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Abstract This paper presents a solution of a shape optimization problem of
a flow field for delaying transition from a laminar flow to a turbulent flow.
Mapping from an initial domain to a new domain is chosen as the design
variable. Main problems are defined by the stationary Navier–Stokes problem
and an eigenvalue problem assuming a linear disturbance on the solution of
the stationary Navier–Stokes problem. The maximum value of the real part
of the eigenvalue is used as an objective cost function. The shape derivative
of the cost function is defined as the Fréchet derivative of the cost function
with respect to arbitrary variation of the design variable, which denotes the
domain variation, and is evaluated using the Lagrange multiplier method. To
obtain a numerical solution, we use an iterative algorithm based on the H1

gradient method using the finite element method. To confirm the validity of
the solution, a numerical example for two-dimensional Poiseuille flow with a
sudden expansion is presented. Results reveal that a critical Reynolds number
increases by the iteration of reshaping.
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1 Introduction

Flow control to delay transition from a laminar flow to turbulent flow is a
key technology used in the design of fluid-related machinery such as airplanes
and turbines. In techniques to delay the transition, active control and passive
control have been used. In active control, external forces in feedback systems
are chosen as design variables [7,8,30]. In passive control, positions of actuators
and sensors are chosen as design variables [11,22]. However, as far as we know,
no technique choosing geometrical shape of the flow field as a design variable
in nonparametric formulation has been reported. In this study, we emphasize
examination of the optimization problem of the geometrical shape of the flow
field increasing the critical Reynolds number for the transition.

For shape optimization problems in a flow field, a theoretical framework
of shape derivatives, which is defined as the Fréchet derivative with respect to
arbitrary domain variation for stationary Stokes and Navier–Stokes problems,
has been investigated since the 1970s [15,19,24–27]. The framework is based
on general theories of shape derivatives [9,13,14,31]. For the cost function,
dissipation energy was used mainly. Numerous numerical analyses of stationary
problems have been conducted [12,16,17,28]. However, direct application of
the gradient method using the numerical result of the shape derivative of cost
function often results in oscillating shapes in engineering fields [18].

To avoid oscillation, a method using the Laplace operator to recover the
lack of smoothness of the shape derivative was proposed. It was called the
traction method in early years [1,5,6]. As a similar method, designated as the
H1 gradient method, for a topological optimization problem of the density
type [4], we refer to the traction method as the H1 gradient method for the
shape optimization problem. The precise definition and basic properties of the
H1 gradient method for shape optimization problem are presented in [2,3].
This reshaping method has also been applied to shape optimization problems
in flow fields [20,21]. In these studies, however, dissipation energy was used as
the cost function.

Based on the background, the main contributions of this work are to con-
struct a shape optimization problem of a flow field increasing the critical
Reynolds number for the transition and to show its solution. To define the cost
function, we use two main problems of the stationary Navier–Stokes problem
and an eigenvalue problem assuming a linear disturbance on the solution of
the stationary Navier–Stokes problem. Using the solution of the eigenvalue
problem, we chose the maximum value of the real part of the eigenvalues as
the cost function. The shape derivative of the cost function is evaluated by us-
ing the Lagrange multiplier method. For a reshaping scheme, the H1 gradient
method is employed.

To confirm the validity of choosing the cost function and the evaluation
method of its shape derivative, two-dimensional Poiseuille flow with a sudden
expansion is selected as the main problem of the stationary Navier–Stokes
problem because the critical Reynolds number Rec has been investigated [23,
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29]. In this paper, Rec = 40.24 reported by Mizushima and Shiotani [23] is
used as a reference value before optimization.

