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Abstract

In this thesis, we describe various analytic properties of the Riemann zeta-
function and some multiple zeta-functions, and mean square values of the Barnes
double zeta-functions and Hurwitz multiple zeta-functions.

Firstly, we discuss the theory of multiple zeta-functions from the historical as-
pect, and introduce some kinds of multiple zeta-functions.

Secondly, we obtain asymptotic formulas for mean square values of the Barnes
double zeta-function Ca(s, a;v,w) =Y > > > (a4 vm + wn)~* with respect to
Im(s) as Im(s) — 4oo0. Furthermore, we consider asymptotic formulas for mean
square values of the Hurwitz multiple zeta-function ¢, (s, a) = 3% _--- 2% _(a+
mi + -+ +m,)”® with respect to Im(s), in Re(s) > r — 1/2. Also, we found that
the straight line 0 = r — 1/2 is an analogue of the critical line for (s, ).

Thirdly, we describe approximate functional equations for the Hurwitz and Lerch
zeta-functions. The approximate functional equation is one of the asymptotic for-
mulas for approximating the zeta-function by a finite sum. In 2003, R. Garunkstis,
A. Laurincikas, and J. Steuding (in [7]) proved the Riemann-Siegel type of the ap-
proximate functional equation for the Lerch zeta-function. We prove another type
of approximate functional equations for the Hurwitz and Lerch zeta-functions. Fur-
thermore, we consider the approximate functional equations for the Barnes double
zeta-function (a(s, a; v, w).
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1 Introduction to zeta-functions and multiple zeta-
functions

In this section, we introduce the basic properties of the Riemann zeta-function and Dirich-
let L-functions, and the precedent results on mean value theorems. Also, we will introduce
several analytic properties of the Euler-Zagier type, and the other types of multiple zeta-
functions and L-functions.

1.1 The Riemann zeta-function and Dirichlet L-functions

Let s = o +it with ,¢ € R. The Riemann zeta-function ((s) is one of the most important
function in analytic number theory, which is defined by

1 1 1 1
_ — 14— 1.1
C(s) - +tot or + +ns + (1.1)

n=1

Also, ((s) can be written by the Euler product

=T (1-1) @ (12)

S
p:prime p

where p runs through all primes. From this representation, ((s) has a deep connection
with prime numbers. Also, since the right hand-side of (1.1) is absolutely convergence for
o > 1, ((s) is a regular function defined by o > 1. When s — 1 + 0, since (1.1) diverges
and (1.2), we prove that prime numbers exist infinitely. In addition, Euler proved a more
precise result

1
Z— ~loglogzx (r — 0).

p<z

On the other hand as an analytic property, ((s) has the contour integral representation

1 Zs—l
) = @ ) /C 17 (13)

where I'(s) is the Gamma function defined by

I(s) = /0 Tttt (Re(s) > 0),

and C' is the contour integral path that comes from +oo to ¢ ; then goes along the circle
of radius € counter clockwise, and finally goes from € to +00, as the following figure:




By the contour integral representation (1.3), ((s) can be analytically continued to a
meromorphic function on C, and its only pole is a simple pole at s = 1 with residue 1.
Also ((s) satisfies the functional equation

1—
w*S/QFG)g(s) - 7r<18>/2r< 5 8>g(1 — ). (1.4)
Furthermore, let 7(x) denote the number of prime numbers not exceeding = . It is known
that .
m(x) ~ og 2 (x — 00), (1.5)

which is called the prime number theorem, as an important property associated with
prime numbers and ((s). This theorem was predicted by Legendre and Gauss, proved by
Hadamard and de la Vallée Poussin in 1896. The key point of the proof of (1.5) is the
fact that

C(1+idt) #0 (t €R). (1.6)

Also, the region where ((o + it) does not have zeros is an important study theme, which
is called the zero-free region. As an improvement of (1.6), de la Vallée Poussin proved
that there exists a constant A > 0 such that ((o + it) # 0 in the region

> ] A
O' e —
- log ([t| +1)°

and furthermore in 1958, Vinogradov and Korobov prove a more precise result. The
ultimate conjecture for the zero-free region is o > 1/2, which is now called the Riemann
hypothesis. In other words, the real part of any zeros of ((s) in the critical region 0 <
o<1lisl/2.

As an extension on the prime number theorem, Dirichlet attempted to study the prime
number distribution in arithmetic progressions, by using the series

— x(n)

L(s,x) = o

)

n=1

which is now called Dirichlet L-function, and x is a Dirichlet character. We call y is a
Dirichlet character of modulo ¢ when a mapping x : Z — C satisfies all of the following
conditions;

(i) m=n (mod q) = x(m)=x(n),
(ii) x(mn) = x(m)x(n), especially x(1) = 1,
(iii) ged(n,q) >1 = x(n)=0.
The function L(s, x) is known to have many properties similar to ((s); an Euler product

Lis,x) = [1 ( —M)l (o> 1)

S
p:prime p



and can be holomorphically continued to C, and satisfies a functional equation similar
to (1.4). Dirichlet proved that prime numbers are included infinitely in any arithmetic
progression where the first term and the common difference are relatively prime, by using
L(s, x). Furthermore let

Thq(2) = #{p : prime | p <z, p=k (mod ¢)},
Dirichlet proved similar to the prime number theorem

1 xT
¢(q) logz’

7Tk,qr(x) ~

where ©(q) is the Euler totient function. Now, this is called Dirichlet’s prime number
theorem.

1.2 Mean values of the Riemann zeta-function

The order of |((o +it)| with respect to t is an extremely important problem in the deeper
theory of ((s). For example, the simplest result is ((o + it) = O(1) (o > 1), and also,

C(o +it) = O(|t|*77) (0 <0)

by using the functional equation (1.4) and the Stirling formula for I'(s). In particular, the
order of [((1/2 + it)| is the most important, and some results are listed here: The first,

1
¢ (5 - it) = O(t'/*+e)
was proved by the Phragmen-Lindelof convexity principle. Hardy-Littlewood improved

to )

¢ <§ + it) = O(t"/%%9),
A precision tool for obtaining such evaluations is an approximate expression of ((s) by
a finite sum, which is proved by Hardy-Littlewood, and an expression of the form is as

follows: Suppose that 0 <o <1, x > 1, y > 1 and 27xy = |t|, then

Cls) = 30—+ X(5) 3 s + 0l + O 77y, (17

n<z n<y

where X (s) = 2I'(1 — s)sin (7s/2)(2m)*"!. This is called the approximate functional
equation, and the details will be described in Section 3.1.

In 1988, ¢(1/2 + it) = O(t%/°5*¢) was proved by Bombieri and Iwaniec, after which many
mathematicians gradually improved, and now ((1/2 + it) = O(t3%/2%°¢) has been proved
by Huxley in 2005. Furthermore in 2017,

(1) =0y



was proved by Bourgain (in see [6]). What is considered to be true is called the Lindelof
hypothesis, which is the following conjecture;

N —

(o +it) = O(F) (m >92 ~<o< 1) , (1.8)

would hold for any € > 0 and arbitrary ¢ (1/2 < ¢ < 1). However, it is almost impossible
to solve the Lindelof hypothesis by the current technology.

It is difficult to consider the order of |((o 4 it)|, so an attempt was made to study the
order of the mean values of |((o + it)| as a compromise. In particular, the study of the
order of mean squre value

T
/ IC(o +it)|*dt
2

has been a main stream, and for example we can show

/: |C(o +it)|Pdt ~ ((20)T (0 > %) : (1.9)

However, the reason for studying the mean value is not only because it is easy to calculate
but also because it can be expected that the prediction on the mean values of higher order
powers leads to an equivalent of the Lindelof hypothesis. Therefore, studying the mean
values is extremely important in studying the zeta-function. The result supporting this
is the following theorem.

Theorem 1.1 (Theorem 13.2 in Titchmarsh[27]). The fact that, for any k € N and any

e >0,
T 1
Z 4t
[l Gr)

is equivalent to the Lindeldf hypothesis (1.8).

2k
dt = O(T"*) (1.10)

On the other hand, (1.9) can be regarded as follows. The asymptotic formula
T
| sto Pt =cear o) (T )
2

has been known as a classical result in the critical strip 1/2 < o < 1 (see Ivi¢ [10], (8.112)).
It is known that (1.10) holds in the case only k = 1 and k = 2. In the case k = 1 that is

the mean square value
T
1
— ot

was proved by Hardy and Littlewood in 1918. In the case & = 2, that is mean value of

the fourth power
T 1 .
/2 ¢ (5 + Zt)

was proved by Ingham in 1928. His method was to use an analogue of approximate
functional equation (1.7) for ((s)?. In the case k > 3, The same method only produces a

2
dt ~ TlogT

4

1

dt ~ —Tlog* T (1.11)
272

6



formula with a too large error term, so it cannot be used for the study of the mean value
theorems. Also, Heath-Brown obtained the result on the mean value of 12th power

T
1

¢ <— + it)
I3E

by using the Haldsz-Montgomery inequality (see Chapter8 in Ivié¢ [10]). However, the

result (1.12) is not sufficient for the case k = 6 in (1.10).
A convenient tool is the Montgomery-Vaughan inequality. The Montgomery-Vaughan

inequality is
- 2
/ dt:TZ\an\Q—i-O (Z n]an]2>
0

n<N n<N
for any complex numbers ay, ..., ay. Ramachandra used this inequality to give a slightly

more precise result
T
1
— t

than (1.11) (see in Chapter4 in Ivié¢ [10]). Heath-Brown (in 1979) also improved to

[ G

where a;(0 < j < 4) is a constant with a; = 1/27? and Ey(T) is an error term satisfying
Ey(T) = O(T7/3+). Further, this error has been improved to Ey(T) = O(T?3+%) by
Zavorotnyi.

On the other hand, the situation which has been deepest studied is the case k = 1
that is the mean square values. In 1920’s, the result of the form

1/
/2 ¢ ( 5 T zt)
was obtained. E(T) = O(TY/*¢) was indicated by Ingham. After that, in 1934 Titch-
marsh improved to E(T) = O(T*'**¢), further Balasubramanian to E(T) = O(T"/3*¢)
in 1978, Huxley proved E(T) = O(T7™/?27+¢) in 1994.
As another approach, Atkinson [1] gave a formula that precisely represents F(7') in 1949
(See in [1]). Although it was not considered important for many years, this formula is

very useful, because the results of the mean values of 12th power and other results can be
obtained relatively easily. Also, an analogue of F(T') in 1/2 < ¢ < 1 is E, which satisfies

12

dt = O(T***) (1.12)

2 annzt

n<N

4

1

dt = —Tlog* T + O(T log*T)
272

4 4
dt = a;Tlog’ T + Ey(T),

Jj=0

2
dt =TlogT + (2y — 1 —log2m)T + E(T)

/ o rinfEdt = ¢@o)T + (2npr1C@ T2 e
2 2—20

In 1989, Matsumoto [14] proved an analogue of the Atkinson formula for E, in 1/2 < 0 <
3/4. Also in 1993, Matsumoto and Meurman [19] proved a similar formulain 3/4 < o < 1.



