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A well-known Taylor problem in the theory of forced magnetic reconnection is investigated in the
framework of the Hall-Magnetohydrodynamics. In the first part of the paper, we deal with the linear theory of the Hall-mediated forced reconnection. Then, in the second part, these results are
used for demonstrating how the secondary tearing (plasmoid) instability can develop in the course
of this process. Published by AIP Publishing. https://doi.org/10.1063/1.4996982
I. INTRODUCTION

Magnetic reconnection, which is a change in the connectivity of magnetic field lines in a highly conducting fluid,
plays a crucial role in various phenomena occurring in space
and laboratory plasmas (solar flares, magnetospheric substorms, tokamak disruptions, etc.). This paper investigates a
particular model problem of forced magnetic reconnection
suggested by J. B. Taylor and known as the “Taylor problem.”
Being by itself of considerable intrinsic interest in the plasma
physics theory, this model has also many important implications for laboratory and astrophysical plasmas. Therefore,
since a pioneer paper by Hahm and Kulsrud1 (hereafter HK),
it has been studied in quite a large number of publications
(see, e.g., the list of references in Ref. 2).
More recently, this model attracted a renewed interest
because of its relevance to study of the secondary tearing
(plasmoid) instability3,4 as a mechanism leading to fast
magnetic reconnection. The latter is a primary focus in the
research field of magnetic reconnection, which is to explain
why the observed rate of reconnection is usually much faster
than predicted by conventional magnetohydrodynamics
(MHD) models with a large Lundquist number. It is realized
now that highly elongated current sheets (CSs), which are
typically formed in a course of magnetic reconnection under
a large Lundquist number, cannot persist. The secondary
tearing instability breaks the initially long current sheet into
a chain of magnetic islands (plasmoids), whose subsequent
nonlinear evolution paves the way to fast reconnection.5–7
Therefore, the issue of the plasmoid-mediated fast reconnection is presently a hot topic with a significant number of
related publications. Most of them are numerical simulations, because self-consistent description of this process is
not a simple task: it requires following an entire current sheet
evolution, which at some point brings about the onset of the
secondary tearing instability.8
However, in order to get deeper understanding of the
issue, in particular, on how the process scales with the plasma
and magnetic field parameters, one needs some tractable analytical models. Here is where the Taylor model comes to help.
Thus, development of the plasmoid instability in the process
of forced reconnection was first observed in the numerical
simulation.9 Then, the standard single-fluid MHD analytical
1070-664X/2017/24(10)/102116/8/$30.00

theory of nonlinear forced reconnection and the onset of plasmoid instability was presented in Ref. 10. However, such a
scheme is not applicable when, as it is often the case, the
Lundquist number is so large that the current sheet thickness
becomes comparable or smaller than the ion inertial skindepth di ¼ c=xpi . In this situation, the flow of electrons and
ions inside the current sheet is strongly decoupled, which
manifests itself as the Hall-effect. Therefore, in this paper, our
goal is to explore the Taylor model in order to find out how
the Hall-effect changes the process of forced magnetic reconnection and the associated onset of the plasmoid instability.
The first step is to derive analytical theory of the Hall-MHD
Taylor problem. Quite surprisingly, such an analogue to the
standard MHD analysis of HK still remained outstanding. A
few relevant results available so far are either numerical simulations11,12 or some heuristic theoretical estimates.13 Then,
this theory is used as a foundation for a self-consistent analytical study of the plasmoid instability in an evolving current
sheet. In this respect, our approach is profoundly different
from the previous publications14,15 concerned with the Hallmediated plasmoid instability. Unlike our case, at the starting
point, there is the secondary tearing instability of a preexisting magnetic configuration with the parameters chosen
more or less arbitrarily. Moreover, in Ref. 14, it was the
Sweet-Parker current sheet, which, as is now well understood
(see, e.g., Ref. 8), cannot be realized in any real system.
In what follows, we use the force-free modification16 of
the Taylor’s model, when a uniform plasma with the initial
magnetic field
~ð0Þ ¼ ð0; B0 sin ax; B0 cos axÞ
B

(1)

is confined between the two perfectly conducting boundaries
ð6Þ

located at x ¼ xb

¼ 6a. Here, a is a constant which deterð0Þ
c
~ð0Þ Þ ¼ c aB
~ð0Þ ,
ðr  B
mines the local current density ~
j ¼ 4p
4p
while the degree of the “non-potentiality” of the magnetic configuration as a whole is characterised by a non-dimensional
parameter l  aa. This equilibrium is subjected to a boundary
deformation as

24, 102116-1

ð6Þ

xb

¼ 7ða þ d cos kyÞ;

(2)
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with da1. In the linear approximation with respect to this
small parameter, there are two new equilibria consistent
with the deformed boundaries. In terms of the flux-function
Wðx; y; Þ, they can be written as
~ ði:rÞ  ^z Þ þ aWði;rÞ ^z ;
~ði;rÞ ¼ ðrW
B
ði;rÞ

Wði;rÞ ¼ Wð0Þ ðxÞ þ w1 ðxÞ cos ky:

