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A two-dimensional, fully kinetic, electromagnetic, particle-in-cell simulation in a magnetized colli-
sionless plasma has been performed, demonstrating the generation of intermittent ion acoustic
waves in finite-amplitude whistler-mode turbulence. The self-consistent simulation shows that ion/
ion acoustic instability can be driven as a consequence of the nonlinear evolution of whistler-mode
turbulence. The instability triggering the generation of ion acoustic waves occurs intermittently in
several local regions. We propose that the nonlinear development of the phase-space density that
drives kinetic instabilities must be analyzed with greater care if the dissipation of plasma turbu-
lence is to be understood. © 2017 Author(s). All article content, except where otherwise noted, is
licensed under a Creative Commons Attribution (CC BY) license (http://creativecommons.org/

licenses/by/4.0/). [http://dx.doi.org/10.1063/1.4990443]

I. INTRODUCTION

Forward cascade in magnetohydrodynamics (MHD) tur-
bulence plays an important role in the generation of plasma
turbulence at scales smaller than the ion inertial length and
ion Larmor radius. This small-scale turbulence, or alterna-
tively kinetic turbulence because the MHD approximation is
expected to be broken there, has been considered as an
energy sink of solar-wind turbulence. At scales for kinetic
turbulence, analyses of solar-wind observations have yielded
a power-law spectrum for the energy of magnetic fluctua-
tions that is steeper than that for MHD turbulence. The
steeper magnetic energy spectrum suggests that the kinetic
nature of the fluctuations involves different cascade pro-
cesses from that of MHD turbulence. In particular, both
kinetic Alfvén and whistler modes are believed to be crucial
in transferring the energy of fluctuations from ion kinetic
scales to electron kinetic scales. These fluctuations are
finally dissipated by wave-particle interactions at the kinetic
scales.

Several observations have shown evidence for kinetic
Alfvén-mode turbulence at ion gyroscales.'™ Specifically,
Sahraoui et al.® reported kinetic Alfvén modes present at
electron gyroscales from solar-wind observations made
during the Cluster space mission, whereas the Kkinetic
Alfvén-mode turbulence is not present at these scales owing
to resonant dissipation at ion kinetic scales.* Moreover
Sahraoui er al.® evidenced at electron gyroscales a steeper
gradient in the spectra related to the dissipation of kinetic
Alfvén-mode turbulence.

In contrast, the whistler mode is nearly undamped even
at ion kinetic scales because the dissipation rate of the cyclo-
tron and Landau resonance is weak.” Several observations
indicate that kinetic-scale fluctuations are of whistler-mode
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type.®® The recent analysis from four-point magnetometry
on the Magnetospheric Multiscale mission directly deter-
mined the dispersion relation for magnetic fluctuations at
electron inertial length and concluded that solar-wind turbu-
lence at electron kinetic scales is primarily composed of the
whistler mode propagating obliquely with respect to the
background magnetic field.® Their observations support a
scenario that the energy of fluctuations cascading from the
MHD turbulence transitions into whistler-mode turbulence at
kinetic scales.

At electron kinetic scales, whistler-mode turbulence dis-
sipates through the cyclotron and Landau resonances of the
electrons. These resonant interactions depend on the propa-
gation angle of the whistler fluctuation, so a preferred reso-
nance in whistler-mode turbulence depends on the direction
of cascading of fluctuation energy. Several theoretical and
simulation studies’!” have identified that anisotropic cas-
cades in whistler-mode turbulence at electron kinetic scales
efficiently transfer the energy of fluctuations into a quasi-
perpendicular propagating whistler mode. Therefore, the pre-
ferred resonance in whistler-mode turbulence is the Landau
process that scatters electrons in the magnetic field direction
at electron kinetic scales.'>'® At electron kinetic scales, ions
can also be scattered in whistler-mode turbulence'®'®
because quasi-perpendicular propagating whistlers at fre-
quencies close to the lower hybrid frequency scatter ions
efficiently transverse to the field direction by their electro-
static component.”>*' These resonance scatterings of elec-
trons and ions dissipate whistler-mode turbulence at electron
kinetic scales.