This paper is organized in the following way. In Section 2, after defining
an initial domain and mapping from the initial domain to a new domain as
a design variable, we define the cost function using the solutions of two main
problems, and formulate the shape optimization problem. In Subsection 2.2,
a formula of the shape derivative of the domain integral is presented for later
use. Using the formula, the evaluation method of the cost function is shown
in Section 3. The numerical scheme by the finite element method using the
H1 gradient method for reshaping is shown in Section 4. Finally, in Section
5, the numerical results for the two-dimensional Poiseuille flow with a sudden
expansion obtained using the present approach are presented.

2 Problem formulation

Considering that numerical results will be presented for the two-dimensional
Poiseuille flow with a sudden expansion, we define an initial domain and do-
main variations in the following way.

2.1 Initial domain

Using the two-dimensional Cartesian coordinate system, a point is denoted as
x = (x, y) ∈ R2. We define an initial domain as

Ω0 =
{
(x, y) ∈ R2 | ([0, 6]× [−1, 1]) ∪ ([6, 42]× [−3, 3])

}
,

inflow and outflow boundaries as

Γin 0 =
{
(x, y) ∈ R2 | x = 0, −1 ≤ y ≤ 1

}
,

Γout 0 =
{
(x, y) ∈ R2 | x = 42, −3 ≤ y ≤ 3

}
,

and wall boundary of the initial domain as Γwall 0 = ∂Ω0\(Γ̄in 0∪Γ̄out 0), where
¯( · ) denotes the closure. In this paper, we assume that Γwall 0 is variable.

2.2 Domain variation

Using the initial domain, we define the domain variation in the following way.
Let i + ϕ : R2 → R2 be a bi-Lipschitz transform and D be the set of ϕ,
where i denotes identity mapping. For a ϕ ∈ D, let a varied domain Ω(ϕ) and
boundary Γwall(ϕ) be defined respectively as (i+ ϕ) (Ω0) and (i+ ϕ) (Γwall 0).
To define the Fréchet derivative with respect to arbitrary domain variation,
we define

X =
{
ψ ∈ H1(R2;R2) | ψ = 0 on Γin 0 ∪ Γout 0

}
(1)
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as the function space for domain variation.
For ϕ ∈ D, let ζ be a real-valued function of φ ∈ C1

(
D;H2

(
R2;R

))
and

∇φ(ϕ), and

L(ϕ) =

∫
Ω(ϕ)

ζ(φ(ϕ),∇φ(ϕ))dx.

The shape derivative L′[ψ] of L is given for all ψ ∈ X as

L′[ψ] =

∫
Ω(ϕ)

ζ ′[ψ]dx+

∫
Γ (ϕ)

ζν ·ψdγ, (2)

where ζ ′[ψ] = ζφ[φ
′[ψ]] + ζ∇φ[∇φ′[ψ]] denotes the shape derivative of ζ and

ν denotes the outward unit normal vector on the boundary ([2] Proposition
(4.9), p.101).

2.3 Main problems

We define the main problems for shape optimization problem increasing sta-
bility. We assume that ϕ ∈ D is given, that is Ω(ϕ) and Γwall(ϕ) are de-
termined, and that the prescribed fluid velocity is given as ûD = (ûD, v̂D) ∈{
û ∈ H1

(
R2,R2

)
| ∇ · û = 0, û = 0 on Γwall(ϕ)

}
. Using the definitions, we

define the stationary Navier–Stokes problem as described below. Let Re de-
note the Reynolds number.

Problem 1 (Stationary Navier-Stokes) For ϕ ∈ D, find (û, p̂) : Ω(ϕ) →
R3 such that

(û · ∇) û = −∇p̂+ 1

Re
△û in Ω(ϕ), (3)

∇ · û = 0 in Ω(ϕ), (4)

1

Re
(∇ûT)ν − p̂ν = 0 on Γout 0, (5)

û = ûD on Γin 0, (6)

û = 0 on Γwall(ϕ). (7)

Weak forms of Problem 1 are written in the following way. Let

U =
{
û ∈ H1(Ω(ϕ);R2)| û = ûD on Γin 0 ∪ Γwall(ϕ)

