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A FREENESS CRITERION FOR SPHERICAL TWISTS

JONGMYEONG KIM

ABSTRACT. We introduce the notion of a complete collection of spherical ob-
jects in a triangulated category 2. We then show that the subgroup of the
autoequivalence group Auteq(2) generated by the spherical twists along spher-
ical objects in an essential and null-triangular collection admitting a complete

partition of type (mi,..., mq) is isomorphic to Z™1 x - - x ZM o,
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Dehn twists and spherical twists. Inspired by Kontsevich’s homological mirror
symmetry conjecture [Kon], Seidel and Thomas [ST] introduced spherical objects
of triangulated categories and special kinds of autoequivalences of triangulated
categories called spherical twists along spherical objects. They can be thought of

as an algebraic analogue of Dehn twists along simple closed curves in a surface, or

As its origin implies, spherical twists share many properties with Dehn twists.

Date: February 19, 2018.

For a simple closed curve ¢ on a compact oriented surface S, 7. will denote the
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Dehn twist along c¢. We will also use the same symbol 7. to denote its isotopy
class considered as an element of the mapping class group mo(Diff* (S, 8S)). For
a pair of simple closed curves cj,ca, we denote by i(cq,ce) the minimum of the
geometric intersection number between the isotopy classes of ¢; and cs. It is then
well-known that if i(c1,c2) = 0 then 7., and 7., commute, i.e., Te, Tey, = TeyTey , and
if i(¢1,c2) = 1 then 7., and 7., satisfy the braid relation, i.e., T, Tey Te, = TeyTey Ten-
Seidel and Thomas [ST] showed that similar properties hold for spherical twists by
interpreting the dimension of the morphism space between two spherical objects as
the intersection number (Proposition 4.1).

A result for i(c1,co) > 2 is also classical and rediscovered by several authors, for
example, by Ishida [Ish, Theorem 1.2]. It says that if i(c1, c2) > 2 then there are
no relations between 7., and 7,, i.e., the subgroup of the mapping class group gen-
erated by 7., and 7, is isomorphic to the free group of rank 2. The corresponding
result for spherical twists was obtained by Keating [Kea, Theorem 1.2] by adopting

Ishida’s proof in the categorical setting.

Freeness criterion for Dehn twists. In general, it is difficult to describe what
the subgroup generated by Dehn twists along more than two simple closed curves.
Even for the case i(c1,c2) = 1, 7., and 7., can have more relations other than the
braid relation. However, it was noticed by Humphries [Hum, Theorem 2.1] that
there are special sorts of collections of simple closed curves such that the subgroup
generated by the Dehn twists along simple closed curves in the collection can be
completely described.

Consider a collection C = {e¢y,...,¢m} of essential simple closed curves on a
compact oriented surface S. Humphries [Hum] introduced the notion of a complete
partition for a partition C1,...,C, of C (Definition 2.1). Then he showed that if a
collection C' = {e¢y,...,¢n} has a complete partition and ¢y, ..., ¢, do not bound
a disk, then the subgroup of the mapping class group generated by 7.,,...,Tc,,
is isomorphic to Z™ x - - % Z™ where * denotes the free product and m, is the
number of elements in C), (Theorem 2.2).

There is a related result for spherical twists by Licata [Lic, Theorem 1.1]. For
the homotopy categories of projective modules over the zigzag algebras associated
to complete graphs with specific gradings, he showed that the subgroup generated
by the spherical twists along the indecomposable projective modules is isomorphic
to the free group of rank n where n is the number of vertices of the complete graph

one started with.

Freeness criterion for spherical twists. In this paper, we will prove a theorem

for spherical twists which can be considered as a categorical analogue of Humphries’



A FREENESS CRITERION FOR SPHERICAL TWISTS 3

theorem. For the proof, we shall translate and reformulate Humphries’ argument
into our categorical setting.

Let us state our main theorem precisely. Let & be an enhanced triangulated cat-
egory with a dg enhancement 7. The notion of a complete partition for collections
of simple closed curves is directly translated into that for collections of spherical
objects (Definition 4.2). As additional assumptions, we will introduce the notions
of an essential and a null-triangular collection of spherical objects (Definition 4.3).
Due to a technical difficulty, we will also impose a formality assumption on a collec-
tion {E1,..., En} of spherical objects throughout the paper, more precisely, that
the dg algebra Homy (Ey @ -+ @ E,,) is formal. Our main theorem then can be

stated as follows.

Theorem (Theorem 4.4). Let & be an enhanced triangulated category with a
dg enhancement of. Let C = {E1,...,Ey,} be an essential and null-triangular

collection of d1-spherical objects of 2. Assume that the collection C' admits

a complete partition of type (mq,...,my). We also assume that the dg algebra
Endy (E1 @ - ® E,,) is formal. Then the subgroup of Auteq(2) generated by the
spherical twists T, , ..., Tg,, is isomorphic to Z™ * - - - x L™ .

Convention. All categories considered in this paper are assumed to be small
and categories and functors are assumed to be k-linear for a fixed algebraically
closed field k. The composition of two morphisms ¢ € Hom (F1, Es) and ¢ €
Hom (Es, E3) will be denoted by ¢ o ¢ € Hom, (F1, E3). Gradings for dg cate-
gories or graded vector spaces are Z-gradings. The shift functor of a triangulated
category is denoted by [1] and its p times iteration by [p]. For a graded vector
space V, we also denote its grading shift by V[p]. In particular, we can write
V =@,z VP[—p] where V? is the degree p part of V regarded as a graded vector

space concentrated in degree 0.

Acknowledgements. The author thanks his advisor Hiroshi Ohta for his continuous
encouragement and stimulating conversations, and Osamu Iyama for pointing out
many errors in earlier drafts of this paper. He is also grateful to Kotaro Kawatani,
Shigeyuki Kondo, Fumihiko Sanda, Atsushi Takahashi, Ryo Takahashi and Shin-

tarou Yanagida for many invaluable comments.

2. FREENESS CRITERION FOR DEHN TWISTS

In this section, we briefly review Humphries’ freeness criterion for Dehn twists

[Hum]. This will serve as a guideline for our categorical analogue of his result.
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Let S be a compact oriented surface, with or without boundary and C' =
{c1,...,cm} be a collection of pairwise non-isotopic essential simple closed curves
on S. By a partition of C, we mean disjoint subsets Cq,...,C, of C such that
Up—1C, =C.

Definition 2.1. A partition C1,...,C, of C is a complete partition if the following
two conditions are satisfied:

(P1) i(ciycj) =01if ¢;,¢; € Cp, with ¢ # j for some y;

(P2) i(ci,cj) >2if ¢; € Cp,c5 € Cp with p # v.
Let C1,...,Cy be a complete partition of a collection C' and m,, be the number of
elements in C,,. Renumbering the labels if necessary, we can assume m; < --- < mq.

In this case, we say that the complete partition C, ..., Cy is of type (m1,...,my).

Theorem 2.2 (Humphries [Hum]). Let C' = {c1,...,cm} be a collection of essential
simple closed curves. Assume that the collection C admits a complete partition
of type (my,...,mq), and that no component of S\ UM, ¢c; is a disk. Then the
subgroup of o (Diff (S, 8S)) generated by the Dehn twists Te,, . .., T, is isomorphic

to ZM1 x ..o x 2,

Remark 2.3. The assumption that no component of S\ U ¢; is a disk is necessary
especially for m > 3. It excludes cases such as C = {¢1,ca,c3 = 7,1} which is

often a complete collection but does not satisfy the theorem as 7., ~ 7,7, 7, L

Here we shall illustrate the main idea of Humphries’ proof via a simple example.
This will help the reader to understand the idea of the categorical proof of our main
theorem developed in later sections.

Consider the surface S with genus one and two boundary components. Let ¢y
and ¢ be curves in S depicted as the red and blue curves in the left hand side of
Figure 1. As i(cq,ce) = 2, the collection C' = {c1, c2} is a complete collection with

a complete partition Cy = {¢1},Cy = {ca}.

C1 /I /I
g e
s 4(1 1
7O Ld PO/
C2 7 2) 7
d
2) 7 2 7
dg )II II
C1 /I //

FIGURE 1
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FIGURE 2

Now, since S\ U?_;¢; consists of two annuli, we can draw two arcs dgl) and d§2)

on S, for each i, which start and end at the punctures and traverse ¢; exactly once

(see the right hand side of Figure 1). Using these arcs, we define
se(c) = min{i(c, d"),i(c, d*)}. (2.1)

for a simple closed curve c.
The main ingredient in Humphries’ proof is a set of inequalities involving the
intersection numbers ¢ and si’s. Let us write 7, = 7., for simplicity. For a given

k = 1,2, the inequalities can be written as
si(17c) = si(c) (2.2)
for all j # k and p € Z, and
se(ic) Z ik, ¢j)s5(c) — si(c) (2.3)

for all j # k and p € Z \ {0}.

Humphries’ proof is completed by a ping-pong argument. First, define two sets
Q,; (i=1,2) by

Q; = {c|si(c) > sj(c) forall j#i}.

Note that they are disjoint and non-empty since ¢; € §2;. Moreover, using the
inequalities (2.2), (2.3) and the completeness assumption, one can easily show that
if ¢ € Q; then 77 (j # 4, p € Z '\ {0}) sends c into ;. Now suppose there exists a
non-trivial relation 7' 73" - - - 777" ~id. Then 74" ---7'74'c1 ~ ¢;. On the other
hand, the above argument shows that 74' - -- 7 7f'¢c; € Qg while ¢; € Qy which is

a contradiction (see Figure 2).