1.3 Various multiple zeta-functions and L-functions
In 1950, Tornheim [28] studied the values
1.1
mzzlgmsntm—i—n) (1.13)

where s,t,u € Z is in the region of absolute convergence. Also independently, Mordell
[25] considered case s =t = u in (1.13) and multiple series

1
2:: Z cemy(my + -+ my 4 a) (a > —r). (1.14)

mT—l

On the other hand, Apostol and Vu [2] treated the series of the form

Z Z mnt(m + n)* (1.15)

m=1m<n

Furthermore, Matsumoto [15], [17] has introduced the multiple zeta-functions

o0 oo

1
r{S1, -, 8r; S 1.16
CMT, (31 Sry § +1 Zl Zl m mST ml 4. +mr)8r+1 ( )
mi me=
and
1
Cavir(S1, - oy 803 8r41) Z Z T ) (1.17)

1<my < <mr<oo

which generalize (1.13) and (1.15) respectively. (1.16) is called the Mordell-Tornheim

type, and (1.17) is called the Apostol-Vu type. Matsumoto [16] proved the meromorphic

continuation to C™*! of these multiple zeta-functions by using the Mellin-Barnes integral
formula ) I T(—2)
s+ z)l(—=

A — Ad 1.18

( + ) 27'('2 (c) F(S) ‘ ( )

where s, \ € C with ¢ = Re(s) > 0,|argA\| < m,A # 0 and ¢ € R with —0 < ¢ < 0,

and the path (c) of integration is the vertical line Re(z) = ¢. By using the Mellin-Barnes
formula, we find that (1.16) has the recursive structure as

Cvrr — Curr—1 —> -+ = Cur2 — ¢

(here A — B means that A can be expressed as an integral involving B) and we can prove
meromorphic continuation by tracing the above recursive sequence in reverse. Also, in
the case of Apostol-Vu type (1.17), Matsumoto introduced an auxiliary function

~ 1
c ol ST, ..., 85085 ey Sy S .
CAV,],T( 15 3 949 9j+1, s r+1 E E msr ml 4+ mj)STH

1<mi<-- <mr<oo
The Mellin-Barnes integral formula implies the recursive sequence
CAV,T‘ = CAV,T,T‘ — CAV,r,rfl — CAV,LT

8



along which goes the proof of meromorphic continuation to C"*!.
In [29], Maoxiang Wu introduced the x-analogue of (1.16) and (1.17). Let x1,...,X»
be Dirichlet characters of the same modulus ¢ (¢ > 2), and define

LMT,r(Sla'~-7Sr;37"+1;X1""7X7")
D I I (119)
mST m1 +---+ mr>5r+l
m1=1
LAV,r(Sla'~-7ST;S7"+17X1""7X7")

-y Z X;@:E;)h +x (Tfm)““' (1.20)

1<mi<---<mg <oo

Wu proved the meromorphic continuation to C™*!, and studied the distribution of possible
singularities of (1.19) and (1.20).
Furthermore, in 2016 the author [22] considered the following analogue of the Mordell-
Tornheim multiple zeta-function;

CMT,jr(S1, . sj;st, ey Spg1)
1
Z Z . (1.21)
mi=1 mr—l ml +---+ mj)31+1 cee (m1 + .+ mr)s,n_,_l

and the Mordell-Tornheim multiple L-function;

EMT,j,r(Sla x Sj; Sj4ls ey Srb1ly X1y Xr)
= Z Z X (ml)."XT’(m7‘> (122)
e — ml + + mj)3j+1 P (ml + .. _|_ mr)5r+1
where x1, X2+, X, are Diriclet characters of the same modulus ¢ (> 2). By using the

Mellin-Barnes integral formula (1.18), series (1.21), (1.22) has the recursive structures
CMTjr = CMTgr—1 = CMTgr—2 = = = CMTjj+1 — (Mt = (Mg,

EM:r’,j,r — ZMT,j,r—l — EMT,j,r—Q — T EMT,j,j-‘rl — ZMT,j,j = Lyt
respectively, and we can prove the following two theorems:
Theorem 1.2. For 1 < j <r, we have
(1) the function EMTJ,T(sl, o3 8§38j41, -+ -5 Sp41) can be continued meromorphically to

the whole C™-space,

(7i) in the case j = r — 1, the possible singularities of ZMT’T_LT are located only on the
subsets of C™™1 defined by one of the following equations;

ST+1:17
si+S+sp=1-0 1<j<r—1,0>-1),
Sj1+8j2+8r+87a+1:2—£ (1§j1<j2§7’—1,£2—1),

Spt++s, . tsr+s,=r—2—0 (1<j<---<jra<r—1 0>-1),
si+-+S$a1+s+s=r—1—-d (d=-1,0,1,3,5,7,9,...).

9



Also, in the cases 1 < j < r — 2, possible singularities of ZMT,j,r are located only on

the subsets of C™™! defined by one of the following equations;

Spp1 =1,

sitsm=1-d (d=-1,0,1,3,5,7,9,...),
Sp_1+ S+ 841 =3—0 (€N,

Sp_o+ 81+ 8 +s01=4—0 (£€Ny),

Sit2t Sjr3t - F S+ s =r—j—L (€N,

3k1+Sj+1+"'+3r+sr+1:]-_€/ (1§k’1<],€2 (
ko

Skl+Sk2+8j+1—|—"'+8r+8r+1:2—6/ (1<k’1<

Sttt Sy st s s =10

=)
2 —=(r =),

1<k < - <kj1<j, 0'=2—(r—17),
S14 ot sjt st st spa=3-—0 (U'=—(r—17)).

(17i) each of these singularities can be canceled by the corresponding linear factor, and

(iv) EMT,j,r is of polynomial order with respect to [Im(s,41)| .

Theorem 1.3. For 1 < j <r, we have

(i) the function Larrjr(S1,---y853Sj41s- - Sr1; X1 - - - Xor) Can be continued meromor-

phically to the C™ ! -space.

(7i) If none of the characters x1, ..., X, are principal, then ZMTJ,T is entire. If Xu,, -y Xey
1<ty < - <tg<j)and Xp—ay, - Xr—a, (1 <dy <---<dy <r—j) are princi-
pal character and other characters are non-principal, in the case of j =r — 1, then
possible singularities are located only on the subsets of C™t1 defined by one of the

following equation;

Styqy T Srt+ Spp1 = 1—¢ (1<u(l) <k, £>-0,),
Stuy T Sty T 8r 81 =2—0 (1 <u(l) <u(2) <k, ¢
Stu(l)+--'+8tu(k,1>+5r+8r+1Zk—1—€

(I1<u(l)<---<ulk-—

S+t Sy Fsrtsp=k—L0 (02 —6,),

where

T

1 (x» is principal),
0 (x» is non principal),

10

> —0,),
(1.23)

1) S k’, ¢ Z _57")7



also in the cases of 1 < j < r — 2, then possible singularities are located only on the
subsets of C™™! defined by one of the following equation;

Sp—dit1 + Sr—ayr2+ o+ s =di +1 =4y (Lo € Ny),

Sr—dy+1 T Sr—gpe2 S =dp + 1 =Ly (o € No),
Stywy T Sjr1 T F s Fsp =10 (1<u(l) <k, 0> -A)),
st st s =20

(1 <u(l) <u@) <k ¢ >-4;), (1.24)

Stu(l) + Stu(2)

Suty T+ Sy TSt t St s =10
A<ul)<---<u(j—1)<k 0'>-=A)),
Sttt St sip s tsa=7—0 (l'>=A)),

where Aj = 6, 4+ 0,—1 + -+ + 0,—j. Moreover, if x, is principal character, then
Sr41 = 1

is a possible singularity in addition to the above possible singularities (1.23) and

(1.24).

(17i) each of these singularities can be canceled by the corresponding linear factor, and

(iv) Lasr sy is of polynomial order with respect to |Im(s,41)).

11



2 Mean values of the Barnes double zeta-functions
and the Hurwitz multiple zeta-functions

In the study of order estimation of the Riemann zeta-function, solving Lindelof hypothesis
is an important theme. As one of the relevant matters, asymptotic behavior of mean
values has been studied. Furthermore, the theory of the mean values is also noted in
the double zeta-functions, and the mean values of the Euler-Zagier type of double zeta-
function and Mordell-Tornheim type of double zeta-function were studied. In this section,
we prove asymptotic formulas for mean square values of the Barnes double zeta-function
with respect to Im(s) as Im(s) — +oc.

2.1 Introduction and the statement of results

The Barnes double zeta-function was first introduced by Barnes [3] in the course of de-
veloping his theory of double gamma functions, and the double series of the form as

Gols @iv,w) = ZZ a—irvm—l—wn) 2.1)

m=0 n=0

was introduced and studied in [4]. As a subsequent research, multiple series of similar
form as (2.1) was introduced in connection with the theory of multiple gamma functions
by Barnes [5].

Let r be a positive integer, s = o + it a complex variable, o a real parameter, and
w; (j = 1,...,r) complex parameters which are located on one of the complex half-
plane divided by a straight line through the origin. The Barnes multiple zeta-function
¢r(s,azwy, ..., w,) is defined by

1
s, wy, ..., w 2.2
Grls, 030 Z Z (v +wymy + -+ - + w,m,.)* (2:2)

m1=0 m,=0

where the series on the right-hand side is absolutely convergent for Re(s) > r, and is
continued meromorphically to the complex s-plane, and its only singularities are the
simple poles located at s =j (j =1,2,...,7).

In this section, we focus on the case r = 2 and (wq, wy) = (v, w) for any v,w > 0 of
(2.2), which is the Barnes double zeta-function (2.1), and study the asymptotic behavior
of

T
/ Galo + it a0, w) dt
1

as T — +oo.
Let

1
[](51782706 v w) Z )

(o + vmy + wnq)® (a + vmg + wngy )2

mi,n1,mz2,n2>0
vmi+wni=vmao—+wnsg

which is absolutely convergent for Re(s; + s2) > 2. If v, w are linearly independent over
Q, then vm; +wny = vmy + wny is equivalent to (my,ny) = (Mg, n2), and hence we have

2[2]<317 S2, O ’U,U)) = CQ(Sl + S2, Q5 U, w)

12



Theorem 2.1. For s = o + it € C with 0 > 2, we have
T
/ Ca (s, v, w) [Pt = [2](0', o,a;v,w)T + O(1)
1

asT — +o0 .

Theorem 2.2. For s = o +it € C with 3/2 < 0 < 2, we have

T
/ Cols, o0, w) 2t
1

O(T* > logT) (3/2 <o <7/4)

_ 2] .
=( (o,0,a;0,w)T + {O(T1/2) (7/4<0<2)

as T — +oo.