}
,

Q = L2(Ω(ϕ);R)

respectively represent the sets of velocity û and pressure p̂, and

W =
{
ŵ ∈ H1(Ω(ϕ);R2)| ŵ = 0 on Γin 0 ∪ Γwall(ϕ)

}
be the set of trial functions ŵ for velocity. The weak forms of Problem 1 are
written as (û, p̂) ∈ U ×Q such that∫

Ω(ϕ)

{
((û · ∇) û) · ŵ − p̂∇ · ŵ +

1

Re
(∇ûT) · (∇ŵT)

}
dx = 0, (8)
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−
∫
Ω(ϕ)

q̂∇ · ûdx = 0 (9)

for all (ŵ, q̂) ∈W ×Q.
Using the solution of Problem 1, we define the linear disturbance problem

in the following way. Using ϵ > 0 as a parameter for magnitude of disturbance,
we assume the velocity and pressure including a linear disturbance (ū, p̄) as

u = û+ ϵū+O(ϵ2), (10)

p = p̂+ ϵp̄+O(ϵ2), (11)

where (û, p̂) are the solutions of Problem 1. Substituting (10) and (11) into the
nonstationary Navier–Stokes equations and the continuity equation, subtract-
ing equations (3) and (4), and neglecting the nonlinear terms with respect to
ϵ, linear disturbance equations are obtained as

∂ū

∂t
+N(ū, û) = −∇p̄+ 1

Re
△ū in Ω(ϕ), (12)

∇ · ū = 0 in Ω(ϕ), (13)

where N( · , · ) is a bilinear form defined for f , g ∈ U as

N(f , g) = (f · ∇) g + (g · ∇)f .

Following the standard formulation for the linear stability analysis, we assume

ū(t) = ũeλt +
(
ũeλt

)c
, (14)

p̄(t) = p̃eλt +
(
p̃eλt

)c
, (15)

where λ ∈ C and (ũ, p̃) ∈ Ũ×Q̃ respectively denote the complex linear growth
rate and the complex velocity and pressure modes and

Ũ =
{
ũ ∈ H1(Ω(ϕ);C2)| ũ = 0 on Γwall(ϕ) ∪ Γin 0

}
,

Q̃ = L2(Ω(ϕ);C).

Here, ( · )c represents the complex conjugate.
Here, substituting (14) and (15) into (12) and (13), one obtains an eigen-

value problem for the linear disturbance in the following way.

Problem 2 (Linear disturbance) Let ϕ ∈ D and the solution (û, p̂) ∈
U × Q of Problem 1 be given. Find λi ∈ C and (ũi, p̃i) : Ω(ϕ) → C3 for
i ∈ {1, 2, · · · } such that

λiũi +N(ũi, û) = −∇p̃i +
1

Re
△ũi in Ω(ϕ), (16)

∇ · ũi = 0 in Ω(ϕ), (17)

1

Re
(∇ũT

i )ν − p̃iν = 0 on Γout 0, (18)

ũ = 0 on Γin 0 ∪ Γwall(ϕ). (19)
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The stability of the steady state flow is evaluated with Real[λi] for i ∈
{1, 2, · · · }. If Real[λi] < 0 for all r ∈ {1, 2, · · · }, then the solution (û, p̂) ∈ U×Q
of Problem 1 is evaluated as a stable flow. Otherwise, in the case of Real[λi] ≥ 0
for some r ∈ {1, 2, · · · }, the (û, p̂) is evaluated as an unstable flow. Therefore,
the maximum value of the real part of the eigenvalue becomes an indicator of
the flow stability.

Weak forms of Problem 2 are written as finding λi and (ũi, p̃i) ∈ Ũ × Q̃
for i ∈ {1, 2, · · · } such that∫

Ω(ϕ)

{
λiũi · w̃c +N(ũi, û) · w̃c − p̃i∇ · w̃c +

1

Re
(∇ũT

i ) · (∇w̃cT)

}
dx

= 0, (20)

−
∫
Ω(ϕ)

q̃c∇ · ũidx = 0 (21)

for all (w̃, q̃) ∈ Ũ × Q̃.

