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ABSTRACT: In this thesis, we study Chern-Simons theory, topological string theory and
its large N duality at refined level. The large N duality between Chern-Simons theory and
topological string theory gives us a surprising connection both in physics and in mathemat-
ics. In the recent developments, some refinements have been proposed in each theory. We
formulate the large N duality of SU(N) refined Chern-Simons theory with a torus knot/link
in S3. By studying refined BPS states in M-theory, we provide an explicit form of low-energy
effective action of Type IIA string theory with D4-branes on the 2-background. This form
enables us to relate refined Chern-Simons invariants of a torus knot/link in S3 to refined
BPS invariants in the resolved conifold. Assuming that the extra U(1) global symmetry acts
on BPS states trivially, we predict graded dimensions of cohomology classes of the moduli
spaces of M2-M5 bound states associated to a torus knot/link in the resolved conifold from
the duality. As a result, this formulation can be also interpreted as a positivity conjecture of
refined Chern-Simons invariants of torus knots/links. We also discuss about an extension to

non-torus knots.
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1 Introduction

General motivation

Quantum field theory is the universal framework of modern physics. The standard model
of elementary particles, which is based on quantum field theory, matches precisely with ex-
perimental results, and it is a huge success. Moreover, quantum field theory has produced
significant mathematical conjectures and inspired mathematics although it cannot be formu-
lated as mathematics yet. However, we cannot say that we fully understand quantum field
theory even in physics. In the recent developments, some mysterious phenomena, duality and
non-Lagrangian theory, have been discovered from string/M-theory. Duality means an equiv-
alence between two different physical theories. On the other hand, a quantum field theory
considered that the classical Lagrangian description does not exist! is called non-Lagrangian
theory. In many cases there are only physical evidences for these phenomena. Therefore, we
would like to verify these phenomena by reducing them to extent mathematics.

Topological quantum field theory and topological string theory are important classes since
these theories have a good feature that physical observables become topological invariants.
These theories are toy models as physics, but one can apply some techniques and ideas in
quantum field theory and string theory to mathematics. Of course, such techniques and ideas
are not formulated as rigorous mathematics yet, but we can formulate physical ideas and
results as mathematical statements. We would like to understand mathematical structures
behind quantum field theory and string theory via such topological theories. In this thesis,
we study the relation between physics and knot theory from the viewpoint of “refinements.”
Our main interests are the large N duality between Chern-Simons theory and topological
string theory and refined Chern-Simons theory which is one of non-Lagrangian theory.

Chern-Simons theory and knot theory

There is a long history between physics and knot theory. It would be Gauss who first found out
the deep relationship between physics and knot (see e.g. [RN11]). He found a link invariant
called Gauss linking number from electromagnetism. Then electromagnetism developed into
gauge theory. On the other hand, in knot theory some knot invariants such as the Jones
polynomial J(K;q) € Z[qg='/?] were discovered, where K denotes a knot and ¢ denotes a
physical variable of the polynomial.

The first breakthrough was given by Chern-Simons theory, which is a typical example
of topological quantum field theory. Since the seminal paper by Witten [Wit89], quantum
knot invariants have been investigated in the context of Chern-Simons theory and topological
string theory. One of the remarkable features of Chern-Simons theory is exact solvability,
so that we can non-perturbatively compute physical observables. Witten showed that the
partition function of Chern-Simons theory with a gauge group G on a three-manifold M
gives a topological invariants of M, and the expectation value of the Wilson loop along a
knot K with a representation R of G gives a knot invariant. Chern-Simons theory gives us
a natural framework of quantum knot invariants since it has the manifest three-dimension
symmetry and organizes quantum knot invariants associated with the gauge group G and the

!There is a possibility that classical Lagrangian description is not known at present.



representation R. In particular, when G = SU(2) and R is two-dimensional irreducible repre-
sentation, the expectation value is equal to the Jones polynomial [Wit89]. When G = SU(N)
and R is an irreducible representation (i.e. Young diagram A), the expectation value is equal
to the colored HOMFLY-PT polynomial H)(K;a,q) which has two variables ¢ and a. The
colored HOMFLY-PT polynomial is one of the most important quantum knot invariants since
this polynomial reduces the Jones polynomial when a = ¢?. The result that the expectation
values become knot polynomials with integer coefficients is interesting from the viewpoint of
quantum field theory. The expectation values are defined by using path integral, so there
is no a priori reason that the expectation values should be such polynomials with integer
coefficients.

Knot homology

The second breakthrough was the discovery of knot homology. Khovanov proposed the cat-
egorification of the Jones polynomial [KhoOO]. He constructed a bi-graded (co)homology
H¥ (K) and showed that its Euler characteristic is equal to the Jones polynomial

J(K;q) = > (—1)'d/dimH" (K) € Z[q™"], (1.1)
0,
where q denotes a variable used in knot theory notation. This gives not only an explanation

of why the coefficients of knot polynomials are integers, but also a refinement of the Jones
polynomial since we can consider its Poincaré polynomial

Kh(K;q,t) =Y t'qg/dimH™(K) € Zzo[q™", tT] (1.2)
0.

instead of (1.1). The polynomial Kh(K;q,t), called the Khovanov polynomial, distinguishes
some knots which the Jones polynomial cannot distinguish. After that, Khovanov’s work was
generalized for some quantum knot invariants. The knot homologies of the colored Jones
polynomial and the HOMFLY-PT polynomial were constructed [Kho05, KR08a, KRO8b].
The procedure of constructing a homology which reproduces a quantum knot invariant is
called categorification. Categorification of quantum knot invariants defines homological knot
polynomials which have non-negative integer coefficients. However, construction of knot
homology is difficult in general?. In particular, the construction of the Poincaré polynomial
of the colored HOMFLY-PT homology is a crucial open problem in mathematics. Motivated
by knot homology, we would like to consider two questions:

1. What is the physical meaning of knot homology?

2. How to compute homological knot polynomials in Chern-Simons theory?

Large N duality

An answer for question 1 was suggested by Gukov, Schwarz and Vafa [GSV05], who expected
that knot homology can be realized as a Hilbert space of BPS states. Here, the Hilbert space

2Recently, the HOMFLY-PT homology colored by arbitrary representations seems to be defined in [Caul5,
Caul6] although it is formidable to carry out computation via the definition.



was introduced by Labastida, Marino, Ooguri and Vafa (LMOV) [OV00, LMn01, LMnV00]
in the context of the large N duality between Chern-Simons theory and topological string
theory. Large N duality in general is an equivalence between a U(N) gauge theory at large
N and a string theory. The original idea was due to 't Hooft [tH74], and we have witnessed
various successful incarnations of this idea in string theory. Among them, Gopakumar and
Vafa proposed in the celebrated paper [GV99] that the large N limit of U(/N) Chern-Simons
theory? on S? is equivalent to topological string theory on the resolved conifold. Since Chern-
Simons theory is realized on topological branes wrapped on S2 in the deformed conifold 753
[Wit95], this duality can be also interpreted as geometric transition at large N in string
theory. This proposal has far-reaching consequences both in physics and in mathematics.
One of the significant consequences is a striking connection between two seemingly different
theories of invariants. On the one hand, Chern-Simons theory gives quantum invariants of
three-manifolds and knots as mentioned above. On the other hand, topological string theory
on a Calabi-Yau threefold is mathematically formulated as theories of enumerative invariants
involving some moduli spaces of curves in the threefold. In particular, LMOV have put
forth a remarkable relationship between quantum knot invariants and enumerative integral
invariants of the resolved conifold by incorporating a knot in the duality.

The main part of the work of LMOV consists of two conjectures. The first one is an
equivalence between the expectation value of Qoguri-Vafa operator in SU(N) Chern-Simons
theory on S3 and the exponent of the free energy of open topological string on the resolved
conifold with topological D-branes. Mathematically, this is an equivalence between the gener-
ation function of the colored HOMFLY-PT polynomials and the generating function of open
Gromov-Witten invariants. The second one is target space formulation of open topological
string theory, which predicts that the generating function of open Gromov-Witten invariants
can be written by new integer valued invariants called LMOYV invariants. It is hard to check
the conjectures because all of open Gromov-Witten invariants are very difficult to compute.
However, combining the two conjectures and forgetting open Gromov-Witten invariants, we
obtain a reformulation of the colored HOMFLY-PT polynomials and an integrality conjec-
ture of the invariants. Physically, the integrality conjecture is just a consistency check, but
it reflects an integrality structure of the colored HOMFLY-PT polynomials. The integrality
conjecture has been tested in [LMn01, RS01, LMnV00, ZR12, MMM™*17], and a proof is
proposed by [LP10]. The large N duality was the third breakthrough.

Refined Chern-Simons theory

An answer for question 2 was suggested by Aganagic and Shakirov [AS15]. They proposed
a refinement of Chern-Simons theory (refined Chern-Simons theory) from M-theory. Refined
Chern-Simons theory is one of non-Lagrangian theories. Its “definition” is very complicated,
but the theory leads to refined Chern-Simons invariants rCSy(Ty,.n; a, g, t), where the invari-
ants can be defined only for torus knot/link 75, ,, at present. Refined Chern-Simons invariants
are unrelated to homological knot invariants a priori. Nevertheless, after making a change of

3The brane setting gives rise to U(N) gauge group instead of SU(N) gauge group. However, the U(1) part
merely provides the correction due to the framing number as well as the linking number of a knot/link, which
play no role in this thesis. Therefore, the difference between U(N) and SU(N) invariants will be ignored in
this thesis.



variables

D=
[NIE

a:—azt, g2 =—qt, tz2=q, (1.3)

refined Chern-Simons invariants reproduce homological knot invariants of 75, , known in
mathematics. Furthermore, refined Chern-Simons invariants enable us to investigate arbi-
trary colors beyond knot homology. When the color A is a rectangular Young diagram, it
is conjectured that the refined Chern-Simons invariant coincides with the Poincaré polyno-
mial of the corresponding colored HOMFLY-PT homology. However, refined Chern-Simons
invariants lead some Laurent polynomials with both positive and negative integer coefficients
when the color is not rectangular Young diagram, which is in the areas beyond knot homol-
ogy. This is a problem because such polynomials cannot be interpreted as homological knot
invariants by definition i.e. homological knot invariants must have non-negative integer co-
efficients. If one trusts refined Chern-Simons theory, the Laurent polynomials seem to imply
the colored HOMFLY-PT homology does not exist for the colors. Or, if one assumes that
the colored HOMFLY-PT homology exists, refined Chern-Simons theory might be something
wrong although the theory captures some knot homologies and satisfies some physical con-
sistency. The problem of negative integer coefficients of refined Chern-Simons invariants has
been a mystery because the Poincaré polynomial of the colored HOMFLY-PT homology is
not constructed yet.

Main results

Main results are based on the paper [KN17] in which the author and Nawata formulated
refined large N duality including a knot as a refinement of the work of LMOV. Refined large
N duality gives a striking relation between refined Chern-Simons invariants of a torus knot
and graded dimensions of the cohomology groups of the moduli spaces of M2-M5 bound
states in the resolved conifold and also extends the proposal of [GSV05] to any colors. As
a result, we observe that a positivity can be seen through refined large N duality. The
positivity corresponds to a refinement of the integrality in the work of LMOV. Therefore,
refined large N duality leads to a reformulation of refined Chern-Simons invariants and its
positivity. The statements are completely mathematical conjectures although the derivation
depends on physical discussions.

7~

Definition 1. We define refined reformulated invariants f;} and fi via equations

___ > 1 qun;ada d7td
> 1CS\(Tmn; 0,4, 1) 9(g,) Pa(w; ¢, 1) = exp (szf”( g )Su(fUd)) :

d _d
A d=1 p qz —q 2

. > 1 ff(Tm,n;adyqdvtd)
ZrCSA(Tm,n;av(Ivt) P)\T(_x7t7Q) = €xXp (sz £ Sll«(xd) )

—4 4
) d=1 p t72 —t2

where Greek letters A\ and p denote Young diagrams, AT is the transpose of \, the
summation takes over all Young diagrams, P)(z;q,t) are the Macdonald functions,
su(z) are the Schur functions and gy is the Macdonald norm.




From the above definition, we derive the explicit formulas for f¢ and f in terms of refined

Chern-Simons invariants:

Proposition 2.

1 - m—1 M d o
L A @Gamaat= Y () HD S S L@ ED) (1)
qz —q = d,m=1 (k@) {A@)} a=1

x ][ g (@t X 5@ (5; g%, t)rCS (o) (T i 0, ¢, 14)

a=1
%fﬁ (Tm,maa q,t) = Z (=)™ d( Z Z Z _)(a))d)) (1.5)
2 —t2 d,m=1 {k( () a=1

(a) =
X H |)\ l:{ )\(a))T(k( ), ,q )I'CS)\(a)( m,ny 7qd7td) ’

where 1(d) is the Mébius function and the definition of x,(C(k)) and Xy (k;q,t) can

be seen in the Appendix A.

\

The derivations and above formulas and the examples for a few boxes can be seen in the

Appendix B.
Then our conjecture is on the form of refined reformulated invariants f;I and f/i after

inserting refined Chern-Simons invariants:

Conjecture 3. Refined reformulated invariants f,} and fﬁ take the following form with

a common part fp( mn;Q,q,t) as
T @ 0 Z Tigof @ G )

fﬁ(Tm,n;a,q,t = ZM,up q_l fp( m,n; @, Qat) >
p

where M, is an invertible symmetric matrix. Moreover, fp( mmn;@,q,t) has an ex-

pressmn

-~ )2 1 1,1 1o /q\Jr—
s 0 0, "N Tmn)la? — g H(eE —t2)7 ()
fo(Tmn;a,q,t Z Z pg,B,Jr( )g? —q 2)%(t72 —t2) :

9>0 B,J,€Z

with non-negative integers ]/\\prgﬂ’JT (Tinn) € Z>o up on the a-grading shift by £1/2.