Remark 1. We mention here some recent results on mean values of double zeta-functions.
Matsumoto-Tsumura [21] treated the Euler double zeta-function

oo 00
(s1,52) = > D
1, 2 m51 m1+n1

m=1 n=1

and gave some formulas which imply
g 2
/ oo + i1, 7 + its) Pty ~ (B (o + it1, 20)T (T — 50) (2.3)
2

in some subsets in a region for o409 > 3/2, see [21] for the details. Here, C%Q] (01+1ty, 209)
is defined by

h— 2

Z ms1

m=

o0

[2] 81,52 Z

k=

which is absolutely convergent for Re(s2) > 1/2 and Re(s; + s2) > 3/2. Ikeda-Matsuoka-
Nagata [9] extended the region of results of Matsumoto-Tsumura [21], and further they
gave some asymptotic formulas which imply

ksz

T
/ |C2(01+it1,02+it2)|2dt2 XTIOgT (T-)OO)
2

on the polygonal line {(01,09) |01 + 02 = 3/2 and 0y > 1/2} U{(01,02) |01 > 1 and 0y =
1/2}. Also, they gave similar results on

T T
/ |Co(o +it, s9)|?dt, / |Co(oy + it, o9 + it)|dt,
2

2

13



see [9] for the details. On the other hand, for the Mordell-Tornheim double zeta-function

S1,89; S E E
CMTQ 1,52, 3 m51n$2 m+n)83

m=1 n=1

Okamoto-Onozuka [26] obtained some results on the mean square values which imply
T
/ (Carra(51, 8230+ it)|2dt ~ (oo (51, 82:20)T (T = ) (2.4)
2

in some subset in the region for oy + 09 + 0 > 3/2, here CJ[\Z]TQ(sl, S9;20) is defined by

oo | k-1
CMT2 1,628 Z Z k; m)s
k=2 |m=1""
which is absolutely convergent for 2R6(51)+Re( ) > 1, 2Re(s2)+Re(s) > 1 and 2Re(s1)+
2Re(sy)+Re(s) > 3. Theorem 2.1 and Theorem 2.2 are the results corresponding to (2.3),
(2.4) for the Barnes double zeta-function of the (2.1) version.

2
1

E?

2.2 Proof of Theorem 2.1

In this section, we give a proof of Theorem 2.1.

Proof of Theorem 2.1. Let o+it € C with o > 2. We first calculate |((s, a; v, w))|?.
We have

!Cz(s a;v w)|2 = Cz(s a; v, w)Ga(s, a5 v w)

B Z Z (o +vmy + wny)ot Z Z a+vm2+wn2)" i

m1=0mn1=0 mo=0mno=0

1
B Z (o +vmy + wny)? (o + vmg + wng)®

mi,n1,mz,n2>0
vmit+wni=vmo+wnz

n Z 1 o+ vmey + wne "
(o + vmy + wny ) (a + vmgy + wne)? \ o + vmy + wny

mi,n1,mz,n2>0
vmi+wniFvma+wng

= (0,0, 050, w)

t
N Z 1 a+vmy + wns \ "
(a+vmy +wny)?(a + vmg + wne)? \a+vmy +wny )
mi,ny,mz,n2>0
vmi+wniFvma+wng

Hence we have

T
/ |<2(S,O{;U,w>|2dt = 2[2]<07 O',Oé;U,’U))(T— 1)
1

D> :
(o +vmy + wnq)? (o + vmg + wng)°

mi,n1,mz,n22>0
vmi4wniFvma+wng

eiTlog{(a+vm2+wn2)/(a+vm1+wn1)} — et log{(a+vma+wnz)/(a+vmi+wni)}
X

ilog{(a 4+ vmg 4+ wny) /(o + vmy + wnq)}
14



The second term on the right-hand side is

< X 1
(a+vmy + wny)? (o + vmg + wng)°®

mi,n1,m2,n2>0
vmi+wni <vma-+wng

1
X
log{(a + vmgy + wny)/(a + vmy + wnq)}

- > D>

mi,n1,m2,n2>0 m1,n1,mz2,n2>0
atvmitwni <atvmotwne<2(atvmitwni)  atvmetwne>2(atvmitwni)

1
(a4 vmy + wny)? (@ + vmg + wng)? log{ (o + vmay + wngy) /(a0 + vmy +wnq)}
We denote the right-hand side by V; 4+ V5. Then we have

1
Vo K
2 Z (o +vmy + wny)? (o + vmg + wng)°®

mi,m1,m2,n22>0
a+vmotwng >2(at+vmi +wn1)

ZZ (o + vmy + wny)? ZZ (o + vmg + wny = O().

m1>0n1>0 mo2>0n2>0 )

Next we consider the order of V. The range of ny satisfying the inequalities o + vmy +
wny < o+ vmy + wny < 2(a + vmy + wny) of the condition on the sum V; is
v a v

—(m1 — mg) +np <ng < —+ —(2m1 — mg) + 2n;.
w woow
Let ¢ = e(my,ma,n1),0 = 6(mq,ma,n1) be the quantities satisfying 0 < €, < 1 and
(v/w)(my — mg) + ny + ¢ € Z and o/w + (v/w)(2my — my) + 2ny — § € Z. Then
K =a/w+ (v/w)my +ny —e — 6 is an integer, and ny can be rewritten as

Ny = E(ml —my)+n;+ec+k (forsomek=0,1,2 ..., K).

w

Since K < o+ vmy +wny < 1+ mq + nq, we have

o+ vmg + wna ) " we + wk we + wk
=lo = ,
o+ vmy + wny & a +vmy + wny a +vmyp + wny

< ZZ Z Z a—l—vm1+wn1)

m12>20n12>0 0<ma<KK 0<k<K

log

and hence

" 1 o« a4+ vmy + wny
(a+vmy + wny + wk 4 we)° wk + we

log K
N3 D) DI DU LS

m1>0n1>0 O<m2<<K

< Z Z log (o + vmy + wny)

20—2
Oé vm wn
m1>0 n1>0 + 1 + 1)

log (2+m+n)
< ZZ 1+m+n2" 2<<1’

15



provided that ¢ > 2. Therefore the proof of Theorem 2.1 is complete. O]

2.3 The approximation theorem

Let 09 >0, > 1 and C > 1. Suppose s = g + it € C with ¢ > oy and |t| < 27z/C.
Then

(x79) (x — 00). (2.5)

1<n<z

This asymptotic formula has been proved by Hardy and Littlewood (see Theorem 4.11 in
Titchmarsh [27]). Here we prove an analogue of (2.5) for the case of the Barnes double
zeta-functions as follows.

Theorem 2.3. Let 1 < 01 < 09, * > 1 and C > 1. Suppose s = o + it € C with
o1 <0 < o9 and |t| < 2mx/C. Then

Gals, a50,0) = Z Z —i—vm—l—wn)

0<m <z 0<n<le
(a+vz)? % + (o + wz)*™* — (o + v + wx)?~*
_l’_
vw(s —1)(s — 2)

+0(z'77)  (2.6)

as r — OQ.

Lemma 2.4 (Lemma 4.10 in [27]). Let f(§) be a real function with a continuous and
steadily decreasing derivative f'(§) in (a,b), and let f'(b) = ¢, f'(a) = d. Let g(§) be a
real positive decreasing function with a continuous derivative ¢'(§), satisfying that |g'(§)]
15 steadily decreasing. Then

S e =Y / (2RO -8) ¢

a<n<b VEZL
c—e<v<d+e

+0(g(a) log(d — ¢ +2)) + O(lg'(a)]) (2.7)
for an arbitrary € € (0,1).
Proof of Theorem 2.3. Let N € N be sufficiently large. Then we have

o0 o 1
ZZ (o +vm + wn)*

m=0 n=0

:(ZZJri ) Z Z+ Z Z) a+vm+wn)

m=0 n=0 m=0n=N+1 m=N-+1 n=0 m=N+1n=N+1

We denote the second, the third and the fourth term on the right-hand side by A;, A
and Aj, respectively. By the Euler-Maclaurin summation formula (see Equation (2.1.2)

16



in [27]), we have for any a,b € Z with 0 < a < b,

b

Z 1 _ (a+vb+ wn)'~% — (o + va + wn)'*
m=a+1 (Oé +vm + U)TL)S - 'U(l _ S)
b
— lz] —1/2 1
_vs/a (Oéx—F U.[Tx]—l— wn/)erld:E + 5 {(Oé + vb + wn)_s — (a + va + wn)—s} ,
i 1 ~ (a+vm+ wb)~% — (a + vm + wa)t~*
n=a+1 (CY +vm + wn)s N U)(l — S)

b a2 - 1/2 .
_ws/“ (ai m[?f]Jr w"L{)Sde * 2 {(a+vm+wb)™ — (a+vn+ wa)~*}.

If we take a = N and let b — oo, we have

o0

2 1
Mol (o +vm + wn)*
B 1 1
“ W=D (atomt o)
—ws/ v [z - 1/2 dx—l- 1
v (a4 vm+wx)stt 2 (a+vm+wN)*
1 1 1 1
- ' -5 O(N7°
w(s—1) (a+vm+wN)s—t 2 (a+vm+wN)5+ ( ).
for o > 1, uniformly in m = 0,1, .... Therefore we have
N oo 1
A=) S
m=0n=N+1 (a+vm+wn)
N
1 1 1 1
= . - O N—O’
7;—:0 w(s—1) (a+vm+wN)1 2 (a+ovm+wN)s +0( )}
B w(s —1) “= (a +vm +wN)*=t 2 £~ a—l—vm—i—wN)
1 1 1 1
— = ———— 4+ O(N').
+w(s—1) (a+wN)1 2 (a+wN) + 0l )

Applying again the formula (2.1.2) in [27] to the first term and the second term on the

17



right-hand side of the above, we obtain

Y 1 1 - 1
b (s —1)( 2) (a+wN)*=2  (a+vN+wN)s—2
r—[x] —1/2
—— d
/ oz+vx—|—wN) v

_Qw(s - 1) { (a+ qu)sl ~ (a+oN i wN)s—1 }

‘2v<sl— D { (a+ jN)sl ~lasoN g oN) }

E/N r—[x] —1/2 o L 1 B 1
2 Jo (a+vz+wN)stt 4 | (a+wN)* (a+vN+wN)s
1 1 1 1
X - ONl—O'
w(s—1) (a+wN)s—t 2 (a—i—wN)S+ ( )
(a+wN)** — (e +vN +wN)*>*

B vw(s —1)(s — 2) +ONT).

+

Applying the same method to A; and A3, we obtain

B (a+vN)*>* — (a +vN +wN)*>* o >
A = vw(s —1)(s — 2) +ONT) (0>1)

_ (a+uvN+wN)* o 5
A; = o0 — 15— 9) +O(N'79) (o0 >1).

Therefore we have

N N
Gols, a0, w) = ZZ a+vm+wn)

m=0 n=0

(a+vN)?>% + (a+wN)*>* — (a+vN +wN)*

vw(s —1)(s — 2)

for o > 1. Next we consider the double sum on the right-hand side of (2.8). First we
divide the sum as follows:

ZZ a—l—vm—irwn)

m=0 n=0

(ET T E T Y S

m<z n<zx m<z z<n<N n<lr x<m<N z<m<N z<n<N

+

- O(N'™7) (2.8)

We denote the second, the third and the fourth term on the right-hand side by B;, Bs
and Bjs, respectively. Fix m € N, set

7€) = 5-log(a -+ vm -+ w€), (€) = (o + vm +wg)

18



and take (a,b) = (z, N) in Lemma 2.4. Then we have

tw tw
(c,d) = , .
2n(a+vm + wN) 2r(a + vm + wx)
We see that

()] = !