(3)

Here, Wð0Þ ðxÞ ¼ Ba0 cos ax corresponds to the initial magnetic
field (1), while two functions related to the perturbation are
equal to
wðiÞ ðxÞ ¼ B0 d

sin aa
sin aa
j sin jxj; wðrÞ ðxÞ ¼ B0 d
cos jx:
sin ja
cos ja
(4)

It is assumed that j2 ¼ a2  k2 > 0 (as explained below,
long-wave perturbations with k  a are most interesting).
The first of the above-given solutions, wðiÞ ðxÞ, represents the
ideal MHD perturbed equilibrium, which preserves the
topology of the initial field (1) but acquires discontinuity at
x ¼ 0: the magnetic field component By ¼ @W=@x has
there a finite jump
fBy g  By j0þ  By j0 ¼ 2B0 jd

sin aa
:
sin ja

(5)

On the other hand, the solution wðrÞ is a regular one, but
topology of the respective equilibrium differs from that of
the initial filed: magnetic field lines reconnect and form magnetic islands located at the plane x ¼ 0. The magnetic flux
confined inside a single island is equal to
DwðrÞ ¼ 2wðrÞ ðx ¼ 0Þ ¼ 2B0 d

sin aa
:
cos ja

(6)

Of course, such a model of forced reconnection makes physical sense only if the initial magnetic configuration (1) is
MHD stable. As shown in Ref. 16, this is the case when the
non-potentiality parameter l  aa < p=2, which is, therefore, assumed in what follows. Note also that since the value
of l determines the ratio of the magnetic field components
ð0Þ
By and Bð0Þ
z , it is sometimes called the guide-field parameter
(with l  1 corresponding to the limit of a strong guidefield Bð0Þ
z ).
As demonstrated by HK, forced reconnection is a process of the transition from the ideal MHD equilibrium to the
reconnected one, which takes place when a small but finite
plasma resistivity is present. The dynamics of forced reconnection is determined by the evolution of the central current
sheet located at x ¼ 0. If plasma thermal pressure is not too
small (namely, the parameter b  8pP=B20 > S2=5 , where
S  aVA =g  1 is the relevant Lundquist number), in the
resistive Hall-MHD magnetic reconnection, the plasma flow
inside the current sheet may be considered as incompressible.17 Then, by representing the magnetic field and the
plasma velocity as
~
~ y; tÞ ¼ rWðx;
Bðx;
y; tÞ  ^z þ Bz ðx; y; tÞ^z ;
~
~ðx; y; tÞ ¼ rUðx;
V
y; tÞ  ^z þ Vz ðx; y; tÞ^z ;

where U is a stream-function of the flow in the ðx  yÞ plane,
equations of motion for U and Vz take the form
h
i
d
1 ~
~ 2 WÞ  ^
rW  rðr
z;
(7)
q ðr2 UÞ ¼
dt
4p
dVz
1 ~
~
¼ ðrB
q
z:
(8)
z  rWÞ  ^
dt
4p
These should be complemented with the Maxwell’s equations
~
@B
~  EÞ;
~
¼ cðr
@t

c ~ ~
~
j¼
ðr  BÞ;
4p

(9)

~ is equal to
where the electric field E
1 ~ ~
~ ¼  1 ðV
~e  BÞ
~ þ 1~
E
j ¼  ðV
 BÞ
c
r
c
h
i
1 ~
~  BÞ
~  BÞ;
~ þ c ðr
~

B  ðr
4pne
4pr

(10)

~e ¼ V
~  ~j ¼ V
~
[note that the bulk velocity of electrons, V
ne
c
~  BÞ)].
~

ðr
4pne

It follows then from (9) and (10) that
@W
~  rUÞ
~  ^z þ gr2 W þ c ðrW
~  rB
~ z Þ  ^z ;
¼ ðrW
@t
4pne
(11)
@Bz
~ z  rUÞ
~  ^z  ðrV
~ z  rWÞ
~
¼ ðrB
 ^z þ gr2 Bz
@t
*
c ~ 2
ðrr W  rWÞ  ^z ;
þ
(12)
4pne
with g  c2 =4pr being the plasma magnetic viscosity.
Thus, our analysis of the Hall-MHD forced magnetic
reconnection is based on Eqs. (7) and (8) and (11) and (12),
and the paper is organized as follows. Section II is devoted
to the linear theory, results of which are then used in Sec. III
for demonstrating how the onset of the plasmoid instability
is affected by inclusion of the Hall effect. A brief summary
of the results and discussion is presented in Sec. IV.
II. LINEAR REGIME OF THE HALL-MHD FORCED
RECONNECTION

In the linear approximation, the governing Eqs. (7)–(12)
take the form
"
#
@
1 dWð0Þ @  2  d 3 Wð0Þ @W1
2
ðr U Þ ¼ 

;
r W1  3 
d x
@y
@t
4pq dx @y
(13a)
!

