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1. Introduction

Using the free field realization, we construct the Jackson-integral formulae for the

Uq(ŝl2) correlation functions due to the representation theory.

2. Quantum affine algebra Uq(ŝl2)

2.1. First we fix some notations. The algebra Uq(ŝl2) is generated by E(z), F (z) and

ψ±(z) with relations:

ψ±(z)ψ±(w) = ψ±(w)ψ±(z),

ψ+(z)ψ−(w) = ψ−(w)ψ+(z)
(z − wqk+2)(z − wq−k−2)

(z − wqk−2)(z − wq−k+2)
,

ψ+(z)E(w) = E(w)ψ+(z)
z − wq−

k
2 −2

z − wq−
k
2 +2

q2,

ψ+(z)F (w) = F (w)ψ+(z)
z − wq

k
2 +2

z − wq
k
2−2

q−2,

E(z)ψ−(w) = ψ−(w)E(z)
z − wq−

k
2−2

z − wq−
k
2 +2

q2,

F (z)ψ−(w) = ψ−(w)F (z)
z − wq

k
2 +2

z − wq
k
2−2

q−2,

(z − wq2)E(z)E(w) + (w − zq2)E(w)E(z) = 0,

(z − wq−2)F (z)F (w) + (w − zq−2)F (w)F (z) = 0,

[E(z), F (w) ] =
1

(q − q−1)zw

{
δ
(w
z
qk
)
ψ+(wq

k
2 )− δ

(w
z
q−k

)
ψ−(wq

− k
2 )
}
,

where k ∈ C is a center, q ∈ C and δ(z) :=
∑

n∈Z
zn. Note that 1/(a−b) means following

formal power series:

1

a− b
:=

1

a

∑

n≥0

(
b

a

)n

6= −
1

b − a
.

Their mode expansion is defined as

ψ±(z) =: qH0exp

{
±(q − q−1)

∑

∓n>0

Hnz
−n

}
,

E(z) =:
∑

n∈Z

Enz
−n−1, F (z) =:

∑

n∈Z

Fnz
−n−1.
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The Chevalley generators ei, fi and invertible ki (i = 0, 1) are

e1 := E0,

e0 := F1q
−H0 ,

k1 := qH0 ,

k0 := qk−H0 ,

f1 := F0,

f0 := qH0E−1.

Let us introduce the comultiplication ∆ for the Chevalley generators

∆(ei) := ei ⊗ ki + 1⊗ ei, ∆(ki) := ki ⊗ ki, ∆(fi) := fi ⊗ 1 + k−1
i ⊗ fi.

2.2. Let Vλ be the Verma module over Uq(ŝl2), generated by the highest weight vector

|λ 〉, such that ei|λ 〉 = 0 and k1|λ 〉 = qλ|λ 〉 with λ ∈ C. The dual module V ∗
λ is generated

by 〈λ| which satisfies 〈λ|fi = 0 and 〈λ|k1 = qλ〈λ|. The bilinear form V ∗
λ ⊗ Vλ → C is

uniquely defined by 〈λ|λ 〉 = 1 and
(
〈 u|X

)
|v 〉 = 〈 u|

(
X |v 〉

)
for any 〈 u| ∈ V ∗

λ , |v 〉 ∈ Vλ

and X ∈ Uq(ŝl2).

Let Vℓ(z) be the finite dimensional centerless representation of Uq(ŝl2), which is

defined by Vℓ(z) := ⊕m≥0C(z)vℓ,m and

e1vℓ,m = [ℓ−m] vℓ,m+1,

k1vℓ,m = q−ℓ+2mvℓ,m,

f1vℓ,m = [m] vℓ,m−1,

e0vℓ,m = z[m] vℓ,m−1,

k0vℓ,m = qℓ−2mvℓ,m,

f0vℓ,m = z−1[ℓ−m] vℓ,m+1,

where [n] := (qn−q−n)/(q−q−1). Throughout the paper, weight ℓ takes arbitrary complex

value. If ℓ ∈ Z≥0, then Ṽℓ(z) := ⊕ℓ
m=0C(z)vℓ,m is a (ℓ + 1)-dimensional irreducible

representation of Uq(ŝl2).