2.4 Shape optimization problem

Using the solutions of the two main problems, let us define a cost function for a
shape optimization problem. Considering that the maximum value of the real
part of the eigenvalues becomes an indicator of the flow stability, we define a
cost function of the shape optimization problem using the solution of Problem
2 as

f(λr) = 2Real[λr] = λr + λcr (22)

where r is the mode number such that Real[λi] is the maximum for every mode
numbers i. Assuming that there exists such r in Problem 2, we define a shape
optimization problem in the following way.

Problem 3 (Shape optimization) Let f be defined as (22). Find Ω(ϕ)
such that

min
ϕ∈D

{
f(λr)

∣∣ (û, p̂) ∈ U ×Q, Problem 1,

(λr, ũr, p̃r) ∈ C× Ũ × Q̃, Problem 2
}
.

3 Evaluation of the shape derivative of the cost function

To solve Problem 3, we use the algorithm with the H1 gradient method. To
use the method, the shape derivative f ′[ψ] of the cost function f is required.
In this paper, we derive the equations to evaluate f ′[ψ] using the Lagrange
multiplier method.
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We put the Lagrange function L as

L(ϕ, û, p̂, ŵ, q̂, λr, ũr, p̃r, w̃, q̃) =

2Real[λr]

−
∫
Ω(ϕ)

{
((û · ∇) û) · ŵ − p̂∇ · ŵ +

1

Re
(∇ûT) · (∇ŵT)

}
dx

+

∫
Ω(ϕ)

q̂∇ · ûdx

+hΩ(û, λr, ũr, p̃r, w̃
c, q̃c) + {hΩ(û, λr, ũr, p̃r, w̃

c, q̃c)}c ,

where

hΩ(û, λr, ũr, p̃r, w̃
c, q̃c) =

−
∫
Ω(ϕ)

{
λrũr · w̃c +N(ũr, û) · w̃c − p̃r∇ · w̃c

+
1

Re
(∇ũT

r ) · (∇w̃cT)

}
dx

+

∫
Ω(ϕ)

q̃c∇ · ũrdx.

The shape derivative L′[ψ] of L with respect to arbitrary variation of (ψ,
û′, p̂′, ŵ′, q̂′, λ′r, ũ

′
r, p̃

′
r, w̃

′, q̃′) ∈ D× (W ×Q)2 ×C× (Ũ × Q̃)2 is obtainable
using the formula of (2) as

L′[ψ] = Lϕ[ψ] + Lû,p̂[û
′, p̂′] + Lŵ,q̂[ŵ

′, q̂′]

+2Real
[
Lλr

[λ′r] + Lũr,p̃r
[ũ′

r, p̃
′
r] + Lw̃,q̃[w̃

′, q̃′]
]
,

where

Lϕ[ψ] =

−
∫
Γ (ϕ)

{
((û ·∇) û) · ŵ − p̂∇ · ŵ +

1

Re
(∇ûT) · (∇ŵT)

}
ν ·ψdγ

+

∫
Γ (ϕ)

(q̂∇ · û)ν ·ψdγ

+2Real
[
hΓwall

(û, λr, ũr, p̃r, w̃
c, q̃c)

]
,

Lû,p̂[û
′, p̂′] =

−
∫
Ω(ϕ)

{((û′ · ∇) û) · ŵ + (û · ∇)û′) · ŵ − p̂′∇ · ŵ

+
1

Re
(∇û′T) · (∇ŵT)

}
dx+

∫
Ω(ϕ)

q̂∇ · û′dx

−
∫
Ω(ϕ)

2Real
[
N(ũr, û

′) · w̃c
]
dx,
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Lŵ,q̂[ŵ
′, q̂′] =