.

We also call fp( m.n; @, q,t) as refined reformulated invariants and the conjecture 3 (and also

the next conjecture) as the positivity conjecture of refined Chern-Simons invariants since,
after making the change of variables (1.3), refined reformulated invariants fp( Trn.n) can be



written in the form

FoTmn) =" > Nogps (Tnn)(at — g 't7)(q— g )%t . (1.6)
9>0 B,J-€7

Therefore, refined reformulated invariants are the Laurent polynomials with non-negative
integer coefficients in knot variables (a, g, t):

Fo(Tonn) € Zzola® ¢, (at — g 't ™) (g — g7 Y). (1.7)

Amazingly, refined reformulated invariants fp(T m.n) are still Laurent polynomials with non-
negative integer coefficients after expanding (qt — q~'t~!)(q — q~!) parts:

Conjecture 4.

FoTmn) = > Npijr(Tmn)a®q¥t" € Zsola*?, q*2,t%1]. (1.8)
4,J,kEZL

We check the conjectures 3, 4 in many examples (see Appendix C and a Mathematica file
attached to arXiv page in [KN17]). Refined reformulated invariants can be expressed as ap-
propriate combinations of refined Chern-Simons invariants and vice versa, so these invariants
are equivalent to each other. Therefore, the positivity conjecture implies that negative coef-
ficients of refined Chern-Simons invariants does not cause any problem since the positivity
should be realized in refined reformulated invariants. Furthermore, the conjecture can be
extended to torus links and a certain class of homologically-thin non-torus knots.

Organization of this thesis

In §2, we briefly review Chern-Simons theory, topological string theory and its large IV duality.
In §3, we explain its realization in M-theory, which induces refinements in each theory. Then
we review refined Chern-Simons theory and generating functions of refined Chern-Simons
invariants of torus knots. Furthermore, we perform Schwinger’s computation for BPS states
in M-theory to determine low-energy effective actions of Type ITA string theory in the refined
context. We first consider M-theory without probe M5’-branes for illustrative purpose and
then proceed to the case with M5’-branes. In §4, the large N duality is proposed for torus
knots at the refined level. This relates refined Chern-Simons invariants to graded dimensions
of BPS states in the resolved conifold, which results in a positivity conjecture of refined
Chern-Simons invariants. The positivity property attributes to trivial action of the extra U(1)
symmetry on the BPS states. In §5, the large N duality is generalized to multi-component
torus links. In §6, we see that the refined large N duality can be extended to a certain class of
non-torus knots. In §7, we discuss related open problems. In Appendix A, we present a brief
summary of symmetric functions used in this thesis. Appendix B provides explicit formulas
for reformulated invariants in terms of refined Chern-Simons invariants by using the large N
duality. Appendix C contains tables for BPS degeneracies associated to torus knots/links in
the resolved conifold.
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2 Unrefined Large N duality

In this section we review Chern-Simons theory, topological string theory and its large NV
duality at unrefined level. We refer the reader to [HKK ™03, Mn05, AK06, Stel4] for detailed
introductions.

2.1 Chern-Simons theory
Chern-Simons theory is a topological quantum field theory on a three-manifold M with a
gauge group (G, which is defined by the action

k 2
Scs = — [ Te(ANdA+ZANANA), (2.1)
4 M 3

where the Chern-Simons coupling (or level) k is an integer, Tr denotes an invariant bilinear
form on the Lie algebra g of G and A is a G-gauge connection on the trivial bundle over M.
The connection is a g-valued one form. The Wilson loop along a (framed and oriented) knot
K with a representation R of g is defined by

Wr(K) = TrpP exp < ﬁ( A) : (2.2)

where P denotes path-ordering operator and the trace is taken over the representation space
of R. Using path integral, we define the Chern-Simons partition function

n
Zcs(M, L, R) = /DAHWR(Ki)eiSCS, (2.3)
i=1
where L = (K, -+, K,) is n-components link in M with representations R = (R, , Ry)
and the path integral is a formal functional integral over all equivalence classes of connections
modulo gauge transformation. If M does not contain knots or all representations of a link
are trivial, we denote the partition function as

Zaos(M) = / D A0S, (2.4)

The lessons [Wit89] are

e Zcs(M) gives a topological invariant of M.

o Zcs(M,L,R)/Zcs(M) gives a link invariant of L.

We can accept these statements, at least formally, since the action and the Wilson loop are
metric independent and gauge invariant?. Indeed, when M = S, G = SU(N) and R denotes
irreducible representations (i.e. Young diagrams A; - -+ \,), Zcs(S3, L, R)/Zcs(S?) gives the
colored HOMFLY-PT polynomial with the variables ¢ = exp( Ifﬂv) and a = ¢V, which is a
generalization of the Jones polynomial. The colored HOMFLY-PT polynomial reduces the

Jones polynomial when N =2 and R =n.

4The action is locally gauge invariant, but not globally gauge invariant. However, (2.4) is globally gauge
invariant because the action transforms

Scs — Scs + 27kz(g) (2(g9) € Z),

under global gauge transformation A — ¢~ 'Ag + ¢ 'dg (g is a G-valued 0-form) so that exponential of the
action is gauge invariant.



Chern-Simons theory as a topological quantum field theory

Chern-Simons theory is an exactly solvable quantum field theory. The key ideas to obtain
knot polynomials are cutting/gluing of three-manifold with knots, the canonical quantization
on ¥ x R [Wit89, EMSS89, LLRI1], and the assumption that the Chern-Simons path integral
satisfies the axiom of topological quantum field theory [Ati89]. The canonical quantization
reveals that the physical Hilbert space of Chern-Simons theory is identified with the space of
conformal blocks of Wess-Zumino-Witten (WZW) model with gauge group G at level k on X.
As a result, the Chern-Simons partition function (or the path integral) is assumed as follows:

1. The physical Hilbert space Hy={conformal blocks of WZW model gauge group G at
level k on X} is assigned to each oriented closed smooth surface X.

2. When M is a compact oriented smooth three-manifold with a boundary OM = 3, the
path integral gives a state Zcg(M) € Hy.

Note that the manifold M may include knots and/or the boundary ¥ intersects knots. In
this case Wilson loops and/or lines are inserted into the path integral, and marked paints
with representations are assigned to the boundary. Furthermore,

I. For empty set (), Hyp = C i.e. when M is a compact oriented smooth three-manifold
without boundaries OM = (), then Zcg(M) € C.

II. When —X is the opposite orientation surface of X, H_yx is the dual Hilbert space:
H_y = H5,.

III. For disjoint unions X UY, Hy s = Hy ®Hys. Moreover, for OM = —XUY | Zcs(M) €
'Hg ® Hsy = Hom(Hyy, Hy).

IV. For OM; = =% U39, OMs = —¥5 U X3 and M = M; Uy, M> is the manifold obtained
by gluing together the common boundary o, Zcs(M) = Zcs(Ms) o Zes(My) € Hs, @
Hs, = Hom(Hs,, Hx, ).

V. Let I C R be an interval, Zcg(X x I) is the identity map of Hy

From IIT and V, Diff*(X) acts on the Hilbert space Hy, where Difft(X) is the group
of orientation preserving diffeomorphisms of ¥. Moreover, the mapping class group of X
acts on the Hilbert space [Koh02]. Above assumptions give us an effective computation of
the Chern-Simons partition function. In the following, let M be a three-manifold without
boundaries but may include knots. We consider a cutting of M along a surface 3, i.e. we split
M into two three-manifolds M, and Mg with a common boundary ., where the orientations
of the boundaries are opposite each other. We chose 0Mpgr = ¥ and 0M; = —X. Then the
Chern-Simons partition functions of Mp and M, are states |Vys,) := Zcs(Mg) € Hy, and
(War, | == Zcs(Mp) € HE, respectively, so that the partition function of M is

ZCS(M) = <\IIML‘\IIMR> ) (2'5)

where the bracket is the natural pairing between Hy, and Hs,.
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Figure 1. The left figure shows (1,0) and (0,1) cycles on the surface of solid torus 7. The right figure
shows torus knot 75 3.

In the following we consider G = SU(N), a solid torus 7 = D x S! with ¥ = T2, and
the boundary does not cut knots but each 7 may include knots. We chose (0,1) cycle of the
torus to be contractible in the interior and (1,0) cycle to be non-contractible (see Figure 1).
The mapping class group of the torus is SL(2,7Z), where the generators s and t satisfy

P =1, (st)® =% (2.6)

In this case we can explicitly write down a basis, the pairing, some operators of the Hilbert
space. The Hilbert space Hr2 has a basis |\) which can be obtained from the path integral
over the gauge fields on solid torus containing a knot inserted along (1,0) cycle with the
SU(N) irreducible representation A (i.e. a Young diagram), and the pairing is

P (2.7)
The SL(2,Z) action on the Hilbert space is
S)\u = S@@'S)\(qpla T aqu)SM(qp1+>\13 e aqu+)\N)a (28)
T, = Oy a3 WP HIET 1P =N+ ), (2.9)

where s is the Schur polynomial (see Appendix A), ¢ = e% p is the Weyl vector such that

=(N+1)/2—i (1 <i<N)and [|[A|> =, A\2. The normalization factor of the S-matrix
equals to the partition function on S3, Syy = ZCS(S3) , since S3 is obtained by gluing two
solid tori without knots by using s transformation S® = 7' U, 7. We call (2.8) as the modular
S-matrix and (2.9) as the modular T-matrix. Note that the power-sum symmetric function
in this case is

o0
pn(qp1+)\17 - ’qPN+)\N) =~ 4 a% Z(an _ 1)qn(§7i)’ (2.10)

where we set a = ¢’¥. Moreover, the knot operator Wy (T,,) is given by [LLR91] which
creates the torus knot T, 5, on the surface. A torus knot 7T, ,, is a special kind of knot which
can be put on the torus. Each torus knot can be specified by coprime integers m and n which
correspond to (m,n) cycle of the torus. For instance, the trefoil is the torus knot T5 3 (see
Figure 1). The knot operator can be defined as

WA(Tl 0) [0) = [A),
WA(T1,0)Wu(T10) Z N3 Wu(Ti0)

W)\(T ) Km nW)\(Tl O)ICm ns (211)

5We do not need to know the factor because the factor will be canceled out.

— 10 —



where N} are Verlinde coefficients [Ver88] and Ky, , is an element of SL(2,Z) which takes
(1,0) cycle to (m,n) cycle such that (1,0)Cp, , = (m,n) i.e.

mn
= —_ = 1, .1
K ( " b) , mb—na (2.12)

These operators enable us to compute the unreduced colored HOMFLY-PT polynomials:

7 _ ZCS(ngTn,na)‘) o <®|SW)\(Tn,m)|®>
llna) = =275~ @S0, (219)

We will comment on the precisely meaning of the symbol “=” later.

For example the colored HOMFLY-PT polynomials for unknot and the Hopf link can be
easily obtained by using knot operator. In the above explanation, S® is obtained by gluing
two solid tori without knots. If we insert a knot along (1,0) cycle into one of solid tori and
glue them, we get S? including unknot. Since Wy (T10) |@) = |\), The colored HOMFLY-PT
polynomial for unknot is

- @IS|A) _ Spn _

HMNO) = gisy = G = 200, (2.14)

Similarly, if we insert knots along (1,0) cycle into each solid torus, we get S% including the
Hopf link

— S
H)\#(Hopf) = ﬁvg = S)\(qpl, - ,qu)sH(qler)‘l, . 7q,ONJrAN)_ (2.15)

Furthermore, the general expression for torus knot is given by [Stel0]:

H\(Tn) = g O2a=DR2 % e gm0 s, (g7 ™),

[v|=ml[A|

K= jExA(c@))xV(c(mE)), (2.16)

where (X)) = >, Ai(Ai +1 —24) and A(C(k)) are the characters of the permutation group
(see Appendix A). This result is nothing but Rosso-Jones formula [RJ93].

Note that there is a difference of conventions between physics and knot theory at unrefined
level. In knot theory, the reduced colored HOMFLY-PT polynomial is well studied, and it is
Laurent polynomial in Z[ai, qi], where ” reduced” means that the polynomials are normalized
to one for unknot with all coloring. Indeed, (2.14), (2.15) and (2.16) are not polynomials® in
terms of a and ¢, and they become polynomials after dividing by unknot

Hy\(K
Hy(K) = IDE) ¢ prsd ) (2.17)
H\(O)
As a summary, a change of the variables
a=a% q=q (2.18)

5Note that the Schur polynomial is a polynomial in terms of & = (1, ,xN)-

— 11 —



relates the conventions between physics and knot theory at unrefined level.

Now we explain the meaning of the symbol “=”. In general quantum knot invariants
have formal variables, and the SU(N) quantum invariant Jgy(n)(K;q) has one variable
q with fixed N. On the other hand, the Chern-Simons partition function is a function of
Chern-Simons coupling k£ and the rank N of the gauge group SU(N), where we fix these
values in our mind. Therefore, the right hand side of (2.13) is equal to the SU(N) quantum

invariant jSU( MK q) with the relation g = exp( ,ff}v) In other words, replacing exp( ka}V)

with the formal variable ¢, we regard the Chern-Simons partition function as the SU(N)
quantum invariants. However, the dependence of N is still remaining. It is known that the
SU(N) quantum invariants 75(]( MK ;q) become the colored HOMFLY-PT polynomials
H\(K;a,q) when we replace ¢" with the formal variable a and forget the dependence of N.
Therefore, the symbol “=" means that we regard the Chen-Simons partition function as the
colored HOMFLY-PT polynomial with formal variables by performing above replacements.