@Vz
1
dBð0Þ
@W1 dWð0Þ @Bð1Þ
z
¼


 z ;
@t
dx
@y
dx
@y
4pq

(13b)

@W1
dWð0Þ @U
¼

þ gr2 W1
@t
dx
@y

!
c
dWð0Þ @Bð1Þ
dBð0Þ
@W1
z
z



;
þ
dx
@y
dx
@y
4pne

(13c)
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@Bð1Þ
dBð0Þ @U dWð0Þ @Vz
z
¼ z 

þ gr2 Bð1Þ

z
@t
dx @y
dx
@y
þ
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@ 00
/ ¼ lkxw00 ;
@t

(16a)

@v
¼ lkxb2 ;
@t

(16b)

@w
1
¼ lkx/ þ w00  lkdxb2 ;
@t
S

(16c)

@b2
1
¼ lkxv þ b002  lkdxw00 :
@t
S

(16d)

!

c
d3 Wð0Þ @W1 dWð0Þ @ 2


 r W1 ;
d3 x
@y
dx @y
4pne
(13d)

where U; Vz ; W1 ; Bð1Þ
z are perturbations proportional to the first
power of a small parameter ðd=aÞ. Since reconnection takes
place inside a narrow central current sheet with a thickness
Dx  a (as well as Dx  k1 —a wavelength of the external
boundary perturbation), in what follows one can simplify
ð0Þ

dBz
dx

ð0Þ

; dWdx / sin ax  ax, and assume that r2 ðW1 ; U; Bð1Þ
z Þ
2
Þ=@
x.
Furthermore,
it
is
useful
to
introduce
 @ 2 ðW1 ; U; Bð1Þ
z
non-dimensional variables by scaling all lengths with a, time
pﬃﬃﬃﬃﬃﬃﬃﬃ
with the Alfven time-scale sA ¼ a=VA ¼ a 4pq=B0 , and, for
the perturbations: velocity Vz with the Alfven speed as
VA ðd=aÞ, stream-function U with aVA ðd=aÞ ¼ VA d, fluxfunction W1 with aB0 ðd=aÞ ¼ B0 d, and Bð1Þ
with B0 ðd=aÞ.
z
These transform Eq. (13) into the following:




@ @2U
@ @ 2 W1
 lx
;
(14a)
@t @ 2 x
@y @ 2 x


@Vz
@
(14b)
 lx
Bð1Þ

lW
1 ;
@t
@y z


@W1
@U 1 @ 2 W1
@
ð1Þ
(14c)
 lx

ld
þ
B
x

lW
i
1 ;
@t
@y S @ 2 x
@y z


@Bð1Þ
@U 1 @ 2 Bð1Þ
@Vz
@ @ 2 W1
z
z
 l2 x
þ
lx
þ
ld
;
þ
x
i
@t
@y
@y S @ 2 x
@y @ 2 x
(14d)
where S  aVg A is the Lundquist number, and d  di =a is the
scaled ion inertial length. In what follows, it is assumed that
S  1 and d  1, which is the case for a vast majority of
applications.
Consider now symmetry properties of the perturbations.
As far as the flux-function W1 is concerned, that is imposed
by the boundary deformation (2): W1 ðx; y; tÞ ¼ wðx; tÞ cos ky,
with wðx; tÞ being an even function of x. Then, according to
(14a), Uðx; y; tÞ ¼ /ðx; tÞ sin ky, where / is an odd function
is, according to
of x. The magnetic field component Bð1Þ
z
(14d), a superposition of both modes
Bð1Þ
z ðx; y; tÞ ¼ b1 ðx; tÞ cos ky þ b2 ðx; tÞ sin ky;

The last terms on the r.h.s. of Eqs. (16c) and (16d), which are
proportional to the parameter d, are due to the Hall effect.
The limit d ¼ 0 corresponds to the standard single-fluid
MHD, when b2 ¼ v ¼ 0. Thus, we aim to derive a threshold
value of d, above which the Hall effect makes a difference,
and to investigate the resulting process of the Hall-mediated
forced magnetic reconnection.
As demonstrated by HK, the boundary deformation (2)
leads to the formation of the current sheet (CS) located
around the plane x ¼ 0, the thickness of which is decreasing
with time. Under the conditions d  1; S  1, the initial
stage of this process can be described in terms of the ideal
single-fluid MHD as follows. Let DðtÞ  ðDxÞ=a be the
scaled thickness of this CS, so that at x D one gets
Bð1Þ
y

x2
D

x
) wi
D

D)

@wi
@t

dD
;
dt

1
;
D

w00i

(17)

(a symbol wi here indicates the ideal MHD flux-function). It
follows then from (16a) that
 
@ 00
@ /
/
(18)
lk ) / lktD2 :
@t
@t D2
On the other hand, Eq. (16c) yields
dD
dt

lkD  lktD2 ) DðtÞ

ðlktÞ1 ;