Outline. Let us explain the outline of the rest of this paper. In Section 3, we

briefly recall necessary notions from category theory such as dg categories and A
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categories. In Section 4, after a quick review of the theory of spherical objects and
twists, we start to formulate the main theorem, a freeness criterion for spherical
twists. It will be done by adjusting Humphries’ notion of complete collections to
our categorical setting. We also give a categorical interpretation of the no disk
assumption in Theorem 2.2. The proof of our main theorem is given in Sections 5

and 6. Section 5 is devoted to the construction of objects which play the role of the

arcs dgj)7 déj) in Humphries’ proof. More precisely, for a collection {E1, ..., Ep} of
spherical objects, we will construct a collection {Si, ..., S, } which, in some sense,

can be considered as being orthogonal to the original collection. In Section 6, we
first define some numbers ¢ and o;’s which correspond to the intersection numbers
i and sg’s in Humphries’ argument. The collection {S1,...,S,,} constructed in
Section 5 will be used in the definition of the numbers o’s. After that, we state
and prove a set of inequalities which have the same form as the inequalities (2.2) and
(2.3). Finally, in Section 7, we follow Humphries’ ping-pong argument to complete

the proof of the main theorem.

3. PRELIMINARIES

Dg categories. Let us recall some notations and terminologies which we will use
later. For details, we refer to [Kel] and [AL, Sections 2, 3 and 4].

A category (o, d) is called a dg category if every morphism space Hom (E, F')
is a dg k-module with the differential dg of degree 1 and the composition map
Homg (E1, E2) @ Hom g (Eo, E3) — Homg (F1, Es) is a morphism of dg k-modules.
For a dg category 7, the homotopy category H®(</) of </ has the same set of
objects as that of &/ and the morphism spaces are given by Hompo( ) (E,F) =
H°(Homy (E, F),dy).

A dg functor between two dg categories &/ and £ is a functor & : &/ — A
such that the maps g p : Homy(E, F) — Homg(F E, #F') are morphisms of
dg k-modules compatible with the composition maps and the units. A dg functor
F o — P induces a functor HO(F) : H(«/) — H°(%) between homotopy
categories. We call a dg functor . : & — B quasi-fully faithful if the induced
functor H(.Z) is fully faithful, and quasi-essentially surjective if H?(.F) is essen-
tially surjective. A dg functor ¥ : &/ — A is called a quasi-equivalence if it is
quasi-fully faithful and quasi-essentially surjective.

For a pair of dg functors .#,¥ : &/ — A, there is also the notion of dg natural
transformations from % to ¢ which, together with dg functors from & to %, form

the dg category dgFun(«7, #) of dg functors. For details, see for instance [Kel].
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Dg modules. Given two dg categories & and £, denote by dgFun(</, %) the dg
category of dg functors from & to #. Let dgMod(k) be the dg category of dg
k-modules. The dg category of (left) dg o/ -modules is defined by dgMod(«/) =
dgFun(<7°P,dgMod(k)). The homotopy category H°(dgMod (<)) has a natural
structure of a triangulated category.

Let Ac(/) be the full dg subcategory of dgMod(«?) consisting of acyclic dg
o/-modules. Its homotopy category HY(Ac(/)) is a localizing subcategory of
H°(dgMod(&)). The derived category D(a/) of < is defined to be the Verdier
quotient H%(dgMod(«7))/H°(Ac(/)). Note that D(<7) is closed under countable
direct sums because H°(dgMod(«)) is closed under countable direct sums and
H%(Ac(«)) is localizing [BN, Lemma 1.5].

For an object F of a dg category <7, ht,(—) = Hom (—, F) can naturally be
regarded as a dg «/-module. We call a dg </-module isomorphic to hf, repre-
sentable. The dg functor h, : & — dgMod (&) which sends F to hf, is called
the Yoneda dg functor. In a similar way to the classical proof of the Yoneda
lemma, one can show, for an object F' € Ob«/ and a dg </-module M, that
HomdgMOd('g{)(hf{’M) >~ M(F) as dg k-modules. In particular, the dg Yoneda
functor h, is quasi-fully faithful.

A dg category 7 is said to be pretriangulated if the essential image of the
functor H(h.) : H°(«/) — HY(dgMod(&)) is a full triangulated subcategory
of H%(dgMod(«7)). Whenever & is pretriangulated dg category, we equip its ho-
motopy category HY(&/) with the structure of a triangulated category inherited
from that of H°(dgMod()).

Enhancements. Let 2 be a k-linear triangulated category. A dg enhancement
[BK] of 2 is a pair (&, €) of a pretriangulated dg category &/ and an equivalence
€: HY(&/) — 2 of triangulated categories. If a k-linear triangulated category 2
admits a dg enhancement (&, ¢), we say Z is an enhanced triangulated category.
Although it is not standard, we will consider enhanced triangulated categories up
to quasi-equivalences of dg enhancements (cf. [AL, Section 4.1]). In other words,
we regard an enhanced triangulated category as an isomorphism class of the objects
of the homotopy category Ho(dgCat) of dg categories [Tab].

For example, the derived category D(&/) of a dg category &/ is an enhanced
triangulated category. We can choose a dg enhancement for D(«/) as follows. A dg
o7-module is called free if it is isomorphic to a direct sum of shifts of representable
dg o/-modules. Moreover, a dg o/-module M is called semi-free if it admits a
filtration 0 = Fy C Fy C -+ C M such that every quotient F;11/F; is free. Let
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SF(«7) be the full subcategory of dgMod(.«7) consisting of semi-free dg &/-modules.
Then D(<7) ~ H°(SF(<)) [Dri, Section C.8].

For an enhanced triangulated category 2, we can define functorial cones in
2. Consider two exact functors .%,.#’ : ¥ — % and a natural transformation
v:.F — F'. Assume that they lift to dg functors ﬁ;‘é\:’ @ — o and a dg
natural transformation 7 : .Z — %' Then, as the dg category dgFun(«, &) is
pretriangulated and thus has functorial cones, we have a dg functor Cone(v) : &7 —
o/ which gives rise to the exact functor Cone(v) : 2 — 2. In particular, the cone

fits into the exact triangle
F 5 F' — Cone(v) — ZF[1].

Homotopy colimits. Since the derived category D(«7) of a dg category & is
a triangulated category with countable direct sums, we can define the homotopy

colimit [BN] hocolim E(™ € Ob D(.«7) of a sequence of morphisms
© 8 (n—1) (n)
EO 2 p ey P pn) O (3.1)

in D(<7). It is defined by the exact triangle

P E™ ST E™ — hocolim E™ — @D E™[1]
n=0 n=0 n=0

where the nth component of the morphism o is given by the morphism ¢(™.
If a dg &/-module F' is compact, i.e., if the functor Homp ) (F,—) commutes

with arbitrary direct sums, we have
Hom p () (F, hocolim Ef")) = colim Hom p () (F, El(n))

where the colimit in the right hand side is taken with respect to the sequence of

morphisms
Hom p () (F, E©) — Homp ) (F, EM) — - - — Hompu(F, E™) — -
obtained by applying the functor Homp ) (F, —) to the sequence (3.1).

A, categories. In the rest of this section, we recall the notion of A, categories
introduced by Fukaya [Fuk]. For details, see for exmaple [FOOO] or [Sei, Chapter
1.

An A, category (&7, my) consists of a set Ob &7 of objects, a graded k-vector
space Hom, (E, F') for every pair of objects E, F' € Ob o/ and a set of linear maps

{miy tn>1

m?, : Homy (Fo, F1) ® - - ® Hom g (E,_1, E,) — Homy (Ey, E,,)
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of degree 2 — n satisfying the A, relations

> Z fmly (G, s Gl (Gigas s ins) bitsgts- - dn) =0 (3.2)
j+k=n+1i=0
for all n > 1 where t; = deg¢y + ---degp; +i. An A, category o is called
strictly unital if there is a morphism ep € Hom? (E,E) for each E € Ob.o/
such that m2,(eg,¢) = (—1)4%€%m?2, (p,ep) = ¢ for all ¢ € Homy(E,F) and
my(---,eg, ) =0 for every n # 2.

The first three of the A relations (3.2) give m}ym}d = 0, the Leibniz rule with
respect to m!, and m?,, and the associativity of m2, up to a homotopy given by m!,
and m?,. In particular, the morphism space Hom,, (FE, F') becomes a dg k-module
with the differential m’,. Thus we can associate to A category the cohomology
category HY(«/) whose objects are the same as that of &/ and Hompgo () (E, F) =
H°(Hom, (E, F),m!,). If o is strictly unital then its cohomology category H° (%)
is a category in the classical sense.

An Ao, category & is called minimal if m!, = 0. Note that a strictly unital
Ao category &/ with m?, = 0 for every n > 3 can be regarded as a dg category
by defining the differential by dey (@) = (=1)4°8?m! (¢) and the composition by
pod=(—1)lsrldesvtm? (¢,4)).

An A functor F : o/ — % between two A, categories &/ and % consists of a
map Z : Ob.«/ — Ob % and a set of linear maps {F"},>1

F" :Homy (Ey, E1) ® --- @ Homy (E,_1, E,) — Homg(F Ey, FE,)

of degree 1 — n satisfying the A, relations

Z Z ml%<yi1<¢la'"7¢i1)7"'7§il(¢n—il+17~-~7¢n))

I>1 i1+-+ij=n
(3.3)

= Z Z T1yk ¢17"'a¢iami{(¢i+la“'a¢i+j)a¢i+j+1a"'a¢n)

Jj+k=n+1 =0

for all n > 1. An A, functor F : &/ — % between strictly unital A, cate-
gories &/ and B is called strictly unital if F'(eg) = ezp for all E € Ob.«/ and
F(--- ,eg, ) =0 for every n > 2.

The Ay relation (3.3) for n = 1 says that the map #! : Homy(E, F) —
Homg(Z E, ZF) is a morphism of dg k-modules. In particular, an A, functor
F o — % induces a functor H*(F) : H(«/) — H°(%) between cohomology
categories. It is a functor in the classical sense if .Z is strictly unital. We call an
A functor F : o/ — AB quasi-isomorphism if the induced functor H°(.#) is an

isomorphism of categories.
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Twisted complexes. The additive enlargement of an A, category <7 is the Ay,
category Y./ whose objects are formal expressions E = E1[p1|®- - ® E,[p,] where
E; € Ob«/ and p; € Z, whose morphism spaces are given by linearly extending
Hom},,, (E[p], Flg]) = Hom”, ?*¥(E, F), and whose A, products {m% ,}n,>1 are
naturally induced from those of 7.