2.3. The type I vertex operator, Φν,ℓ
λ (z) : Vλ → Vν ⊗Vℓ(z) is defined as the intertwining

operator such that

Φν,ℓ
λ (z)X = ∆(X) Φν,ℓ

λ (z),

for any X ∈ Uq(ŝl2).

We define the correlation functions as the matrix elements for the product of the

vertex operators

〈λ∞|Φλ∞,ℓn
λn−1

(zn) · · ·Φ
λ1,ℓ1
λ0

(z1) |λ0 〉.

Then they satisfy the q-KZ equation [FR].

3



3. Free field realization

3.1. The free field algebra is generated by an, bn, cn, Qa, Qb and Qc (n ∈ Z) with

relations

[ an, am ] = δn+m,0
[2n] [(k + 2)n]

n
, [ a0, Qa ] = 2(k + 2),

[ bn, bm ] = −δn+m,0
[n] [n]

n
, [ b0, Qb ] = −1,

[ cn, cm ] = +δn+m,0
[n] [n]

n
, [ c0, Qc ] = +1.

The remaining commutators vanish.

Let us define the following generating functions

(
M1

N1
· · ·

Mr

Nr

a

)
(z; β) := −

∑

n6=0

[M1n] · · · [Mrn]

[N1n] · · · [Nrn]

an
[n]
z−nq|n|β +

M1 · · ·Mr

N1 · · ·Nr

(a0 log z +Qa) ,

(
M1

N1
· · ·

Mr

Nr

a±

)
(z) := ±(q − q−1)

∑

∓n>0

[M1n] · · · [Mrn]

[N1n] · · · [Nrn]
anz

−n ±
M1 · · ·Mr

N1 · · ·Nr

a0 log q.

The fields b(z; β), c(z; β), b±(z) and c±(z) are defined in the same way.

The quantum affine algebra Uq(ŝl2) is realized by the free field algebra as follows

[M2, Sh]:

E(z) := E+(z) −E−(z), F (z) := F+(z)− F−(z)

with

E±(z) :=
−1

(q − q−1)z
◦
◦ exp

{
b±(z)− (b+ c)(zq±1; 0)

}
◦
◦ ,

ψ±(zq
± k

2 ) := exp

{
a±(zq

± k+2
2 ) +

(
2

1
b±

)
(zq±(k+1))

}
,

F±(z) :=
1

(q − q−1)z
◦
◦ exp

{
a±(zq

± k+2
2 ) + b±(zq

±(k+2)) + (b+ c)(zq±(k+1); 0)
}

◦
◦ .

Here, normal order ◦
◦

◦
◦ mean the ordering such that an (n ≥ 0) move to the right of an

(n < 0) and Qa, etc.

3.2. Let us define the screening current S(z) as

S(z) := S+(z) − S−(z),
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with

S±(z) :=
1

(q − q−1)z
◦
◦ exp

{
−b±(z)− (b+ c)(zq∓1; 0)

}
◦
◦ s(z),

s(z) := ◦
◦ exp

{
−

(
1

k + 2
a

)
(z;−

k + 2

2
)

}
◦
◦ .

Then it satisfies

[E(z), S(w) ] = [ψ±(z), S(w) ] = 0, [F (z), S(w) ] =
1

z
k+2∂w

{
δ
(w
z

)
s̄(w)

}
,

s̄(z) := ◦
◦ exp

{
−

(
1

k + 2
a

)
(z;

k + 2

2
)

}
◦
◦ ,

where a∂z is the following q difference operator

a∂zf(z) :=
f(zqa)− f(zq−a)

(q − q−1)z
.

Hence, if the Jackson integral of the screening currents
∫ s∞

0

dptS(t) := s(1− p)

∞∑

n=−∞

S(spn)pn, p := q2(k+2)

are convergent, then they commute with the action of Uq(ŝl2) exactly.

