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৹ࠪใࠂॻ

ਃ੥ऀɿ ۚ ৉໌

ओ࿦จ୊໨ɿ A freeness criterion for spherical twists

݁࿦ɿ ֶҐΛत༩͢Δɻ

ϦʔϚϯ໘ͷ୯७ดۂઢʹԊ͏ݹయతͳDehn twist͸ɺϦʔϚϯ໘ͷࣸ૾ྨ܈ͷݩΛఆ
Ίࣸ૾ྨ܈ͷڀݚʹͱͬͯجຊత͔ͭॏཁͰ͋Δɻಛʹɺ༩͑ΒΕ͍͔ͨͭ͘ͷ୯७ดۂ
ઢʹԊ͏Dehn twists͕ੜ੒͢Δ෦෼܈Λܾఆ͢Δ͜ͱ͸͖ΘΊͯجຊతͳ໰୊Ͱ͋Δɻ
Dehn twist͸ࡏݱͰ͸͍Ζ͍Ζͳํ޲ʹҰൠԽ͞Ε͍ͯΔ͕ɺຊ࿦จͰѻ͏ͷ͸ݍ֯ࡾʹ
͓͚Δ spherical twistͰ͋ΔɻHomological Mirror Symmetryͷจ຺ͷதͰM. Kontsevich

ͷΞΠσΞʹ͖ͮجɺP. Seidel-R. Thomas͸ݍ֯ࡾʹ͓͚Δ d-spherical object(d͸ਖ਼ͷ
੔਺)ʹԊ͏ spherical twistͱݺ͹ΕΔ autoequivalence Λఆٛͨ͠ɻspherical twist͸ݍ
࿦తʹఆٛ͞ΕΔ͕ɺݹయతͳDehn twistͱྨࣅͷੑ࣭Λ΋ͭ͜ͱ͕͍ͭ͘΋͞࡯؍Εͯ
͍Δɻྫ͑͹ɺSeidel-Thomas͸ d ≥ 2ͷͱ͖ɺ2ͭͷ d-spherical objectsͷؒͷHom͕
Ͱ͋Ε͹ͦΕΒʹԊ͏ݩ0࣍ spherical twists͸Մ׵Ͱ͋Γɺ1࣍ݩͰ͋Ε͹૊ඥؔࣜ܎Λ
ຬͨ͢͜ͱΛࣔ͠ɺspherical objects͕DynkinਤͷAܕͷ configurationΛ΋ͯ͹ɺͦΕ
ΒʹԊ͏ spherical twists͕ੜ੒͢Δ autoequivalence܈ͷ෦෼܈͸૊ඥ܈ͱಉܕʹͳΔ͜
ͱΛࣔͨ͠ɻ͜Ε͸ϦʔϚϯ໘ͷDehn twistʹؔ͢Δݹయతͳ࣮ࣄͷݍ࿦తྨࣅͰ͋Δɻ

ຊ࿦จͰѻ͏ͷ͸ɺSeidel-Thomasͷ৔߹ͱิ׬తͳঢ়گͰ͋Δɻ͢ͳΘͪɺspherical

twistsͷࣗ༝ੑʹؔ͢Δ݁ՌͰ͋Δɻ·ͣɺϦʔϚϯ໘ͷDehn twistʹؔͯ͠A. Ishidaʹ
ΑΓɺ2ͭͷ୯७ดۂઢͷزԿֶతަࠥ਺͕ 2Ҏ্Ͱ͋Ε͹ͦΕΒʹԊ͏Dehn twistsͷੜ
੒͢Δࣸ૾ྨ܈ͷ෦෼܈͸֊਺ 2ͷࣗ༝܈ͱಉܕͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɻA. Keating

͸͜ͷ݁ՌͷγϯϓϨΫςΟοΫزԿʹ͓͚Δਂ୩ݍͰͷྨࣅΛ͠࡯ߟɺd ≥ 2ͷͱ͖ 2

ͭͷ d࣍ݩϥάϥϯδΞϯٿ໘ͷؒͷ Floer cohomology͕ ʹҎ্Ͱ͋Ε͹ͦΕΒݩ2࣍
Ԋ͏ Lagrangian Dehn twistsͷੜ੒͢Δ܈͸֊਺ 2ͷࣗ༝܈ͱಉܕͰ͋Δ͜ͱΛࣔͨ͠ɻ