(19)

in accordance with HK. Thus, such shrinking of the CS would
bring about (though only asymptotically in time) the singular
ideal MHD equilibrium given by Eqs. (3) and (4). However,
this process comes to the end when, eventually, a finite
plasma resistivity or the Hall effect intervenes. Consider first
a role of the resistivity. The respective term in Eq. (16c)
S1 D1 S1 lkt, and it
can be estimated to be S1 w00i
dD
i
becomes comparable with @w
ðlkÞ1 t2 at
@t
dt

(15)

where b1 and b2 are, respectively, even and odd functions of
x. The appearance of the latter is entirely due to the Halleffect: the second term on the r.h.s. of Eq. (15) represents a
quadrupole magnetic structure which is a signature of the
Hall-mediated magnetic reconnection.18 Then, a straightforward inspection of Eqs. (14c) and (14d) reveals that b1 ðx; tÞ
¼ lwðx; tÞ; so, according to (14c), this part of Bð1Þ
z does not
affect evolution of the flux-function W1 . Finally, Eq. (14b)
yields Vz ðx; y; tÞ ¼ vðx; tÞ cos ky; where v is an even function
of x, and one gets the following set of evolution equations
for the above-introduced functions w; /; b2 ; v:

t

ðlkÞ2=3 S1=3 :

tS

(20)

A similar derivation for the Hall effect is as follows. One can
use Eqs. (16d) and (17) to estimate generation of the quadru2
kd ) b2 lkdt, so the Hall
pole field b2 in the CS: @b
@t
term in Eq. (16c) is of order of lkdxb2 lkd 2 . By compardD
i
ðlkÞ1 t2 , one coning it with the l.h.s. term @w
@t
dt
cludes that the Hall effect comes into play at
t

tH

ðlkdÞ1 ;

when, according to (19), the CS thickness Dðt

(21)
tH Þ

d.
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Therefore, an interplay between the two effects depends
on the relation between these two time-scales, tS and tH .
Consider first the case when the resistivity comes first, i.e.,
tS  tH , which implies that
ðlkÞ1=3 S1=3 :

d < d1

(22)

It turns out that in this case the Hall effect does not play any
role at all in the process of forced reconnection.
In order to demonstrate this, consider now what happens
at t > tS , when, according to HK, the system evolves in the
so-called “constant-W” regime.19 Indeed, the amount of reconnected magnetic flux, wr , is equal to wðx ¼ 0Þ, hence, as it follows from Eqs. (16c), (17), and (19), at t tS
dwr 1 00
¼ wi
dt
S

S1 D1

S1 lkt ) wr

S1 lkt2 :

Thus, at t ðlkÞ2=3 S1=3 tS the reconnected flux becomes
comparable to the total variation of the magnetic flux function inside the CS, which is given by Dw ¼ wi ðx DÞ
wi ð0Þ ¼ wi ðDÞ D ðlktÞ1 . Therefore, at t > tS , the
“constant-W” approximation holds, and temporal evolution
of the reconnected flux, wr ðtÞ, and the CS thickness, DðtÞ,
can be obtained in the following way. First, as long as the
reconnected flux is still small compared to its terminal value,
ð1Þ
i.e., wr  1, the discontinuity of By across the CS persists,
00
so w  D 1: Second, in this regime, the convective and
resistive terms in Eq. (16c) should be comparable, which
yields S1 w00 S1 D1 lkx/ lkD/ ) / S1 ðlkÞ1
D2 . By inserting this expression for / into Eq. (16a), one
gets
 
@ 00
@ /
/
lkxw00 lkDw00 lk ) D
@t
@t D2
S1=4 ðlkÞ1=2 t1=4 :

(23)

As seen from (23), the CS shrinking continues, and, according to (16c), it yields the reconnection rate
dwr
dt

1 00
w
S

1
SD

S3=4 ðlkÞ1=2 t1=4 ) wr

S3=4 ðlkÞ1=2 t5=4 :

(24)

Thus, it follows then from (24) that the reconnected flux
becomes of order of unity at
t  sr

3=5

S

ðlkÞ

2=5

;

lkd

b002
S

b2
) b2
SD2

lkdSD2

d2 S
t

!2

d



ðlkÞ1=3 S1=3

tS
 1 under the condition ð22Þ:
t

In this context, it is worth noting that, contrary to a common
wisdom, the Hall effect could remain insignificant even
when in a course of reconnection the CS thickness, D, gets
smaller than d. Indeed, according to (23) and (25), Dðt sr Þ
ðlkÞ2=5 S2=5 , which could be smaller than d even under
the constraint (22).
Thus, for realization of the Hall-mediated regime of
forced reconnection, it is necessary (but, as shown below,
not sufficient) that the inequality opposite to (22) holds
ðlkÞ1=3 S1=3 ;

d > d1

(26)

which implies that tH < tS , so the Hall effect comes into play
before a finite plasma resistivity intervenes. Therefore, in
this case what initially follows at t > tH ðlkdÞ1 is a phase
of the ideal Hall-MHD, when the evolution of w and b2 is
governed entirely by the Hall terms in Eqs. (16c) and (16d).
It results in a further shrinking of the CS, which can be
derived in the same way as explored in Eqs. (17)–(19). Thus,
Eq. (16d) now yields
@b2
@t

lkdDw00

1
) b2
tH

t=tH ;