A twisted complex over an A, category <7 is a pair (F,dg) of an object E €
Ob ¥/ and a morphism dg € Homy,, (E, E) satisfying

> mi,Op,...,08) =0. (3.4)
n=1

In what follows, we will only consider one-sided twisted complexes, i.e., a twisted
complex (E,dg) which admits a decomposition £ = F; & --- @ E,, where E; €
Ob X4/ such that the corresponding decomposition 5g € Homy, (E;, Ej) of 6g
vanishes for every ¢ > j. Note that the equation (3.4) makes sense for a one-sided
twisted complex (E,dg) as the summation in the equation is finite in such a case.
The A, category Tw &7 of twisted complexes over &/ has twisted complexes over
&/ as its objects and the morphism spaces are given by Homry o ((E, 0g), (F,0F)) =
Homy (E, F). The Ay products {mf., ., n>10f Tw .o/ are defined as follows

N

m%wﬂ<¢17"'a¢n): Z mgyo+ +171(6E07~-'76E07¢13
10e-05in 20
6E17' . -76E17¢27' . ')¢n75En7 o 76En)
—_——— ——_— —

i1 in
where ¢; € Homry o ((Ei—1,0E,_, ), (Ei,0g,))-
It is known that the cohomology category H°(Tw.e/) has a natural structure
of a triangulated category (cf. [Sei, Proposition 3.29]). In particular, for a closed
morphism ¢ € Hom, ,((E,dg), (F,dr)), the mapping cone Cone(¢) of ¢ is a

twisted complex given by

Cone(¢) = (E[l] @ F, <_3E ;;) )

Together with naturally defined morphisms F — Cone(¢) and Cone(¢) — EI1],
this gives an exact triangle in H°(Tw 7).

4. FREENESS CRITERION FOR SPHERICAL TWISTS

To state the main theorem precisely, we begin by recalling the definitions and
basic properties of a spherical object and the twist along it.

Let 2 be an enhanced triangulated category. For E,F € Ob %, we write
Hom?,(E, F) = Homg(E, F[p]) and denote by Hom$,(E, F) the graded k-vector
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spaces
Hom?, (E, F) = P Hom?, (E, F)[—p].
pEZ

Thus the degree p part of Hom,(E, F) is Hom?, (E, F).

An object E € Ob Z is said to be d-spherical (d > 0) if it satisfies the following
two conditions:

(S4) Hom’;z(E, E) =k if and only if p = 0,d, and vanishes otherwise;
(CYy4) there is a functorial isomorphism Hom?,(E, —) = Homg,(—, E[d])V.
Here (—)" is the graded k-dual. Whenever a spherical object E is considered, we
always assume that F is of finite type, i.e., dim Hom%,(E, F') = dim Homg,(F, F) <
oo for every F' € Ob 2.

Let E € Ob 2 be an object of finite type. The exact functor F ® Homg,(E, —) :
9 — 2 is well-defined and has a canonical dg lift [AL, Section 2.2]. Then taking
the cone of the natural transformation £ ® Homg,(E,—) — Idy induced by the
evaluation morphism, we obtain the twist functor Ty : 9 — 2 associated to E

which fits into the exact triangle
E ® Homy(E,—) - Idg — Tg — E @ Hom%(E, —)[1].

It was proved by Seidel and Thomas [ST, Proposition 2.10] that if E € Ob Z is a
d-spherical object then the associated twist functor Tg is an exact autoequivalence
of 2. In this case, we call Ty € Auteq(2) the spherical twist along E.

The following is one of the fundamental results for spherical twists which reveals

the similarity between Dehn twists and spherical twists [ST, Propositions 2.12 and
2.13].

Proposition 4.1 (Seidel-Thomas [ST]). Let Eq, Es € Ob 2 be spherical objects.
(1) dim HOIII.@(El7 EQ) =0 then TE1 TE2 = ’I‘EQTVE1 N
(2) dim Hom'@(El, EQ) =1 then TE1 TE2 ij1 = TE2 TE1 T‘E2 .

The notion of a complete partition for a collection of spherical objects can be
directly translated from that for a collection of simple closed curves. We also
introduce several definitions which will be used in the formulation of the main

theorem.

Definition 4.2. Let C = {E1, ..., E,} be a collection of d-spherical objects of 2.
A complete partition of C' is a partition Cq,...,C, of C satisfying the following
properties:

(P1) dimHomy,(E;, E;) =0if E;, E; € C,, with i # j for some pu;

(P2) dimHomy,(E;, E;) > 2if E; € Cy,, E; € C, with pu # v.
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Let C4,...,C, be a complete partition of a collection C' and m,, be the number of
elements in C,,. Rearranging the labels if necessary, we can assume m; < - -+ < my,.

In this case, we say that the complete partition Ci,...,C, is of type (m1,...,mq).

Definition 4.3. A collection C' = {Ejy, ..., E;,} of d-spherical objects of Z is called
(E) essential if E; 2 E; in & up to shifts for every i # j;
(N) null-triangular if the composition map Homg,(E;, E;) ® Homy,(E;, Ey,) —
Hom?,(E;, Ey) vanishes for every i # j # k # i.

The following is the main theorem of this paper.

Theorem 4.4. Let & be an enhanced triangulated category with a dg enhancement
. Let C = {Ey,...,Eny} be an essential and null-triangular collection of dsi-
spherical objects of 2. Assume that the collection C admits a complete partition of
type (mq,...,my). We also assume that the dg algebra End gy (E1®- - - D E,,) is for-
mal. Then the subgroup of Auteq(2) generated by the spherical twists Tg,, ..., Tg,,

is isomorphic to Z™ x - - - x L™,

Remark 4.5. See Definition A.2 for the definition of the formality. The formality
assumption extremely simplifies calculations in the proofs of Propositions 5.1 and
6.1. However, it seems it is a somewhat superfluous assumption and can be removed

or relaxed in the future.

Remark 4.6. The condition that the collection C' is null-triangular can be consid-
ered as a counterpart of the no disk assumption in Theorem 2.2. It excludes coun-
terexamples like C' = {F1, E9, F5 = Ty, F1} in which case we happen to have an
unwanted relation T, = T, Tk, Tb?; [ST, Lemma 2.11]. Indeed, applying Lemma
B.1 to the 3-periodic long exact sequence
s — HOII’I_.@(El, EQ) X HOII’I;Z(EQ, El) — HOIH?@(El, El) — HOHI;Z(El, Eg) —
we obtain dim Hom?,(F1, F3) = (dim Hom$,(E1, F2))?%. On the other hand, from
another 3-periodic long exact sequence
.-+ — Hom$,(Fs, Fy) ® Hom$,(Ey, Ey) % Hom$,(Es, E1) — Hom$,(Fs3, F3) — - --
we have
1
dimIm p = 5((dim Hom$,(Ey, E2))? + dim Hom$, (Es, Ey) — 2)
= (dim Hom$,(Ey, E»))? — 1.
In particular, if dim Hom@,(E1, E2) > 2, the composition map p does not vanish.

Hence the collection C' = {F;, Es, E3 = Tg,E;} cannot be both complete and

null-triangular.
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5. ORTHOGONAL COLLECTION

The first step towards the proof of Theorem 4.4 is to find appropriate counter-
parts of si’s defined by the equation (2.1), which played an essential role in the
proof of Theorem 2.2, in our categorical setting. For that, we first have to con-
struct a set of objects S1,...,S,, from given spherical objects Fjy,..., E,, which
has similar properties with the arcs dgj ), dgj ) constructed from the curves c1,Co in
Section 2. Note that a similar construction was already appeared in an algebraic
context [Ric, Section 5.

Without loss of generality, we assume that 2 = H?(«/) for a pretriangulated dg
category 7. Fix a collection C' = {Ey,..., Ey,} of spherical objects of 2. Compos-
ing the exact functor H%(hy ) : 2 = H°(o/) — H°(dgMod (7)) with the quotient
functor HY(dgMod(«)) — D(&/), we obtain an exact functor % : 9 — D(<).
Abusing notation, we will always use the same symbol E to denote the image of
E € Ob Z under the functor ¢ which is an object of D(«7). Note that, since every
E € Ob Z regarded as an object of D(«/) via % is h-projective and the functor
HO(hg) is fully faithful, we have Homp ) (E, F) = Hompodgmod(w)) (E, F) =
Homg(E, F) for every F € Ob 2.

Proposition 5.1. Let C = {E,...,E;} be an essential collection of d-spherical
objects of 9. Moreover, assume that Endg (Ey @ -+ @ E,,) is formal. Then there
exists a collection {S1,...,Sm} of objects of D(4) such that

dim HOIH%(M) (E‘j7 Sz) = 6ij6p0
foralli,j=1,...,m and p € Z.

Remark 5.2. Note that Sq,..., Sy, are objects of the derived category D (<) rather
than the category Z in which the spherical objects F1, ..., E,, live. It is because
the category 2 is, in general, too small to carry a collection orthogonal to a given
collection. More precisely, it stem from the fact that the category 2 does not

always have countable direct sums.

Remark 5.3. As is mentioned in Remark 4.5, it seems the formality assumption
is unnecessary, or can be replaced by another reasonable assumption. Indeed the
proposition is still valid under some other formulations. For instance, one can drop
the formality assumption and impose a new assumption that Hom? (E;, E;) = 0

for every p < 0 and i # j as in [Ric, Section 5.