= or

2rx w
C a+vm+wzx

tw

1
<= <L
27 (a + vm + wz)

- C

When o > 0, the function g(¢£) is decreasing, and hence Lemma 2.4 can be applied. For
sufficiently large NV, we can take e such that ¢ — ¢ < 0 < d + ¢ < 1, by which only the
term with v = 0 appears in the sum on the right-hand side of (2.7). We obtain from (2.7)

that
it log(a+vm+wn)

N
z<n<N (Oé+vm+wn)a :/m (a+vm+w§)—a+ztd£+0((m+$)_J).

Taking complex conjugates on the both sides, we have

Z ( ! = / (v +vm+wg)*dE+ O((m +x)79)

o+ vm + wn)s
r<n<N + + )

_ (oz—l—vm—l—wN)w_(Sl—_(S—l—vm—wa) s L O(m + 7)),

Therefore, we obtain

1
B = Z Z (o +vm + wn)*

m<x z<n<N

B (a+vm+wN)'™* — (a+ovm +wz)—* B

N ngm{ w(l—s) +0((m +2) >}
L - 1 1-o

- w(l—s) {ngc(oc—f—vm—i-wN)s—l _ngx(a+vm+wx>s_l}+0<x ).

We denote the first and the second term on the right-hand side by (1/w(1 — s))(B11— Bi2),
and apply Lemma 2.4 for By; and Bis. For Bj; set
t

f(€) = 5-log(a+ v& +wh), g(€) = (a +v€+wN)'™

and on taking (a,b) = (0, z) in Lemma 2.4. We can treat Bj, similarly, where Lemma 2.4

is applied on replacing the variable £ by 7, on setting
t
fn) = 5 log(a 4 vn + wx), g(z) = (a4 vy + wx)' ™

and (a,b) = (0,z). Then we have

2—s __ 2—s
B, - (o + vz +wN) (v +wN) L O(NY,
v(2 —s)
B,y — (a+ vz +wz)?™* — (o +ww)** Ot
v(2 —s)



Therefore, we obtain

(a+vz+wN)>*™* — (a+vr+wr)* ™ — (a +wN)*™* + (o + wr)*™*

B = vw(s —1)(s —2)

_i_O(leU) T O(xlfcr).
By the argument similar to the treatment of By, we obtain

(@ +oN +wz)** — (. +ve +wr)?** — (@ +oN)*™* + (a + vx)**

Bz = vw(s —1)(s — 2)

—l—O(Nl*") + O(xlf")
and

(a+vN +wN)* % — (a +vr + wN)*>™* — (a + vN +wz)** + (a + vo + wr)**

By = vw(s —1)(s — 2)

+O(N'7) + O(2' 7).

Summing up the results above, we obtain

Y 1
ZZ a+vm+wn)

o (a+v2)** + (a+wr)* % — (o + v + wx)?~*
_ZZ a+vm+wn) + vw(s —1)(s — 2)
_(Oz+vN)2’s + (@ +wN)*>* — (a +vN +wN)>™*
vw(s —1)(s — 2)

m<z nlz

+0(z77) + O(N'™),

and by (2.8), we conclude that

Ca(s, a;v,w)

= (a+v2)* 4 (a0 + wz)*™ — (o + vr + wr)*~
ZZ ‘)‘+Um+w”) i vw(s —1)(s — 2)

m<x n<lz

+0(z'=7) + O(N'™)

in the region o > 1. Letting N — oo, we obtain the proof of Theorem 2.3. O

2.4 Proof of Theorem 2.2

In this section, we prove Theorem 2.2 from Theorem 2.3.

Proof of Theorem 2.2. Setting C' = 27 and =t in (2.6), we easily see that the
second term on the right-hand side is O(¢~7), hence we have

Ca(s, a;v,w) ZZ a—i—vm—l—wn) +O(t77). (2.9)

m<t n<t

20



We denote the first term on the right-hand side by X(s). Then

[ e

r 1 1
- /1 Z Z (a4 vmy 4+ wnq )oti Z Z (a4 vmy + wnz)"*itdt'

m1<tn1<t ma<tna<t

Now we change the order of summation and integration. First we note that 1 < my,ny, mo, ny <
T. Let us fix one such (mq,ny, ma,ny). Then from the condition my < t, ny <t, mg <
t, ny <t, we find that the range of t is M = max{my,ny, ms,ny} <t <T. Therefore

[ e

> 1 ) 1
( +vmy +wny)? (o + vmg + wng)?

my,n1 <T ma,ng<T
it
T /o +omg+wny\'
X dt
M\ QO+ VMg + wne

— Z L x (T — M)

o+ vm wn)?(a +vm wnsg )
0<mi,n1,m2,n2<T ( + Lt 1) ( + 2 2)

vmi-+wni=vmao-—+wns

1
* Z (o + vmy + wnq ) (a + vmgy + wng)®
1 1 2 2
mi,n1,m2,n22>0
vm1+wniFvma+wng

eiTlog{(a+vm2+wn2)/(a+vm1+wn1)} — M log{(a+vma+wn2)/(at+vmi+wni)}

X

ilog{(a 4+ vmg + wny) /(o + vmy + wny)}

We denote the first and the second term on the right-hand side by S; and S, respectively.
As for Sp, we have

Sl = T{C2[2](0',O',CL’,U,UJ)—(U1+U2+U3—|—U4)}

z : M(m17n17m27n2)
)
a -+ um wny)°(a + vm wn9 )?
0<m1,n1,m2,n2<T ( + L 1) ( t 2+ 2)
vmi1+wni=vmeo-+wnsg

21



where

N D ST >

m1>T n1>T
0<n1,m2,n2<T 0<m1,ma,n2<T
vmi+wni=vmas-+wno vmi1+wni=vmo+wnsg

1
* Z * Z (o +vmy + wnq)?(a + vmg + wng)°®
mo>T ng>T
0<mi1,n1,n2<T 0<mi,n1,m2<T

vmi1+wni=vma+wnsg vmi1+wni=vmeo-+wnsg

1
Ve = Z * Z (o +vmy + wny)? (o + vmg + wng)®
m1,mo>T ny,ne>T
0<n1,n2<T 0<m1,mo<T

vm1+wni=vma-+wns vm1+wni=vma+wns

1
Us = Z * Z (o +vmy + wny)? (o + vmg + wng)°®
m1,no>T ni,mo>T
0<n1,m2<T 0<m1,n2<T

vm1+wni=vma-+wns vm1+wni=vmo+wn2

Uy = > + >

my,ma,ni>T mi,ma,na>T
0<no<T 0<n1<T
vmi1+wni=vmao-+wnso vmi1twni=vmes+wnso

1
+ Z + Z (a4 vmy + wny)? (@ + vmg + wng)?
mi,n1,n2>T ma,ni1,n2>T
0<m2<T 0<m, <T

vm1+wni=vma+wns vm1+wni=vma-+wns

We can estimate U; as follows. Since o + vm + wn < 1+ m + n we have

1
U <
' kz (1+k+0)°(1+m+n)
>T
0<i,m,n<T
k+l=xm+n

Setting j = k + 1, sinceT+1<jxm—|—n§2T<<Tandm<<j, we obtain

R D DD D B

T+1<j<T T<k<j 0<m<<j

i~ T
< Z Z +]2"1: Z W

T+1<j<<TT<]<] TH+1<5<T
1 3
< ) grgmm =TT (02‘>-
TH1<i<T (1+7) 2
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Similarly we obtain U, Uz, Uy < T372°. The sum involving M (my,ny, ma, ns) in S is
estimated, since M (k,l,m,n) < k+ [+ m + n in this case, as

E+l4+m+n
< Z: (1+Ek+0D)7(1+m+n)° < §: E: E: +j%1

0<k.L,mn<T 0<j<2T 0<k<j 0<m<j
k+l=xm+n
1 T2 (3/2< 0 <2),
< Y o o=y
0STor (1+7) logT (0 =2).

Therefore, we have

O(T*>) (3/2<0<2),

O(logT) (o0 =2). (2:10)

- Cg] (0,0,a,v,w)T + {

Next, as for Sy, we have

1
S, K
2 Z (o +vmy + wnq)?(a + vmg + wng)°®

0<m1,n1,m2,n2e<T
vm1+wni<vma-+wn2

1
X
log{(a + vma + wng) /(o + vmy + wny)}

- > -y

0<mi,n1,m2,n2<T 0<mi,n1,m2,n2<T
atvmitwni <atvmatwna<2(atvmitwny)  atvmetwne>2(atvmi+wni)

1
(a4 vmy + wny)? (@ + vma + wne)? log{ (o + vmag + wngy) /(. + vmy + wnq)}

We denote the first and the second term on the right-hand side by W; and W, respectively.
As for W5, we have

1
Wy, <
2 Z (o +vmy + wny ) (a + vmg + wng)°®

0<mi,n1,m2,n2<T
a+vma+twng >2(atvmi+wny)

1 2
<{Zm}

0<m,n<T

2 1 2
N Z S {2

< T2 (1<o<?2),
(logT)* (0 =2).

Next we consider the order of W;.The range of ns in the inequalities a + vmy + wn; <
a + vmg + wny < 2(av + vmy + wny) of the summation condition on W is

v (o w
—(my —mg) +ny <my < mln{— + —(2my —ms) + 2nq, [T]+ 1}.
w woow
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Let ¢ = e(my,ma,n1),0 = 0(mq,ma,ny) be constants satisfying 0 < £, < 1 and
(v/w)(my —me) +nq +¢ € Z and a/w + (v/w)(2my —mg) +2ny — § € Z. Then

K= min{g

v v
+—-mi+n —e—9, [T]——(ml—mQ)—nl—e}
woow w

is an integer, and ny can be rewritten as

ngzﬂ(ml—m2)+n1+s—|—k‘ (for some k=0, 1, 2, ..., K).
w
Since
o+ vmg + wna wk + we wk + we
log =log |1+ = ,
o+ vmy + wny a -+ vmy 4+ wny a +vmy + wny
we obtain

o< Y Y Y, Z a+vm1+wn1)

0<m1<T 0<n1 <T 0<ma< K 0<k<K
1 o+ vmy + wng

X X
(o + vmy + wny + wk 4+ we)® wk + we

log K
< Z Z Z (o +vmy + wnq)?0-t

0<m1<T 0<n1 <T 0<ma kKK

< Z Z log (o + vmy + wny)

20—2
vmy + wn
0<m1<T 0<n;< <T a+vmy +wn)

log (24+m +n)
< 22 =
0<m<TO<n<T 1+m+n2 ’
Tlog(24+z+vy)
dzd
< / / (14 +y)*—2 Y
O(T* % 1ogT) (1<0<3/2,3/2<0<2),
= 0(T(ogT)?)  (0=3/2),
O((logT)?)  (0=2).

Then, we have

O(T*%1ogT) (1<0<3/2,3/2<0<2)
+ 4 O0(T(logT)?)  (0=3/2)
O((logT)?)  (0=2)
O(T**1logT) (1<0<3/2,3/2<0<2),
= (0(T(ogT)?)  (0=3/2),
O((log T)?%) (0 =2).

o {O(T4‘2") (l<o<2)
’ O((logT)?) (0 =2)
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By (2.10), we have

/1 53(s) 2l
O(T**1ogT) (1<0<3/2,3/2<0<2),
= o, 00,0, )T+ O(T(og T)?) (0 =3/2),
O((log T)?) (0 =2).

