with m2,
R ≫ m2, the FðRÞ gravity behaves as follows:

FðRÞ ¼ R − c1m2 þ c2m2nþ2

Rn þOðR−2nÞ; ð28Þ

where c1, c2, and n are positive dimensionless constants.
We now consider the model where H is given by

H ¼ HIe
− t
t0

e−
t
t0 þ 1

þHL: ð29Þ

Wemay choose the parametersHI andHL asHI ≫ HL > 0
and t0 > 0 is a constant. In the early-time regime, which
corresponds to the limit t → −∞, the Hubble rate behaves as
H → HI and in the late-time regime t → þ∞, it behaves as
H → HL. Then the early-time behavior could correspond to
the inflationary regime and the late-time behavior to the
accelerating expansion of the present Universe.
The Hubble rate H in (29) tells that the scale factor aðtÞ
is given by

aðtÞ ¼ a0ðe−
t
t0 þ 1Þ−t0HIeHLt; ð30Þ

with a0 being a constant. We may assume that the matter
fluids are actually perfect fluids with constant equation of
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state (EoS) parameters wi’s, so Eqs. (25) and (26) are
modified accordingly. Then by using the expression (30),
we can find the t dependence of ρ and p, which tells the t
dependence, that is, ϕ dependence of the potential VðϕÞ by
using (23). Especially when we choose,

6H2
L ¼ c1m2; ð31Þ

the mimetic potential V vanishes in the late time era, when
R ≫ m2. In addition, Eq. (29) indicates that

_H ¼ −
HIet=t0

t0ðet=t0 þ 1Þ2 ; ð32Þ

and the effective EoS parameter weff is given by

weff ¼ −1þ 2HIet=t0

3t0ðHI þHLet=t0 þHLÞ2
; ð33Þ

which is a smooth function of the cosmic time t. For the
model (29), we have

Ḧ ¼ HIet=t0ðet=t0 − 1Þ
t20ðet=t0 þ 1Þ3 ; ð34Þ

H
… ¼ −

HIet=t0ð−4et=t0 þ e
2t
t0 þ 1Þ

t30ðet=t0 þ 1Þ4 : ð35Þ

Then the potential VðϕÞ in (27) can be easily found by
replacing _H, Ḧ and H

…
from the above expressions, but we

omit it for brevity.
A more realistic model in comparison to (29) could be

given by

H ¼ HL coth

0
@3

4
HLt

0
@1þ

t
t0ffiffiffiffiffiffiffiffiffiffiffi
1þ t2

t2
0

q
1
AþHL

HI

1
A: ð36Þ

We again assume HL ≪ HI and when t ≫ t0, the Hubble
rate goes to that of the ΛCDM model, that is

H → HL coth
�
3

2
HLt

�
: ð37Þ

On the other hand, when t ≪ −t0, H goes to a constant,
that is

H → HI; ð38Þ

which may correspond to the inflation in the early
Universe. The effective EoS parameter weff is again a
smooth function of t. In fact, owing to the fact that

_H ¼ 3

4
H2

L

1þ
2t
t0
þt3

t3
0 

1þ
t
t0ffiffiffiffiffiffi
1þt2

t2
0

q
!3

2

sinh2
 

3
4
HLt

 
1þ

t
t0ffiffiffiffiffiffiffi
1þt2

t2
0

q
!! ; ð39Þ

we find

weff ¼ −1þ

1þ
2t
t0
þt3

t3
0 

1þ
t
t0ffiffiffiffiffiffi
1þt2

t2
0

q
!3

2

2cosh2
 

3
4
HLt

 
1þ

t
t0ffiffiffiffiffiffiffi
1þt2

t2
0

q
!! : ð40Þ

If we choose HL as in Eq. (31), even for the model in (36),
the potential VðϕÞ becomes very small in the late-time
regime, but if R ≫ m2, the expansion of the Universe is
generated by the FðRÞ and the energy density coming from
ϕ must be very small. For the model (36), if matter
dominates, the potential VðϕÞ is small even for the matter
domination epoch. We should also note that Eq. (18) tells
∂μϕ is always timelike, which means that ϕ is monoton-
ically increasing function of t. Then even if some fluctua-
tions of matter fluids occur, if VðϕÞ was small enough
before the fluctuations, VðϕÞ remains small after the
fluctuations. Therefore, the mimetic potential VðϕÞ does
not give any corrections to the Newton law in the late-time
regime and even if we consider the matter instability in
[39], the situation is never changed from the standard FðRÞ
gravity. The role of the potential VðϕÞ is to connect the
inflation epoch and the matter dominant epoch smoothly in
the early Universe, and the model is not changed from the
standard FðRÞ gravity in the late-time regime, at least when
certain aspects of the evolution are considered. As long as
the value of the Hubble rate H in the late time is given by
(31), the above situation is general for all the FðRÞ gravities
which satisfy the asymptotic behavior as in (41), as in [40],

FðRÞ ¼ R −
m2c1ðR=m2Þn
c2ðR=m2Þn þ 1

: ð41Þ

The same applies for exponential FðRÞ gravities [12,22,
41–45] of the form,

FðRÞ ¼ R − 2Λð1 − e
R
βΛÞ; ð42Þ

where Λ is the cosmological constant corresponding to
present time and the parameter β is a positive free parameter
of the order Oð1Þ.
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III. INFLATIONARY SOLUTIONS AND
COMPATIBILITYWITH OBSERVATIONAL DATA

