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BRS structure of simple model of cosmological constant and cosmology
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In Mod. Phys. Lett. A 31, 1650213 (2016), Nojiri proposed a simple model in order to solve one of the
problems related to the cosmological constant. The model is induced from a topological field theory, and
the model has an infinite number of BRS symmetries. The BRS symmetries are, in general, spontaneously
broken, however. We investigate the BRS symmetry in detail and show that there is one and only one BRS
symmetry which is not broken, and the unitarity can be guaranteed. In the model, the quantum problem of
the vacuum energy, which may be identified with the cosmological constant, reduces to the classical
problem of the initial condition. We investigate the cosmology given by the model and specify the region of
the initial conditions, which could be consistent with the evolution of the Universe. We also show that there
is a stable solution describing the de Sitter space-time, which may explain the accelerating expansion in the

current Universe.
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Recent observations indicate that the expansion of the
Universe is accelerating. The energy density generating the
accelerating expansion is called dark energy. The simplest
model of dark energy may be a cosmological term with a
small cosmological constant, A'/* ~ 1073 eV. The cosmo-
logical term can be regarded with the energy density of the
vacuum but, as is well known, the corrections from the
matter in quantum field theory to the vacuum energy
Pvacuum diverges and it is necessary to introduce the cutoff
scale Agyofr, Which might be the Planck scale, to regularize
the divergence. Then the obtained value of the vacuum
energy, ~A% i is much larger than the observed value of
the energy density in the Universe, (1073 eV)*. Even if we
impose the supersymmetry in the high energy, the vacuum
energy by the quantum corrections is evaluated as
~AZ ot Napey- Here, we denote the scale of the supersym-
metry breaking by Agysy. The vacuum energy coming from
the quantum corrections can then be very large. We may use
the counterterm in order to obtain the observed very small
vacuum energy (10~ eV)*, but very significant fine-tuning
is necessary, and it looks extremely unnatural. For a
discussion of why the vaccum energy is so small but does
not vanish, see, for example, [1]. Unimodular gravity
theories [2-28] were proposed to solve this problem.
For other scenarios to solve the cosmological constant
problems, see, for example, [29-35].

In [36], motivated by the unimodular gravity theories, a
new model has been proposed. The action of this model is
given by
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S/:/d4xv_g{‘cgravity_/1+8/4/18M§0_8/4b8ﬂc}+Smatter'
(1)

Here, 4 and ¢ are scalar fields and b and c are also scalar
fields, but they are fermionic (Grassmann odd), and b is
later identified with the antighost and ¢ with the ghost. The
action without the ghost ¢ and antighost b appeared in [37]
for other purposes. Recently, the cosmological perturbation
based on the model in (1) was investigated in [38]. In (1),
we express the action of matters by S . and the
Lagrangian density of the gravity L,y can be that of
an arbitrary model. We should note that there is not any
parameter except the parts coming from S,er and Lorayiy-

We divide the gravity Lagrangian density L,y into the
sum of some constant A, which may include the large
(0)

eravity’ where

quantum corrections, and another part £

Leoraviey = Egvity — A. We also redefine the scalar field 4

by 4 = 1 — A. Then the action (1) is rewritten as

S'= / d*x, /—g{Eé?;vity —A+0,A0'p—0,b0"c} + Smagier-
(2)

The obtained action (2) does not include the constant A,
which tells us that the constant A does not affect the
dynamics. Although the constant A may include the large
quantum corrections from matter to the vacuum energy, the
large quantum corrections can be tuned to vanish.

The model in (1) includes ghosts [36], which generate
the negative norm states in the quantum theory—and
therefore the model is inconsistent—but the negative norm
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states can be excluded by defining the physical states
through the use of BRS symmetry [39]. In fact, the
action is invariant under the infinite numbers of the BRS
transformation,

A =68c =0, Sp = ec, b =¢e(A—4y). (3)

Here, € is a fermionic parameter and 4 is a solution of the
equation

0= V+9,4, (4)

which can be obtained by the variation of the action (1)
with respect to ¢." If we define the physical states as the
states invariant under the BRS transformation in (3), we can
consistently exclude the negative norm states as in gauge
theory [40,41]. By assigning the ghost number 1 for ¢ and
—1 for b and €, we find that the ghost number is also
conserved. The four kinds of fields 4, ¢, b, and ¢ can be
identified with a quartet in Kugo-Ojima’s quartet mecha-
nism in gauge theory [40,41].

