NAGOYA UNIVERSITY

DocTtorAaL THESIS

Quantum Adiabatic/Game-theoretic Control
from Continuous-/Discrete-time Perspectives

Author: Supervisor/ Chief examiner:
Hiroaki MisHtMA Prof. Shogo TANIMURA

Sub-chief examiners:

Prof. Yuki Suctvama

Assoc. Prof. Harumichi NisHIMURA
Asst. Prof. Yuki IzuMipa

A thesis submitted in fulfillment of the requirements
for the degree of Doctor of Information Science

in the

Many Body System Group
Department of Complex Systems Science

January 22, 2018


http://en.nagoya-u.ac.jp/
https://scholar.google.co.jp/citations?user=VAcgTnkAAAAJ&hl
http://www.phys.cs.is.nagoya-u.ac.jp/~tanimura
http://traffic.eken.phys.nagoya-u.ac.jp/~genbey
http://www.math.cm.is.nagoya-u.ac.jp/~hnishimura/e-index.html
http://www.phys.cs.is.nagoya-u.ac.jp/~izumida/
http://www.phys.cs.i.nagoya-u.ac.jp
http://www.cs.is.nagoya-u.ac.jp//index_e.html




iii

Declaration of Authorship

I, Hiroaki MisHima, declare that this thesis titled, “Quantum Adiabatic/Game-theoretic Control from
Continuous-/Discrete-time Perspectives” and the work presented in it are my own. I confirm that:

This work was done wholly or mainly while in candidature for a research degree at Nagoya
University.

Where any part of this thesis has previously been submitted for a degree or any other qualification
at this University or any other institution, this has been clearly stated.

Where I have consulted the published work of others, this is always clearly attributed.

Where I have quoted from the work of others, the source is always given. With the exception of
such quotations, this thesis is entirely my work.

I have acknowledged all main sources of help.

Signed:

Date:







“Nobody understands quantum mechanics.”

Richard FEyNMAN






vii

NAGOYA UNIVERSITY

Abstract

Graduate School of Information Science
Department of Complex Systems Science

Doctor of Information Science

Quantum Adiabatic/Game-theoretic Control from Continuous-/Discrete-time Perspectives

by Hiroaki MisHimA

Quantum control — technology that enables us to design and to observe a micro-scale world — is
recently important in quantum mechanics. There exist many quantum objects we want to control, for
example, atoms, qubits, and other microscopic ones, but they are usually sensitive and fragile. It is
meaningful to realize stabilization and speed-up of such manipulations of “quanta” for innovation of
technology because their interactions with an environment degrade the coherence of systems. In this
dissertation, we focus on how to control two kinds of quantum model, a quantum parametric oscillator
(QPO) and a qubit system. We approach each model through different ways.

For the QPO as a continuous-time dynamical system, we apply shortcuts to adiabaticity (STA).
Adiabatic processes, in a classical and quantum realm, are beneficial to control a state of the system but
require a long-time operation. By using STA, one can evolve the system toward the desired final state
as the same state as the final state of the adiabatic process but in an arbitrary short time. For example,
the transitionless tracking (TT) algorithm as one of the methods of STA brings about the preservation
of a quantum number of the system by adding a counter-diabatic Hamiltonian to the original adiabatic
Hamiltonian. Since adiabatic processes often appear in atomic, molecular and optical physics, there
exists a broad scope of application for STA. By applying Husimi’s method, we derive a concrete form
of a propagator of the QPO with the counter-diabatic Hamiltonian being added. We then calculate two
types of transition-probability generating function with two types of measure of adiabaticity. From
an analysis of these measures of adiabaticity, we characterize the quantum adiabatic evolution of the
QPO with the TT algorithm being applied in terms of Husimi’s method.

For the qubit system as a discrete-time dynamical system, we apply quantum game theory as a
method to control “quantum.” We want to achieve the desired final state even under the presence
of disturbances, but time is discrete. Note that this scheme is almost the same as an adiabatic
control. We propose a way to control the qubit system in discrete time step with a language of
game theory. Quantum natures — superposition, entanglement, and non-commutativity of physical
quantities — produce non-intuitive effects in terms of the probability. Naively, a quantum game
theory is given by regarding quantum amplitudes as the classical probabilities in game theory. A
quantum player generates superpositions state of the game by using unitary operations, which implies
that the quantum player possesses indecisive decision-makings. Then, game theory and quantum
information have common features such as a quantum error correction and quantum algorithms. We
analyze a quantum penny flip game with several kinds of modifications as a problem of quantum error
correction. We challenge how much we can do without using any ancillae, i.e., without relying on
quantum entanglement at all.
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Chapter 1

Introduction

Control is one of the means to connect us to the world. From day-to-day, we unconsciously live by
controlling objects within reach. The “catch” that anyone would have played once in childhood is a
play that is established by the control of the ball accurately. In PC games, we control the monitor
screen by typing a keyboard and clicking a mouse correctly. At the same time, lots of small electronic
components are precisely controlled inside the PC. In space exploration, we can indirectly control a
robot from a room on the earth and come to know a state of the moon, etc.

The purpose of control is to move an object from a given state to the desired state. We usually
want to control the object as quickly and/or robustly as possible. The most straightforward control
would be “move” such as in the catch. However, we know that there are objects that the same control
as the catch cannot be applied. What if we replace the ball with a soap bubble? As soon as we touch
it, it will crack. We must examine the nature of the object and change the type of control.

So what if the controlled objects belong to a microscopic world, for example, “quanta” such as
atoms, electrons and other microscopic objects? We cannot even see them directly. The quanta are
much more sensitive and fragile than the soap bubble of the previous example. The act of “seeing” is
to apply electromagnetic wave (i.e., light) to the object and to receive the response. Since the energy
of light is enormous for the quanta, even this visual observation disturbs them considerably.

To control the microscopic world (i.e., quantum systems) has become a major issue of modern
physics. Physicists are now able to manipulate simple quantum systems such as a few atoms, photons
and electrons. This technology would give us numerous applications: chemical reaction through
exploiting the quantum nature of electrons, superconductivity via making use of Bose-Einstein con-
densation with cold atoms, and quantum computation by controlling a few electrons or polarization
of photons.

Adiabatic transport provides a powerful way to manipulate quantum objects, such as quantum heat
engines with quantum parametric oscillators (QPOs) [1, 2] and a quantum computation [3—6]. In a
reciprocating quantum heat engine, the working medium is a quantum system such as spin systems [7]
or a QPO [8]. There exists a need for quantum adiabatic transport that can preserve a quantum number
of the system over the variation of the external parameters. In an annealing quantum computation,
by setting a system in a state that we can readily prepare as the initial state and then slowly changing
its Hamiltonian, one could achieve the desired quantum state. The ground state of the system is such
a readily prepared state. However, the dephasing effects of the environment may limit the quantum
correlations and degrade the power of such an adiabatic computation [9].

The adiabatic transport process is described by the quantum adiabatic theorem [10, 11]. Since,
unfortunately, the adiabatic process needs an infinitely long time, it is hard to realize such a process
in a laboratory. However, there exists a method for evolving the system toward the desired final
state as the same state as the final state of the adiabatic process in an arbitrary short time, which is
called shortcuts to adiabaticity (STA) [12]. STA has some kinds of formulation such as the assisted
adiabatic passage [13, 14], transitionless tracking algorithm [15], fast-forward method [16-20], Lewis-
Riesenfeld invariant-based inverse engineering [21, 22], scale-invariant driving [23], generator of
adiabatic transport [24], and quantum brachistochrone [25-27]. There exists research showing that
some of them are substantially the same [28]. It is crucial to specify differences and to find common
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features of STA, in order to construct a unified theory of STA. Toward this goal, in this dissertation,
we study STA of the QPO as the simplest example in terms of measure-of-adiabaticity approach.

Before considering another example of quantum control, let us consider relationship between infor-
mation and physics. There exists a hypothesis that information can inherently describe physical world
(i.e., the universe) and therefore it is computable, which is called digital ontology [29]. According to
the hypothesis, the results of physics are represented by the output of a deterministic or probabilistic
computer program and are regarded as mathematically isomorphic to a digital computing device.
Every computer can be consistent with the principle of information theory, statistical mechanics, and
quantum mechanics. Suppose that we identify a physical state of a two-state system with a “bit.” We
consider switching a physical state of this system to the other state, which is equivalent to change the
bit from a value (e.g., 0) to the other value (e.g., 1). In this sense, every physical state may be regarded
as information, and every change of the state may be equivalent to transformation of information that
requires the manipulation of one or more bits. Recently, a quantum version of digital ontology [30]
reinforces the idea of quantum computer [31] that uses information stored in the quantum state, i.e.,
quantum information. This hypothesis is convenient for combining fundamental physics, in particular,
quantum mechanics, with quantum Boolean algebra [32] and quantum logic [33, 34]. A unit of
quantum information is expressed by a qubit that is a two-state quantum-mechanical system such as
a quantum spin and polarization of a single photon. The qubit can be in a spin-up state |0) and a
spin-down state |1) just as a single electron and can also be in superposition states of the orthogonal
basis, [0) and |1).

Quantum mechanics includes quasi-probability which can take a negative or complex value. These
features reflect quantum natures. In this sense, quantum mechanics includes an aspect of probability
theory. Game theory, which is initially formulated by von Neumann and Morgenstein [35], has
been applied to diverse fields from economics to biology [36]. Game theory is also mathematically
formulated with a probability which takes a real number less than or equal to unity. Hence, quantum
mechanics and game theory have a common feature as probability theory. The theory which replaces
the probability in the conventional game theory with the quasi-probability and incorporates the
quantum natures is called quantum game theory. Quantum game theory was proposed independently
by Meyer [37] and Eisert et al. [38] at the same year. Although game theory is a mature field of
applied mathematics, the quantum game theory is still a young field. Players in quantum game theory,
which is called guantum players, possess a set of unitary operations as their quantum strategy. States
of a game are represented by quantum states. Therefore, the possible quantum game flows could be
regarded as quantum circuits.

Quantum mechanical protocols are known to be superior to classical ones both in solving specific
computational tasks and for cryptographic purposes. Strategy in games is similar to an algorithm.
Quantum algorithms such as Shor’s algorithm [39] have been shown to be more efficient than classical
algorithms.

Let us challenge protecting quantum information (states, data, etc.) from errors. This problem
constitutes another quantum control we want to consider in this dissertation. Quantum information
processing can be expressed by using quantum mechanics [40]. The game-like situation is drawn as:

intermediate state 1

our 1% operation

third party

' final state

initial state |

classical output

R . d :
’ intermediate state IT our 2" operation

Ficure 1.1: Schematic picture of a simple quantum error correction as a game flow.
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We have an initial quantum state that should be protected. A malicious third party tries to disturb
(tamper) this state. The third party triggers an error. For what kind of the third party can we
preserve and recover the quantum state? We can regard this situation as a problem of quantum
error correction. This game-like situation can be adapted by Meyer’s quantum penny flip game [37].
In the penny flip game, one coin has two states, heads or tails, and two players apply alternating
operations on the coin. In the original Meyer’s game, the first player is allowed to use quantum
(i.e., non-commutative) operations, but the second player is still only allowed to use classical (i.e.,
commutative) operations. In Meyer’s game with several kinds of modifications, both players are
allowed to use non-commutative operations, with the second player being partially restricted in what
operations they use. This consideration gives us an answer whether there exists a method for restoring
the quantum state disturbed by another agent. We will apply geometric algebra approach, which is
adequate for analysis of two-or-more-player games [41].

This dissertation is structured as follows. In chapter 2, we review the adiabatic theorem, STA, and
Husimi’s method that enables us to analyze the quantum adiabatic evolution of the QPO in terms of
the adiabatic evolution of the corresponding classical system. In chapter 3, we apply Husimi’s method
to STA of the QPO, in order to analyze STA by using classical description and to elucidate features of
STA. Some derivations used in chapter 3 are in Appendix A. In Appendix B, we give calculations of
a propagator of a generalized quantum parametric oscillator (GQPO) based on Husimi’s method. In
chapter 4, we consider the quantum penny flip game as a model of a quantum discrete-time control.
We try to modify the game without any ancilla qubits. In chapter 5, we give concluding remarks.

Due to the length of the manuscript and the different topics discussed, the notation is consistent
within each chapter, but not necessarily throughout the dissertation.

My, Hiroaki MisHIMA’Ss, original works are in chapter 3, 4 and appendices, but Sec. 3.5 and
Appendix B are unpublished works.






Chapter 2

Adiabaticity in Quantum and Classical
Mechanics

2.1 Adiabaticity

The notion of adiabaticity appears when we consider slow changes of control parameters of classical
and quantum mechanical systems or thermodynamical systems. ! Here, we consider the only former
context. Adiabaticity has played important roles in the history of physics, such as the important
contribution to the birth of the old quantum theory. This notion is on the border of statics and
dynamics [43], and it relates to an existence of an invariant under an infinitely slow change of
the system. In classical mechanics, an action variable is such an adiabatic invariant. In quantum
mechanics, a principal quantum number is such an adiabatic invariant.

2.1.1 Classical adiabatic evolution

In classical realm, we consider a classical system of one degree of freedom, described by a Hamiltonian
with a kinetic term and a time-dependent potential term,

2

Hi = HOops do) o= 2+ Ve ps o), @.1)
where M, x, p and /Tt = (/lﬁl), . ,/lgk))T are mass, position, momentum, and a set of external

parameters such as an angular frequency, respectively. Suppose that H; varies with time ¢ € [fo, f¢],
and k € N.

Let I' be a phase space. A classical state corresponds to the point of a classical phase sEace
(x,p) € T, and a solution of a classical dynamics defines a trajectory in the phase space y© :=
{(x, p; /Tt)}, C I'. The term energy shell denotes a level set of H,; that is, the set of all points where
H, takes a particular value, E; at time . We then have E, = H(x, p; /T,). By solving this with respect
topasp = px E; A,), the volume of phase space enclosed by a trajectory, that is, an energy shell
E = {(x, p)H(x,p; ;) = E;), is given by

V(E; A,) = f dxdp O[E, — H(x,p; 1,)] = 95 dx p(x, Er; Ay). (22)
T =

'In thermodynamics, an adiabatic process is a process with no heat transfer between a thermodynamic system and a heat
TESErvoir.

For a classical parametric oscillator (CPO) (see Sec. 2.1.1.1), the notion of adiabaticity in classical mechanics may be
“thermodynamically” understood by regarding an intrinsic oscillatory motion of the CPO as a “thermal motion” and by
supplying an external work to the system by varying external parameters (e.g., length of a pendulum) much slowly, without
any correlation with the intrinsic oscillatory motion [42]. In this case, the work is supplied to the CPO over the variation of
the external parameters without “heat transfer.” This is similar to the adiabatic process in thermodynamics.
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®(x) is Heaviside step function that satisfies ®(x > 0) = 1 and @(x < 0) = 0. The notation § dx
denotes an integration around an energy shell =, that is, over the complete range of excursion of x
from one turning point to the other and back with the opposite momentum.

The action variable,

> 1 -
St =8, p;Ap) = ﬂrV(Ht; At) (2.3)

is proportional to the volume enclosed by the trajectory that runs through the point (x, p).

In the limit of an infinitely slow change of A;, the value of S; remains constant along a trajectory
evolving under H,. The adiabatic evolution is identified with preservation of the action variable S;
along the trajectory in the classical case, which can be shown as follows [44]. When we change A,
slowly in such a manner that it is not correlating with a motion cycle of the system, E; varies over the

9 _o0 )
5t o and the dot
o oA

denotes time derivative. To be more specific, we impose the condition of |/T,|T < |/T,|, where T is

one cycle period of the system. The value of S; also varies over the variation of 1 ¢. By differentiating
Eq. (2.3) with respect to time ¢, we have

1 5 1 H
ds. _ 1 d(a—pEt a’f-ﬂt):@.[sgd(apa t+a—’f)]. 2.4)
d 2rnJz ~\OE o1, 2n OE: 91, 41,

variation of /1t in the Hamiltonian H,; E, = ?;I’ A;, where 6‘3 = (
t t

Here, since Ijtl ~ (0 and /Tt does not depend on a motion cycle of the system as we assumed, we

replaced /T, with (/T,>, which is an averaged value during a cycle, and put it outside the integral. By
substituting p = p(x, E;; A;) into the Hamiltonian H;, we have H (x, p(x, E;; 4;); 4;) = E;. Then, by
differentiating this by A, and E;, respectively, we have the following relations,

%4_6[{; 6[) = (9Ht8_p_

> =0, — (2.5)
8}.; ap 3/1; ap aEl‘

By multiplying the former of Eq. (2.5) by g_é:), and by using the latter, we have

Op OH, | Op OH Op _ Op OMy | Op _g, 2.6)
0E, 91, OE, dp 91, OE 91, o1,

Therefore, if we can neglect O(I/i ), from Eqs. (2.4) and (2.6), we obtain

ds;
— =0. 2.7
o 2.7

As a result, we have the following theorem:

Theorem 1 (Classical adiabatic theorem). When a set of external parameters A, varies slowly enough,
the action variable S; remains constant along the trajectory. In this case, S; becomes an invariant J,
called an adiabatic invariant.