The mimetic FðRÞ framework offers much freedom for
realizing various inflationary scenarios in a successful and
viable way, with the viability of each model being deter-
mined on whether the model is compatible with observa-
tional data. In this section we shall demonstrate how to
construct viable mimetic FðRÞ inflation models, for various
FðRÞ gravities, and we shall demonstrate that the resulting
models can be compatible with the observational data. In
some recent works [28], the same issue has been addressed
by using the perfect fluid approach; however, in this paper
we shall calculate the slow-roll indices and the correspond-
ing observational indices by treating the mimetic theory as
a particular case of an FðR;ϕÞ scalar-tensor theory. The
calculation will be done by assuming a slow-roll era, for
which the following relations hold true:

_H ≪ H2; Ḧ ≪ H _H; ð43Þ

where H is the Hubble rate, and therefore the resulting
gravitational equations become simplified as we show. The
vacuum mimetic FðRÞ gravity action of Eq. (1) can be
viewed as a FðR;ϕÞ scalar-tensor theory which takes the
following form:

S ¼
Z ffiffiffiffiffiffi

−g
p �

FðRÞ
2κ2

þ λðϕÞ∂μϕ∂μϕþ λðϕÞ − VðϕÞ
�
;

ð44Þ

so effectively the kinetic term is ωðϕÞ ¼ −2λðϕÞ and the
potential is VðϕÞ ¼ λðϕÞ − VðϕÞ. The slow-roll indices of a
general scalar-tensor theory of the form FðR;ϕÞ were
introduced in [31–34] and have the following general form:

ϵ1 ¼ −
_H
H2

; ϵ2 ¼
ϕ̈

H _ϕ
; ϵ3 ¼

_F0ðR;ϕÞ
2HF0ðR;ϕÞ ;

ϵ4 ¼
_E

2HE
; ð45Þ

with the function EðR;ϕÞ being equal to

EðR;ϕÞ ¼ FðR;ϕÞωðϕÞ þ 3 _F0ðR;ϕÞ2
2 _ϕ2

: ð46Þ

For the mimetic FðRÞ gravity at hand, since ϕ ¼ t and
ωðϕÞ ¼ −2λðϕÞ, the slow-roll indices become

ϵ1 ¼ −
_H
H2

; ϵ2 ¼ 0; ϵ3 ¼
_F0ðR;ϕÞ

2HF0ðR;ϕÞ ; ϵ4 ¼
_E

2HE
; ð47Þ

with E having the following form:

EðR;ϕÞ ¼ 2FðR;ϕÞλðϕÞ þ 3 _F0ðR;ϕÞ2
2

: ð48Þ

In principle, for a given FðRÞ gravity, the calculation of the
slow-roll indices can be very tedious without using the
slow-roll approximation, so in the following we shall use
the slow-roll approximation, and wewill calculate the slow-
roll indices and the corresponding observational indices of
inflation. With regards to the latter, we are interested in the
spectral index of primordial curvature perturbations ns and
also to the scalar-to-tensor ratio r. In the slow-roll approxi-
mation, these two inflationary indices are defined in terms
of the slow-roll indices ϵi, i ¼ 1; ::; 4, as follows [31–34]:

ns≃1−4ϵ1−2ϵ2þ2ϵ3−2ϵ4; r¼16ðϵ1þϵ3Þ; ð49Þ

so in the following by specifying the FðRÞ gravity and
using the slow-roll approximation, we shall realize certain
cosmological scenarios which are in concordance with the
Planck 2015 data [35,36], which constrain ns and r as
follows:

ns ¼ 0.9644� 0.0049; r < 0.10: ð50Þ

Also, the most recent BICEP2/Keck Array data [37],
constrain the scalar-to-tensor ratio as follows:

r < 0.07; ð51Þ

at 95% confidence level, and as we demonstrate this
constraint will be also satisfied by some of our models.
We shall study two FðRÞ gravity models, the R2 inflation
model, with the corresponding FðRÞ gravity being

FðRÞ ¼ Rþ R2

6M2
; ð52Þ

and also the power-law model,

FðRÞ ¼ αRn; ð53Þ

with n > 0. The nonmimetic R2 model is compatible with
the Planck data; however the nonmimetic power-law model
(52) is not in full concordance with observations, since r is
too large, but as we show, the mimetic versions of these two
FðRÞ models can be compatible with the Planck data and
also with the BICEP2/Keck Array data.