Finally, we have reviewed the computation of the HOMFLY-PT polynomials only for
torus knots. If one wants to compute the invariants for non-torus knots, one needs another
algorithm. Fortunately, there are many algorithms (see e.g. [NRZ13] for a Chern-Simons
theoretic method or [Mor93, LZ10] for a mathematical method).

2.2 Topological string theory

Topological string theories are defined by topological sigma models, called A-model and B-
model, coupled to two dimensional gravity. From the viewpoint of worldsheet, we consider
holomorphic maps from genus g Riemann surface ¥, to a target space and perform an integral
over the moduli space of ¥, as a path integral. In the following we consider closed topological
string of the A-model, where a Calabi-Yau threefold X is chosen as the target space. In this
setup one can compute the free energy F,(7) contributed from 3,4, which is equivalent to the
generating function of Gromov-Witten invariants GW, g (see [HKK103])

Fy(r)= > GWyge ™7, (2.19)
BEHL(X,Z)

where 7 denotes Kahler parameters. Therefore, the full free energy is defined by
o0
2g—2
Fiea =Y 95 " Fy(r), (2.20)
g=0

where gg is the string coupling constant. Gromov-Witten invariants “count” the number of
the holomorphic curves in the Calabi-Yau threefold, but they are rational numbers. This fact
does not intuitively match counting holomorphic maps.

On the other hand, Gopakumar and Vafa (GV) proposed a target space interpretation of
the free energy, which defines new integer invariants. GV formulation is as follows. The free
energy of topological string is encoded in F-term in Type IIA string theory. Then, instead of
evaluating each genus amplitude in Type IIA string theory, the whole effective action can be
obtained by summing up contributions of BPS states in M-theory. They arise from M2-branes
wrapped on a holomorphic curve X in the Calabi-Yau manifold X. This calculation can be
considered as a supersymmetric version of Schwinger’s computation of a one-loop effective
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action due to a charged particle in a constant magnetic field. As a result, they conjectured
that the closed string free energy can be rewritten by new integers ng g, called GV invariants,
as

closed Z Z Z ng,ﬁ q7%)2g—26—dﬁ-‘r, (221)

d=1 B€Ha(X,Z) =0

where ¢ = €9, We will see the refined version of GV formalism in §3.2.1.

In open string case, we consider holomorphic maps from genus g Riemann surface with
h boundaries ¥, , to X, where boundaries are mapped to a Lagrangian submanifold £ in X.
We wrap the topological D-branes on the Lagrangian submanifold which is assumed having
one non-trivial H;. The free energy is analogically defined by using open Gromov-Witten

invariants OGW, ,, 3

h
D ) 3) BLT el ) § (D]
i=1

g=0 h R
Fpa(r)= > OGWgzze ™7, (2.22)
BEH2(X,Z)
where z; denotes eigenvalue of the holonomy matrix around Hy and 77 = (n1,- -+, ny) denotes

the winding numbers of each hole. As in the closed string case, LMOV conjectured that
the partition function of open topological string can be rewritten by using integer invariants
N, 4,8, called LMOV invariants’, as

FLuoV = ZZ Lt ¢ A(gcd), (2.23)

d=1 X\ q2—q2

=3 Y CropBo(@)Nogslaz —q %)%, (2.24)

o,p g=0 BeH(X,Z)

where ¢ = €9, g = e, Clop are the Clebsch-Gordon coefficients of the permutation group
Sy, (see Appendix A)

1 - - -
Cusp = 3 Xl CLR) o (CLR)x,p (C(F) (225)
= K
k
and B,(q) is
d,—lz-t : d
By (q) = { (—q)%q~ 2 o : hook re.p for N*V ' (2.26)
0 o : otherwise

We will see the refined version of LMOV formalism in §3.2.2.

"It is also conjectured that there are another integer invariants N, 4 g, called OV invariants, and the f,(a, q)
can be written as

9)=> Ny.pq’a’. (2.24)
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2.3 Large N duality

Now, we see the formulation of the large N duality. There is a slight difference in open/closed
string but the duality implies an equivalence of partition functions. We will see the closed
string case at first. In closed string case the duality is formulated as an equation between the
partition function of SU(N) Chern-Simons theory on S* and the partition function (i.e. exp
of the free energy) of topological closed string on resolved conifold

ZCS(SS) at large N = exp(Friosed)- (2.27)

In this case both sides are exactly computed in physics and in mathematics, and this equality
is shown (see [GV99, OV00]).

On the other hand, the duality of open string case is formulated as an equation between
the expectation value of Ooguri-Vafa operator of Chern-Simons theory on S? including a knot
K and the partition function of topological open string on resolved conifold with topological
D-branes Lk

lim Zov(K;z) = exp(FOSW), (2.28)
N—oco

open
where the expectation value is

Zov(K; ) Z A(Kg)sa (). (2:29)
X

At the large N limit, we interpret that the SU(NN) quantum invariant is replaced with the
colored HOMFLY-PT polynomial, so that

Jim Zoy(K;x) = ) HA(K; a,q)sx(x). (2.30)

We cannot verify this claim (2.28) in almost all cases since the computation of the free energy
of open topological string (i.e. the generating function of open Gromov-Witten invariants) is
very difficult.

The verifiable claim is as follows. Assuming F(%SIYV = Fg;,l\gfv and (2.28), we define

fa(a, q) via the equation
I 1 d d)
> H\(K)sx(z) = exp Z A s (@) ). (2.31)
A d=1 X 2 -q 2
The explicit formula for fy(a,q) is shown in [LMn02] as

o0

1 m— u (a
ifu (K;a,q) = Z (=1 ! Z Z Xu Z ))d)) (2.32)
qz —q = d,m=1 {k(a)}{A(a)} o=l
mo )y
< I XM;( )Hw)(K;ad,qd) :
a=1 k(e
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For example,

1 fa -7,
q2 —q 2
Jmo = 1z 1@
¢ —qz 27 270
Ji 12 1@
e R
q2 —q
_ 1 1
lfmﬂ_l Ao — HoHo+ -H — ~HY,
q2 —q 2 3 3
e —Hp— [Ho + Hy Ho+ ~Ho+ S HY,
q?—q_i 3 3
f - 3 3
; H_; —Hy— HyHo+ SH:— HY,
q2 —q

where ﬁg\k) = H,(K;a*,q*). Then we can verify the integrality structure (2.24) (and (2.24")).
It is convenient to introduce f,(a,q) and an invertible symmetric matrices M,,

A a,q) = My(q) fp(K;a,q),

Q) = Z C,uachr(Q)v (2.33)
g
then one can verify
o0
foll:a.q) =373 Nagala? —q 2)%a” (2.34)
9=0 B

We call both f and freformulated invariants. This claim has been tested in [LMn01, RS01,
LMnV00, ZR12, MMM™17] and a proof is proposed by [LP10]. Note that the above story
can be extended to the link case [LMnV00, LMn02].

Unknot is a special and important example because the colored HOMFLY-PT polynomi-
als for unknot are given by Schur polynomial itself, so that the Cauchy formula (A.3) enables
us to compute all coloring i.e. the total free energy is

o0 d d
laz —a 2

Z Hy\(7))sa(x) = exp (Z PR (acd)> . (2.35)
2 2

Therefore, we can read fo(();a,q) = ]?D(O;a, q) = and ]VQOJ/Q = — ADVOJ/Q =1.

~—
|
IS
N
|
=)
N[
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3 Realizations in M-theory and refinements

Chern-Simons theory is realized on topological branes wrapped on S2 in the deformed conifold
T*S3 [Wit95]. In addition to this, the key idea of GV/LMOV formalism is to go to Type
ITA /M-theory. Therefore, the large N duality is encoded in Type ITA /M-theory with branes.
It is summarized by the setup of table.1

g-brane setting t-brane setting
space-time | 81 x TNy, x T*S3|S' x TN, x T*S°
X
X

N M5-branes | ST x D, x S3 St D, x 53
M Mb5’-branes | S* x D, x Ng |5 D; x Ny

Table 1. Brane settings on deformed conifold side

Here, S! is the M-theory circle, D, is a two-dimensional cigar and Dy is a two-dimensional
base of the Taub-NUT space T'N4. Moreover, writing the local complex coordinates z; for
D, and z3 for Dg, we turn on the {2-background by the action

(21,22) = (gz1,t ' 22) . (3.1)

We wrap the N M5-branes on the zero section (a special Lagrangian submanifold) S* of the
cotangent bundle 7%S3. Then Chern-Simons theory with U(N) gauge group are realized on
S3 [Wit95]. The M probe M5’-branes are located at another Lagrangian submanifold, which
is the co-normal bundle Nx C T%S% to a knot K C S where the knot K is realized as the
intersection of the two stacks of the M5-branes K = S% N N [OV00]. As in [AS12b], we
consider two distinct probe M5’-branes; one spanning on D, and the other on D;. Although
both the configurations preserve four supercharges, the ¢ and ¢ branes become topological
branes and anti-branes, respectively, in topological string theory.

The proposal in [GV99] is that, at large N, the geometry undergoes the transition where
53 shrinks and S? = CP! is blown up. As S3 shrinks, in order for the probe M5-branes
to avoid the singularity, the conormal bundle N is lifted to the fiber direction, and it no
longer touches S®. We refer the reader to [DSV13] for detailed treatment. As a result, the
Calabi-Yau threefold becomes the resolved conifold X = O(—1) ® O(—1) — CP! where the
N Mb5-branes turn into B-field flux supporting CP! and the M M5’-branes are situated on a
Lagrangian submanifold Lx C X keeping the information of the knot K.

g-brane setting t-brane setting
space-time St x TN, x X |S' x TN, x X
M Mb-branes | S' x D, x Lg|S' x Dy x Lg

Table 2. Brane settings after geometric transition

Now, we are ready to discuss refinements. M-theory is the physical origin of refinements and
induces refinements in each theory.
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3.1 Deformed conifold side

The work of Witten [Wit95, Witll] provides a way to interpret Chern-Simons partition
functions as an index counting BPS states in M-theory. From the viewpoint of M-theory,
BPS states arise from M2-branes bridging between the Mb5-branes and the M5’-branes, and
they propagate only along the M5-branes. In low energy, one can suppress S° C T%S3 so
that these states propagate along R x D, C R x TNy when S! is large. Thus, SU(N)
Chern-Simons partition functions Zcg can be identified with an index Tr(—1)F¢/t=7/2 of the
three-dimensional theory on S! x D, with A" = 2 supersymmetry

Zos(S®, L, Ry q) = Tr(—1) ¢/t ", (3.2)

where J; is the Cartan generator of the SO(3) Lorentz symmetry of S* x D, and .J5 is the
generator of the U(1); R-symmetry in N' = 2 supersymmetry. In fact, J; and Jo can be
considered as generators of the rotations around the z; and 22 plane, respectively.

In [AS15], it is argued that an extra U(1)r symmetry exists when K is a torus knot T}, ,,
(more generally Seifert three-manifolds and Seifert knots). Then, using the charge Sg of this
U(1)r symmetry, Aganagic and Shakirov defined a refined partition function of a torus knot
by a refined index ®

ref(S3 man q, ) = Tr Hi(Tm) (_1)F qJ1*SR tSR*JZ . (33)

Hence, refined Chern-Simons theory is defined via the 3d/3d correspondence and non-Lagrangian
theory. Furthermore, they deduced a refinement of modular S and 7" matrices from (3.3):

Syt = SgpPA(t” -+ PN q )Pyt M, 1PN PN, t),

TIef = gy, 3 (T 1PNl P+ ), (3.4)

where Py (x;q,t) are the Macdonald functions (see Appendix A). Once we know refined mod-
ular matrices, we can define refined knot invariants, called refined Chern-Simons invariants,
as an analogy to (2.13). We define the knot operator
Wi(T10) [0) = |A),
WA(T1,0)Wpu(Th0) = ZN,\N v(T10),

W)\(Tm,n) = ICm,nW)\(TLO)IC !

m,n?

(3.5)

where Ky, is the same as before and Ny, are refined Verlinde coefficients (see [AS15]).
Therefore, we define refined Chern-Simons invariants

(OIS WA (Tinn)[0)

rCS Trn;q,t) = ) 3.6
r )\,SU(N)( ny g ) <®|Sref|®> ( )

where the refined Hilbert space of torus has an orthogonal basis and the inner product
<)‘|iu> = G)\(qvt)(sk,/u (37)

8Charges of Ji, Jo and Sk are normalized to be half-integers. In §3.2.2, we shall provide more explanation
about the refined index.
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where G)(gq,t) is defined in [AS15, (5.10)]. In principle, fixing N, one can directly calculate
ﬁA,SU(N) (T'nm; g, t), but the calculation is hard.

It is proven in [GN15] that there exists a unique rational function rCSy (T}, n; a, ¢, t) which
is the stable large N limit of refined Chern-Simons invariants with SU(N) gauge group of a
torus knot in the following sense:

rCSA(Tn;a = tN q,t) = mSU(N),A(Tm,m q,t) .