2.1.1.1 Example: classical parametric oscillator

Let us consider a Hamiltonian of a classical parametric oscillator (CPO)

2

M
= H(x,p,w;) = 2M + ?wfxz = E,, (2.8)
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where w; is the angular frequency at time . The momentum p is given as

M
p(x, E;;wyp) = i\/2M(E, - ?wtzxz). (2.9)

Under the condition of |, |T < |w;|, we can then calculate the adiabatic invariant J; of the CPO from
Egs. (2.2) and (2.3) as

V2E, /M w? M E
ZM( - —wlx 2) =, (2.10)
\2E [Mo? 2 Wy

2.1.2 Quantum adiabatic evolution

In quantum realm, suppose that a quantum system evolves in time ¢ according to the Schrodinger
equation

ihI¥(0) = AR )), @.11)

with a Hamiltonian I:Ifd =HA ad(/f +), which is Hermitian and may be a function of the time-dependent
parameters /Tt. It is difficult to solve the Schrodinger equation Eq. (2.11) in general. A formal solution
of Eq. (2.11) is given by the Dyson series [45]. However, by using the quantum adiabatic theorem,
we can solve it approximately. This theorem was first stated in Ref. [10] and was proved as a more
general one in Ref. [11].

We can obtain the adiabatic approximate solution of Eq. (2.11) as follows [43, 46]. We assume
that the spectrum of Flfd is discrete and non-degenerate for an arbitrary time ¢. Without any loss of
generality, we expand the solution of Eq. (2.11) in terms of the instantaneous eigenstates |n; /T,) of
Iflfd as

[
ad

(1)) = Y cnee o TR T, 2.12)

n=0

_ifty Ead
where the factor e " J0 <" is a dynamical phase factor. The instantaneous eigenstate |n; A,) satisfies

An; A,y = EX Ins Ay, (2.13)

ad
where En ‘

substituting Eq. (2.12) into Eq. (2.11) and then by multiplying the result by (m; A,| from the left, we
have the following equations for the coefficients ¢, ;:

is the eigenenergy. We impose the normalization condition (m; /T,ln; /Tt) = Omn- By

Cmt + Cm,e(m; /l | |m 1 )+ Z Cnt€
(m#)n=1

_i [t ad N 5
i o TERERD e T tln;/l,>:0. (2.14)

By differentiating Eq. (2.13) with respect to time #, and then by multiplying (m; ;| from the left, we
have

d (ms A1 B T,
ms Ayl 13 Ap) + — T
! Em,z_En,t

=0; n+#m. (2.15)
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Here we introduce a condition for the adiabatic approximation: The time evolution governed by Fltad
is adiabatic if the following condition holds:

rad
‘(m;/ltl dt’ In; AT < |EY, — EX), (2.16)

where T is an intrinsic time scale of the quantum system. From Egs. (2.15) and (2.16), we then find >

7 dAEM 2 > 3
)<m;/lt|d_;|n; ﬂt)) (m; /l,ld%ln;/l,)
- ECE " " <1, n#m. 2.17)
(Em,l - En,t) Em,t - En,t

Thus, in this approximation, Eq. (2.14) simplifies to
. - d -
Cmt + Cm,e {5 /ltlalm; A:) = 0. (2.18)

By integrating Eq. (2.18) and imposing an initial condition ¢, s, = 0, », We find that ¢, ; is a phase
factor,

f -
o o du AT I Inie)

, (2.19)

Cn,t

which is well known as the geometric phase factor [48]. Therefore, we obtain the adiabatic approximate
solution of the Schrodinger equation Eq. (2.11), where

[P(0)) = > Cue'ntin; 4,), (2.20)
n=0

with C, being a time-independent amplitude, and the time-dependent phase angle &, ; € R is defined
as

1 t t 5 d N
Eps o= ——f dTE;"f‘T+if dr(n; Ao |—|n; 7). (2.21)
h f f dr

The first and second terms of &, ; are the dynamical phase and geometric phase, respectively.

Let us prepare the initial state of the system at ¢ = 7 as an eigenstate of I-AI;’:)d as |¥(tp)) = |n; /Tto).
If the Hamiltonian FIfd changes under the condition of Eq. (2.16), the adiabatic approximate solution
Eq. (2.20) yields |¥(¢)) = eléni|n; /T,) o« |n; /Tt) for an arbitrary later time ¢ > #¢. Namely, the state of
the system exhibits no transition. Therefore, we proved the following theorem.

Theorem 2 (Quantum adiabatic theorem). When we control a set of external parameters Zt adia-
batically, a quantum system exhibits no transition between non-degenerated eigenstates with different
quantum numbers. In other words, although a set of external parameters A, varies, the system remains
in an instantaneous eigenstate. By using transition probabilities, this can be represented as

P = [y 4|0t to)|n; i) = Sy (2.22)

L,1o

where U(t « to) is a time-evolution unitary operator.

2The condition for the adiabatic approximation Eq. (2.17) has been used, for example, to determine the running time
required by an adiabatic quantum algorithm [47].
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2.2 Shortcuts to adiabaticity

As we have seen in Sec. 2.1.2, the quantum adiabatic theorem ensures the transitionless process
under an infinitely slow change of the parameters of the system. However, from an experimental
viewpoint, such a long time process is not favorable. Besides, because the time needed to achieve the
desired final state is long, the system may lose its coherence during the process due to surrounding
disturbance. These problems may also arise in an adiabatic process in classical mechanics. Hence,
it is desirable to have a method for achieving the same final state of the adiabatic process in a finite
duration. There exist various theoretical methods proposed as shortcuts to adiabaticity (STA) [12],
such as the assisted adiabatic passage [13, 14], transitionless tracking algorithm [15], fast-forward
method [16-20], Lewis-Riesenfeld invariant-based inverse engineering [22, 28], generator of adiabatic
transport [24, 49], scale-invariant driving [23], and quantum brachistochrone [25-27].

In this section, we review some methods of STA that include Lewis-Riesenfeld invariant-based
inverse engineering (Sec. 2.2.1), transitionless tracking algorithm (Sec. 2.2.2), and classical dissipa-
tionless driving [23, 24] (Sec. 2.2.3).

2.2.1 Lewis-Riesenfeld invariant-based inverse engineering
We review the Lewis-Riesenfeld (LR) invariant-based inverse engineering based on Ref. [28]. Suppose
that a quantum system |'¥(¢)) obeys a time-dependent Hamiltonian H/®:

ih%ﬂ’(r}) = HE|¥(@1)). (2.23)

We assume that there exists a Hermitian dynamical invariant /'R in the system, which is called the
LR invariant [21]. The LR invariant satisfies the following equation
dif® _afR 1 AR 7yIE
L = + —[[~, H"]=0. 2.24
dt ot ih[ o H (2.24)

We can express a solution of the Schrodinger equation Eq. (2.23) as
W) = )" Cue't | ). (2.25)
n=0

Here, the instantaneous eigenstates |¢;,; 1) satisfy the eigenvalue equation of f,LR,
IR160s A0) = tl s Ao, (2.26)

where t, is the eigenvalue of /R. The phase R is defined by

t
atR = % f dr(pn; ZT|ihdi — A%\ Ap), 2.27)
t T
which is known as the LR phase.
We want to drive the state of the system with the time-dependent Hamiltonian I-AI,IE such that the
quantum numbers in the initial and final instantaneous eigenstates are the same. We will achieve this
goal by determining the appropriate Hamiltonian FAItIE The LR invariant f,LR is formally written as

(o)

IR =" tnlns s . (2.28)

n=0
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We introduce the time-evolution unitary operator U,l 7 @S

- - LR - -
Of% =" et g3 1 Xbus Aoy . (2.29)
n=0
Since the operator U, obeys in$ U = HFUE | we can formally solve it for the Hamiltonian as
5 du/s R
A = ih— Oy =2 B i > Aoni doni )y 7 (230)

n=0

where F,diag is a time-dependent diagonal operator in the basis |¢@;,; A):

00 LR

B hZ ’“|¢n, A (s ). @.31)

Since we can choose the LR phase a/ freely, we can obtain different F, piag i H IE depending on the
choice of a;X for a given invariant ItLR.

If we impose [ftLOR, I:I,If] = [ftI;R, PAItIfE] = 0, ['R and A® have the simultaneous eigenstate at the
endpoints of the time evolution. Therefore, if the eigenstate of H'E has the same quantum numbers at
the initial and the final states, we can achieve the desired final state with the same quantum number as

the initial state.

2.2.1.1 Example: A® for a quantum parametric oscillator

We consider a usual quantum parametric oscillator (QPO) described by the following Hamiltonian,

A2
N p M 5,
AY = T+ — 0?3 2.32
oM 2 (2-32)
where X and p are position operator and momentum operator, respectively. * and p satisfy the
canonical commutation relation [X, p] = ifi. For the QPO, we choose f,]“R = Z:’:O tnln; A )n; A with

tn = hwy, (n + ) that is,

LR = 20 frad, (2.33)
wy
We set the LR phase as
1
aR=¢,, = - f drE, (2.34)
Iy

by using &, ¢, where the geometric phase i fz é dr{n; i,l%ln; ;) in &n.r in Eq. (2.21) vanishes since
(n; A1 & n; A7) = 0 for the QPO [50]. We then obtain

Fdiag _ l&)’eﬁ +prA

AE — ’
d d 2w, 2

(2.35)

from Egs. (2.30) and (2.31), where Ftd g _ = 2 IR = f12d. For the QPO, we may adopt a different
o
LR invariant with another quadratic form. Such an invariant yields different inverse engineering of

the Hamiltonian (see Ref. [22] and Sec. III in Ref. [28]).
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2.2.2 Transitionless tracking algorithm

We review the transitionless tracking (TT) algorithm based on Ref. [15]. Let us consider an arbitrary
time-dependent Hamiltonian Flfd, with instantaneous eigenstate and eigenenergy given by Eq. (2.13).
In the adiabatic approximation, we have already known that the state driven by 1’31;dd is given by
Eq. (2.20). In the TT algorithm, we seek a TT Hamiltonian ﬁtTT that satisfies

zh%l‘l’(m = AT (1)), (2.36)

where
(1)) = > Cre'ntin; ). (2.37)

For this solution, it is obvious that no transition occurs between the different instantaneous eigenstates
of H* in an arbitrary time duration.
We construct the Hamiltonian I-AltT T by adding a counter-diabatic Hamiltonian I-AI,Cd to Flfd as

art= a4+ g (2.38)

In order to find I:Ifd, we introduce the time-evolution unitary operator lA]tTZTO as

[

O = et in; 1)(ns Ay . (2.39)
n=0

UtT,TO is the solution of ihUTT HTTU[TITO, which can be formally solved for the TT Hamiltonian

. doft
H'T = in— '0 U7 Therefore, we can obtain the TT Hamiltonian as

t1g
e o= iE;‘i?,ln; A)ns A, (2.40)
A = th(u In; ,)n; At|)d'” & 2 s 1| (2.41)
= ind, - Z(]l Iz 1,)ns 1, |)d'" A D 1| (2.42)
.
— _in Z s 1y E{i ‘fElfdﬂ dn il (2.43)

where we have used Eq. (2.15) for the last equality.
We can express I-AI,C‘]l in Eq. (2.42) as

(2.44)

s

~ed .—'>
H[C :./ll'

where the operator ﬁ, can be regarded as a generator of adiabatic transport [24, 51]. We let 6¢ be an
infinitesimal time displacement. We then have

e O R 4y = (1 - %Hfd& + 0(6t2))|n; A
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3
= (1 + ;61; nt)ln /l >+O(|6/lt| )

e g

ih6 1, - Z(n m: Ay m: 2,1)

<m /ltl]}ln 1)+ 0(164,1%)

t

= |n; 1) + (d'”;f” AL ’>|n;iz>) 64, + 0164,
t t
S s Ty — 0 T A (0 T4 06T - 6T, + 0T D)
t
—( Y Ak o) 62,)|n;2t+5t>+0(|62,|2)
t
- exp( e 1, A M&)m Tivor) + 0612, (2.45)

Therefore, we find

s 7y TT - s opyad, pyed >
e—léth /h|n,/lt) — e—lét(H; +H} )/h|n,/lt)

5 . Ay a . Yy c -
= o 1O mIStHE R s T (1 + O(61%)) (2.46)
dln; 4,)

— e—iétEf,‘f,/h exp( (n; /1 | 5f)|7’l /lt+6t>+0(5t )

Ead
exp[ (—7 +iln; A, |d|” A >)6t]|n Aivse) + O(61%)
= iS4, 5N+ O(612). (2.47)

Eq. (2.47) shows that the addition of ﬁfd to ﬁfd generates the adiabatic evolution.

If we choose ILR Zn 0 Efldto |n; L)(n; /Ttl and a%}} =&t 1':ItTT generally coincides with I-AltIE in
Eq. (2.30) [28]. Therefore, we can understand the TT algorithm in terms of the dynamical invariant (see
also Sec. 3.5). For the QPO, we can confirm from the example below that I-AltIE in Eq. (2.35) indeed

coincides with AT when we choose /'R = ’0 A and R = £,

2.2.2.1 Example: Flfd for a quantum parametric oscillator

For the QPO given by Eq. (2.32), the following relations hold as

£= \ 5370 e + ah, (2.48)
M .
P = - / Dty + b, (2.49)
I 2
N1
a s wp) = %m + Niwp), (2.50)

. n!
al|n; w;) = ,/mm ~ N;w;); n>NeN, (2.51)

361, = 1,6t.
dln;A;
s Apvor) = Zm 0 m! (5/11‘ ) |n; Agy = |ns Ay) + 6.4 - lgjt Ly (5/11 ) In; Ae) + -

SWe here used the Zassenhaus formula [52]: e HA+B) _ oA 1B ,—1?[A,B1/2 1 (A [A BI-2(B,1B,AN/G . ..
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where [d;, &,T] = 1. According to the TT algorithm, by using Eq. (2.43), the counter-diabatic Hamil-
tonian Flfd for the QPO [Eq. (2.32)] is calculated as [50, 53]

dAad
ed _ (m;a),|d—tt|n;a)t)
A zhz s w0y —— g (ms |
Em,t_En,t

m,n=0
(m#n)
d M o
i > <M,a)z|[d—(2M + 3 wzzxz)]lna wr)
=—ih ) |Imiw) s (mw|
Eq Ea
m,n=0
(m#n)
m; we|X°|n; w
= —iMao, Z Im: w wm’am
m,n=0 —n
(m#n)
iha < (m:w,|(a; + a))?|n; ;)
== > Imw) (n; @]
2 wy m-—n
m,n=0
(m#n)

ih (m; w,la +aT2+2 a,+fl|n;w,)
- Z jm; wy) (ns i

2a)tmn < m-n
(m#n)
ih w; = Vim+ 1) (m+2)0mion + VO + 1) (n+2)0mnso + Cun+ 18,0
=—-— Z | w;) . . —(n; wy|
2 w m-—n
(m#n)
_ @d)t Z V(n—-1)nln-2; a)t)—\/(n+1)(n+2 )n+2; a)t)< o,
Zwtn — !
iho az— ATZ -
= Zm W) (s wy|
:@&a%——&:z:_l&xp—kpx (2.52)
2w, 2 2w, 2 '

We can confirm that the second term in Eq. (2.35) obtained by using the LR invariant-based inverse
engineering coincides with the counter-diabatic term in Eq. (2.52).

2.2.3 Classical dissipationless driving

We here review the classical dissipationless driving based on Refs. [23, 24]. The goal of this method
is to derive a counter-dissipative Hamiltonian such that an adiabatic invariant of a classical system is
conserved in an arbitrary time duration. This method can be regarded as the classical analog of the
TT algorithm.

Let us consider a classical Hamiltonian whose time-dependence originates from a set of external
parameters, i.e.,

2
HY = B pi 1) 1= 2p_M FV ). (2.53)

Under an infinitely slow change of /Tt, the action variable S; = ﬁ(v (HY,; Zt) in Eq. (2.3) remains
constant as the adiabatic invariant J;. We now seek a counter-dissipative Hamiltonian with a set of
counter-dissipative generators 17; = 1j(x, p; A,) for the original system described by Eq. (2.53):

H = B, p X)) = A, - i (2.54)
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such that the following action variable is conserved in an arbitrary time duration: ©

- 1 - -
Jr=J(x,p;Ay) = E(V[Had(x,p; A0); ). (2.55)

We note that Eq. (2.54) is a classical version of the counter-diabatic Hamiltonian in Eq. (2.42). This
action variable is charactenzed by the phase space volume V (E;; A,) enclosed by the adiabatic energy
shell [20, 23, 24] E := {(x, p)lHad(x D; ,) = E,} in the phase space I'. The adiabatic energy shell =
is the level set of H; ad with the value E,, enclosing the volume V(E,; 1 ;). The adiabatic energy E; is
defined as the energy such that V (E;; A is exactly conserved.

We next consider the micro-canonical average of a quantity A(x, p; 1) as

21y -1
> OV(Es; A
(A pi ), 7, = ((—’

2 f dxdp S[E, — H*(x, p; 1)]A(x, p; A,). (2.56)
OE, r

By solving V(E;; /Tt) with respect to E;, we have E, = E(V; /T,). By substituting V (E;; /Tt) into
E(V; A,) again, we obtain E(V; A;) = E(V(E;; 4;); A;). By differentiating V (E;; A;) [Eq. (2.2)]
with respect to 4, and using Eq. (2.56), we have

OV (Ep; A 9 R
TAEL — [ avap--0LE, - H¥ i 20)
04, r 04,
N Had .3
- f dxdp 1, — H¥(x, p; 4,y e A0
r 04,
_OV(E: L) <aHad<x,p; iz>> .57
IE, aa, E.
By using the cyclic chain rule ’
6(\/(Ej;/lt) OA(EL V)| OE(V )| 1 (2.58)
a/lt Et aEt % (9(‘/ /Tt
we have
GE(ViA) __dV(Es ) (B(V(Et; Ai))‘l 2.59)
a, a, OE
From Egs. (2.57) and (2.59), we obtain
vty _(ov) oy (o) 20
6Zt OE; a/_il 6/?2 E: A . .