−
∫
Ω(ϕ)

{
((û · ∇) û) · ŵ′ − p̂∇ · ŵ′ +

1

Re
(∇ûT) · (∇ŵ′T)

}
dx

+

∫
Ω(ϕ)

q̂′∇ · ûdx,

Lλr [λ
′
r] = λ′r − λ′r

∫
Ω(ϕ)

ũr · w̃cdx,

Lũr,p̃r [ũ
′
r, p̃

′
r] = hΓwall

(û, λr, ũ
′
r, p̃

′
r, w̃

c, q̃c),

Lw̃,q̃[w̃
′, q̃′] = hΓwall

(û, λr, ũr, p̃r, w̃
′c, q̃′c),

and

hΓwall
(û, λr, ũr, p̃r, w̃

c, q̃c) =

−
∫
Γwall(ϕ)

{λrũr · w̃c +N(ũr, û) · w̃c − p̃r∇ · w̃c

+
1

Re
(∇ũT

r ) · (∇w̃cT)

}
dγ +

∫
Γwall(ϕ)

q̃c∇ · ũrdγ.

Stationary conditions for ϕ, û, p̂, ŵ, q̂, λr, ũr, p̃r, w̃ and q̃, which are
known as the Kuhn–Tucker conditions in optimization theory, are given as

Lû,p̂[û
′, p̂′] = 0 ∀(û′, p̂′) ∈W ×Q, (23)

Lŵ,q̂[ŵ
′, q̂′] = 0 ∀(ŵ′, q̂′) ∈W ×Q, (24)

Real
[
Lλr [λ

′
r]
]
= 0 ∀λ′r ∈ C, (25)

Real
[
Lũr,p̃r [ũ

′
r, p̃

′
r]
]
= 0 ∀(ũ′

r, p̃
′
r) ∈ Ũ × Q̃, (26)

Real
[
Lw̃,q̃[w̃

′, q̃′]
]
= 0 ∀(w̃′, q̃′) ∈ Ũ × Q̃. (27)

Equations (24) and (27) agree respectively with the weak form of Problem 1
and Problem 2.

Equation (26) is obtained as the weak form of the adjoint equations of
Problem 2. Its strong form is written in the following way.

Problem 4 (Adjoint linear disturbance for f) Let ϕ ∈ D and the solu-
tion λr and (ũr, p̃r) ∈ Ũ× Q̃ of Problem 2 for r defined in Problem 3 be given.
Find (w̃, q̃) : Ω(ϕ) → C3 such that

Real
[
λrw̃

c + (∇ũT
r )ŵ

c − (ũr · ∇) ŵc +∇q̃c − 1

Re
△w̃c

]
= 0 in Ω(ϕ), (28)

Real
[
∇ · w̃c

]
= 0 in Ω(ϕ), (29)

Real
[ 1

Re
(∇w̃cT)ν − q̃cν

]
= 0 on Γout 0 (30)
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w̃ = 0 on Γin 0 ∪ Γwall(ϕ), (31)

Real

[∫
Ω(ϕ)

ũr · w̃cdx

]
= −1 (32)

Moreover, (23) is obtained as the weak form of the adjoint equations of
Problem 1. Its strong form is expressed in the following way.

Problem 5 (Adjoint stationary Navier–Stokes for f) For ϕ ∈ D and
the soultions (û, p̂) ∈ U ×Q of Problem 3 and (w̃, q̃) ∈ Ũ × Q̃ of Problem 2.
Find (ŵ, q̂) : Ω(ϕ) → R3 such that

(∇ûT)ŵ − (û · ∇) ŵ + 2Real
[
(∇ũT

r )w̃
c − (ũr · ∇) w̃c

]
= −∇q̂ + 1

Re
△û in Ω(ϕ), (33)

∇ · ŵ = 0 in Ω(ϕ), (34)