Furthermore, we obtain from (2.9) that
T
[ lato +it.aso,w)Pa
1

= /1T 1X(s) + Ot ) dt

- /1T 13(s)]?dt + O </1T |2(s)|t1—"dt> +0 </1Tt2‘2"dt> :

We see that the third term on the right-hand side is estimated as

O(T37%) (1<o<3/2),
O(logT) (0 =3/2), (2.11)
0(1) (3/2 <0 <2).

Also, using the Cauchy-Schwarz inequality for the second term on the right-hand side, we

see that
T T 1/2 T 1/2
/ S(s)[Tdt < ( / ]2(5)]2dt> ( / t22"dt)
1 1 1

O(T"? % (logT)*?) (1 <o <3/2),
= CO(TY*(log T)*/?) (0 =13/2), (2.12)
O(T"?) (3/2<0<2).

Therefore, since (2.11) and (2.12) we have

O(T* 2 1ogT) (3/2 <0 <T7/4),

T
/1 |Ca(s, a; v, w)| 5 (0,0,a;0,w)T + O(Tm) (7/4 <0 <2),

and hence the proof of Theorem 2.2 is complete. ]

2.5 Hurwitz double and triple zeta-functions

Let o > 0. Hurwitz multiple zeta-function is defined by

(o (s,a) = Z_O Z—o e +1~--+mr)s (Re(s) > 7).
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This function (,(s, @) can be expressed in terms of simple series as follows;

- ipr,j(@)C(S ~j.a)

where S(r,l + 1) is the Stirling number of the 1st kind, and in the case r = 2,7 = 3 they
are

G(s,a) = (1 —a)l(s,a)+((s—1,a),
Go(s,0) = (1= a)(2 — @)C(s, ) + 53— 20)C(s — L) + 5C(s — 2,0)

respectively. For example, in the case r = 2, it can be shown simply as follows.

G(s, @) :mZ:OnZ (a+m+n)s Zo a+k: méol
m—;—n;k:
o k1 Z(a+k)+(1-a)
_Z:; a+k)s kzg (a+k)*

I
—~~

1 —a)(s,a)+((s—1,a) (o>2),

and then it is possible to extend the result to C by analytic continuation.
In the case r = 2, using the above equation we have

[ st = 10 - a)cts.0) + s - L)
= - [ it [ 16— 1P
+2(1 — @)Re (/1Tg(s, @Mdt) .

Evaluating the integral of the third term, we have

O(T*/?) (3/2<0<2),

/1 ((s,0)C(s = L, a)dt = ((20 = 1, )T + {O((TlogT)1/2) (0 =3/2),

and using the results on mean values of the Hurwitz zeta-function,

/ U (o 4 it )t = ((20,0)T + O(T*)
1

and

T
/ C (0 +it, )| dt = Tlog T + (’y(a) + % 1 log 27r> T+ O((Tlog T)Y?)
1
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where v is Fuler constant and

N
) 1
V(@)= ]\}I—I}(l)o (Zo n+a logN> ’

n—=

we obtain the following Theorem 2.5 and Theorem 2.6.

Theorem 2.5. (i) In the case 3/2 < 0 < 2, we have

T
/ G0+ it, o) [Pdt
1

={(1 - a)*¢(20,a) +2(1 —a)((20 — 1,a) 4+ ((20 — 2,a)}T
+O(T'?) + O(T**7),

as T — 0.

(ii) In the case o = 3/2, we have

T
/1 Co (; —i—it,a)

= Tlog T+ {(1 - a)%((3,0) +2(1 - a)((2, @) +7(a) + L1108 2} T
+O((T'log T)'?).

2

dt

as T — 0.

Let

2
C:E)](Sl,szaaéwl,wz,w:%) = Z

mi,m2,ms3,n1,n2,n3>0
wimi+twgmatwzmaz=wini+wanz+wsns

1

7
(a + wymy + wamso + UJ37TL3>51 (Oé + wing + wang + w3n3)32

which is absolutely convergent for Re(s; + s2) > 2. If wy, wsy, w3 are linearly independent
over Q, then wymy + woms + wyms = wing + wens + wzng is equivalent to (mq, ma, ms) =
(n1,n9,m3), and hence we have

2

2H<517527a§w17w27w3) = Ca(s1 + 82, ; wy, W, ws).
Theorem 2.6. (i) In the case 5/2 < 0 < 3, we have

T
/ G0 + it, @) Pdt = (P (0,0, 0; 1, )T + O(TY?) + O(T*).
1

asT — 0.
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(ii) In the case 0 =5/2, we have

T
/1 (3 (g + it a)

= 1TlogT + 1{(1 —a)}(2 - a)*¢(5,a) +2(1 — a)(2 — a)(3 — 2a)¢(4, a)

2

dt

1 1
+(602 — 18a + 13)C(3, @) + 2(3 — 20)C(2, @) + 7 () + % —1—log 27T}T
+O((T'log T)Y/?).

as T — oc.

2.6 Hurwitz mulitple zeta-functions

The function (,.(s, ) satisfies

gr(S, Oé) - ipﬁj(a)g(s - j7 Oé),

and so

T

T r—1
/|mwm%:§)%wf/kw—met
1 o 1

2 3 paalpta) Re( [ s - kol ).

0<k<i<r—1
Consider the evaluation of the each term of above equation. In particular, the main term

in the case 0 =1 —1/2 is

T
/ (s —r+1,a)dt ~ TlogT.
1

Then we obtain the following result:

Theorem 2.7. (i) In the case 0 >1r —1/2, as T — oo

T
/ (o + it ) [2dt =< T.
1

(ii) In the case o =1 —1/2, as T — o0
2 1
dt = —————TlogT + O(T?1og T).

KTQ<T‘%+“”> =1y

Remark 2. Recall that the mean square value of {(s) on the critical line ¢ = 1/2 , which
is asymptotically T'logT. From the results of Theorem 2.7 (ii), it can be expected that
for r-ple zeta-function the line ¢ = r — 1/2 would be an analogue of the critical line.
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3 Approximate functional equations for the Hurwitz
and Lerch zeta-functions

As mentioned in Section 1, the approximate functional equation (1.7) is effective in study-
ing order and mean values, so it is an important theme to study approximate functional
equations for other type of zeta-functions. In 2003, R. Garunkstis, A. Laurinc¢ikas, and J.
Steuding (in [7]) proved the Riemann-Siegel type of the approximate functional equation
for the Lerch zeta-function (. (s, a, A). In this section, we prove another type of approx-
imate functional equations for the Hurwitz and Lerch zeta-functions. R. Garunkstis, A.
Laurin¢ikas, and J. Steuding (in [8]) obtained the results on the mean square values of
Cr(o +it, a, ) with respect to t. We obtain the main term of the mean square values of
Cr(1/2 4 it, o, \) using a simpler method than their method in [8].

3.1 Introduction and the statement of results

Let s = o + it be a complex variable, and let 0 < a < 1,0 < A < 1 be real parameters.
The Hurwitz zeta-function (g (s, @) and the Lerch zeta-function (1 (s, o, A) are defined by

Culsa) = ZO ﬁ (3.1)
s =3 ﬁ (3.2)

respectively. These series are absolutey convergent for ¢ > 1. Also, if 0 < A < 1, then
the series (3.2) is convergent even for o > 0.
As a classical asymptotic formula for the Riemann zeta-function, the following was
proved by Hardy and Littlewood (§4 in [27]); we suppose that oq > 0, x > 1, then
1 Ilfs

()=~ T—+0@™)

uniformly for ¢ > o0g, [t| < 27mx/C, where C' > 1 is a constant. Also, Hardy and
Littlewood proved the following asymptotic formula (§4 in [27]); we suppose that 0 < o <
1, x > 1, y > 1 and 27zy = |t|, then

C(s) =30 2+ X(5) Y s+ 0 + Oy, (33)
n<z n<y "
where X (s) = 2I'(1 — s) sin (7s/2)(27)*~! and note that ((s) = X(s)((1 — s) holds. This
is called the approximate functional equation.
Further, there is a Riemann-Siegel type of the approximate functional equation for
((s); suppose that 0 < o < 1,z = /t/2m, and N < Ct with a sufficiently small constant
C. Then

1 1 . . )
C(S) _ Z E + X(S) Z peie + (_1)[m]—lem(l—s)/2(27Tt>s/2—1/2€zt/2—17r/8

n<x n<x

N/6
«T(1 — s) (SN +0 ((CTN) ) + O(e‘Ct)) : (3.4)
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where

with a,, defined by

z : ]'-2 = n
exp ((s—l)log (1—1—%) — izt + 5t > —;anz ,

with ag = 1,a, < t~/**"/3] R. Garunkstis, A. Laurin¢ikas, and J. Steuding proved an
analogue of (3.4) for the Lerch zeta-function as follows;

Theorem 3.1 (R. Garunkstis, A. Laurinc¢ikas, and J. Steuding [7]). Suppose that 0 <
a<1,0<A<1land0 <o <1. Suppose thatt > 1,x = \/t/2n, N = [z], M = [z — @]
and 8 =N — M. Then

M e2mimA 27\ 7 1/2+it it+mi/4—2mi{\} N e~ 2mian
)\ = it+me/4—2m «
man= o m e (T) >

m=0

o2
+(77r) ﬂ-lf()\ag't)¢(2w_2N+/8 {)\}—og)—i—O( o— 2/2)7 (3.5)

where
f\ a,0,t) :—%log%—g—l— —(a® = {\}?)
—aB 4228+ A} — ) — (N + M) — {A\}B + a).

2

We prove an analogue of the approximate functional equation (3.3) for (3.1) and (3.2)
(in Theorem 3.2), and gave another proof of the mean square formula for {7 (1/2+it, o, \)
with respect to ¢ (in Theorem 3.3).

Theorem 3.2. Let 0 < a<1and0 < A < 1. Suppose that 0 <o <1, x>1, y>1 and
2nxy = |t|. Then

62772'71)\

Cr(s,a,A) = —_—
ogggz (n+ «)®

+F(1 —5) 1-9)/2-20M}mi Z ermin(i=a)

(27’(’)1_5 N (n + )\)1—5

2mina
1 {=(=9)/220(1-N)}mi Z €
o2, (n+1— X))t
+0(z™7) + O([t|"* =7y ). (3.6)
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Also, in the case A = 1 that is (s, ) it follows that

1
Culs,0) = Y htay

0<n<z
F(l — s (1-s) 27rm 1-a) ’”(1—5) e2mina
D Y
1<n=<y 1<n<y
+O0(z77) + O(t]~ 7y ™). (3.7)

Remark 3. Theorem 3.2 can be proved by the method similar to the proof of Theorem
3.1, but results of Theorem 3.2 have advantage of choosing parameters x and y freely,
only under the condition 27zy = |t| as compared with the result of Theorem 3.1. Also for
approximate functional equations (3.6) and (3.7), (1(s, a, ) is a generalization of (x4 (s, a),
but (3.6) in Theorem 3.2 does not include (3.7).