We here define the Poisson bracket as

(A B =—. .= _-2.22 . (2.61)

%From Eq. (2.2), we may define V[H(x, p; 10 4] = fr dx’dp’®O[HY (x, p; 1) - HYM(x, p’s 101

TThe rule relates with partial derivatives of three interdependent variables. In each factor, the variable (vector variable)
in the numerator is set to be an implicit function of the other two. The variable (vector variable) in the subscript is being
held constant (constant vector).
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We then introduce the following conditions for 77, [54] ®

{17, H*P =

OHM  [9HM
- - > , (2.62)
a/l[ 3/1, H;‘d,/_’;
(i, 7, =0. (2.63)
By calculating the left-hand side of Eq. (2.62), we have

OV (HY; 1,)

-1
AL 2.64
8Hfd ) {7is, i} ( )

{17, HM)P = 2n(

where J; is the action variable as already defined in Eq. (2.55). By calculating the right-hand side of
Eq. (2.62) and by using Eq. (2.60), we have °

OHM  [9H™M OV (HY A\ 67 (x, p; 1
d _< d > :27‘(( S t)) Teopi ), (2.65)
6/1[ a/l[ H?d’,_ft aHta a/l,
From Egs. (2.64) and (2.65), we obtain the simpler form of Eq. (2.62) as
- aJ,
{77 I} = == (2.66)
04,

As discussed in Ref. [24], 77; in Eq. (2.54) can be a generator of the infinitesimal transformation
7= z+dz, (2.67)
where z := (x, p). Since z = {z, H*Y}P and using Eq. (2.54), we find
dz = {z. 7} - dd,. (2.68)

Eq. (2.68) provides a rule for converting a small change of the parameters d, into a small displacement
in the phase space, dz. In order to achieve the classical dissipationless driving under Eq. (2.68), the
adiabatic energy shell 2 = {(x, p)|H(x, p; 1;) = E,} should be mapped onto the adiabatic energy
shell 2 := {(x, p)|H™(x, p; A; + dA,) = E, + dE,} such that V(E,; ;) = V(E, + dE; 1, + d1,)
holds. By using Eqs. (2.66) and (2.68), we can show that this mapping is ensured as

aJ(x, p; jl)dx+ 0J(x, p; /Tt)der aJ(x, p; /T,) 3

t
7 > o 8J(x, p; Ay) -
=J(xpido) + ({J(x,p; A7 )F + +) -dd,
t
= J(npido)- (2.69)

8 From Eq. (2.60), we may have

dHM oV (HY; 1)\ ™! - OHYN(, p A

< - > ) _( o t)) fdx’dp’é[H?d - H G, A A
6/1[ Htad’/Yt aHta T /lt

(wmfd;i,))‘l OV (HY; 1))
dHM a1,
9 Here we used 687{ = Z_f :7§ + ;7{ for a function f(g( - ;/_iz); /Tz), where f contains g and /_1} as the arguments, and g
t N 1 t
> OHM
also contains 1; as the argument. We then used the following calculation: 2¥ = —( <=t LY
! & & al, < a1, >H;‘d,/lz oHM
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Hence, the term H,COl with 77, satisfying Eq. (2.66) provides precisely the classical dissipationless
driving.

Let us check the invariance of the action variable J; with the generator 7j;. We consider a point
z = (x, p) evolving under Hamilton equation

;= {z HM), (2.70)
where H!'T := H + H. From Egs. (2.55), (2.66) and (2.70), we find

dJ(x, p; ;)

AJ(x, p; Ay)
dr bt

= (J(x.p: A,), HTT)P + 1,20 2.71)

t
Therefore, owing to the counter-dissipative Hamiltonian Hfd [Eq. (2.54)], the action variable J; is
exactly conserved as the adiabatic invariant.
2.2.3.1 Example: scale-invariant classical system

Suppose that 1, =: (/lil), /152))T. Let us consider the following Hamiltonian

2 2

1 x—=Aa

Y, p A0 APy = £y V( d ) (2.72)
V7RO

This Hamiltonian Eq. (2.72) satisfies the following scale-invariant conditions:

HYx + a,p; A7, 22 + a) = HY(x, py a7, 2, (2.73)
szad(bx, ’—;; ba", baﬁ”) = HY(x, p; A7, 28, (2.74)
V(E; 21, 47) = V(AME;1,0), (2.75)

witha € Rand b > 0.
Let us next consider the following canonical transformation

o =47 P
(6p) = |x+d47 + —5—=dd, L p— —5dd, ), (2.76)
/ll /ll

where the change /IE]) - /IE]) + d/lgl) squeezes the adiabatic energy shell Z, while the change
/152) - /152) + d/lgz) translates it in the phase space I'. We can find that the transformation Eq. (2.76)
satisfies the condition Eq. (2.69) by using Eqgs. (2.73)—(2.75) and by neglecting O(d/lgm). 10 By

10The detailed calculation is as bellows:

J(x +dx, p+dp; AV +dalD, AP +da?)

2)
.(2.76 x—-A
BT x4 da® + 222D, p - Lga®; 4 £ da®, 4@ + da?
/l(l) /151) t t t t t
t
B2 1 [ 4 @ x—a® M P (). () ) @\. ,m OI®) @)
= —VIHYx+dA;” + ———daA,”’, p — ——dA, ;4,7 +dA,”7, A7 +dA7 |, 4,7 +dA;, A7 +da
27{' t l(l) t /l(l) t t t t t t t t t
- t t
Ee73) 1 [ x—a? dah
@ :)E(V Hﬂd(x+ /1“; s, 1——/1(@ P;/lﬁl)+d/l§1>,/l§2));/l§1)+d/l§1)s/152)+d/’§2)
- t t
Taylor 1) [¢)) (1) (1) €]
si 1 da da da da da
oot L | gad| (14—t |x - @ P 9daM?); (14 e a®, (14 = )a® - 2@ D D 4?4 da®
Py 10 IO a0 t PN PN FIORS t r 4
t t Tt" t t t




2.3. Quantum-classical correspondence in adiabatic theorems 17

using Eqgs. (2.68) and (2.76), we find that the following equations for 7,:

om” _p  on?
_ P ~ 0. 2.77
0x /1§1) 0x 2.77)
o e a

op A 7 dp

1. (2.78)

By solving Egs. (2.77) and (2.78), we obtain the generator for the infinitesimal canonical transformation
Eq. (2.76) as

1 2 X = /1(2) '
= t
t

By substituting Eq. (2.79) into Eq. (2.54), we obtain

j (1)

A .
H;? = ﬁ(x - 4p + 47p. (2.80)
t

Upon quantization with the Weyl (symmetric) ordering rule, this result agrees with the quantum
counter-diabatic Hamiltonian for the scale-invariant system.

For a CPO with /lil) = \/% and /lgz) = 0 as the most straightforward scale-invariant system, we
can easily have
od 1
H = —E—xp. (2.81)
Wy

By quantizing Eq. (2.81) with the Weyl (symmetric) ordering rule, we obtain the counter-diabatic term
for a QPO [Eq. (2.52)].

2.3 Quantum-classical correspondence in adiabatic theorems

Although there is a conceptual difference between classical and quantum adiabatic theorems, a method
of classical mechanics is applicable for analyzing the adiabatic evolution of a QPO. This is called
Husimi’s method [55].

.23 1 dav aaw i

B | (14 S by —E (1 S, (1 S | | 4 a4+ da | + 0(da?)
2n AW dalV 10 20
t W t ¢
Be278) 1 —/1(1)2 ) @ 1 H e 2 12
sy [(/l(l) J:d/lu))zHad(x’p;’l; ), /li >)§/l§ ) +d/l§ ), /l§ ) +d/l§ '+ O(d/lg ) )
t t

(2. 1
Eq (275:) g(V[/lgl)zHad(X,p;/lgl), 152)); 1, OJ " O(d/lgl)z)
Eq.275) 1

TS o VIEY @ p D ) A0 A7)+ 0
Eq. (2.55)

1 2 1)2
=7 (x a0, a7 + 0(dal?).



18 Chapter 2. Adiabaticity in Quantum and Classical Mechanics

2.3.1 Husimi’s method

Let us consider a usual QPO described by the following Hamiltonian,

A2

. p M 5,
A = 7t ?w%x% (2.82)

For this Hamiltonian, the x-representation of the wave function
¥ = [ anUll, ool P, 1€l (2.83)
R
satisfies the Schroginger equation
. 0 fyad
ih= ([ (@) = (x| H 7Y @), (2.84)

where U,}’I,O (x|xp) is the propagator. Here, we assume the following Gaussian form of the propagator

as the specific ansatz [55]:
U (x|xo) = M i(a X2 +By xx0+y; x2) /1 (2.85)
bio )= 27rihy,e > .

where the coefficients u;, @;, 5;, and 7y; are time-dependent real-valued functions. By substituting
Eq. (2.85) into Eq. (2.84), we have

.2 M .2 B i 2
0= (a/, + Ma/f + ?wtz)xz + (ﬁ, + Matﬁ,)xxo + ()/, + ﬁ)xé + E(% - Ma,)]Ugo(xlxo).
(2.86)

We then find that four coupled ordinary differential equations (ODEs) for the time-dependent coeffi-
cients ay, B¢, Vs, and py:

v 2
B 24 =0, (2.87)
e M
2 M
@ + Ma/f + ?u% =0, (2.88)
.2
B+ B = 0, (2.89)
B

~L -0. 2.90
Ve + M ( )
From Eq. (2.87), we have
M
@ = =H 2.91)
2w

By substituting Eq. (2.91) into Eq. (2.88), we obtain the equation of motion (EoM) of a CPO as
jis + w? 1, = 0. (2.92)
By substituting Eq. (2.91) into Eq. (2.89), we have

. y B
B + &ﬁz =0, B = = (2.93)
Mz Hi
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where Bj is an integral constant. By substituting Eq. (2.93) into Eq. (2.90), we have

. B] B] ! dr
Ve + W =0, SoYe =By - M . ,U_z (2.94)
t T

where B, is an integral constant. On the other hand, it is known that the short-time asymptotic form

of the propagator is

/ iM (x - 0)2
[zo(x|x0)|l~t0 27117’1([ = fo) [ o +O0(t - to)], (2.95)

to+0
URL (%120 ity —— 8(x = Xp). (2.96)

which satisfies

From Egs. (2.85) and (2.95), we can deduce the initial condition imposed on g, :

t—1p+0
Hilissy = t = 1o + Ot = 19) —— 11y, =0, (2.97)
t—1t9+0
) (2.98)

;utll’vto ~1+ O(t - to) B Mty = 1.

Hence, when we have the solution u, of Eq. (2.92) under the initial condition Eqs. (2.97) and (2.98),
we obtain the solutions of Eqs. (2.87)—(2.90) in succession. As a result, we obtain Ut’HtO (x]x0).
Let v, now be a second solution of Eq. (2.92) with the initial values

t—ty+0

= (2.99)
t—to+0 |

=0. (2.100)

We consider the Wronskian W, := (1, v, — u,v,. From EoMs of u; and v;, we have W, = 0. With the

two initial conditions [Egs. (2.97)—(2.100)], we find
Wz = ﬂ,v, _,ul‘f/l‘ =1. (2101)

From this, we have

t
d
e = (2.102)
Mt th Mz

Here, by comparing Eq. (2.85) with Eq. (2.95) in relation to the coefficients of x, we have to set
the integral constant of g3, in Eq. (2.93) as B; = —M. We then have

M
Br = ——. (2.103)
Ht
From Eq. (2.94), we have
M
Yt = LA B,. (2.104)
2

By comparing Eq. (2.85) with Eq. (2.95) in relation to the coefficients of x%, we have to set the integral
constant of vy, in Eq. (2.104) as B, = 0, then we have

M
n (2.105)

) Z,Ut
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Summarizing the above results, using the two solutions g, and v, of Eq. (2.92) that satisfy the initial
conditions (2.97)—(2.100), we can write down the propagator of the QPO as

M iMoo
Ugo(x|xo) =, ,27rih/11 eXp[ﬂl,ut (fiex? = 2xx0 + v,x(z))]. (2.106)

2.3.2 Husimi’s measure of adiabaticity

In a usual QPO, we consider the transition probability P(H)m " from an initial state |n; w,,) at initial
time #( to a certain state |m; w;) at time ¢ € [fg, t] is

2
piim Uf dxdxo(ms wy | XYUR (x]x0) (xolns wiy) 2.107)

where U,I’{to(xlxo) is the propagator. By using the unitary operator '
tt() : ff dxdxp|x) tto(xlxo)(xol, (2.108)

we can also write PV = = |(m; wy |n; a),o)l2 The energy eigenfunction of the QPO [Eq. (2.82)]

t,ty
for position x is given as

|tt()

1/4
1 M M M
(x|n;w;) = \/%( ﬂ:t) Hn( ;tx) exp(— Z:txz), (2.109)
n.

where the n-th-degree Hermite polynomials H,, () are defined as

n

d
Hy(x) = (-1)"e" e (2.110)
X

By using Mehler’s formula:

—|5) H()Hn(y) = e
nzzon!(z D) = =2

and the energy eigenfunction Eq. (2.109), we obtain

i 2
D o)yl o) = | [ mo; (14 2+ 57) - 4Z”]. (2.112)
— h(l—z 1-2z?

By using Eq. (2.112), we can calculate the transition-probability generating function (TPGF) as

2022 4 W2y _
[_z (x* +y?) 2ny]’ 2.111)

1-22

(o]
Hu,v , _ n,m (Hym,n
Pl‘ to T Z Pl‘ to
n,m=0
2
u v

f f ddxotm: g UM, (xlxv0) Crolns )

an

f f f f ) dxdxodx’dxgU, s (xlx0) U, (x'|x))
R

1TEq. (2.108) may be represented as an exponential operator, 0},{&, =7 exp(—% ft(t) dTI-AI?d), where 7 denotes a time

ordered product.
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[ (o)
X Vs w0 I @) W (s gy | xo X1 )

m=0 n=0
2
2(M Wy, - M,
- =) —="n | g -2 A
ut(znh) (=) (1 =2 Jas “Xp( on” x)
2
- = indded , 2.113)
ur N (1 =u)(1 =v2)det A

where we defined

1+v2 - [l _ i _ 2y
X o @Wr + i ™ o w; 0
i L+u? * Vi 2u
. X0 -4 T Wy, + ik 0 == Wy,
Xi= , A= e I-u o ‘ 1-u , (2.114)
x - w 0 V-, — i L
1-v2 t 1-v2 t Mt Mt
’ _2u i 1+u? _ v
%0 0 1—uz @t He 1—u2 @0 lllr

and used the following formula of the Gaussian integral:

N - n
f die % AX = w/%, (2.115)

that holds for @ > 0, X € R", and the n-by-n symmetric matrix A. By using the Wronskian given by
Eq. (2.101), we obtain

1 2w wy,

detA = ————————
A G Y el

(05 (1 —u®)(1 =v*) + (1 +u®)(1 +v?) — duv]. (2.116)

Therefore, we have

2
pUVLY = . 2.117
L.lo O (1 —u)(1 = v2) + (1 + u)(1 +v2) — 4uv @117
We here introduced the Husimi’s measure of adiabaticity Q; as
E® 1E(V)
* t - t
0Q; 1= Wy o, + Wy o (2.118)
where
1
E® .= 5(;13 + W), (2.119)
1
EY = E(vf + w2, (2.120)

are the classical energies of y; and v,, respectively. The time-dependent variables, y, and v;, obey
the EoMs for the CPO with linearly independent initial conditions:

fir + i =0, (g firy) = (0. 1), (2.121)
i+ wlv, =0, Vg Vi) = (1,0). (2.122)

Qj is alinear combination of these two energies of the CPO divided by the common angular frequency,
() )
B and & During an adiabatic process with the slowly changing angular frequency «; ~ 0, these

wy wr *
1

quantities are conserved as the adiabatic invariants as o = ) and % = JO), respectively, which
0
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leads to Oy = 1. They are equivalent to the areas of the ellipses enclosed by the trajectories of the

2
CPO on the classical phase space with Et((f‘ ) = % and E,((:’) = % determined from the initial conditions
in Egs. (2.121) and (2.122).
If O} = 1, the TPGF becomes Pt(’}tf))”’w 0i-1 = = Ym0 W'V 8., Which means Pt(z)m’" =
Om.n. In this case, the time evolution is adiabatic (transitionless). This fact can also be confirmed as

below. By taking the first derivative of Eq. (2.117) with respect to v and putting v = 1, we obtain

0 S Hu, #
uanP(H)’n’n _ apt,touv _ Qt(l +M)—(1_u) (2 123)
blo dv 2(1-u)? '
n=0 m=0 v=1

By expanding the right-hand side of Eq. (2.123) with respect to u, we can show the following relation

between Q; and the mean quantum number <m)l,‘}’ f = 2o mPl(’IfO)m’" [55, 56]:

H 1

1
7’l+§

Therefore, we find (m)}, = n when Q; = 1, from which we conclude Pt(’I:IO)m’" = Smn-
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Chapter 3

Adiabaticity and Invariants in a
Continuous-time Control

This chapter is mainly based on the contents from the published paper [57]. One exception is Sec. 3.5,
which is based on the unpublished work [58].