We should note that the Lagrangian density in the
action (1),

L= -1+ 0,0'p—0,bc, (5)

can be regarded as the Lagrangian density of a topological
field theory [42], where the Lagrangian density is BRS
exact—that is, it is given by the BRS transformation of a
certain quantity. We may start with a field theory including
only the scalar field ¢, but the Lagrangian density vanishes
(L, = 0). Because the Lagrangian density vanishes, under
any transformation of ¢, the action is trivially invariant. In
this sense, we may regard this theory as a gauge theory. We
now impose the following gauge condition in order to fix
the gauge symmetry:

1+V, 00 =0. (6)

Then the gauge-fixing Lagrangian [43] is given by the BRS
transformation (3) of —b(1 + V,0"¢). In fact, we find

6(=b(1 +V,0'p))
=e(=(A—=29)(1 + V,0"p) + bV ,0¢¢)
= e(L + Ao + (total derivative terms)). (7)

Therefore, the Lagrangian density (5) is surely BRS exact up
to the total derivative terms if 1y = 0, and we find that the
theory in (5) could be regarded with a topological field theory.
We should note that for the unbroken BRS symmetry—
where, in general, A, # 0—the Lagrangian density (5) is not
BRS exact. In this sense, the Lagrangian density (5) is not that
of the exact topological field theory, which may be a reason

'The existence of the BRS transformation where Ao satisfies
Eq. (4) was pointed out by Saitou.
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why the Lagrangian density (5) gives nontrivial and physi-
cally relevant contributions.

We should note that the gauge condition (6) does not fix
the gauge symmetry completely, and there remains residual
gauge symmetry. In fact, the gauge condition (6) is
invariant under the residual gauge transformation

@ = ¢+ dp. (8)

Here, 6¢ satisfies the equation V,0#6¢ = 0. Then, by using
the residual gauge symmetry, we can choose (be restricted
to) the initial condition where ¢ is a constant—or even zero.?

We should also note that Eq. (3) tells that 4 is nothing
but the Nakanishi-Lautrup field [44—46]. Then, by using
Eq. (3), A—4y is BRS exact, which indicates that
the vacuum expectation value of 1 — 4y must vanish. If
the vacuum expectation value of A — 4y does not vanish, the
BRS symmetry is spontaneously broken, and we may not
be able to consistently impose the physical state condition.
We should note that there is only one unbroken BRS
symmetry in the infinite numbers of the BRS symmetry in
(3). Because Eq. (4) is the field equation for 4, the real
world should be realized by one and only one solution of
(4) for A. Therefore, in the real world, only one 4 is chosen
so that A = 4, and the corresponding BRS symmetry is not
broken. Therefore, by using the unbroken BRS symmetry,
we can exclude the negative norm state (the ghost states)
and the unitarity is guaranteed. We should also note that 4,
can include the classical fluctuation as long as 4 satisfies
the classical equation (4). Therefore, although the quantum
fluctuations are prohibited by the BRS symmetry, there
could appear the classical fluctuations.

The above arguments suggest that the quantum problem
of the cosmological constant or vacuum energy might be
solved. There is not, however, any principle to determine
the value of A or A 4 4 in the quantum theory. The value
could be determined by the initial conditions in the classical
theory. In other words, the quantum problem of the vacuum
energy is replaced with the classical problem of the initial
conditions. In the following, we investigate the cosmology
given by the model (1) and specify the region of the initial
conditions, which could be consistent with the evolution of
the observed Universe. We may assume the Friedmann-
Robertson-Walker (FRW) metric with a flat spacial part,

ds* = —di* + a(t)*

1

3
(dx)?, 9)

=1

and A and ¢ are assumed to depend only on the time

coordinate ¢. In (9), a(t) is called the scale factor. By a

variation of 1 in the action (1), we obtain Eq. (6), which has

the following form in the FRW metric (9):

*This argument comes from discussions with S. Akagi.
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d>¢ do
=1- 1
0 <d2+3 dt) (10)

Here, H is the Hubble rate H defined by H = %%. The
general solution of (10) is given by

dtl dt,
dlza f2 3+ @1 ( )3 + .