A. The mimetic R2 model

Assume that the FðRÞ gravity is the R2 model appearing
in Eq. (52), and by using the mimetic FðRÞ formalism we
shall realize the following cosmological evolution:

HðtÞ ¼ H0 −
d
6
ðt − t0Þ þ cðt − t0Þ2; ð54Þ
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where H0, d, c and t0 are arbitrary parameters, which have
to obey the following relation in order for the slow-roll
approximation to hold true:

H0 > d; c; t0: ð55Þ

Also t0 ≪ 1, since it is the time instance at which the
inflationary era begins. In addition, the slow-roll approxi-
mation holds true for the Hubble rate (54) since the cosmic
time variables takes values in the interval ð10−35; 10−15Þ,
and effectively the time dependent terms in Eq. (54) are
extremely small. It is conceivable that in order for the
mimetic FðRÞ theory to realize the cosmology (54), the
mimetic potential and the Lagrange multiplier have to be
appropriately chosen. In order to find their analytic form,
we shall simplify the gravitational equations of motion
which correspond to the action (44) by using the slow-roll
approximation. Particularly, since the relations (43) hold

true, the F0ðRÞ gravity is simplified as F0ðRÞ≃ R=ð3M2Þ
and also _F0 ≃ 8H _H=M2, so the gravitational equations for
the mimetic R2 gravity read

Ḧ −
_H2

2H
þM2H

2
¼ −3H _H þM2

VðϕÞ − 2λðϕÞ
12H

; ð56Þ

so by neglecting the first two terms we finally get

M2H
2

¼ −3H _H þM2
VðϕÞ − 2λðϕÞ

12H
: ð57Þ

Then, by using the cosmological evolution of Eq. (54), we
can find in a straightforward way the potential and the
Lagrange multiplier which can generate the cosmological
evolution, and the result is

VðtÞ − 2λðtÞ ¼ ð−dþM2 þ 12cðt − t0ÞÞð−6H0 þ ðt − t0Þðdþ 6cð−tþ t0ÞÞÞ2
6M2

: ð58Þ

The analytic forms of the potential and of the Lagrange
multiplier can be found by using Eq. (21) and combining it
with Eq. (58), so the Lagrange multiplier reads

λðϕÞ ¼ 4cϕ −
10cdϕ
M2

−
120c2t0ϕ

M2
þ 60c2ϕ2

M2
þA1; ð59Þ

where the constant A1 is,

A1¼−
d
3
þ d2

3M2
þ12cH0

M2
−4ct0þ

10cdt0
M2

þ60c2t20
M2

: ð60Þ

Correspondingly, the mimetic potential can easily be found
by using (58), and the explicit form appears in the
Appendix. In the slow-roll approximation, the slow-roll
indices ϵ3 and ϵ4 become approximately equal to

ϵ3 ≃ −2ϵ1; ϵ4 ≃
_λ

2Hλ
; ð61Þ

while ϵ1 remains as it was. By using the expressions for λðtÞ
and HðtÞ given in Eqs. (59) and (54) respectively, the
observational indices take a very simple form,

ϵ1 ¼
d
6
− 2cðt − t0Þ

ðH0 − 1
6
dðt − t0Þ þ cðt − t0Þ2Þ2

; ϵ3 ≃ −
2ðd

6
− 2cðt − t0ÞÞ

ðH0 − 1
6
dðt − t0Þ þ cðt − t0Þ2Þ2

ϵ4 ≃ 18cð−5dþ 2ðM2 þ 30cðt − t0ÞÞÞ
ðd2 − dðM2 þ 30cðt − t0ÞÞ þ 12cð3H0 þ ðM2 þ 15cðt − t0ÞÞðt − t0ÞÞÞð6H0 − ðt − t0Þðdþ 6cð−tþ t0ÞÞÞ

; ð62Þ

and by using the e-foldings number N, the spectral index ns is found to be

ns ≃ 1 −
48ðd − 12czÞ

ð−6H0 þ zðd − 6czÞÞ2 −
36cð−5dþ 2M2 þ 60czÞ

ð6H0 þ zð−dþ 6czÞÞðd2 − dðM2 þ 30czÞ þ 12cð3H0 þ zðM2 þ 15czÞÞÞ ; ð63Þ

where the N-dependence of the spectral index is contained in the parameter z which is given in the Appendix. Accordingly,
the scalar-to-tensor ratio reads

r≃ −
16ðd

6
− 2czÞ

ðH0 − dz
6
þ cz2Þ2 : ð64Þ
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By using the following values for the parameters:

N ¼ 50; c ¼ 0.0000009; M ¼ 0.085;

H0 ¼ 0.26; d ¼ 0.002; ð65Þ

we obtain the following values for the observational
indices:

ns ≃ 0.967429; r≃ 0.0134796; ð66Þ

which are compatible with both the Planck data of Eq. (50)
and with the BICEP2/Keck Array data of Eq. (51). Thus
even within the context of the mimetic gravity, the R2

model is compatible with the recent observational data.
However, in this case the utility of the mimetic framework
is not shown, so in the next section we shall discuss the
power law gravity of Eq. (53) which in the nonmimetic
gravity framework is not compatible with the observational
data. As we will show, it can be compatible with obser-
vations in the mimetic framework and this shows clearly
the utility of the mimetic framework.
We need to note that the resulting picture we presented in

this section crucially depends on the values of the param-
eter H0, and in order to obtain viable results, certain fine-
tuning is required. For example, if instead of choosing
H0 ¼ 0.26, we choose, 0.24 < H0 < 0.29, then the com-
patibility with the observational data cannot be achieved for
any value of the rest of the parameters. A detailed analysis
can show that only for the following values of the
parameters, compatibility with the Planck data can be
achieved:

H0 ¼ 0.27� 0.03; M ¼ 0.08� 0.005;

c=d ∼ 2 × 103;
H0

d
∼ 140; ð67Þ

for N taking values in the interval N ¼ ð50; 60Þ, and also
we omitted the physical units for simplicity. Therefore, the
model we just presented can be considered that it has
restricted viability due to the required fine-tuning of the
parameters, which leads to a very restricted allowed
parameter space. Finally, this fine-tuning crucially depends
on the form of the FðRÞ gravity, and correspondingly it
depends on the form of the mimetic potential, and this is
reasonable since the FðRÞ gravity is fixed from the
beginning of the calculation. In addition it crucially
depends on the realized evolution, and this also justifies
the fine-tuning for the specific model. This behavior is
expected to occur in other models too, however as we show
in the next section, the resulting behavior is extremely
model dependent. So in principle there should be no
explicit general rule for the amount of fine-tuning required.

