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Abstract

The formation of cosmological structure including stars, galaxies and galaxy clus-
ters is one of the key subjects in cosmology. In the last two decades, the standard
model (ΛCDM model) has been established thanks to precise observations of the
cosmic microwave background radiation and the galaxy clustering in the large scale
structure. Recently, the formation of first stars or first galaxies in the Dark Ages,
which is the period between the recombination epoch and the emergence of lumi-
nous objects, has gathered attention. Moreover, the detailed evolution of the cosmic
reionization has been extensively investigated. Although current observations have
not reached such high redshifts yet, it is expected that upcoming large radio inter-
ferometers allow us to access these high redshifts and we can directly observe the
birth of first-generation objects. Thus, now, there is a strong demand on the devel-
opment of theoretical predictions about the cosmological structure formation from
the Dark Ages to the Epoch of Reionization (EoR). On the small scales at which
first-generation objects form, baryon physics especially plays an important role, al-
though it is ignored in the study of the large scale structure formation. A proper
treatment of baryon physics is essential in the study of the small scale structure
formation. Furthermore, analyzing future observational data with theoretical pre-
dictions can provide significant information about the formation of first-generation
objects.

In this thesis, we discuss the small scale structure between the Dark Ages and
the beginning of the EoR. In particular, we focus on the impacts of the supersonic
streaming motion between baryons and dark matter, which was first pointed out
by Tseliakhovich & Hirata (2010) on the structure formation. This relative motion is
originated from the difference of the velocity fields between baryons and dark matter
at the recombination. This velocity difference is generated because baryons tightly
couple with photons via the Thomson scattering before this epoch while dark matter
does not. Since the coherence length of the relative streaming motion corresponds to
the baryon acoustic oscillation scale, roughly 100 Mpc, we can handle this motion as
the background velocity of baryons in local patches, whose size is smaller than 1 Mpc,
where first stars or first galaxies can form. Tseliakhovich & Hirata (2010) examined
the effects of the supersonic streaming motion in the linear perturbation theory and
showed that the abundance of dark matter halos at the mass scale M<

∼ 108 M⊙
is suppressed before the EoR. In the linear perturbation theory, the supersonic
relative motion is interpreted as an additional pressure in the evolution equation
of the density and works to make the Jean scale larger. Moreover, a recent study
showed that this effect depends on an environmental density. However, the structure
formation with the supersonic streaming motion is incomplete in the perturbation
theory, because we can only discuss the development of the density fluctuations in
Fourier space. It is not straightforward to predict a structure formation process



in real space through the perturbation theory, in particular, in the case where the
nonlinear effects are not negligible. Therefore, it is necessary to examine the effects
of this streaming motion on the nonlinear growth of the high density region, namely,
the halo formation.

We perform N-body simulations and study the effects of the supersonic streaming
motion on the nonlinear structure formation. We first consider an isolated spheri-
cal gravitational collapse of a dark matter overdense region. We can assume that
the supersonic streaming motion is coherent on scales of first-generation objects.
Therefore, by adding a uniform velocity to background baryon particles, we can
simulate the collapse of the overdense region with the supersonic streaming motion.
Our simulations show that the supersonic streaming motion induces the delay of
the collapse. To compare with our simulation results, we also introduce a semian-
alytical model obtained by extending the spherical collapse model for the collapse
of mass shells with the supersonic streaming motion. We find that the collapse
evolution in our semianalytical model is agreed with that in N-body simulations.
These results indicate that the delay of the collapse time happens on scales smaller
than the effective Jeans scale with the supersonic streaming motion and the delay
strongly depends on the time variation of the baryon mass fraction in collapsing
mass shells. Next, we evaluate the impacts of the supersonic streaming motion on
the abundance of dark matter halos. We adopt the Press-Schechter formalism to
estimate the number density of dark matter halos. In the Press-Schechter formalism,
the collapse time of overdense regions is represented as the critical density contrast.
The delay of the collapse time increases the critical density contrast. Based on the
results from our N-body simulation, we provide the fitting formula for the change
of the collapse time and calculate the mass function of dark matter halos with the
supersonic streaming motion. We find that the streaming motion decreases the halo
abundance below 108 h−1M⊙ from that in the case without the relative motion and,
in particular, the abundance of halos at M = 105 h−1M⊙ becomes a half at redshift
z = 10.

It is suggested that the delay due to the supersonic streaming motion depends on
the surrounding density around collapse objects. To investigate this dependence, we
perform N-body simulations for an isolated halo formation embedded into different
overdense regions. We find that, the higher the density surrounding collapse objects
is, the less the collapse time delays. The dependence of the delay in our simulations
is qualitatively consistent with the results in large-scale cosmological simulations.
Taking into account this environmental effect, we improve the mass function of dark
matter halos with the supersonic streaming motion. The results of this thesis will
help us to understand the physics of the structure formation with the supersonic
streaming motion in the Dark Ages and make more precise theoretical predictions
about the structure formation.
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Chapter 1

Introduction

1.1 History of cosmology

The Universe has always been an attractive subject of science. Continuous scien-
tific effort for over a century provides us with the standard picture of the Universe.
The Universe started from a very hot state, that is, the Universe began with the
Big Bang, and expanded with time. Current structures of the Universe grew from
tiny primordial density fluctuations via the gravitational instability. The present
Universe exhibits a rich hierarchical structure in itself. Thus, the history of the
structure formation in the Universe is one of key topics in modern cosmology, and
we develop our understandings of the structure formation history in the standard
picture. In particular, the recent development of the computing technology allows
us to obtain profound knowledges about the physics of cosmological structure for-
mation. We will continue to expand our interest to a wider range of scales and more
details of the structure formation.

Of course, the theoretical comprehension about the Universe is supported by
various observations. Here, we revisit the history of cosmological observations. One
can say that the study of modern cosmology had begun from the observational re-
sult by Edwin Hubble and Milton Humason in 1929. They have found the relation
between the distance of Cepheid variables and their recession velocities obtained by
the Doppler shift (redshift) measurement. This relation, which is called the Hubble
law tells that the Universe is expanding and is consistent with a solution of the gen-
eral theory of relativity published by Albert Einstein in 1915-1916. This solution
is referred to as the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric. Cur-
rently the FLRW metric is accepted as the standard description for the expanding
evolution of the Universe.

Our understandings of the Universe have been remarkably advanced by the dis-
covery of the cosmic microwave background (CMB) radiation by Bell Laboratories
in 1978. The CMB is predicted in the hot Big Bang model as the remnant of the
thermal radiation in an early period when the Universe was very hot. In 1990,
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1.1 History of cosmology

Cosmic Background Explorer (COBE, Mather et al., 1990)1 confirmed that the fre-
quency spectrum of the CMB is almost the same as a black body thermal radiation
with 2.76 K. The existence of the CMB is a strong evidence of the hot Big Bang
model. In these two decades, the beginning and energy components of the Universe
have been discussed more precise with the aid of the developments of the CMB
observation accuracy and theoretical predictions with large computational calcu-
lations. Wilkinson Microwave Anisotropy Probe (WMAP, Hinshaw et al., 2013)2

and Planck (Planck Collaboration et al., 2016a)3 measured the spacial distribution
of the CMB temperature as shown in Fig. 1.1. The data points in Fig. 1.2 show
the angular power spectrum of the anisotropic CMB temperature distribution mea-
sured by the Planck observation. In this figure, the error bars mostly consist of
the sample variance which cannot be removed in principle. These results can be
compared with a theoretical prediction calculated in the cosmological perturbation
theory with an initial condition for seeds of structures, i.e. the primordial fluctua-
tions. In this figure, the theoretical prediction is represented with the red line. The
theoretical prediction is also based on the ΛCDM model, in which the Universe is
composed of photons, baryons, neutrinos, nonrelativistic (cold) dark matter, and
the cosmological constant. Dark matter is a type of matter interacting only through
the gravitational force and is an essential gravitational source to grow observable
late-time structures of the Universe as shown in the following. Dark energy is a
form of energy having negative pressure and is introduced to explain the current
accelerated expansion of the Universe which was found in high redshift supernovae
surveys as mentioned later. The cosmological constant is the simplest dark energy
model with the equation of state w = −1. The prediction of the CMB angular
power spectrum is controlled by the basic six parameters of the ΛCDM model with
the primordial fluctuations, that is the amplitude and the index of the primordial
power spectrum, the energy density of baryons and cold dark matter, the Hubble
constant and the optical depth to Thomson scattering of CMB photons.

The ΛCDM model has also achieved great success to interpret the observational
results for galaxy distributions of the large scale structure (Alam et al., 2016) as
presented in Fig 1.3. The study of the large scale structure formation has been
progressed by comparisons between cosmological observations and theoretical works
which have been performed both numerically and analytically. In the standard cos-
mological model, tiny matter density fluctuations grow by gravity. As dark matter
is gathered by self-gravity, a region of well-grown density fluctuations collapses to a
high density region called a dark matter halo. Stars or galaxies are formed within

1https://lambda.gsfc.nasa.gov/product/cobe/
2https://map.gsfc.nasa.gov
3http://www.cosmos.esa.int/web/planck
4http://www.sdss3.org/images/pie.jpg
5http://sdss.kias.re.kr/astro/Horizon-Runs/Horizon-Run.php?article=images
6https://www.cfa.harvard.edu/supernova/home.html
7http://www.esa.int/spaceinimages/Images/2013/03/
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Figure 1.1: The temperature map of the CMB observed by Planck. This figure is
taken from Planck Collaboration et al. (2016a).
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Figure 1.2: The angular power spectrum of the temperature fluctuation measured by
Planck. The bottom panel shows the relative error from the theoretical prediction.
This figure is taken from Planck Collaboration et al. (2016a).
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1.1 History of cosmology

Figure 1.3: The galaxy distribution observed by Sloan Digital Sky Survey (SDSS).
Figure credit: SDSS-III4

Figure 1.4: The simulated galaxy distribution by Kim et al. (2009) in the Horizon
Runs5
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Figure 1.5: The matter power spectrum at z = 0 estimated from observational
results (data points) and calculated in the ΛCDM mode with best fit parameters.
This figure is taken from Norman (2010).
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1.1 History of cosmology
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Figure 1.6: The SNe Ia Hubble diagram. Upper panel represents observational data
with three cosmological models. Lower panel shows the difference for models with
ΩM = 0.3, ΩΛ = 0. Figure credit: The High-Z SN Search Team6
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Figure 1.7: The history of the Universe. Figure credit: ESA - C. Carreau7

halos holding enough baryonic mass. Baryons cannot collapse to those objects until
the gravitational force overcomes the thermal pressure of baryons. Such a strong
gravitational force is realized in a dark matter halo which can generate a deep grav-
itational potential.

Moreover clusters of galaxies and the large scale structure are subsequently cre-
ated by accretion or merging of small collapsed objects. This process is known as the
hierarchical structure formation. This structure history is predicted in the ΛCDM
model with the initial power spectrum obtained from CMB observations. Figure 1.4
represents the result made out by a cosmological simulation with this model. The re-
sult shows that the Universe has foam-like structure composed by clusters, filaments,
sheets and voids. This foam-like structure is confirmed by various observations in
terms of the galaxy mapping and the power spectrum of cosmic objects, which is
a statistical analysis result of these spatial distributions. Figure 1.5 shows the ob-
served matter density power spectrum from various observations. In this figure, the
solid line is the theoretical prediction based on the linear perturbation theory in the
ΛCDM model with the same parameters as those for the calculation of the CMB.

According to the general relativity, the expansion rate of the Universe is strongly
related with the energy components or the curvature of the Universe. Therefore,
the measurement of the expansion rate is one of the important goals in cosmological
observations. In 1998, Supernova Cosmology Project (Perlmutter et al., 1998) and
High-Z Supernova Search Team (Riess et al., 1998) discovered that the cosmic ex-
pansion at the present time is accelerating by surveying type Ia supernovae at high
redshifts. A Type Ia supernova plays an important role as a standard candle for
measuring the Hubble relation, because we can know the intrinsic luminosity of the

15



1.1 History of cosmology

supernova from observations. Figure 1.6 shows the relation between the observed
difference magnitude and the redshift in the Hubble diagram. Three lines represent
the theoretical relations for three different cosmological models, the matter dom-
inated flat Universe (ΩM = 1.0, ΩΛ = 0), the matter dominated open Universe
(ΩM = 0.3, ΩΛ = 0) and the ΛCDM model (ΩM = 0.3, ΩΛ = 0.7), where ΩM and
ΩΛ are respectively the density parameters of dark matter and dark energy. We
can know the luminosity distance of a supernova from the difference between the
apparent and absolute magnitudes. The redshift tells us the recession velocity of
a supernova due to the cosmic expansion. Therefore, the history of the expansion
rate can be obtained from the relation in the Hubble diagram. Figure 1.6 implies
the accelerating expansion of the Universe. Therefore, the observational result is
consistent with the ΛCDM model where the late-time Universe is dominated by
dark energy. The parameters estimated from these recent observational data imply
that baryons, dark matter and dark energy account for about 5 %, 27 % and 68 %
of the total energy density of the Universe, respectively. Moreover, we find that
the curvature parameter of the space is consistent with zero, namely, the Universe
is flat, and the primordial power spectrum of fluctuations is nearly scale invariant.
The flatness of the Universe and the index of the primordial power spectrum can be
explained by the inflation scenarios.