(11)

Here, ¢, and ¢, are constants. On the other hand, the
equation given by a variation of ¢ is given by (4), which has
the following form:

d* di
0=—5+3H—, 12
ar M (12)
whose general solution is given by
tdt
A=M4+1 / —. (13)
) a(n)?

As a gravity theory, we simply consider the Einstein gravity
whose Lagrangian density is given by

R
Egravity = 27K2 - A (14)

Here, R is the scalar curvature and « is the gravitational
coupling constant. A is a cosmological constant, but it may
include the large quantum correction from matter.

First, by neglecting the contributions from matter, we
consider the FRW cosmology. Then the first and second
FRW equations have the following forms:

3 didg
ZHX=A+1-C"F, 15
K2 T (15)
1 dH dldy
——(3H2 4250 ) = A -1 -2258 6
z<2< N dt) dt dt (16)

We can delete A from Egs. (15) and (16), and we find

1 dH dAde
K2 dt  dtdt’ (17)
Then we find that there is a solution, where A is a constant
A = 4;.Infact, A = 4, is a solution of (12) or the solution in
(13) with 4, =0. Then Eq. (17) indicates that H is a
constant, H = H,, and the space-time is therefore the de
Sitter space-time. By using (15) or (16), we obtain the
explicit value of 4 = 4; as follows:

A :—A+—. (18)
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A solution of Eq. (10) is given by ¢ = which is a

t
3Hy
special case in (11). We should note that the value of H
does not depend on the value of the cosmological constant
A. Because H|) is given by the constant of the integration in
(17), the value of H, could be determined by the initial
condition or something else. In any case, the value of the
cosmological constant A is irrelevant for the cosmology.
The above result also tells that the problem in the quantum
theory for the vacuum energy reduces to the initial con-
dition problem in the classical theory in our model.

We now investigate the stability of the solution in (18)
expressing the de Sitter space-time. For this purpose, we
consider the perturbation from the solution

3H2

H=Hy+oH. i=-N+=3 04 52,

-1 1
7 3H0+<0 (19)

Then, by using (10), (12), and (15), we obtain the following
equations, respectively:

1

0 = 8¢ + 3H5¢p — —— 6H, 20

P+ 3Hodp = - (20)

0 = 84+ 3H,5%, (21)

O HyoH = 57+ ——s3 (22)
K2 0 - 3H0 '

By deleting 6H from (20) and (22), we obtain

2 1
0 = 66+ 3H,d¢ — @ (5/1 + 3Ho5'7> (23)
0

Here, we have defined a new variable 65 by
on = 82 (24)
Then we can rewrite (21) as follows:
0 = on+ 3Hyon. (25)

By summarizing Egs. (23), (24), and (25), we can write the
equations in the matrix form,

54 52 0 1 0
on | =A| on |, A= 0 -3H, 0

. K2 K'2
5 8¢ mE “am oHo

(26)

The eigenvalues of the matrix A are given by —3H, and two
0Os. Because there are not positive eigenvalues, the solution
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is stable—or at least quasistable. Then the solution (18)
describing the de Sitter space-time might correspond to the
accelerating expansion in the current Universe.

We now investigate what could be the initial condition
corresponding to the value of the vacuum energy in the
Universe. After inflation, the Universe passed through the
radiation-dominated and matter-dominated eras and
entered into the dark energy—dominated era. In the radi-
ation-dominated and matter-dominated eras, the contribu-
tions from A and ¢ can be neglected, and these scalar fields
are expected to evolve by following (11) and (13). In the
future dark energy—dominated era, the Universe is expected
to be described by the asymptotically de Sitter space-time
in (18).