However, we expect that the kinetic processes bring
about not only dissipation of linear modes through the cyclo-
tron and Landau resonances at electron kinetic scales but
also development and deformation of the phase-space den-
sity at ion kinetic scales. The deformation of phase-space
density in the nonlinear development of kinetic turbulence
causes several kinetic instabilities that lead to particle

© Author(s) 2017.
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scattering. From an analysis of a fully kinetic particle-in-cell
simulation, we propose that the nonlinear development of
whistler-mode turbulence drives ion/ion acoustic instability
which leads to density fluctuations at electron kinetic scales.
The purpose of this study is to investigate the role of
nonlinear-evolving whistler-mode turbulence played in
enhancing ion/ion acoustic instability.

Il. SIMULATION
A. Initial condition

To analyze the nonlinear development of whistler-mode
turbulence, we implemented a two-dimensional particle-in-
cell simulation code that uses the zigzag method** and the
Boris method®® to compute the electric current and the
motion of charged particles, respectively. The spatial size of
the simulation box (L., L,) was (20.482;,20.48/;), where /;
is the ion inertial length. The number of spatial grids is 4096
x 4096. The number of ion and electron pairs in a cell is
256, and hence the total number of pairs is about 4.29 x 10°.
The time resolution At was set to 5.59 x IO’SQI-_I, where Q;
is the ion cyclotron angular frequency. The ratio of the ion
plasma frequency to the ion cyclotron frequency was set to
;/Q; = 44.7. These frequencies are defined by the initial
density n, and the initial background magnetic field B,. The
Alfvén velocity v = (Q;/w;)c, with ¢ being the speed of
light, normalized by the initial ion thermal speed v, was
set to vs/v; = 4.47. Note that we assume the mass ratio
between the ion and electron to be m;/m, = 100 and the ion
thermal speed normalized by the speed of light to be v,;/c
= 0.005 at t=0 to reduce the calculation cost. The ratio of
the initial temperatures of ions and electrons was set to
T;/T, = 1, and the beta values for both ions and electrons
were 5; = f, = 0.1. The background magnetic field B, was
along the x direction.

Similar to our previous studies [e.g., Ref. 13] whistler
waves (totaling 42 modes in the simulation box) were allo-
cated random wave phases at t = 0. The initial parallel (or per-
pendicular) wavenumbers of the generated waves were set to
kyy)4i = £0.306, £0.613, and +0.9203. Pure parallel propa-
gating modes (k, = 0) were also generated. The frequency of
each mode was derived from the linear dispersion relation for
whistler waves in the cold plasma applroximation.24 All modes

Phys. Plasmas 24, 072304 (2017)

have an almost-equal energy of magnetic fluctuations. The
total energy of magnetic fluctuations at + =0 is about 10% of
the background magnetic field energy. We excited fluctua-
tions in the electric current density 0J = giniva; + geneVae
corresponding to the fluctuations of the applied magnetic
field, which satisfy Faraday’s and Ampere’s equations. Here,
qi (q.) is the electric charge of the ion (electron), n; (n,) is the
density of ions (electrons), and v4; (v4.) is the ion (electron)
drift velocity carrying the electric current. Whereas the elec-
tric and density fluctuations were required to produce self-
consistent whistler waves, we neglected these contributions in
generating the initial waves. We believe that these small con-
tributions are negligible because the calculation provides self-
consistent adjustments to the waves within a relatively short
period, which may be shorter than a few ion plasma periods.
Having neglecting the small initial contributions, the turbu-
lence was confirmed to have the properties of whistler modes
soon after this self-consistent development. '

B. Results

Figure 1 illustrates the wavenumber spectra of the fluc-
tuations in magnetic energy |0B|* /B2 as a function of k, and
ky at Q;t = 5.59, 11.18, and 16.77. As described in Sec. I A,
the initial magnetic-field fluctuations were set at wavenum-
bers k4; < 1 and ky4; < 1. The imposed fluctuations cascade
preferentially to those of larger wavenumbers perpendicular
to the direction of background magnetic field. Whereas pre-
vious simulation studies'*'* reported an anisotropic wave-
number spectrum for whistler-mode turbulence at electron
kinetic scales, the simulation result shown here evidences an
anisotropy even at ion kinetic scales. Obliquely propagating
whistler waves are dominant over ion-to-electron kinetic
scales, indicating that whistler-mode turbulence is funda-
mentally compressible even at ion kinetic scales because
oblique whistler waves are compressible in nature.