1

Re
(∇ŵT)ν − p̂ν = 0 on Γout 0 (35)

ŵ = 0 on Γin 0 ∪ Γwall(ϕ). (36)

Here, using the solutions (û, p̂) and (ŵ, q̂) of Problem 1 and Problem 5, re-
spectively, and the solutions (λr, ũr, p̃r) and (w̃, q̃) of Problem 2 and Problem
4, respectively, we have

L′[ψ] = Lϕ[ψ] =

∫
Γ (ϕ)

Gν ·ψdx, (37)

where Gν is called the shape gradient of f , and G is given as

G = − 1

Re
(∇ûT) · (∇ŵT)− 2Real

[ 1

Re
(∇ũT

r ) · (∇w̃cT)
]
.

4 Numerical scheme

The H1 gradient method becomes applicable to obtain the variation of a de-
sign variable that decreases the cost function [2] if the shape gradient of cost
function is evaluated. The H1 gradient method was proposed as a procedure
for solving the variation of the design variable as a solution of a boundary
value problem of elliptic partial differential equation assuming that the linear
form of a given function in the weak form of the boundary value problem is
replaced by the Fréchet derivative with a negative sign. For these analyses, we
use the weak form of the method in the following way. Find ψ ∈ X satisfying

ca

∫
Ω(ϕ)

E(ψ) ·E(y)dx = −
∫
Γ (ϕ)

Gν · ydγ, (38)
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for all y ∈ X. Here, ca is a positive constant to control the magnitude of ψ
and E(u) is the strain tensor:

E(u) =
1

2

(
∇uT + (∇uT)T

)
.

Since X is defined by (1), the strong form of the boundary value problem is
written in the following way.

Problem 6 (H1 gradient method of domain variation type) For ϕ ∈
D, let Gν in (37) be given. Find ψ ∈ X such that

− ca∇TE (ψ) = 0T in Ω (ϕ) ,

caE (ψ)ν = −Gν on Γwall (ϕ) ,

ψ = 0 on Γin 0 ∪ Γout 0.

The scheme to solve Problem 3 is described as presented below.

(1) Set Ω0, Γwall 0 and ca in (38), and put k = 0.
(2) Solve Problem 1 and Problem 2, and compute f in (22).
(3) Solve Problem 4 and Problem 5, and compute −Gν in (37).
(4) Solve ψ in Problem 6.
(5) Reshape Ω (ϕ) by Ω (ϕ+ψ), and do (2).
(6) Judge convergence.

– If the terminal condition is satisfied, then proceed to (7).
– Otherwise, replace k + 1 with k and return to (3).

(7) Stop iteration.

In the scheme above, the following methods based on the finite element
method are used. Problem 1 and Problem 2 are solved respectively by the
Newton method and the Arnoldi method. Problem 4 and Problem 5 are solved,
respectively, by the Newton method and UMFPACK[10]. Problem 6 is solved
by UMFPACK[10].

5 Numerical results

Validity of our method is demonstrated by a numerical example about the
two-dimensional Poiseulle flow in a channel with a sudden expansion. We use
the initial domain Ω0 and the boundaries of Γin 0, Γout 0 and Γwall 0 as shown in
Section 2. On Γin 0, the Poiseuille flow is assumed as ûD = 1− y2 and v̂D = 0.
For the domain variation, Γin 0 ∪ Γout 0 is fixed as defined in (1).

For finite element analyses, the P2/P1 element for the velocity and the
pressure is used to discretize equations spatially. Figure 1 shows finite ele-
ment meshes of the initial domain. The numbers of nodes and elements are,
respectively, 15268 and 7935.

For the scheme presented above, we use ca = 10−7 and |fk+1−fk| < 10−4 as
the terminal condition for the iteration number k. In this study, referring to the
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(a) Whole view

(b) Zoomed view

Fig. 1 Finite element mesh of initial domain Ω0.