The stable limit tCSy(Tynn;a,q,t) is also called DAHA-superpolynomial [Chel3].
For instance, the refined Chern-Simons invariants of the unknot is

FCSA(C)iaq.0) = (;)lglﬂ

oce)\l_q

tll (I) — aqal(x)

a(z) gl(z)+1 (3'8)

so that, in the specialization a = t, it becomes the Macdonald function
1OSM(Osa=t",q,t) = PA(t", -+, ";¢,t) = 1CSsunn (D54, 1)

where p is the Weyl vector of s[(N). The refine Chern-Simons invariants of Hopf link is
@AM(Hopf; a,q,t) = Py(tP', -+ tPN; q,t)Pu(tplq)‘l, e ,tqu’\N; q,t). (3.9)

The general form of refined Chern-Simons invariant for torus knots such as (2.16) is not
known, but refined Chern-Simons invariants of torus knot 7% 9,41 with symmetric and anti-
symmetric representations are given® [FGS13, FGSA12]:

@[T] (T272p+1§ a,q,t)
() et

r

(t;:0)e(q; Q)r (a5 @) et a5 9)r—r (1 —tg*)

t a:q)r = (G0t Q)6 Dre(G Dr—e (1= tq"H)
r— r— T 7‘2—2 2p+1
xa~"q oA [(—1)T_£a2q 2 t_g] , (3.10)
rCSpyr)(To,2p41; @, 4, t)
(T2 e e (B S (@ )e(tt)rre(a” ) re(gT e )
= (= (=) a™ "4t —
t (@50 = (GOAgl et ) et )
(l—qt%) e e [ )or ot 22T2]2p+1
x——-——>a"¢""2t"72 |(—1)'azq2t 2 ) 3.11
= (1) (3.11)
where (;q),, is the g-Pochhammer symbol
n—1
(@ ) = [[(1—2d") = (1 —2)(1 —2q)(1 — 2¢%) ... (1 — 2" ). (3.12)
k=0

Other examples are listed in [DBMM™13]. The invariants are effectively computed by I'-
factor and the stable limit of refined modular S and 7" matrices [Shal3]. When the color

9We changed a prefactor by (q/t)"?/2.
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A is labelled by a rectangular Young diagram, it is conjectured that the reduced invariant!?

rCSx(Timn; a,q,t) with the change of variables

[SIE

a:—aQt, q

coincides with the Poincaré polynomial of the corresponding HOMFLY-PT homology. How-
ever, when the color X is not rectangular Young diagram, refined Chern-Simons invariants
have both positive and negative integer coefficients in (a, q, t) variables. For example

rCSm(T23:a,q,t) =

6

A (a0 (@P0 + 20" + P (—t + 267 +7) — (¢ = 2)° —q(t = 2)t + 1) + ¢ (P17 (1 + 1) +
q7t5(2t 4+ 3) + ¢ (—t7 4 25 + 565 +-t4) + P (=210 + 15 4+ 6t* + 13) + ¢* (=260 +t* + 613 +2) +
P2(=2t2 +t +5) + ?t(—2t2 + 2t + 3) + q(—t* + 2t + 1) + 1) — aq(¢*°t!® + ¢*(3t + 1)t® +
@B(—1% + 5t + 3)t7 + 7 (=35 + 617 + 5t6 + 17) + ¢6(—4t" + 65 + 6t° + t*) + ¢°(—5t® + 5t° +
6t + t3) + g (=512 + 6t + 5)t2 + ¢3(—4t% + 6t + 3)t2 + *(=3t3 + 512 +t) —q(t — 3t + 1) +
t(q 010 4209 4+ ¥ (=19 4+ 4t8 +17) — 247 (¢ — 2t — 1)10 + ¢O(—3t7 + 410 + 265 +-t4) + ¢®(—3t2 +
4t + 2)t + ¢ (=312 + 4t + 2)83 + B(=3t + 483 +12) — 242 (t — 2)t? —q(t — 2)t + 1))

— %(a6q10t15(q20t10 + 2q16t8 _ (q2 _ 2)q8t4 + (7q8 + 2q6 4 q4)q6t6 _ (q2 _ 2)q4t2 + 1) +
a4q4t8((q2—|—1)q30t16—|—(2q2—|—3)q26t14—|—(—q6—|—2q4—|—5q2+1)q20t12—|—(—2q12—|—q10—|—6q8+
a%)a'’t"+(-2q* +a°+5)q' %"+ (-2a'° + ¢ +6a° +q*)a®t* + (~2a* +20” +3)q°t* + (—q* +
2q2—|—1)q2t2+1)+a2t3(q40t20—|—(3q2—|—1)q34t18—|—(—q4—|—5q2—|—3)q30t16+(—3q6+6q4—|—
5q? +1)q* 't + (—4q® +6q* + 6> +1)q*t"? + (—5q" + 60> +5)q'*t* + (—5q"* + 5q'* + 6% +
q6)q10t10+(—4q4+6q2+3>q10t6+(—3q6+5q4+q2)q4t4—(q2—3)q4t2+1)+q40t20+2q36t18—
2(q4_2q2_1)q26t14+(_3q6+4q4+2q2+1>q20t12+(_3q4+4q2+2)q18t10+(_q18+4q16+
q')q"t'0+ (=3q" +4q” +2)q"t" — 2(q” ~ 2)*t" + (—3q” +4q° + ") ’t° — (¢~ 2)q't? + 1).

It turns out that refined Chern-Simons invariants have surprisingly rich properties. Es-
pecially, it is proven in [Chel6] that the reduced invariants satisfy the following properties:

e mirror/transposition symmetry

rCSyr (T a,q,t) = rCSA(Tmm;a,t_l,q_l) ) (3.14)

e refined exponential growth property

¢ N
rCS e /\iwi(Tmm; a,q=1,t) = H [rCSwi (T a,q = l,t)} ,

i=1

Ze )\
rCSZf:1 s (Tn;a,q,t=1) = {rCSwi (Trum; a,q,t = 1)} , (3.15)

-
Il

1
where w; are the fundamental weights of sI(N).

10We denote the unreduced invariants by rCSx(Tim,n; @, q,t) and the reduced invariants by rCSx(Tom.n; a, q,t)
where they are related by

rCS)\(Tmy’ﬂ; a,q, t) = @A (O y @, 4, t) rCS)\(Tmy’ﬂ; a,q, t) .
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Indeed, the partition function of refined topological string theory on the deformed conifold
can be determined by taking into account of BPS particles arising from annulus M2-branes
stretched between S3 and N7,,.,.. For the g-brane setting in the table 1, the M2-brane
stretched between S and N7, .. gives rise to two bifundamental A" = 2 chiral multiplets,
® and ®, on S! x D, charged with (N, M) and (N, M), respectively, under U(N) x U(M).
The chiral multiplet ® has charges (0,0; —%) under (J1, Jo; Sg) and ® is neutral. The three-
dimensional N' = 2 index can be evaluated by counting “single-letter index” [IY11, KW11]
where the chiral multiplet ® contributes to the single-letter index by (¢*/?t=1/2 —1)/(1 — q)
and the other @ yields (1 — ¢%/2¢%/2)/(1 — ¢). From the viewpoint of the three-dimensional
theory on S! x D, the M Mb5’-branes give rise to U (M) flavor symmetry, and a torus knot
Ton.n in S3 contributes to the single-letter index via the 3d/3d correspondence. Therefore, by
putting the single-letter index invariant under U(N) x U(M) into the plethystic exponent,
the refined index takes the form

1t2
Z e SU(N) — &XP (Z Z

d>0 p

w\g‘ [NJEH

2 ! IndTm,n,H(qd7td) Sﬂ(xd)> ’
2 —q
where Indr,, , ,.(q,t) is a contribution of the knot 7, to the single-particle index charged
under the flavor representation . This expression can be expanded by the basis of holonomies
of the U(M) group, which are the Macdonald functions Py(x;q,t) in refined Chern-Simons
theory

Ziet sU(N) = => " ox(@, ) *CSsywA(Tmm; 0, 1) Pa(ws;q,t) (3.16)

A

where the function gy can be determined by using the unknot invariants and it turns out to
be the Macdonald norm defined in Appendix A. In the unrefined limit ¢ = ¢, it reduces to the
generating function of SU(N) quantum invariants Jgy(n)x(Tm,n; ) first obtained in [OV00]

Z et SU(N Z JsuyA(Lmni @) sxa(z)

where s)(x) are the Schur functions.

On the other hand, the ¢-branes intersect with the g-branes at a point in D, in the
table 1 so that annulus M2-branes stretched between S® and Nfr,, ,, bring about only a single
bifundamental fermionic particle. Since it contributes to the refined index by —1, the index
is of the form

Zdef SU(N) — €XP <Z Z IndTm,n,u(qdatd) Su($d)> :

d>0 p

For the {-brane setting, the expansion in terms of the basis of holonomies of the U (M) group
is more subtle. Since the t-branes are topological anti-branes, colors for the holonomy need to
be transposed from the ordinary branes. In addition, the role of the equivariant parameters
should be exchanged (¢,t) +> (t~!,¢~') due to (3.1) for the holonomy of the #-branes. Thus,
the partition function for the ¢-branes takes the form

def,SU(N) = ZmSU(N),/\(Tm,M q,t) Pyr(—x;t,q) , (3.17)
)
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where we use the property Pyr(—xz;t~ 1 ¢71) = Pyr(—x;t,q) of the Macdonald functions
presented in (A.2).

3.2 Resolved conifold side

In the seminal papers [GV98b, GV98a], Gopakumar and Vafa proposed that an effective
action of Type ITA string theory compactified on a Calabi-Yau threefold can be determined
by considering effects of BPS particles arising M2-branes in the anti-selfdual graviphoton
background. Moreover, the form of the effective action has been explicitly evaluated by ap-
plying Schwinger computations. Subsequently, Labastida, Marinio, Ooguri and Vafa (LMOV)
[OV00, LMn01, LMnV00, LMn02] carried out similar analyses in the presence of D4-branes,
which can be regarded as an open-string analogue of the GV formula. At the unrefined
level, thorough analysis and elaborate explanation for these formulas have been presented in
[Mn05, DW16]. In this section, we will find an explicit form of the effective action of Type
ITA string theory with D4-branes in the refined case.

3.2.1 Without M5-branes

To this end, let us first review an effective action of Type ITA string theory compactified on a
Calabi-Yau manifold X without D4-branes. In this subsection, we assume that the Calabi-Yau
threefold X is general, and we do not necessarily restrict ourselves to the resolved conifold.
The effective action (free energy) of Type ITA string theory has F-terms that admit genus
expansion
Fetosed =108 Zifocqg = =1 ) / diz d*0 Fy(Xn) WapWAB)I |
g>0

where F, are holomorphic functions of chiral superfields Xy (A = 0,---,bo(X)) associated
to vector multiplets and Wyp is a chiral superfield whose bottom component is anti-selfdual
graviphoton field strength

1
Wap = §TAB — Rapcpbo®Po+--- .

Since the graviphoton field strength takes the value T' = gs¢(dx; Adzge — dzg Adzy), the genus
g contribution is proportional to g2g 2

Gopakumar and Vafa proposed that, instead of evaluating each genus amplitude F,
in Type IIA string theory, the whole effective action Fijoseq can be obtained by summing
up contributions of BPS states in M-theory. They arise from M2-branes wrapped on a
holomorphic curve ¥ in the Calabi-Yau manifold X. This calculation can be considered as
a supersymmetric version of Schwinger’s computation of one-loop effective action due to a
charged particle in a constant magnetic field.

To see the spin content of BPS states, let us recall the five-dimensional ' = 1 supersym-
metry algebra consisting of eight supercharges with Sp(1)g = SU(2)r R-symmetry. Since
the graviphoton field breaks the five-dimensional Lorentz group SO(1,4), it is convenient to
rewrite the algebra in terms of four-dimensional notation. Then, the supercharges can be
organized as Q!, Qé where I = 1,2 are the SU(2)g indices, and « and & are negative and
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positive chirality of the rotational group SO(4) = SU(2), x SU(2),. With this notation, the
supersymmetry algebra is given by

{QL, Q) = eape™ (H+ (),
{Q4. Q3 =es55 (H = 0)
{Qe. Q%) = —ir* Bg”Pu :

where ( is the real five-dimensional central charge. Thus, short left-handed BPS multiplets
take the form,

((0,0:3) @ (3,0:0)) @ (e, s Sm) (3.18)
which represent BPS particles of mass m = ( at rest. The first spin content is indeed the half-

hypermultiplet representation and the second is an arbitrary finite dimensional representation
of SU(2)y x SU(2), x SU(2)g. It is easy to see that the unrefined index

Tr(_l)Z(Jz-i-Jr)q?Jee—ﬂH

receives contributions only from the short left-handed BPS multiplets. Hence, a one-loop
calculation involving small fluctuations around a BPS particle trajectory takes the form

& dS TI'B'pS( ) J4+Jr QSJge—sm

Fclosed - — — - v 2o :
0 2 —q 2)

1 Try s ) (= 1)2(etJr) g2d 7

q

—dpT 3.19
%)2 € ’ ( )
where we identify the parameters by ¢ = €9t and m is the central charge of BPS particles.
Let us closely look at the meaning of the GV formula (3.19).

d>0 BeH2(X,Z) (q2 —q

e The denominator is obtained by Schwinger computation for the one-loop determinant of
BPS particle with the half-hypermultiplet representation in the anti-selfdual gravipho-
ton background of the form

0 Jst
T — 1 —gst 0
2 0 —gst

Jst 0

(3.20)

The two-dimensional contribution (the upper block) can be evaluated by summing up
all the Landau levels (5 4+ n)gs; for n € Zo:

$ itz 1
1 1
>0 q2z —q 2
Including an identical factor for the lower block, the Schwinger calculation provides the
denominator.

e The unrefined index in the numerator receives contributions from other massive BPS
states (3.18), which can be understood as fermion zero modes on M2-branes. The
detailed analysis for the BPS spectra will follow below.
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e The central charge of a BPS state is given by the area of a holomorphic curve ¥ on
which the M2-brane is wrapped and the Kaluza-Klein momentum. If we take a basis
Cr (I =1,---,b2(X)) of Hy(X,Z), then the homology class of the curve is expressed
by [X] = > ;8:Cr with B; € Z. By denoting the complexified Kahler parameter of
the 2-cycle C; by 77, the area of the M2-brane is equal to 7 - 3 = D 7157, Then, the
central charge of the BPS state is given by m = 7- 8+ 2min where n is the Kaluza-Klein
momentum of the M2-brane along the M-theory circle.

e From the first to the second line, we perform a Poisson resummation ) e 2mins —

> dez (s — d), which re-expresses the sum over the Kaluza-Klein momenta as a sum
over winding numbers.