Theorem 3.3. Let 0 <a <1, 0 < A< 1. Then,

r 1
/ CL (_ + Zta «, /\)
1 2

asT — oo.

(3.8)

2 T {OUU%TW% 0<a<l),

dt = Tlog — +
% 2r T 0T (log 7)) (= 1),

Remark 4. The result of Theorem 3.3 has larger error term than the result already proved
by R. Garunkstis, A. Laurinc¢ikas and J. Steuding [8], and they proved using Theorem
3.1 (see [8]). However, the main term on the right-hand side of (3.8) can be obtained
more simply than the method of [8] by using Theorem 3.2. We will describe the proof of
Theorem 3.3 in Section 3.3.

3.2 Proof of Theorem 3.2

In this section, we prove Theorem 3.2. The basic tool of the proof is the same as the
approximate functional equation for the Riemann zeta-function (3.3), that is the saddle
point method.

Proof of Theorem 3.2. Let M € N be sufficiently large. We have

i/[: e2minA io: e2minA
Glsa)) = 3 -S4 L —
—~ (n+a) vt (n+ «)
B i/[: p2min) . p2mIAM /oo ts—le—(M—i-oz)tdt
B ~(n+ta)p  I(s) Jo e -1
M 2min 27ri)\MF 1— s—1 —(M—l—a)z
B s aind, L FTa LN
(Tl + a)s Amiemis c er—2miA _ |

3
Il
=)

where C' is the contour integral path that comes from +oo to € along the real axis, then
goes along the circle of radius € counter clockwise, and finally goes from ¢ to 4oc0.
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Re

(2

Let t > 0 and x < gy, so that 1 < x <

t/2n. Let 0 < 1,M = [z], N = [y],n =

2my. We deform the contour integral path C to the combination of the straight lines
4, Cy, Cy, Cy joining oo, cn +i(1 + ¢)n + 2w\, —en +i(1 — ¢)n + 2w\, —en — mi(21 +
1) + 2mi), oo, where ¢ is an absolute constant, 0 < ¢ < 1/2.

Im

en+i(1 4 ¢)n + 2miA

/

i + 2

—cn +i(1 = ¢)n + 2miX

—cn — (20 + 1) + 2miA

We calculate the residue of the integrand of (3.9).

5—16—(M+a)z

. : 2
B T Y
2—2miA -1
_ lim € : —1 67(M+oz)z . Zsfl
z=2mi(An) \ 2 — 2mi(A + n)

32
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_ ewii(MJra)()\Jrn)(Q?Ti(n_i_ )\))sfl’

Re



we have

zs—le—(M—i—a)z

Res

z=2mi(Atn) €%~ 2mix — 1]
_ 72m(M+Cv )\Jrn 27r(n+/\) )

{ —27rz(M+a)(/\+n)(2ﬂ.(n+>\) 7rz/2)s 1 (TL > 0)

2mi(M+)(Inl=2) (27 (|n| — N\)e3™/2)s~1  (n < —1)
€ s 22t ) 0
s ™, __ >
e ¢ (n+A)t=s =0
= 71-13 2mi(—n)a
—{(A-s)/242(Mt+a)(1-N}mi , & T (n < -—1)
e n=
(In] —A)t=s

and we have
5 16—(M+a)z
E Res —/\
z omin  e*—2mi 1

N 2min(l—a)

eﬂis ) e
- {A=s)/2-2(M+a)A}mi
= — e -
(2m)s~! { nZ:O (n+ )t
N

2mina
—{(1—5)/2+2(M+0a)(1—A)}mi €
e ;(nH—A)I—s}'

Therefore we obtain

M
soz)\zz

n=

0
1 — S e{ (1—s8)/2—2a\}mi Z e?rin(1=a)
(2m)=s (n+ )1

n=0

3 @

+a

N 2mina
—{(1—s)/2+2a(1-A)}mi €
e Z(n—l—l—)\)l—s}

27r7,)\MF 5~ 1 —(M+a)z
+ / / / / ) ——dz. (3.10)
2miemis ( o C s Ca ez—2mix _ ]

From here, we consider the order of integral terms on the right-hand side of (3.10).
First, we consider the integral path Cy. Let z = u + iv = 7e? then |2*7!| = r"~!, and
since § > 5m/4, >, |2 2™ — 1| > 1, we have

s—1,—(M+a)z o+it—1 —(M—l—a)(u—l—w)
| e = [ ) &
C. Cy

62727”)\ —1 6272m)\ —1

< na—le—Sﬂt/4/ e—(M-}—oz)udu
cn

— nofl(M+a)fle(M+a)cnf57rt/4
< elemdm/at, (3.11)
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Secondly, we consider the order of integral on Cj of (3.10). Noting

; /“" dp >/“” dp @
arctan = =
v o 1+p? o (I+p? 1+o

for ¢ > 0, we can write

7r c 7r
6= = — t =— A
argz = 3 + arc ang— =g +c+ Ale)

on (3, where A(c) is a constant depending on ¢. Then we have

5—16—(M+oc)z |

|Z 06—t9+(M+a)c77
o

T
< —1_—(7/24c+A(c))t+(M+a)n
nafl

< 7(7r/2+A(c)t'

e
e
Therefore, since |e*~2™* — 1| > 1, we have

zs—le—(M-i-oz)z o AN
/; Wdz < 77067(”/ +4(c)) . (312)

Thirdly, since |e*2™* — 1| > e* on C}, we have

25~ le

62727m')\ —1

~(M+a)z (1+c)n+2mA

u

< n” texp (—t arctan — (M +a+ 1)u>
Since M + a + 1 > x = t/n, the term (M + o+ 1)u on the right-hand side of the above
may be replaced by tu/n. Also, since

4 <arctan(1+c)n+27r)\ _|_E> _ (1+c)n+2mA 1

->0
du u n w4 (1+c)n+27X)?2 7

and

? du ¢
arctan ¢ = / < / dp = .
o 1+p? 0

for 0 < ¢ < m/2, we have

1 271 1 2T
arctan< +c)77+ m_i_g > arctan( +C+L>+C
T c T
= o —arct >_—-+B
2 arcan1+c+27rc>\/77+c 2+ (€)

in u > cn, where B(c) = (n+ cn+ 2wAe)C/{n + (27X + n)c}. Then we have

Zs—le—(M-i-a)z ol T
o < e (= (54 BO) )

Since

5=l (M+a)z - n°Lexp <— <E + B(C)> t> (en < u < mn),
pr—2mix _ | 77~V exp (—au) (u > 7n),
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we obtain

Zs—lef(M+a)z ™ o0
c, © -1 cn ™

& e I2BEN 4 ol
& e /2B (3.13)

Finally, we describe the evaluation of the integral on Cy. Rewriting z = i(n + 27\) +
£em/* (where € € R and |£| < v/2cn ), we have

27 = exp{(s —1) (log (i(n + 2mA) + &™) }

= exp {(5 — 1) <% + log (77 + 2T\ + 56‘”#4)) }

= exp {(s —1) <g + log(n + 27A) + ; +€27r)\6_m/4

£? —ri)2 ’
Tt O (?))}

< (np+27))7 lexp { (—g + V2(n i 21A) ~2(n f227r)\)2 o (g_z)) t}

as n — oo. Also, since

e—(M+a)z e—(M—I—a—m)z
= e

ez—27‘ri)\ —1 6z—27ri/\ -1

!4

and

e—(M-‘,—a—m)z e(x—M—a—l)u <'LL > Z)
2—2miA < 2 T
e —1 e(:):foa)u (u < __) ,
2
we have (M)
e e —xz| _ _—Et/v/2n T
e Slel=e u=3)
Hence

s—1,_—(M+a)z
/ - z—im')\ dz
Con{z||ul>n/2} € -1
< / (1 +2m2)7"
Con{z| |u|>7/2}

<on{ (54 oo~ amramy 0 () ew (55 )
)

V2en . 42 52 53
2 o— —T - [
< /_ﬂcn(n—i- A7 e exp{( 20+ 20 +0 7 t} d¢
[e’e] 2 3
o—1_—7t/2 _5— 5_
<</_OO(77—|—27T)\) e exp{( 2(7I+27T/\)2+O<773) t}d§
o0 D(c)é*t
S / exp {— (;? }dé

< 7t e, (3.14)
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where D(c) is a constant depending on ¢. The argument can also be applied to the part
lu| < /2 if [e*72™A| > A. If not, that is the case when the contour goes too near to the
pole at z = 2miN + 27mi)\, we take an arc of the circle |z — 2miN — 2mi\| = 7/2. On this
arc we can write to z = 2miN + 2mi\ + (7/2)e??, and

log (z*™ 1) = (s—1)log (2m’N + 2mi\ + geiﬁ>

: i
= (s—1)loge™/? <27TN + 27\ + g - 6—)
i

= (s—1) {%Z + log(2m(N + A)) + log (1 + ﬁ)}

ot te?
= -5 + (s — 1) log(2n(N 4+ \)) + 1 + O(1).

(N + )

On the last line of the above calculations, we used N? > t which follows from the
assumption z < y. Then

s—1_—(M+a)z

2% e
7t te'” s -

_ _ _ = i3

= exp ( 5+ (s — 1) log(2m(N + \)) + N7y 2 (M + «a)e” + O(l)),
and since

te m 5 2mry —2m([z] + @) ([y] + A)

- - - i _ i _

Ny WM ae RSy ¢’ =00
we have

t
rlemMH)E o exp (—% + (s —1)log(2m(N + \)) + 0(1)>
< NU_le_ﬂ-t/2.

Hence, the integral on the small semicircle can be evaluated as O(n'e~™/2). Therefore
together with (4.8), we have

Zs_le_(M+a) o4—1/2 _—mt/2 o—1_—mt/2
/ o _ e e AT e (319)
. _

Now, evaluation of all the integrals was done. Using the results (3.11), (3.12), (3.13),
(3.15) and €2 ON=9/AT(1 — 5) < t1/279¢™/2 we see that the integral term of (3.10) is

< t1/2706ﬂ't/2{naef(ﬂ'/ZJrB(c))t + nat71/2ef7rt/2 + na'fleﬂt/Q
+nae—(ﬂ/2+A(C))t + e(c—57r/4)t}
< {2 (ﬁ)”e_(A(c)JrB(c))t X (ﬁ)” 4412 (ﬂ)”‘l | f1/2=0 g(e=3m/4)t
t t t
< 6_6t+l‘_0+t_1/2$1_0 < ZL'_U,
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where ¢ is a small positive real number. Therefore we have

e27rm)\

CL(s,a,\) = Z hrar

0<n<zx

+P(1 —s) {6{(1—8)/2—2ax}m'

2min(l—a)

Zm

0<n<y

(2m)l=s

2mina
{—(1—s)/2+2a(1-X\)}mi €
e 2 (n+1—)\)1—3}

0<n<y

+0(z77), (3.16)

that is, Theorem 3.2 in the case of z < y has been proved.
To prove Theorem 3.2 in the case x > y, we use the following functional equation of
the Lerch zeta-function;

['(1—s)

Cr(s,a, ) = )i

{6{(1—5)/2—2a)\}7riCL(1 — s\ 1— a)
+€{_(1_s)/2+2a(1—)\)}7ri<L(1 — s, 1 — )\7 a)} (317)

Applying (3.16) to (,(1 — s,\, 1 —«) and (1 (1 — s,1 — A, «), and substitute these into
(3.17), we have

Cr(s,a, A)
_ I'(l—s) o{(1=8)/2—200}mi Z erind

(2m)t—s o= (n4+ A1

2min(1—X\ 2minA
i I'(s) ol8/2-2A(1-N)}mi Z emin(t=Y) 4 el—s/2+20\}mi Z €
(2m)s 52, (n+1-—a) 0o, (n+ «a)s
1 el=(1=8)/2+20(1-N)}mi Z e?mine
0<n<z (n+1—=A)t

2minA
+F(3) <6{(s/2—2(1—>\)a}m’ Z €

0<n<y (n T a)s

(Co/2r2a-N (i § R
+6 —S — —Q e
(n+ a)*

0<n<y

+O(I'(o — 1)(277)"’(6’”/2 + e’”tﬂ)x"’l)

_ Z 627rin)\ N P(l _ 8) e{(lfs)/2f2a)\}7ri Z 62ﬂ'in(170¢)
52, (n+a)s  (2m)t—s 0o (n+ )=
{~(1-)/2+2a(1-N\)}mi e?rine
+€ — —S (0% — T
o i

+O(t/277 2771,
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Interchanging x and y, we obtain the theorem with x > y. Combining this equation with
(3.16), we obtain the proof of (3.6).