ҰํɺS.Humphries͸ΑΓҰൠʹϦʔϚϯ໘ͷ༗ݸݶͷ୯७ดۂઢͷू߹ C ʹର͠ɺ
Cͷ complete partitionͱ͍͏֓೦ʢC =

⊔
µ Cµ͕ Cͷ complete partitionͰ͋Δͱ͸ɺ

γi, γj ∈ Cµ (i ̸= j)ͳΒ͹ γi, γj ͷزԿֶతަࠥ਺͸ 0Ͱ͋Γɺγi ∈ Cµ, γj ∈ Cν (µ ̸= ν)

ͳΒ͹ γi, γjͷزԿֶతަࠥ਺͸ 2Ҏ্Ͱ͋Δͱ͖Λ͍͏ʣΛಋೖ͠ɺϦʔϚϯ໘Σ ͷ୯
७ดۂઢͰΞΠιτϐʔྨ͕͍ޓʹҟͳΔ΋ͷͨͪͷू߹ C = {γ1, . . . , γm}͕ complete

partition C =
⊔α

µ=1 CµΛ΋ͪɺ͔ͭ Σ \ ∪iγi͕ disk੒෼Λ࣋ͨͳ͍ͳΒ͹ɺγiʹԊ͏
Dehn twist τγiͰੜ੒͞ΕΔࣸ૾ྨ܈ͷ෦෼܈͸ɺࣗ ༝Ξʔϕϧ܈ͷࣗ༝ੵZm1 ∗ · · ·∗Zmα

ʹಉܕͰ͋Δ͜ͱΛ͍ࣔͯͨ͠ʢͨͩ͠mµ = |Cµ|, µ = 1, . . . ,αʣɻ

ຊ࿦จͰ͸ɺ͜ ͷHumphriesͷ݁Ռͷݍ֯ࡾʹ͓͚ΔྨࣅΛ͢࡯ߟΔɻҎԼɺݍ֯ࡾD

͸ Bondal-KaplanovͷҙຯͰ dg enhancement AΛ΋ͭ΋ͷͱ͢ΔɻC = {E1, . . . , Em}
͸Dͷ d-spherical objects Ei (d ≥ 2)ͷू߹ͰEiͨͪ͸͍ޓʹ up to shiftͰಉܕͰͳ͍
ͱ͢Δɻ͜ͷͱ͖ɺspherical objectsͷू߹C͕ complete partitionΛ΋ͭɺͱ͍͏͜ͱ
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Λ·ͣݍ࿦తʹఆࣜԽ͢Δඞཁ͕͋Δ͕ɺͦΕ͸ Seidel-Thomasͱಉ͘͡زԿֶతަࠥ਺
ΛHomͷ࣍ݩʹஔ͖͑׵Δ͜ͱʹΑͬͯఆٛ͢Δɻ࣍ʹɺʮΣ \∪iγi͕ disk੒෼Λ࣋ͨͳ
͍ʯ͜ͱͷݍ࿦తྨࣅΛɺ࣍ͷ ‘null-triangular৚݅’ͱͯ͠ఆࣜԽ͢Δɻ

(null-triangular৚݅) ૬ҟͳΔʹ͍ޓ i, j, kʹରͯ࣍͠ͷ߹੒͸θϩɻ

Hom•(Ei, Ej)⊗ Hom•(Ej, Ek) → Hom•(Ei, Ek).