3.3. Let us define the vertex operator φℓ,m(z) : Vλ → Vλ+ℓ as

φℓ,0(z) :=
◦
◦ exp

{(
1

2

1

k + 2
a

)
(zqk+2;

k + 2

2
)

}
◦
◦ ,

φℓ,m+1(z) :=

∮
dxφℓ,m+1(z, x), φℓ,m+1(z, x) := [φℓ,m(z), F (x) ]

qℓ−2m ,

where [A,B]q := AB − qBA. For f(x) =
∑

n∈Z
fnx

n, the integral means
∮

dx
x
f(x) = f0,

i.e., the constant part of f(x) in x. We will denote φℓ(z) := φℓ,0(z).

Then the type I vertex operator Φν,ℓ
λ (z) : Vλ → Vν ⊗ Vℓ(z) is realized as follows:

Φν,ℓ
λ (z) =

∫ s∞

0

dptS(t1) · · ·S(tr)
∑

m≥0

φℓ,m(z) ⊗ vℓ,m,

where ν = λ+ ℓ− 2r and dpt = dpt1 · · ·dptr.

Therefore, the correlation functions are realized by the free fields as follows:

∑

m1,···,mn≥0

∫ s∞

0

dpt 〈λ∞|S(t1) · · ·S(tm)φℓ1,m1
(z1) · · ·φℓn,mn

(zn) |λ0 〉 ⊗
n
i=1 vℓi,mi

,

where λ∞ := λ0 +
∑

i ℓi − 2m with m :=
∑

ama. Here we consider only the case that

λ0 = 0.
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4. Factorization to one-point functions

4.1. Let us consider the integrand of our correlation function:

Ψ := 〈

m∏

i=1

S(ti)

n∏

r=1

φℓr ,mr
(zr) 〉 := 〈λ∞|S(t1) · · ·S(tm)φℓ1,m1

(z1) · · ·φℓn,mn
(zn) |0 〉.

Here and after, we omit the highest weight λ∞ and λ0 = 0, and the product of the

operators means the following order:

b∏

i=a

O(xi) := O(xa)O(xa+1) · · ·O(xb).

Let x := (x1, · · · , xm) := (x1, · · · ,xn), xr := (xr,1, · · · , xr,mr
) and dx :=

∏m

i=1 dxi, then

Ψ =

∮
dx〈

m∏

i=1

S(ti)
n∏

r=1

φℓr ,mr
(zr,xr) 〉,

φℓ,m(z,x) := [· · · [φℓ(z), F (x1)]qℓ · · · , F (xm)]qℓ−2(m−1).

Every rational function in this paper is a formal power series. But by the residue

theorem, we can realize
∮
dx as a contour integral around the origin (counter clock wise)

or the infinity (clock wise).

First, since S±(t){xF (x)|x=0} = 0, φℓ(z){xF (x)|x=0} = {xF (x)|x=0}φℓ(z) = 0 and

F±(y){xF (x)|x=0} = {xF (x)|x=0}F±(y) = 0, the residue at x = 0 cancels between F+(x)

and F−(x), i.e., resx=0〈 · · ·F (x) · · · 〉 = 0. Next, since 〈S+(t)S(u) 〉 = 〈S−(t)S(u) 〉 and

S(t){xF±(x)|x=∞} = 0, the residue at x = ∞ cancels between S+(t) and S−(t), i.e.,

resx=∞〈 · · ·S(t) · · · 〉 = 0. Thus we have,

Proposition. The integrand of Ψ does not have residue at xi = 0 nor ∞ (i = 1, · · · , m).

4.2. As we prove in appendix B, one can show that: At first, by calculating the integral

for the variables x’s of the current F (x)’s, we find that the F−(x)’s do not contribute to

the results. Second, by the residue theorem, we can estimate the integral for x at the

polls y such that |y| > |x|. Then we find that the S−(t)’s contribute only for the residue

canceling at x = ∞.
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Therefore, for our correlation functions Ψ, only the + parts of F (x) and S(z) are

non-vanishing.

Proposition.