In order to prove Proposition 5.1, we need the following two technical lemmas.
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Lemma 5.4. Let (o7, my) be a minimal As category and Ey, ..., E,, be objects
of & such that

m*, : Hom (E;,, E;,) ® - -- @ Homy (E;,_,, E;, ) — Homy (E;, , E;,)

vanish for all iy, ..., i, and k > 3. Consider an object Z € Ob X.o/ which is a direct
sum of shifts of Eq, ..., En and a twisted complex (X,0x) € ObTw & such that
the underlying object of X is X1 ®---® X,, where each X; is a direct sum of shifts
of Ei,...,E, and the differential 6x can be decomposed as (53? € Homy,, (X;, X;)
with i < j. Let ¢ € HomY, ,((Z,0),(X,dx)) be a closed morphism homotopic to
a morphism given by (¢*,0,...,0) for some morphism ¢* € Hom% ,(Z, X1).

Now, for some k=1,...,;m and p € Z, assume that for every closed morphism
B € Hom’., ,((E,0),(X,0x)) there exist morphisms n € HomY, ,(Ey,Z) and
¢ € Hom? ' ((Ey,0),(X,0x)) such that B = m2., ,(n,¢) +mk, ,(€). Then
every closed morphism in Hom., ,((Ex,0), (Z[1]® X, dcone())) is homotopic to a

closed morphism (a,0) where o € Homgz{l(Ek, Z).

Proof. By the assumption, we can assume from the beginning that the morphism
¢ € HomY, ,((Z,0),(X,dx)) has the unique component given by a morphism
¢ € Hom ,(Z, X1).

Every morphism in Homf., ,((E%,0), (Z[1] ® X, dcone(¢))) can be written as
(a, B) where a € Hom%} (Ey, Z) and B € Hom?, ,(Ey, X). Let us write the com-
ponent of 3 to X; by #* € Hom}, ,(Ej, X;). Then the condition for this morphism

to be closed is

0=msy(a,¢),
i—1
0= Z mZ,, (67,6%) + (terms involving higher m*,’s)
=1
= Z m%d(ﬁja 5%)
j=1
for all ¢ = 2,....,n. Note that the condition can be divided in this way because ¢
is given by a morphism in Hom$ ,(Z, X;) and the differential 6y does not contain
a component to Xj.
The bottom condition in (5.1) shows that 8 € Homf. _ ((Ey,0),(X,0x)) is
closed. Therefore by the assumption, there exist morphisms n € Homb, ,(Ej, Z)
and ¢ € Hom? ' ((Ey,0), (X, dx)) such that
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Then for the morphism (1,€) € Hom’', ((Ex,0), (Z[1] ® X, Scone(s))) we have

m’ll‘wd(nvg) = (Ovmgl‘wd(n7¢) +m'11‘w42{(£)) = (075)

Hence the morphism (¢, 8) is homotopic to the morphism («,0). |

Lemma 5.5. Let (27, mg) be a minimal As category. Consider objects E,Z €
ObX.e/ and (X,0x) € ObTw./. Let ¢ € Hom%, ,((Z,0),(X,0x)) and € €
Hom’. _,((E,0),(X,0x)) be closed morphisms.

Assume that the morphism (0,€) € Homf. ((E,0),(Z[1] ® X,dcone(s))) s
homotopic to a morphism («,0) for some a € HompH(Ek,Z). Then there ex-

ist morphisms n € HomY, ,(E,Z) and § € Homde((E,O),(X, 0x)) such that
€= mQngf(n7¢) +m’11“wd(£)

Proof. By the assumption, there is a morphism (7,§) € Homde((E 0),(Z]1] @
X, 0cone(s))) Where n € Hom?¥, (E, Z) and £ € Homfrwd((E, 0), (Y, dy)), such that

€= m%‘wd(ﬁﬂb) + m’ll"wsz{(g)

In particular, the bottom condition completes the proof. O

Proof of Proposition 5.1. For each i, we shall construct an object S; € Ob D(&)

as the homotopy colimit of a sequence

(0) ¢() 1) ¢(1) ' ¢(n 1) )¢( n)
i

E! E! s E" (5.2)

In Steps 1 and 2 below, we will inductively construct the sequence (5.2) and then
D(of) (Ej, SZ) = 6ij6p0 in Step 3.
Step 1. First of all, let E-(O) = F; and

prove the equality dim Hom?

Z\” = E; @ Hom$(E;, E\) & D E; ® Homs, (E;, B
J#i
where Hom;(Ei,Ei(O)) = Homd@(Ei, Ei(o))[—d]. We then define an object Ei(l) and
a morphism qbl(o) : EZ-(O) — Ei(l) by taking the cone of the evaluation morphism
Zi(o) — Efo) so that they fit into the exact triangle

70 5 g % gV L 70,

By definition, the map the map Hom%(Ej,gZ)Z(.O ) is zero unless j = i and p = 0.
Moreover, by the essentialness, the map Hom(_)@(Ei,(bl(.O)) has a one-dimensional
image which is spanned by (;Sz(-o) oidg, (see Lemma B.3 (2)).

Step 2. Suppose we have constructed a sequence

¢(1) ¢("—1)

(0)
?; E(l) N E(Tz)

E® %
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where, for each [ = 1,...,n, the object Ei(l) is defined as the cone of the evaluation
morphism Zi(l_l) — Ei(l_l) from the object of the form
Zi(l*l) = E; ® Hom? (E;, EZ-(lfl)) @ @ E; ® Hom%,(E;, EZ-(lfl)).
J#i
Here Hom;(EZ-,Ei(l_l)) = Homg(Ei,Egl_l)) ® D, 10 Hom%(Ei7E§l—1))[_p] where
Hom? (E;, Ei(lfl)) is a subspace of Hom%,(F;, Ei(lfl)) defined inductively. Each ob-
ject Ei(l) thus fits into the exact triangle

G, COR I U]

We impose the following additional induction hypothesis:

(Ign)) the map Hom%(Ej,QSEl_l)) : Hom%(Ej,Egl_l)) — Hom’_O’Z(Ej,Ei(l)) is zero
unless j =4 and p=0, for every [ =1,...,n;

(Ién)) the map Hom%(Ei,¢§l71)) : Hom()@(Ei,Ei(l*l)) — Hom%(Ei,Ei(l)) has a
one-dimensional image which is spanned by qSl(l_l) 0---0 ¢Z(.O) oidg, for every
l=1,...,n;

(Ién)) the object Ei(l) can be represented as a twisted complex whose underlying
object is

zZ' e o z00 e B

and the differential is of the form

0 « 0 - 0
0
0 0

Consider the object
Y = B; @ Hom$ (B, E") & @D E; ® Homs, (E;, E)
J#i
£0( p p(n)y _ TN
where Homg ™ (E;, E; ™) = @, Homg, (E;, E;)[—p).
Claim 5.a. Under the induction hypotheses (Iﬁ")), (Ién)) and (Ig")), the composition
map ,ul(.") : HomY, (E;, Yi(n)) — Hom?,(E;, Ei(n)), i.e., the map from
Hom%,(E;, E;) ® Hom " (E;, Ez(n)) ® @ Hom,"(E;, E;) ® Hom?, (Ej, El(n))
Jj#i,pEZ
to HomO@(Ei,Ei(n)) given by the composition of morphisms, does not contain the

morphism gbgn_l) 0---0 qbl(,o) oidg,.
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Proof. In order to prove the claim, we should know what the compositions of mor-
phisms are. In general, it is not so easy to compute the compositions of morphisms
explicitly in a triangulated category because of the homotopy information lurking
in it. Thus, instead of computing the compositions of morphisms directly in our
triangulated category 2 = H°(./), we will compute them in an A, category Tw Y
quasi-isomorphic to the dg category 7.

Let us make it more precise. First, by perturbing the dg structure of the dg
category &/ as in Appendix A, one can construct a minimal strictly unital A
category o with the same objects as those of & which is quasi-isomorphic to <.
Furthermore, by the assumption that End (Ey @ - --® E,;,) is formal, one sees that
the Ao, products

m*>: Hom A E;,, E;,) ® - - - ® Hom #( E;

o 109 Tk—1

E;,) — Hom (E;, Ei,)  (5.3)

20

vanish for all ig,...,7 and k > 3 .
By the induction hypotheses (I(n)) and (Ign)) for | = n and Lemma 5.4, we see

that a morphism in Hom? (E;, E(n)) can be represented as a morphism
(6,0,...,0): (B;,0) » (2" V@0 200 B” 5,0)  (5.4)

between twisted complexes. Then one sees that the composition, i.e., mQTW 7 of a
morphism 1 € Hom,"(E;, E;) with the morphism (5.4) in Hom?, (E;, El(n)) can be

represented as a morphism between twisted complexes of the form
(%,0,...,0): (E;,0) » (2" V@@ 291 & EY Opo) (5.5

between twisted complexes. Indeed, as the higher A, products (5.3) vanish, the

composition of those two morphisms is
mde(ib (4,0,...,0)) = (mégg(iﬁ, ?),0,...,0) + (terms involving higher m];;’s)
= (m} _(¥,9),0,...,0).

A similar argument shows that the composition of a morphism in Homd@(Ei,Ei)

with a morphism in Homéd(Ei,Ei(n)) can be represented as a morphism also of

the form (5.5). This implies that every morphism in the image of the map M(.n) is

represented by a morphism of the form (5.5).
By definition, the morphism qﬁgn_l) 0---0 ¢§0) oidg, € Homog(Ei, EZ(")) is repre-

sented by the morphism
(0., 0,idg,) : (B, 0) = (2" @ 27 1] @ B 5 )

between twisted complexes but, by the induction hypothesis (Ig")) for [ = n and

Lemma 5.5, any morphisms of the form (5.5) cannot be homotopic to qbgn_l) )



18 JONGMYEONG KIM

.0 qSEO) oidg,. This shows that the image of the map ugn) does not contain the
morphism (bgn_l) 0---0 ¢§0) oidg,. O

Consider a map from HomOTW S((E3,0), (Zi("_l) 1]e-- ~EBZ£0) 1] @Efo), JEE”) )) to
HOm%ng((Em 0), (Zi(nfz) 1]e-- ~EBZ§O)[1]EBE1-(O), 6E1("71))) which sends (a, ..., ap)
to (g, ...,ay). Denote by Ki(n) the kernel of this map. We define Hom? (E;, El(n))
to be a subspace of HomO(Ei, Ef")) whose elements consist of morphisms which can
be represented by closed morphisms in Ki(n). Note that Homg(Ei7 Ez(n)) is a direct
complement of the one-dimensional subspace spanned by ¢>§n71) 0---0 qbz(-o) oidg,
in Hom%, (E;, E™) and contains the image of the map (™

3 .