B. A mimetic power-law FðRÞ model

One of the appealing features that the mimetic FðRÞ
framework offers is that it is possible to realize in a
observationally viable way various cosmological scenarios
for various FðRÞ gravities. In addition, it is possible for an
FðRÞ gravity to produce a cosmologically viable infla-
tionary era, even in the case that the nonmimetic FðRÞ
gravity could not achieve that. In this section we shall study
an FðRÞ gravity of this form, and particularly the power-
law model of Eq. (53). In the ordinary FðRÞ gravity case,
the slow-roll indices of Eq. (45) in the slow-roll regime, are
equal to

ϵ1 ¼
2 − n

ðn − 1Þð2n − 1Þ ; ϵ2 ¼ 0;

ϵ3 ¼
ð1 − nÞð2 − nÞ

ð−1þ nÞð−1þ 2nÞ ; ϵ4 ¼
n − 2

n − 1
; ð68Þ

and the spectral index ns is therefore equal to

ns ≃ −7þ 5n
1 − 3nþ 2n2

; ð69Þ

while the corresponding scalar-to-tensor ratio is

r≃ 16ð−2þ nÞ2
ð−1þ nÞð−1þ 2nÞ : ð70Þ

Since the variable n is the only free parameter in the theory,
only the value n ¼ 1.8105 makes the spectral index
compatible with the Planck data (50); however the corre-
sponding scalar-to-tensor ratio is not compatible with
observations, as it can be seen below,

ns ≃ 0.966191; r≃ 0.27047: ð71Þ
Therefore, the ordinary power-law FðRÞ gravity of Eq. (53)
does not produce a viable inflationary era. However, the
corresponding mimetic theory generates a viable infla-
tionary era, as we now show.
Consider the following cosmological evolution:

HðtÞ ¼ H0 −
M2

6
ðt − t0Þ; ð72Þ

which is assumed to be a quasi de Sitter evolution, so the
parameters must satisfy H0 > M2. Regardless of the con-
straints obeyed by the parameters, the cosmic time t takes
very small values since the inflationary era occurs at times
of the order ∼10−35 sec, so the slow-roll conditions (43)
hold true for the Hubble rate (72). We shall demonstrate
that the cosmology (72) can be realized by a mimetic
theory, and we shall show that this cosmology is compat-
ible with both the Planck and the BICEP2/Keck Array data.
Indeed, the gravitational equations in the slow-roll approxi-
mation become in this case
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αn ¼ 2αðn − 1Þ − αnðn − 1Þ24 _H þ VðtÞ − 2λðtÞ
6ð12H2Þn−1H2

; ð73Þ

so the corresponding Lagrange multiplier has the following
simple form:

λðϕÞ ¼ −2−3þ2n3−3þnM2nð2 − nþ 4M2ð−1þ nÞnÞ

× α

�
H0 þ

1

6
M2ðt0 − ϕÞ

�
2ð−1þnÞ

; ð74Þ

and the mimetic potential reads in this case,

VðϕÞ ¼ 3−3þn4−1þnð2 − nþ 4M2ð−1þ nÞnÞ

× α

�
9 −

36M2n
ð6H0 þM2ðt0 − ϕÞÞ2

�

×

�
H0 þ

1

6
M2ðt0 − ϕÞ

�
2n
: ð75Þ

The slow-roll indices as functions of the cosmic time for the
power-law FðRÞ gravity (53) in the slow-roll approxima-
tion are equal to,

ϵ3 ≃ −ðn − 1Þϵ1; ϵ4 ≃
_λ

2Hλ
; ð76Þ

and by combining Eqs. (72), (74) and (75) the resulting
slow-roll indices as functions of the cosmic time take the
following form:

ϵ1¼
M2

6ðH0− 1
6
M2ðt− t0ÞÞ2

; ϵ3¼
M2ð1−nÞ

6ðH0− 1
6
M2ðt− t0ÞÞ2

;

ϵ4¼−
6M2ð−1þnÞ

ð6H0þM2ð−tþ t0ÞÞ2
: ð77Þ

It is more convenient to express the resulting observational
indices as functions of the e-folding number, so the
resulting expressions for the spectral index ns and for
the scalar-to-tensor ratio are

ns ¼
3H2

0 −M2ð2þ NÞ
3H2

0 −M2N
; r ¼ 8M2ð−2þ nÞ

−3H2
0 þM2N

: ð78Þ

By choosing the free variables and the e-foldings number as
follows:

N¼50; H0¼12.04566; M¼2; n¼1.8; ð79Þ

the observational indices take the following values:

ns ≃ 0.966; r≃ 0.0272; ð80Þ

which are compatible to both the Planck and BICEP2/Keck
Array data. More generally, if the parametersM andH0 are

related as H0 ¼ 6.0228 ×M, then by appropriately adjust-
ing n, compatibility with the observational data can be
achieved. Hence we showed that a viable quasi de Sitter
cosmology can be realized by the mimetic power-law FðRÞ
model in a simple way. In principle, alternative scenarios to
the one we used in this section may be generated. For
example, consider the following cosmic evolution:

HðtÞ ¼ H0 − d=6ðt − t0Þ þ cðt − t0Þ2; ð81Þ

and for the power-law FðRÞ gravity (53), the Lagrange
multiplier that generates (81) is at leading order,

λðϕÞ≃ −21þ2n3−1þncH−1þ2n
0 ð−1þ nÞnα; ð82Þ

and the full form can be found in the Appendix. The
corresponding mimetic potential can easily be found and it
is approximately equal to

VðϕÞ ¼ 12−1þnH−1þ2n
0 αð−16cð−1þ nÞn

þH0ð2þ 4n2ðdþ 12cðt0 − ϕÞÞ
− nð1þ 4dþ 48cðt0 − ϕÞÞÞÞ: ð83Þ

Correspondingly, the observational indices can be calcu-
lated but we do not quote it here for brevity. By using the
following values for the parameters:

N ¼ 50; c ¼ 0.014; d ¼ −0.1;

n ¼ 11; H0 ¼ 11; ð84Þ

the resulting values for the observational indices are

ns ≃ 0.966121; r≃ 0.0176679; ð85Þ

which again are compatible with both the Planck and
BICEP2/Keck Array data. Hence we showed that in the
context of mimetic FðRÞ gravity with potential and
Lagrange multiplier, in principle it is possible to realize
various cosmological scenarios in a successful way. What
now remains is the graceful exit from inflation issue, which
we address in the next section.
As we discussed in the previous section, for the R2

model, a fine-tuning of the parameters was required in
order to have compatibility with the observational data.
However, as we show now, for the power-law model, the
parameter space that may yield observationally viable
results, is totally different from the one corresponding to
the R2 model. Particularly, it seems that the values of n, the
exponent of the Ricci scalar in the FðRÞ gravity function of
Eq. (53), must take values approximately n ¼ 1.7� 0.2,
and for this range of values for n, some numerical analysis
can show that the compatibility is accomplished if the
parameters satisfy the following relations:
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H0

M
∼ 6.023; ð86Þ

for N taking values in the interval N ¼ ð50; 60Þ, and we
omitted the physical units for simplicity. Obviously, in the
present case too, certain fine-tuning is required in order to
achieve compatibility, and this reduces the general viability
of the model. Finally, we need to note that the fine-tuning is
strongly model dependent, since the conditions for the
viability of each model we studied, are different and are
expected to be different in other models too. In the next
section we shall also into account certain restrictions on the
values of the parameter n, coming from the graceful
exit issue.

1. Graceful exit for power-law mimetic FðRÞ gravity
In this section we will discuss how the graceful exit from

inflation can be achieved for the mimetic FðRÞ gravity. For
convenience we shall consider the power-law model of
Eq. (53), and we shall use the potential and the Lagrange
multiplier appearing in Eqs. (74) and (75). Recall that the
corresponding mimetic theory produces a viable cosmology
for the values chosen as in Eq. (79), so for n ¼ 1.8, and as
we will show the graceful exit from inflation strongly
depends on the value of n. In order to study the graceful
exit issue, we shall investigate the existence and the stability
of de Sitter vacua of the mimetic theory, when the slow-roll
approximation does not hold true anymore. Thus, the
existence of an unstable de Sitter vacuum will generate

growing curvature perturbations which will make the grace-
ful exit from inflation possible. For more details on this
mechanism consult Refs. [28,46] and references therein.
Firstly, let us see how the gravitational equation (73)
becomes in the case that the slow-roll approximation is
abandoned. In order to extract the corresponding differential
equation, we use Eq. (22) and also the FðRÞ gravity of
Eq. (53), so the corresponding gravitational equation of
motion reads

6αnHðtÞ2 − ðαn − αÞð12HðtÞ2 þ 6H0ðtÞÞ þ 6αnðn − 1Þ

ð24HðtÞH0ðtÞ þ 6H00ðtÞÞ − VðtÞ − 2λðtÞ
12HðtÞ2 þ 6H0ðtÞ ¼ 0:

ð87Þ
Nowwe seek de Sitter vacua solutions for the Eq. (87), sowe
set HðtÞ ¼ Hd, and the resulting equation is

6H2
dnα − 12H2

dð−αþ nαÞ
− 12−2þnH−2þ2n

d ð−2ð−1þ nÞαþ nαÞ ¼ 0; ð88Þ
which has a single solution,

Hd ¼ ð2−5þ2n3−3þnÞ 1
4−2n: ð89Þ

In order to study the stability of this solution, we set HðtÞ ¼
Hd þ ΔHðtÞ in the differential equation (87), and we
expand, keeping linear terms in ΔHðtÞ, ΔH0ðtÞ and
ΔH00ðtÞ, so the resulting differential equation reads