Ҏ্ͷԼͰຊ࿦จͷओ݁Ռ͸࣍Ͱ͋Δɻ

ओఆཧɿdg enhancement AΛ΋ͭݍ֯ࡾDʹ͓͍ͯɺC = {E1, . . . , Em} ͸͍ޓʹ up to

shiftͰಉܕͰͳ͍ d-spherical objects (d ≥ 2)ͷू߹Ͱ null-triangular৚݅ΛΈͨ͠ɺ͔ ͭ
complete partition C =

⊔α
µ=1 CµΛ΋ͭͱԾఆ͢Δɻߋʹ EndA(E1 ⊕ · · ·⊕Em)͸ formal

ͱԾఆ͢Δɻ͜ͷͱ͖ɺTEiΛEiͷԊ͏ spherical twistͱ͠mµ = |Cµ| (µ = 1, . . . ,α)ͱ
͓͘ͱ

⟨TE1 , . . . , TEm⟩ ∼= Zm1 ∗ · · · ∗ Zmα < Auteq (D)

͕੒Γཱͭɻ

ணͤ͞Δ఺͸Humphriesͱಉؼʹయతͳิ୊ݹ࿦ʹ͓͚Δ͋Δ܈ऴతʹ૊Έ߹Θͤ࠷
͡Ͱ͋Δ͕ɺͦ͜ʹࢸΔಓے͸ɺDehn twistsʹؔ͢ΔHumphriesʹΑΔزԿֶతͳূ໌
Λ͢΂ͯݍ࿦తʹఆࣜԽ͠΍Γ௚͢͜ͱʹΑͬͯߦΘΕΔɻطଘͷେ͖ͳ݁ՌΛ༻͍Δ
ͱ͍͏ΑΓɺҰ͔Βূ໌Λߏ࠶ங͢Δඞཁ͕͋Δɻઌͷ null-triangular৚݅ͷΑ͏ʹزԿ
ֶతঢ়͔گΒద੾ͳݍ࿦త໋୊Λநग़͠ɺزԿֶతͳٞ࿦Λݍ࿦తͳٞ࿦Ͱূ໌͍ͯ͘͠
ྗ͕ඞཁͱͳΔɻಛʹɺspherical objects ͔ΒͦΕʹ௚ަ͢Δର৅ΛɺJ. RickardʹΑΔ
΍΍ҟͳΔঢ়گͷ৔߹ͷ୅਺తٞ࿦Λώϯτʹͭͭ͠ɺDehn twistsΛ܁Γฦ͢͠ࢪͱ͍
੒͢Δͱ͜Ζ͸ূ໌ͷதͰॏཁͳεςοϓͰ͋Γɺਃ੥ऀͷߏʹݩԿֶతΞΠσΞΛز͏
ΞΠσΞͱ౒ྗ͕ݟΒΕΔͱ͜ΖͰ͋Δɻͳ͓ɺEndA(E1 ⊕ · · ·⊕Em)͕ formalͱ͍͏Ծ
ఆ͸ɺٞ࿦ͷ͍͔ͭ͘ͷ෦෼Λ୯७Խ͢Δͷʹ࢖ΘΕΔ͕ɺ΍΍͗͢ڧΔҹ৅Λड͚Δɻ
ΑΓऑࣗ͘વͳ৚݅ͷԼͰূ໌͢Δ͜ͱ͓Αͼূ໌ͷ؆໌Խ͸ޙࠓͷ՝୊Ͱ͋Ζ͏ɻ

ຊ࿦จ͸෇Ճ৚͕݅՝ͤΒΕ͍ͯΔ΋ͷͷɺݹయతͳDehn twistʹؔ͢Δ݁ՌΛݍ࿦
తʹͱΒ͑௚ͯ͠ಘΒΕͨ݁Ռ͸े෼ʹڵຯਂ͘ɺ౰֘ڀݚʹͱͬͯҙٛ͋Δ݁Ռͱ͑ߟ
ΒΕΔɻ2018೥ 2݄ 23೔ʹֶҐͷެ։৹ࠪηϛφʔΛ͕ͨͬߦɺഎ͔ܠΒ࢝Ίͯओ݁Ռ
ͱͦͷূ໌ͷ͋Β͕͢͡ඇઐ໳Ոʹ΋఻ΘΔΑ͏ʹ޻෉͞Εͨ΋ͷͰ͋Γɺ·࣭ͨ໰ʹର
͢ΔԠର΋త֬ͳ΋ͷͰ͋ͬͨɻҎ্ʹΑΓɺ৹ࠪҕһձ͸ֶҐΛत༩͢Δ΂͖Ͱ͋Δ΋
ͷͱ൑அ͢Δɻ

৹ࠪҕһձ
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