In refined topological string theory, the graviphoton field is no longer anti-selfdual, and
it rather takes the form
T = erdxy N dres — eadxs A dxy (3.21)

which introduces the Q-background (3.1). Furthermore, by using the SU(2)r R-symmetry,
we define a refined index [Nek04] as

Tr<_1)2(J5+Jr)q?J£qg(Jr*SR)e*ﬁH _

Then, one can confirm that only left-handed multiplets (3.18) again contribute to the index
while the long multiplets and the right-handed multiplets do not. To write the refined index
in terms of the equivariant parameters ¢ = ¢! and t = €2, we introduce J; = J; + J, and
Jo = J, — Jp so that it takes the form

Tr(_l)qul—SRtSR—JQe—ﬁH ,

where we define ¢, = (qt)*/? and ¢, = (q/t)'/2. Then, the free energy at the refined level can
be written as

closed — ’

ref /OO @ TrBPS(_1)2(‘]44_]'")(]8(‘]1_SR)ts(SR—Jz)e—sm
s (g2 —q 2)(t2 —t3)
1 Tryy(g) (—1)2Ve ) g1 Sm)d(Sr=r2)

=2 > d 4 4.4 4 e
2 2 2 2

d>0 BeH2(X,Z) (q

Since we now have different equivariant parameters the upper and lower block in (3.20), the
denominator is resolved as (q% - q_%)2 — (q% — q_%)(t% — t_%).

Now let us study other massive BPS states that contribute to the refined index. A
propagating M2-brane wrapped on a holomorphic curve ¥, C X of genus g generates a 5d
particle that preserves a half of supersymmetry [BBS95]. For the low energy description,
we need to take into account fermion zero-modes on 3, where half of them transform under
SU(2)¢ x SU(2), as (3,0) and the other half transform as (0, 3). The (3,0) fermionic zero
modes can be interpreted as one forms on ¥, and therefore there are zero-modes consisting
of 2g copies of the (%, 0) representation on the curve 3, of genus g. In other words, the (%, 0)
zero modes on Y, can be interpreted as a cohomology class of the Jacobian of ¥, where the

SU(2), action can be understood as the natural Lefschetz SU(2) action on the cohomology
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Hg = H*(Jac(X,)) of the Jacobian. Quantization of this system gives g copies of the spin
content (0,0;3) @ (3,0;0) under SU(2), x SU(2), x SU(2)r so that the contribution to the
index is (q% - q_%)g(t_% — t%)g

On the other hand, the (0 ,2) fermion zero modes are related by supersymmetry to
infinitesimal deformations of ¥, as a holomorphic curve in X. Let us denote the moduli
space M, g that parametrizes the holomorphic deformations of ¥, under the homology class
p € Hy(X,Z) inside the Calabi-Yau threefold X. Then, if My 3 and X, are both smooth,
the total moduli space .//\/\lclosed for the BPS states in this configuration is

Jac(Zg) —— M\closed
l” : (3.22)
My

Since the zero-modes of (0, %) fermions are one forms on M, g, the space of total BPS states in
this situation is the de Rham cohomology H*(M, 3;H4) of M, s with values in H, where the
SU(2), action is the natural Lefschetz SU(2) action on H*(M, 3). However, the assumption
that X, is always smooth is almost never satisfied and there are usually singular fibers in
(3.22), which makes it difficult to give a rigorous mathematical definition of GV invariants.
(However, important progress has been made recently in mathematics [PT10, MT16].)

In physics, one can formally count the number of BPS states. For this purpose, we
decompose the zero-modes of (0, 3) fermions into the spectrum H*(Mgyg) = @ Ay 57,55
with respect to J, and Sg spins so that the total BPS spectrum takes the form

H(B) = P Hy® Agp s, .sp -
g7J7"7SR

As a result, denoting the number of states with fixed charges by

~

Ng.g.gr,8p =dimAg s s s, ,

the refined free energy takes the form
drg—1(—2_ 2 _ (Jr—sr)
FEUI S DRTEICS SIS B S S O
d>0 charges Jjr=—Jr sSR=—SR

where charges are summed over g > 0, 8 € Hy(X,Z), and J,, Sp € %Zzo- In particular, the
integral numbers for unrefined BPS states

Ng,p = Z (_1)2# (2J- +1)(25g + 1)N97/37J7-7SR
Jr,SRELZ>

are GV invariants, and n, g = (—1)3me Masy (M, 5) if M, 5 is smooth. We refer the reader
to [AS12b, CKK14, CDDP15, NO14, GHKPK17, references therein| for recent developments
on refined closed BPS invariants.
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3.2.2 With Mb5-branes

Now let us include M5’-branes on ST xR%x £ C S xR*x X like the table 2 where £ is a special
Lagrangian submanifold of a Calabi-Yau threefold X. In general, a half of supersymmetry
is preserved even if we include a number of M5’-branes unless their supports £; C X are
special Lagrangian [BBS95]. By shrinking the M-theory circle, we have Type IIA string
theory with D4-branes. Then, its low energy effective action has terms that are supported
on the world-volume R? C R* of the D4-branes so that it takes the following form

Fopen = Y /

A4z d*0 8(22)8(62) Fyn(Xa; Vo) WHIWIL (3.23)
g.h>0 /R

where V, (0 =1,...,b1(£)) are chiral superfields associated to the moduli of £. Here W is
the “parallel” component of the graviphoton superfield Wsp. More precisely, for the anti-
selfdual graviphoton background (3.20), Ty, = 7j;/2 if the D4-branes are located on the D,
plane and Ty, = T} /2 if they are put on the Dg plane where 7} is the bottom component of the
superfield W. At the unrefined level, each integral in (3.23) is proportional to g2t = X
which is natural from the viewpoint of string perturbation theory since the Euler characteristic
of a Riemann surface of genus g with A holes is equal to x =2 — 29 — h.

Even in the presence of M5’-branes, one can apply the same idea that Fipen can be
determined by analyzing contributions of BPS states in M-theory [OV00, LMn01, LMnV00,
LMn02]. A relevant BPS state arises from an M2-brane wrapped on ¥ C X and generally
attached to the M5’-branes on £ so that they propagate only along the M5’-branes. From a
low energy point of view, these states propagate along S' x R? ¢ S' x R%.

To evaluate contributions to the Type ITA effective action (free energy) supported on R?
let us investigate quantum numbers of BPS states in three-dimensional N' = 2 supersymmetric
theory. The three-dimensional N' = 2 supersymmetry algebra is given by

{Qaa@ﬁ} = _/LO-ZBPM + iﬁaﬁC )
{QaaQﬁ} =0= {éa’éﬁ} :

For the theory on the g¢-branes, the supercharges () are complex spinors in the spin—%
representation of the rotation group SO(3) = SU(2);, which is the diagonal subgroup of
SU(2)¢ x SU(2),. In addition, a U(1)y R-symmetry, which is actually the U(1) subgroup of
the anti-diagonal subgroup SU(2)2 = {(z,2 %) € SU(2), x SU(2),.} in five-dimension, rotates
Qo and Q. (See Table 3.) For the theory on the #-branes, the roles of SU(2); and SU(2)2
are exchanged so that the rotational group is identified with SU(2)2 and the R-symmetry is
U(1); C SU(2);.
The three-dimensional unrefined index defined by

Tr(—1)F ¢t T2ePH (3.24)

counts states annihilated by the supercharges @, and @ _. Then, only the left short multi-
plets, which represent BPS particles of mass M = ( at rest,

((0;=3) & (=5;0)) ® (J1;.)2) (3.25)
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contribute to the index. The proposal of LMOV is that the free energy (3.23) in the anti-
selfdual graviphoton background (3.20) takes the form

0 g TI“B S -1 F S(J17J2)efsm
Fopenzi/ ds Trpps( ? q
o S (2 —q

|
[N
S~—

d>0 BeHy(X,Z) ¥ (g2 — ¢

e Since BPS particles propagate only along the M5’-branes, the Schwinger computation
is here performed only on R? C R* spanned by the M5’-branes so that the denomina-
tor originates from either the upper (¢-brane) or the lower block (¢-brane) of (3.20),
depending on the M5’-brane configurations.

e Asin the closed case §3.2.1, the unrefined index in the numerator receives contributions
from other massive BPS states (3.25), which can be understood as fermion zero modes
on M2-branes attached to the M5-branes. The detailed analysis for the BPS spectra
will be given below.

e The central charge of a BPS state is expressed by the area of the M2-brane as well as
the momentum of the Kaluza-Klein modes. The area of a holomorphic curve ¥ C X
whose boundary is on L is determined by its relative homology class in Hy (X, L;Z).
A Lagrangian subvariety £ in the table.2 for a knot is topologically homeomorphic to
S x R? [HLJ82, AV00], which simplifies the relative homology as

Hy(X, L;Z) = Ho(X;Z) ® Hi (L Z)

Hence, the homology class [¥] € H2(X, L;Z) is expressed by 8 = (81, , Bpy(x)) €
Hy(X;Z) as in the closed string as well as the winding numbers w = (wy,--- ,wp) €
(Hy(L; 7)) = Z" of boundary components 9% = (S)". Since ¥ is oriented, one can
assume that w; are all non-negative integers. To express the contributions from the
boundary components, we define a vector k as follows: the i-th entry of k is the number
of w;’s that take the value i. Then, when we wrap M Mb5’-branes on S x R? x £, we
can write

-m __ _—T7-B—27in

eM=e pp()

where the fugacities x parametrize the Cartan subgroup of the U (M )-valued moduli of
L and pE(x) is defined in Appendix §A. Let us note that it is easy to transform from
the winding basis pz(z) to the representation basis s, () for the moduli of £ by using

(A.1).

Now, let us consider the case where X is the resolved conifold and £ is the configuration
Lr,, ,, for a torus knot as in the table.2. As we have discussed in §3.1, this configuration
preserves the extra U(1)g global symmetry, which can be actually interpreted as the U(1)
subgroup of the SU(2)r R-symmetry in five dimension with eight supercharges. In this case,
the three-dimensional A/ = 2 supercharges have the quantum numbers under this symmetry
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shown in Table 3. Since J; — S and Si — Jo commute with the supercharges Q, and Q_,
one can refine the index by

TI' (_1>F qu—SR tSR—JQe—ﬁH .

Thus, one can turn on the Q-background (3.21)

in the presence of M5’-branes supported on S! x R? x 2J1 | 2J5 | 2SR
Lr,, ., by using the refined index. First, we shall Q| +1 | +1 | +1
consider the g-brane setting in the table.2 at the re- Q_ || =1 | +1 | +1
fined level. In the refined graviphoton background Q.| +1] -1 -1
(3.21), the Schwinger computation provides the fol- Q_ | -1]-1] -1

lowing form of the free energy:
Table 3. Charges for 3d N' = 2 super-
symmetry on the g-brane.

1)F d(J1—Sg)d(Sr—J2)

1 e PTs, (x%) .

1T -
SRS ED I IR

d —d

d>0 BEH(X,Z) 1 q2z —q 2
The BPS states that contribute to the refined index are fermion zero modes on the M2-
brane wrapped on a holomorphic curve X, 5, C X whose boundary is on £. Since the presence
of the M5’-branes breaks SU(2), x SU(2), x SU(2)r to SU(2)1 x U(1)2 x U(1)g, it is not so
straightforward to study quantum numbers of BPS states as in §3.2.1. However, as before,
fermion zero modes on the M2-brane can be associated to cohomology classes of the moduli

space

Jac(zg’h) e .//\/\lopen

l,r ,

Mg,hﬁ

where the moduli space Mg ; 3 parametrizes deformations of ¥, ;, C X that preserve a half
of supersymmetry. More precisely, as emphasized in [LMnV00], the fermion zero modes are
cohomology classes in H*(M\Open) = H*(Jac(Xg))@H* (Mg ) of the moduli space mod out
by the action (Sprecht module) of the permutation group &, which exchanges h distinguished
holes of ¥, . The Jacobian Jac(X,4) of a curve of genus g with A holes is topologically
(T%)9 x (S1)"~1 where &), does not act on the cohomology H*((T?)9) of the Jacobian of the
“bulk” Riemann surface. Therefore, the contribution to the refined index from H*((T?)9) is
(g2 — g 2)9(t72 — t2)9 as in §3.2.1.