At the same time, we have obtained the grand design for the history of the
Universe as illustrated in Fig. 1.7. We briefly review the history of the Universe
based on it. The Universe starts from the big bang (singularity) and immediately
undergoes an exponential expansion phase, which is so-called the inflation. During
the inflation, the primordial fluctuations, which are the seeds for the large scale
structure in the later Universe, are generated by quantum mechanical mechanisms.
At the final stage of the inflation, the energy driving the inflationary expansion
is converted to photons which are soon thermalized. Consequently, the inflation
ends and the Universe becomes hot. As time goes, the temperature of the Universe
goes down. During this evolution, baryons are generated via a process of particle
physics causing the baryon asymmetry. When the Universe is cooled down to 1 MeV,
baryons start to form nuclei of hydrogen, helium and other light elements. When
the temperature of the Universe decreases to 3000 K, nuclei are “recombined” with
electrons and the Universe becomes transparent to photons. Currently, we can
observe photons from this epoch as the CMB photons. After that, the Universe
enters the Dark Ages where there are no luminous objects. However, during the
Dark Ages, the primordial fluctuations grow gravitationally. After about 200 million
years from the birth of the Universe, first stars or first galaxies form from the
primordial fluctuations. Subsequently formation of galaxy clusters and the large
scale structure occurs. During this structure formation epoch, baryonic components
are reionized by ionizing photons from luminous objects. Therefore, probing the
Epoch of Reionization (EoR) is an important topic in cosmological observations.
Now we can access the EoR by measurements of the optical depth for CMB photons
and observations of the absorption by neutral hydrogen clouds. Recent observations
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suggest that the cosmological reionization process has been completed around 1
billion years (Robertson et al., 2013). The present Universe has rich hierarchical
structures over a wide range of scales, and is in the accelerating expansion caused
by dark energy.

Although it provides us such a grand vision of the Universe, the standard cos-
mological model has a number of open questions, e.g. a property of the inflation,
neutrino masses, a cosmological magnetic field. Of course, natures or origins of
both dark matter and dark energy have been under discussion. At present, there
are many upcoming observations for the CMB, e.g. POLARBEAR/Simons Array8,
LiteBIRD9 and Polarized Radiation Imaging and Spectroscopy Mission (PRISM)10

and the large scale structure, e.g. Subaru Measurement of Images and Redshifts
(SuMIRe)11, Large Synoptic Survey Telescope (LSST)12 and Euclid13. These obser-
vations will give a great insight about cosmological problems.

1.2 Remarkable subjects

In this century, researches about the Universe have been developed. These results
are continuously confirmed and supported by various theoretical studies with many
observations. In particular, there is no doubt about our current understanding of
the cosmic evolution history and the energy components of the Universe. However,
this universal picture still has some problems and requires some breakthroughs to
solve them. Many results in cosmology are based on discussions with observables
at large scales, where we can make theoretical predictions from the first order per-
turbation theory in a simple situation. The linear perturbation theory is a useful
tool to describe physical phenomena where a spatial distribution of an observable
is fluctuated around the averaged value and its dispersion is much smaller than the
averaged value. Based on this theory, the observables can be analytically forecasted.
The applications to observations for the large scale structure and CMB provide tight
constraints on the cosmological parameters. However, the applicable scales of the
linear perturbation theory are limited. At the final stages of the galaxy and star
formation processes nonlinear physics becomes important and the linear perturba-
tion theory is no longer valid. Additionally in these situations, there happen too
many physical processes at the same time to be taken into account analytically.
To discuss these structure formation scenarios, numerical simulations are essential.
The studies with numerical simulations have accomplished many achievements and
bring us deeper knowledge about the structure formation. Though, there are some
disadvantages in numerical simulation works. One of them is that, in modeling for

8https://simonsobservatory.org
9http://litebird.jp

10http://www.prism-mission.org
11http://sumire.ipmu.jp/
12https://www.lsst.org
13http://sci.esa.int/euclid/
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1.2 Remarkable subjects

simulations, some physical processes are omitted or incorporated phenomenologi-
cally. Besides, in complicated situations, it is difficult to obtain the understanding
of physics only from numerical simulations where many physical processes occur
simultaneously, and analytical interpretations of simulation results are always re-
quired to appreciate physics well. For example, in the researches of the large scale
structure, the physics of dark matter has been considered mainly and baryon physics
has been treated through a bias parameters because detail of baryon physics in the
structure formation is still unknown. Evolutions of baryonic components in the cos-
mological structure hold many mysteries. The missing baryon problem (Bregman,
2007), that all baryonic components predicted from observations of the CMB have
not been detected in the local Universe, is also known as one of unresolved cosmolog-
ical issues related to baryon physics. Moreover, we need to reveal the mass function,
which is one of the interesting quantities on the structure formation physics, of first
stars, first galaxies or sources of the cosmic reionization. The existence of super mas-
sive black holes beyond z = 7 reported by Mortlock et al. (2011) pose outstanding
questions about their seed and formation history. Thus, baryonic hydrodynamics is
under intense investigation in cosmology.

Observations of redshifted 21 cm lines from the hyperfine structure of neutral
hydrogen atoms attract much attention as new observational windows especially
in order to search the Universe from the EoR to the Dark Ages. Currently, to
observe 21 cm signals from these epochs, there are many planed radio interferome-
ters including the Murchison Widefield Array (MWA)14 and the Square Kilometre
Array (SKA)15. Observations by future radio telescopes with wider ranges of fre-
quency and a higher resolution are expected to provide many advantages for solving
cosmological problems. Of course, measuring the amount of HI is benefit for under-
standing reionization history and properties of first-generation objects (Koopmans
et al., 2015; Ghara et al., 2016; Hasegawa et al., 2016). A 21 cm intensity map-
ping is an alternative probe in order to seek the matter density field underlying
HI gas distribution as well as galaxy surveys (Bull et al., 2015). Moreover, SKA
is assumed to measure power spectra of the brightness temperature until z = 20
at k = 0.1 Mpc−1 (Mesinger et al., 2014), and resolve 10 kpc scale as the 21 cm
forest (Ciardi et al., 2015). Observables of small scale structure at high redshifts
will give further understandings of the baryonic components in the structure for-
mation and benefits in terms of constraints on extended parameters of the ΛCDM
model (Maartens et al., 2015; Yamauchi et al., 2016). Thus, more detailed theo-
retical templates of the small scale structure formation are desired for comparisons
with observed results.

Recently, Tseliakhovich & Hirata (2010) reported an importance of relative mo-
tions between dark matter and baryons on the small scale structure formation. This
relative motion is originated from the difference in motions between baryons and

14http://www.mwatelescope.org
15http://www.skatelescope.org
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dark matter before the cosmic recombination. Baryons before the recombination
are tightly coupled with photons through Thomson scattering. As a result, baryons
and photons act as one fluid with the sound speed ∼ c/

√
3 and have the same ve-

locity fields associated with the acoustic oscillation. On the other hand, since dark
matter does not suffer Thomson scattering, dark matter density fluctuations can
grow by self-gravitation. Therefore, the relative motion between baryons and dark
matter is induced at the recombination epoch. After the recombination, baryons
are completely decoupled with photons and the sound speed of baryons quickly
drops down to ∼ 6 km s−1. Since the root mean square of the relative velocity
reaches ∼ 30 km s−1 at that time, the relative velocity is about five times larger
than the sound speed of baryons. Therefore, this relative motion is called the super-
sonic streaming motion. The main consequence of Tseliakhovich & Hirata (2010) is
that the abundance of small dark matter halos (M<

∼ 108 M⊙) is highly suppressed
owing to the supersonic streaming motion in the perturbation theory. Previous
works have investigated the effects of the supersonic streaming motion on high red-
shift objects, e.g. Population III stars, early galaxies, supermassive black holes and
globular clusters (Stacy et al., 2011; Maio et al., 2011; Tseliakhovich et al., 2011;
Naoz et al., 2012; O’Leary & McQuinn, 2012; Naoz et al., 2013; Tanaka & Li, 2014;
Naoz & Narayan, 2014; Popa et al., 2016). According to these works, the scenario
of the cosmic reionization process and the prediction of 21 cm line signals from
the EoR could be modified from those predicted in the conventional cosmological
model (McQuinn & O’Leary, 2012; Fialkov et al., 2013; Ali-Häımoud et al., 2014).
Moreover, the relative motion between dark matter and baryons influences the large
scale structure, e.g. the baryon acoustic oscillation by inducing a velocity bias (Yoo
et al., 2011; Tseliakhovich et al., 2011; Yoo & Seljak, 2013; Slepian & Eisenstein,
2015; Blazek et al., 2016; Schmidt, 2016). There is also a challenging work of detect-
ing this effect in the galaxy distributions from two independent galaxy spectroscopic
surveys (Beutler et al., 2016). The recent relevant studies are reviewed in Fialkov
(2014) and Barkana (2016).

1.3 Roles and structures of this thesis

In future, many works with more precise observations will uncover the structure for-
mation at smaller scales and higher redshifts. The first step in such investigations is
the understanding of the structure formation around the Dark Ages. In this thesis,
we study the impacts of the supersonic relative motion proposed by Tseliakhovich
& Hirata (2010) on the small scale structure formation. The effects of the relative
motion on the structure formation have been firstly studied in the perturbation
theory. However, this discussion is incomplete, because we can only investigate the
effect on the tiny density perturbation in the Fourier space. It is difficult to estimate
the impact of the supersonic relative motion on nonlinear evolution of halos from
the perturbation theory. Moreover, although the effects of the relative motion on
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1.3 Roles and structures of this thesis

the structure formation have been studied in numerical simulations mainly because
of complications of the nonlinearity, simulation results have not yet completely in-
terpreted. Thus, a research with a semianalytical model is useful to obtain some
insights into physics involved in complicated phenomena. Additionally, the analy-
sis of observational data with numerical simulations generally takes enormous time
and sometimes seems unrealistic. Therefore, modeling in a form which is easy to
handle in analytic studies is strongly required. One of the successful examples is
the Press-Schechter formalism. The Press-Schechter formalism provides the mass
function of dark matter halos in the analytical form which agrees fairly well with
results of N-body simulations.

We investigate the impacts of the supersonic streaming motion by examining a
simple collapse model both by the N-body simulation and the semianalytical way.
We also give the semianalytical model for the change of the collapse time by ex-
tending the spherical collapse model to the situation with the supersonic relative
motion. We propose a fitting formula for the modification of the critical density
contrast, which tells us whether a collapse of the dark matter halo occurs or not,
as a function of the amplitude of the relative motion, the halo mass and the initial
density fluctuation for a dark matter halo. We also apply this fitting formula to
evaluate the mass function of small dark matter halos based on the Press-Schechter
formalism. In addition, we discuss the impacts of the supersonic relative motion
on the formation of collapsed objects with various environments, and compare the
estimations from our collapsed object model with the result of the cosmological sim-
ulation. Our study provides the detailed descriptions for the effects of the supersonic
relative motion on the dark matter halo formation. Moreover, we expect that the
semianalytical prediction can help to understand the structure formation with the
supersonic streaming motion.

This thesis is organized as follows. In chapter 2, we review the evolution of
the background Universe and the perturbation theory in the standard cosmology.
Furthermore, we describe the Press-Schechter formalism. We also address the ef-
fect of the supersonic relative motion on the perturbation theory by taking into
account the background velocity of baryons and construct the collapse model with
two components and their relative velocity. In chapter 3, we describe the setup
of our N-body simulation, and we show the results of the N-body simulations and
check the reproducibility of the spherical collapse case. Moreover, we present the
change of the collapse time by supersonic relative motion and the validity of the
semianalytical model introduced in chapter 2. We discuss the modification of the
baryon fraction in a dark matter halo by the relative motion, and, providing a fit-
ting formula of the modified collapse time (i.e. the critical density contrast for the
collapse) and show the suppression of the dark matter halo abundance around the
EoR. In chapter 4, we give the effect of the surrounding density on the change of the
collapse time by taking account of two concentric spheres. In addition, we discuss
the environmental effect on the collapse objects with the supersonic relative motion
between baryons and dark matter by comparing the result of the cosmological simu-
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lation with the prediction obtained from the extended spherical collapse model and
modified the Press-Schechter formalism. Finally, we show our conclusions of this
thesis in chapter 5.
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Chapter 2

Analytical Formalism

In this chapter, we show the theoretical descriptions for the basic cosmology. We
introduce the expansion of the background Universe derived from the FLRW metric,
which is the solution of the Einstein equation, and the linear perturbation evolutions
for photons, baryons and cold dark matter. Next, we give the spherical collapse
model that describes the nonlinear perturbation development of halos, and the Press-
Schechter formalism which is the way to calculate the halo mass function. Finally,
we mention the effect of the supersonic relative motion between baryons and dark
matter on the linear perturbation theory and spherical collapse model.

2.1 Background Universe

A dynamics of the Universe is basically given by the Einstein equation

Gµν = Rµν −
1

2
gµνR + Λgµν = κTµν , (2.1)

where gµν is the metric of 4-dimensional spcacetime related to the distance between
two points given by

ds2 = gµνdx
µdxν , (2.2)

and Rµν is the Ricci curvature tensor, R = gµνRµν is the Ricci scalar, Λ is the
cosmological constant and Tµν is the energy-momentum tensor. Hereafter we use
Greek and Latin subscript in order to stand for 4-dimensional spacetime and 3-
dimensional space, respectively, and discuss in Planck units c = ℏ = G = 1 and
κ = 8π. The solution of Eq. (2.1) for the uniform and isotropic Universe including
the cosmic expansion, i.e. FLRW metric, is given by

ds2 = −dt2 + a(t)2δijdx
idxj, (2.3)

where a(t) is scale factor that parameterizes the cosmic expansion and we ignore
the curvature of the space, because that is consistent with zero in current obser-
vations (Planck Collaboration et al., 2016b). The relation between the scale factor
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2.1 Background Universe

and the redshift, which is a change of a wavelength emitted from light sources at
cosmic time t caused by the cosmic expansion, is given by

z =
λo − λe

λe

=
1

a(t)
− 1 (2.4)

where λe is the proper wavelength and λo is the observed wavelength. The scale
factor and the redshift are used as the time coordinate.