In the radiation-dominated era, the scale factor is
given by

a(t) = dapat'’?, (27)
in the matter-dominated era,
a([) = amatt2/31 (28)
and in the dark energy—dominated era,
a(t) = ayeflovel, (29)
Here, a4, a4, and a, are constants depending on the
energy density of the radiation, the matter density, and the
dark energy density, respectively. We express the value of
the Hubble rate H in the current Universe by H, and the
dark energy density parameter by Q,.

Then, by using (11) and (13), the scalar fields A(¢) and
¢(t) in the radiation-dominated era are given by

2¢na1 1
(p(t) = (prad(t) = QPrad2 — %dlt 1/2 —|—§[2
rad
2/1r4 —
/l(t) = ﬂrad(t) = /1radl d2[ 1/2 (30)
arad

On the other hand, in the matter-dominated and dark
energy—dominated eras, the scalar fields are given by

Pmart ;1
(p(l) = ¢mat(t) Pmar2 — tlt + 6t2’
mal
A
’1(0 = lmat(t) = lmatl mat2 t_ (31)
mat
— Pl ~3Hyv/Cnt 4
1) = 1) = —_ 0V EE—
@(t) = pA(t) = op2 oo MR o
An2
M) = A (1) = Ay — ———2 e 3oV 32
( ) A( ) Al SHO\/STA(Z?\G ( )
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Here, Pradl> Prad2- Aradl? /Irad29 Pmat1> Pmar2» /1mat1 ’ ﬂmatZ’ [INE
@an» Anp, and A5, are constants.

We now use approximations where the radiation-domi-
nated era transitioned to the matter-dominated era at the
time ¢ =t;, and the matter-dominated era to the dark
energy—dominated era at t = t,. We connect the solutions
in (30), (31), and (32) by imposing the continuities of the
values of ¢, A, ¢, and 2 at the transit points. Then, at the
point ¢ = t;, we require that

2(pradl -1/2 1 ¢matl 1
-1 2
Prad2 — tl +z 5 = Pma2 — tl + 6 tl ’
rad mat
2lrad2 -1/2 Am4t2
Aradl — 3 0 = Amat1 — t1 > (33)
rad mal
and
(ﬂracn -3/2 2 ~ @Pmat1 o 1
— 4 + 5 H = 3 N+ g 1,
arad mat
A _ A
rgdZ 1 3/2 mat2 tl_z. (34)
Qrad amat

Then we find

a 1 2 1
Pmat1 = < mat> / Prad1 + 72 mdtt3v
Arad 15

-1)2

Pradl 2
Pmat2 = Prad2 —— 3 + 1_0 1,
Arad
Amat 1/2
Amaz = ( ) 1 Arad2>
rad
_ Arad2 -1/2
/Imatl - lradl - a3 tl . (35)

On the other hand, at the point ¢ = ¢,, we require

Pmatl ,_4 1 > 2N —3Ho/Qpt
—_ t _|_ — 15 = _—— e M0 A2
Pmatr2 a?nat 2 6 2 PA2 3H0\/Q_/\Cl?\
L
3H0\/QA
A A
1 mat2 == A2 e_3H0\/Q_AIZ’
matl — amdt 2 Al ™ 3H0\/£2_Aaf\
(36)
and
Pmat o | 1 €0A1 o~3HovV/Gnt 1
52+t = OVERD
aa 2 3 aA 3Hy\/Qp
Amac > _ A2 sy, (37)
3 2 3 ’
Amat aA

and we obtain
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3 3HoVQ
Prl = da 6233}10\/9_/\’2('0 " - oot lt a3 e3H0\/Q_A12
mal
a3mat 3HO V QA
@ — 1— 1 Pmatl [5) + 1 2 1
A2 Fmag 3Hot /Oy ) il | OHg /Oy 672 9H2Q, "
3
/1A2 = ( A ) t£263H0\/Q_At2/1mat27
Amat
1 A
2 _— (1= mat2 ) 38
AL mad ( 3H0t2\/QA> bl (38)
By combining the above equations, we find
3H? An2
A +A= =A+2 TN e 3HWOn
0 K AL 3H0\/QA61?\
Arad2 12 2
AAIZ/I dlr — ra 1+t1t 1—— N
ra arad 2 3H0\/QA