Now we define
Z{" = E; ® Hom$(E;, (") & (P E; ® Hom¥, (E;, E\™)
J#i
= E; © Hom)(E;, E{") & v,
where Hom? (E;, E(™) = Hom?(E;, E™) @ D, o Hom?y, (£, E™)[=p]. An object
Ei(nH) and a morphism (;Sl(n) : Ez(") — Ei(nH) are then obtained by taking the cone

of the evaluation morphism Zi(n) — El-(n) thus fitting into the exact triangle
(n)
Z™ - B "L gt o ),

Claim 5.b. Under the induction hypotheses (Ign)), (I;n)) and (Ig")), the objects
n n+1 . n . . n+1
Zi( ), EZ( ) and the morphism qﬁg ) defined above satisfy the conditions (Ig )),

(15"") and (15").

Proof. The condition (Ignﬂ)) is by definition. The condition (IénH)) holds since
Ker Hom% (E;, ¢{™) = Hom?(E;, E™) + Im 4™ = Hom?(E;, E™)

and hence the map HomO@(Ei7 qbgn)) has a one-dimensional image which is spanned
by ¢§") 0---0 ¢£0) oidg,. The condition (Ignﬂ)) follows from Lemma 5.4. O

Step 3. For every i, define an object S; € Ob D(&) to be the homotopy col-
imit of the sequence (5.2) constructed in Step 2. Since each E; € Ob D(&) is a

representable, in particular compact, dg @/-module, we have an isomorphism
Hom?, ., (Ej, S;) = Hom, \ (E;, hocolim E™)
& colim Hom%(d) (E;, El("))
= colim Hom?, (E}, EZ("))

as remarked in Section 3.
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By the condition (Ign))7 the maps in the sequence

Hom? (E;, E\”) = Hom? (E;, EV) = - — Hom?, (E;, E™) — ...

?

obtained by applying the functor Hom?, (E;, —) to the sequence (5.2) are all zeros
unless j =4 and p = 0. This shows that

Hom%(g;/)(Ej, S;) = colim Hom?, (E;, Efn)) -0

for all the cases except the case j =4 and p = 0.

For the case j =4 and p = 0, we consider the sequence
HomY,(E;, E\”) — Hom% (E;, EXY) — -+ — Hom% (E;, E™) — - -

obtained by applying the functor Hom%,(E;, —) to the sequence (5.2). Then by the

condition (1), we see that

Hom%(d)(Ei, S;) = colim Hom()@(Ei, El(n)) = Hom()@(Ei, E-(O))

K2

and therefore dim Hom%(d)(Ei, S;) = 1. O

6. GEOMETRIC INEQUALITIES

Let us define some categorically defined numbers ¢ and o’s which corresponds
to the intersection numbers ¢ and sj’s in Section 2 respectively.

Again let C = {Fy,..., Ey,} be an essential collection of d-spherical objects of
an enhanced triangulated category 2 = HY(&/) such that Endy (E; & -+ & E,)
is formal. By comparing Proposition 4.1 with the corresponding result for Dehn
twists, we find that the number ¢ should be defined as

((E,F) = dimHom$,(E, F)

for E,F € Ob%2. On the other hand, we have constructed in Proposition 5.1
a collection {S1,...,Sn} of objects in D(&/) orthogonal to the collection C' =
{F1,...,En}. Tt enables us to define the number oy, in a way similar to the

definition of sy, as

for Fe ObZ and k =1,...,m. In the rest of this section, we will show that they
satisfy inequalities of the same form as (2.2) and (2.3).

For notational simplicity, let us denote by T}, = T, the spherical twist along Ej.
Moreover, we define ()¢ to be the set of objects in the smallest triangulated category
of & containing Ei,...,E,,. For example, every object obtained by iteratively

applying T1,...,T,, to E; is contained in Q¢.
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Proposition 6.1. Let C = {Ey,..., E,} be an essential and null-triangular collec-
tion of d-spherical objects of 9. Assume also that Endg (E1 @ ---® E,,) is formal.
Then for any F € Q¢ and k= 1,...,m, the following inequalities hold:

(1) on(T}F) = oy (F) for all j # k and p € Z;

(2) ok(TYF) > u(Ey, Ej)o;(F) — 0i(F) for all j #k and p € Z )\ {0}.

Remark 6.2. Observe that the number oy (F) might be infinite for some F' € Ob 2.
However, by Proposition 5.1, it is finite for the objects in ¢, hence the inequalities
in the statement make sense.

Also note that the proposition asserts that the inequalities hold for any choice

of a collection {S1,...,S,,} obtained in Proposition 5.1.

Proof of Proposition 6.1. (1) By the definition of the twist functor, we have an

exact triangle

Applying the functor Homp.)(—, Sk) to this triangle, we obtain a 3-periodic long

exact sequence

.-+ — Hom*(T}F, Si) — Hom*(F, S;,) — Hom®(E; ® Homy,(E;, F), S) — - -
(6.1)
of k-vector spaces.
Then, as j # k, we have Hom'D(d)(Ej ® Hom,(E;, F'), Si) = 0 by Proposition

5.1. From the long exact sequence (6.1), we get an isomorphism

and hence oy (T;F) = oy (F). It then follows inductively that oy (T} F') = oy (F) for
every p € Z.

(2) In Step 1, we describe the iterated twist T} F' in terms of a certain twisted
complex C}F following [Kea, Definition 7.1]. Using this expression, we prove the
inequality (6.6). Then, in Step 2, we complete the proof by showing the inequality
(6.7).

Step 1. Note that we only need to show the assertion for p € Z~o by symmetry.

Let us perturb the dg structure of the dg category ./ = SF(«7), as in Step 2 in the
proof of Proposition 5.1 (also see Appendix A), to obtain a minimal strictly unital
Ao category . with the same objects as those of . which is quasi-isomorphic to

- and whose A, products
m's: Hom (Eyy, B;,) © - -- @ Hom A E;, _,, Ey,) = Hom By, Ei,)  (6.2)

vanish for all 4g,...,7x and k > 3.
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Consider an indecomposable object F' € Q¢ which is not isomorphic to Ey up
to shifts. For every p € Z~q, we can define a twisted complex C}F so that T} F

fits into the exact triangle
C'F S F—TPF — CPF[1]. (6.3)

According to [Kea, Definition 7.1], the twisted complex C}F can be explicitly

written as
(Ex, © (Hom{ By, E))** =" @ Hom By, F)[p — 1])
®(E), © (HomL{ By, E))®? ™) @ Hom By, F)[p — 2)

®(By © Hom % By, By) @ Hom ( By, F)[1])
@(Ek & HOIH(;(E}C, F))

with the differential acting on Ej ® (Homd&;{Ek, Ey))®" @ Hom {Ey, F)]l] by

—ev@id® £ idp, ®id*' T @ mi (6.4)

s>2
Moreover, the morphism € : Cy ' — F' in the exact triangle (6.3) is given by a mor-
phism (0, ..., 0,ev) between twisted complexes where ev : Fj, @Hom A B, F') — F
is the evaluation morphism.

In our case, the terms involving me (s > 3) in (6.4) vanish by the formality
assumption, and the term involving m257in (6.4) vanishes since F' is not isomorphic
to Ej, up to shifts (see Lemma B.2). Therefore, fixing a basis z, of Homdj;{Ek, Ey),
we can simply write CLF as

(Ex @ Hom A Ey, F)[(p — 1)(1 — d)])
©(Er ® Hom By, F)[(p — 2)(1 — d)])

B(Er ® Homﬁ{Ek, F)[1-d])
@(Ek ® HOHlﬁ'(Ek, F))
with the differential

0 —z,®id 0 --- 0

—xp ® id
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Moreover, by defining another twisted complex B} F to be
Ellp—1D(A -d)] @ E[(p—2)(1 =d)| & & Ep[l — d] & Ex

with the differential

0 —z O 0
0 )
—ap
0 v v e 0

we can also write C}F' as By F ® Hom (Ey, F).
Now, applying the functor Homp.)(—, Sk) to the exact triangle (6.3), we obtain
a 3-periodic long exact sequence
)
s Hom*(TPF, Sy) — Hom*(F, ) 5" Hom®(CPF,S) — -~ (6.5)

of k-vector spaces. Then applying Lemma B.1 to the long exact sequence (6.5), we
get

ox(T{F) = dim Hom}, (/) (CYF, Sg) + 2 dim Ker n(T?F —ox(F).

Claim 6.a. For every p € Z~o and an indecomposable object F' € Q¢ which is not
isomorphic to By up to shifts, we have the following inequalities:
(1) dimHom$ ) (CLF, S) > (B, F);
(2) dim Ker ngcp)F = dim Ker ,o%k) where pgf) = %?F
k

To prove Claim 6.a, we first show the following claim.

Claim 6.b. FEwvery closed and non-exact morphism in HorngW Q{E;ﬁ,Sk) does not
factor through morphisms in Hom (Ex, E;) (j # k).

Proof. Assume that there is a closed and non-exact morphism in HomOTW ALk, Sk)
which factors through a morphism in Hom {(Ex, E;) (j # k). Then it implies
that, for some 4, the morphism d),(f_l) 0---0 (;S,(CO) oidg, € Homoi(Ek, E,(f)) factors
through a morphism in Hom _(Fy, E;) (j # k). In particular, it implies that
qsl(jfl) 0---0 ¢,(€0) oidg, is exact. This contradicts the construction in the proof of

Proposition 5.1. O
Proof of Claim 6.a. (1) Since CyF = B} F @ Hom (Ey, F), we have
dim Hom?, /) (CLF, Sk) = dim Hom$, ) (BLF, Sk) - «(Ex, F).