Figure 2 illustrates the wavenumber spectra of ion den-
sity fluctuations |dn;|? /n? as functions of k, and k, (upper
panels) and as a function of k, at ky4; = 0.92 (lower panels)
at Q;t =5.59, 11.18, and 16.77. The spectra of the ion-
density fluctuations are similar to those of the magnetic-field
fluctuations (Fig. 1) within k. 4; < 5. However, it is evident
that the ion-density fluctuation for k,4; > 10 is generated at
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FIG. 1. Wavenumber spectra of magnetic fluctuations |0B(k,, k_v)\2 at Ot =35.59, 11.18, and 16.77. Here, |0B(k,, ky)\2 = |0By (ky, ky)\2 + |0By (kv k}.)|2
+|0B. (ky, ky) 2. The fluctuations in magnetic energy are normalized by the energy of the background magnetic field B,,.
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FIG. 2. (Top panels) Wavenumber spectra of ion density fluctuations normalized by the initial ion density as a function of k, and k, at Q;z = 5.59, 11.18, and

16.77. (Bottom panels) Wavenumber spectra of ion density fluctuations as a function of &, with ky4; = 0.92 at Q;z = 5.59, 11.18, and 16.77.

later times (€;z > 11.18). The short-scale fluctuations have
wavenumbers quasi-parallel to the mean magnetic field
(ky > ky). The corresponding magnetic-field fluctuations are
absent as shown in Fig. 1. Therefore, these fluctuations are
electrostatic at scales shorter than the ion inertial length A,.

Figure 3 illustrates the ion-density distributions n;/n,
over the two-dimensional spatial plane at (;t = 11.18. The
left panel plots the density distribution over the entire two-
dimensional simulation box; the framed regions labeled (A),
(B), and (C) are enlarged in the other three panels. Whistler-
mode turbulence leads to ion-density fluctuations at ion
kinetic scales because of the compressive nature of the
quasi-perpendicular propagating whistler waves (left panel).
The ponderomotive force of the finite-amplitude magnetic-
field fluctuations also leads to the density fluctuations at the
ion kinetic scales. However, as seen in panels (A)—(C), den-
sity fluctuations associated with short wavelengths of less
than /; grow in the ion-scale density fluctuations. Also, the
small-scale fluctuations have wavenumbers quasi-parallel to
the mean magnetic field. These fluctuations form wave pack-
ets at a spatial scale of a few ion inertial lengths.

Figure 4 shows the ion-density distributions parallel to
the background magnetic field at transverse displacements
y/4; of 2.5, 5.0, 7.5, 10.0, 12.5, 15.0, and 17.5. The horizon-
tal and vertical axes represent the spatial and time dimen-
sions, respectively. Small-scale density fluctuations are seen

0;t=11.180

in several regions, for instance, around [x//;, Qit] = [9,10]
aty/A; =2.5, [8,12] aty/4; = 5.0, and [15,10] at y/2; = 10.
Wave packets propagate parallel or anti-parallel to the back-
ground magnetic field (x-axis). A typical life time for each
packet is about a few Q;z, but Fig. 4 shows that these wave
packets grow intermittently in several regions at €,z > 8.
Figure 5 shows the ion phase-space density as functions
of x and v,, where the phase-space density is integrated over
transverse displacements y/4; = 1.92 and 2.56 and normal-
ized to f,, which is the maximum value of the integrated
phase-space density at =0. Here, x and v, are normalized to
the ion inertial length /; and the ion thermal speed v, at
t=0, respectively. The region associated with the spatial
integration in the y direction includes the line plotted in the
bottom panel of Fig. 4 (y/A; = 2.5). Perturbations in the ion
velocity corresponding to the ion-density fluctuations at ion
kinetic scales grow along the background magnetic field as
seen at (;t = 2.236 (first panel). The group of ions moving
along the field direction with a drift speed of ~ — 3v, inter-
acts with another group of ions in the near-rest frame as seen
around x/4; =9 at Q;t = 6.708 (third panel). Small-scale
hole-like structures are produced between the two ion distri-
butions at ;t = 11.18 (fifth panel), the spatial size of which
is less than a half of /;. The small-scale structures correspond
to the density fluctuations [labeled as (B) in Fig. 3] and seen
around [x/4;, Q;t] = [9, 10] in the bottom panel of Fig. 4.