3
a ; at —2.1/2
An2 :/Irad2< A) et thzztl/ ,

Arad
3Hy\/Qp\1 1
aAe 1 t & 3HOVn
2
SHoJan

3
an \> 5.1/ o 1 _ o
PA1 = Pradl (a > t22t1/ MoVt +B“3\t?t2263H° O —

rad

1—1/2 1 1/2 t) 1
Pr2 = Praga — —+(1 > }fﬂ ar +
" { a, 3Hoty/Qy ) a3 J "™ T 9H)/Q,  9H2Q,

L ! t?+1t2+1t2 (39)
15 3Hotr,/Qr) 1, 107 6%

Now we consider the constraints on the scalar fields coming from the observations. For this purpose, we use the values of

the cosmological parameters in [47].

(a) The scale factor and the cosmological time when the density of the radiation was equal to the density of matter:
A = 2.8 x 1074, 1; = 4.7 x 10* yr ~ 1.5 x 10'? s = 2.3 x 10*" [eV~!].

(b) The scale factor and the cosmological time when the density of the matter was equal to the density of the dark energy:
amp = 0.75, 1, = 9.8 x 10° yr ~3.1 x 10" s = 4.7 x 10’2 [eV~!].

(c) The cosmological time when the radiation-dominated era began: t; = 10732 s = 107!7 [eV~!].

(d) The scale factor and the cosmological time in the current Universe: ay = 1, t, = 13.5 x 10° yr ~4.3 x 10" s =
6.5 x 10 [eV~!].

(e) The Hubble constant in the current Universe: Hy=70kms™!Mpc~'~22x1078s71=1.5x1073 [eV].

(f) The density parameters of the radiation, the matter, and the dark energy: Q. = 8.4 x 1075, Q, = 0.30,
Q, ~0.70.

Then we obtain

(@) g~ (2Hp/Q) /> =2.0x 10710 s71/2 = 5.1 x 10718 [eV!/?]

(0) dma ~ G Ho/Qp)?? ~ 5. 7 x 10713 §72/3 = 4.3 x 107 [eV?/]

(c) The critical density: py = =& =5 x 107 kgm™ = 4.2 x 107! [eV4].

(d) Newton’s gravitational constant: G ~ 6.6 x 1011 m SkgTls? =6.7x 1077 [eV72)].

First constraints can be obtained by requiring that A + 4 become a constant corresponding to the cosmological constant
Ay~ 10711 [eV4],

A
Ao~ A+ Ay > |02 e=3H |, (40)

3H0\/QACI?\
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By using (39), we can rewrite the constraints in (40) as
follows:

10_11 [3V4] ~A+ Aradl

Arad2 -1/2 1 [El
- t 1+t ) [ E—
agad ! * 2 3H0\/QA
~ N+ Al = Aragz X (31 x 109 [eV%D7

1071 [eVA4] > [Aa| X (1.8 x 10% [eV2]).  (42)
Then Eq. (42) gives the following constraint:
a2 | < 10747 [e V7). (43)

The next constraint requires that the matter should surely be
dominant compared to the contributions from 4 and ¢ in the
matter-dominated era t; Kt K 1,

A _
A+ dgar = 222 (14 7))
arad
Arad2 12 li/z [0 WAV S
_ a2y T Ny P R
a?ad ! a?ad Praat 15 ! 3
< p = Qupotmt ™. (44)

We should require that the radiation be dominant in the
radiation-dominated era t < t;,

A 12
At At =52 (q)ré’dl 3+ ?t—W) <p=Qpoagit .

rad rad

(45)