1

288H2
d

αð−4Hdð864H2
d þ 12nH2n

d Þð−2þ nÞΔHðtÞ

þ ð−12nH2n
d ð−2þ nÞ − 1728H2

dð−1þ nÞ þ 41472H3
dð−1þ nÞnþ 31þn42þnH1þ2n

d ð−1þ nÞnÞΔH0ðtÞ
þ 2Hdðð−864H2

d þ 12nH2n
d Þð−2þ nÞ þ 5184Hdð−1þ nÞnΔH00ðtÞÞÞ ¼ 0: ð90Þ

By solving the above differential equation we obtain the
following solution:

ΔHðtÞ ¼ −
864H2

d − 22n3nH2n
d

2ð864H2
d þ 22n3nH2n

d Þ þ c1eμ1t þ c2eμ2t;

ð91Þ
where the parameters μ1 and μ2 appear in the Appendix and
c1, c2 are arbitrary constants. By substituting the de Sitter
solution (89) and also by setting n ¼ 1.8 the solution (91)
becomes

ΔHðtÞ ¼ −0.499989þ c1e0.0775432t þ c2e0.00195451t; ð92Þ
which indicates that the perturbation ΔHðtÞ is fastly
growing with time. Therefore, for the value of n that
makes the slow-roll approximated mimetic theory viable,
we also make the non slow-rolling theory unstable, and

therefore graceful exit is achieved via growing curvature
perturbations. Before closing this section we need to note
that a slight change in the parameter n, utterly changes the
final picture. For example, by setting n ¼ 1.5, the resulting
solution to equation (90) is equal to

ΔHðtÞ ¼ −0.497691þ c1e−0.0409565t sinð0.0950736tÞ;
ð93Þ

where we have set c1 ¼ c2. Clearly, the solution (93)
describes a decaying perturbation with time, so in effect the
de Sitter solution (89) is stable and therefore no graceful
exit from inflation occurs. Thus it is intriguing that for the
value of n which renders the mimetic theory under study
viable, we also achieve graceful exit from inflation.
Actually, it can be shown that for n > 1.6, the curvature

perturbations around the de Sitter solution are always
growing. Therefore, combining this result with the fact
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the power-law model is compatible with observations for
n ¼ 1.7� 0.2, then we can see that the two parameter
spaces coincide for the interval n ¼ ð1.6; 1.9Þ. Hence, in
this interval the graceful exit from inflation can be
qualitatively guaranteed, since the de Sitter vacua are
unstable. However, as we already noted, this is a qualitative
approach and does not really provides us with more
concrete information with regards to the actual duration
of inflation, and mainly how much do actually the
perturbations grow for N ∼ 50–60. In principle, the
e-folding number can be easily reached, since the model
contains many free parameters, but let us show this
explicitly.
In the context of FðRÞ gravity inflation, the graceful exit

from inflation occurs when the first slow-roll parameter ϵ1
in Eq. (45), becomes of order ϵ1 ∼Oð1Þ, so let us assume
that this occurs at the time instance t ¼ tf at which point
the Hubble rate is H ¼ Hf. For the evolution under study,
namely that of Eq. (72), the condition ϵ1 ∼ 1 yields
H2

f ≃ M2

6
, and in addition, at t ¼ tf, we have from Eq. (72),

Hf ¼ H0 −
M2

6
ðtf − t0Þ; ð94Þ

so by solving with respect to tf − t0 and substituting

H2
f ≃ M2

6
we get

tf − t0 ≃ 6

M2

�
H0 −

Mffiffiffi
6

p
�
: ð95Þ

Then, by using the definition of the e-foldings numberN as
a function of the Hubble rate, which is

N ¼
Z

tf

t0

HðtÞdt; ð96Þ

we can express the difference (tf − t0) as a function of the
e-foldings number N, so eventually we can have a
quantitative numerical idea on how the perturbations of

Eq. (92), grow as a function of N. In order to be correct
then, the initial time t ¼ t0 should be the time instance that
the primordial curvature modes exit the horizon. By
integrating (96) for the Hubble rate (72), we get

N ¼ H0ðtf − t0Þ −
M2

12
ðtf − t0Þ2; ð97Þ

so by substituting (tf − t0) from Eq. (95), we get

N ≃ 3H2
0

M2
−
1

2
: ð98Þ

Finally, by using Eqs. (95) and (98), we may express the
quantity (tf − t0) as a function of N and the rest of the
parameters, as follows:

tf − ti ≃ 2ðN þ 1
2
Þ

H0

−
6

M
ffiffiffi
6

p : ð99Þ

Then, by substituting the quantity (tf − t0), the perturba-
tions of Eq. (92) become1

ΔHðNÞ ¼ −0.499989þ c1e
0.0775432ð2ðNþ1

2
Þ

H0
− 6

M
ffiffi
6

p Þ

þ c2e
0.00195451ð2ðNþ1

2
Þ

H0
− 6

M
ffiffi
6

p Þ; ð100Þ

and at this point we can have a concrete idea on how much
the perturbations (100) grow as a function of N, H0,M, for
n ¼ 1.8. So for the values of H0 and M chosen as in
Eq. (79), the perturbations for N ¼ 50 become approx-
imately,