The proof of (3.7) is similar. However, the four integral path Cy,C5, C3 and Cj are
different from the proof of (3.6), that is, as follows; The straight lines C, Cy, Cs3, Cy joining
oo, en+in(l+c¢), —en+in(l—c), —en— (2L + 1)7i, oo, where ¢ is an absolute constant,
0 < ¢ <1/2. Also, in the proof for the case x > y, we use the functional equation

I'1—ys)
(2m)t=s

but this equation is not included in the functional equation (3.17). Noticing these points,
we can prove (3.7) by a similar method. This completes the proof of Theorem 3.2. O

Cu(s,a) = {09720 (1 —5,1,1 — ) + e 179™2¢ (1 — 5,1,a)},

3.3 Proof of Theorem 3.3

In this section, using Theorem 3.2, we give the proof of Theorem 3.3.

Proof of Theorem 3.3. Let
t
r=——", = +/logt
2my/logt 4 &
and we assume t > 0 satisfies z > 1 and y > 1. Use the Stirling formula
F(l . 8)6{(1—5)/2—2a)\}7ri < 1’ F(l . S>e{—(l—s)/2—2a(1—/\)}ﬂ'i < 1.

Then if 0 < A < 1, using (3.6) we have

1 627rin)\
L (5 + it o, )\> =, (n + )Lzt

0<n<x
eQ?Tin(l—()é) e2mina
+0 —_— + -
<ngn;y (TL + )\)1/2711‘, ngn;y (n +1-— )\)1/2711‘,
+O(t"Y2(log t)*) 4+ O((log t)~H/4), (3.18)
and if A = 1, using (3.7) we have
1 - 1 627rz'n(1—o¢) e2mina
G (5 +zt,a) - Z (n + a)l/2+it +0 < Z nL/2—it + Z n1/2—z’t>
0<n<z 1<n<y 1<n<y
+O(t™ V2 (log t)Y*) + O((log t)~H/4). (3.19)

(i) In the case 0 < A <1 and 0 < a < 1, since
0 2min(l—a) > 2mino

e (&
(n+ N2 2 (n+1— N2

n=0 n=0

are convergent, and t~*/2(logt)/4 = o(1), (logt)~/* = 0(1), we have
1 . eQm'n)\
CL (5 + Zt,oz,)\> = Z m + 0(1)
0<n<x
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(ii) In the case 0 < A < 1 and a = 1, the second term on right-hand side of (3.6) is

Y 1 _ _ 1/4
< / (gt = 0(u) = O((log "),
so we have

627rin)\
Cr ( +Zt,1,)\) Z W+O((10gt)l/4)

1<n<zx

(iii) In the case A =1 and 0 < a < 1, consider similarly as in the case of (i) to obtain
! @)
CL + Zt a, 1 Z m + (1)
0<n<zx
(iv) In the case A =1 and o = 1, since (1(s,1,1) = ((s) we obtain

1
<L( +Zt,1,1) Z W+O((10gt)1/4)

1<n<az
(see Chap. VII in [27]).
Let J2in
Y(a, ) = O;x (0 + )2t

and calculate as

27rzm n)A it
S = 3 nta
(m+a)2(n+a)/2 \m+a

0<m,n<zx
S -
- )L/2 1/2 :
0<n<x n+o 0<m,n<zx m—{—a / 7’L—|—Oé)/ m+a
m¥#n

Also Ty = Ty (m,n) is a function in m,n satisfying

Ty
2m/log T}

max{m,n} =
Let X = T/2m+/logT, then

/1 S Nt = Y n+a{T Ti(n,n)}

0<n<X

27r7,m n)A n4 o -1
0 TF i (e t) ) o

0<m<n<X

Here, since

T T V2o
Viogn = —+(log—L ) ~_—T
nyieen 2m/log Ty (og 27m+/Tog Tl) 27 1(n,n)
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and

2mi(m—n)\

-1
e n—+ o
1 Xlog X < T(logT)"?
ZZ(m+a)1/2(n+a)1/2(0gm+a) < Xlog X < T(logT)

0<m<n<X

(see Lemma 3 in [8] or Lemma 2.6 in [13]), (3.20) can be rewritten as
g T
/ 1¥(a, \)*dt = T'log o T O(T(log T)"/?). (3.21)
1

Therefore from (i), (ii), (iii), (iv) and (3.21) , and the Cauchy-Schwarz inequality, we

obtain
T 1
/ CL (_ +it,0[,)\>
1 2

[ > O(T"?*(log T)"*)) + O(T) 0<a<l),
_ / (o, \) 2t + {O S A P
T {0(T(1ogT)1/2) 0<a<l),

— Tlog —
%97 T\ O(Tog T (a=1).

2

dt

Thus we obtain the proof of Theorem 3.3. [
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4 Approximate functional equations for the Barnes
double zeta-function

In this section, we give result on the approximate functional equations for the Barnes
double zeta-function (2.1).

4.1 Statement of results

Let s = 0 4+ 1t be a complex variable, and let & > 0 and v, w > 0 are real parameters.

We prove an analogue of the approximate functional equation (3.3) for (2.1) (in Theo-
rem 4.1). In the following theorem, the results are different when the complex parameters
v, w are linearly independent, are different from the results when v, w are linearly depen-
dent over Q.

Theorem 4.1. Suppose that 0 < o <2,z =xz(t) > 1,y = y(t) > x(t) and 2rzy = |t|. Let
L, M, N are non-negative integer as satisfying N = [x/(v 4+ w)] and max {L/v, M/w} <
y<min{(L+1)/v, (M +1)/w}.

(1) If v,w are linearly independent over Q;

Ca(s, a;v,w)

1 N 1 N

_ZZ oz—i—vm—i—w?”L) +EZG{<S’%M)+EZC;I(S’aw’">

0<m, n<N m=0 n=0

—2min(a+wN) /v —2min(a+uvN)/w

I'(1—ys) 1 e 1 e
o (27”‘)17367”‘3 E Z (€2m'nw/v _ 1)nlfs + E Z (627rim;/'w _ 1)nlfs

0<|n|<L 0<|n|<M

+0(x™) (4.1)

(13) If v,w are linearly dependent over Q, exist p,q € N such as pv = qw and (p, q) = 1.
Then we have

Ca(s, a;v,w)

N N
N ZZ a+vm+wn) +%ZGI(S’%W)+ézg}i’(s’o‘w’")
0<m,n<N m=0 n=0

—2min(a+wN) /v

1—‘(1 — S) 1 Z e N 1 Z 6727rin(a+vN)/w
(27Ti)1_867ri5 s <€2m'nw/v _ ]_)nl—s WS (627rim}/w _ 1)n1—5

0<|n|<L 0<|n|<M
qf/n pln
. s—2

—2m1 Z L(S _ l)e—2q7rina/v (M)

0<|n|<M pv* v

_(ea  aN N 4-P=q_P+24\ _sgrinasu (247N sl

pv?2  po v 20 202 v

+0(z77), (4.2)
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where

N+ny,m 1
G}(&%,m) = CH(S,O@,m) - HZ:% m,
ey (),
v,m - 1 (Umw+a E N) 7
vm+to vm+tao
S [l =1 (e 2 ),
’ 0 (0 <ot < 7).

The definitions of (j;(s, awn) and oy, are similar.

4.2 Proof of theorem 4.1

In this section, we give the proof of Theorem 4.1.

Proof of Theorem 4.1.
Let N € N be sufficiently large. Then we consider

Cas, a;v,w)

ZZ a+vm+wn)

0 n=

(ii@ SR VD I o Dl Freee e

0 n=0 m=0n=N+1 m=N+1 n=0 m=N+1n=N+1

Transform the fourth term on the right hand-side of the above equation to the contour
integral to obtain

(1 — s—1_,—(a+vN+wN)z
>y A e
( +vm+wn)s  2mie™ Jo (ev* — 1)(ew* — 1)

m=N+1n=N+1

where C' is the contour integral path that comes from +o0o to ¢ along the real axis, then
continues along the circle of radius € counter clockwise, and finally goes from ¢ to +oo.

Let 0 <2,t>0and 1 <z <wy,sothat 1 <z < ,/t/2r. Let L, M, N be non-negative
integers satisfying

[ x ] {L M} . {L+1 M+1}
N = , max{ —,— » <y < min ) ,
U+ w vow v w

and let n = 2ry. We deform the contour integral C' to the straight lines Cy, Cs, C5, C}
joining oo, en + (1 + ¢), —cn + (1 — ¢)n, —en — (2L + 1)7i, 00 where ¢ is an absolute
constant 0 < ¢ < 1/2.
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Im

—en+i(1 — c)n/

)

en+i(l+c)n

—cn 0O

—cn—i(2L 4+ 1)

Next we consider the residue of the integrand of (4.3)

f(z) =

Zs—le—(a+vN+wN)z

(evz _

e — 1)

(i) In the case when v, w are linear by independent on Q, f(z) has simple poles at

2min  2min

z =

Also, we assume v € Q, then

(z_ 27;@71) ‘o

lim
z—2min/v

therefore, we have

Res

z=2min/v

f(z) =

v

Y

w

lim z—
z—2min/v v
. vz _ e2min -1 Zsflef(aJrvNerN)z
lim

z—2min/v

2min\°
v

(n=+£1, £2, ---).