Ψ =

∮
dx〈

m∏

i=1

S+(ti)

n∏

r=1

φ+ℓr ,mr
(zr,xr) 〉 − res∞,

φ+ℓ,m(z,x) := [· · · [φℓ(z), F+(x1)]qℓ · · · , F+(xm)]qℓ−2(m−1).

where res∞ means the residue at some of x’s are ∞.

4.3. Now we denote

S+(t) = s(t)β(t), F+(x) = f(x)γ(x),

with

β(t) :=
1

(q − q−1)t
◦
◦ exp

{
−b+(t)− (b+ c)(tq−1; 0)

}
◦
◦ ,

γ(x) :=
1

(q − q−1)x
◦
◦ exp

{
b+(xq

k+2) + (b+ c)(xqk+1; 0)
}

◦
◦ ,

f(x) := exp
{
a+(xq

k+2
2 )

}
.

The correlation function decouple to the a-part Ψa and bc-part Ψbc

Ψ =

∮
dxΨaΨbc − res∞,

where

Ψa := 〈
m∏

i=1

s(ti)
n∏

r=1

φ
(mr)
ℓr

(zr,xr) 〉, Ψbc := 〈
m∏

i=1

β(ti)
n∏

r=1

P
(mr)
ℓr

(xr) 〉,

and
φ
(m)
ℓ (z,x) := [· · · [φℓ(z), f(x1)]qℓ, · · · , f(xm)]qℓ−2(m−1),

P
(m)
ℓ (x) := [· · · [γ(x1), γ(x2)]qℓ−2, · · · , γ(xm)]qℓ−2(m−1).

4.4. Here we analyze a term of Ψ such that

Ψ′ :=

∮
dxΨa〈

m∏

i=1

β(ti)
m∏

r=1

γ(xr) 〉 − res∞.

Since Ψa has no polls about x, we have the following inductive formula:

Ψ′ =

∮
dxΨa

∑

j

〈
m∏

i=1,i6=j

β(ti)
m∏

r=2

γ(xr) 〉
1

tjq−k−2
δ

(
x1

tjq−k−2

)∏

k>j

Cjk − res∞,
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here the symmetric factor Cij is

Cij :=
ti − tjq

2

tiq2 − tj
.

So we get

Ψ′ =

∮
dxΨa

∑

σ∈S

m∏

i=1

tσ(i)q
−k−2δ

(
xi

tσ(i)q−k−2

) ∏

i>j,σ(i)<σ(j)

Cσ(i)σ(j).

4.5. Similarly, we have other inductive formula as follows:

Ψ′ =

∮
dxΨa

∑

s

〈
m−1∏

i=1

β(ti)
m∏

r=1,r 6=s

γ(xr) 〉
1

tmq−k−2
δ

(
xs

tmq−k−2

)∏

k<s

Gks − res∞,

here the symmetric factor Grs is

Grs :=
xr − xsq

2

xrq2 − xs
.

From this property, we obtain the “screening current Ward identity”[ATY]:

∮
dxΨa〈

m∏

i=1

β(ti)
n∏

r=1

P
(mr)
ℓr

(xr) 〉 − res∞

=

∮
dxΨa

∑

s

〈

m−1∏

i=1

β(ti)P
(m1)
ℓ1

(x1) · · · (b(tm)P
(ms)
ℓs

(xs)) · · ·P
(mn)
ℓn

(xn) 〉
∏

r<s

G(m)
rs − res∞,

with

G(m)
rs :=

∏

i

xri − tmq
−k

xriq
2 − tmq−k−2

.

Here (b(tm)P
(ms)
ℓs

(xs)) means that b(tm) contract with some of γ(xsi) in P
(ms)
ℓs

(xs)).

From this identity, we have

∮
dxΨa〈

m∏

i=1

β(ti)

n∏

r=1

P
(mr)
ℓr

(xr) 〉 − res∞

=

∮
dxΨa

∑

Part

n∏

r=1

〈
∏

i∈Pr

β(ti)P
(mr)
ℓr

(xr) 〉
∏

s<r

∏

j∈Ps

Cji.