Thus the inequality follows if we show that Hom%(d)(B,’;F ,Sk) # 0.
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For every [ = 1,...,p — 1, there is an exact triangle
Exll(1 —d) — 1] = BLF — BLP'F — E[I(1 - d)].
Applying Homp g (—, Sk) to this triangle, we obtain an exact sequence
-+ — Hom"(BL™ F, Sy,) — Hom®(BLF, S) — Hom' (EL[I(1 — d)], Sy) — -+ .

By Proposition 5.1, we have Hom}:,(d) (Ekl(1 = d)],S) = 0 and hence the map
HomoD(d)(B,lle, Sk) — Hom%(d)(B,lcF, Sk) is surjective. Therefore we obtain a

sequence of surjective maps
Hom"(BPF, S) — Hom®(B?™'F, S}) — --- — Hom®(BLF, S).) = Hom"(Ey, S).

Again by Proposition 5.1, Hom, ) (Ex, Sk) # 0. Thus Hom{, .\ (BLF, Si) # 0 as
desired.

(2) Let ¢ € Homp  (F,Sk) be a closed morphism such that m?rwﬁ(ev,qb)
becomes exact, where ev : Ej, ® Hom (FEj, F) — F is the evaluation morphism.
Then there exists a morphism ¢ € Hom,.  (Ey ® Hom &(FEj, F), Sy.) such that

1 0y _ 2
mTw 5’;(1/} ) B mTw Q(GV, d))

Recall that € € Hom,. | Q(CISR F) is a morphism given by #(0,...,0,ev). Since
the higher A, products (6.2) vanish, we have

0
2
mTW ‘97(6‘/7 ¢)

On the other hand, the closed morphism mgrw ﬁ(xk ®id,¢°%) € Hom,  HAE ®
Hom (FE}, F), Si) is an exact morphism by Claim 6.b. Thus we find a morphism
Y€ Hom,,  (Ey ® Hom (Ey, F), Sg) such that m}rw(ﬁ(@[}l) = mgrwﬁ(xk ®
id, 1/%). Repeating this process, we obtain a sequence of morphisms ¥!,...,¢yP~! €
Hom,. = {E) ® Hom {Ey, F), Sy) satisfying mlngp(d’i) = miw ﬁ{xk ®id, 1)
for all i = 1,...,p — 1. Therefore if we define a morphism 1 € Hom,, | Q(C,IJF, Sk)
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by (Pt ... L 90), it satisfies

My W) —mi, 5ok ®1d, 977
1 :
ml ) =
Tw . .
ik AU = o 010,00
M, 7(0°)
0
- [t
2
mi - ev, )
In particular, m%w 9(6, @) is exact. O
Consequently, we have
ox(TPF) > uo( By, F) + 2dim Ker pi¥) — o (F) (6.6)

for every indecomposable object F' € (¢ not isomorphic to a shift of Fj and
p € Z~o. Note that the inequality (6.6) is also true for a shift of Fj and thus for
every object in Q¢.

Step 2. It is left to prove the inequality
UEg, F) + 2dim Ker p¥ > o(Ey, E;)o;(F) (6.7)

holds for every F' € Q¢ and j # k. In the rest of the proof, we fix j # k.
Consider an object F' € Qc. We will regard it as a twisted complex over 7
whose underlying object is a finite direct sum of shifts of Fq,..., E,,. Moreover,

fixing a direct sum decomposition of the underlying object of F', we will write it as

r-@®e.

i=1 r=1

where r; € Z>o and each E; , is a shift of E;. By ¢;, € HOmgﬁ{Eim F)and m;, €
HomoE Q{F, E; ), we denote the inclusion and the projection morphism respectively.

The differential of this twisted complex will be denoted by dp € Homlzf;(F ,E)
Bi By, € Homly(Ei,r, Eir ).
Similarly, we will denote the component of a € Hom, {F,S;) from E;, by
Ei,—s € Hom }(Ei,ra S;) and the component of ¢ € Hom,. | Q(El, F) to E;
by ¢|g,—E,, € Hom;{Eh Ei,).

and the component of § from E; . to Ey . by dp

«

Claim 6.c. Any closed morphism a € Hom,. =57(F, S;) such that every component

i =alp, s € HomTWyi{Eim, S1) is exact is an exact morphism.
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Proof. For each i and r, choose a morphism 1/)1(12 € Hom,  (FE;,,S;) such that
mlTwy(%(lr)) = ;. Let M) € Hom, . (F,S;) be the morphism whose compo-
nents are given by 1{}1(17,) Then every component of m}rw 57,(1#(1)) = méﬁ(ép,w(l))
is again exact. Indeed, in m;;((SF,w(l)), the terms of the form méﬁ{idEi,wE}T))
up to a constant cancel out because of the closedness of the morphism ¢ and the
other terms are exact by Claim 6.b.

Let B0 =a —mb _(yW) and B} = W, s, € Homy HEi,,S). Take
a morphism 1[12(22 € Homy, (Ei, Si) so that m, 57(1/)1(22) = Bi(}r) for each i and
r. Then, for the morphism 1 e Hom,, =Q(F ,S1) whose components are given by

¢(2) one sees that every component of mlTw ;;(w@)) is exact in exactly the same

i,
way as before.

We perform the same processes successively. Then we obtain a sequence of
morphisms ¢y, ... 4™ € Hom,_ 7(F, S;) such that

mlTwi{w(sH) Finos) = (@ — mlTwi(w(l)) e m’lI‘wi(w(S))) EinesS)
for every ¢,7 and s = 1,...,n—1. Since F'is a finite direct sum and Jp is one-sided,
this process must stop. Namely, for a sufficiently large n, we have
o — m}rwﬁ{w(l)) — = m}rwﬁ{w(m) =0.
This shows that the morphism a € Hom_, Z(F,S;) is exact. O
Fix a basis x; € Homdi{Ei, E;) for each i =1,...,m. For a direct summand E; ,.

of F, we consider the following condition:

(H) there exist ¢1, ..., ¢, € k such that the morphism

T
£ = chm;ﬁ{xh tis) € Homy  E;, F)
s=1
satisfies m, &)= méi(x,-, Liyr)-
If a direct summand FE; , satisfies the condition (H), we fix a morphism ¢ in the
condition (H). Let us denote it by £ € Hom,  HE;, F).

Claim 6.d. For a direct summand E;, which does not satisfy the condition (H),
there exists a closed morphism o € HomTWﬁ(F7 Si) such that the component

(&%

B, ,—s, € Homyp  (E; ., S;) is closed and non-ezact.

Proof. Fix a closed and non-exact morphism o’ € HomOTW Q{Em S;). If there is no
direct summand E; ; in F such that 0r|g, . p,, = idg, up to a constant, we put
o = m22 57(77'1',7"7 a). Then every component of mlTW 9{0/ ) is exact by Claim 6.b,

and as in the proof of Claim 6.c, we find a morphism ¢ € Hom,, (F,S;) such
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that m_  —(a') = m () and ¥|p, s, = 0. Then a = o/ — 1) satisfies the
desired properties.

In general, there is a zigzag of identity morphisms in F’
B, &t pEn B o &2 pose By e posn By g

where each E; is one of E; 1,...,E;,,, A; is an §; X s;_; matrix (s; = 1) and B is
an s; X s; matrix. Entries of the matrices are regarded as constant multiples of the
identity morphism idg,. Now since E; , does not satisfy the condition (H), there is

no solution of the system of linear equations

A By 0 -+ 0

(1;1 Vg v Un) 0 1-42 ..BQ :(1 0o --- ()),
. . . . 0
o --- 0 A, B,

This in particular implies that

A, B 0 - 0 0 B 0 - 0
0 Ay, By . 0 A, B

rk 2 2 ::rk 2 2
S } 0 L
0O --- 0 A, B, 0 --- 0 A, B,

Thus there are wy, ..., w, satisfying Byw; = Ay, Aswy + Bows =0,..., Aqw,_1 +
B,w, = 0. Joining the morphism o € Hom%w Q{Ei, S;) to E?S’ according to wy,
we obtain a morphism 3 € Hom.  (F,S;). Then, for o/ = m;da{m’r,ao) - B,
every component of mlE 577(0/ ) is exact. As before, there exists a morphism 1) €
Hom,,  (F,S;) such that m}rwg(a’) = m;W§(¢) and Y|g, s, = 0. Then
define a = o/ — ). O

Let 0 = 0;(F) = dimHom3,( ) (F, S;). For every direct summand Fj, which
does not satisfy the condition (H), collect all the closed and non-exact morphisms
a&l), ey asss") € Hom,, | Q{F, S;) constructed as in the proof of Claim 6.d. Assume

that there is a morphism 8 € Hom,,  (F,S;) such that

=33 k0l
r=1s=1
for some cgl), .. .,c(lsl), .. .,cg), e 765?1) € k. Let us fix a basis of the solu-
tion space of the linear equation > .7, >, bS.S)c,@ = 0. Then, for each ele-
ment (bgl), e bgsl), e bg), o bfaj”)) in the basis, we assign the closed morphism

2?:1 z;l bgs)aﬁs). In this way, we can extract s +-- -+ 5., —1 closed morphisms
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from the sy + -+ + s,; closed morphisms agl), - 7a§51), R a%), e ag-j”). Per-

forming the same procedure to the new closed morphisms inductively, we eventually
obtain closed morphisms o, ..., a, € Hom, Q{F, S;) such that their classes form
a basis of Hom}, (. (F),S;), and if all the closed and non-exact components of

0
are a,,0° € Hom.,  (Fjs,,,S;) fora,; €k, a® € Hom,, ~(Ej,S;) a closed and

non-exact morphism and [ =1,...,n, then
T
by = g apitys,, € Homp  S(E;, F)
=1

satisfies mlTW ﬁ(m; 9(%-,?“)) = 0. In what follows, we will fix such morphisms
U,...,1y and regard them as a basis of Hom{,( . (F),5;).
To an element ¢1 @71 + - + o @1y € Homy, (Ey, E;) @ Hompy () (F, S;), we as-

sociate ¢ = m;;(d)hfl) +-- 'er;i(qﬁg,fg) € Hom,, , (FEj, F). As the collection

C ={En,...,E,} is null-triangular, there exist direct summands Ey ,, ..., Fk.s,
such that
n
My 70) =D m3 s my, AS) B by s (6.8)
=1

and each term is non-zero. We also allow n = 0 in which case the morphism ¢ is
closed. Note that each mlTW §(¢)|Ek—>Ek,sl in the equation (6.8) is a multiple of
TR € Homdy(Ek, Ey) a fixed basis.