3.1 Introductory remarks for chapter 3

In the previous chapter 2, we reviewed the quantum and classical adiabatic evolution, the shortcuts
to adiabaticity (STA), and the quantum-classical correspondence in a quantum parametric oscillator
(QPO) based on Husimi’s method. In this chapter 3, we shall discuss the relation between STA and
Husimi’s method.

Suppose that we can vary external parameters of a system to control it. An adiabatic process is
the dynamics of the system with the external parameters changing slowly enough compared to the
intrinsic time scale of the system. An adiabatic invariant is a quantity that is conserved in the limit
of infinitely slow change of the control parameter. Adiabatic invariants appear in both classical and
quantum mechanics. A classical example of an adiabatic invariant is the volume “V enclosed by a
trajectory )7f " in a two-dimensional phase space I'. A quantum analog of the adiabatic invariant is the
principal quantum number, which labels different energy levels. Ideally, a quantum system exhibits
no transition between energy levels during an adiabatic process, whereas in a realistic process carried
out for a finite duration, the adiabatic invariant is not conserved and transition occurs in a quantum
realm.

The quantum adiabatic theorem, which was discussed in Sec. 2.1.2, is summarized as follows.
Suppose that the system obeys a Hamiltonian I-AI,ad = A*(1,), which is a function of external time-
dependent parameters /Tt. The instantaneous eigenstate |n; /Tt) satisfies I:Ifdln; /_l),) = Efftln; /Tt). The
quantum adiabatic theorem ensures that the solution of the time-dependent Schrodinger equation is
approximated with the instantaneous eigenstate if the initial state is an instantaneous eigenstate and
the parameters 1, vary slowly enough. Under this adiabatic approximation, the solution |¥(z)) of the
Schrédinger equation, ih%l‘P(t)) = Flfdlll’(t)), is given by [Eq. (2.20)]

WD) = > Coe™rein; 1), (3.1)
n=0

with the time-independent coefficients C,, and the time-dependent phases &, ;, which is given in
Eq. (2.21).

We discussed the propagator of the QPO in Sec. 2.3. For the QPO, the propagator can be
expressed in terms of the solutions of the corresponding classical parametric oscillator (CPO). From
the propagator, one can define a transition-probability generating function (TPGF) for probabilities
between arbitrary two states. Husimi found that the TPGF of the QPO is characterized by a parameter
Q;, which is called Husimi’s measure of adiabaticity. The value of Q; is unity if and only if
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no transitions occur between arbitrary instantaneous eigenstates. Besides, Q; is a function of two
adiabatic invariants of the CPO [Eq. (2.118)]. Each adiabatic invariant is defined in terms of each
solution of the CPO [Egs. (2.121) and (2.122)].

Among the various methods in STA, the transitionless tracking (TT) algorithm introduces a
counter-diabatic Hamiltonian I-AltCd Eqgs. (2.41)—(2.43) for canceling the deviation from exact tracking
along instantaneous eigenstates of the original adiabatic Hamiltonian ﬁfd [15]. In this method, it
is assumed that the system obeys the total Hamiltonian I-AltTT = Fltad + I:Ifd, which we call the TT
Hamiltonian. Then, the adiabatic approximate solution Eq. (3.1) becomes an exact solution of the
Schrodinger equation for FIITT. For a case in which the original Hamiltonian I-AIZad is a QPO, the
counter-diabatic Hamiltonian I-AI,Cd has been calculated explicitly [50] (Eq. (2.52)).

On the other hand, Husimi showed that the TPGF of the QPO without the counter-diabatic term
is a function of an adiabatic invariant. Then, it is natural to ask what type of parameter characterizes
the TPGF of the QPO with the counter-diabatic term. For answering this question, it is necessary to
calculate the TPGF of the QPO with the counter-diabatic term by applying Husimi’s method.

Here, we characterize the QPO with the counter-diabatic term by using a TPGF with a new
parameter. By introducing an instantaneous eigenstate of the TT Hamiltonian, we apply Husimi’s
method to the QPO with the counter-diabatic term to obtain the propagator expressed with independent
solutions of the corresponding CPO (Sec. 3.2). By using this propagator, we obtain the TPGF with the
time-dependent parameter [Eqgs. (3.15) and (3.21)], from which the adiabatic process in an arbitrary
short time achieved by the TT algorithm is easily characterized (Sec. 3.3). We obtain this parameter
by solving the equations of the CPO by using the phase-amplitude method [59]. We illustrate this
result by exhibiting some trajectories of the solutions of the CPO of a specific case, which visualize
the effect of the counter-diabatic term of the QPO on the classical phase space (Sec. 3.4). We also
introduce the extended Husimi’s measure of adiabaticity to characterize the TT algorithm in terms of
dynamical-invariant perspectives (Sec. 3.5).

3.2 Propagator of a QPO with the counter-diabatic Hamiltonian

For the convenience of later arguments, we shall rewrite the TT Hamiltonian of a QPO [Eq. (3.2)] and
derive a propagator of the QPO with a counter-diabatic term concretely by applying Husimi’s method.

3.2.1 Bosonic operator and instantaneous eigenstates for the TT Hamiltonian

Let wy, M, X, and p be, the angular frequency at time ¢, mass, position operator, and momentum
operator, respectively, where £ and p satisfy the canonical commutation relation [X, p] = ii. For the
QPO, the TT Hamiltonian HtT T is given by [50]

) AN, AR
N p M , ., lw Xp+px
AT = Z_ 4 — —_ , 3.2
T T2 e, 2 -2
Iflad Iflcd

t t

where I:Ifd and Flfd denote the adiabatic Hamiltonian and the counter-diabatic one, respectively. We
denote the time derivative by a dot.
We rewrite FIIT T of the QPO in Eq. (3.2) with the instantaneous (Bosonic) ladder operator b, as

A AdA l
ar = hQ,(b; b, + E)’ (3.3)
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where
1o, \°
Q, =] -], 34
t w[ (2(,l)t) ( )
N MQ, . ip , 1 o
b; = + , th =1+ — 3.5
CTN T (g,x MQ,) with & 2i0, 3-5)

Since @t satisfies the Bosonic commutation relation [13,, lAaj] =1, l'fltTT can be regarded as the Hamilto-
nian of a certain type of harmonic oscillator with the energy-level interval 7€),. We assume Q; > 0 to
avoid trap inversion. We adopt the Schrodinger picture to interpret these operators at time ¢. It is to be
noted that the Bosonic operators, E, and IQI, defined at different times do not have simple commutation
relations.

Let |n; ;) be an instantaneous n-th excited energy eigenstate of FItTT in Eq. (3.3) that satisfies
\/mln;Qt) = EI"IO;Q,) and IA)IZA)tln;Qt) = n|n;;), where the vacuum state |0; Q,) is defined as
b;10; ;) = 0. The instantaneous n-th excited energy eigenfunction in the position representation is
given as (see Appendix A.1)

1/4

1 MQ MQ MQ

(x|n; Q) = = ‘( nht) Hn( - tx) exp(—§t2h txz), (3.6)
V2nn!

where H,,(+) are the n-th-degree Hermite polynomials [Eq. (2.110)].

3.2.2 Propagator based on Husimi’s method

We calculate the probability for the transition from an initial state |n; €2,,) at initial time #( to a certain
state |m; ;) at time ¢ € [t, t1]

2
Py = ‘ f f _ dxduro(m; Qi 10Uy (xlx0)(xolms Q)| 3.7)
R

where U[TT (x|xo) is the propagator associated to the Hamiltonian AT in Eq. (3.3). If we define the
unitary time-evolution operator

Uy = f f _ dxdxo ) U (xlx0)Cxol, (3.8)
R

YTT
Ut, o

condition &;, = W, =0 (Flfod = Flffd = () at the initial and final times ¢ = #( and t¢, respectively, such

we can also write PZ“;O" = [{m; Q| |n; Qto)lz. The TT algorithm usually imposes the boundary

that the instantaneous eigenstates of the original Hamiltonian, I:If‘d, and the TT Hamiltonian, I:IZTT,
coincide with these times. However, we first consider the transition probability of Eq. (3.7) without a
boundary condition on w; and later impose this boundary condition.

By applying Husimi’s method [55], we obtain the concrete propagator as (see Appendix A.2 for
derivation and also see Appendix B for more generalized cases)

M lM ,L.lt 1 (i)z ZXX() Vi 1 (‘:)l
Uit _ T He @) 2 Lo 2, 3.9
1,1y (x|x0) 27Tlh/.lt exp[ Zh {(#t + 2 wy )x ﬂl + (/lt 2 (1)[0 x() ( )

where u, and v, are the solutions of the equations of motion (EoMs) of the CPO with different initial
conditions at t = ¢q:

fir + Q7 =0, (e f1ry) = (O, 1), (3.10)
1./.l‘ + vat = O’ (vt()’ 1./l‘()) = (1’0)7 (311)
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where

- 1do 307 16
Q= A2y == 22 X 3.12
! \/ T oA w, \/“” 402 2w, (3.12)

Here it should be noted that the angular frequency Q, is not equal to w, of the original oscillator
[Eq. (2.82)] nor to Q; of the transitionless-tracked oscillator [Eq. (3.3)], in general. We can confirm
that the solutions u, and v, satisfying Egs. (3.10) and (3.11) are linearly independent by verifying that
the Wronskian W; is a non-zero constant at an arbitrary time ¢:

Wt = ,lltv,; - ﬂtf/t = 1 (313)

Note that u, has the dimension of time, whereas v; is dimensionless.

3.3 Measure of adiabaticity characterizing the transitionless tracking
algorithm

In this section 3.3, we derive a measure of adiabaticity of the QPO with the counter-diabatic term by
applying Husimi’s method.

3.3.1 Transition-probability generating function

Although the concrete expression for the transition probabilities in Eq. (3.7) is complicated (Egs. (A.58)
and (A.59)), its generating function,

(o)

PV .= Z Wy (3.14)

1,10 t,1p >
n,m=0

becomes a rather simple expression (see Appendix A.3 for detailed calculation):

2
v _ 1
Prio JQ?U—M%U—V%+U&M%U+V%—4W7 o

where Q,TT is a time-dependent parameter defined as

TT 8,(”) 1 SI(V) Wy Qtz()/:lt#t + Vv + %Z_:(szo/lg +v7)
;= +Q + — . (3.16)
Q; Q; Wy QtQto

Here, we have introduced the two classical “energies” as (see just after Eq. (3.23) for more detail)
&P = 2} + Qi) (3.17)
g = %(vf + Q22 (3.18)

Note that the angular frequency €2; in the definition of the “energy” is different from the angular

frequency €, in the EoMs (3.10) and (3.11) for g, and v, in general. We can simplify this parameter
Q;FT by imposing w;, = 0 (Flz)d = 0). In this case, the initial state is |n; Q) = |n; wy). Then, the
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solutions of y; and v; in Egs. (3.10) and (3.11) are

1 t
Uy = sin(f wTdT); wy, =0, (3.19)
Iy

WrWy,

Wy, !
Ve = o] — cos(f wTdT); Wy, = 0, (3.20)
Wy 1)

respectively; !> these solutions will be derived in Sec. 3.3.3. Then, by substituting Eqgs. (3.19) and
(3.20) into Eq. (3.16), we find that the third term in Eq. (3.16) vanishes and that the former two terms
are reduced to

gy = 0. (3.21)

The key to obtaining this simple form is the explicit solutions Eqgs. (3.19) and (3.20), despite the time
dependence of w;. The TPGF in Eq. (3.15) with the simple time-dependent parameter Eq. (3.21) is
the main result of the chapter 3.

As in the case of Eq. (2.124), we can show the following relation between QtTT and the mean
quantum number (m)ft =20 mP;”tO” [55, 56]:

(myu; + 7
M=tz (3.22)
n+ 5

When QIT = 1, we find (m)ft = n and can show ;' ;(‘;|QtTT=1 = ﬁ, from which Pt""t’on = S (NO
transition) follows. Indeed, by letting |n;€2;) = |n;w;,) be the final state under imposing Wy =0
(I-AIICd 0), we find that our new parameter Q[ T in Eq. (3.21) at = t¢ is unity. This implies Ptt W = Omns
and the transitionless tracking is achieved.

3.3.2 Comparison between Q" and Q"

While Husimi calculated the TPGF in (2.117) for the oscillator without the counter-diabatic term,
we calculated the one in Eq. (3.15) for the oscillator with the counter-diabatic term. The results in
Egs. (2.117) and (3.15) look almost identical. Only the difference is the expression of the parameter

tTT; while Husimi’s definition in Eq. (2.118), our definition is Eq. (3.16) or Eq. (3.21). The Husimi’s

parameter Q;, Eq. (2.118), is a linear combination of the two energies of the CPO divided by the
(p) )
£ % During an adiabatic process with the slowly changing

1
Wi,

common angular frequency,
t

angular frequency «; ~ 0, these quantities are conserved as the adiabatic invariants as J*® := 3

and J) = %, respectively. They are equivalent to the areas of the ellipses enclosed by the

2
trajectories of the CPO on the classical phase space with E;] W) = 5 L and Ep o) — 2'0 determined from

2Despite the time dependence of w;, the Heisenberg equation for £(¢) and p(¢) of this system can also be solved. The
equation is given as

4R Lo g p(r) R0 o

dr ih L@, Hy 2w’

d 1

’;(t’) 150, A ]—%)Z—;—M Wi (1)

Based on the method developed in Ref. [60], we can obtain the solutions as
t A t
2(1) = |2 [)?(to) cos(f wTdT) 4 20 sin(f wTdT)],
wy fo Muwy, to
. wy | ! N . d
p@) = /— [p(to) cos(f a)-,d‘r) — Mwy%(to) sm(f (qu‘r)].
Wiy to to
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the initial conditions in Eqs. (2.121) and (2.122). In contrast to Egs. (3.10) and (3.11), which have the
explicit solutions given by Egs. (3.19) and (3.20), respectively, we may not obtain explicit solutions
for Egs. (2.121) and (2.122). Therefore, we can not obtain a simple form as in Eq. (3.21) for this usual
QPO. However, Q; =~ 1 holds during the adiabatic process owing to the existence of these adiabatic
invariants. This is an expression of the quantum adiabatic theorem as it implies PZ‘;O" = O, for any ¢.

For a comparison with Husimi’s measure of adiabaticity, it is convenient to express QT in
Eq. (3.21) as

™ _ St(#) 8(1/) o
; Wy, 0, +‘Uz0 o Wy, = 0. (3.23)

It should be noted that these “energies,” 8;“ ) and 8;"), are defined with the angular frequency €, that
appeared in the QPO with the TT Hamiltonian in Eq. (3.4), but u, and v, are solutions of the equations
of the CPO in Egs. (3.10) and (3.11) with the angular frequency €,. We can rewrite 8?‘ ) and 8;") as
(see Sec. 3.3.3)

W — W[y MO\ BO 3.24
! 2(,();0 He 2 () 2 Wy @0 ( )
Wy, Wy . V¢ (,!)[ V¢ d)[
(c)‘(V) _ h _ - = =0, 3.25
! 2 T 2w ) 2w 10 (3-25)
2
respectively. Because 8;‘)“ ) = 5 and 8(") 2to for w; = W, = 0 readily follow from the initial
conditions in Egs. (3.10) and (3.11), by using Egs. (3.24) and (3.25), we can also show that 8(“ ) 2‘:)’:
o S(m 5(“) 8<v> 8<v>
and S(V) —— Therefore, we obtain - = — = J® and _& = —L = J®) je, at both the
0 ty tg

initial and final times, the values of these “energies" divided by the common angular frequency €2,
agree with the adiabatic invariants J® and J®). This explains the reason for QtTfT = 1 at the final
time ¢ in a manner comparable to Husimi’s measure of adiabaticity. During the intermediate times,
however, QlTT = 1 does not hold in general, because the exact solution Eq. (3.1) for the TT Hamiltonian
may be diabatic (non-adiabatic) with respect to the instantaneous eigenstate of this Hamiltonian [50].
This behavior may be similar to that of the system with the fast-forward method [20] being applied,
where the system is allowed to deviate from the original adiabatic path and returns to it only at the
end of the process. We note that in our case with the TT algorithm the state vector itself always tracks
the original adiabatic path given by Eq. (3.1).

3.3.3 Derivation of key equations

In this subsection, we derive the key equations Eqgs. (3.19), (3.20), (3.24), and (3.25).