Here
∑

Part stands for the summation over all the partition of P = 1, 2, · · · , m into n

disjoint union P1 ∪ P2 ∪ · · · ∪ Pn.
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4.6. Form the fact that 〈φℓ(z)f(x) 〉 = 1, a-part decouples to three parts as follows:

Ψa = 〈
m∏

i=1

s(ti)
n∏

r=1

φℓr (zr) 〉
n∏

r=1

〈φ
(mr)
ℓr

(zr,xr) 〉
∏

s<r

〈
∏

x∈xs

f(x)φℓr(zr) 〉.

From this and

〈
∏

i

β(ti)P
(m)
ℓ (x) 〉〈φ

(m)
ℓ (z,x) 〉 =

〈
∏

i∈P S+(ti)φ
+
ℓ,m(z,x) 〉

〈
∏

i∈P s(ti)φℓ(z) 〉
=

〈
∏

i∈P S(ti)φℓ,m(z,x) 〉

〈
∏

i∈P s(ti)φℓ(z) 〉
,

we obtain

Theorem.

〈
m∏

i=1

S(ti)
n∏

r=1

φℓr,mr
(zr,xr) 〉 = 〈

m∏

i=1

s(ti)
n∏

r=1

φℓr (zr) 〉

×
∑

Part

n∏

r=1

〈
∏

i∈Pr
S(ti)φℓr,mr

(zr,xr) 〉

〈
∏

i∈Pr
s(ti)φℓr (zr) 〉

∏

i∈Pr




∏

s<r

∏

j∈Ps

Cji

∏

s>r

〈 f(tiq
−k−2)φℓr (zr) 〉



 ,

where

〈
m∏

i=1

s(ti)
n∏

r=1

φℓr (zr) 〉 =
m∏

i<j

〈 s(ti)s(tj) 〉
m∏

i=1

n∏

r=1

〈 s(ti)φℓr (zr) 〉
n∏

r<s

〈φℓr(zr)φℓs(zs) 〉

and

〈 s(ti)s(tj) 〉 = t
2

k+2

i

(
tj
ti
q−2; p)∞

(
tj
ti
q−2; p)∞

, 〈 s(ti)φℓr(zr) 〉 = t
− lr

k+2

i

( zr
ti
qℓrp; p)∞

( zr
ti
q−ℓrp; p)∞

,

〈φℓr(zr)φℓs(zs) 〉 = qk+2z
ℓrℓs

2(k+2)
r

( zr
zs
qℓr+ℓs+2p; p, q4)∞( zr

zs
q−ℓr−ℓs+2p; p, q4)∞

( zr
zs
qℓr−ℓs+2p; p, q4)∞( zr

zs
q−ℓr+ℓs+2p; p, q4)∞

,

〈 f(tiq
−k−2)φℓr (zr) 〉 = Tir :=

tiq
ℓr − zrp

ti − zrqℓrp
, Cij =

ti − tjq
2

tiq2 − tj
,

with p = q2(k+2) and

(x; p)∞ =
∏

i≥0

(1− xpi), (x; p, q)∞ =
∏

i≥0,j≥0

(1− xpiqj).

By this theorem, the n-point function in φℓr ,mr
(zr,xr) is factored to the one-point

functions.
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5. Jackson integral formulae from the free field realization

5.1. From the commutation relation for F (x) and S(t), we have following “current Ward

identity”:
∮
dx〈S(t1) · · ·S(tm)[φℓ,m(z,x), F (x)]qλ−2m 〉

=
m∑

i=1

k+2∂ti〈S(t1) · · · s̄(ti) · · ·S(tm)φℓ,m(z,x) 〉.

Finally we obtain

Theorem.

∮
dx

〈S(t1) · · ·S(tm)φℓ,m(z,x) 〉

〈 s(t1) · · · s(tm)φℓ(z) 〉
=

∑

Sym

m∏

i=1

k+2∂ti〈 s̄(ti)s(ti+1) · · · s(tm)φℓ(z) 〉

〈 s(ti) · · · s(tm)φℓ(z) 〉
.

By this theorem and that in sect. 4.6, we obtain the formula for Ψ.