In this metric, the Ricci curvature tensor is calculated

R00 = 3
ä

a
, R0i = Ri0 = 0, Rij = −(ä+ 2ȧ2)δij, (2.5)

and Ricci scalar is

R = 6
aä+ ȧ2

a2
= 6(Ḣ + 2H2), (2.6)

where H ≡ ȧ/a is the Hubble parameter and the dot stands for the partial derivative
with respect to t. The time evolution of the scale factor is determined by components
of the Universe. If we assume components are perfect fluids, these energy momentum
tensors are given by

Tµν = Pgµν + (ρ+ P )uµuν , (2.7)

where ρ is the energy density, P is the pressure and uµ ≡ dxµ/dτ is the 4-dimensional
velocity normalized by gµνuµuν = −1. τ is the proper time dτ 2 = −ds2, so that
u0 = −1, ui = 0 in the background Universe and the energy-momentum tensor has
only diagonal terms,

Tµν = diag(ρ, a2P, a2P, a2P ). (2.8)

In the case that ρ and P are the functions of the time and independent of the posi-
tion, the conservative equations derived by the Bianchi identity ∇µG

µ
ν = ∇µT

µ
ν = 0

is

ρ̇ = −3H(ρ+ P ). (2.9)

Equation (2.9) presents the relation between the scale factor and the density by
defining the state of equation w = P/ρ,

ρ ∝ a−3(1+w). (2.10)

In the standard cosmology, the components are divided into radiations w = 1/3 (e.g.
photons and neutrinos) and nonrelativistic matters w = 0 (e.g. baryons and cold
dark matter). The Einstein equations is then rewritten as

ȧ2

a2
=

κ

3
(ργ + ρν + ρb + ρc + ρΛ), (2.11)
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Figure 2.1: The density parameters of total radiation (red line), total matter (blue
line) and the cosmological constant (black line) as a function of the scale factor.

2
ä

a
+

ȧ2

a2
= −κ(Pγ + Pν + PΛ), (2.12)

where the subscript r, ν, b and c describe photons, neutrinos, baryons and cold dark
matter, respectively. Furthermore, ρΛ ≡ Λ/κ and PΛ ≡ −Λ/κ are the contributions
of the cosmological constant to the density and pressure.

Next, we consider an evolution of the scale factor. In the case where the Universe
is consist of one component, Eqs. (2.11) and (2.10) give the time differential equation
of the scale factor,

ȧ2

a2
=

Ω0H
2
0

a−3(1+w)
, (2.13)

where the subscript 0 stands for a value at the present time, and the scale factor is
normalized by a0 = 1. Moreover, the density parameter Ω is defined by the ratio of
total density ρtot = 3H2/κ. Eq. (2.13) can be solved,

a ∝

{
t2/3(1+w) (w ̸= −1)

et (w = −1)
. (2.14)

Equation (2.14) tells the cosmological constant, which seems to be a fluid with neg-
ative pressure, drives the Universe into the accelerating expansion. The expansion
history of the Universe is popularly obtained by calculating

ȧ2

a2
= H2

0

(
ΩR0

a4
+

ΩM0

a3
+ ΩΛ

)
. (2.15)
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2.2 Perturbation theory

where ΩR0 = Ωγ0 + Ων0 is the density parameter of the total radiation and ΩM0 =
Ωb0 +Ωc0 is the density parameter of the total matter. The time dependence of the
density parameters is rewritten as

Ω =
Ω0a

−3(1+w)

ΩR0a−4 + ΩM0a−3 + ΩΛ

. (2.16)

We show the time evolution of the density parameters in Fig. 2.1. We find that
the Universe is first dominated by radiations and then by matter components. The
present-day Universe is acceleratedly expanding due to the dark energy.

2.2 Perturbation theory

Next, we describe the behavior of first order perturbations. Perturbations are slight
deviations from the background values, which only depend on time, as a function of
the space and time. In this section, we use the formulation of Ma & Bertschinger
(1995) as the reference. The metric including perturbations is given by

ds2 = −(1 + 2α)dt2 − 2a∂iβdtdx
i + a2[(1 + 2ϕ)δij + 2∂i∂jγ]dx

idxj, (2.17)

where ∂µ ≡ ∂/∂xµ. We ignore a vector mode and a tensor mode because their
contribution to the evolution of matter components, the main subjects of this paper,
is on the second order. In this metric, the perturbation of the Ricci curvature tensor
is calculated as

δR00 =
∇2α

a2
+ ζ̇ + 2Hζ − 3(Ḣ + 2H2)α, (2.18)

δR0i =∂i[2Hα− a(Ḣ + 3H2)β − 2ϕ̇], (2.19)

δRij =∂i∂j[χ̇+Hχ+ 2a2(Ḣ + 3H2)γ − α− ϕ]

− a2δij
3

[
ζ̇ + 6Hζ + 3Ḣα +

∇2(χ̇+Hχ)

a2
+ 3∇2ϕ− 6(Ḣ + 3H2)ϕ

]
, (2.20)

where

χ ≡ a(β + aγ̇), ζ ≡ 3(Hα− ϕ̇)− ∇2

a2
χ. (2.21)

In addition, the perturbation of the Ricci scalar is obtained;

δR = −2

[
ζ̇ + 4Hζ + 3Ḣα +

∇2

a2
(α + 2ϕ)

]
. (2.22)

On the other hand, the scalar perturbation of the energy momentum tensor is given
by

T 0
0 = −(ρ̄+ δρ), (2.23)
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T 0
i = −a(ρ̄+ P̄ )∂iv, (2.24)

T i
0 = (ρ̄+ P̄ )

∂i

a
(v − β), (2.25)

T i
j = (P̄ + δP )δij +

1

a2

(
∂i∂j −

1

3
δij∇2

)
Π, (2.26)

where ρ̄ and P̄ are the background values of the density and pressure, v is the
velocity field and Π is the anisotropic stress. Thus, the first order perturbation of
the Einstein equations are

Hζ − k2

a2
ϕ = −κ

2
δρ, (2.27)

ϕ̇−Hα = −κ

2
a(ρ̄+ P̄ )v, (2.28)

χ̇+Hχ− α− ϕ = κΠ, (2.29)

ζ̇ + 2Hζ +

(
3Ḣ − k2

a2

)
α =

κ

2
(δρ+ 3δP ), (2.30)

and the energy momentum conservation equations including the perturbations are
obtained as

δ̇ρ+ 3H(δρ+ δP ) = (ρ̄+ P̄ )

(
ζ − 3Hα− k2

a
v

)
, (2.31)

∂0[a
4(ρ̄+ P̄ )v] = a3

[
(ρ̄+ P̄ )α+ δP − 2k2

3a2
Π

]
, (2.32)

where these equations are written in the Fourier space. The relation between vari-
ables in the real space and those in the Fourier space is given by

δ(k) =

∫
d3xδ(x) exp(−ik · x), (2.33)

δ(x) =
1

2π

∫
d3kδ(k) exp(−ik · x). (2.34)

The perturbations for the metric and the components of the Universe develop
according to Eqs. (2.27)∼(2.32). We choose the Conformal Newtonian gauge

α = Ψ, β = 0, ϕ = −Φ, γ = 0. (2.35)

In this gauge, χ = 0, ζ = 3(HΨ+Φ̇) and the Einstein equations and the conservation
equations are rewritten as

3H2Ψ+ 3HΦ̇ +
k2

a2
Φ = −κ

2
ρ̄δ, (2.36)

k2

a2
(Φ̇ +HΨ) =

κ

2
(ρ̄+ P̄ )θ, (2.37)
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2.2 Perturbation theory

Φ−Ψ = κΠ, (2.38)

3(2ḢΨ+HΨ̇ + Φ̈ + 2H2Ψ+ 2HΦ̇)− k2

a2
Ψ =

κ

2
(1 + 3c2s)ρ̄δ, (2.39)

δ̇ + 3H(c2s − w)δ = (1 + w)(3Φ̇− θ), (2.40)

∂0[a
5(1 + w)ρ̄θ]

a5(1 + w)ρ̄
=

k2

a2

[
Ψ+

c2s
(1 + w)

δ − 2k2

3a2
Π

(1 + w)ρ̄

]
,

(2.41)

where δ ≡ δρ/ρ̄ is the density contrast, θ ≡ k2v/a is the divergence of the velocity
field and c2s ≡ δP/δρ is the speed of sound.

First, we examine the development of perturbations before the recombination
when the Universe was very hot and baryons were completely ionized. In this epoch,
photons and baryons are tightly coupling via the Thomson scattering and act as one
fluid. Thus, the velocity field of baryons is equal to that of photons. We set the
anisotropic stress to zero and ignore the contribution of neutrinos to simplify the
argument. Equation (2.38) tells Φ = Ψ. In this case, time evolution equations for
photons, baryons and dark matter is given by

k2

a2
Φ = −κ

2
(2ρ̄γδγ + ρ̄bδb + ρ̄cδc), (2.42)

δ̇γ = 4Φ̇− 4

3
θrb, (2.43)

δ̇b = 3Φ̇− θrb, (2.44)

δ̇c = 3Φ̇− θc, (2.45)

θ̇rb = −1 + 2R

1 +R
Hθrb +

k2

a2
Φ +

k2

4a2
δγ +

k2c2s
a2

δb, (2.46)

θ̇c = −2Hθc +
k2

a2
Φ, (2.47)

where R = 3ρ̄b/4ρ̄γ = 3aΩb0/4Ωγ0 and the speed of sound for dark matter is ignored.
Equations (2.43) and (2.44) show δγ = 4δb/3. We can obtain the second derivative
equations of the density fluctuation of baryons and dark matter,

δ̈b = −1 + 2R

1 +R
Hδ̇b +

3

2
H2

(
R + 2

R
Ωbδb + Ωcδc

)
− k2

3a2
δb −

k2c2s
a2

δb, (2.48)

δ̈c = −2Hδ̇c +
3

2
H2

(
R + 2

R
Ωbδb + Ωcδc

)
, (2.49)

where we restrict out discussion to the subhorizon scale (k ≫ aH) and the time
scale is the order of the age of the Universe (∼ 1/H), i.e. Φ̇ ∼ HΦ. Thus, we drop
the time derivative term of Φ. In Eqs. (2.48) and (2.49), the first term on the right-
hand side is the Hubble friction term that represents that the Hubble expansion
prevents the development of density fluctuation and the second term corresponds
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to the gravitational growth. The third term in Eq. (2.48) derived from the speed of
sound for photons causes the oscillating evolution of the baryon density perturbation
at the small scale. This is called the baryon acoustic oscillations. Consequently, the
baryons has the different density and velocity fields from those of dark matter at
the last scattering surface.

Next, we consider evolutions of the perturbations after the recombination. The
coupling between photons and baryons is rapidly broken down and the density fluc-
tuation of baryons starts to grow in the same manner as that of dark matter except
a contribution of the speed of sound term, which is important at the small scale.
The evolution equations of these density perturbations are given by

δ̈c = −2Hδ̇c +
3

2
H2 (Ωbδb + Ωcδc) , (2.50)

δ̈b = −2Hδ̇b +
3

2
H2 (Ωbδb + Ωcδc)−

k2c2s
a2

δb. (2.51)

The equation for baryons is obtained by taking the limit R ≫ 1 and dropping
the coupling term with photons in the right-hand side of Eq. (2.48). Although the
density fluctuation of baryons is much smaller than that of dark matter, we find
that δb catches up with δc rapidly by calculating the second derivative equations.
Moreover, because the third term in the right-hand side of Eq. (2.51) is ignored at
the large scale, Eqs. (2.50) and (2.51) with δb = δc can be solved analytically. The
growth mode of the solutions is give by

δ ∝ D(a) =
5H

2H0

ΩM0

∫ a

0

dx

(ΩM0x−1 + ΩΛ0x2)3/2
, (2.52)

where D(a) is named the growth factor. In the matter dominated era where the
total energy density is filled by nonrelativistic matters, i.e. H = ΩM0H0/a

3, the
growth factor is in proportion to the scaler factor. Moreover, the relation between
the density perturbation and the velocity filed is given by

θ = −δ̇ = −fHδ, (2.53)

where f ≡ d lnD/d ln a is the linear growth rate.
In the above examination, we have shown the qualitative behaviors of the per-

turbations with some approximations. We need to solve the Boltzmann equation
strictly in order to know the detailed coupling between photons and baryons. Fig-
ure 2.2 shows the time evolution of the density contrast of dark matter (red), baryons
(blue) and the relative motion between baryons and dark matter vbc = (θb − θc)/k
(black) with two comoving scales k = 0.1, 1 Mpc−1. These results are calculated by
using the published Code for Anisotropies in the Microwave Background (CAMB)
by Lewis et al. (2000). We find that the density contrast of baryons is oscillating
before the recombination epoch (a<∼ 0.001) predicted from Eq. (2.48), and the fact
that the period of this oscillation with larger wave vector is shorter than that of the
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dark matter (blue line) and the relative velocity between baryons and dark matter
(black line) at a = 0.001.
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small mode is consistent with the dependence of the third term in the right-hand
side of Eq. (2.48) on k. We also make sure that the density contrast of the baryons
immediately grows up to the same as that of dark matter.