20 F g2.0 7 . . 20 4 . ; 20 5 , . 2.0
T TR
15} {15 1.5 H1s5 15
3 ' 6 ETEEE M L 1 YL - SRR 4 FRL S ] 3
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= C NSRRI N - 1 )l SRR L 89l : 3[4 . T /1N il e
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FIG. 3. (Left panel) Ion density n; normalized by the initial ion density 7, on the whole two-dimensional plane at Q;z = 11.18. (Panels A, B, and C) Ion density

in the marked squares labeled as A, B, and C in the left panel.



072304-4

Saito, Nariyuki, and Umeda

e

QLT

/A

/A 0GT

ot="/f gz1

0

0.60 0.75 0.90

1.20 1.35 1.50

1.I05
ni/no

FIG. 4. Time profile of ion density distribution (n;/n,) along x lines at
y/%i =2.5,5.0,7.5,10.0, 12.5, 15.0, and 17.5. Horizontal and vertical axes
correspond to the spatial (x//;) and time (Q;r) dimensions, respectively.

The top panel of Fig. 6 shows the reduced ion-velocity
distributions obtained by integrating the phase-space density
(Fig. 5) over the range x/4; = 8.5 and 9.5 at Q;t = 5.590,
6.708, 7.826, and 8.944. The group of ions moving along the
field direction with drift speed less than —1.5v,, hence con-
stituting what we refer to as the beam component, contrib-
utes to the second peak in the ion velocity distribution. The
width of the beam component is ~0.5v,;, indicating that the
temperature of the beam is about 0.257;,, where T;, is the
initial temperature of the ions. Another group of ions in the
rest frame, which we refer to as the core component, has a
velocity distribution deviating from a Maxwellian distribu-
tion especially for v,/v,; > 1 (see top panel). A rough esti-
mate of the temperature of the core component yields v, ~ 0
as ~0.25T; ,. The density ratio of the beam and core compo-
nents is shown in the middle panel as a function of time
between Q;t = 5.59 and 8.944. The density of the beam and
core components is calculated by integrating the reduced ion
velocity distributions over a range in v./v,; < —1.5 and
vy /v > —1.5, respectively. The bottom panel shows the
time history of the drift speed of the beam component which

Phys. Plasmas 24, 072304 (2017)

y/X=1.92 - 2.56
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FIG. 5. Ton phase-space density between y/Z; = 1.92 and 2.56 as a function
of x/2; and v, /v, at Q;r = 2.236, 4.472, 6.708, 8.944, and 11.18. The phase-
space density f; is normalized by f,, which is the maximum value of the
phase-space density at Q;r = 0.

-2.0 -1.5

is defined as the velocity at the peak of the beam component.
The beam density and the drift velocity monotonically
increase with time. As beam density and velocity vary with
time between x/4; = 8.5 and 9.5, the ion density fluctuations
associated with the hole structures grow in between the
beam and core components.

Figure 7 shows the k, — @ diagram of JE, along the
field direction at y/4; = 2.24 between (a) Q;r = 0 and 7.326
and between (b) Q;t = 7.326 and 14.326. Here, the data line
cuts through the center of the integration area transverse to
the field direction (y/4; = 1.92 — 2.56) in Fig. 5. The ion
acoustic speed C; in the rest frame, indicated by dashed
lines, can be expressed as

W 172
q(@) , )

where kg is the Boltzmann constant. Note that the ion acous-
tic speed is calculated from the initial temperatures of the
electrons and ions. The fluctuation amplitude of JE, clearly
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FIG. 6. (Top panel) Reduced ion velocity distributions that integrate the
phase-space density shown in Fig. 5 over a range between x//; = 8.5 and
9.5 at Q;r = 5.590, 6.708, 7.826, and 8.944. (Middle panel) Density ratio for
the beam and core components as a function of time. (Bottom panel) Time
history of the drift speed of the beam component, where the beam drift speed
is defined as the velocity at the peak of the beam component.

seen at k.4; < 2 corresponds to the obliquely propagating
whistler waves. At wavenumbers k,/; > 10, the electric fluc-
tuations OE,(ky, ) grow at Q;t > 7.3, whereas there is no
quasi-parallel fluctuation at Q;z < 7.3. The phase speed of all
enhanced fluctuations at the short scales is slower than C,.
The fluctuations are broadly distributed at wavenumbers
ke/; > 10 and frequencies ,/Q; < Csk,/Q;. In the follow-
ing discussion, we explain that these enhanced fluctuations
with phase speeds less than C; are ion acoustic waves
(IAWs) associated with the ion/ion acoustic instability.