We first derive Egs. (3.19) and (3.20) as the solutions of Egs. (3.10) and (3.11), respectively, by
using the phase-amplitude method [59]. We define the time-dependent function p; in terms of the two
linearly independent solutions u, and v, satisfying Eqgs. (3.10) and (3.11), respectively, as

Qz :“z + vt
= 3.26
Pr Q ( )
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We can then rewrite the Wronskian in Eq. (3.13) by eliminating either y, or v; as

- = s = i) = W, (327)
W QE) Pr — Ky
t =
P (Peve = pvr) =t W,(V), (3.28)
Qtop% - Vt2

where we note that W; = Wt(” ) = W = 1 holds for an arbitrary time z. The time-evolution equation
of p; in Eq. (3.26) is obtained by differentiating the Wronskian of Egs. (3.27) and (3.28) with respect
to time ¢ and by using Egs. (3.10), (3.11), and (3.13) (see Appendix A .4):

L a W
Pt Qp, = L. (3.29)
Pr

which is called the Ermakov equation [61-63]. On the other hand, by integrating Eqgs. (3.27) and
(3.28), we obtain

Pt

Uy = sin 6, (3.30)
N
Vi = Vonpt COS 9;, (331)
where
t WCU) t W(V)
0, := f 12 dr = f T2 dr (3.32)
Ty Pr 20 PT

is a phase function (see Appendix A.5). This description of the coordinate variables u, and v; in
terms of p; and 6, is called the phase-amplitude method [59]. The Wronskian W; is then given by
W, = p%ét by differentiating 6, with respect to time ¢. From this Wronskian represented by p, and 6;,
we can derive a general expression of the Ermakov equation based on the phase-amplitude method as
(see Appendix A.5)

T
Pi+ fipr=—3, (3.33)
Pt
where
. 3672 16
=402 - =L 4 2L 3.34
ft J t 40t2 2 et ( )

Since p; obeys Eq. (3.29), by comparing the two expressions, we find €, = f, from Eq. (3.12). If
Wy, = 0, we can self-evidently identify the time differential of the phase function 6, with the angular
frequency w; as

0, = wr; Wy =0. (3.35)
The Wronskian W; is rewritten by

W, = p*w;; Wy = 0. (3.36)
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Noting W, = 1, we obtain the explicit solution of the Ermakov equation [Eq. (3.29)] as

Pt = \/iT,; wy, = 0. (3.37)
Here, the condition of w;, = 0 in Eqs. (3.35)—(3.37) is necessary for the following reason. From the
definition of p, in Eq. (3.26), we find p,o = 2 /gfowtzo F by using Egs. (3.10) and (3.11). For
this expression to be consistent with ——, we must require «);, = 0. By substituting Eq. (3.37) into

Egs. (3.30) and (3.31), we obtain Eqgs. (3 19) and (3.20), respectively.
We next derive Eqgs. (3.24) and (3.25). We define the Ermakov-Lewis (EL) invariant [21, 64] as

[¢) 2
% [(Ptﬂt - Ptﬂt)2 + Wt(”)z(%) ] =: IIEL(”), (3.38)
t

2
20, |:(ptVt peve)* + W(V)z(pt) ] =: ItEL(V). (3.39)
0

It can be shown [65] that the Ermakov-Lewis invariant can be related to the Wronskian, Egs. (3.27)
and (3.28), as

EL _ ELGo _ Loy _ W7
\4 t
=0 = =5 (3.40)
Then, from Egs. (3.36) and (3.38)—(3.40), we rewrite the Wronskian W, in terms of the coordinate
variables y, and v, and angular frequency w; as (see Appendix A.6)

W - 2wy EW 4 (g + L) LN, =0, (3.41)
Wy 2 (7 2 Wy
w,w,o 2w )2 w

By noting W, = W* = W = 1, we obtain Eqs. (3.24) and (3.25) from Eqs. (3.41) and (3.42),
respectively.

3.4 Example: cubic-function angular frequency

Here we illustrate the effect of the counter-diabatic term on the trajectory in the classical phase space.
We consider a specific case where the angular frequency of the QPO is a cubic function of time
t € [to, 1],

w; = wy + (W —wo)|1+2 (3.43)

(tf = 10) (1 = 1) ( t =ty )2

1+ 1t tr—to)
which satisfies w,, = wo, w; = wy, and Wy, = &, = 0. Here, we consider three cases with different
final times #; = 0.2, 0.5, 2.0 and set #op = 0 and (wo, wr) = (2,4) (see Fig. 3.1). In Fig. 3.2, we show
some phase-space trajectories of the CPO, which are the solutions of Egs. (3.10) and (3.11). For
every final time t¢, we can ﬁnd that the final points of the trajectories are always on the same targeted
energy shells Sff” )= n - and 8(") % = A1 with the aid of the counter-adiabatic term,

T 2wy, Zw
implying the success of the TT algorithm. On the other hand, Et(t” ) and Et(fv) at the final points of the
trajectories given by Eqgs. (2.121) and (2.122), respectively, vary depending on #¢, failing to achieve
the same final state as that of the adiabatic processes unless a sufficiently large ¢ is taken.
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OJf:4

wWo = 2
to =0 tr = 0.2, 0.5, 2.0

Ficure 3.1: Time evolution of the angular frequency Eq. (3.43) given as the cubic
function.

In Fig. 3.3, we show the time dependence of the parameters QT T and Q} together with the quantities
) )
aét and E(f), (X := por v) in the insets, for the trajectories in Fig. 3.2. We can find that the equality
X)
Sgtz_, = JX) holds at the final points at ¢ = #; as expected. That is, QT is unity at every final time

we chose, but it is not so for the intermediate times . Without the counter-diabatic Hamiltonian A4,
EX
Wy

= J® holds for an arbitrary

the areas enclosed by the trajectories were well defined. In Fig. 3.3,
time ¢ only if a sufficiently large #¢ is taken.

In Fig. 3.4, we show two transition probabilities Pg’tg and Ptl”t:) obtained using the time evolution of
QtTT and Q7 in Fig. 3.3. By aselectionrule [55], only transitions between even or odd quantum-number
states are allowed (see Appendix A.7).

We note that, in the fastest case of #f = 0.2 in Fig. 3.3, Q, temporarily attains an imaginary
value after QtTT shows diverging behavior as Q, — 0. Because Hrr in Eq. (3.3) has a continuous
energy spectrum in this time interval, the transition probabilities in Eq. (3.7) using the discrete energy
spectrum cannot be defined there (the gray-shaded regions in the insets of Fig. 3.4 represent these
time intervals). As the time evolution approaches the final state, however, {2; becomes a real number
again.

3.5 Maeasure of adiabaticity from dynamical-invariant perspectives

3.5.1 Canonical transformation of the CPO

In Sec. 3.2.2, we defined the transition probability Eq. (3.7) between the instantaneous eigenstates
of the TT Hamiltonian and calculated its TPGF (3.15). Here we introduce the transition probability
between the instantaneous eigenstates of the adiabatic Hamiltonian,

2
P = Ufz dxdxo(m; w|x)U. s (x]x0)(xoln; wyy)| (3.44)
R

where UEtTO(xlxo) was given in Eq. (3.9). We can also write P;";O" = |(m;w,|UgtT0|n; w,0>|2. We let X,

be a solution of the EoM
Xt + Q%Xt = O, Xt = l,lt or Vtv (345)

with different initial conditions of (1, f1;,) = (0, 1) and (v, v4,) = (1,0). We regard the variables
X, and X, as a pair of classical canonical variables, that is, X; and Pt(X) =X, respectively. The
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@ =02 P

Ficure 3.2: The trajectories of the classical parametric oscillator (CPO) in the phase
space. (a) The colored solid curves are solutions u, of Eq. (3.10). The colored dashed
curves are solutions y; of Eq. (2.121). The final time #; is varied. The monochromatic
ellipses are the energy shells at the initial and the final times. (b) The colored solid
curves are solutions v; of Eq. (3.11). The colored dashed curves are solutions v,
of Eq. (2.122). The arrows point the initial points (0, 1) for (a) and (1,0) for (b).
2
The initial conditions are chosen to have 8;{’)‘ ) = % for (a) and 8;{;’) = % = 2 for
(b). The final boundary conditions are chosen to have 6;" ) = 2%0 = 1 for (a) and
&Y = L4 = 4 for (b).

O =
Hamiltonian for Eq. (3.45) is given as

1 3
HX = HOx,, PX)) = E(P,(X)2 +Q2x2). (3.46)

We then introduce the generating function of a type Il canonical transformation between (X;, Pt(X))
and (xX), pX)) [23, 66] as

X? o
F(Xep}0.1) 1= p X = 0= (3.47)
Wy
By using Eq. (3.47), we find that these canonical variables are related as
IF (X, p, 1) X, &
P(X) — t _ X _ 2e @ 348
t aXt Pt 2 w; ( )
OF (X1, pX, 1)
x = 2 = X (3.49)

op;
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Ficure 3.3: The adiabaticity measures as a function of the time ¢. If the value of
these measures at the final time is unity, the complete transitionless control is attained.
Q; (dashed curve) is the Husimi’s parameter for the quantum parametric oscillator
without the counter-diabatic control. QtTT (solid curve) is defined for the quantum

parametric oscillator with the counter-diabatic control. The insets show comparison
x) )

. E . o
of the quantities 852[ and ~5— with the ideal invariants J .

By using Egs. (3.46)—(3.49), we can define the Hamiltonian for the canonical variables (xﬁX), pﬁX)) as
OF (X, pO,t
which turns out to be
HITO = g0 4 gedo, 3.51)
where
1
H* = S (0 + wia ), (352)
lw
dx toX) (X

HAYX) = —Ew—txﬁ pX) (3.53)

The Hamiltonian H; 41X i Eq. (3.53) is the same as the counter-dissipative Hamiltonian in Eq. (2.81) [23].

The Hamilton equation of Eq. (3.51) is given as

TT(X) x) .
oo _OH T oo X o

X = , (3.54)
! c')p;X) b 2 w
Cr)HTT(X) X) .
p0 =T P B 2 (3.55)

PREI
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From Eq. (3.54), the generalized momentum p
X _ ;X
by =X
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Ficure 3.4: Transition probabilities between (a) even and (b) odd quantum-number

states, n,m = 0 and n, m = 1, respectively, as functions of time ¢. The solid (dashed)
curves represent the probabilities with (without) the counter-diabatic term. The gray-
shaded regions in the insets represent the time intervals in which the Q; becomes
imaginary, and hence the instantaneous energy spectrum becomes continuous for the
case of ty = 0.2.

X0

+ 5=

(X)
t

N

can be written by the generalized position x§
Z’;—;. By eliminating p,( ) from Eq. (3.55), we have the same EoM as Eq. (3.45):

%) as

(3.56)
The initial conditions of the canonical variables (xE)Q, pgx)) are (xgél ), ngl ’) = (0,1) and (x” pg’)) =
(1:352)
> 2 Wy )

Iy °
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3.5.2 Extended Husimi’s measure of adiabaticity

(X), pt(X) ), we can rewrite the propagator [Eq. (3.9)] as

UM (x]x0) = [ P x? = 2xxg + (x) = px 2y | (3.57)
nlo thx(”) 2h” oo

For the propagator Eq. (3.57), we calculate the TPGF as

By using the variables (x

(o)

u,v ,_ n, mph,n
73”0 = E u'v Pz,to

n,m=0

2
) \/QrTT(l —12)(1 = v2) + (1 +u2)(1 +v2) — duy’ (3.58)

In this case, a measure of adiabaticity is given as '*

(1) (V)
_ E E
TT ._ t 15 .
;= Wy, —wl + Wy, o Wy, =0, (3.59)

which we call the extended Husimi’s measure of adiabaticity. We have introduced the two classical
energies as

EX = ( (X024 w2x0%), (3.60)

Note that E, ) i5 a function of the canonical variables (x(X ), th )) and is equal to H, ad(X) of Eq. (3.52).
- (X) ‘(X)

q E!
We can easily show & i o

ad(X)

as the adiabatic invariant for the usual QPO driven by slowly changmg H™, 1t becomes the

dynamical invariant that is precisely conserved for the QPO driven by HTT(X) [23]. From the initial
value of x* and p®, we find Q7T = 1 for arbitrary time 7 € [to, #¢]. This means P%" = 6y, that
is, a transitionless time evolution has been achieved at all time.

3.5.3 Expression of O using the Ermakov-Lewis invariant
Here we introduce two types of the EL invariants in terms of the CPO, yu, and v,, as
w u 2
ol . . EL
70[(10% — pefie)* + Wf(—’) ] = M, (3.61)
JEL .— Pr
s

2
— pei)* + W?(g) ] = L), (3.62)
t

In the above, the time-dependent variable p;, is defined as a solution of the Ermakov equation [61-63],

- w2 w? 12+ v?
ﬁt + Qtzpt = _;, Wlth Pr = L

t

(3.63)

Wy,

3Without the condition of Wy, = 0, the parameter Q_;FT becomes

0 o) PUES < 2(pp) + 20 )

A !
QTT =wp— +w +p ,
t 0 140 )
Wy Wy Wr Wy,

which is generally time-dependent.
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As we have seen in Eq. (3.40), the EL invariants are equal to a half of the squared classical Wronskian
as

Wtz_l

7EL _ 7EL(u) _ 7EL
FL=I7W = ==t =2,

(3.64)

By using Egs. (3.61) and (3.62), Egs. (3.27) and (3.28), and p; # as the solution of Eq. (3.63),

. EW
we can rewrite —>— in Eq. (3.59) as

(1) 7EL () (V)
E; _ I, Ety

bl

w0 oy =0, (3.65)
Wy Wy, Wy
We then obtain
S e e T (3.66)

Therefore, Q] itself is also an dynamical invariant.

3.5.4 Expression of a quantum version of the EL invariant using quantum Wronakians

We introduce the following quantum Wronskians [67] as

G = N 2 - 5 1) (.67

. [M [ . p
G = - w—to(pgv)x - x?)M). (3.68)

By differentiating them with respect to time # and by using Eq. (3.56), we have '*

dG ) L A2 e

= VMaw, (5% + 2x%)z = 0, (3.70)
d6” M ) a0 o

= w_to(x?) +O2x)% = 0. (3.71)

The commutation relation between the quantum Wronskian (A}f”) and (A}f") is related to the classical
Wronskian as [67]

[GH, G = inw,. (3.72)

If the classical Wronskian is unity, the quantum Wronskians are canonical conjugate.
We introduce the following invariant as

1 .
I = 5GP + 6

M 01 & 517 2\’
-2 ; Pr®rye 2 2 2
_2{[(pt+2wt)x o +W,( )} (3.73)

Pt

we find that these quantum Wronskians are constant operators of & and p, that is,

: i M(p id
0¥ = ViTans, Gg"):‘/w—(ﬂ—f%). (3.69)

o
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where we used Eqs. (3.67) and (3.68). Eq. (3.73) can be regarded as the quantum EL invariant [67]
for the QPO with the counter-diabatic term. The quantum EL invariant can be expressed in terms of
the quantum Wronskians as is similar to the classical case (see Egs. (3.61), (3.62), and (3.64)). Since
the quantum Wronskians, CA}E'“ ) and G,(V), are conserved quantities as verified at Egs. (3.70) and (3.71),
any polynomials of these operators with time-independent coefficients are also conserved quantities.

Since p; = \/% and W; = 1, the invariant I?EL is equal to the ratio of the adiabatic Hamiltonian to the
angular frequency,
o A
="t 4 =0 (3.74)
Wy

Because of ZEL = wt‘ollAzLR from Eq. (2.33), we find that IiEL is the LR invariant [21].

We can express fFL by using a Bosonic operator as follows [21]. From Egs. (3.72) and (3.74), we
have

A W
IAFLIn;wt) = h(n + Tz)ln;wﬁ; w;, = 0. (3.75)
Therefore, we can infer from Eq. (3.75) that another form of the quantum EL invariant becomes
A an W, : W
IEL = h(AIAz + 7’) = h(&z(p”df") + 7’) (3.76)
where

), 3.77)

[ -oie]
t

W,. Note that A, is clearly a time-independent operator and

with relations [A,, A] = [4;,a] ]
A[ * &t’ i.e.,

n _;9WP JEL ;5 A 9(P) JEL ~ g
a;p) —e 0,71, /hAzezf)t I/ _ A,elet , (3.79)

where 6’;’) )= ftg %dr. Also, by defining a time-independent number operator as

AP = ATA, = a®"a®, (3.80)

we can write [°- = h(ﬁ;p) + %)

3.6 Concluding remarks for chapter 3

We give a few remarks on the main result of the TPGF of the QPO with the counter-diabatic term
given by Eq. (3.15).

First, we note that the phase-amplitude method is formally applicable to the CPO in Egs. (2.121)
and (2.122) induced from the usual QPO without the counter-diabatic term; that is, it is formally
applicable to the original case considered by Husimi [55]. In this case, the Ermakov equation given
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by Eq. (3.29) is replaced with
Lo W
Pr+wipr = —. (3.81)
Pt

With this replacement, the simple identification 6, = w, in Eq. (3.35) is no longer applicable, and we
cannot obtain a simple solution such as Eq. (3.37) for this case in general. However, in the adiabatic
approximation of p; ~ 0, the Ermakov equation in Eq. (3.81) has the solution given by Eq. (3.37) as
an adiabatic solution [1]:

1
o= Vo

This implies that the Ermakov equation given by Eq. (3.29) for the QPO with the counter-diabatic
term can have the adiabatic solution of the original Ermakov equation given by Eq. (3.81) for the usual
QPO as the exact solution. The Schrodinger equation with the TT Hamiltonian can have the adiabatic
solution of the original Schrodinger equation as the exact solution. This is an interpretation of the TT
algorithm applied to the QPO based on the TPGF approach via Husimi’s method.