The projection of H*((S*)"~1) ® H*(M,3) onto the invariant subspace can be done
by using the Schur functor S,,. More explicitly, the invariant subspace in BPS states H (3, i)
with charge § € H2(X,Z) and p (a representation of U(M)) can be written as

v (H* (Y @ ' (Mypg)), =

D CruopSo (H*((S)'1)) @ S, (H* (Mgnp)) , (3:26)

a,p
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where the Clebsch-Gordon coefficients C),5, of the permutation group &, (see Appendix A)
are

Chop =3 j}_ﬁ_w@>xg<c<z€>>xp<c<z%’>> . (3.27)

Indeed, they are symmetric under the permutations of (u, o, p).

A cohomology class of the Jacobian of ¥, j, can be interpreted as differential forms on ¥ 5,.
In particular, the boundary part H*((S')"~1)
which are Poincaré dual to the holes in the curve ¥, , and they are subject to the linear

is spanned by one-forms df;, (i = 1,--- ,h),
constraint ) . df; = 0. Moreover, one can consider the differential form df; as the fermion

zero modes 1; on a rigid curve with charges

(J15J2,5R) = (353, 3) - (3.28)

N[ =

As explained in [LMnV00, Mn05], the BPS spectra S,(H*((S')"~!)) can be obtained by
acting the fermion zero modes 1; on the vacuum |0). The defining representation V of &,
can be constructed by acting one fermion v; on the vacuum |0), and its dimension is A — 1
due to Y, 1; = 0. The rest of the spectra are generated by taking the wedge products AV
of the defining representation. Assigning the Young diagram oo with h boxes of one row
to the trivial representation |0), the irreducible representations AV of &, are called hook
representations since their Young tableau are of the form with (h — d)-boxes in the first row

By assuming that the vacuum |0) is neutral, the state A?V has charges
d._d d
(J1;J2,8Rr) = (§:—5,5) ,

because it is essentially obtained by acting d-wedge products of the fermions with charge
(3.28). Hence, the contribution from the state A?V to the refined index is (—t)%. As a result,
the refined index only over the BPS states S, (H*((S1)"~1))

BU = TrS(,(H*((Sl)hfl)) (—1)F qu_SR tSR_J2

is summarized as

N : d
B, (1) = (=) = o : hook re‘rp for N®V ' (3.29)
0 o : otherwise
In fact, we can normalize B, by t_w% so that they satisfy
B, (™) = (=DI"I"'B_+(¢) . (3.30)

As can be easily seen, the BPS states H,., = H*((T?)9)®S,(H*((S*)"~1)) obey J1+Jo =
0, corresponding to the (3, 0) fermions under SU(2), x SU(2), in five dimension. On the other
hand, the BPS states S,(H*(Myg, 3)) satisfy J; — Jo = 0, analogous to the (0, 3) fermions in
five dimension. Although they can contribute to the unrefined index (3.24) only by signs, the
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refined index receives non-trivial contributions. Defining J, := %(Jl +.J2), one can decompose
S,(H*(Mgp)) into the spectrum @ A, 4 3.,.5, With respect to the charges J, and Sg so
that the total BPS states are

H(B,p) = @ Cuop Mog @ Apg,p,7..55 -
U’pvngT’SR

As a result, writing the number of BPS states with fixed charges by

~

NpgB,Jr,8 = dimA, g3 7, 55 (3.31)

the refined free energy takes the form

a? g td
ref - ZZ . fﬂ 4 t ) H(‘Td) ) (332)

d>0 u q2 —-q g
N 1 a1 1 /q\I—Sr—5
fia.a.t) = D7 (D CurpBaONpg . sulad —a 303 =3y ()77 2 a?
charges

where the charges are summed over g > 0, 8 € Hyo(X,Z), J;, Sgr € %Z, and all representations
o,p of U(M). Note that, to see the relation to refined Chern-Simons invariants in the next
section, here we define the parameter by

a=e",/L.
t
In fact, the integral numbers for unrefined BPS states
Nygp = Z (_1)2JTNAL,9,5,JT,SR (3.33)

Jr,SRELZ

are called LMOV invariants. Moreover, Marifio and Vafa proposed the multi-covering formula
that relates the LMOV invariants N ,9,3 t0 open Gromov-Witten invariants in the presence of
D4-branes supported on R? x £ [MnV02]. In the case of the framed unknot, the multi-covering
formula has been proven based on localization method and combinatorics [LLZ03].

Next let us consider the ¢-brane setting in the table.2. The form of the free energy is

1 Tr 7 —1) qd(JI*SR)td(SR*JQ)
ey Yyt

d>0 BeH2(X,Z) M t2—1

efd,B-TSM (.Td) ,

d
2

where the Schwinger computation on the D; plane yields the denominator. Although the BPS
spectra in the {-brane setting are essentially the same as those in the g-brane setting, their J;
and Jo charges are exchanged. Hence, the fermion zero modes 1; for H*((S')"~!) have charges
(J2; J1,Sr) = (3;—3.,3) so that the refined index over the BPS states S, (H*((S')"71)) is
given by B,(g~'). The remaining part is exactly the same as the g-brane setting so that the
free energy for the ¢-branes is

ref Z Z ! f g )S,u(xd) ) (334)

d>0 p
t 2J, S\ 1 11 1] Jr—Sp—£2 5
filaa,t) = Y (1> CuopBola™ )Ny p.0,,50(a% — a7 2)0(t72 — 1) ({) a’ .
charges
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It is easy to see that the free energy for the g-branes and that for the ¢-branes are related by

Flg(a,q,t) = Fla,t™"q") (3.35)

T

which can be expected from the equivariant action (3.1) on C2.
Finally, let us extract the common part of fji(a,q,t) and fﬁ(a,q,t) as

—~ ~ J.—Sp—28
olasat) = > (0D Nypgpasala —a 2% =130 (4)77" 2a? | (330)

charges

which is invariant under the exchange (q,t) <+ (t7',¢~!). If we can define an invertible

)= Z CuopBo(t)

symmetric matrix

then we obtain concise expressions
filla,q,1) ZMM) fpaq,),

fﬂ a,q,t ZMMP fp a,q, ) . (337)
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4 Large N duality for torus knots

As the number of M5-branes goes to infinity, the three-sphere S3 in the deformed conifold
T*S3 shrinks and the deformed conifold is transformed into the resolved conifold O(—1) @
O(—1) — CP'. At large N, the N M5-branes turn into a flux supporting CP! in the resolved
conifold. Thus, large N duality implies that a generating function of Chern-Simons invariants
of a knot at large IV is equal to a topological string amplitude with M Mb’-branes associated
to the knot in the resolved conifold. The work of LMOV not only determines the form of
low-energy effective actions of Type ITA string theory with D4-branes on the resolved conifold
but also provides its connection to Chern-Simons invariants of a knot at large N. In other
words, colored HOMFLY-PT polynomials are related to LMOV invariants. In this section,
we shall put forth the large N duality for torus knots in the refined context.

On the deformed conifold side, we have reviewed generating functions of refined Chern-
Simons invariants in §3.1. At large N, we substitute the stable limit tCSy (T, 5; a, q, t) [AS15,
GN15] for SU(N) invariants rCSgy(n)x(Tinn; ¢:t) in (3.16) and (3.17). Then, by using the
forms of the refined free energy on the resolved conifold determined in §3.2.2, the equivalences
of the partition functions for both the g-brane and ¢-brane setting can be recapitulated as

__ > 1 qun;ad7 datd
> " 1CSA(Tmn; a5 6, ) ga(q,t) Pa(w; q,t) = exp (szf“( i ! )Su(wd)> , (4.1)

S d

d=1 @ q2 —q 2

__ o 1T 0, g%, 1)
Z I'CS)\ (Tm,n§ a,dq, t) P)\T (—377 t, q) = exp (Z Z g = Sp (m‘d) : (42)

—d 4
\ =1 n R

These identities determine the refined indices f;/, fﬁ and fp on the resolved conifold in terms of
refined Chern-Simons invariants rCSy. Therefore, we call f/, ff: and fp refined reformulated
invariants. We shall present general formulas in Appendix B.

In the case of the unknot K =), the formulas above become the Cauchy formulas (A.4)
so that only two BPS numbers are non-vanishing as in the unrefined case, i.e. the refined
reformulated invariants fI(7)), f;z (7)) colored by non-trivial representations (u # o) of the
unknot vanish. Geometric picture is drawn in [OV00, Figure 3] where £ is S' x R? with
S1 the equator of CP! in the resolved conifold and the two BPS states correspond to the
M2-branes covering the upper and lower hemisphere of CP!.

The refined reformulated invariants can be explicitly evaluated by using refined Chern-
Simons invariants of torus knots obtained in [AS15, DBMM 13, Chel3, FGSA12, Shal3]. In
all the examples we have checked, the refined reformulated invariants fj(T),») and ff;(Tmn)
obey the relation (3.37). Moreover, after making change of variables

=q, (4.3)

[SIE
N

a:—aQt, g2 =—qt, t

the reformulated invariants ﬁ(Tmm) can be written in the form

FoTmn) =3 > Nygpr(Tmn)at —q 67 (q— q')%a?t" (4.4)
920 B,Fez

up on the a-grading shift by :l:%. Surprisingly, we observe that the numbers 1(1,)79”67 F(Tmm)
are always non-negative integers for any p, g, 5, F'. Let us emphasize that this is not obvious.
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Even if we assume that fp(Tmm) takes the form (3.36), we have

Nogsr(Tmn) = Y (DN 50 (Tnn) |
2(Jyp—Sg)=F

which could be negative. Since ]/\\Tpgﬁ, Jr.Sp(Tm,n) are non-negative integers by definition
(3.31), the positivity of ﬁp,gﬁyF (Ton,n) strongly suggests that the extra U(1) g global symmetry
Sgr acts trivially on the BPS states S,(H*(M, . 3)) so that F is indeed equal to 2J,. The
same phenomenon has been found for refinement of analytically continued WRT invariants
of Lens spaces L(p, 1) defined by the 3d/3d correspondence [GPV16, GPPV17].

Now let us formulate the conjecture of refined large N duality for torus knots, which is
the main claim of this thesis.

The extra U(1)g global symmetry Sg acts trivially on the BPS states S,(H*(Mg, 5))
in the resolved conifold. Thus, the refined reformulated invariants fl(7}, ) and fﬁ(Tm,n),
expressed in terms of refined Chern-Simons invariants of a torus knot 7}, , via the geo-
metric transition (4.1) and (4.2) (or more explicitly (B.1) and (B.2)), can be written

f,z(Tm,na CL, Q> t) = Z Mup(t)fp(Tm,nv CL, q7 t) )
P

FiTmmia,q,t) = Myup(q ) fo(Tnia, q,t) (4.5)
p
where, upon the a-grading shift by j:%, f;(Tmm) takes the form

- = SR D B S 2/ AN
fo(Tmnia,q,t) = Z (—1)2JTN/J,9,B,JT(Tm,n)(q2—q 2)9(t7z—t2)9 (*) a’ (4.6)

charges

with non-negative integers ]/\\]p,g’ﬂ,(]r (Tonn) € Z>p. Furthermore, for p, g, 5 fixed, the 2.J,
charges of non-zero (hence positive) integers vagﬁ’ J..(Tm.n) are either all even or all odd
so that no cancellation occurs in the unrefined limit (3.33) and therefore the LMOV
invariant is

vag7B(van) = :l: Z vag757JT(Tm7n) : (4'7)
Jrelz

The conjecture on the trivial action of Sk implies that the numbers N .98, (T n) indeed
yield complete information about BPS degeneracies in M-theory on the resolved conifold with
the M5’-branes associated to a torus knot T}, ,,. From geometric point of view, they are graded
dimensions of the cohomology classes S,(H* (Mg g)) of the moduli space of M2-M5" bound
states. In Appendix C, we present some examples of N 1.9.8,Jr (Tm,n) for the trefoil T 3 and the
T5 5 knot. In addition, a Mathematica file attached to arXiv page contains more information
about reformulated invariants in [KN17]. In all the examples, one can confirm that, for p, g, 5
fixed, 2J, charges of non-trivial ]/\7[,,9,57 J,.(Tm.n) are either all even or all odd. In addition, the

property (4.7) is manifest if we compare them with tables given in [LMnV00].
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It is known that refined Chern-Simons invariants rCSy of a torus knot colored by non-
rectangular Young diagrams generally contain both positive and negative coefficients even
after the change of variables (4.3). (For instance, see [Chel3, §3.4].) However, this formulation
lends itself to the natural interpretation of refined Chern-Simons invariants as a generating
function of BPS states, providing non-negative integers ]Vpg@ Jn (L) for any color p. Thus,
this can be interpreted as a positivity conjecture of refined Chern-Simons invariants of a torus
knot.