Without loss of generality, we assume that Ej 1,...,Ey 4 does not satisfy the
condition (H) while Ej 441,..., FEkr, satisfy the condition (H). For an element
P1 @11+ + by @1y € Hom(Ey, E;) ® Hompy( ) (F, S;) such that the morphism
¢ as in the previous paragraph satisfies m,lfw §(¢)|Ek—>Ek‘l =aqxg forl=1,...,q,
assign (a1,...,aq) € k% This assignment defines a linear map v : Homg,(Ey, E;) ®
Hom'D(d)(F, S;) — k.

For (a1,...,aq) € k%, consider the following condition:

(I) there exist ¢q,..., ¢, € k such that the morphism

Tk
&= chm;i{xk, tk,s) € Homp, Q{Ek,F)

s=1

satisfies méw 57(5) =>r, almzzﬁ(xi, k)
Let I be a subspace of k? whose elements consist of all those elements (a1, ...,aq) €
k? satisfying the condition (I). Fix a basis vy,...,v, of I. Moreover, for each vy,
we also fix a morphism ¢ in the condition (I) and denote it by ¢/ . Then for

(a1,...,aq) € I, we define a morphism 5({17___7% € Hom,  S(FEy,F) as a linear
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combination of &, ..., &l so that

q
My 7o) = Dl 5w i)
=1

Recall that, for each of Ey g11,..., Egr., say Ej,, we also have fixed a morphism
551 € Hom,  S{Ey, F) satisfying

Mg 7{Ekt) = 15, (3, 1)

We define a linear map 7 : Homg, (Ej, E;) ® Homp( ) (F,S;) — k?/I as the
composition of the linear map v : Hom?(Ey, E;) ® Homp, () (F,S;) — k? and
the projection map k? — k?/I. Let V = Ker7. For an element ¢1 @ 73 + - -+ +
¢s @1y € V, we can make the morphism ¢ = m;ﬁ{qbl,fl) 4+ 4 m;ﬁ(qﬁg,%) €
Hom.. = Z{E}, F) closed as follows. First of all, suppose 7(¢1 @71+ -+ ¢y Q1y) =

(a1,...,a4) € I and méwﬁ(fb)\Ek_)Ew =bux, forl=q+1,...,7p, ie.,

q Tk
mlTwyﬁ{@ = Zalm;f,‘(mka L) + Z blm;ﬁ{wk, U l)-
=1

l=q+1

Then one sees that

Thk
=&l a = Y bl € Homy AE, F) (6.9)
l=q+1

is a closed morphism. Then sending ¢1 ® 11 + -+ + ¢, @ 1y € V to the class of the
closed morphism (6.9), we obtain a linear map A : V' — Homp () (Ej, F'). Note
that the linear map A depends on the choices of the morphisms &i)’s and &, , s
we have fixed.

Now, relabeling if necessary, we assume that ej,...,e, form a basis of k?/I
where eq,...,e, is the class of the standard basis of k?. For the direct sum-
mands Ej 1, ..., B, let us fix morphisms a1, .., g € Homp ) (F, Sy) con-
structed in Claim 6.d. For [ = 1,...,w, if there is no closed and non-exact
morphism € € HomTwi(Ek,F) such that €|g, »p,, = idg,, the morphism oy
is contained in Ker pgc). Otherwise, we fix a closed and non-exact morphism
ery € Homy (B, F') such that e |p, g, = idg,. We will also denote its
class by the same symbol ex; € Homj\(Ex, ). Let W be a subspace of
Hom3 () (Ej, F') spanned by all such morphisms. Then we have W N Im A = 0.

As above we can define a linear map 0 : k?/I — W @ Ker pgf) by sending
[a1,...,04,0,...,0] € k?/I to an element in W®Ker pgf) according to the algorithm
given above. We then define a linear map 1 : Hom®, (Ey, Ej) @ Homp () (F, S;) —

W & Ker pgc) by k1 =0 07. Then Ker k; =V and thus we have

codimV = dimImkx; < dim W + dim Ker p;k).
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Moreover, since W NIm A = 0, it follows that
L(E, Ej)o;(F) —dimKer A = dim V + codim V' — dim Ker

=dimIm A\ + codim V'

*) (6.10)
< dimIm A + dim W + dim Ker pj;

< 1(Eg, F) + dim Ker pgﬂ).

Finally, we shall show that dimKer A < dim Ker pgf). For an element ¢; ®
71+ + ¢y 1, € Ker )\, there is a morphism ¢ € HomTW(;{Ek, F') such that
mlwaﬂ'(w) =Mp1 @11 + -+ ¢ ®1,). We can take such a morphism ¢ so that
it satisfies 9|g, »m,, =0 for all [ = ¢+ 1,..., 7 using morphisms nf ..., n
obtained by replacing zj in the definition of fqu, e ,f,ka by idg,. Similarly,
we can even assume that such a morphism 1 satisfies ¢|g, »p,, = 0 for all [ =

w+1,..., 7 using morphisms nglw) Y obtained by replacing xj, in the definition of

a
5517“_,% by idg, . For such a morphism 1, suppose ¥|g, »g, , = a; for [ =1,... w.
We then assign to ¢ an element [a,...,a4,0,...,0] € k9/I. As before, we see

that the morphism ajag,1 + -+ - + awoy, is contained in Ker pgf) and such an

assignment gives us a linear map ko : Ker A — Ker pg) which is injective. This
shows that dim Ker A < dim Ker pg;]?).

Combining this with the inequality (6.10), we conclude the inequality (6.7). O

7. PING-PONG ARGUMENT

Let C ={F,...,E,} be an essential collection of d-spherical objects of & such
that Endy (Ey @ -+ @ E,,) is formal, and Cy,...,C, be a partition of C. For
uw=1,...,aand F € Ob 2, define

0u(F) =max{on(F) |E, € C, }.

Clearly, by Proposition 5.1, ¢,(E;) = 0if E; ¢ C, and 5,(F;) = 1if E; € C,,.
Now we define subsets 21, ..., of the set Q = Q¢ by

Q,={FeQ|o,(F)>0c,(F)forallv#pu}.

Note that €2, N Q, = @ for every p # v and each €, is non-empty since C,, C Q,,.
The following lemma allows us to apply the ping-pong lemma. The proof is a

direct translation of that of Humphries [Hum, Section 2.

Proposition 7.1. Let C = {Ey,...,Ey,} be an essential null-triangular collection
of d-spherical objects of 2 such that Endgy (E1 @ -+ & Ey,) is formal. Suppose
that C1,...,Cq is a complete partition of C. Let G, be the subgroup of Auteq(2)
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generated by the spherical twists along the objects in C,,. Then, for all F' € Q, and
TeG,\{ldg} with pn # v, we have TF € Q.

Proof. Without lose of generality, we can assume that C, = {Ei,...,E,}. As
dim Hom?,(E;, E;) = 0 for every distinct pair of ¢, = 1,...,n, the spherical twists
Ti,...,T, commute with each other by Proposition 4.1. Thus every element T" € G,
can be uniquely written as T = 77" --- TP~ for some pi,...,p, € Z. Now let
FeQ withv#pand T =T7"--- TP € G, \ {Idg}. Since T # Idg, at least one
of p1,...,Pn, say pj,, is non-zero. Take jy so that E;, € C, and 7, (F) = 0;,(F).
Then, applying Proposition 6.1, we see that
6,(TF) =max{o(TF),...,0n(TF)}

=max{o1(I{'F),...,00(T/"F)}

> 03, (T;,° F)

2 [’(Eianjo)o-jo (F) — Oig (F)

> QaV(F) - GM(F)

>0,(F)=0,(TF)
where the assumption that the partition C1,...,C, is complete is used in the fifth
line and that F' € €, is used in the sixth line. On the other hand, as F' € Q,,, we
have 6,(TF) > 6,(F) > ox(F) = ox(TF) for every A\ # p,v. Consequently, we
have shown that 0,(TF') > ox(TF) for all A # p which means that TF € ,,. O

Lemma 7.2. Let C = {E,...,E,} be an essential null-triangular collection of

d~1-spherical objects of 2 such that Endgy (E1 & -+ ® E,,) is formal. Then

(1) every spherical twist T; has an infinite order;
(2) T; £ T for everyi #j.

Proof. (1) Follows immediately from T;E; = E;[1 — d] and d > 1.

(2) If «(E;, E;) = 0 then T3 E; = E;[1 — d] while T} E; = E;. Since d > 1, this
shows that T; 2 1.