We introduce a two point correlation function and a power spectrum of fluctua-
tions often used in order to argue statistical properties of cosmological observables or
theoretical predictions. The two point correlation function is defined as the ensemble
average of a products of two variables at x and x+ r,

ξ(r) = ⟨δ(x)δ(x+ r)⟩. (2.54)

If the Universe is homogeneous and isotropic, the values of the two point correlation
function is determined only by the distance r. The power spectrum is given by
performing the Fourier transformation of the two point correlation function,

P (k) =

∫
d3r exp(−ik · r)ξ(r) = 4π

∫ ∞

0

dr
sin (kr)

kr
r2ξ(r), (2.55)

ξ(r) =

∫
d3k

(2π)3
exp(ik · r)P (k) =

1

2π2

∫ ∞

0

dk
sin (kr)

kr
k2P (k). (2.56)

The power spectrum is estimated from observed data and calculated from the per-
turbation theory. We show the power spectra of baryon and dark matter density and
the relative velocity slightly after the recombination time (a = 0.001) in Fig. 2.3.
This figure indicates that the oscillation scale is determined by the horizon crossing
k = aH ∼ 0.01 Mpc−1, and the density fluctuation of baryons is sufficiently smaller
than that of dark matter at the small scale. It is striking that the root mean square
of the relative velocity is

⟨v2bc⟩1/2 =
(∫

d ln kPvv(k)

)1/2

∼ 30 km s−1. (2.57)

On the other hand, the sound speed of baryons is given by

cs =

√
γkbTb

µmH

∼ 6 km s−1, (2.58)

where γ = 5/3 is the specific heat ratio, kb is the Boltzmann constant, µ = 1.22
is the mean molecular weight with the helium mass fraction Y = 0.24, mH is the
proton mass and Tb is the kinematic temperature of baryons. Tb is equivalent of the
CMB temperature TCMB = 2.726 K/a because of the Compton heating from CMB
photons (Seager et al., 2000). Thus, the relative velocity between baryons and dark
matter is supersonic with the Mach number M = 5, and this motion is called the
supersonic streaming motion. The coherence length of this relative motion is about
100 Mpc as shown in Fig. 2.3, and the supersonic streaming motion behaves like the
background velocity at scales which smaller than Mpc.

31



2.3 Spherical collapse model

The density fluctuation of the baryons cannot grow at very small scales where
the term including cs gives more contribution to Eq. (2.51) than the gravitational
source term. This threshold comoving scale is known as the Jeans scale and given
by

kJ =
aH

cs
∼ 200 hMpc−1, (2.59)

and the corresponding mass scale is MJ = 5× 105 h−1M⊙.

2.3 Spherical collapse model

In previous section, we show the linear perturbation theory for the density of baryons
and dark matter. This results is correct only in the case δ ≪ 1. However, the
density of our interesting objects “halo” constituting the structure in the Universe
is almost larger than unity. Thus, we need to know the nonlinear evolution of these
object. The spherical collapse model is a simple analytical model to investigate the
nonlinear evolution of a collapsed object in which stars or galaxies are born. In this
model, the evolution of the overdense region is described as the motion of constant
density spheres. Let us consider the collapse of a mass shell inside which the mass
is M = 4πx3

i ρ̄i(1 + δi)/3, where xi is the initial radius and δi is the initial density
contrast within the sphere with the radius xi. The equation of motion (EoM) for
the proper radius x of a shell is written as

ẍ = −GM

x2
. (2.60)

Equation (2.60) can be solved analytically, and the solution is given by

t̃ =
t

ti
=

3

4
√
1 + δi

[
1− (vi/Hixi)

2

1 + δi

]−3/2

(θ − sin θ),

x̃ =
x

xi

=
1

2

[
1− (vi/Hixi)

2

1 + δi

]−1

(1− cos θ), (2.61)

where ti is the initial time and vi is the initial velocity. The solution of Eq. (2.61)
depends only on δi and vi. In order to keep the constant mass dM/dt = 0, we give
the initial velocity of the shells

vi = Hixi

[
1− δi

3(1 + δi)

]
, (2.62)

where we assume the matter dominated era, t ∝ a3/2. The first term represents the
Hubble flow and the second term corresponds to the peculiar velocity. According to
Eq. (2.62), the solution Eq. (2.61) depends on only the initial density fluctuation δi.
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Furthermore, we can obtain the critical density contrast that is the density contrast
at the collapse time θ = 2π in the linear perturbation theory,

δcrit =
a(θ = 2π)

ai
δi =

3

5

(
3

2
π

)2/3

, (2.63)

where we use the fact that the growth factor of the matter density perturbation is
proportional to the scale factor in the matter dominated era.

2.4 Press-Schechter formalism

In this section, we show a method to calculate the amount of halos introduced
by Press & Schechter (1974). This model is called the Press-Schechter formalism.
In the Press-Schechter formalism, the halo forms at the time when the inner density
of mass spheres is over the critical density obtained from the spherical collapse
model. We assume that the smoothed inner density contrast δM at a mass scale M
obey the Gaussian distribution,

f(δM)dδM =
1√

2πσ(M)
exp

[
− δ2M
2σ(M)2

]
dδM , (2.64)

where σ(M) is the mass variance and given by

σ2(M) =
1

2π

∫
P (k)W̃ 2(kR)k2dk, (2.65)

where W̃ (kR) is the Fourier transformed window function. In the top-hat profile
model,

W̃ (kR) =
3

(kR)3
[sin(kR)− (kR) cos(kR)]. (2.66)

In the probability distribution (2.64), the proportion of a region where a density is
lager than the critical density is calculated by

f(δM ≥ δcrit;M) =
1√

2πσ(M)

∫ ∞

δcrit

exp

[
− δ2M
2σ(M)2

]
dδM ,

=
1

2
erfc

[
δcrit√
2σ(M)

]
. (2.67)

If we assume the number of halos whose mass is betweenM andM+dM is n(M)dM ,
the total mass of collapsed objects at the mass scale M is evaluated as Mn(M)dM .
Because we also estimate the total mass of collapsed objects at the mass scale M
from Eq. (2.67), the mass function is given by

n(M)dM =
ρ̄

M

df(δM ≥ δcrit;M)

dM
dM. (2.68)
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2.5 Supersonic relative motion

This mass function (2.68) has one problem. After as longer time passes, we re-
gard all matter collapse into halos. However Eq. (2.67) approaches 1/2 because of
δcrit/σ(M) → 0 in this limit. The result of Eq. (2.67) is inconsistent with our pre-
diction, and this discrepancy is known as the cloud-in-cloud problem. This problem
is caused by the assumption that the density contrast at the mass scale M is larger
than that at the mass scale M + dM . Actually, δM+dM is independent of δM . This
discrepancy can be solved by considering the independence of the density contrast
and this correction is equivalent to doubling Eq. (2.68);

n(M)dM =2
ρ̄

M

df(δM ≥ δcrit;M)

dM
dM

=

√
2

π

δcrit
σ(M)2

ρ̄

M

∣∣∣∣dσ(M)

dM

∣∣∣∣ exp [− δ2crit
2σ(M)2

]
dM. (2.69)

2.5 Supersonic relative motion

We next discuss effects of the supersonic streaming motion between baryons and dark
matter on the perturbation theory and the spherical collapse model after the recom-
bination. Since the perturbation theory with the supersonic relative motion has
been analytically studied as the moving-background perturbation theory (MBPT)
described by Tseliakhovich & Hirata (2010), we first make a brief review of the
MBPT. The MBPT introduces the background peculiar velocity which corresponds
to the relative velocity between baryons and dark matter, i.e. v⃗ bg = v⃗bc. A temporal
behavior of v bg is calculated from Eq. (2.32) without density perturbations,

d(a4ρ̄Mv bg)

dt
= 0. (2.70)

Thus, v⃗ bg is inversely proportional to the scale factor, namely the background
velocity declines due to the cosmic expansion. In the MBPT, the first order energy
momentum conservation equations after the recombination are given by

δ̇c =− θc,

θ̇c =− 3H2

2
(Ωcδc + Ωbδb)− 2Hθc,

δ̇b =− i

a
v⃗bc · k⃗δb − θb,

θ̇b =− i

a
v⃗bc · k⃗θb −

3H2

2
(Ωcδc + Ωbδb)− 2Hθb +

c2sk
2

a2
δb, (2.71)

where cs is the sound velocity of the baryon fluid defined by Eq. (2.58). In Eq. (2.71),
we take the frame where the background velocity of cold dark matter is absent. In
other words, v⃗bgb = v⃗bc and v⃗bgc = 0. For simplicity, we ignore perturbations of the
sound velocity, although they might affect the growth of the density fluctuation on
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small scales (Naoz & Barkana, 2005; Tseliakhovich et al., 2011; Naoz et al., 2011).
Equation (2.71) can be rewritten to the second order differential equation of the
density fluctuations as

δ̈c =− 2Hδ̇c +
3H2

2
(Ωcδc + Ωbδb),

δ̈b =−
(
2H + 2iµvbc

k

a

)
δ̇b +

3H2

2
(Ωcδc + Ωbδb)

−
(
c2s + µ2v2bc

) k2

a2
δb, (2.72)

where µ = v⃗bc · k⃗/|v⃗bc||⃗k|.
Equation (2.72) tells that the relative motion prevents the growth of the density

fluctuations at the small scale in the same way of the fluid pressure in the discussion
of the Jeans instability. On large scales where the relative motion does not have
the preferred direction, while the odd term of µ in the last equation of Eq. (2.72)
vanishes by averaging over all random directions of the relative motion, the third
term of the right-hand side is enhanced because of the existence of the term with
v2bc. Therefore, the effective Jeans scale (the suppression scale) of Eq. (2.72) becomes
larger due to the existence of the relative velocity. Since the relative velocity after
recombination is roughly ⟨v2bc⟩1/2 ∼ 5cs as mentioned above, the suppression scale
for the relative motion is kbc = aH/⟨v2bc⟩1/2 ∼ 40 hMpc−1. The corresponding mass
scale for the suppression isMbc ∼ 107 h−1M⊙. In Fig. 2.4, we show the dimensionless
power spectrum ∆M = k3Pδδ of total matter density δ = (Ωcδc + Ωbδb)/(Ωc + Ωb)
with and without the relative velocity between baryons and dark matter at z = 40.
These results are calculated by using the modified CAMB. In this calculation, we
fix µ2 = 1 and drop the odd term of µ in Eq. (2.72) by hand, because this term
with µ < 0 leads a divergence of the density as mentioned above. In Fig. 2.4, we
make sure the result without the streaming motion is dumped at the original Jeans
scale kJ = aH/cs ∼ 200 hMpc−1, and the power spectrum with relative velocity
is suppressed on larger scales. Thus, the number of small halos decreases by the
supersonic relative motion. However, when we consider a sufficiently small local
patch, the odd term of µ cannot vanish in the patch. Instead, the relative motion
in this patch can be assumed to be a homogeneous flow with one direction. In this
case, when the relative velocity is larger than the Hubble flow, µvbc > k/aH, the
density fluctuations inside the patch start to grow exponentially due to the relative
motion flow as shown in Eq. (2.72). The perturbation theory is not valid when we
consider the effect of the supersonic relative motion on local patches. Thus, we need
to discuss the effect of the homogeneous supersonic relative motion on the nonlinear
evolution of collapsed objects. A simple extension of the spherical collapse model is
to introduce the two kinds of mass shells for dark matter and baryons. Taking into
account the supersonic relative motion, the baryon mass shells have the initial bulk
velocity, because we take the frame where baryons have the homogeneous relative
flow to dark matter. Thus, the collapsing of the baryon mass shells is not spherical
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2.5 Supersonic relative motion
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Figure 2.4: The dimensionless power spectrum of the total matter density fluctuation
at z = 40 in the standard perturbation theory (solid line) and MBPT with µ2 = 1
(dotted line)
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and these mass shells are collapsing to the different position from the center of dark
matter shells. However, the collapse of dark matter precedes that of baryons in the
halo formation and we are interested in the baryon fraction within the collapsed
dark matter halo. Therefore, we focus on the dark matter mass shell and introduce
the baryon mass within the dark matter mass shell instead of following the evolution
of the baryon mass shells. We then rewrite Eq. (2.60) to

ẍc = −G(Mc,i +Mb)

x2
c

,

Mc,i =
4π

3
ρ̄c,ix

3
c,i(1 + δc,i),

Mb =
4π

3
ρ̄bx

3
c(1 + δb), (2.73)

where Mc,i is the mass within the shell with the initial radius at xc,i, xc is the
radius of the mass shell with Mc,i at each time, and Mb is the baryon mass in the
dark matter shell at the radius xc. As the shell collapse of dark matter halo, the
baryon mass Mb inside the shell increases with the growth of δb, namely the baryon
collapsing. Although the density fluctuation of baryons without the relative motion
catches up soon with that of dark matter, the relative motion prevents this process.
Therefore, the effect of the relative motion is included through the evolution of Mb.
However, it is difficult to evaluate analytically Mb with the relative motion. Thus,
in order to compute Eq. (2.73), we adopt Mb obtained from the N-body simulation
in the following chapter. We also compare the result based on the spherical collapse
model with that from the full N-body simulations in the subsequent chapter.
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Chapter 3

Collapsed Object Formation with
Supersonic Streaming Motion

Besides the analytical way mentioned in the previous chapter, we evaluate the ef-
fect of the supersonic motion between baryons and dark matter on the structure
formation at high redshift by using N-body simulations. This chapter is based on
Asaba et al. (2016). We perform N-body simulations with the public code Gadget-
2 (Springel, 2005). In all N-body simulations, the cosmological parameters are set
to Ωm = 0.31, ΩΛ = 0.69 and h = 0.68 with Ωb/Ωm ∼ 1/6. Moreover, we calculate
only the gravitational force in this simulations and do not treat hydrodynamics,
because we first understand the influence of the supersonic relative motion on the
gravitational growth of collapsed objects.