(27)

and, by inserting it into Eq. (16c), one gets
@w
@t

dD
dt

lkdxb2

D

t
t2H

) DðtÞ

d exp ðt2 =t2H Þ: (28)

Such exponential shrinking of the CS [which is much faster
than that in the standard MHD, see Eq. (19)] is caused by the
dispersive character of the Hall-MHD waves (whistlers).
This ideal phase of evolution holds until the resistivity intervenes at some time t t , when the CS thickness becomes
sufficiently small: Dðt Þ  d. This instant can be obtained
by equating the resistive and Hall terms in Eq. (16c)
1 00
w
S

1
SDðt Þ

lkdDðt Þb2 ðt Þ:

(29)

(25)

which, in accordance with HK, is the standard MHD reconnection time.
Now one can estimate the magnitude and, hence, significance of the ignored so far Hall term in Eq. (16c). In order to
do so, it is necessary first to evaluate the quadrupole field,
b2 , generated in the CS by the Hall effect [see Eq. (16d)]. It
turns out that at t > tS , the respective last term on the r.h.s.
of (16d) is balanced by the resistive diffusion of b2 , hence
lkdxw00

Inserting this expression for b2 into the Hall term in
Eq. (16c), one gets lkdxb2 lkdDb2 ðlkÞ1=2 d2 S1=4 =t3=4 ,
which at t > tS is small compared to other terms in this equation. Indeed, its ratio to dwr =dt [see Eq. (24)] reads

dðS=tÞ1=2 :

Then, since temporal variation of D is, according to (28),
much stronger than that of b2 in (27), with a logarithmic accutH . Therefore, b2 ðt Þ 1,
racy the sought after time is t
and it follows than from (29) that
Dðt Þ  DH

S1=2 ðlkdÞ1=2

1=2

S1=2 tH ;

(30)

[note that the anticipated inequality, DH  d, is satisfied
indeed due to the condition (26)].
The subsequent resistive Hall-MHD reconnection is quite
similar to the standard MHD case discussed earlier, albeit
advection of the magnetic field into the CS is now provided
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by the Hall effect rather than by the plasma inflow. First, one
can verify that, as before, reconnection proceeds now in the
“constant-W” regime. Indeed, in the course of the CS shrinking, its internal magnetic flux is decreasing with time [see Eq.
(17)] as Dw ¼ wi ðx DÞ  wi ð0Þ ¼ wi ðx DÞ D; hence,
Dwðt Þ DH . On the other hand, the reconnected flux wr is
growing with time as
dwr 1 00
¼ w
dt
S

1
) wr ðt Þ
SDH

t
SDH

1
SD

S1=2 ðlkdÞ1=2 ) wr ðtÞ

S1=2 ðlkdÞ1=2 t:

(31)

Therefore, if this regime proceeded until full completion of
the process of forced reconnection, i.e., when wr  1, the
respective reconnection time, according to (31), would be
equal to
sðHÞ
r

S1=2 ðlkdÞ1=2 :

(32)

Note that the scaling (32) yields the reconnection time that
does not involve the ion mass mi . Indeed, S is proportional
1=2
1=2
to mi , d / mi , and the unit of time imposed in (32),
1=2
sA / mi . Therefore, it corresponds to the electron-MHD
limit in the theory of forced magnetic reconnection.20
It turns out, however, that this is the case only when the
Hall parameter d exceeds a certain second threshold, d2 (see
below), which is much higher than d1 given in Eq. (26).
ðHÞ
Otherwise, at some time, ~t  sr , the Hall regime (31) gives
way to the standard MHD reconnection, and the overall
reconnection time becomes equal to sr defined in Eq. (25).
The reason lies in a double-layer structure of the internal
solution during the resistive phase of the Hall-MHD reconnection.21,22 Thus, the resistive region, x DH , is surrounded
by a much wider layer, DH < x < xH , where the plasma resistivity plays no role, but the poloidal magnetic field described
by the flux function w is still advected towards the reconnection site by the Hall effect [the last term on the r.h.s. of Eq.
(16c)]. Therefore, by using Eqs. (16c) and (31), one can evaluate the required quadrupole field component as
b2 ¼ 

1 @w
lkdx @t

S1=2 ðlkdÞ1=2
x

DH
:
x

(33)

On the other hand, the very same field (33) also generates,
according to Eq. (16b), the z-component of the plasma velocity, v

lkDH ) v

lkDH t:

Furthermore, in Eq. (16d), the Hall term is balanced by the
first term on the r.h.s. of this equation, which is due to this
velocity component. Therefore, lkdxw00 lkxv; hence, the
electric current in this layer, w00 , can be estimated as
w00

tH
;
SDH

hence, it becomes comparable to Dwðt Þ with DH given by
Eq. (30). Thus, the set of relations governing the subsequent
temporal evolution of D, b2 , and wr is as follows:
ð1Þ
D  w00 1—the required discontinuity of By across the
CS;
1 00
1
lkdxb2 ) SD
lkdDb2 —balance of the resistive
Sw
and Hall terms in Eq. (16c);
b2
1 00
lkdxw00 ) SD
lkdDw00 lkd—balance of the
2
S b2
resistive and Hall terms in Eq. (16d). These yield D DH ;
b2 1 and
dwr 1 00
¼ w
dt
S