5.2. There is another solution. If we symmetries for the integrable variable x of F (x)

then

φℓ,m(z) =

∮
dx ◦

◦ φℓ(z)
m∏

r

F+(xr)
◦
◦

m∏

r

qλ−r+1[−λ+ r + 1]

xr − zqλ+k+2

∏

r<s

xr − xs
xrq − xsq−1

.

Hence we obtain

Theorem.

〈

m∏

i=1

S(ti)φℓ,m(z) 〉 =

m∏

i=1

[i]qλ−i+1[−λ+ i+ 1]

ti − zqλp

∏

i<j

ti − tj
tiq − tjq−1

.

Here we use the identity

m∏

i<j

T−1
ij

∑

Sym

m∏

i<j

Tij = [m]!
m∏

i<j

Tji.

By this theorem and that in sect. 4.6, we obtain another formula for Ψ.
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Appendix A. Double loop algebra

A.1. We here show OPE relations used in this paper. For F±(x) and S±(t),

F±(x1)F±(x2) =
◦
◦ F±(x1)F±(x2)

◦
◦

x1 − x2
x1 − x2q−2

q∓1,

F±(x1)F∓(x2) =
◦
◦ F±(x1)F∓(x2)

◦
◦

x1 − x2q
±2

x1 − x2q−2
q∓1,

S±(t)F±(x) =
◦
◦ S±(t)F±(x)

◦
◦

t− xq±k

t− xq±k±2
q±1,

S±(t)F∓(x) =
◦
◦ S±(t)F∓(x)

◦
◦ q

±1,

S±(t1)S±(t2) =
◦
◦ S±(t1)S±(t2)

◦
◦ 〈 s(t1)s(t2) 〉

t1 − t2
t1 − t2q−2

q∓1,

S±(t1)S∓(t2) =
◦
◦ S±(t1)S∓(t2)

◦
◦ 〈 s(t1)s(t2) 〉

t1 − t2q
±2

t1 − t2q−2
q∓1.

For F±(x) and φℓ(z),

F±(x)φℓ(z) =
◦
◦ F±(x)φℓ(z)

◦
◦

x− zqk+2∓ℓ

x− zqk+2+ℓ
q±ℓ,

φℓ(z)F±(x) =
◦
◦ φℓ(z)F±(x)

◦
◦

z − xq−k−2±ℓ

z − xq−k−2+ℓ
.

For φℓ(z), s(t) and s̄(t),

φℓr (zr)φℓs(zs) =
◦
◦ φℓr (zr)φℓs(zs)

◦
◦ q

k+2z
ℓrℓs

2(k+2)
r

×
( zr
zs
qℓr+ℓs+2p; p, q4)∞( zr

zs
q−ℓr−ℓs+2p; p, q4)∞

( zr
zs
qℓr−ℓs+2p; p, q4)∞( zr

zs
q−ℓr+ℓs+2p; p, q4)∞

,

s(ti)s(tj) =
◦
◦ s(ti)s(tj)

◦
◦ t

2
k+2

i

(
tj
ti
q−2; p)∞

(
tj
ti
q−2; p)∞

,

s(ti)φℓr(zr) =
◦
◦ s(ti)φℓr(zr)

◦
◦ t

− lr
k+2

i

( zr
ti
qℓrp; p)∞

( zr
ti
q−ℓrp; p)∞

,

s̄(t)φℓ(z) =
◦
◦ s̄(t)φℓ(z)

◦
◦ t

− l
k+2

( z
t
qℓ+k+2p; p)∞

( z
t
q−ℓ+k+2p; p)∞

.
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For β(t), γ(x) and f(x),

β(t1)β(t2) =
◦
◦ β(t1)β(t2)

◦
◦

t1 − t2
t1 − t2q−2

q−1,

β(t)γ(x) = ◦
◦ β(t)γ(x)

◦
◦

t− xqk

t− xqk+2
q,

γ(x1)γ(x2) =
◦
◦ γ(x1)γ(x2)

◦
◦

x1 − x2
x1 − x2q−2

q−1,

f(x)φℓ(z) =
◦
◦ f(x)φℓ(z)

◦
◦

x− zqk+2−ℓ

x− zqk+2+ℓ
qℓ,

φℓ(z)f(x) =
◦
◦ φℓ(z)f(x)

◦
◦ .