27”,”) Zsflef(a+vN+wN)z

(" =D = 1)

z —2min/v ewz — 1

1 e—(a+wN)27rin/v

e2rinw/v _ 1 "’
2Qin, s—1 e—(a—l—wN)QTrin/fu
v ) e2minw/v _
6727rina(2,ﬂ.n)sfle7r(sfl)/2 (TL > 0)
27rina(_27Tn)s—1637r(s—1)/2 (TL < 0)
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and we obtain

Ca(s, a;v,w)
N N

1 . 1 .
O;T;V oz—i—vm—i—wTL) * EmX::OCH(S’%M) + E;CH(S’O%’”)
F(l _ S) 1 eQnin(a+wN)/U 1 e—2piin(a+vN)/w
- (27”)173671'1'3 ’l; Z (627rinw/v71)nlfs + E Z (62m'nv/w71)n175
0<|n|<L 0<|n|<M

y5—1lo— (a+vN+wN)z
" [+l +]+] ) e (44)
I(s)( 627”8 - ( o Joo Joy Jea) (€2 =1)(er —1)

From here, we consider the order of the integral term on the right-hand side of
(4.10). First, we consider it on the integral path Cy. Let z = u + iu' = re® then
|27 = ro e, Since 0 < (5/4)m, 7 < u, |[e?* — 1] > 1 and |[e¥* — 1| > 1 we have

/ f( )d / P 1 —(a+vN+wN) J
z)jaz = z
Cy c, (€77 = 1)(ews — 1)

< 67(5/4)7@ /OO uo'flef(a+vN+wN)udu
—en

<< e_(5/4)7rt(n—a +7]_06m])

< e O™ 4 N +wN) (1 + )

<< (5/4)7rt<a—{—’()N—|—UJN) 7 cn

< g6/t o g0 (e~ (5/N)m)t (4.5)

Secondly, we consider the order of the integral on Cj of (4.10). Noticing

) /“’ dp >/“" dp ©
arctan ¢ = = ,
i o 1+p? o (L4+p)3? 1+o

at ¢ > 0, we have

= = t =
arg z arctan - C c

on (3, where A(c) is a constant depending on ¢. Then we have

|Zs—1€—(a+vN+wN)z| < 770 1 —(7r/2+c+A( )t (a—l—’uN—l—wN)cn

< 7,] (7r/2+A(c))t.

Also, since |e"* — 1| > 1, [e* — 1| > 1 we have

y51le— (a+vN+wN)z
/ / dz
Cs CB evr — 1 e“’z — ].)

< /'7777 1 —(7F/2+A c)) tdZ <<n e —(m/2+A(c))t (46)
n
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Thirdly, since [ — 1| > €™ and [e"* — 1| > €™ on (', we have

Zs—le—(a—i-vN—l—wN)z

(@ —1)(e" — 1)

1
< 7 texp (—t arctan U+om (a+ (N+1)(v+ w))u)

u
Since N +1 > z/(v + w) = t/(v 4+ w)n are included in the fractional part of the
right hand-side of the above —(av + (N + 1)(v 4+ w))u may be replaced with tu/n.
Also, since

d 1 1 1
—(arctanﬂ—kg):— 2< o +->0
u

du u n +(14+¢)2n* n
and v g o
s
arctanwz/ < / dp = o,
o L+p? 0
we have
1 1
arctan ﬂ + u > arctan te +c= T arctan +c
U i c 2 1+¢
> g + B(e)

in u <7, and let B(c) = ¢?/(1+ ¢)®. Then we have

sl (a+vN+wN)z

CEERCEESY

<n” lexp (— (g + B(c)> t).

Also,

Zs—le—(a—l—vN-‘rwN)z

(e = (e — 1)
in u > . Therefore, we obtain

=1 6—(a+vN+wN)z
/ vz z dz
o (e = 1)(ev* —1)

< na—l {/’71'77 6—(7r/2+B(c))tdu + /00 6—(a+v$+wz)udu}
cn ™

< ngef(ﬂ’/ZJrB(c))t + naflef(a+vx+wm)m7

< 77"6_(”/“3(0)”. (4.7)

< 7 texp (—(a 4+ vr + wr)u)

Finally, we describe the integral evaluation on C5. Since, it can be rewritten that
z = in + Ee™/* (where € € R and |¢] < v/2¢n ),we have

ot = e {lom 1) (G rontot )}

— exp{(s—l) <g—|—logn+%€—wz/4_26_7726—7rz/2+0<$>)}

2 3
< n“_lexp{(—g—l—%n—;—n?—kO(%))t} (§ = 00).
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as n — o0o. Also, since

6—(a+vN+wN)z 6—(a+vN+wN)z+(a+vx+wm)z

_ ot
(e —1)(ewz — 1) (ev= = 1)(ew= — 1)

(v+w)(z—N)z

atvztwz)z

CEESVCEESY

. 6—(a+vm+wz)z

and .
) (N2 R (R
< 27
(e — 1)(ew= — 1) o(vtw)(@—N-1)u (u < _§> ’
we have (o) (o)
€ < |67(a+vm+wx)§/\/§| <|u| > E) )
(evs — 1)(ewz — 1) 2
Hence

Zs—le—(a—l—UN-‘rwN)z
/ dz
Con{z | Jul>r/2y (€97 —1)(ew* — 1)
) +/2 \/5077 5 52 53
<«<n’ e " / exp{(—l—v—w——+0(—))t}d§
—/2¢n \/§n( ) 2772 773
> D(c)&*t

- Uk
< T/Ut—l/2€7rt/27 (48)

where D(c) is a constant depending on c¢. The argument can also be applied to
the part |u| < /2 if [e*=2™*| > A. If not, that is the case when the contour goes
too near to the pole at z = 2Lwi/v (or 2Mmi/w), we take an arc of the circle
|z — 2Lmi/v| =€ (or |z — 2Mmi/w| = ) . On this arc we can write

2L

Zz =

i8 2Mmi
+ ce or z=
) w

+ ee®? ,

where ¢ is a positive real number less than the distance between any two poles, that
is,

: {’Wmi 2lmi 2km 2w }
0 < e < min -— —,—<7ny.
kl v w v w
Then,
2L ,
log (z* 1) = (s—1)log ( AL €€Zﬁ)
v
o (2L i
= (s—1)loge™/? <—7T + = )
v i

i 2L7 vee'
= it — 1)< — +log — + 1 1
(0 +1i ){2—|—og ” +og( +2Lm’)}
it 2Lw  wvee
= T (5= log =T
2 + (s ) log ) + 2L
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On the last line of the above calculations, we used N? > t which follows from the
assumption x < y. Then

5—16—(a+vN+wN)z

z
2L wvee
- (s —1)log 22T o(
exp( 2+(s )ogv tor ())
2L ’
X exp <—(a +ouN + wN) (—7T + 56’5>)
v
7t 2L t -
= exp (_E + (s — 1)1Og_7T + <2U_L — (a+vN+wN)> ge'P —|—O(1)>,
and since
vt
vt — (a+vN +wN)2rL 4
- ge
2rL

_ 2mxyv — 2anL — (v +w)[z/(v+ w)]27rL if

B 2w L

el 2rzyv — (v 4+ w)[x/(v+ w)]27rL if

2rL
~ e 4 2nxyv — 27 (v 4+ w)[z /(v + w)]yse’ﬂ _0(1)
2rL
we have
2L
Zs—le—(a+vN+wN)z = exp <_? + (S _ 1) log _7T + O( ))

L o—1
< (_> e—7rt/2 _ O(ﬁa_le_ﬂt/Q).
v

In the case when the path is running around the pole z = 2k7i/w + e’ use a
similar method to obtain

Zsflef(a+vN+wN)z _ O(naflefﬂt/2)'

Therefore together with (4.8), we have

zs5—1 —(a+vN+wN) 1/2 /2 ) t/2
dz < n’t™ - T e 4.9
/02 (@ Do -1 < K (4.9)

Since, the evaluation of all integrals was obtained, using the evaluation formulas
(4.5), (4.6), (4.7), (4.9) and ['(1 — s) < tY/277¢™/2 we find that the evaluation of
the integral term of (4.10) is

< 751/270'671'1‘//2{77 ef(ﬂ/2+B(c))t + natfl/Qefﬂ’t/Z + no'fleﬂt/Q
_l_naet(ﬂ/Q—i—A(c)) + :L,—Ue(c—STr/4)t}

< {2 (?)Je—(A(c)—i-B(c))t I (g)“ PESYe (?)”‘1 L f1/2-0 =0 =5/}t

< 6—5t+x—a +t_1/2.1}1_0 < ZE_J,
where § is a small positive real number. Therefore we obtain (4.1).
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(ii) In the case when v, w are linear dependent on Q, that is, there exist p,q € N such

that pv = qw and (p,q) =

2mn

1, f(z) has simple poles at

2min

(n € Z\ {0}, ¢ [n), (n € Z\ {0}, pfn).

On the other hand here for w = pv/q,

lim
z—2qmin/v dz

tim -2 22 (2 +
= [1m ——- < Z Z|
20—0 dzg 0\~0
d
= lim — ¢ 22 ( 2 +
20—0 dzg 0 ( 0

d{(z_

s5—1 7(a+vN+va/q)z

)2 (€22 = 1)(ervs/a — 1)

s—1
> e

2gmin

v }

—(a+vN+puvN/q)zo 62q7r'ino¢/v

(e — D@ — 1)

2qmin

}

2q7rm 6—(a+vN+va/q)z0€2q7rino¢/v

)

2
vzo + 223 + 0(22)) (%zo + = (%) 22+ O(zg))

4 2qmin\* >
q2 (S _ 1) —2¢mino/v ( q )
v v
. s—1
q ﬂ+ﬂ+2pq_p_q_p+2q e—2q7rinoc/v QQﬂ
pv2 pv W 2v 202 v
Therefore f(z) has double poles at
27riqk 2mpk
= (k € 2\ {0}).
Then, we calculate the following residue sum;
0<|n|<M 0<|n|<L 0<|n|<K
afn pln
+ Res z
Z z= 2mqn/vf )
0<|n|<K
We have
1 /2min s—1 e—(oa+wN)27rin/v
R = - .
2:27rei7sm/vf<2) v ( v ) e2minw/v _ |
B e—27rina(27rn)s—1€7r(s—1)/2 (n > 0)
B eQﬂina(_27Tn)s—1637r(5—1)/2 (77/ < 0)
q 2qmin 572
R, - L (s—1 —2¢mino/v
z:27rieqsn/v f(Z) pUQ (8 )6 ( v )
. s—1
C(oa aN N 0—p—q  p+20\ agmineg (2070
pv2  pv W 2v 202 v
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and we obtain

Ca(s, a;v,w)

- ZZ a+vm+wn) +$ZGI<S’%’WL>+éz_zg"(s’aw’")

0<mn<N

—2min(a+wN) /v

F(]_ — S) 1 Z e N 1 Z 6—27rin(a+vN)/w
(27T’i)1_36ﬂi5 Vs (627T7an/v _ 1)nl—s WS (62m’m}/w _ ]_)nl—s

0<|n|<L 0<|n|<M
afn pln
, 4 —2¢mino/v 2q7TZTL -
-2 _1 -1 q
i Z {pvQ (s—1)e <—v )
0<|n|<M
. s—1
(e 9N E 2pq N + 20\ _-agminase (2070
pv2 pv 202 v

5~ 1 —(a+vN+wN)z
: 5L / L)
F(S 627”5 _ o Oy Cs Cu ev: — 1 ewz _ 1)

Furthermore, four integrals in the last term of the above are evaluated to lead the
same result by the similar method as in (i).

Hence the proof of Theorem 4.1 is complete. O
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