Second, Beau et al. [1] recently introduced the ratio of the diabatic (non-adiabatic) mean energy
to the adiabatic one as a measure of adiabaticity of a quantum heat engine, which is represented by a
scale factor satisfying the Ermakov equation. This adiabaticity measure is equivalent to the original
Husimi’s measure of adiabaticity in the case of scale-invariant systems [68]. In contrast, our parameter
is derived from the direct calculation of the probability generating function Eq. (3.15) and includes
the adiabaticity measure as a special case. By substituting Eqs. (3.30) and (3.31) into Eq. (3.16) and
using Eq. (3.37), we can express QtTT as

(3.82)

W2 . .
= ﬁ(ﬁ% + Q7 p? + F) ¥ g—(p + %Z—)Z— (3.83)
This expression agrees with the diabatic factor in Ref. [1] if we replace €2; with w; and if we impose
Wy = 0.

In this chapter, we have studied the QPO with the counter-diabatic term with the TT algorithm
based on the TPGF approach. By applying Husimi’s method, we have obtained the propagator of the
QPO with the counter-diabatic term with the two linearly independent solutions of the corresponding
CPO. By calculating the TPGF from the propagator, we have found that it contains a simple time-
dependent parameter that characterizes the success of the TT algorithm. The key to obtaining this
simple parameter was the explicit solutions of the CPO derived based on the phase-amplitude method.
We have illustrated this result by showing the trajectories of the CPO on the classical phase space and
the time dependence of our parameter by using a specific form of the angular frequency. We have also
introduced the extended Husimi’s measure of adiabaticity to characterize the TT algorithm from the
dynamical-invariant perspectives. Main points of this chapter are summarized in Tab. 3.1.
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Chapter 4

Gaming the Quantum as a Discrete-time
Control

Most of this chapter is based on my work [69].
In the previous chapter 2 and 3, we have considered the continuous-time evolution and the adiabatic
control while in here we shall discuss a discrete-time unitary evolution in a quantum two-level system.

4.1 Introductory remarks for chapter 4

“Game” familiar to many people will be Go, Shogi, card games, etc. More than two “agents (or players
19y follow the rules and aim for their victory. The issue of applied mathematics, which analyzes
the influence of a set of player’s behaviors (strategy) on each “victory/defeat,” is called game theory.
Game theory was originally introduced by von Neumann and Morgenstein [35]. Nash mathematically
formulated the composition of cooperation and non-cooperation among players in the game and also
introduced a basic concept, Nash equilibrium, which is applied in an analysis of almost all of non-
cooperative games [70]. The range of applications of game theory is wide, for example, social science,
biology, computer science, political science, and, more recently, physics [71]. In a usual setting of a
game, each player can select one of a few numbers of possible operations. The results of the game are
determined by the strategies of all players.

The game theory analyzes all “game situations.” Game situations mean that there exist multiple
decision-making entities depending on each other for their purposes. In game theory, we formalize
such game situation using a mathematical model and analyze the cooperation and non-cooperation
among players. This mathematical model is called a game.

The Prisoner’s Dilemma [72] is a game which shows that evolution of cooperative behaviors among
selfish agents is possible. The Hawk-Dove Game [73] is a model which indicates that competition
between cooperative and aggressive agents can reach a Nash equilibrium. There recently exists interest
in applying game-theoretic techniques in physics. The games are necessarily idealizations of social
and physical situations.

On the other hand, quantum computers perform computations by exploiting the quantum mechan-
ical principles of superposition, entanglement, non-locality, and interference [74]. The upsurge of
interest in quantum computing has been accompanied with increasing attention to research on quantum
information processing [75].

A game including quantum natures was independently brought by Meyer [37] and Eisert et al. [38]
in 1999. This occurrence was a starting point of quantum game theory. Naively, this theory can
be formulated by expressing a unitary operator as a quantum player’s operation and by replacing the
classical probability with a quantum amplitude. Since states of quantum games should be regarded
as quantum states, possible quantum game flows could be described as quantum circuits. In order

15 A player is an essential element of the game which is the subject of decision-making. Depending on the situation we
analyzed, players are individuals such as consumers, investors, various organizations such as companies, organizations and
political parties, and a wider variety of entities such as governments and nations.



42 Chapter 4. Gaming the Quantum as a Discrete-time Control

to know the result of the quantum game, we need to do a projection measurement. Quantum games
keep coherence until we have measured the state of the quantum game. Quantum-game-theoretic
approaches could be applied to quantum communication [76] or quantum computing [77] protocols.

In a seminal paper [37], Meyer originated the “quantum penny flip game” in quantum game theory.
In non-cooperative games, he attempted to apply game theory to quantum mechanics in order to make
a thorough investigation of equilibrium behaviors of quantum algorithms. In the quantum penny flip
game, two players manipulate one invisible coin and try to control the final state of the coin. One
player is allowed to use quantum mechanical operations on the coin while another player is allowed
to use only classical operations which is commutative unitary. Meyer found a typical strategy that
always guarantees a secure victory of the quantum player against the classical one.

It has been demonstrated that quantum players are more predominant than classical players [37].
We here define the meaning of “predominance” in a game as follows. As we will see at Sec. 4.2.2
concretely, if player Q can neutralize another player P’s operations while player P cannot do so against
player Q, player Q is more predominant than player P. This definition implies that more predominant
player Q can freely decide the final state of a game if less predominant player P has just two operations.
Regarding games with malicious rules [78] in which a classical player can win against a full quantum
player [79], this classical player does not have any predominance because he may not be able to lose on
purpose, i.e., he cannot freely decide the final state of the game. Being able to win does not constitute
predominance. In this chapter, we consider that the meaning of “predominance” is more strict than
that of “advantage” which is often used in other papers.

Although there have been numerous discussions about games with quantum vs. classical players
and quantum vs. quantum players, there have been few discussions about games without any ancillary
systems with quantum vs. restricted quantum players. Such games would be useful in identifying
the precise quantum behavior that leads predominance. Namely, the following questions could
be answered. What are the conditions for the existence of the predominance/advantage of a full
quantum player under some restrictions of another quantum player? How much restriction allows
predominance/advantage of the full quantum player?

Strategies in the penny flip game can be regarded as a kind of information processing. The
quantum penny flip game was introduced to investigate the possible influence of quantum mechanics
on information processing [37, 38, 80]. The purpose of this chapter is to investigate whether quantum
operations can recover the state of a system disturbed by a classical agent. Our standpoint can be
classified as “gaming the quantum [81],” which purports to be one of the natural approaches to
exploring the quantum landscape for situations that are biasedly or unbiasedly restricted.

The remainder of this chapter is organized as follows. In Sec. 4.2, we review the classical/quantum
penny flip game. In Sec. 4.3, we change the set of classical player P’s commutative operations to
various non-commutative ones (see Sec. 4.3.1-4.3.4), find an example of quantum player Q’s winning
strategy, and calculate the general solutions of player Q’s winning strategies. In Sec. 4.4, we conclude
the chapter 4, discuss other research, and mention future work.

4.2 Classical/Quantum penny flip game

Here, we introduce the simple “penny flip game,” which is a main subject of this section.

4.2.1 Classical version
The classical penny flip game was introduced by Meyer [37]. This game has the following rules:

i) Players P and Q have a common penny coin.
ii) The initial state of the penny is heads; the penny is in a box, making it invisible to the players.
iii) Each player can choose whether to flip the penny.



4.2. Classical/Quantum penny flip game 43

iv) The players can see neither the current state of the penny nor the other player’s previous
operation.

v) The sequence of operations is Q —» P — Q.

vi) If the final state is heads (i.e., the final state is equal to the initial state), Q wins; otherwise, P
wins.

The payoftf matrix of the game is given in Table 4.1, in which F, N, and NF represent the actions
of flip, no flip, and no flip after flip, respectively. The numbers in the matrix are the payoffs for
each player; the first index is for player P, and the second index is for player Q. For example, (-1, 1)
means that player P loses and player Q wins because the final state is heads. It is easily verified
that the probability of each player winning is % and that there exists no pure strategy under Nash
equilibrium [70]. The probabilities of the choices of each player are denoted as p := (pn, pr) and
q := (gNN»>gNF> gF N> QFF ), respectively. The payoff functions are defined as the expectation of an
individual player as up(p, §) = —uq(p, q) = (1 =2pn)[1 —2(gnF + grn)]. The mixed-strategy Nash
equilibria are given at p* = (% %) and ¢* = (‘lz*vzvv e % ~ qN % - q;‘VN), where g}, and g}, 5
may take any value in the range [0, %] Hence, player P’s optimal strategy is to choose either F' or
N with equal probability, and player Q’s optimal strategies are to choose either the same or different
operations with equal probability. We find that the average payoffs of both players are zero at the Nash
equilibrium. Altogether, the classical penny flip game is a symmetric, zero-sum, and fair game.

Q
(P,Q) NN NF FN FF
N -LD | -1 | (-1 | L1
F (L,-1) | (-<L1) | (<1,1) | (1,-1)

TaBLE 4.1: Payoff matrix of the classical penny flip game.

4.2.2 Quantum version

In discussing unitary quantum operations, we use the following notation: G = (61, 02,03), where
o = ((1) (1)) 0, = (? _()i), and 63 = ((1) _01) are Pauli matrices.

The quantum penny flip game was formulated by Meyer [37]. In the classical penny flip game,
a penny coin takes one of two states: heads or tails. Meyer introduced a two-state quantum system
through the spin of a “quantum coin.” In this case, we have to account for quantum properties such as
superposition and unitary transformation. In the quantum penny flip game, only player Q can employ
a “quantum operation.” Namely, the quantum player can apply arbitrary unitary transformations
whereas the classical player can apply only Abelian unitary transformations. Moving forward, player
P’s and Q’s quantum payoff functions are defined as $p = —-$g =1 — 2|(f|i>|2, where |i) and | f) are
the initial and final states of the coin, respectively. Meyer showed that player Q wins every time if he
uses the Hadamard transformation:

0 1 11 if P applies 0
0y 2 |>+|>i_()_P_% V2 — % L0 @n
A V2 V2\1) srord | oy A

if P applies 1

where |0) = ((1)) denotes “heads” (i.e., spin up), |1) = ((1)) denotes “tails” (i.e., spin down), H =

5’1+6’3 . 11

- % (l _1) is the Hadamard transformation, the Pauli matrix &-; flips the penny coin, and the
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identity matrix 1 leaves the penny coin unchanged. In the first step, player Q applies the Hadamard
transformation, H, which puts the coin into the equal-weight superposition state of heads and tails.
In the second step, player P can choose whether to flip the coin, but the superposed state of the coin
remains unchanged by either operation selected by player P. In the third step, player Q again applies
the Hadamard transformation A, which puts the coin back to the initial state because of A% =1. Thus,
player Q always wins when they open the box. Hence, in the penny flip game, the quantum strategy
is perfectly advantageous against any classical strategy. It is worth noting that the intermediate state
|+ x) is a simultaneous eigenstate of player P’s operations 1 and . This fact implies that the quantum
player Q nullifies the operations of player P, & or 1 (see Fig. 4.1), that is, player Q is predominant.

|+2)

Ficure 4.1: Winning quantum strategy of Meyer drawn on the Bloch sphere. Here,
. 1 (1 . 1 (1 _ _ —

we set | + x) = \/_E(il)’ [+y) = V—E(ﬂ.), | +z) =10y and | — z) = |1). The Hadamard

transformation, which is the operation of player Q, converts the | + z) state to the | + x)

state. The operation of -1, which is the coin-flip operation by player P, is a rotation
around the x-axis by 7 radians. Player P cannot change the | + x) state by applying the
coin-flip operation (see Eq. (4.1)).

However, the game proceeds differently if both players are allowed to play with quantum strategies.
Meyer showed that the one-sided advantage is lost in this case (see Theorem 2 of Ref. [37]). Although
the strategy provided by Meyer is only one of many winning strategies, his example demonstrates the
predominance of quantum strategies. Chappell et al. [41] provided all of the unitary transformations
that are winning strategies for player Q:

. . 0 4 N s o
06, ¢) = & exp[ii(a, bcotz,ab) - &], 05 6, ¢) = €220V, (4.2)

where Uc()l) and Ug) are player Q’s first and second operations, respectively, a = + %(1 - cot? Q),

b= «1, 10| € [£.%]. and 4,616, € [0.27). By selecting (6, ¢,61.67) = (.0.-%,-%), the
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5’1+6’3

v H, which corresponds to Meyer’s solution.

Chappell transformation becomes lA]C()l) = Ug) =

4.3 Modified quantum penny flip game

In the previous section, we saw that player Q can change the state of the coin into a simultaneous
eigenstate of the possible operations of player P if the operations of P are mutually commutative. This
is the winning strategy for player Q. As a direct extension of this observation, we propose a question:
if player P is allowed to use a restricted class of non-commutative unitary operations, does player
Q have a winning strategy? Meyer [37] showed that if player P is also allowed to use any unitary
operation, player Q has no winning strategies. Thus, to interpret the question, we must define the class
of the operations available to player P.

4.3.1 Non-Abelian strategy and winning counter-strategy

To begin with, we consider a simple modification of the strategy of player P by allowing him to use
&3 instead of 1 as the non-flipping operation. Player P still uses 1 as the flipping operation. These
operators are non-commutative: [03, 1] = 2id # 0; therefore, they generate a non-Abelian group.
In this case, there is no longer a simultaneous eigenstate of player P’s operations. Nevertheless, we
found a winning strategy for player Q:

A 1 (1 A 1 (i -1
o = —( ) 0% = —( ) 4.3)
R AVERS VAR RV AV R
The game proceeds as follows:
Joy=i[1y . . A
0 +ill 1 /1 i if P applies & -0,
(/AL L B 2, (44)
oW V2 V2 \i 61 or 63 oill e
? 1910 if p applies 03 a i|0).

V2

Thus, the final state of the coin is always equivalent to the initial state, heads. This means that the
operations given in Eq. (4.3) constitute a winning strategy for player Q.

This strategy utilizes two special states, | + y) = \/Li ( ill.), for which both operations ¢| and 03, i.e.,
those available to player P, have the same effect except for a phase change. Namely, player P must flip
the coin through the operations, which implies player Q is predominant even if player P’s operations
are non-commutative. Thus, player Q can always know the state of the coin (see Fig. 4.2).

By using a method similar to Chappell et al. [41], we can obtain all winning strategies for player
Q in the modified game in which player P uses 61 and 6-3. The complete set of the winning strategies
are the unitary operators

N . 0 0 A N SN ~
0" (6, ¢) = €' exp[ii(bcotz,ab,a)-&], 05 6, ¢) = 272063, (4.5)

which are parameterized by the same variables as Eq. (4.2). By selecting (6, ¢, 31, 02) = (%, 0,0, %),
the general solution in Eq. (4.5) is reduced to Eq. (4.3).
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[+2)

I+y)

Ficure 4.2: Winning strategy against operations 61 and &3 on the Bloch sphere.
Player P always converts the state | + y) into | — y) (see Eq. (4.4)).

4.3.2 Non-Abelian strategy with phase variables and winning counter-strategy

In this game variant, we introduce a modified flipping operator £ and a modified non-flipping operator
N for player P:

0 eia/Z

F(a) = %9325, = ( (4.6)

)’ N(ﬁ) = BG3/2 - (eiﬁ/Z 0 )’

e—ia//Z 0 0 e—iﬁ/Z

where @, 8 € R. In a classical sense, operator F' flips the coin whereas operator N does not, but
both introduce phase changes to the quantum state of the coin. In general, they are non-commutative:
[F(a), N(ﬁ)] = 26199325, sing # 0if 5 ¢ 2n7Z. By using the group composition law of SU (2) [82],
the modified flipping operation can be rewritten as iF' (@) = exp[ii %(cos 2, —sin 7, O) . 3’] whose
rotation (i.e., flipping) axes are in the same plane of the Bloch sphere. Even if we replace @ with
a + 2n7Z, the rotation axis is unchanged. This is equivalent to the fact that the commutation relation,
[F(a), F(a")] = 2i63 sin "‘T“’, is zero. We call the operators in Eq. (4.6) a phase-variable strategy,
and we call player P using this strategy a phase-variable player. Various operations can be derived
from this general case provided that plus—minus signs are arbitrary:

* By selecting @, 8 € 4nZ, player P’s operations become (F, N) = (&, 1), i.e., those in Meyer’s
setting.

* By selecting @, § € 2(2Z + 1)n, player P’s operations become (F", ]\7) = —(01, il), i.e., those in
Meyer’s setting, except for a sign change.

* By selecting @ € 47Z, B € (4Z + 1), player P’s operations become (F, N) = (&1,i63), i.e.,
those defined in Sec. 4.3.1 except for a phase change.

* Byselectinga € 2(2Z+1)r, B € (4Z—1)nr, player P’s operations become (F,N) = —(61,i63),
i.e., those defined in Sec. 4.3.1, except for a phase change.
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The difference of the phase is not important in these arguments.