A.2. We here show the OPE relations of E±(z), F±(z) and ψ±(z).

ψ±(z)ψ±(w) =
◦
◦ ψ±(z)ψ±(w)

◦
◦ ,

ψ±(z)ψ∓(w) =
◦
◦ ψ±(z)ψ∓(w)

◦
◦

(z − wqk±2)(z − wq−k∓2)

(z − wqk−2)(z − wq−k+2)
,

ψ±(z)Eα(w) =
◦
◦ ψ±(z)Eα(w)

◦
◦

z − wq−
k
2∓2

z − wq−
k
2 +2

q±2,

Eα(z)ψ±(w) =
◦
◦Eα(z)ψ±(w)

◦
◦

z − wq−
k
2±2

z − wq−
k
2 +2

,

ψ±(z)Fα(w) =
◦
◦ ψ±(z)Fα(w)

◦
◦

z − wq
k
2 ±2

z − wq
k
2 −2

q∓2,

Fα(z)ψ±(w) =
◦
◦ Fα(z)ψ±(w)

◦
◦

z − wq
k
2 ∓2

z − wq
k
2 −2

,

E±(z)E±(w) =
◦
◦E±(z)E±(w)

◦
◦

z − w

z − wq2
q±1,

E±(z)E∓(w) =
◦
◦E±(z)E∓(w)

◦
◦

z − wq∓2

z − wq2
q±1,

E±(z)F±(w) =
◦
◦E±(z)F±(w)

◦
◦

z − wq±k±2

z − wq±k
q∓1,

E±(z)F∓(w) =
◦
◦E±(z)F∓(w)

◦
◦ q

∓1,

F±(z)E±(w) =
◦
◦ F±(z)E±(w)

◦
◦

z − wq∓k∓2

z − wq∓k
q±1,

F±(z)E∓(w) =
◦
◦ F±(z)E∓(w)

◦
◦ q

±1,

F±(z)F±(w) =
◦
◦ F±(z)F±(w)

◦
◦

z − w

z − wq−2
q∓1,

F±(z)F∓(w) =
◦
◦ F±(z)F∓(w)

◦
◦

z − wq±2

z − wq−2
q∓1.
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A.3. We here show the algebra of E±(z), F±(z) and ψ±(z).

ψ±(z)ψ±(w) = ψ±(w)ψ±(z),

ψ+(z)ψ−(w) = ψ−(w)ψ+(z)
(z − wqk+2)(z − wq−k−2)

(z − wqk−2)(z − wq−k+2)
,

ψ±1
± (z)Eα(w)ψ

∓1
± (z) = Eα(w)

z − wq−
k
2 −2

z − wq−
k
2+2

q2,

ψ±1
± (z)Fα(w)ψ

∓1
± (z) = Fα(w)

z − wq
k
2 +2

z − wq
k
2−2

q−2,

(z − wq2)E±(z)E±(w) + (w − zq2)E±(w)E±(z) = 0,

(z − wq−2)F±(z)F±(w) + (w − zq−2)F±(w)F±(z) = 0,

E+(z)E−(w) = E−(w)E+(z)
z − wq−2

z − wq2
q2,

F+(z)F−(w) = F−(w)F+(z)
z − wq2

z − wq−2
q−2,

[E±(z)F±(w)] =
±1

(q − q−1)zw
δ
(w
z
q±k

)
ψ±(wq

± k
2 ),

E±(z)F∓(w) = F∓(w)E±(z).

Here we use the following relations:

◦
◦E±(wq

±k)F±(w)
◦
◦ =

1

(q − q−1)2w2q±k
ψ±(wq

± k
2 ),

1

z − w
+

1

w − z
=

1

z
δ
(w
z

)
.
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Appendix B. Proof of proposition in sect. 4.2

B.1. Let O{A,B, · · · , C} be an any ordered product of A,B, · · · , C, e.g., AB · · ·C,

BA · · ·C, CA · · ·B, etc. Then our Ψ is a linear combination of

∮
dxdy〈

m∏

i=1

S(ti)O {F+(x1), · · · , F+(xr), F−(y1), · · · , F−(ys), φℓ1(z1), · · · , φℓn(zn)} 〉

with r + s = m.