3.1 Set up of N-body simulation

In this section, we describe the setup of our N-body simulations for the estimation
of impacts of the relative motion between baryons and dark matter on collapsed
objects. The effect of the supersonic relative motion on the structure formation
works after the decoupling between photons and baryons. Therefore, the initial
redshift for simulations is zi = 1000. For the initial distribution of the particles,
we consider the spherical top-hat overdense region of dark matter particles in the
isolated system. The simulation box has the uniform distribution of particles with a
uniform overdense sphere. We set the box size to LBox = 200 h−1kpc and the radius
of the overdense sphere to ri = 50 h−1kpc. Note that we denote hereafter x as
the proper distance and r as the comoving distance. In the box, the number of the
uniform particles is 3×106 and the mass of particles is 2×102 h−1M⊙. Thus, the mass
of dark matter within the initial overdense sphere is given by Mc ∼ 4× 107 h−1M⊙.
Moreover, we set the softening parameter to ϵ = 0.1 h−1kpc in this simulation and
we confirm that the softening parameter do not affect our result qualitatively in
terms of the collapse time. We control the initial density contrast of dark matter in
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3.1 Set up of N-body simulation
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Figure 3.1: The initial configuration of the particles. The green particles are con-
tained within the top-hat sphere and the red points are otherwise.

the overdense sphere as the parameter to determine the collapse time without the
relative motion. According to the cosmological perturbation theory, the amplitude
of baryon density fluctuation is 1% of that of dark matter density fluctuation at
k = 100 Mpc−1 and z ∼ 1000. The initial fluctuations of baryons are negligible
compared with those of dark matter at zi = 1000. Therefore, we assume that
Ωb/Ωm (∼ 1/6) of the uniform distributed particles is composed of baryons and
there is no baryon fluctuation in the overdense sphere. Note that we do not take
contributions of radiations at higher redshift (z>∼ 200) into account and these effects
remain as future works.

Figure 3.1 shows the initial configuration of the particles. The red dots represent
the particle uniformly distributed in the box and the green dots are for the particles
included in the overdense sphere. Figure 3.2 represents the initial density contrast
of dark matter particles as a function of the radius from the center. In this figure,
the red points indicate the values averaged over five realizations of our simulations
and the error bars represent the shot noise caused by the finite particle number.
The black line is the analytical prediction from our initial condition. This figure
tells us that the density is constant in the top-hat sphere. Therefore we can convert
the initial position of mass shell to the mass contained within each shell by using
the relation Mc,i = 4πρ̄(1+ δi)x

3
i /3. In our simulations, we determined the center of

the collapsing shells by using the mean position of the particles contained initially
within the top-hat overdense sphere at each time step. Moreover, we estimate the
mass by counting the particles from this center in snapshots as shown in Fig. 3.3.
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Figure 3.2: The initial density contrast distribution of dark matter. The red points
are the values averaged five realizations and the error bars show the shot noise
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Figure 3.3: The schematic picture for the relation between a inner mass and a initial
radius.
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3.2 Result

We set the initial velocity of dark matter particles given by only the second term
of Eq. (2.62), because N-body simulations are performed in the comoving coordinate.
In order to take into account the supersonic relative motion, we give the additional
velocity to all baryon particles. The correlation of the supersonic relative velocity
has the significant value on larger scale than scales of our interest that are smaller
than Mpc. Therefore, we assume that all baryons in simulations have the constant
supersonic relative velocity vbc in one direction. In other words, the additional initial
velocity for baryons is represented as v⃗b,i = (vbc, 0, 0) in simulations.

All terms related to the relative velocity in Eq. (2.72) are proportional to kvbc.
This fact suggests that the effect of the relative motion on the collapse of dark mat-
ter halos also depends on a factor kvbc ∝ vbcM

−1/3
c . Thus, instead of changing both

the dark matter halo mass Mc and the relative velocity vbc, we perform numeri-
cally simulations for different relative velocities (5 km s−1, 15 km s−1, 30 km s−1,
50 km s−1, 100 km s−1, 150 km s−1, 200 km s−1, 300 km, 500 km s−1) with fixing
the dark matter halo mass Mc ∼ 4×107 h−1M⊙, in order to evaluate the dependence
of the effect of the relative velocity on Mc and vbc.

In simulations, we use the periodic boundary condition. Therefore, when the
relative velocity is higher than 200 km s−1, baryon particles leaving the simulation
box along the direction of the relative velocity reenter the box from the opposite
direction due to the boundary condition. This reason is that a shift of baryons by
the relative velocity is given by as a solution of the geodesic equation aṙ = vbc,

∆rbc =

∫ 0.1

0.001

vbc,i
a2ȧ

da ≈ 10
( vbc,i
10 km s−1

)
h−1kpc, (3.1)

where vbc.i is the amplitude of the relative velocity at the initial redshift. In this case,
the distribution of reentering baryons is no longer homogeneous in the perpendicular
direction to the relative velocity and, resultantly, the dependence on the boundary
condition arises in the results. In order to remove this dependence, we make the
perpendicular position of baryon particles random when the baryon particles reenter
the simulation box. Furthermore, we reset the velocity of the reentering particles to
the parallel velocity with the original relative velocity.

3.2 Result

In this section, we present the results of our N-body simulations with the initial
density contrast within the dark matter sphere δc,i = 0.033. First we show the
result of the reference model that is the case without the relative velocity between
baryons and dark matter. Figure 3.4 shows the time evolutions of the radii of mass
shells from the center. In this figure, the red line represents the mass shell contain-
ing 0.6Mc (ri = 42 h−1kpc), and the green and blue lines are for that containing
0.8Mc (ri = 46 h−1kpc) and Mc (ri = 50 h−1kpc), respectively. Additionally the
black dashed line corresponds to the analytical solution of the spherical collapse
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Figure 3.4: The evolutions of radii of mass shells containing 0.6Mc (red), 0.8Mc

(green), and Mc (blue). The solid black line is the analytical solution of the spherical
collapse model with δm,i = 0.028. The dashed black line is the analytical solution
corrected in consideration of the periodic boundary condition with B̃ = 4.

model, Eq. (2.61), with δm,i = (ρ̄c,iδc,i+ ρ̄b,iδb,i)/(ρ̄c,i+ ρ̄b,i) = 0.028 and the relevant
velocity vi given by Eq. (2.62). Note that the evolution of shell in the spherical
collapse model depends on δm,i only. Therefore, in our initial condition where the
overdense sphere has the homogeneous density profile, the spherical collapse model
predicts that all mass shells inside the overdense sphere trace the black dashed line
and collapse at the same time, independently on the mass contained by the mass
shells.

The evolution of radius of the mass shells from N-body simulations agree with the
analytic solution of the spherical collapse model before the turnaround time when
the radius reaches the maximum. However, after the turnaround time, the results
from N-body simulations deviate from the analytic solution. One of the reasons for
this deviation is that the particles cannot be concentrated on the infinitesimal point
in N-body simulations. Therefore, the particles in simulations begin to relax with
each other after the turnaround time and the collapse is prevented. Furthermore, the
shot noise induces the substructures inside the collapsing sphere and the ejection of
particles from the mass shell, and consequently causes the dispersion of the collapse
time as discussed in Worrakitpoonpon (2015). These effects of the relaxation and
the shot noise cause the deviation from the analytical solution after the turnaround
time and lead the delay of the collapse .

Figure 3.4 also shows that the outer mass shell collapse later than the inner one,
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3.2 Result

although the theoretical spherical collapse model claims that all mass shells collapse
at the same time. The some reason is the effect of the periodic boundary condition.
In order to evaluate this effect simply, we consider the motion of a particle along
the x-axis direction with the periodic boundary condition as described in Fig 3.5.
Since we should take into account the gravitational force from the overdense region
in the other boxes due to the boundary condition, the EoM, Eq. (2.60), along the
x-axis is corrected to

d2x̃

dt̃2
= −2(1 + δi)

9x̃2
+

∞∑
n=1

[
2δi

9(naB̃ − x̃)2
− 2δi

9(naB̃ + x̃)2

]
, (3.2)

where B̃ = aiLBox/xi. When the position of the shell is close to the center of the
simulation box at the initial time, B̃ becomes small and vice versa. The smaller B̃
is, the more efficient the boundary effect is. In our calculation, the most outer shell
that contains the mass Mc inside has B̃ = 4. The evolution for B̃ = 4 is plotted
in the black dashed line in Fig. 3.4. Figure 3.6 shows the turnaround time (upper
panel) and the reference collapse time (lower panel) in the reference model as a
functions of the initial radius of the mass shell. Here, the turnaround time and the
reference collapse time are defined as the times when the radius of the mass shell
becomes maximum and minimum in simulations, respectively. In this figure, the
red points with the error bars represent the average and the standard error obtained
from the five realizations of N-body simulations, and the black line corresponds to
the theoretical predictions in the spherical collapse model. Moreover, the dashed
line shows the turnaround time obtained from Eq. (3.2) which includes the effect of
the boundary condition. We can find that the turnaround time is consistent with
the theoretical prediction within ri = 40 h−1kpc. The one of the reasons why the
outer mass shells turn around later is the effect of the periodic boundary condi-
tion discussed above. In the case where we consider the boundary condition, the
turnaround time matches the theoretical prediction within ri = 43 h−1kpc that cor-
responds with M = 0.65Mc. The difference between the turnaround time estimated
from the outer shells than ri = 43 h−1kpc and the theoretical one is caused by the
ejection of particles. As we have mentioned, the reference collapse time in N-body
simulations delays for all ri, compared with the theoretical prediction. Additionally,
similarly to the turnaround time, the deviation becomes large as ri increases.

Next, we show how the supersonic relative motion affects the collapse of mass
shells in N-body simulations. Performing five realizations for different vbc, we ob-
tain the typical evolution of mass shells by averaging the result of each realization.
Figure 3.7 represents the evolutions of the mass shells containing 0.6Mc with four
different supersonic relative velocities, vbc = 30 km s−1 (in red), vbc = 50 km s−1 (in
green), vbc = 100 km s−1 (in blue) and vbc = 150 km s−1 (in magenta). We can
convert the results for different velocities with a fixed mass into those for different
masses with a fixed velocity through the dependence of the relative velocity effect
on vbcM

−1/3
c as mentioned above.
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Figure 3.5: The rough sketch describing the contribute of the periodic boundary
condition to collapsing objects.
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Figure 3.6: The turnaround time (upper panel) and the reference collapse time
(lower panel). The red points are the results of N-body simulations with the standard
error measured five realizations, and the black lines are the analytical predictions.
In the upper panel the shaded region shows the error caused from shot noise shown
in Fig. 3.2. The dashed line shows the prediction from the solutions of Eq. (3.2)
with B̃ converted from ri.
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velocities vbc = 30 km s−1 (red), vbc = 50 km s−1 (green), vbc = 100 km s−1 (blue),
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solution of Eq. (2.73) with the baryon density fluctuation derived from N-body
simulations.
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Figure 3.8: The turnaround time (upper panel) and the reference collapse time
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46



For comparison, the corresponding evolution of the mass shell with 0.6Mc in the
reference model (vbc = 0 km s−1) is plotted as the black solid line. As the relative
velocity becomes large, the turnaround time of the overdense sphere delays and the
maximum radius increases. Therefore, we can conclude that the relative motion
between baryons and dark matter prevents the collapse of the dark matter sphere.
Additionally, we show the solutions of Eq. (2.73) as the dashed lines in Fig. 3.7.
Solving Eq. (2.73) numerically, we use the baryon fluctuation δb obtained from the
particle data of the N-body simulation within ri ≤ 42 h−1kpc corresponding to
0.6Mc. We find that the solution of the semianalytical model agrees with the result
of N-body simulations before the turnaround time.

To illustrate the delay of the collapse due to the supersonic relative motion we
plot the turnaround time and the reference collapse time in Fig. 3.8 for the different
initial amplitudes of the relative velocity. In this figure, both the turnaround and
the reference collapse time are represented as a functions of the initial radius of the
mass shell. We show additionally the turnaround times obtained from the solutions
of Eq. (2.73) as the dashed lines in the top panel of Fig. 3.8. The evaluations of
the turnaround time from the semianalytical solutions are consistent with that from
N-body simulations within ri ∼ 40 h−1kpc The property that the turnaround time
for the outer mass shell deviates from the estimation in the semianalytical model is
same as the reference case. The change of the collapse time from t̃ = 500 to t̃ = 600
correspond to about 10% variation in the initial density fluctuation. In the following
discussions, we use twice the turnaround time as the collapse time. In this case, the

scale factor at the collapse time is given by acol =
(
2t̃ta

)2/3
ai.