If «(E;, E;) > 0, assume by contrary that T; = T,;. Then, by Proposition 6.1,

0=0,(E;) = 0i(Tj E;) = 0i(Ti Ej) > (B, Ej) — 0i(Ej) = o(Ei, Ej) >0
which is impossible. (I

Proof of Theorem 4.4. By Lemma 7.2, the subgroup G, of Auteq(Z) generated by
the spherical twists along the objects in C, is isomorphic to Z™#. The assertion
thus follows by combining Proposition 7.1 with Lemma B.4 known as the ping-pong

lemma. O
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8. EXAMPLE

We can construct a trivial example as follows. First we fix numbers d > 1,
m >0 and mq,...,mq > 0 with my; +---+m, = m. We then define a minimal dg

category o7 whose objects consist of

(Er,....Eny={E", ... EW, B . B}

My

by requiring that the morphism spaces satisfy the following conditions:

(Sq¢) Hom? (E(‘L) E( )) = k if and only if p = 0, d and vanishes otherwise;

(Py) Homﬂ(E(”) J( )) =0 for every i # j and u;

(P,) Hom (E™, E(V)) is two dimensional, with a basis ¢£;W) and wgw), for

every i,j and p # v;

(CYy) deg(z)(”“) = d — deg ¢!} () degw(u“) = d — deg ! (1) ond ZZJ(W) O¢(#V _
<Z5(W ¢(W = qb(w qb(w = wji ° wlé“j) = g”) where mE“) is a fixed
basis of Hom? (E(“) EM);

(N) ¢§z/\) o o (pr) _ IZJ(UA) ¢(W) ngl]?) ° 1/12(;{'/) — wﬁzk) ° qpl(;{'/) = 0 for every

LFEVFENFE L.

Let 2 = H°(Tw”™ /) where Tw” ./ denotes the split-closure of the dg category
Tw o/ of twisted complexes over & (cf. [Sei, Section 4c]). Then, by the con-
struction, the collection C' = {Ey,..., E;,} of d-spherical objects in 2 is essential,
null-triangular and admits a complete partition C; = {Eil), .. .,Eﬁz}, o, Cy =
{E;a), .. ,Eﬁ,‘fj} Therefore, by Theorem 4.4, we conclude that the subgroup of
Auteq(2) generated by the spherical twists along the spherical objects in C' is
isomorphic to Z™ x - .- x Z™Me,

Let £ = E1® - @& E,, and A = Endy(F) = Endy(F). We shall regard
the graded algebra A as a dg algebra with the zero differential. Then, from the
dg functor .#¥ = Homgy (E,—) : Tw"/ — dgMod(A), we obtain the exact func-
tor H(Z) : 2 — H°(dgMod(A)). Furthermore, composing it with the quotient
functor H°(dgMod(A)) — D(A), we get an exact functor from 2 to D(A) which in-
duces an exact equivalence between & and the perfect derived category Dper(A) (cf.
[HK, Theorem 1.11]). Note that, in this situation, each spherical object E; € Ob 2
corresponds to the projective A-module P; = Hom (E, E;) € Ob Dper(A).

APPENDIX A. FORMALITY

In this appendix, we discuss the formality of A, algebras. The facts presented
here will be used in Sections 5 and 6.

Let (A,m) be an A, algebra. Its cohomology H®(A) can be regarded as a
cochain complex with the zero differential. We denote it by (H*®(A),0). Now let
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us take cochain maps f!: (H®*(A),0) — (4,m') and g' : (4,m') — (H*(A),0)
such that g' o f' = idye(a) and f'og' —idy = m! o k' + h' om! for a linear
map h' : A — A of degree —1. Then for every n > 1, we can define linear maps
m™: (H®*(A))®" — H*(A) of degree 2—mn and f™ : (H*(A))®™ — A of degree 1 —n
recursively by setting m! = 0 and

f"(ah...,an)zz Z RE (7 (a1, aiy)s ey f @ity Gn)))s

122 i1+-+ir=n
Ay, an) = Y gt m (M (e, a0, F (@i, an))
1>2 i14-Fi=n
for every n > 2. These maps satisfy the relevant A, relations. In particular,
{m™},>1 defines a minimal A, structure on the cohomology H*(A) and {f™},>1
gives a quasi-isomorphism between the A, algebras (H*(A),m) and (4, m). To

summarize, we have the following.

Theorem A.1 (Kadeishvili [Kad]). Let (A, m) be an Ay algebra. Then there exist
a minimal Ao, structure m on the cohomology H®(A) and a quasi-isomorphism
f:(H*(A),m) = (A,m) of A algebras.

Definition A.2. An A, algebra (H*(A),m) in Theorem A.1 is called a minimal
model of the A, algebra A. An A, algebra A is called formal if its minimal model
(H*(A),m) can be chosen to satisfy m™ = 0 for every n # 2.

The same idea applies to A, categories. Let («/,m) be an A, category. For
every pair of objects E and F, we take cochain maps .# ' : (Hompe (o) (E, F),0) —
(Hom, (E, F),m') and ' : (Hom (E, F),m"') — (Hompe . (E, F),0) such that
@Gl o F1 = id and ZF' 04! —id = m! o S + ' om! for a linear map #" :
Homy (E, F) — Hom (E, F) of degree —1. Then, as before, one can transfer the
Ao structure m on &7 to a minimal A, structure m on the cohomology category
H*(47) so that they are quasi-isomorphic via an A functor .# : H*(&) — o
extending Z ' (cf. [Sei, Section 1i]).

We use the above argument in the following situation. Consider an enhanced
triangulated category 2 with a dg enhancement 7 and a collection {1, ..., E,,} of
objects of 2. In what follows, we will regard the dg category o/ as an A, category
with an A, structure m such that m™ = 0 for all n > 3. Assume that the dg algebra
A=Endy(E1®---®E,,) is formal. Then by the definition of the formality, there
are cochain maps f1 : (H*(A),0) — (4,m!) and ¢' : (4,m') — (H*(A),0) such
that ¢g' o f! = idge(4) and ftogt —ids = m! o h! + ht o m! for a linear map
h' : A — A of degree —1, and such that the minimal A, structure m on the
cohomology H*®(A) transferred by these maps satisfies m™ = 0 for every n # 2.
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Now for each pair of objects E, F' € ObZ = Ob ./, let us take cochain maps
F' i (Hompye(w)(E, F),0) = (Homy(E,F),m') and 4 : (Hom (E, F),m') —
(Hom e (o) (E, F),0) such that 9*0.Z! = id and F'o¥! —id = m' o' + 7 om?
for a linear map ' : Homy (E,F) — Homy (E, F) of degree —1 which extend
the above maps f!, g and h'. Then the transferred minimal A, structure m on

the cohomology category H®(«/) has the property that the A, products

m": HOIHH-(m)(Ez‘O, i1) ®Q® HOInH'(;zf)(Ez’n,]aEi ) — HOmH-(d) (EimEin)

vanish for all 4, ...,4, and n > 3. Moreover, since the A, categories (H*(/),m)

and (7, m) are quasi-isomorphic, we have an equivalence 2 ~ H°(H®(</),m) of

triangulated categories.

APPENDIX B. ELEMENTARY LEMMAS
Lemma B.1. For a 3-periodic long exact sequence

RN VANLNS VA 7L /AL /AN
of k-vector spaces, we have dim V7 4+ dim V5 = dim V3 + 2 dim Im ¢.

Proof. Successively applying the rank-nullity theorem, we get
dim V; + dim V5 = dim Im ¢ + dim Ker ¢ + dim Im v 4+ dim Ker
=dimIm¢ 4 dim Im ) + 2 dim Im ¢
= dim V3 — dimKer § + dimIm + 2dim Im ¢
= dim V3 + 2dim Im ¢.

This completes the proof. O

Lemma B.2. Let E be a d-spherical object and F' be an indecomposable object of 9.
Assume that the composition maps Hom%,(E, E) @ Hom$,(E, F) — Hom$ (E, F)
or Hom$,(F, E) ® Hom% (E, F) — Hom$ *(F, E) does not vanish. Then E = F in
2 up to shifts.

Proof. The proof below can be found in [Kea, Corollary 4.9].

We shall only show the assertion under the assumption that the composition map
Hom% (E, E)@Hom?,(E, F) — Hom?, (E, F) does not vanish. By the assumption,
there is a morphism ¢ € Homp@(E,F) such that ¢ o x # 0 where x is a basis of
Hom,(F, E). By the condition (CY,), we find a morphism ¢ € Hom_”(F, E) such
that ¢ o ¢ oz = = or equivalently (¢ o ¢ —idg) o x = 0. As the zero morphism 0 €
HomY,(E, E) is the only morphism which is killed by z, it follows that 1o ¢ = idp.

Since F' is indecomposable, the assertion follows. O
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Lemma B.3. Let C = {Ey,...,E,} be a collection of d-spherical objects of 9.

Then the following are equivalent:

(1) the collection C' is essential, i.e., if i # j then E; % E; in 9 up to shifts;

(2) the composition map Hom?,(E;, E;) @ Hom$, (E;, E;) — Hom?,(E;, E;) does
not hit the identity morphism idg, for every i # j;

(3) the composition maps Hom% (F;, E;) ® Hom$,(E;, E;) — Hom$ (E;, E;)
and Hom'@(Ei,Ej)(@Homd@(Ej,Ej) — Hom'@‘”'d(Ei7 E;) vanish for alli # j.

Proof. This is also due to [Kea, Section 4.4].
(2) = (1). Easy.
(3) = (2). Easy.
(1) = (3). Apply Lemma B.2. O

Lemma B.4 (Ping-pong Lemma). Let G be a group generated by its non-trivial
subgroups G1,...,Gq and acting on a set Q). Assume that the order of at least one
of G, is greater than 2 and that there are disjoint non-empty subsets Qy,...,Qq of
Q such that g, C Q,, for every g € G, \ {1} with p# v. Then G = Gy *---xG,.

Proof. We give the following classical proof for the sake of completeness (cf. [LS,
Proposition 12.2]).

Relabeling if necessary, we can assume the order of G; is greater than 2. Take two
distinct elements g1, g2 € G1 \ {1}. As g5 'g1 € G1 \ {1}, we have g; 'g:Q, C
for any p # 1 and hence g, 1g1§2“ N2, = @. This in particular means that
9192, N 929, = @. Thus we have shown that ¢, C Q; for every g € G; \ {1} and
p# 1.

Now assume gh = 1 for some g € G; \ {1} and h € G\ {1} which is a freely
reduced word whose first and last word does not lie in G;. One can see that every
relation of G, if there exists, can always be brought into this form. Then the above

argument shows that Q1 = ghQ; C €3 which is a contradiction. O
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