At first, let us calculate the integral for the variables y’s of the current F−(y)’s,

which can be realized as a counter clock wise contour integral around the origin. Since

F−(y)F+(x) and F−(y)φℓ(z) do not have pole except for y = 0, we have

Lemma. Let O{F+(x), φ(z)} be an arbitrary ordered product of F+(x1), · · · , F+(xr),

φ(z1), · · · , φ(zn). Then

∮
dyF−(y)O{F+(x), φ(z)} |λ0 〉 = resy=0F−(y)O{F+(x), φ(z)} |λ0 〉.

Therefore, the most right
∮
dyF−(y) in Ψ can be replaced with yF−(y)|y=0. Further-

more, since F−(y1){yF−(y)|y=0} also do not have pole except for y = 0, every
∮
dyF−(y)

in Ψ can be replaced with yF−(y)|y=0.

Since [φℓ(z), {yF−(y)|y=0}]qℓ = 0 and [F+(x), {yF−(y)|y=0}]q−2 = 0 we have

Lemma.

[φ+ℓ,m(z), {yF−(y)|y=0}]qℓ−2m = 0.

Therefore, the nearest yF−(y)|y=0 to φℓ(z) vanishes. Thus

r∏

i=1

φℓi,mi
(zi)|0 〉 =

r∏

i=1

φ+ℓi,mi
(zi)|0 〉.

This means that the F−(y)’s do not contribute to the results, thus our Ψ is a linear

combination of

∮
dx〈

m∏

i=1

S(ti)O{F+(x1), · · · , F+(xm), φℓ1(z1), · · · , φℓn(zn)} 〉.
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B.2. Second, let us calculate the integral for the variables x’s of the current F+(x)’s,

which can be realized as a clock wise counture integral around the infinity, by the residue

theorem. Since

S+(t)F+(x)
r∏

i=1

F+(xi) =
◦
◦ S+(t)F+(x)

r∏

i=1

F+(xi)
◦
◦ q

t− xqk

t− xqk+2

r∏

i=1

t− xiq
k

t− xiqk+2

x− xi
x− xiq−2

,

we have

resx=tq−k−2〈λ∞|S+(t)F+(x)
r∏

i=1

F+(xi) = 〈λ∞| ◦◦ S+(t)F+(q
−k−2)

r∏

i=1

F+(xi)
◦
◦ t(q − q−1).

Thus this residue does not have extra poles at xi = tq∗∗. Similarly

resx=tq−k−2〈λ∞|S+(t)O{φ(z)}F+(x)O{F+(x), φ(w)}

is also the same. Therefore, the residue at x = tiq
−k−2 of the most left

∮
dxF+(x) in Ψ

does not produce extra poles.

Let dx :=
∏m

i=1 dxi and F+(x) := {F+(x1), · · · , F+(xm)}, and let us consider the

following m-integral, which contain at least one S−(t):

∮
dx〈λ∞|

k−1∏

i=1

S(ti) · S−(tk)
m∏

j=k+1

S(tj) · O {F+(x), φ(z)} .

Since S−(t)F+(x) do not have pole except for x = ∞, some variable xi of our m-integral

should localize to ∞. Therefore, we have

Lemma.

∮
dx〈λ∞|

m∏

i=1

S(ti)O{F+(x), φ(z)} =

∮
dx〈λ∞|

m∏

i=1

S+(ti)O{F+(x), φ(z)}+ · · · ,

here · · · means residues at some xi’s are ∞.

But Ψ has no contribution from the residue at some xi’s are ∞. This means that the

S−(t)’s contribute only for the residue canceling at x = ∞. Therefore, for our correlation

functions, it is enough to consider only the + parts of F (x) and S(z).
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