3.3 Discussion

In this section, we show the baryon fraction within the dark matter overdense sphere.
We also discuss the delay of the collapse time and provide the fitting formula of the
critical density contrast with the relative motion between baryons and dark matter.
Furthermore we present the modification of the halo mass function by taking account
of the relative motion.

3.3.1 Baryon fraction

First, we consider the baryon fraction which represents the mass ratio between
baryons and total matter (fb = Mb/Mm) within mass shells. The baryon fraction
is important not only to estimate the effect of the supersonic relative motion on
the collapse of dark matter spheres, but also to discuss the first star formation or
observables related with baryons. We calculate the baryon fraction by counting
baryon particles within the dark matter collapsing overdense sphere.

Figure 3.9 shows the time evolutions of the baryon fraction. As the relative
velocity increases, the baryon fraction becomes smaller. In the case with the non-zero
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Figure 3.9: The baryon fractions within the dark matter over-density sphere whose
initial radius are 50 h−1kpc (solid lines) and 42 h−1kpc (dashed lines). The arrows
show the reference collapse times.

relative velocity, the baryon overdense region is no longer spherically symmetric and
the peak position of baryon density is different from that of dark matter, depending
on the amplitude of the relative velocity. However, such asymmetry of the baryon
distribution does not affect the dark matter collapse well. As shown in Fig. 3.7,
the dark matter collapse in N-body simulations is consistent with the solution of
the semianalytical spherical collapse model Eq. (2.73) until the turnaround time.
Therefore, we can infer that, in spite of the asymmetric distribution for baryons, the
dark matter collapse remains approximately spherical. Around the reference collapse
time of dark matter shells, the baryon fraction estimated within ri = 42 h−1kpc
starts to oscillate. This is mainly due to the difference of the density peak positions
between baryons and dark matter. The baryon overdense region is attracted by that
of dark matter gravitationally and oscillates around. As time goes, the difference of
the peak positions will be relaxed and the peak position of baryons is expected to
overlap that of dark matter. Note that this result is based on the spherical collapse
model which is an ideal isolated system. However, the actual collapse happens
with many surrounding effects as shown in cosmological simulations. Therefore, to
evaluate the baryon fraction properly, these effects could be not negligible.
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3.3.2 Delay of the halo formation

3.3.2 Delay of the halo formation

The supersonic relative motion delays the collapse time of dark matter halos as
shown in Fig. 3.8. In the spherical collapse model without the relative velocity,
the collapse time is dependent on only the initial density fluctuation of the dark
matter sphere. However, in the case that the relative velocity exists, the collapse
time depends on the halo mass Mc and the amplitude of the relative velocity. Ad-
ditionally, the effect of the relative motion cumulatively becomes large for the small
initial density contrast within mass shells, because the small initial density contrast
takes longer time to the collapse. Therefore, the change of the collapse time with
the relative velocity is represented as a function of Mc, vbc and δc,i We define the
correction of the scale factor at the collapse time related with the modification of
the critical density contrast, as

A(Mc, vbc, δc,i) ≡
acol(Mc, vbc, δc,i)− a0(δc,i)

a0(δc,i)
, (3.3)

where a0(δc,i) is the scale factor at the collapse time without the relative velocity
between baryons and dark matter.

Figure 3.10 shows the relative difference A as a function of the amplitude of the
relative velocity with the fixed mass Mc ∼ 4× 107 h−1M⊙. We plot A for different
three initial density contrasts estimated from N-body simulations with our boundary
condition (shaded regions) or the usual periodic boundary condition (dashed lines).
We find that the effect of the supersonic relative velocity is negligible for velocities
smaller than vbc ≈ 50 km s−1. When the relative velocity is small, baryons are
captured gravitationally by the dark matter halo and accrete to the halo. Therefore,
we can roughly estimate the threshold velocity as the circular velocity of the dark
matter halo at the initial redshift,

vcir =

√
GMc

xi

≃ 57

(
Mc

3.85× 107 h−1M⊙

)1/3

km s−1. (3.4)

This criterion can be also obtained from the condition that the third term related to
the relative velocity, µ2k2, dominates in the right-hand side of the second equation
in Eq. (2.72) for the MBPT. Therefore, when the relative velocity is larger than
the criterion velocity, the relative motion prevents the collapse by the third term
in Eq. (2.72). Similarly, when the relative velocity is larger than vcir, the effect of
the relative motion on the structure formation arises. The upper horizontal axis
represents the corresponding mass in the case of a fixed velocity vbc = 30 km s−1,
which is converted through the vbcM

−1/3
c -dependence of the relative motion effect.

Thus, we can find that the supersonic relative motion does not affect the formation
of dark matter halos with mass larger than Mc

>
∼ 107 h−1M⊙ for vbc = 30km s−1

which corresponds to the effective Jeans scale discussed in Sec. 2.5.
In the N-body simulation results with the usual periodic boundary condition, the

modification becomes independent of the amplitude of the relative velocity in the
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Figure 3.10: The relative time difference for the collapse as a function of relative
velocity vbc with the halo mass fixed to Mc ∼ 4×107 h−1M⊙ and three initial density
fluctuations δc,i = 0.016 (black), δc,i = 0.033 (rad) and δc,i = 0.066 (blue) evaluated
from the turnaround time. The shaded regions show the standard error region from
the N-body simulation. The solid lines are the fitting formula Eq. (3.6). The dashed
line are results from N-body simulations with the usual periodic boundary condition.
The upper horizontal axis shows the mass converted with vbc = 30 km s−1.
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3.3.2 Delay of the halo formation

case with vbc>∼ 200 km s−1 shown in Fig. 3.10. However, this independence is due to
the artificial condition of simulations. When vbc>∼ 200 km s−1, all baryons can travel
a distance larger than the simulation box size LBox until t̃ ∼ 100 and are attracted
gravitationally twice by the collapsing dark matter sphere. Therefore, the effect
of the relative velocity seems to be saturated in the larger relative velocity region.
On the other hand, the results of N-body simulations with our boundary condition
shown as the shaded region in Fig. 3.10 are not saturated. In order to verify the
validity of the result of our N-body simulations, we show the collapse time and the
baryon fraction in the limit of the large homogeneous relative velocity. One can
easily imagine that, when the relative velocity is enough high (vbc = 500 km s−1),
which corresponds to very small dark matter halos (Mc ∼ 104 h−1M⊙) in the case
of vbc = 30 km s−1, baryons do not collapse along the relative velocity direction. In
this limit, we can ignore the gravitational force from the dark matter halo on the
baryon motion along the relative velocity direction. In other words, the gravitational
collapsing of baryons occurs perpendicular to the relative velocity direction and
does not along the parallel direction. Therefore, to evaluate the evolution of the
density fluctuation, it is useful to consider the motion of baryons with the relative
velocity in the comoving cylindrical coordinate system whose axis is parallel to the
relative velocity motion. In this case, the EoM of baryons particles with the initial
velocity (vb∥, v⊥) = (vbc, 0) is given as

d2r⃗b
dt2

=− 2Hv⃗b −
GδMc

a3r3b
r⃗b,

δMc =
4

3
πρ̄c[r

3
c,i(1 + δc,i)− r3c ]

×max[1, (rb/rc)
3], (3.5)

where rb is the radial component of r⃗b from the center of the dark matter sphere
and rc is the radius of the overdense sphere of dark matter. Note that we ignore
the gravitational force of the baryon fluctuation in Eq. (3.5), because δMb ≪ δMc.
We solve Eqs. (2.73) and (3.5) numerically with different initial positions r⃗b,i chosen
randomly. We calculate the resultant baryon density contrast in a collapsing spher-
ical shell of dark matter by taking the average of δb = (rbi⊥/rb⊥)

2 − 1 for baryons
inside the shell of dark matter, because the collapse of baryons is cylindrical.

Figure 3.11 shows the evolution of the baryon fractions with Mc ∼ 4×107h−1M⊙
and vbc = 500 km s−1. The red solid line represents the solution obtained with the
periodic boundary condition. In order to take into account the periodic boundary
condition, we solve Eqs. (2.73) and (3.5) with the assumption that the position of
baryons, r⃗b, is limited within the box size and baryons return into the box from the
opposite side when they exit from one side of the box. For comparison, we also solve
the equations without the boundary condition and plot the solution in the blue solid
line. Baryons with the periodic boundary condition feel gravitational force stronger
than without the boundary condition. Therefore, the collapse is faster with the
boundary condition than without the boundary condition.
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Figure 3.11: The baryon fraction within the dark matter halo (ri = 42 h−1kpc) with
Mc ∼ 4 × 107h−1M⊙ and vbc = 500 km s−1. The solution of Eqs. (2.73) and (3.5)
with or without the periodic boundary condition (red or blue line). The each color
shaded region show the 1σ dispersion of the baryon fractions estimated from five
realizations of N-body simulations. The vertical dashed lines show the turnaround
times from N-body simulations.

Moreover, in Fig. 3.11, we show the results from N-body simulations. The red
shaded region represents the standard error region from N-body simulations with the
periodic boundary condition, while the blue shaded region gives the standard error
region for N-body simulations with our boundary condition which is the periodic
boundary condition with the position shuffling of the baryon particles reentering
into the box. In Fig. 3.11, N-body simulations with our boundary condition is con-
sistent with the numerically solution without the periodic boundary condition, while
N-body simulations with the usual periodic boundary condition agrees with the so-
lution with the periodic boundary condition. We find that, in the both boundary
condition cases, the differences between the numerical solutions and N-body simu-
lations arise around t̃ ≃ 100. This is because, as the collapse proceeds, the baryon
density in N-body simulations grows as the spherical collapse rather than the cylin-
drical one. Therefore, the baryon fraction in N-body simulations is larger than that
in the numerical calculations.

In addition, we plot A as functions of the initial density fluctuations δc,i with
Mc ∼ 4 × 107h−1M⊙ and vbc = 500 km s−1 in Fig. 3.12. The red and blue solid
lines are obtained from the numerical calculations with and without the periodic
boundary condition, respectively. In the case with the periodic boundary condition,
we overestimate the gravitational force for baryons to collapse as mentioned above
and, therefore, the delay of the collapse is not larger than in the case without the
boundary condition. For comparison, we plot the black solid line which represents
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Figure 3.12: The collapse time with Mc ∼ 4 × 107h−1M⊙ and vbc = 500 km s−1
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Eq. (2.61) with the total matter density fluctuation δm,i = ρ̄cδc,i/(ρ̄c + ρ̄b).
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the results with the assumption that baryons cannot collapse. The difference from
the black solid line represents the contribution thanks to the collapse of the baryon
component. When the relative velocity is large enough, baryons cannot collapse to
the dark matter mass shell. Accordingly, as the relative velocity becomes large, the
blue solid line shifts to the black line. We also plot the results of N-body simulations
with the periodic boundary condition and our boundary condition as red and blue
points with the standard error bars in Fig. 3.12, respectively. As shown in Fig. 3.11,
the numerical calculation with the periodic boundary condition agrees with N-body
simulations with the periodic boundary condition, while the numerical calculation
without the boundary condition is consistent with N-body simulations with our
boundary condition. We remind you that our boundary condition is introduced
to remove the artificial distribution of the reentering baryon particles due to the
periodic boundary condition in N-body simulations. We conclude that the saturation
in A from N-body simulations with the periodic boundary condition is caused by
this artifact and the results from N-body simulations with our boundary condition
present realistic phenomena.

Based on the results of our N-body simulations, we find the fitting formula of A
represented as the solid lines in Fig. 3.10. The fitting formula is given by

A(Mc, vbc, δc,i) = Aδb=0(δc,i)
Bν(Mc, vbc, δc,i)

Bν(Mc, vbc, δc,i) + 1
,

B(Mc, vbc, δc,i) =
vbc

vnorm(δc,i)

(
Mc

3.85× 107 h−1M⊙

)−1/3

,

vnorm(δc,i) = av − bvδc,i, (3.6)

whereAδb=0 is the solution of Eq. (2.73) with δb = 0 shown in Fig. 3.12, and ν, av and
bv > 0 are the fitting parameters. The velocity vnorm is the critical velocity for the
collapse of baryons along the direction of the relative velocity. When vbc ≫ vnorm, the
relative velocity is much larger than vcirc even at the collapse time and baryons does
not collapse along the direction of the relative velocity as mentioned above. Since
the collapse time becomes long with decreasing δi and vbc is inversely proportional
to the scale factor, vnorm increases as δi decreases. Thus we conclude that the delay
is controlled mainly by two critical velocity vcirc and vnorm. Nevertheless it can be
calculated numerically, we use the approximated function of Aδb=0,

Aδb=0(δc,i) =
δ−0.146
c,i − 1.06

4.12× δ0.648c,i + 1.93
. (3.7)

We estimate the parameters by fitting simultaneously Eq. (3.6) toA with using three
different initial density fluctuations. Furthermore, we perform a Fisher analysis and
obtain the parameters as

ν = 2.02± 0.07, av = 205± 16, bv = 877± 253, (3.8)
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where the standard errors are estimated after marginalizing over other parameters.
Since we sample the data for three different initial conditions, the parameter bv has
a large error. However, we find that the form in Eq. (3.6) fits well with the N-body
simulation results.