ΔHðNÞ ¼ −0.499989þ c1e0.0116629 þ c2e0.462714; ð101Þ

which means that the perturbations are already of order
Oð1Þ, even for N ¼ 50, since e0.462714 ∼ 1.5. However, by
inserting H0 ¼ 12.04566 and M ¼ 2, one obtains

ΔHðNÞ ¼ −0.499989þ c1 exp

�
0.0775432

�
−

ffiffiffi
3

2

r
þ 0.166035

�
1

2
þ N

���

þ c2 exp

�
0.00195451

�
−

ffiffiffi
3

2

r
þ 0.166035

�
1

2
þ N

���
:

Therefore, even for N small, i.e. already at the beginning of
inflation [N ∼Oð1Þ], one finds ΔH ∼ −0.5þ 0.9c1þ
1.0c2. Unless the parameters c1 and c2 are chosen to be
extremely small, one finds that ΔH is alreadyOð1Þ from the
onset of inflation, hence the de Sitter solution of the model at
hand is highly unstable. In conclusion, inflation in the

present model cannot last until N ≳ 50, which is necessary
to explain observations, and therefore fine-tuning is required
in order to make the model a viable model of inflation.

1The time instance t0 can appear in Eq. (92), by appropriately
choosing the free integration constants c1 and c2.
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C. Late-time evolution

In this section we briefly study the late-time evolution of
the mimetic power-law FðRÞ model, for the cosmologies
(72) and (81). We start off with the evolution (72), so the
total effective equation of state parameter becomes at late
times,

weff ≃ −1þ 4

M2t2
; ð102Þ

which since t ≫ 1, it clearly describes a nearly de Sitter
(since the term second term is very small compared to −1)
but slightly turned to quintessential evolution. So the late-
time picture is that the power-law mimetic FðRÞ model of
Eq. (53) describes a quintessential late-time acceleration
era. The corresponding potential VðϕÞ is equal to

VðϕÞ≃ Bϕ2n; ð103Þ
and correspondingly, the Lagrange multiplier is

λðϕÞ ¼ Aϕ2ðn−1Þ; ð104Þ
with A and B being constants which can be found in the
Appendix. In the same way we can find the late-time
behavior of the evolution (81), in which case the effective
equation of state parameter at very late times reads

weff ≃ −1 −
4

3ct3
; ð105Þ

which since t ≫ 1, describes a nearly de Sitter (weff ≃ −1),
but slightly turned to phantom (since 4

3ct3 ≪ 1) acceleration
era. Therefore, this case is different from the previous case,
where we had a quintessential acceleration era. The
corresponding potential at leading order reads

VðϕÞ≃ −21þ4n3−1þ2nc1þ4nn2α2ϕ1þ8n; ð106Þ
and the Lagrange multiplier is

λðϕÞ≃ −21þ2n3−1þnc2nnð−1 − 3nþ 4n2Þαϕ−2þ4n:

ð107Þ
Hence as we demonstrated, the mimetic power-law FðRÞ
gravity model leads to nearly quintessential or nearly
phantom late-time acceleration, depending on the choice
of the potential and of the corresponding Lagrange multi-
plier. In addition, we need to stress that the powers of the
scalar field ϕ, crucially control this late-time behavior.

IV. CONCLUSIONS

In this paper we studied how the unification of late and
early-time acceleration can be achieved in the context of
mimetic FðRÞ gravity. We also discussed how to realize
various viable inflationary scenarios for two FðRÞ gravity
models, namely the R2 model and a power-law model of the
form FðRÞ ¼ αRn. We calculated the slow-roll indices and

the corresponding observational indices in the slow-roll
approximation, and we demonstrated that the mimetic
models can be compatible with the latest observational data.
Therefore, even though the power-law model in the context
of nonmimetic FðRÞ gravity was not in full agreement with
the observational data, in the context of the mimetic theory
the model is in full agreement with the data. In addition, the
graceful exit for the power-law model is generated by
growing curvature perturbations when the slow-roll approxi-
mation breaks down. Interestingly enough, the parameter n
crucially affects the behavior of the curvature perturbations,
making these grow or decay, depending on the value of n. As
we showed, for the value of n that the mimetic power-law
FðRÞ model is compatible with the observational data, the
curvature perturbations grow, thus the graceful exit from the
inflationary era is guaranteed. However, the analysis showed
that fine-tuning is needed in order to produce enough
inflation by the time that the slow-roll era ends.
With this work we revealed some appealing aspects of

mimetic FðRÞ gravity, and therefore one is confronted with
the question: should mimetic gravity be considered as a
mathematical construction or it captures certain features of a
fundamental theory? In our opinion any cosmological
theory which can be compatible with observations, in some
sense effectively describes to some extent the fundamental
theory which controls the Universe evolution. So it is a limit
of the underlying theorywhich describes theUniverse, and it
deserves more analysis in order to reveal where it fails to
describe the evolution. A drawback of the theory is that in
some cases the potential and the Lagrange multiplier have
complicated forms, but the advantage of the theory is that
nothing is added by hand in the theory since the conformal
degree of freedom of the metric is used only. Effectively, the
scalar field naturally appears in the theory in a geometrical
way and admittedly after the Higgs discovery, it seems that
the scalar fields are fundamental ingredients of nature. So
what remains is to reveal the actual interplay between the
scalar field(s) and gravity, therefore the mimetic framework
needs to further be explored.
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APPENDIX: EXPLICIT FORMS OF THE
MIMETIC POTENTIAL AND OF PARAMETERS