Furthermore, we notice several interesting features of refined reformulated invariants.
First, instead of taking the genus expansion of M2-branes (4.6), we find that the naive change
of variables (4.3) for f,,( m.n) always yields a Laurent polynomial with non-negative integral
coefficients

fp(Tm,n; a = _32t7 q= q2t27t = q2) = Z N,u;i,j,k’(T ) qQth

i?j7k
with Nu;i,j,k € Z>¢. Hence, this evidence also indicates that there exists underlying cohomol-
ogy classes of some moduli spaces for N,; ; . Below some examples are given:

R 2
Fo(Tos) = %(a% +1)(@2%3 + g2 + 1)
R 2
Fo(Ths) = % (a2t + 1) (223 + 1) (q*2 + 1) (a2t + q?) (a2q%t3 + 1)
fo(Tos)
2

— (a’t +1) (a’t + ¢?) (2°q*t* + 1) (¢® (@7 +t*) + q*t? (a® (* +t) +2) +a’t* + 1) |

Second, we also observe a positivity property when we make the same substitution as
(4.3) for f ( m.n) and f ( Ton,m) colored by symmetric representations A = [r]:

Ty (Tmms —a%t @t%, @%) = " 3 Ny, (Tnn)a”a?t"
1,9,k
Fy(Tms —a%t, q*t%, %) = £q° Y N (Thnn)a” gtk
i,3:k
where N[T] i i (Tinn)s Nfr],ij w(Timn) € Z>o. For instance, we have

2t2

fgj(Tzs) — —a—(aQt + 1)(q8(a4t8 + a2t5) + q6(a6t9 + atth + altd —{—t2) + a2q4t3(a2(t3 +
q

t) +2) + q?(abt® + a*t? + a’t + 1) + a’t(a’t + 1)) ,
2

r a

Jo(Ta) = —ﬁ(a% + 1)(a%q®t5(at + 1) + ¢%t%(a’t® + a’t* + a%t + 1) + a’q*t*(a?(t> +

t) 4+ 2) + q%(a” + a't? + a%t3 + 1) + att? + a’t) .

Let us conclude this section by mentioning the implication of the symmetry (3.35) of
the free energy in the resolved conifold. As the right hand sides of (4.1) and (4.2) are
interchanged by (q,t) « (t7%,¢71), so are the left hand sides. The property of Macdonald
functions Py(—x;t,q) = (—=1)NPy(2;t~1, ¢ 1) implies

g)\(qa ) I'CS)\( m,ns @, q, t) ( 1)‘>\| m/\T(Tm,n;a,t_l,q_l) )
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which is the unreduced version of the mirror/transposition symmetry (3.14) of the refined
Chern-Simons invariants. This explanation was first provided in [AS12b, §3.1].
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5 Large N duality for torus links

In this section, we generalize refined large N duality to torus links with L components. For
each component of a torus link, we introduce M; M5’-branes supported on the conormal
bundle £; of the component in the deformed conifold 7%S3. These M5’-branes still remain
after the geometric transition. Since a half of supersymmetry is preserved if the supports
of M5’-branes are special Lagrangian submanifolds in a Calabi-Yau as explained in §3.2.2,
it is straightforward to extend the analysis in the previous sections to torus links. To avoid
repetitious explanation, we shall present only essential results in this section.

For a torus link T, , with ged(m,n) = L, we need to introduce the fugacities z; (i =
1,---, L) that parametrize the Cartan subgroup of the U(M;)-valued moduli of £; both on
the deformed conifold and on the resolved conifold. In the resolved conifold, we consider
a holomorphic curve ¥, with h = Zle h; boundaries where h; boundaries end on L;.
Therefore, we have to project the space H*((S*)"~1)® H*(M,  5) on the invariant subspace
of the relevant symmetry &, x --- x &, . Eventually, the BPS spectrum for a torus link
analogous to (3.26) is

v (H*((8")"™) @ H (My9)) =

H(B,p1, 1L)
D Curon - CuroronSorom o (8" )) & Sy oy (H (M) -
{oit {pi}
For the g-branes, the fermion zero modes wgi), cee @Z),(L? coming from the boundaries ending on

L; contribute to the refined index by (t% - t_%)Bgi (t). The factor (t% - t_%), which is absent
in the case of a torus knot, stems from the fact that we do not impose the linear constraint
Z?;l %(-Z) = 0 on each boundary. Hence, we have

L
1 1
Trs, .. (st (=DF g 7508972 — (12 — 47 2) P [ Bo (1) (5.1)
=1

where the linear constraint Zle 2?1:1 wj(-i) = 0 on the total boundary fermion zero modes
yields the factor (t% - t_%)_l.

As in the case of torus knots, we conjecture that the extra U(1)r global symmetry Sg
acts trivially on the BPS states S, ... p, (H*(Mgpg)). Thus, we decompose the BPS states

Sp17'" »PL (H* (MQJ'L,ﬁ)) = @ Ap17'“ 7,0ng7ﬁ7‘]’l‘
JIr

with respect to only J,. charges but not Sg charges and define

~

Noy oo prg,Bdr = dim Ay, o 5 68, -

The free energy of the t-branes can be obtained from that of the g-branes by exchanging
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(q,t) <+ (t71,q71). Therefore, we can write them in the forms

%)L—l L

1(t2 =t d d ,d d
= E E R e fl (T a®, g%t )Hsm(%) ,
2 2

d>0 {pi} R i=1
d d L
1(g 2 —q2)t7t 5 d d ,d d

Ffef_223 4 d fﬁh...’“L(Tmm 1 q,t )Hsm(xz) )

d>0 {pui} bz =tz =1

where the refined reformulated invariants take the forms
31,...,,% (Tinns @, q,t) Z ulpl - Myuppr (t)fplf",PL(Tm,n;aaqvt) )
t —1 BN
filf"a#L (Tm,n;a)q) Z Mu1p1 o 'M,U«LPL(q )fpl,“',pL (Tm,n§aa q, t) ’ (52)

and J?mw- (T ) are of the form

8
n 11 11 q\’Jr—3
Tospr (Lnnsa, 1) = Z (= ) TNPL 5PL-9:8,Jr (T )(q2 —q 2)7(t7 2 —t2)7 (E) > af

charges
(5.3)
with non-negative integers Npl’...’pL’g75’Jr (Tonn) € Z>p. Here we factor out (t% - f%)L_l
in (5.1) from the definition of refined reformulated invariants since it depends only on the
number L of link components.
As a result, the large N duality of refined Chern-Simons theory with a torus link T, ,
with L components can be summarized as

L
Z I'CS)\L... AL (Tm,n7 a, q, t) Hg)\z((L t)P)\Z (-ri; q, t) =
A i=1
(- z
exXp ZZ g—_gf,‘fh...,M(Tm,n;ad,qd,td)Hsm(xf) , (5.4)
d>0 {u;} g2 —q 2 i=1
Z C 1, , ’mnva’cb HP,\T ‘rlvtq)
i i=1
5 g)L_l 7 d d 4d < d
exp (D) 5 ﬁfﬂl,---,uﬂmm;a»qat>Hsm<xi> . (5.5)
=0t 2 -tz i—1
Hi

where the reformulated invariants are of the form (5.2) with (5.3). These identities enable us
to express the reformulated invariants in terms of refined Chern-Simons invariants of a torus
link, which are presented in (B.1) and (B.2). Thus, the large N duality provides a rather
non-trivial connection of refined Chern-Simons invariants @)\17"' AL (T a,q,t) of a torus
link to enumerative invariants N o1, p0.0.8:Jr (Tmn) € Z>q in the resolved conifold.

In Appendix C, we present some examples of N p1.p2,9,8,J» for the Hopf link T5 5 and the
Ty 4 link obtained by using the results in [DBMM'13, GNS'16]. As in the case of torus
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knots, one can verify that 2.J, charges of non-trivial N, p1.p2,9,8,J are either all even or all odd
with p1, ps, g, B fixed. Therefore, we conjecture that this is true for any torus link with L
components so that the LMOV invariant is

~

Nplz'"szzguB(Tm7n) = j: Z Npl:'"7pL7gzﬁ7‘]7‘(van) °
JreLz
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6 Extension to non-torus knots

Let us consider an extension of the above formulation to non-torus knots. In the case of non-
torus knots, one option is to consider a generating function of Poincaré polynomials of colored
HOMFLY-PT homology, which was first examined in [GKS15] in the case of symmetric
representations. In addition, various structural properties of the HOMFLY-PT homology are
conjectured [GS12, GGS13, GNST16, Wed16] when colors are specified by rectangular Young
diagrams. Using these properties, conjectural formulas for Poincaré polynomials of colored
HOMFLY-PT homology have been obtained for a certain class of non-torus knots [GNS'16,
references therein]. In [GGS13, GNST16], two homological gradings called t,- and tc-gradings
have been introduced. In the case of torus knots, after the change of variables (4.3), refined
Chern-Simons invariants expressed in terms of the (a, q,t) variables yields t.-gradings.

As we have seen in the previous sections, the variables (a, g, t) for the equivariant param-
eters (3.1) are suitable for the formulations of large N duality in refined topological string
theory. Hence, for a straightforward extension of refined large N duality to non-torus knots,
we consider generating functions of the refined version of HOMFLY-PT polynomials, which we
denote by Z,(K;a,q,t). In the case of rectangular Young diagrams, they can be obtained by
re-writing Poincaré polynomials of colored HOMFLY-PT homology with t.-grading in term
of the (a, ¢, t) variables by using the change of variables (4.3). Then, the natural extension
of refined large N duality (4.1) and (4.2) to non-torus knots is

a d
Z@A (K3 a,q,t) ga(a,t)Pa(w;q,t) = exp (ZZ LI K ’qgt )Su(xd)> ,  (6.1)

d=1 p q2—q

LK ad. g 44
Z@AKaq, t) Pyr(—x;t,q) = exp (Zzlf a0 7f)su(a;'d)> . (6.2)

i1 t_i—tz

Recently, the Poincaré polynomials of HOMFLY-PT homology colored by (anti-)symmetric
representations have been obtained in closed forms for the (2s — 1,1,2¢ — 1)-pretzel knots
[GNST16, §5.3] as well as the knots 62 and 63 [NO15, §2.3]. Using these data, one can com-
pute reformulated invariants f/(K;a,g,t) and fﬁ(K ;a,q,t) up to two boxes. Remarkably, it
turns out that reformulated invariants of these knots can be brought into the form (4.6) with
(4.5). Some of the resulting BPS degeneracies are tabulated in Appendix C and more data
are included in the Mathematica file.

As an example, let us look at the uncolored BPS degeneracies of the figure-eight presented
in Table 18. Unlike the case (4.7) of torus knots, there are (boson-fermion) cancellations
by sign in the unrefined limit although they reduce to the corresponding LMOV invariants
[LMnVO00, Figure 7]. It was observed in [LMnV00, LMn02] that, for any knot K, the LMOV
invariants ﬁpy,g(K) have the same parity of their a-gradings 3, i.e. (—l)ﬁﬁp,gﬁ become all
non-negative integers for any u, g, 5 up to appropriate grading shifts. However, as we see in
this example, there are cancellations behind for non-torus knots, which becomes manifest only
at the refined level. This property can be seen in other examples of the (2s—1, 1, 2¢t—1)-pretzel
knots as well as the knots 62 and 63 up to two boxes.

To go beyond two boxes, we need a H-colored refined invariant, whose definition is not
available yet. Nevertheless, we can seek the H-colored refined invariant of the figure-eight
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which satisfies the mirror symmetry (3.14) and the exponential growth property (3.15). Since
the figure-eight knot is amphichiral (a knot which is the same as its mirror image), we also
impose the condition

Pr(41;a,q,t) = Pr(41;a7 g7t . (6.3)

Like refined Chern-Simons invariants, we however allow that the refined invariant (6.4) can
have both positive and negative coefficients even after the change of variables (4.3) so that
it cannot be interpreted as a Poincaré polynomial. With this condition, we find the reduced
H-colored refined invariant of the figure-eight:

7
392

7
aq 2 q2 q q q q q q q
Pm(41;a,q,t) = Tl e s e e T e
R a:1) +% N T s e S B 2 S £
1 3 5¢3 5¢2  q® 1 3 1 49 3
7 3 5 1 3 1
talqitt b 3R p T R 2 3 2 - - T
g2tz t2 t2 t2 t2 g3tz g2tz qt t t
5 5 3 /1 3 1/.3 1 1 1 8 4 1 1 5 2
72q2t2+2q2t2+q2(t275t2)+4qt+q2 tz78t2)+7+—l(—3——l)+—+—é(—lf—é) =
q2 t2 t2 qt q2 t2 t2 q-t
1 1 5 3
37 1 5t2 t2 1 3 1 3 1 t2 1.3 5t2 4t
S R e e i et DR 51 o3y g2 TOUCTRA T — vt T —at’ — — =3t
qzt2 q2 q2 q2t2 q2t2 t q q2 q2
t5 o t3 3 ¢33 3 ¢zt {2 t3 4D t2
+a72 B §+7§77§7777+7g+77j — |+ d (6.4)
qz  q2 qz q2 q2 qz qz O 9 ¢z 9] a’q?

Surprisingly, the reformulated invariants computed by using this datum also can be written
in the form of (4.6) with (4.5), and the corresponding BPS degeneracies are presented in
Appendix C. Because of the properties (6.3) and (A.2), the left hand sides of (6.1) and (6.2)
stay invariant under the change of variables (a,q,t) <+ (a=%,¢~',¢!) for an amphichiral knot
K. Then, the right hand sides are also invariant if

Fo(K a7t = (1) for(Kia,q,t)

due to (3.30), which is equivalent to the condition

~ ~

A%%&LLK):JWJg;@—L(K)7

to the BPS degeneracies (up to overall sign). This property can be seen for amphichiral knots
like the figure-eight and the knot 63 in Appendix C.

Let us mention the cases in which situations are different. It is known that the (2s —
1,1,2t — 1)-pretzel knots as well as the knots 62 and 63 are homologically-thin and their
HOMFLY-PT homology colored by rectangular Young diagrams is subject to the exponential
growth property. On the other hand, the thick HOMFLY-PT homology has more complicated
properties and it is not endowed with the exponential growth property. This was shown
in [GS12, Appendix B| by explicitly obtaining the Poincaré polynomials of the m-colored
HOMFLY-PT homology with t.-grading of the knot 942, which is a non-torus homological-
thick knot with the fewest crossing. It is a straightforward exercise to obtain both mcolored
and B-colored HOMFLY-PT homology with t.-grading for the knot 942 and the corresponding
refined invariants. It turns out that the reformulated invariants of the knot 949 obtained by
these data cannot be expressed in the desired form (4.6) with (4.5).