@v
¼ lkxb2
@t

ðlkÞd 1 DH t

d 2 DH ðt=tH Þ:

(34)

This current accelerates the poloidal plasma flow at the rate
given by Eq. (16a)
@ 00
ð/ Þ
@t

lkxd 2 DH

t

) /00

tH
 3  2
x
t
DH
:
d
tH

d3 DH x

 2
t
)/
tH

Finally, by inserting this expression into Eq. (16c), one can
estimate the width xH of the ideal Hall-MHD sublayer by
requiring that at x xH the advection of the magnetic field
by the plasma flow becomes comparable to that by the Hall
term. Hence,
lkxH /ðxH Þ

lkdxH b2 ðxH Þ

lkd ) xH

d

 1=2
t
;
tH
(35)

so at x > xH the Hall effect is not important, and the standard
MHD description applies.
Therefore, the Hall-MHD regime of reconnection
described by Eq. (31) holds as long as the width of the resistive sublayer, DH , is smaller than xH , i.e., according to (30)
and (35), t < ~t Sd 2 . This leaves one with the following
two possibilities. If
d > d2

S1=5 ðlkÞ1=5 ;

(36)
ðHÞ

[note that d2  d1 S1=3 ðlkÞ1=3 ], ~t  sr
S1=2 tH ;
hence, the Hall-MHD regime has enough time to complete
the reconnection process. If otherwise, i.e., when d1 < d <
d2 ; at t  ~t a transition from the Hall-MHD regime (31) to
the standard MHD reconnection (24) occurs. At this point,
the amount of already reconnected magnetic flux is still
small: indeed, according to (31), wr ð~t Þ ðd=d2 Þ5=2  1;
hence, the main part of reconnection is completed in the
standard MHD regime. It is worth emphasizing here that this
transition from the Hall- to the standard MHD occurs when
the thickness of the resistive CS is much smaller than the ion
inertial length. Moreover, the former reduces even further in
the course of the subsequent standard MHD reconnection
[see Eq. (23)]. Finally, note that these results confirm simple
preliminary estimates given in Ref. 13, but disagree with the
respective linear Hall-MHD scaling presented in Ref. 11.
1=2

III. ONSET OF THE PLASMOID INSTABILITY

According to Ref. 10, in the framework of the standard
single-fluid MHD, the onset of plasmoid instability during
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forced magnetic reconnection is possible only when the
amplitude of the external perturbation is large enough
d=a > S1=3 :

(37)

In this case, a central role is played by the nonlinear equilibrium with the CS of thickness Dx d;, which is formed at
the time t ¼ t1 sA ðd=aÞ1  tS . In this section, we revert
to dimensional units and assume, for the sake of simplicity,
that the guide-field strength parameter l 1, and the perturbation wave-length is comparable to the spatial scale of the
system, i.e., ka 1. Thus, consider first what difference, if
any, is caused by the Hall effect in the plasmoid instability
of this CS. First of all, note that its very formation is due to
the nonlinear torque in the vorticity Eq. (7) [see Ref. 10];
therefore, it can happen only before the Hall effect comes
into play, i.e., when t1 < tH sA ðdi =aÞ1 [see Eq. (21)];
hence, it requires di < d. It turns out, however, that even
under this restriction, the Hall effect could be significant. In
order to demonstrate this, one may find helpful a brief summary of the resistive tearing instability theory in the standard
MHD,19,23 and in the Hall-MHD17 frameworks, applied to
the CS of thickness l, length L  l, and magnetic field B.
ðlÞ
These parameters define the respective Alfven velocity VA ,
ðlÞ
ðlÞ
the Alfven transit time sA ¼ l=VA , and the Lundquist numðlÞ
ber Sl ¼ lVA =g. Then, the standard MHD yields the instability growth rate
ðlÞ

csA

½SðlÞ

3=5

ðqlÞ2=5 ;

(38)