lll. DISCUSSION

Small-scale density fluctuations (Figs. 2-4) accompa-
nied by electric fluctuations along the field direction (Fig. 7)
grow in the regions where two ion components interact with
each other (see Fig. 5). The bottom panel of Fig. 4 shows
that the small-scale density fluctuations associated with the
hole structures seen in Fig. 5 start to grow at Q;z > 8. The
temperature of the beam and core components is estimated
to be 0.25T;, (Fig. 6). The density ratio of the two compo-
nents and the drift speed of the beam component are found
to be n,/n. =037 and v,/v; = —-2.7 at Qt =8. We

Phys. Plasmas 24, 072304 (2017)
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FIG. 7. Wavenumber-frequency diagram of 0E, along the x line at y/4; =
2.24 between (a) Q;t =0 and 7.326 and (b) Q;r = 7.326 and 14.326. The
field line is along the centerline of plotted area of Fig. 5. Dashed lines are
ion acoustic speed Cy at t=0. The fluctuation amplitude is normalized by
the maximum value in the figure.

confirmed that the electron temperature in the region where
the two distributions interact with each other is almost the
same as its initial value, and therefore the electron tempera-
ture is larger than the ion temperature at x/4; = 9. With
these parameter values, the local ion sound speed C normal-
ized by the initial ion thermal speed is deduced to be 1.32.
Substituting these parameter values into the equation for the
ion/ion acoustic instability yields an empirical expression for
the phase speed of the fastest-growing mode”’

@r C, u7 )

X ne

where n, is the background electron density and m, the real
part of the angular frequency. Here, by assuming charge neu-
tralization in the region, the electron density n, is
n. + np = n,. Hence, the phase speed of the growing mode is
about w, /k, = 0.6v;. The wave frequency normalized by the
ion cyclotron frequency can be rewritten as

O O Vg

= — kA
O vy o 3)

so the normalized frequency is about 0.13k.4;, where
va /v = 4.47 (Sec. ITA). The wavenumber of the growing
mode is estimated as k,/4; ~ 20, which corresponds to a
wavelength of about ~0.3/; [Fig. 3(B)] and therefore the fre-
quency of the growing mode is w/€Q; ~ 2.7. This mode is
included in the growing mode at k,/; ~ —20 (Fig. 7). The
implication is that the growing mode is an IAW driven by
the ion/ion acoustic instability. Our simulation result shows
that JAWs intermittently grow and decay in several regions
within the turbulence (Fig. 4), indicating that this finite-
amplitude whistler-mode turbulence may be the source of
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intermittent growth of IAWs. IAWs may act to diffuse
dynamically ion motion that may lead to dissipative effects
in plasma turbulence. Such nonlinear developments of the
phase-space density need careful study to understand dissipa-
tion within plasma turbulence at kinetic scales.

Our simulation demonstrates that whistler-mode turbu-
lence decays, and thereby, the instability weakens over time
(Q;it > 16). However, if there is an energy source for
whistler-mode turbulence at ion kinetic scales (for instance,
turbulent cascade from MHD scales and/or wave growth by
kinetic instabilities at ion kinetic scales), the patchy and
intermittent generation of IAWs is to be expected to continue
while the whistler-mode turbulence at ion kinetic scales
evolves nonlinearly.

With the artificial mass ratio (m;/m, = 100) as described
in Sec. II A, the IAWs generated by the ion/ion acoustic
instability in our simulation have spatial scales larger than
the electron inertial length. The artificial influence of the elec-
tron dynamics (e.g., the electron Landau process with a scale
of order of the electron inertial length) on the IAWS is negligi-
ble in our simulation, and therefore, the artificial coupling
between ions and electrons has a negligible contribution to the
ion/ion acoustic instability. Hence, we expect that the growth
of TAWs within whistler-mode turbulence observed in our
kinetic simulation is strongly relevant to dynamics on solar-
wind turbulence.