We seek a winning strategy for player Q against the phase-variable player P. We use density matrix
representation of the coin state to deal with classical and quantum operations on the same footing. By
using density matrix representation, the game flow is illustrated as:

R Q R P R Q R
Po——— p1 — - P2 — p3. 4.7)
oy F(a) or N(B) S
The initial state of the coin is assumed to be heads, pg := |0){(0|. Player Q applies a unitary

transformation UC(JI) on the coin, yielding p; := Ug) ﬁoﬁgﬁ. In the next step, player P applies the
flipping operation F'(a) with probability p or the non-flipping operation N () with probability 1 — p.
Thus, the density matrix is transformed to p, := pF g1 F" + (1 — p)Np NT. The phase parameters o
and S can be adjusted to yield the strongest strategy for player P. In the final step, player Q applies
another unitary transformation U ) which yields p3 := ljéz) ﬁzljg”. Thus, the density matrix of the
final state is

ps = pOLFOD po0 " BTOLT + (1 - p)OL RO pol " O, 48)

A perfect strategy for player Q requires that p3 = pg for arbitrary flip probability p; thus, the following
equations must hold:

02 PO poU T FORT) (4.9)

N A ~ PN = po-

O NOS poU NTOPD" (4.10)
By using po = THZ‘A”, we can rewrite Eq. (4.10) as [UéZ)NUéI), 03] = 0. From this, we can derive a

relation between Uél) and Uéz), ie., UC(JQ)]\A’ Ug) = ¢1%2¢1993/2 \which is equivalent to
0% = e/ 20 TN () (4.11)
where ¢, 6> € [0, 27r). By substituting Eq. (4.11) into Eq. (4.9), we obtain
RO WVINTEOL) poUS T FTNOL 707312 = . (4.12)

Furthermore, Eq. (4.12) can be rewritten as [0&1)%1\%}5 Uél), 63] = 0, which implies that U =
Uémﬁ TF 051) is a linear combination of 1 and é-3. Because U is an arbitrary unitary transformation,

U satisfies U'0 = 1. Furthermore, we need to seek U satisfying U # +1. We consider the case
O RO = 263, ie.,

IVINTE = 2050007 (4.13)
The unitary operator Uél) can be parameterized as
. s o= ; 0. 0, =
Uc(yl) = /0110012 = pidn (cos 5]1 +isin > 0'), 4.14)

with the parameters 6 € R, 71 = (ny, ny,n3) € S? ¢ R3, and 6, € [0, 27). By substituting Eq. (4.14)
into Eq. (4.13), we obtain the relation

A~

6 . 6 P 6
|:COS Eﬂ_iSini(nla-l + 107 +I’l3@'3):|NTF = b@'3[COS Ell—isini(nlé'l +ny07 +I’l3@'3):|,

(4.15)
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where b = +1. We want to find the parameters 6 and 7 satisfying Eq. (4.15). From Eq. (4.6), we have
NTE = cos %6‘1 — sin %6’2, where A := @ — 5. By comparing both sides of Eq. (4.15), this equation
is satisfied if

A A 0 0
(m cos 5" ny sin 5) sin 3 = bnj sin 2 (4.16)
. A A\ . @ 0
(m sin ) + 1y cos 5) sin 3 = bcos > “4.17)

which implies sin § # 0. From Egs. (4.16) and (4.17), we obtain

0 A A A 6 A
n, = bcot 3 sec 5" np tan > n3 = bn; sec 5" cot 3 tan 5 (4.18)
By substituting these into the constraint n% + n% + n% = 1, we obtain
0 A1 0 A A
nf — 2bn, cot 3 sin ) + > cot? 5(1 + sin? 5) - cos’ 5] =0, 4.19)
and hence,
6 A A
ny = bcot 3 sin 2 + acos > (4.20)

where a := i,/%(l — cot? g) and |cot§‘ <1 (e, |0 € [%, 37”]) By substituting Eq. (4.20) into
Eq. (4.18), we obtain

0 A .
ny = bcot 3 cos 5" a sin > n3 = ab. “4.21)

By combining these with Egs. (4.11) and (4.14), we obtain the winning strategy for player Q:

N . 0 0 A A 0 A A A
Uél)(e, ¢, a, B) = € exp [15 (b cot 3 sin > + acos > bcot 3 cos 5" a sin > ab) . 5‘], 4.22)

UéZ)(e’ ¢;a,’ ﬁ) — 6152N(¢)051)TNT(ﬁ) — €i62€i¢é—3/20él)T€_iﬁé_3/2. (423)

Even if player P can change the phase, player Q always possesses winning strategies independent of
the probability p, with the provision that player Q knows player P’s values of @ and . Thus, player
Q is always at least advantageous.

4.3.3 Unrestricted strategy and winning counter-strategy

In the above game variants, the operations of player P must be coin flipping or non-flipping operations
in the classical sense. Here, we discard this restriction. Player P is allowed to use one of two arbitrary
unitary operators, Uél) and UéZ). They do not necessarily yield definitive heads or tails states when
they act on a coin in the heads state. Instead, they can yield superposition states of heads and tails. In
this sense, player P also becomes a quantum player. Player P applies lA]él) to the coin with probability

p or Uéz) with probability 1 — p. In this section, we seek a winning strategy for player Q.
By using density matrices, the game flow is illustrated as

n Q n P n Q n
Po——— p1 —— P2 ———= p3. (4.24)
Uy {08 V=12 U
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The final state of the coin is
51 _pU(2>U<1>U(1>ﬁ U“”OFE”TOS” +( —p)Ug)Ué2)051)/6008”0F52”U§” (4.25)

where p € [0, 1]. We would like to find Uél) and Uéz) that yield p3 = pg for arbitrary p. Via arguments

similar to the previous section, we obtain the equation [U (2)U (Z)U (D651 = 0. From this, we have
O = /02072 D703, (4.26)
where 07, 6, € [0, 2). By substituting Eq. (4.26) into Eq. (4.25), we obtain

10,6327 (DT Q)T (D (D) A DT T 7yQ2) 7y(1) -i6,63/2 ~
RO NTORTOLV O po0 T O TOP O 7125312 = . 4.27)

[0T0P O 0", 631 = 0, which implies

By using go =
AT QT D) _ i3 Liyes /2 (D
Uy 'U7 U7 = ¢ 1IN, (4.28)

with the parameters 03,y € R. The unitary operators 17(()1) and UF(,k) can be parameterized as

N e o 5 . 01 ~ 6 A
Uél) — etélelgln-a'/z — 6151 (COS ?1]1 +isin Elﬁ . 5’)’ (429)
Uék) = ik pikTi T2 _ idk (COS %il +isin %,ﬁk ) 3), (4.30)

with the parameters k (= 1,2), 81, &, 01, ¢ € R, 71 1= (n1,n0,n3) € S?, and g := (my1, mya, my3) €
S2. Here, we need to obtain 051) satisfying Eq. (4.28). By using the law of spherical trigonometry [82],
we can rewrite the left-hand side of Eq. (4.28) as

Uél)TUéz)TUél) = ol(61=62-61) IONG/2 _ ei(»f‘_fz_‘sl)(cos %ﬁ +isin %ﬁ . 3’), (4.31)
where
cos g = Ccos % cos % + 111 - My sin % sin % 4.32)
L mysin&t 2 cos ¢22 — 1My COS 2 sin ¢22 — My X mp sin &t ¢‘ sin ‘7;2 )
M = 7 €S, (4.33)
sin 5
() 0, © - .0
COS — :=C0S — Cc0S — + M - n sin — sin —, 4.34
2 2 %72 ) (4.34)
. Msin%2cos? —iicos £sin % — M x iisin £ sin &
M = SR 2 — > 22 e (4.35)
sin 5
Similarly, the right-hand side of Eq. (4.28) is rewritten as
ei‘%el""h/zﬁél)T = ¢!(93701) (cos 9]] +isin 9]\7 . 3’) (4.36)
2 2 ’ '
where
® 0 0
COS — := COS Y cos — + n3 sin Y sin —1, 4.37)

2 2 2 2 2
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(m cos 5 + ny sin %) sin
Y

[
2
N = — (n2 cos ¥ — ny sin 5) sin % es? (4.38)

in cos — cos & sint
n3 sin 5 Cos 7 — €os 5 sin 5

From Egs. (4.31) and (4.36), we obtain the following relation:

@;\ @ - A . @A @ — A
cos E]l +1isin Eﬂﬁ SO = e’(53+§2_§‘)(cos E]l +isin EN . 5’). (4.39)

Because cos %, sin %, cos %, sin % € R, it must be true that ¢'(93+$2=¢1) € R. We choose the value of
3 so as to satisfy 03 + & — & € 1Z. Namely, we find ¢/(%3+$27¢1) =: ¢ where ¢ = +1. The value of ¢

is decided from the start of the game. We obtain a system of linear equations:

() (]
cos = = ccos =, (4.40)
— @ — ®
M sin 3 = ¢N sin 7 4.41)

Since Egs. (4.40) and (4.41) are equivalent to a system of four linear equations with three unknowns
ni, ny, and n3, only three of the four equations are mutually independent. By selecting Eq. (4.41), we
obtain the matrix equation:

M sin §
. 0, .
Vi = cos > M, sin 5 , 4.42)
in® _ ~qin X
M3 sin 5 —csins
where
cos & —ccos % —(M3 sin§+csin%) My sin £
~ .0 . . .
V :=sin > Mszsin% +csin cos & —ccos & -M;sin% . (4.43)
. . @ Y
—M, sin % M, sin % COS 5 — CCOS 5

Notably, Eq. (4.42) can be solved if the inverse matrix V! exists, i.e., if the determinant of matrix V
is non-zero. The determinant of matrix V, is calculated as

N 0
detV = 2¢sin’ ?1 (cos g — ccos %) (M3 sin g sin % — cos g cos % + c). (4.44)

We find that winning strategies actually exist for player Q when player P is allowed to use two arbitrary
U (2) operations UF(,k),

O = efo1ei0 012, 052) — i eigzﬁz/ZOéI)Tﬁéz)T’ (4.45)

where the Bloch vector for player Q’s winning strategies is given by

o (M1 cos L — M, sin%) sin £
. cot 5 oy W\
n=- — > " 5 (M1 sin 5 + Mpcos 5 ) sin 5 |. (4.46)
M3 sin % sin 5 — cos § cos § + ¢
2 Sy 2 2 o .y

in & Y L qin X
Mjsin 5 cos 5 + cos 5 sin 5
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Player Q should choose parameters 61, v, and ¢ = +1 such that Eq. (4.44) is non-zero so as to make
Eq. (4.46) converge, with the provision that player Q knows player P’s values of ¢ [Eq. (4.32)] and
M [Eq. (4.33)]. When player Q operates the strategies in Eq. (4.45), player Q always wins independent
of the probability p. Thus, player Q is always at least advantageous.

4.3.4 Multiple strategy and winning counter-strategy

Finally, we propose an even more general game. We allow player P to choose one of ¢ elements
{(7,9 )} j=1,...,¢ of the group U(2) as his/her operation. We call this a multiple strategy. We seek to
evaluate the existence of a winning strategy for player Q in this game. If all the operators given to player
P are mutually commutative, a simultaneous eigenvector of these operators exists, and this vector is
invariant under operations of player P. Hence, in this case, player Q always wins by transforming the
initial state vector to the simultaneous eigenvector at the first step and transforming it back to the initial
state at the final step.

We can also consider when player P has one of £ elements of the group U(2), which are di-
vided into two types of unitary operations. We allow player P to choose s modified flipping
operations {F(akF)}szl,...,s = {ei"kF(%/z&l}kF:L...,s and ¢ — s modified non-flipping operations
{]\A’(,BkN)}kN:HL...,g = {e"ﬁkN‘A”/z}kN:HL...,g. Player P has at least one of each type of unitary
operation, i.e., 1 <s <{—-1.

If all of player P’s modified flipping operations { ¥ (ax,)}, are mutually commutative and all of
their modified non-flipping operations {1\7 (Bky) }ky are equal to identity 1ie., Py € nZ for all kn, we
can easily deduce that player Q always has a complete set of winning strategies because simultaneous
eigenstates exist for player P, similar to Sec. 4.2.2.

If all {F (@kp) Jie are mutually commutative and all (N (Biy) }kn are not equal to identity 1, no
winning strategies exist for player Q in general. However, only for s = 1 or £ — 1, winning strategies
do exist for player Q because examinations such as that in Sec. 4.3.2 are always available.

4.4 Concluding remarks of chapter 4

Meyer proposed a quantum version of the penny flip game in which player P is allowed to use only
classical operations, i.e., flipping or non-flipping, on the coin whereas player Q is allowed to use
any unitary transformation. Meyer showed that there is a winning strategy for player Q; player Q
always wins by transforming the initial coin state to a superposition state that is the simultaneous
eigenvector of the flipping operation - and the non-flipping operation 1, and is hence invariant under
any operation of player P. Therefore, player Q is always predominant.

In this chapter, we proposed and analyzed four generalizations of the quantum penny flip game.

In the first generalization, we allow player P to use - and &3 as his/her operations; in contrast
to Meyer’s game, these operations are non-commutative and do not admit simultaneous eigenvectors.
Even in this game, we found a simple example and a complete set of winning strategies for player Q.
After the first winning operation of player Q, the two possible operations of player P yield equivalent
states; therefore, player Q can restore the coin state into the same initial state through his second
operation. This scheme is common among all the winning strategies. Then, player Q is always
predominant even if player P’s operations are non-commutative.

In the second generalization, we allow player P to use phase-changing flipping and non-flipping
operations. In this game, we also found a complete set of winning strategies for player Q, with the
provision that player Q knows the values of the parameters @ and g in player P’s operations. Thus,
player Q is always at least advantageous.

In the third generalization, we allow player P to use two arbitrary unitary operations. Even in this
game, player Q has a set of winning strategies with a suitable choice of parameters. This fact implies
that non-commutativity, phase, and the number of generators of unitary operations are completely
unrelated to the existence of winning strategies. Thus, player Q is always at least advantageous.
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In the fourth generalization, we allow player P to use ¢ > 3 elements of phase-changing flipping
and non-flipping operations. Even in this game, player Q has a set of winning strategies if some
conditions are satisfied. Meyer’s original game and our first, second, and third generalizations are
special cases of this fourth generalized game. Consequently, we found that even if player P has
non-Abelian mixed strategies, there were cases in which player Q has a set of winning strategies.

In these games, the purpose of player Q was to restore the initial state at the end whereas the
purpose of player P was to change the coin from the initial state. In this context, a winning strategy for
player Q is equivalent to restoration of the initial state against player P. Furthermore, the conditions
for the existence of winning strategies were similar to the classification of interference such that the
initial state can be always restored.
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Chapter 5

Concluding Remarks

In this dissertation, we have discussed quantum control through two approaches, adiabatic processes
and gaming flows, as continuous- and discrete-time quantum transports.

In chapter 3, by applying Husimi’s method, we have derived the propagator of a quantum parametric
oscillator (QPO) with the counter-diabatic Hamiltonian realizing an adiabatic evolution in an arbitrary
short time [Eq. (3.9)]. This propagator is written with two linearly independent solutions of a
corresponding classical parametric oscillator (CPO). By using this propagator, we defined two kinds of
transition probabilities, PZ’;O" [Eq. (3.7)] and 1521;0" [Eq. (3.44)]. The former is a transition probability
between the instantaneous eigenstates of the adiabatic Hamiltonian, and the latter is a transition
probability between the instantaneous eigenstates of the TT Hamiltonian (the adiabatic Hamiltonian
plus the counter-diabatic Hamiltonian). By introducing two measures of adiabaticity, Q1T [Eq. (3.21)]
and QT [Eq. (3.59)], we obtained concise expressions of the generating functions for these transition
probabilities. From the analysis of QITT, we found one aspect of shortcuts to adiabaticity (STA):
Whereas the state itself is given by the exact solution |W¥(z)) = eént|n; /T,) that preserves the quantum
number, the transition probability PT;O" becomes J,,, only at the endpoints of the time evolution
because of QT = 1 only at these points. Namely, its intermediate state may be highly diabatic with
respect to the instantaneous eigenstate of the TT Hamiltonian. From the analysis of QTT, which
consists of the linear summation of the adiabatic invariant or the Ermakov-Lewis (EL) invariant of the
CPO, we found that the transition probability PZ“;O" always becomes 6,,,,, because of QTT = 1 all the
time during the time evolution. We also introduced the quantum EL invariant [Eq. (3.73)] written with
the quantum Wronskian [Egs. (3.67) and (3.68)]. In the presence of the counter-diabatic Hamiltonian,
we found that the quantum EL invariant is proportional to the Lewis-Riesenfeld (LR) invariant. This
LR invariant may be interpreted as a quantum version of the adiabatic invariant [Eq. (3.74)].

The results in chapter 3 may have broader applications. In statistical mechanics, there exists a
method possessing a similar motivation to STA, which is called shortcuts to isothermality (STI) [83].
The other methods such as engineered swift equilibration approach [84] and stochastic shortcuts using
flow-fields [S1] are also similar to STI. STA realizes an adiabatic process in an arbitrary short time,
whereas STI realizes an isothermal process from an equilibrium state to another one in an arbitrary
short time. In STI, the time-evolution equation is the Fokker-Planck equation which determines the
probability distribution of a Brownian particle, instead of the Schodinger equation. No matter how
fast the system evolves, STI enables the shape of the probability distribution of the Brownian particle
to be preserved exactly. Suppose that system evolves with an original Hamiltonian including a set of
time-dependent external parameters. STI gives us an auxiliary Hamiltonian that cancels out deviation
from an instantaneous equilibrium distribution of the original Hamiltonian. We should impose the
boundary condition such that the auxiliary Hamiltonian vanishes at two endpoints of the driving
process. STI inherits the idea of STA for isolate quantum systems [13, 15, 16, 22-24, 85-87]. Since
the Fokker-Planck equation is formally equivalent to the Schrodinger equation, we may solve it by
applying Husimi’s method. It would be interesting to find a measure of isothermality and several
invariants characterizing STL

In chapter 4, we have analyzed the quantum penny flip game as a problem of quantum error
correction. In the original game, the malicious third party that schemes to disturb quantum state had
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two commutative operations. Since there existed a simultaneous eigenstate of his/her operations, we
were able to invalidate one of his/her operations. This result could be trivial. We then gave the third
party “power,” i.e., non-commutativity. There exists no longer a simultaneous eigenstate. Even in
this setting, we showed that the third party’s operation could be neutralized. We have challenged how
much we could do without using any ancillae, i.e., without relying on quantum entanglement at all. I
hope that this research will be a key to achieve quantum error correction with minimal ancillae.