3.3.3 Mass function

The delay of the halo formation by the relative velocity between baryons and dark
matter modifies the abundance of dark matter halos. In this subsection, we evaluate
this modification based on the Press-Schechter formalism. In the Press-Schechter
formalism, the delay of the collapse is represented as the increase of the critical
density contrast. Using the relative time difference A, we can write the modified
critical density contrast during the matter dominated era as

δ̃crit(Mc, vbc, δc,i) = δcrit [1 +A(Mc, vbc, δc,i)] . (3.9)

The critical density contrast depends on the relative velocity in the region where
the collapses happens. Therefore, the modified halo mass function can be written
with the probability distribution function of the amplitude of the relative velocity
for local patches at the initial time f(vbc) as

ñ(Mc, z) =

∫
dvbc f(vbc)

√
2

π

ρ̄(z)

Mc

δ̃crit(Mc, vbc, δc,i)

σ(Mc, z)

×

[
d ln δ̃crit(Mc, vbc, δc,i)

dMc

− d lnσ(Mc, z)

dMc

]
exp

[
− δ̃2crit(Mc, vbc, δc,i)

2σ2(Mc, z)

]
.

(3.10)

Note that, because of the existence of the relative motion, the redshift of the collapse
time depends not only on the initial density fluctuation of cold dark matter, but
also on the halo mass Mc and the amplitude of the relative velocity vbc. Therefore,
in Eq. (3.10), the mass derivative term of the critical density additionally arises
because the mass dependence of the critical density contrast affects the hierarchical
structure formation. We assume that the probability distribution f(vbc) follows the
Maxwell-Boltzmann distribution because the each component of relative velocity is
independent and obey the same Gaussian distribution whose mean value is zero and
the dispersion is σv;

f(vbc)dvbc = 4πv2bc

(
3

2πσ2
v

)3/2

exp

(
−3v2bc
2σ2

v

)
dvbc, (3.11)

where we use σv = 28.8 km s−1 according to the latest cosmological parameters from
PLANCK paper (Planck Collaboration et al., 2014) and we use CAMB to calculate
σ(Mc, z).
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Figure 3.13: The ratio of mass function of the dark matter halo between with and
without relative motion at four redshifts z = 10 (red), z = 15 (green) z = 20 (blue)
and z = 30 (magenta).

Figure 3.13 shows the ratio between the mass function with and without the
relative velocity. Here we plot the ratio at four different redshifts, z =10, 15, 20
and 30. These lines are evaluated by using the fitting formula Eqs. (3.6) for A in
Eq. (3.9). The suppression of the mass function due to the relative motion is more
significant for smaller mass regions and at higher redshifts. At z = 30, although the
modification A is very small around 107h−1M⊙ ≲ Mc ≲ 109 h−1M⊙ in Fig. 3.10, the
suppression of the mass function is not negligible. This is because such massive halos
at high redshifts are rare objects which satisfy δ̃crit ≫ σ(Mc) in the Press-Schechter
formalism. Therefore, the effect of the modification A appears exponentially in the
Press-Schechter formula, even if A is small. The ratio of the mass functions reaches
the minimum at Mc ∼ 105 h−1M⊙. On smaller scales than Mc ∼ 105 h−1M⊙,
the suppression of the mass function decreases because the mass derivative term of
the critical density in Eq. (3.10) increases around Mc ∼ 105 h−1M⊙ as shown in
Fig. 3.10.

Figure 3.13 also shows that the mass function is suppressed even around the
EoR (z ∼ 10). This is because the redshift dependence of the derivative terms in
Eq. (3.10) is weak. Although the suppression scales are consistent with that pre-
dicted by previous studies, the suppression of mass function around the the EoR is
stronger than that in other works. Naoz et al. (2012) reported that the suppression
almost disappears at z ∼ 10 in their SPH simulations and other previous works
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3.3.3 Mass function

indicate similar conclusions. Of course, unlike SPH simulations, we only simulate
the gravitational force and ignore the baryon physics. Moreover, the halo mass
function in Fig. 3.13 is calculated on the basis of the very simple case. However, it
is worth investigating the difference between our calculation of the mass function
and previous works in terms of the gravitational growth. In next chapter, we sim-
ulate collapsed objects with the surroundings and compare results estimated from
cosmological simulations.
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Chapter 4

Effect of Supersonic Streaming
Motion with Surroundings

The discussion in the previous chapter describes that the effect of the supersonic
streaming motion on isolated collapsed objects. However, isolated systems hardly
exist in the real Universe or cosmological simulations but collapsed objects are af-
fected by surroundings during these formation. Purposes of this chapter is improving
our collapse model with the supersonic relative motion by taking account for cir-
cumstances. Of course, it is difficult to consider an interaction between collapsed
objects in the context of our collapse model. We show a dependence of the collapse
time for halos with the supersonic relative motion on a density of surroundings, and
comparisons of results from our collapse model with predictions from cosmological
simulations. Environmental effects on the perturbation theory with the dark matter-
baryons streaming velocity have been studied by Ahn (2016). They discussed that
the moving background perturbation theory with density perturbations of large scale
modes, but not for full second order perturbations. Although theoretical predictions
of environmental effects with the supersonic relative motion on structure formations
can be obtained by solving seconder order perturbation, we estimate impacts of
surroundings by modifying our collapse models mentioned above.

4.1 Dependence of spherical collapse on density

of outer region

The spherical collapse model presents a robust prediction for the halo mass function,
because the collapse time is determined only by the inner mass of a sphere. Thus,
the collapse time is not affected by a surrounding situation. However, the collapse
time is changed by a density around the collapse object through baryons with the
relative motion. We consider two concentric spheres in order to estimate influences
of the density of the circumstances on the collapse time. The initial density of two
concentric spheres is shown in Fig. 4.1. In the two concentric sphere model, we
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add two new parameters, the radius of outer shell re and the density contrast δe at
r = re. In this calculation, we fix the following parameters; ri = 15 h−1kpc, δi = 0.3,
re = 30 h−1kpc, vbc = 30 km s−1 and the box size to 100 h−1kpc and vary the outer
density contrast. Moreover, the total particle number is 2563 and the particle mass is
5 h−1M⊙. The data points in Fig. 4.1 represent the initial density profile in the case
with δe = 0.1. We set δe at (−0.2, −0.1, 0, 0.1, 0.2, 0.3). The dark matter masses
within the inner and outer sphere are consistent with Mi = 1 × 106 h−1M⊙ and
Me = 8 × 106 h−1M⊙, respectively. The other conditions and the way to analysis
the collapse time are used the same as the previous chapter. We simulate three
realizations for each of the parameter set.

First, we show time evolutions of radii of the inner mass shell in Fig. 4.2 with
and without the relative velocity shown by solid lines and dotted lines, respectively.
Moreover, the red lines or the blue lines represent the results by taking account for
the surrounding or not. This figure describes that the influence from the density of
surroundings dose not exist on the results without the overdense circumstance as
predicted from the spherical collapse model, and there is no difference between the
results from simulations and the solution Eq. (2.61) of the analytical motel (black
dotted line). On the other hand, we find that the effect by the relative motion
on the evolution of the radius depends on the density of the circumstance, and the
turnaround time and the collapse time are shorter within denser regions. In Fig. 4.3,
we presents the baryon fraction discussed in Sec. 3.3.1. The rad and blue lines are
evaluated from the simulation results of the extended collapse model without and
with the streaming motion. The dotted lines show the baryon fraction within the
high dense region δe = 0.01. The data points are obtained from the snapshots of the
cosmological simulation. We confirm that the baryon fraction in the case without
the relative motion is not dependent on the density of the surroundings. Next, we
find that the baryon fraction of collapsed objects with δe = 0.01 is larger than that
within the average density of surroundings. Our main suggestion in the discussion
is that the delay of the collapse time is strongly correlated with the time evolution
of the baryon fraction within the mass shell. Thus, the environmental effect on the
collapse time appears though the change of the local baryon fraction and it becomes
difficult that the baryons escape from the well of halos within the high dense region.
In Fig. 4.4, we next show the relative difference of the collapse time A defined in
Eq. (3.3) as a function of the surrounding density δe. The red data points in Fig. 4.4
are the averaged results of three realizations and the error bars are estimated as
the standard deviation. The horizontal dotted lines show the values from the fitting
formula (3.6) with M = 1 × 106 h−1M⊙ and M = 8 × 106 h−1M⊙. When δe = 0,
of course, the same result are obtained as that of the above chapter. Moreover, the
delay of the collapse time with δe = δi is consistent with the value from the fitting
formula for M = Me, because the inner sphere collapses at the same time as the
collapse time of the outer sphere and the contribution of the relative motion between
baryons and dark matter is identical in the baryon mass fraction. The solid line is
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a simple fitting formula for the dependence of A on the density of the outer sphere;

Ã(Mi, vbc, δi,Me, δe) = (Ae −Ai)
δe
δi

+Ai, (4.1)

where Ai = A(Mi, vbc, δi) and Ae = A(Me, vbc, δi). Although this formula deviates
from data points with δe < 0, this fitting formula well describes the effect of the
surrounding density on the change rate of the collapse. We use Eq. (4.1) in the
calculation of the mass function, because an increase of the halo abundance in
δe < 0 is not important as mentioned in the following section.

4.2 Comparison with cosmological simulation

In the previous section, we discussed the collapse time of halos within overdense
or underdense regions in context of the extended collapse model. We show the
change rate of the collapse time depends almost linearly on the surrounding density.
The property that the impact of the supersonic relative motion is declined in the
higher dense region is consistent with the prediction form the linear theory. In this
section, we compare the dependence of the collapse time in two concentric spheres
with results from the cosmological simulation. The box size of the cosmological
simulation is 1 h−1Mpc and the particle number of baryons and dark matter is 5123.
The particle mass of baryons and dark matter is mb = 100 H−1M⊙/h and mc =
535 h−1M⊙, respectively, and the gravity softening is 0.3 h−1kpc. This simulation
starts from the initial redshift zi = 1000 and the initial density perturbations for
baryons and dark matter are given by using the power spectrum shown in Fig. 2.3.
Although there is an uncertainty for a phase between baryons and dark matter, this
does not affect simulation results, because the initial density fluctuation of baryons is
much smaller than that of dark matter. We use the cosmological N-body simulation
code Gadget-2 (Springel, 2005) without the SPH mode. Thus, we do not care about
baryonic physics in the section and influence of the radiation at the early Universe.
Moreover, we identify halos by carrying out the friends-of-friends algorithm (Davis
et al., 1985) with the linking length parameter b = 0.2 for dark matter particles. We
give the initial uniform velocity v = 30 km s−1 to baryons particles as the supersonic
relative motion. We discuss the results at z = 10.

The rad and blue data points in the top panel of Fig. 4.5 show the mass function
evaluated from simulations with and without relative motion, respectively. The
dashed line is the Press-Schechter formula and the solid line is the Tinker fitting
formula of the mass function with high resolution simulations (Tinker et al., 2008)
and these lines are calculated by using HMFcalc (Murray et al., 2013)1. Even though
the initial redshift is very high and specifications of the initial density for baryons
and dark matter are not a popular way, which means the initial power spectrums
for baryons and dark matter are given individually, the mass function from our

1http://hmf.icrar.org
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Figure 4.5: The top panel shows the halo mass function obtained from the cos-
mological simulation without the streaming motion (red) and with the streaming
motion (blue). The solid and dashed lines are the Tinker mass function and the
Press-Schechter mass function. The data points in the bottom panel are the ratio of
mass function between the simulation results with and without the relative motion,
and the red line are the predicted ratio of mass function from Eq. (3.10).
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simulation without the streaming motion is reasonable. Moreover, the bottom panel
represents the ratio of mass function between with and without the relative velocity
and the solid line in this figure is the ratio calculated from Eq. (3.10) with a fixed
amplitude of the relative velocity vbc = 30 km s−1. We find that the suppression by
the streaming motion in the simulation results is very weaker than the prediction
from the modified Press-Schechter formalism stated above.

In the following discussions, we use identified halos with mass range M ∈ [5 ×
105h−1M⊙, 1.5× 106h−1M⊙] at z = 10. The time development of halos is estimated
by tracing particles belonging to halos in snapshots at z = 1000, 499, 199, 30, 25,
20, 15. Moreover, we use the average of distances from the center of halos to be-
longing particles as the typical radius of halos at each redshift. We present the
radius normalized by the initial value as a function of the time in Fig. 4.2. These
data points are the radius from the simulation without the relative velocity between
baryons and dark matter. There is no difference between the evolution of the radius
with and without the streaming motion, because the change of the collapse by the
relative velocity is canceled by an increase of the initial density of collapsed objects.
We forecast the initial density fluctuation with the relative motion is larger than
that without the relative motion. However, a significant difference in the initial
density fluctuation is not found as shown in Fig. 4.6. This reason is that the initial
density of halos in the cosmological simulation is not the top-hat profile. Moreover,
an increase of the initial density contrast for the cancel is in order of 0.01, and is
comparable with the dispersion of the initial density fluctuation shown in Fig. 4.6
and is decreased by the environment effect as discussed in the previous subsection.
Of course, there are an uncertainty to determine a radius of halos. Furthermore,
we include particles that is not identified as the components of halos in the calcu-
lation of the density fluctuation. These particles give an unexpected effect on the
formation of halos in the cosmological simulation. A non-zero velocity dispersion
also contaminates the spherical collapse (Suto et al., 2016). These factors hinder the
concentration of particles and the radius estimated from the cosmological simula-
tion is larger than that based on the spherical collapse model. However, we conclude
that the spherical collapse model gives noteworthy prospects for the halo formation.
We also show the baryon fraction within identified halos in the cosmological sim-
ulation with and without the relative motion in Fig. 4.3 as the circle and triangle
points, respectively. We find that the baryon fractions without the relative motion
do not have difference between our collapse model and the cosmological simulation.
Moreover, the baryon fraction in our collapse model is smaller than that of halos
in the cosmological simulation. Thus, we prove the assert that the baryons escape
most easily from spherical halos as mentioned in the discussion of the previous sec-
tion. Even if including the effect by the surrounding density, the baryon fraction
obtained from the simulation for collapsed objects is smaller than that of halos in
the cosmological simulation. Of course, the way to estimate the baryon fraction
from snapshots of the cosmological simulation has debatable.