IAWs are considered to be enhanced in quasi-
perpendicular collisionless shocks. Fredricks er al.*® found
that IAWs are strongly correlated with gradients in the mag-
netic field strength within the earth’s bow shock. They
expected a cross-field current of the gradients as a source of
TAWs. One of the prime instabilities in the steep spatial gra-
dient is the ion acoustic instability which drives waves prop-
agating parallel to the electron drift in the cross-field
current.”’ The observational results of Gurnett er al.”® follow
a linear theory suggesting that [AWs can grow in the plasma
environment with a relatively large electron-to-proton tem-
perature ratio T, /Tp,s’29 which supports the idea of an ion
acoustic instability as a source of IAWs. Recent observations
also indicate IAWSs near the shock ramp region of a quasi-
perpendicular interplanetary shock.>* However, Thomsen
et al.*" noted that the thicknesses of the quasi-perpendicular
bow shocks were generally not thin enough to trigger a
cross-field ion acoustic instability, the thickness of which is
about an ion inertial length.* This implies that the cross-
field current is not the only process that generates IAWs
around the shock front.

We believe that finite-amplitude whistler-mode turbu-
lence may be a plausible source of the IAWs. Large-
amplitude whistler waves are found in both Earth’s
bow shock® and interplanetary shocks.** Wilson er al.**
also showed that the whistler waves in supercritical inter-
planetary shocks appear in a broad range of wavenumbers
(0.02 < kp, <5.0) at the shock ramp. Here, p, is the elec-
tron Larmor radius. Hybrid and particle-in-cell simulations®”
support the feature of finite-amplitude whistler waves grow-
ing in the foot region of supercritical perpendicular shocks.
Whistler waves interacting with each other may develop in
whistler-mode turbulence having broadband spectra as seen
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in observations.** From our simulation result, we propose
that [AWs are enhanced intermittently in the finite-amplitude
whistler-mode turbulence in the quasi-perpendicular colli-
sionless shocks.

Whistler waves propagating in the oblique directions
are enhanced by shock-reflected ions in the foot region
through the modified two-stream instability.*® However,
it is not evident whether the instability can generate
large-amplitude whistler waves as observed by the Wind
spacecraft.34 Self-consistent numerical simulations of
quasi-perpendicular collisionless shocks obtained by
resolving ion and electron kinetic scales are required to
demonstrate TAW generation in shocks. Umeda et al.*’
have found IAWs in a quasi-perpendicular collisionless
shock from a two-dimensional, fully kinetic, particle-in-
cell simulation. However, as described in the paper, the
underlying mechanism of generation remains unclear. The
background magnetic field lines within the plane of the
two-dimensional simulation box, so the cross-field ion
acoustic instability,?”** which generates IAWs propagat-
ing along the cross-field current of the magnetic gradient,
might be excluded from the generating mechanisms for
IAWs in the simulation. The simulation suggests other
sources for the IAWs in the collisionless shocks.

Whistler-mode turbulence leads to ion-density fluctua-
tions at relatively large wavenumbers in the quasi-parallel
directions with respect to the background magnetic field
(Fig. 2). One may expect that the ion-density fluctuations are
caused by interactions (for instance, k; — k, + k3) between
initially applied whistler waves, similar to the decay instabil-
ity of finite-amplitude Alfvén waves [e.g., Refs. 38 and 39].
However, the time scale of the growth of TAWSs is much
shorter than that of the time scale of the initially applied
whistlers (~27/Q;), so the wave interactions associated with
whistler modes cannot be responsible for [AWs.

IV. SUMMARY

We performed a particle-in-cell simulation to examine
the nonlinear dynamics of whistler-mode turbulence at ion
kinetic scales. Our simulation shows that ion acoustic waves
can be driven in whistler-mode turbulence through its non-
linear development of the phase-space density of ions along
the direction of the background magnetic field. The ion
acoustic waves grow intermittently in several regions, and
the growth and damping of the wave packets occur over spa-
tial scales greater than /; and over a time scale of Q;'. The
wave generation is a result of a nonlinear response to
whistler-mode turbulence at ion kinetic scales, and thus, the
intermittent growth and damping of the ion acoustic waves
would continue while the whistlers actively develop at these
scales. We propose that the nonlinear development of the
phase-space density that drives kinetic instabilities must be
analyzed with greater care if the dissipation of plasma turbu-
lence is to be understood. We believe that this nonlinear
response is applicable in explaining the underlying IAW
generation observed in the solar wind and the quasi-
perpendicular collisionless shocks where whistler-mode tur-
bulence develops nonlinearly.
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