It is, in general, not so straightforward to solve the
constraints (44) and (45). We may, however, evaluate the
constraints as follows. When the matter-dominated era
transitioned to the dark energy—dominated era at t = t,, the
lhs is almost equal to the rhs, by definition of the transition.
Each of the terms, except for the first constant terms, on the
lhs becomes larger when t — #; and the most dominant
term is the +~* one. Then we may have the following
constraint:

2 5 s5p
Arad2 (f/'radl + 5 aj gt 1/ )

6

< Qupo iy, (46)
mat

that is,
|’1rad2((pradl =+ 1.4 x 1016 [eV_l])l < 10_23 [CV4]. (47)

At the beginning of the radiation-dominated era ¢ = f3, the
=3 term dominates on the lhs of Eq. (45) and we obtain the
following constraint:

Arad2Pradi | € Qupotitgts, (48)

PHYSICAL REVIEW D 96, 024009 (2017)

that is,
|}“rad2(prad1| < 10_62 [CV4]. (49)
We may summarize the obtained constraints as

A+ Aegat = Aragp X (3.1 x 109 [eV71]) ~ 107! [eV4],
Mrad2| < 10_47 [CVS]’
|’1rad2((prad1 + 1.4 x 1016 [ev—l])| < 10_23 [CV4],
|/1rad2(prad1| < 10_62 [eV4]-

(50)

The first constraint in (50) or (41) seems to indicate that we
require fine-tuning of the initial conditions.

We now consider more about the initial condition for A.
By choosing ¢ as a present time, A can be expressed as

lradQ ) ( 31 )

A 1071 [eVA] m gy — T2
V]~ At = 625709 v

This may suggest that

Aradi ~ (10_3 [CV])4, Arad2 ~ (10_10 [ev])s' (52)

The obtained value then seems to be very small. If we
assume 4,q; = 0, which might be unnatural, then by using
(30), we find the value of 4 at the beginning of the radiation-
dominated era ¢ ~ 13,

3= (1) ~ (0.1 [keV])*. (53)

The obtained value might be a little bit more reasonable.
Then, even if A ~ 107! [eV*] in the present Universe, A ~
[(0.1 [keV])?#] at the beginning of the radiation-dominated
era. The converse is not true because, in general, A,q; # 0:
If we only require 2 ~ (0.1 [keV])* at the beginning of the
radiation-dominated era, we may find 1 ~ (0.1 [keV])* >
10712 [eV*] even in the present Universe.

1010
108 |

107 10 10® 10° 10° 100 10"®
t[s]

FIG. 1. The development of 4.
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1 020

10"}

100}

10" 10" 10® 10° 10° 10" 10'°
t[s]

FIG. 2. The development of ¢.

We now solve Egs. (10), (12), and (15) numerically. In
Fig. 1, the time development of 4 is given. The obtained
value of 1 at the beginning of the radiation-dominated era is
consistent with the analytic result in (53). In Fig. 2, the time
development of ¢ = M3, is given. Figure 3 shows the
development of the energy density. The parameters A,q;
and 4,4 are chosen to reproduce the value of the dark
energy density in the current Universe. The dark energy
density in the matter-dominated era or the radiation-
dominated era is surely negligible.

In summary, we have clarified the structure of the
model in [36] and investigated the cosmology given by the
model. Although the model has an infinite number of BRS
symmetries, most of the symmetry is broken, and there
remains one and only one BRS symmetry which guaran-
tees the unitarity of the model. We have also shown that,

PHYSICAL REVIEW D 96, 024009 (2017)

Energy density [eV4]

10" 101 10° 10° 10° 10" 10"
t[s]

FIG. 3. The development of energy density.

by using the residual gauge symmetry, the initial condition
where ¢ is a constant can be chosen. Because the quantum
problem of the vacuum energy reduces to the classical
problem of the initial condition in the model, we have
investigated the region of the initial conditions which
could be consistent with the evolution of the Universe. It
seems difficult to solve the fine-tuning problem in the
initial condition in this model. It has been also shown that
a stable solution describing the de Sitter space-time exists
in this model.
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