We represent the histogram of the binned halo counts divided by the initial
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Figure 4.6: The density fluctuation of halos collapsing at z = 10 within the aver-
aged radius of identified particles from the snapshot of the cosmological simulation
without the relative motion (red) and with the relative motion (blue) at the initial
time. The black data points are the initial density fluctuation within r = 45 h−1kpc.

density of the surroundings in the top panel of Fig. 4.7. The initial density is
evaluated by counting particles within re = 45 h−1kpc from the snapshot of the
cosmological simulations at z = 1000. The red and blue lines are the results without
and with the relative motions, respectively, and the ratio between these lines is
shown in the bottom panel of Fig. 4.7. The figure tells that the suppression on
the number of halos by the streaming motion is more efficient in the initially lower
density region. Moreover, the red solid line is the estimation by utilizing the Press-
Schechter formula with the delay of the collapse time with the environmental density
Eq. (4.1). We find that the semianalytical result reproduce the qualitative property
in the cosmological simulation.

We present the total evaluation for the suppression of the mass function. The
modified Press-Schechter formula with the surrounding density is given by

ñ(Mc, vbc, z) =

∫
dδe g(δe;Mc,Me, z)

√
2

π

ρ̄(z)

Mc

δ̃crit
σ(Mc, z)

×

[
d ln δ̃crit
dMc

− d lnσ(Mc, z)

dMc

]
exp

[
− δ̃2crit
2σ2(Mc, z)

]
. (4.2)

where the critical density is

δ̃crit(Mc, vbc, δc,i,Me, δe) = δcrit[1 + Ã(Mc, vbc, δc,i,Me, δe)], (4.3)
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Figure 4.7: The top panel show the histogram of halo counts binned by the sur-
rounding density from the cosmological simulations without the streaming motion
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predicted from the modified Press-Schechter formula.
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4.2 Comparison with cosmological simulation

and g(δe;Mc,Me, z) is the provability function for the initial density fluctuation
of the outer sphere under the condition that the center of the outer sphere is the
point where the halo have formed at the given redshift z. g(δe;Mc,Me, z) with
Me = 2.7×107 h−1M⊙ is shown as the black points in Fig. 4.6. The detailed property
of this conditional provability function is understood by the peak-background split
theory (Kaiser, 1984) that tells halos are able to form easier at initially higher dense
regions. Thus, the effect of the relative motion on halos within the underdense
region is not important in terms of the estimation of the mass function. In the
calculation of Eq. (4.2), we use g(δe;Mc,Me, z) estimated from the simulation result
as the Gaussian distribution with average δ̄ and the dispersion σδ;

δ̄ = (δlim − a) tanh
(
b+ cMd

c

)
+ a, σδ = eM f

c , (4.4)

where a, b, c, d, e, f are the fitting parameters and δlim is the average initial density
contrast within the typical radius of halos estimated by averaging the distance of
belonging particles from the center. We give the time dependence of δ̄ by varying
the parameters as a function of the redshift as represented in Fig. 4.8. we find that
σδ does not temporally change. The parameters are given by

δlim = 2.6× 10−2z0.9510 , a = 6.1× 10−3z1.710 , b = −4.9× 10−2z2.810 ,

c = 2.3× 10−4z5.310 , d = 0.51z−0.74
10 , e = 2.8× 10−2, f = −1.4, (4.5)

where z10 = (1 + z)/11.
The ratio of mass function between with and without the supersonic relative

motion predicted with Eq. (4.2) at z = 10, z = 15 and z = 20 is shown as the blue
solid line in Fig. 4.9. The red line in Fig. 4.9 is the ratio of mass function without the
environmental effect. In this calculation, the amplitude of the relative motion is fixed
to vbc = 30 km s−1. The dependence of A on the density of the surroundings is given
by Eq. (4.1) and we use the Gaussian distribution with Eqs. (4.4) and (4.5) for the
conditional probability distribution of δe. This figure indicates that the suppression
of the mass function is mitigated about 10% by considering the environmental effect
on the collapse time at all redshifts. However, the decrease of the mass function is
yet overestimation in comparison with the result of the cosmological simulation, and
this discrepancy appears more conspicuous at the smaller scale. This discrepancy is
related with the result that the baryon fraction calculated from isolated simulations
is smaller than that estimated from the cosmological simulation as shown in Fig 4.3.
We last mentions some reasons of the divergence between the ratio of mass function
from the cosmological simulation and the semianalytical model. The first reason is
that the Press-Schechter formalism cannot expect a proper mass function at small
scale and fitting formulas is popularly used in order to compare with results of the
cosmological simulation. The contribution of the change of the collapse time to
these formulas is non-trivial. Second, the halos in the cosmological simulation have
a nonuniform or non-spherical initial density profile and a velocity dispersion of
particles. These influences cause a deviation from the spherical collapse as pointed
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out by Suto et al. (2016). Moreover, dark matter halos move in local patches due to
the bulk motion and interact with other halos. There is a possibility that the tidal
force with the streaming motion tears the local density peak within large halos,
and consequently form isolated small halos. Although we leave pursuit of these
contributions to mass function as future works, we give a prescription in order to
reproduce the mass function of the cosmological simulation by altering the change
of the critical density,

δ̃crit(Mc, vbc, δc,i,Me, δe) = δcrit[1 + λÃ(Mc, vbc, δc,i,Me, δe)], (4.6)

where λ is the reduction parameter. The dashed blue line in Fig. 4.9 stands for the
mass function Eq. (4.2) with λ = 1/2 in Eq. (4.6), and is consistent with the ratio of
mass function form the cosmological simulation. We conclude that nuisance factors
of the halo formation in the cosmological simulation halve the change of the collapse
time by the streaming motion.
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Chapter 5

Conclusion

Numerical simulations have become one of most useful tools in cosmology. Recent
development of numerical simulations advances our understanding of the Universe.
The standard cosmological model, in which the Universe consists of photons, neu-
trinos, baryons, cold dark matter and dark energy and begins with the inflationary
expansion, has been established based on the success of the theoretical predictions
on cosmological observations including the CMB, the large scale structure, and so
on. The perturbation theory with the ΛCDM model described in chapter 2 ex-
plains that the anisotropy of the cosmic microwave background temperature and
the galaxy clustering in the large scale structure have grown from the primordial
perturbations generated during the inflation. The Press-Schechter formalism ana-
lytically gives the mass function of dark matter halos and its prediction is consistent
with that in simulations. However, there are still many challenges in the theoretical
study of the cosmological structure formation. In particular, the baryon physics is
often a complicated set of many elemental physical processes and includes highly
nonlinear effects. Although these physical processes are essential in both the star
and galaxy formation and other small scale cosmological observational signatures
for investigations into the reionization history, such difficulties of baryon physics
provide many uncertainties in the theoretical study of structure formation. There-
fore, it is demanded that technically developed numerical simulations solve these
complicated issues. Upcoming observations for the Dark Ages and the Epoch of
Reionization highly motivate the study of the small scale structure formation with
including detailed baryon processes.

In this thesis, we have studied the structure formation in the Dark Ages and
have investigated especially the impacts of the relative motion between baryons and
dark matter on the halo formation. This relative streaming motion is caused by the
difference of these velocity fields at the recombination epoch, and the relative motion
is highly supersonic at this time. Therefore, in the perturbation theory, it affects
the growth of density perturbations in a similar way to the sound speed of baryons.
The results of the perturbation theory tell that the abundance of halos is suppressed
at mass scales M < 108 h−1M⊙. However, the perturbation theory is restricted to
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the case where the perturbation amplitude is small. Therefore, the study with the
perturbation theory is not enough to understand the effect of the relative velocity on
the halo formation, because the halo formation is a highly nonlinear phenomenon.
Cosmological simulations are strong tools in the study of such nonlinear phenomena.
However, it is difficult to interpret the detailed processes of these effects on the
halo formation from simulation results, because outputs from simulations include a
convolution of many physical processes contributing to the phenomenon. Therefore,
the development on both analytical and numerical ways with the simple situation
is necessary to obtain comprehensive understanding of these effects.

For this purpose, we have first examined the impact of the supersonic relative
streaming motion on an isolated collapsed object. In chapter 3, we have evaluated
the delay of the dark matter halo collapse due to the supersonic relative motion. We
have found that the collapse time for the dark matter halo with Mc ∼ 4×107 h−1M⊙
delays efficiently when the relative velocity is larger than vcir = 57 km s−1 which
corresponds the typical circular velocity of the dark matter halo. The threshold
velocity estimated from this simulation is also consistent with the velocity scale
predicted from the Jeans instability in the perturbation theory. We have also shown
that the supersonic relative motion delays the fall of baryons into the gravitational
potential well of dark matter halos, evaluating the baryon fraction fb = Mb/Mm in
dark matter halos with the supersonic relative motion from N-body simulations. The
baryon fraction becomes smaller as the amplitude of the relative motion increases.
In addition to N-body simulations, we have also investigated these effects by a
semianalytical way in which we solve the time evolution for the radius of a mass shell.
Here, to take into account the delay of baryon falling, we integrate the numerical
results of the baryon fraction evolution into the equations of motion for mass shells.
Even in our semianalytical model, the halo formation at the small scale delays due
to the relative motion. The results of our semianalytical model qualitatively agree
with those in the N-body simulation. We have pointed out that, when the relative
velocity is large enough to escape from the potential of a dark matter halo, baryons
can collapse only along the perpendicular direction of the relative velocity similar to
the cylindrical collapse. Furthermore, we have shown that the delay of the collapse
time for dark matter halo by the relative motion depends on the initial density
fluctuation within a dark matter sphere, which determines the collapse time of the
dark matter halo without the relative motion. The smaller initial density fluctuation
leads the longer time during which the supersonic relative motions affect the halo
collapse. In consequence, the effect of the relative motion is more efficient on dark
matter halos formed at later time. Moreover, we have estimated the suppression of
the abundance of dark matter halos by the supersonic relative motion. In the Press-
Schechter formalism, the delay of the collapse increases the critical density contrast
for the collapse. We have proposed the fitting formula of the critical density contrast
depending on the halo mass, the initial density fluctuations and the amplitude of
the relative velocity, and have calculated the mass function of dark matter halos.
We have shown that the relative motion decreases the mass function with mass
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smaller than 108 h−1M⊙ before EoR. In particular, the abundance of halos with
Mc = 105 h−1M⊙ is suppressed by 80% at z = 30 and about a half at z = 10.
Note that our prediction for the contribution of the supersonic streaming motion
is overestimated in comparison with the previous work based on SPH simulations,
because our calculating situation is very ideal. However, we consider that this result
is the meaningful reference as the extreme case.

We next have discussed how the impact of the supersonic streaming motion on
the halo formation depends on the density of surroundings in chapter 4. This de-
pendence of the collapse time on the environment is estimated by simulating two
concentric spheres with the relative motion between baryons and dark matter. We
have found that the effect of the suppression in higher density surrounding regions
become weak compared with the case in lower density surrounding regions, and the
delay of the collapse time is almost linearly proportional to the density of the outer
sphere. This fact means that, as the surrounding density is larger, it becomes harder
for baryons to escape from locally dense region. In addition, we have compared this
environmental effect on the number counts of collapse objects with that obtained
from the cosmological simulation. We have pointed out that, even in cosmologi-
cal simulations, the suppression of the halo abundance due to the relative motion
depends on the environmental density condition similarly to our isolated collapse
model. Since the formation of collapse objects happens at a high density region,
the suppression caused by the relative velocity is resultantly shown weaker in the
cosmological simulation than in chapter 3. In order to evaluate the mass function
in cosmological simulations from the modified Press-Schechter formalism with the
corrected critical density contrast, we need further discussion about impacts of the
supersonic relative motion with some nuisance factor of halo formation, for instance,
the velocity dispersion, the ellipticity and interactions between halos, whose influ-
ences on star or galaxy evolutions still under discussion. However, our qualitative
results, i.e. the delay of the dark matter halo collapse and the decrease of the baryon
fraction in dark matter halos due to the relative motion can give the effect on the
first star formation and the reionization history (Greif et al., 2011; Maio et al., 2011;
Fialkov et al., 2012). Such effects could impact the cosmological signals of the EoR
including the CMB polarization (Ferraro et al., 2012), the redshifted 21 cm lines (Bit-
tner & Loeb, 2011; McQuinn & O’Leary, 2012) and these cross-correlation (Tashiro
et al., 2008) for searching parameters of ionizing photon sources or constraining on
cosmological parameters. Thus, we can apply our semianalytical model in order
to involve the effect of the supersonic relative motion between baryons and dark
matter in some calculations. Our studies will give the contribution to more precise
forecasts of cosmological signals providing rich information of the Universe from the
Dark Ages to the Epoch of Reionization. We hope that our results help to reveal
cosmological open questions.
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