Moreover, the HOMFLY-PT homology of some non-torus links including the Whitehead
link has been obtained in [GNST16]. However, the straightforward extension of (5.4) and
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(5.5) to any non-torus links fails to provide the desired form of the reformulated invariants
even in the fundamental representation.
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7 Discussion

In this thesis, we have formulated large N duality of refined Chern-Simons theory with a torus
knot/link. By assuming that the extra U(1)g global symmetry acts trivially on the BPS states
coming from deformations of M2-branes, this formulation gives a striking relation between
refined Chern-Simons invariants of a torus knot/link and graded dimensions of cohomology
classes of moduli spaces of M2-M5 bound states in the resolved conifold. Therefore, this
leads to the positivity conjecture of refined Chern-Simons invariants of a torus knot/link.
Conversely, one can obtain complete information about BPS spectra in M-theory on the
resolved conifold with M5’-branes supported on R? x L7, . by using the geometric transition.
It is also worth mentioning that, for M-theory on any toric Calabi-Yau threefold with M5-
branes, its free energy on the 2-background takes the forms (3.32) and (3.34) if the extra
U(1)r global symmetry is preserved. It is important to understand when the extra U(1)gr
global symmetry acts on the space of BPS states trivially, which is important assumption in
this thesis.

As we have seen in §6, the refined large N duality can be extended to a certain class
of homologically-thin non-torus knots. However, we checked that this does not work for
homologically-thick non-torus knots as well as any non-torus links. These results are still at
the level of observation and the underlying structure needs to be investigated.

Giving a mathematical definition of refined LMOV invariants prg”g’ J,(Tin.n) discussed
in this thesis is a challenging, but important open problem. Refined GV invariants have been
discussed in the literature [CKK14, CDDP15, NO14, GHKPK17, references therein] as re-
fined Pandharipande-Thomas (Donaldson-Thomas) invariants for toric Calabi-Yau threefolds.
However, mathematical understanding of their open analogues are still immature although
the Poincaré polynomials of uncolored HOMFLY-PT homology of torus knots have been re-
lated to motivic Donaldson-Thomas invariants in [DHS12]. Actually, upon the reduction on
the cigar of the Taub-NUT in the table.2, BPS states can be understood as D6-D4-D2-D0
bound states. Hence, it is an important task to give a mathematical definition of D6-D4-D2-
DO bound states for refine Chern-Simons invariants discussed in this thesis. It would be also
intriguing to find a connection to (a certain variant of) “P=W conjecture” [CDDP15, DDP17,
references therein).

Another direction to pursue is to find large N duality of refined Chern-Simons theory
with different gauge groups. In fact, SO(2NV) refined Chern-Simons theory has been proposed
[AS12a], generalizing Kauffman polynomials. In addition, large N duality for Kauffman poly-
nomials has been put forward by incorporating orientifolds in the resolved conifold [Mn10].
Consequently, this leads to an integrality conjecture involving both colored Kauffman and
HOMEFLY-PT polynomials. It is natural to ask whether a positivity property can be seen
when the conjecture of [Mn10] is refined.
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A Symmetric functions

In this appendix, we review basics of symmetric func-

tions relevant to this thesis. For more detail, we refer

/
the reader to [Mac98]. , I'(s)
° - #(s) ch a(s)
Let z = (x1,z9,---) be an infinite number of 1]

the variables, A = (A1, A2,---) be a Young diagram
(i.e. non-negative integers such that \; > A\;41 and I(s)
Al = >, A < oo) and k = (ki,ko,---) be a vec-

tor with a infinite number of entries, almost zero,

and whose nonzero entries are positive integers. The

Young diagram A and the vector k are in one-to-one
correspondence with the relation k; = m; (A), where Figure 2. Arm, leg, co-arm and co-leg
m; (A) is a multiplicity of ¢ in .

First, we define the power-sum symmetric functions by pq (z) = >, xd. Tt is convenient
to denote their products by py (z) = []; pa, (z) and p; = []; pfl These are bases of the ring

11

of symmetric functions. Schur and Macdonald functions'* can be defined by introducing an

inner product on the ring of symmetric functions.

Schur functions

The Schur functions s) (z) are uniquely defined by orthogonality and normalization condi-
tions:

($x;8u) =0, if AN#p,

SA\ (x) = W) (x) + Z UNp Wy (x) ) Uy € Q,
n<A

where wy () is the monomial symmetric function, < is dominance partial ordering (A > u <
|A| = |p| and Zle Ai > Ele w; for all i), and the inner product is defined by

<p)\>pu> = 5)\MZA ; A\ = Hzmlml' 5
i>1

where m; = m; (\) is a multiplicity of 7 in .
The relation between Schur and power sum symmetric functions is known as Frobenius
formula:

awzzmgwwm, pp(@) = S CEYsA @) . (A)
k A

-,

where x(C(k)) is the character of the representation A of the permutation group &;, evaluated

-

at the conjugacy class C(k) where h = >, jk;. The Frobenius formula is used for the
computation of Clebsch-Gordon coefficients (3.27) of the permutation group &j,.

"YWhen these functions have an finite number of the variables, we call Schur and Macdonald polynomials.
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Macdonald functions

The Macdonald functions P (x; ¢, t) are uniquely defined by orthogonality and normalization

conditions:

<P)\apu>q,t:07 it X#p,
Py(;q,t) = wx (2) + 2, (@) wu () 5 uau(q,) € Qg )

where the inner product is defined by
1 — q/\i g |
<p)\7p,u>q,t = 5)\#«3)\H ﬁ , 2\ = HZ m;! .
i>1 i>1

At the g = t specialization, the Macdonald functions reduce to the Schur functions. From
the definition one can show

(q/t)

ga(g;1)

1— qa(s)+1tl(s)

=P Pagt = | | 7o
q g 1— qa(s)tl(s)+1

where an arm length a (s) = \; — 7 and a leg length [ (s) = /\jT — i for each box s = (4,7) in A

are depicted in Figure 2.
We denote by X (k; q,t) coefficients in the expansion of a Macdonald function Py (x;¢q,t)
with respect to p; (7):

Py (z;q,t) = fo)\(/;; q,t)pg () -
k

Since the rational functions Xy (k;¢,t) are invariant under the exchange (gq,t) < (¢~ t71),
the Macdonald functions have the following property

Py (w5q,t) = Py (z5¢7 ' t7h) (A.2)
Note that at the g = t specialization

k

In the following, we list some Macdonald functions expressed in terms of the power-sum

functions:

PD:pl
P :(1—t)(1+Q)Pj 1+ —q)p2
T (I-tg) 2 (1—-tq) 2’

2
p i _p2

29

(4= -2 p}  (1-q1—t*)(1—¢% pipe
P = P1

3
1
(1-q)(1—tg)(1 —tg*) 6 (1 —q)(1 —tq)(1—1tg*) 2
(1-q9(1—¢)(1—#) p3
2) 3

3
(1=1)(1 —tq)(1 —tq

+
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PBH:(l—t)(thJqurtJr?)ﬁJr(1+t)(t—Q)P1p2_ (1-q)(1—#) p3
1—qt? 6 1—qt? 2 (1—¢t)(1—qt?) 3
P P2p1
p, =t 2P P8
176 2 +3

(1-t)(2gt+q+t+2)

For instance, we can read off %B:(E = (3,0,0);q,t) = 6(1—q1%)

3.

because of Pi—(3.00) =

Cauchy formulas

The Cauchy formulas play a very important role in this thesis. The Cauchy formulas for
Schur functions read off:

_1\d—1
S sa(@)sa(y) = exp (Z;pd@)pd ) S i@l =ew (Z( > m(sc)pd(y)).
A

d>0 d>0
(A.3)
The analogues of Macdonald functions are
d d
1t2 —t 2
> oalg t)Pa(x; 4, ) Paly; ¢,) = exp (Z . dpd(w)pd(y)> :
d 2 2
A d -9
(_1)d—1
> Pa@ig ) Pyr(yitg) = exp | Y ——pa(@)paly) | - (A4)
A d>0

B Explicit formulas of refined reformulated invariants

In this appendix, we will derive explicit formulas for refined reformulated invariants of a torus
link T}, ,, with L components in terms of its refined Chern-Simons invariants from (5.4) and
(5.5) by following [LMn02]. To this end, we define the plethystic exponential and its inverse

Exp(F) := exp <Z u:;) oF Log(F) := Miid) log(¢go F) ,
d=1

d=1

where an operator 1 is defined by ¥g0 F(a, ¢, t; z) := F(a%,q%,t% 2?) and pu(d) is the Mobius
function. If one sets

1 1
(tz —t72) q
F = % % E fMLwML Tinnia,q,t Hs,ul ;)
—q i

i}

then the right hand side of (5.4) can be written as Exp(F). Thus, one can manipulate the
identity (5.4) as

L
F=Tog | Y 1CSx.a,(Tmm;a,q,t) [ [ 9r. (¢, 1) Pr, (i . 1)
i} i=1
— /i(d) ) T
= Z d lOg ZYCS)\l---)\L Hg)\i(qdatd)P)\i(‘rI’.g;qd7td)
d=1 ) i=1
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o0 d o0
:ZM; Z H Z TCS,\m) A(a)l_[gA(oz) q, 75 A<a>( g;qd,td)
d=

m
—cqld) d 4d d
H Z rCS)\(Q) A HgA(oo ¢*, %) Z% <a) a);q it )p,glqw(l‘z‘) )

a=1 {)\(@)} "(@)

where @& ) —1CS rCS\(Thn.n; a?, ¢, t?) and other notations are given in Appendix A. To com-
pare with the coefficient of Hle s, (), we introduce kq for k = (k1, ka,---) as (ka)a = (k)i
i.e.

ky = (0,-++,0,k1,0,---,0,k2,0,--+)

where ki is d-th entry, ko is 2d-th entry and so on. Then, the properties pg(md) =pp, (x) and
pi(®)py (¥) = pp, () of the power sum functions tell us

Hp,;m) =Py (7, ZXM Z ))d))sm(xi> :

{m} a=1

Using these results, we obtain the explicit formula for f? in terms of refined Chern-Simons
invariants:

(tz —t72)L1
ﬁfyl,m,ﬂl/ (Tm,n;a7Q7t) = (Bl)
q2 —q 2

L m m
Sy D s S e ) TL a0 9%, (B0 TS
a=1 a=1

d,m=1 {Ezga)} {)\Ea)} i=1

Similarly, we can obtain the explicit formula for ft_:

g dyrp-1
q 2 —qz2 ¢
(t_g—t)gfltl'lf"vﬂll (van; a’ q7 t) = (B‘2)
o) ) L m m (o) —(d)
Z (-1 d Z HXM?(C(Z ey, H DIRES (AT (kz(a);td,qd)rCSAga%-A(;‘) :
dm:1 ) :1 a=1 a=1
' { P}

In the following, we provide reformulated invariants of a torus knot colored by Young
diagrams with a few boxes for the ¢-branes from (B.1):

q
fD _I'CSD,
t3 —¢ 2
1
tz2 L qt — 1—— t—1 9 t+1 —=(©
rCSo, rCS |
Gt t1 -1 2(q—1)( ) 2(¢+1)
tz [ —q 21 t—1 t+1 )
= rCS, CSy — S.)? cs.”
Gt -1 AT 2(q—1)( o) 2(q+1) "
( t—1) (¢t —1)—_ — —
b M @Vt Ve (=@ g g
ats —¢73 (@*—1)(¢#—1) (¢—1)*(g+1)
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@02 = T g 1) S] rE5
2(t — 1) 2+t+1 3)
3(q_1)2(rcsg)3 3@ +q+1) 0
e 2 2 2 3
' @@ e B-D-H o B-DE-1)
B @ D@ U @) O ) @)

{@—1)@—01@3 Gl
(g—1)2(q+1) 7 (¢g—1)(gt—1

(t-1)? —« PHt+1 —3)
Fam 2 s gr

~ | —

rcsg} 1S,

In addition, we present reformulated invariants of a torus knot colored by Young diagrams
with a few boxes for the ¢-branes from (B.2):

t
1 Ja 1 :mﬂa
t2 —t 2
e P pa—
S =i+ SO0 — S (CS,)?
2 — 2
M a—t 2 1
ﬁ =108, + 70 — 5705, — 5CS, ),
t
1
;; e =y =108~ 1CSaC + 5 L rcs,)? - §rCS];3) ,
2 —

- AN - _ N1
fBﬂ =rCSmx + Wrcsa _ [rCSm + wrCSE rCS,

{5 — 73 qt? — qt — 1

2 — 1—
+ (S, + §rcsg”),

kg‘ ‘

—1CS +(Q+1)(q_t)@ i (q—t)(q—tQ) mﬁ

2 — 72 - ¢t —1 & (t—l)(th—l)

_ 1
+ —rCSm+( %cs@ rCS, + = (rCS) —grcsg?’).
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Table 7. N[3]7g767JT (T3,3) for the trefoil

Table 8. ]/\\f[g’l]’g’ﬁ“]r (T3,3) for the trefoil
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Table 9. N[l)lﬁl]’g’ﬁrjr (T 3) for the trefoil
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