where q is a wave-number of the unstable tearing mode.
Expression (38), which assumes the “constant-w” approximation, is valid only for a wave-length k ¼ 2p=q in the interval
1=4
lSl
(it is assumed that Sl  1). In the
l<k<k
non-constant-w case, when k > k , the growth rate falls
sharply,23 which makes such modes of no interest. Therefore,
as seen from (38), the most unstable mode (the one with a
maximum growth rate c) corresponds to a wave-length k
¼ min fk ; Lg8 (clearly, the CS of a finite length L cannot
accommodate perturbations with k > L). Thus, it has the following implication to the nonlinear CS under consideration,
ðlÞ
for which l  d; L  a; B  B0 ðd=aÞ, hence VA  VA ðd=aÞ;
ðlÞ
2
sA  sA ; Sl  Sðd=aÞ [note that this Sl  1 due to condition
(37)]. Therefore, the ratio ka S1=4 ðdaÞ3=2 , so the most unstable appropriate mode is the one with k k , if ðd=aÞ
< S1=6 , and with k a if otherwise. As pointed out in Ref.
10, whatever the case, their growth rate is sufficient for the
plasmoid instability development during the CS life-time
ðDtÞ d2 =g sA Sðd=aÞ2 .
In the Hall-MHD case, the situation is even more
favourable to the plasmoid instability development. Indeed,
the Hall effect makes the secondary tearing instability faster
by providing additional inflow of magnetic flux into the
reconnection site, but leaves intact the CS resistive life-time
ðDtÞ: Therefore, now the question to answer is how a finite
value of di affects the most unstable tearing mode, in particular, its wave-length. The latter is important parameter which
determines a number of plasmoids initially generated during
the linear phase of the plasmoid instability. Thus, for the

Hall-mediated tearing mode, a summary, analogous to the
one given above for the standard MHD case, reads as follows.17 For a mode with a wave-number q, transition to the
Hall regime of instability occurs when
1=5

di =l > Sl

ðqlÞ1=5 ;

(39)

which in the constant-w approximation brings about the
growth rate
ðlÞ

csA

1=2

Sl

ðdi =lÞ1=2 ðqlÞ1=2 :

(40)

This expression holds for
l < k < kðHÞ

1=3

lSl ðdi =lÞ1=3 ;

(41)

and the growth rate falls sharply for the non-constant-w
modes with k > kðHÞ . By applying these results to the particular CS under consideration ½l d; L a; B B0 ðd=aÞ , one
should also recall two constraints that are necessary for the
formation of this CS: ðd=aÞ > S1=3 ; di < d: Thus, consider
first the case when S1=3 < ðd=aÞ < S1=6 , for which in
the above discussed standard MHD framework a large number of plasmoids is initially formed: Np ða=k Þ S1=4
ðd=aÞ3=2 > 1. If a similar multiple-plasmoids regime takes
place in the Hall-MHD, the following two conditions must
be met. First, the optimal wave-length kðHÞ , given by Eq.
(44), must be shorter than L, which in our case translates into
 2=3  1=3
 5
di
di
ðHÞ
1=3 d
1 d
dS
<a) <S
: (42)
k
d
d
a
a
Second, di should be large enough to bring about the Hallmediated reconnection [see Eq. (39)]; hence,
di
1=5 d 2=5 d 1=5
ða Þ
ð ðHÞ Þ ) ddi > S1=4 ðdaÞ1=2 . These two
d > S
k
inequalities are compatible if ðd=aÞ < S1=6: , while for
ðd=aÞ < S1=5 , the validity of (42) is guaranteed by the
requirement di < d. Therefore, in the Hall-MHD scenario,
the multiple-plasmoids regime survives when S1=3 < ðd=aÞ
< S1=5 . Within the interval S1=5 < ðd=aÞ < S1=6 , there
are two possibilities. The multiple-plasmoids case realizes if
the inequality (42) still holds; otherwise, the most unstable
mode is the one with k a, i.e., the number of the initially
generated plasmoids is just a few. The latter is also the case
when ðd=aÞ > S1=6 . Indeed, the Hall-reconnection condition (39) then takes the form
 2=5  1=5
 1=5
di
d
di
1=5 d
1=5 d
>S
) >S
;
d
d
a
a
a
[it guarantees that the inequality opposite to (42) holds],
which is also compatible with the requirement di < d:
Thus, the impact of the Hall effect on the plasmoid instability of the CS formed at the nonlinear stage of the ideal
MHD evolution is two-fold. The instability develops faster,
and a wave-length of the most unstable mode becomes longer, which means a reduced number of the initially generated
plasmoids. These changes, however, are not dramatic, as the
overall scenario is basically the same as in the standard MHD
case.
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A very different situation is possible when the ion inertial length is large enough, so that the Hall-effect becomes
instrumental during the entire resistive phase of the forced
reconnection process. According to Sec. II, this is the case
when
di > aS1=5 ;

d < di :

(43)

The point is that in the standard MHD framework, the plasmoid instability cannot develop at this stage: the system slips
into the Rutherford regime of slow magnetic reconnection9,10
even under quite a small perturbation amplitude. However,
this effect is irrelevant in the Hall-MHD, where magnetic field
is advected to the reconnection site by the Hall-generated
electric current rather than by the plasma flow. Therefore, the
situation becomes more favourable to the plasmoid instability
development.
Thus, consider tearing stability of the CS formed at the
major phase of the Hall-MHD forced reconnection [see
Eqs. (30)–(32)] under the conditions (43). In this case,
the CS parameters are as follows: L a; l aDH aS1=2
ðdi =aÞ1=2 ; B B0 ðd=aÞ, which yield
ðlÞ