Fig. 2 Stream function ψ̂ in initial domain Ω0 at Re = 45.

report of Rec = 40.24 by Mizushima and Shiotani [23], the two main problems
and the shape optimization problems are demonstrated at Re = 45. Figure 2
shows the contours of the stream function ψ̂ for the initial domain, where the

velocity (û, v̂) is defined with ψ̂ by
(
∂ψ̂/∂y,−∂ψ̂/∂x

)
. For the mode number

r used in Problem 3, r = 1 is used in which the mode numbers are defined in
descending order of the magnitude of the real parts of the eigenvalues.

The domain optimized by the present scheme is presented in Fig. 3. Figure
4 shows the flow field in the optimized domain. The iteration history of the
cost function f = 2Real[λ1] with respect to reshaping is presented in Fig. 5.
Figure 6 shows the iteration history of Imag[λ1]. The graphs of the real part of
λ1 with respect to the Reynolds number are presented in Fig. 8. Distributions
of λi at Re = 45 are shown in Fig. 7. Table 1 depicts the eigenvalue λ1, · · · , λ5
on initial domain Ω0 and the optimized domain Ω(ϕ) at Re = 45.

Comparing Fig. 3 with Fig. 1 shows that the part of 0 ≤ x ≤ 6 bends
upward by shape optimization. By this change, it is considered that the lower
vortex becomes dominant as observed in comparison of Figs. 2 and 4, and that
the flow field is stabilized. From Figs. 5 and 6, the real part of λ1 decreases
from a positive value to a negative value in the reshaping iterations, while the
imaginary part of λ1 remains 0 after the real part becomes negative. Figure 8
shows in a straightforward manner that the critical Reynolds number increased
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(a) Whole view

(b) Zoomed view

Fig. 3 Finite element mesh of optimized domain Ω(ϕ).

Fig. 4 Stream function ψ̂ in optimized domain Ω(ϕ) at Re = 45.

Table 1 Eigenvalues λ1, · · · , λ5 on initial domain Ω0 and optimized domain Ω(ϕ) at Re =
45.

λi Initial domain Optimal domain

λ1 (0.00332525, 0) (-0.000232143, 0)
λ2 (0.00120482, 0) (-0.016787, 0)
λ3 (-0.0417513, 0) (-0.0405093, 0)
λ4 (-0.0610598, 0) (-0.0624071, ±0.0496655)
λ5 (-0.0652305, ±0.0532776) (-0.0706416, 0)

from 40.24 at the initial domain to 45.49 at the optimized domain by the
optimization process. This result of the initial shape accords with the result
by Mizushima and Shiotani [23], who reported that a steady state solution
appears after Re passes 40.24 on the two-dimensional Poiseuille flow with a
sudden expansion. However, the critical Reynolds number of the final shape
obtained by our method is bigger than that.

6 Summary

In this paper, we formulated a shape optimization problem of flow field for
delaying the transition from laminar flow to turbulent flow, and presented
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Fig. 5 Iteration history of f = 2Real[λ1] at Re = 45.
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Fig. 6 Iteration history of imaginary part of λ1 at Re = 45.

the solution of the problem based on the gradient based method. In the for-
mulation, mapping from an initial domain to a new domain was chosen as a
design variable. For a given domain, the main problems were defined by the
stationary Navier–Stokes problem and an eigenvalue problem assuming a lin-
ear disturbance in the solution of the stationary Navier–Stokes problem. An
objective cost function was defined by the maximum value of the real part of
the eigenvalues. The shape derivative of the cost function was evaluated by
the Lagrange multiplier method. For numerical scheme, we use an iterative al-
gorithm based on the H1 gradient method using the finite element method. A
numerical analysis for two-dimensional Poiseuille flow with sudden expansion
was conducted to confirm the validity of the scheme. Results revealed that a
critical Reynolds number increases by the iteration of reshaping.
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Fig. 7 Distributions of λi at Re = 45.
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