In this Appendix we present the detailed forms of various
parameters and functions appearing in the main text. The
explicit form of the mimetic potential appearing in (58) for
the Lagrange multiplier chosen as in Eq. (59), is equal to
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VðϕÞ ¼ −
1

6M2
ð12ð−3H2

0M
2 þ 2cð−3H0ð2þM2ðt0 − ϕÞ2Þ þ 18H2

0ðt0 − ϕÞ þ 2M2ðt0 − ϕÞÞ
− 3c2ð20 − 24H0ðt0 − ϕÞ þM2ðt0 − ϕÞ2Þðt0 − ϕÞ2 þ 36c3ðt0 − ϕÞ5Þ
þ d3ðt0 − ϕÞ2 − d2ð4 − 24ct30 − 12H0ðt0 − ϕÞ þM2ðt0 − ϕÞ2
þ 72ct20ϕ − 72ct0ϕ2 þ 24cϕ3Þ þ 4dð9H2

0 þM2ð1 − 3cðt0 − ϕÞ3Þ
þ 15cð−2þ 3cðt0 − ϕÞ3Þðt0 − ϕÞ − 3H0ðt0 − ϕÞðM2 þ 18cð−t0 þ ϕÞÞÞÞ: ðA1Þ

The parameter z ¼ t − t0 appearing in Eq. (63) is equal to

z ¼ M2

12c
−

144cH0 −M4

622=3cð−432cH0M2 þ 2M6 þ 5184c2N þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð144cH0 −M4Þ3 þ ð−432cH0M2 þ 2M6 þ 5184c2NÞ2

p
Þ1=3

þ ð−432cH0M2 þ 2M6 þ 5184c2N þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð144cH0 −M4Þ3 þ ð−432cH0M2 þ 2M6 þ 5184c2NÞ2

p
Þ1=3

1221=3c
: ðA2Þ

The full form of the Lagrange multiplier appearing in Eq. (82) is

λðϕÞ ¼ 3−2þn4−1þnn

�
H0 −

1

6
ðt − t0Þðdþ 6cð−tþ t0ÞÞ

�
−1þ2n

×

�
−24cð−1þ nÞαþ ðdþ 12cð−tþ t0ÞÞð2 − nð1þ 4d − 48ctþ 48ct0Þ þ 4n2ðdþ 12cð−tþ t0ÞÞÞα

−6H0 þ ðt − t0Þðdþ 6cð−tþ t0ÞÞ
�
; ðA3Þ

and the corresponding potential appearing in Eq. (83) is

VðϕÞ ¼ 3−2þn4−1þn

�
H0 −

1

6
ðt − t0Þðdþ 6cð−tþ t0ÞÞ

�
2n

×

�
3ð2 − nþ 4ð−1þ nÞnðdþ 12cð−tþ t0ÞÞÞα

þ
2nð−24cð−1þ nÞαþ ðdþ12cð−tþt0ÞÞð2−nð1þ4d−48ctþ48ct0Þþ4n2ðdþ12cð−tþt0ÞÞÞα

−6H0þðt−t0Þðdþ6cð−tþt0ÞÞ Þ
H0 − 1

6
ðt − t0Þðdþ 6cð−tþ t0ÞÞ

�
: ðA4Þ

Moreover, the parameters μ1 and μ2 appearing in Eq. (91) are equal to

μ1 ¼
q1 þ ffiffiffiffiffi

q2
p

2ð−10368H2
dnþ 10368H2

dn
2Þ ; μ2 ¼

q1 −
ffiffiffiffiffi
q2

p
2ð−10368H2

dnþ 10368H2
dn

2Þ ; ðA5Þ

where q1 is

q1 ¼ −1728H2
d − 21þ2n3nH2n

d þ 1728H2
dnþ 41472H3

dn

þ 22n3nH2n
d nþ 24þ2n31þnH1þ2n

d n − 41472H3
dn

2 − 24þ2n31þnH1þ2n
d n2; ðA6Þ

and q2 is

q2 ¼ −4ð6912H3
d þ 23þ2n3nH1þ2n

d − 3456H3
dn − 22þ2n3nH1þ2n

d nÞð−10368H2
dnþ 10368H2

dn
2Þ

þ ð1728H2
d þ 21þ2n3nH2n

d − 1728H2
dn − 41472H3

dn − 22n3nH2n
d n − 24þ2n31þnH1þ2n

d n

þ41472H3
dn

2 þ 24þ2n31þnH1þ2n
d n2Þ2: ðA7Þ

Also, the constant parameter B which appears in Eq. (103) is equal to
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B ¼ 2−3þ2n3−2þnM4nð2 − nþ 4M2ð−1þ nÞnÞα; ðA8Þ

and also the parameter A appearing in Eq. (104) is

A ¼ −2−3−2ð−1þnÞþ2n3−3−2ð−1þnÞþnM2þ4ð−1þnÞnð2 − nþ 4M2ð−1þ nÞnÞα: ðA9Þ
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