VA

d
VA ;
a
ðlÞ

Sl ¼

lVA
g

l

ðlÞ

sA

ðlÞ

sA S1=2

VA
 1=2  
di
d
S1=2
:
a
a

 1=2  1
di
d
;
a
a

Then, according to (41), the wave-length of the most unstable tearing mode is equal to
ðHÞ

k

ð1=3
lSl

 1=3
di
l

aS

1=6

 1=6  1=3
di
d
;
a
a

(44)

hence, kðHÞ < a under the conditions (43). Therefore, this
mode can develop in the CS of length L a and, hence, lead
to a multiple-plasmoids ðNp a=kðHÞ > 1Þ initial phase of
the instability, provided that its growth rate is sufficiently
high. In order to verify that the latter is the case, one should
ðHÞ

compare the respective growth rate, c , with the life-time
ðDtÞ of this CS, which in this case is the Hall reconnection
time (33): ðDtÞ

ðHÞ

sA S1=2 ðdi =aÞ1=2 . Thus, according

ðHÞ

ðlÞ 1 1=3 di 2=3
2=3 di 5=3
Sl ð l Þ
s1
ðaÞ
A S
7=6
2=3
d
ðDtÞ S7=6 ð ai Þ ðdaÞ . Therefore,
ðHÞ

sr

½sA

to (40) and (44), c

ðdaÞ2=3 , which yields c

ðHÞ



the plasmoid instability requirement, c  ðDtÞ > 1, reads
d
7=4 di 7=4
ðaÞ
, which can be readily satisfied under the
a>S
conditions (43).
IV. SUMMARY AND DISCUSSION

The first part of the paper (Sec. II) presents the analytical theory of the Hall-MHD forced magnetic reconnection.
The role of the Hall effect in this process is determined by
the parameter d  di =a. Thus, it is shown that there are two
threshold values, d1 S1=3 and d2 S1=5 , which separate
different regimes of reconnection. If d < d1 , the Hall-effect

plays no role at all, so the reconnection time follows the standard MHD scaling:1 sr sA S3=5 . In the intermediate case,
when d1 < d < d2 , initially the reconnection proceeds in the
Hall-MHD regime. However, it quickly gives way to the
standard MHD phase, and the overall reconnection time still
does not depend on the Hall parameter d. Only when the latter exceeds the second threshold, i.e., d > d2 , the Hall effect
becomes dominant, and the reconnection time scales as
ðHÞ
sA S1=2 d 1=2 .
sr ¼ sr
Two relevant points are due here. The first one is about
a widely accepted paradigm24 that transition from the
standard-to Hall-MHD occurs when the ion-inertial length di
exceeds the CS thickness Dx. Our results clearly demonstrate
that, generally speaking, this is not correct. Thus, consider
the intermediate case of Sec. II, namely, d1 < d < d2 . It
implies that in the course of the CS shrinking during the initial ideal MHD phase of the system evolution, the transition
to the Hall-MHD does take place at the point when Dx  di
[see Eqs. (17)–(19)]. However, later on, the Hall effect
becomes insignificant, and the system reverses back to the
standard MHD evolution despite the fact that at this stage the
CS thickness Dx  di (see the last part of Sec. II). Note also
that in this case the CS thickness is, by definition, equal to a
length scale associated with resistive effects. Therefore, we
conclude that the paradigm under discussion holds only in
the ideal MHD limit [see Eq. (21)], but it may cause confusion when the resistive effects become important. In the latter case, an interplay between now the two small parameters,
d  dai  1 and S  aVg A  1, makes the situation much more
complicated.
The second point concerns the perturbation of the magnetic field component perpendicular to the reconnection
plane, Bð1Þ
z . A part of it, b2 [see Eq. (15)], has a quadrupole
symmetry, and is commonly considered as a signature of the
Hall-mediated magnetic reconnection.18 However, it has
been already pointed out25 that the overall structure of Bð1Þ
z
could be more complicated. It is shown here that although
this effect is weak in the case of a strong guide field,
ðl  aa  1 ) b1  b2 Þ, it could be significant when
l 1, making then b1 b2 .
The second part (Sec. III) deals with the onset of plasmoid instability in the framework of the Hall-MHD. As
shown in Ref. 10, in the standard MHD case, the plasmoid
instability becomes involved in the process of forced magnetic reconnection via the nonlinear CS forming at the ideal
MHD stage of the system evolution. The main difference
made in this case by the Hall-effect is a reduction in the
number of initially generated plasmoids. This is because in
the Hall-MHD framework, the most unstable secondary tearing mode has a longer wave-length: according to Eq. (39),
the Hall effect has stronger impact on a tearing perturbation
with a smaller wave-number q.
There is, however, another more significant change: the
onset of plasmoid instability in the course of the resistive
phase of the CS evolution. This is not possible in the standard MHD, because the system slips into the Rutherford
regime due to halting of the plasma flow. On the contrary, in
the respective Hall-MHD phase, this effect becomes irrelevant because in this case advection of the poloidal magnetic
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field is provided by the Hall-generated electric current rather
than by the bulk flow of the plasma. This enables a multipleplasmoids regime of the secondary tearing instability.
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