It is my expectation that this work provides a new perspective on other quantum games in various
fields such as finance [88, 89]. In the quantum prisoner’s dilemma [38], the quantum Hawk-Dove
game [90], and the quantum stag hunt game [91], replacing a classical player’s operations with a
restricted set of quantum operations could change properties of the game. Especially in the quantum
penny flip game [37] and our modified games, the goals of the two players are to either save the initial
state or disturb it. To guarantee victory, player Q needs to set a suitable intermediate state. This
situation can also be represented as quantum information processing, that is, player Q can be regarded
as a sender/receiver of information and player P can be regarded as an eavesdropper.



55

Appendix A

Supplementary Materials for Chapter 3

We list some complicated calculus and also include essential techniques. This appendix is based on
the contents from Ref. [57].
A.1 Derivation of energy eigenfunction in Eq. (3.6)

From the definition of the vacuum state E, |0; Q;) = 0 and by using Eq. (3.5), we can easily obtain the
normalized energy eigenfunction of the vacuum state for position x as

o (Mo 4LMQ;
(xIO,Qt>—( — ) exp(— 7 X ) (A.1)

For a function f(x), by using the relation
1 0
\a 0x

we can also obtain the normalized energy eigenfunction of the n-th excited state in Eq. (3.6) as follows:
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oxn n 2h

X
1/4
1 MQ MQ MQ
= | H, Lx|exp & L2, (A.3)
\2npt\ 7h h 2h

where H,, () are the n-th-degree Hermite polynomials [Eq. (2.110)].
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A.2 Derivation of propagator in Eq. (3.9)

Based on Husimi’s method [55], we derive Eq. (3.9). For the TT Hamiltonian of the QPO in Eq. (3.2),
the x-representation of the wave function

(x|¥(1)) = f dxoU,' s (x|x0)(xolW(t0)), 1 € [to, ), (A4)
R
satisfies the Schroginger equation
0 A
i (xI¥(0) = (x| P @), (A.5)

where UtT,T) (x|xo) is the propagator. Here, we assume the following Gaussian form of the propagator

as the specific anstaz [55]:
UTT (x|xg) = Lei(mxbrﬂtxxoﬂ/,xg)/h (A6)
nio \ 2ritg, ;

where the coefficients y,, a;, B, and vy, are time-dependent real-valued functions. By substituting
Eq. (B.18) with Eq. (A.6) into the Schroginger equation given by Eq. (B.19), we find that four coupled
ordinary differential equations (ODEs) for the coefficients y;, @,, B;, and vy, follow:

M(p 1w
el Ea i | AT
a; 3 (,Ut Za),) ( )
. 2 w M

a; + Ma? - w—ia, + 70)? =0, (A.8)

. 2 1o
Br + (Ma/t - Ew—i)ﬁ, =0, (A.9)
B

L. Al
Yy 0 (A.10)

By substituting Eq. (A.7) into Eq. (A.8), we obtain
jir + Q2 = 0. (A.11)
By substituting Eq. (A.7) into Eq. (A.9) and by solving Eq. (A.9) with respect to 3;, we have

_a

= —, (A.12)
Mt

Bt
with the integral constant Cy. Next, by substituting Eq. (A.12) into Eq. (A.10) and by solving Eq. (A.10)
with respect to y,, we also have

C? Tdr

1
y =——f — + G, (A.13)
oM, 2

with the integral constant Cp. From Eqgs. (A.7), (A.12), and (A.13), the dynamics of a;, 8, and y;
can be determined by using the solution of y, satisfying Eq. (A.11).

We now determine the initial condition of y, in Eq. (A.11) and the integral constants C; and
C; according to the following argument: to represent the wave function (x|¥(¢)) from an ar-
bitrary initial wave function (xo|¥(zg)), the propagator UtTtT0 (x]xo) in Eq. (A.6) needs to satisfy
lim; 4,40 U,TtT0 (x|xp) = 6(x — xg). Therefore, it is natural to assume the following asymptotic form of
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the propagator :

f M (x — .
UtTtTO(X|X0)|t o 2mmt _ to) [z (xt _);())) ] XM 4 01 — 1)), (A.14)

where F(x, xo) is a function that satisfies F'(xg, x9) = 0. Althrough a Taylor expansion of u, with
respect to ¢ around ¢y and from Egs. (A.6) and (A.14), we have

Uity = Hig + g (2 = 10) + O((t — 19)?)
=t—19+ O — 1)), (A.15)

from which we can determine u,, and g, as
) = Oa ,at() = 17 (A16)

as the initial condition of Eq. (A.11). By using fi;, = O obtained from Eqgs. (A.11) and (A.16), we
modify Eq. (A.15) as

Hel~ty = 1 = to + O((t = 10)°). (A.17)
From Eq. (A.7), we can find
M{ 1 1la,
e = — —— t—tp). A.18
Wt~ 2 (l‘—l‘o+2a)to)+0( 0) ( )

From Egs. (A.12) and (A.17), we then find

c
Bili=ty = _lto +0(t - 19). (A.19)
To determine the asymptotic form of vy, in Eq. (A.13), we introduce a solution v, as a linearly
independent solution of u,, which satisfies the same equation as Eq. (A.11) but with a different initial
condition:

Vie =1, v, =0, (A.20)
where the Wronskian W; = (i, v; — u, v, is unity as in Eq. (3.13). From this Wronskian, we obtain
t
d
| = (A21)
Mt th Mz
From Egs. (A.13) and (A.21), we have
c?y
1 Wt
=——+0C A.22
Vi M 1 2. ( )

From Egs. (A.15), (A.16), and (A.20), we obtain the asymptotic form of y, as

2

(O |
Yelt=ty = mt_ + G+ O(t - 19). (A.23)
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By substituting Egs. (A.15), (A.18), (A.19), and (A.23) into Eq. (A.6), we have the following asymp-
totic form of the propagator:

M i(M{ 1 1o
TT _ LM o) 2
UproCelxolesto =\ 35070 eXp[h{ 2 (t 1 2%)’“

‘ + ¢ 1 + G |22+ 0 - to)
XX -_— X, -
r—to YT \2Mr—1, 20 0

M iM (x - JCO)2 i F (x,x0)/T
_ oo A S 1 > 1 —+ O t—1t ) A‘24
SR =10 exp[ TR e ( (t —1t0)) ( )

where the function F(x, xq) is

+

M y 24 G +M (o 1 2
F(x, =—— +|————+C . A.25
(x.%0) = 3 W, t-1g 0 oM r—1 20 (A2
Since F'(xp, xg) = 0 is required in the limit of # — 7y + 0, we must set C; = —M and C; = —%Z}ﬁ.
10
We then obtain

M
Br=-——, (A.26)

He

M 1w
¥ = 3(3 - —ﬂ) (A27)
Mt 2 Wy

By substituting Egs. (A.7), (A.26) and (A.27) into Eq. (A.6), we finally obtain the propagator given
by Eq. (3.9).

The Husimi’s method can be applied to a generalized quantum parametric oscillator (GQPO)
[Eq. (B.1)] as given in Appendix B.

A.3 Derivation of probability generating function in Eq. (3.15)

By using Mehler’s formula and the energy eigenfunction given by Eq. (A.3) (Eq. (3.6)), we obtain the
following relation:

Mo, MO (14 ) ey iMoo
Al = 22) 2n 1-22 e |

(A.28)

D Qulx)(yln; Q) =
n=0

By using Eq. (A.28), we can calculate the probability generating function as

[ee)

u,v _ n, mph,n
73”0— E uv Pt,l()
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S

n,m=0

ffff4 dxdxodx'deUtT;g*(xlxo)UtTtTO(x'lx(’))
R

xz v (ms Q) (x” |m,szt>z 5 Q|0 1 )
m=0 n=0

f f dxdxo(m; Q; [x)U,E (x|x0)(xoln; Qt0>
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2
2( M 0.0, M.
= o) Vo o L a¥ew| 5574
y,(Znh) \/(1 (1 —2) Jpu R T

2 Q,Q,
— , A29
ut\/(l—uz)(l—vz)detA (A29)

where we defined

1+v?2 A w i 2v
X = Vzgz + z( + w—z) ~u _I—VZQ’ 0
i 1+u?
X:= o A= He =z +lﬂ_ 0 1 MZQIO
T ' |’ T _2v 1+v2 (B, wr i
X 1—VZQt 0 1- VZQI l(,ur + (Ur) Mt
’ i 1+u? _aVe
0 0 1o u2Qf0 ™ 1- MZQIO Y
(A.30)
and used the following formula of the Gaussian integral:
L ZAR w/a)?
f dite™ A% = (dé“)l : (A31)

provided a > 0, X € R", and the n-by-n matrix A is symmetric. By using the Wronskian given by
Eq. (3.13), we obtain

1 20,9,

detA = T [OTT(1 —u®)(1 =v*) + (1 + u®)(1 +v?) — duv]. (A.32)

Here, Q1T is given as Eq. (3.16). Then, we finally obtain Eq. (3.15) by substituting Eq. (A.32) into
Eq. (A.29).
A.4 Derivation of Ermakov equation in Eq. (3.29) from Wronskian

Here, we derive the Ermakov equation in Eq. (3.29) [61-63]. By differentiating Eq. (3.27) with respect
to time ¢ and using Eqs. (3.10) and (3.13), we can show the following relation:

B th(#)
S dr
_ Pr Mt [Pt#t Pr _ (Or e — Ptﬂt)2 }
- -1,2_,2

oot - 1 Py P = p)

() ()2
W, . =
= .t—t.(Pt + Q?Pt - 3 ) (A.33)
PtMr — Pr Mt o

From the above, we have the Ermakov equation of p, for y;:

)2
- A2 _ Wt(ﬂ
Pr+Qipr=—5—. (A.34)

Py

Similarly, by differentiating Eq. (3.28) with respect to time ¢ and using Egs. (3.11) and (3.13), we can
obtain the following relation:

_dw”
C o dt
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PrVr [ﬁtVt — PtV _ (Prve — l)t"/t)2

I Pt ( Q07 = v7)
) )2
wW L~
= .t—’.(p, +0p, - —3) (A35)
PtVe = PtVt o

From the above, we have the Ermakov equation of p; for v;:

pr+Q2p; = ——. (A.36)
Because W, = W) = W = 1, we obtain Eq. (3.29) from Egs. (A.34) and (A.36).

A.5 Derivation of Ermakov equation (3.33) by phase-amplitude method

According to the phase-amplitude method [59], we rewrite u, and v, by using p; defined in Eq. (3.26),

from which a phase function can naturally be defined. Since p,u; — p; fi; = — pf%";—;, the Wronskian
given by Eq. (3.27) can be rewritten as
2
W — Li& (A.37)
! 2 dt p;
Q—l He
00 (p_r)
This can easily be integrated to obtain
o1 t yrw
. T
Uy = sin dr. (A.38)
\ Qt() 4] p‘%
From Egs. (3.13), (3.26), and (A.38), we also obtain
t W(V)
Vi = VQu, p; cos f T2 dr. (A.39)
tn Pt

We now introduce the phase function 6, defined as

t W(ﬂ) t W(V)
0, = f T—dr = f *-dr. (A.40)
t  Pr Pt

By differentiating Eq. (A.40) with respect to time ¢, we can represent the Wronskian with p, and 6, as

W; = p?6;. (A41)

By differentiating p; in Eq. (A.41) with respect to time ¢ twice, we have

302 19)
G+ |~ oL+ ==L ) p, = 0. A42
Pt ( 49% 20[ Pt ( )

Adding 6? p, to both sides of the above equation and defining

L 302 1§
=402 - =L 4 L A43
fl J t 49% +29t ( )
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we obtain the Ermakov equation:

2 2
.. . 1% W,
Pr t+ ftzpt = Qtzpt = (—Zt) Pr = —;, (A.44)
f Py
where we used Eq. (A.41).
A.6 Derivation of Wronskian in Eqgs. (3.41) and (3.42)
By using Eqgs. (3.37), (3.38), and (3.40), we obtain Eq. (3.41) as follows [65]:
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wt 2 Cl)t 2 (,L)t
Similarly, by using Eqgs. (3.37), (3.39), and (3.40), we obtain Eq. (3.42) as follows:
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A.7 Exact explicit form of transition probabilities in Eq. (3.7)

Here, we derive an exact explicit form of the transition probabilities P;";O" in Eq. (3.7) as a function of
time  through the parameter Q1T according to [55, 92]. Since the probability generating function Pt'f;(‘]’
cannot be expanded in powers of u and v in an explicit series, we introduce the following transition
amplitude Ut’";;)" [55]:

U = f f i dxdxg(m; Q| x)U/L L (x]x0){xoln; ), (A.47)
R
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where P;;" = |U$;)”|2. By using the generating function of the n-th-degree Hermite polynomials

(o8]

2xz-z2 _ H”(X) n
e => = (A.48)
n=0
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n MQ MQ MQ

Z ﬂ—,z”(xln;Qt) = ( ht) exp(—{’z—htxz) exp(Z h Lxz - zz). (A.49)
N n! T

We calculate the generating function of the transition amplitude U,";O" as follows:
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In the above, we have defined the following quantities:

> X 7 h \/Q_tv
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B Q, —ix) '
He He
X;i) = Qto(Qzﬂt — i) 2 i( Qv —ivy). (A.53)

©)
Note that det B = )L’—t and |/\/§i)|2 = 20,9, (Q; ¥ 1), where
8(11) 8(1’)

= Qp—— + O A54
Qt 10 Q[ to Q[ ( )
which agrees with QT in Eq. (3.23) if &, = 0is imposed. For a usual QPO in the absence of A%, @,

is identified as Husimi’s measure of adiabaticity Q7. From the symmetric property of ¥, Z)’_V = ‘P,'f’t;,

we find P;;" = |Ut,";)"|2 = 0 if m and n are of different parity. Then, by expanding Eq. (A.50) explicitly
in powers of u and v, we can obtain the matrix elements of U;":" as

1,1y
m'n! X(+)*m)((+)n min(m,n) 25(1 zQ )S/Z
m,n __ 1/4 n. : : 2()
Ui = () \/2m+7 - (9)m+n+l Z 1(m=s\(nz=s\y (A.55)
Lx; 50 S(T)(T)

By applying the selection rule m — n € 2Z, the number s satisfies s € 2Ny for m,n € 2Ny, and
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s € 2Np + 1 for m,n € 2Ng + 1. The explicit expression for the matrix elements of U;";" reads for
even elements and odd elements [92], respectively, as

wk l
o _ 220 [a0IRDT i zFl(—k g ) (A.56)
ty 2(k+1)-1 _ = (A I ’ ’
0 jANT 22(k+l) X§ Y+l /i)(; ) 2°1-@;
ket QO [k DRI+ DT P ) 2 3 2

t.to T 2(k+D)+1 _ — . (D) _ P50 T
k! 22(k+D)+ X; )"+’~/1X§ ) ! 1-Q 2'1-@
(A.57)

where k,/ € Ny and ,F; is Gauss’s hypergeometric function. We finally obtain the explicit closed
form of transition probabilities as functions of the parameter Q;, which reads for even elements and
odd elements, respectively, as

2k-DNRI-DN [ 2 (@ -1\*" 1 2
P2k,21 - ( F2l-k -] = —= A.
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Appendix B

Generalized Quantum Parametric
Oscillator

We consider the Hamiltonian of a generalized quantum parametric oscillator (GQPO)

AA

Xp + px

H; = a;p* + b;5* + ¢ + fiX+ P+ hy, (B.1)

with a;, by, ¢4, f1, 8:, and h; being arbitrary real functions of time ¢. Since we wish to consider a case
that the kinetic term a, p” in Eq. (B.1) always exists, we set a; > 0 for arbitrary time ¢. The Schrodinger

equation is given by

d N
ih ¥ @0) = H [¥(®)). (B.2)

B.1 Generalized Husimi’s method

B.1.1 Boson operator and eigenstate

By applying a technique in Ref. [93], we can rewrite the Hamiltonian Eq. (B.1) as

N PO |
— AT B 2 1
=B, By + |As|” + 5 ) (B.4)

where we defined
Q, = J4a,b, — 2, (B.5)
N I [ 2a;p+ ¢ X
A = — — 1% +]— B6
t 2 ha, (-x l Qt )’ ( )

B, = A, + A, (B.7)
1 as fr — 18 ,g;)
Ay = +iZ)ec B.8)
! \/hQ,at( Q 2 (

with A, := hQ4|A,]*. The Bosonic operators A, and B, satisfy the Boson commutation relations
[A,, AZ] = [B, E:] = 1. We here define a basis created by é; as \/n_!ln;Qt> = EI"IO; Q;)and do a
vacuum as B;|0; Q,) = 0. The basis is an instantaneous eigenstate |n; €, ),

[:Iz|”§Qz> = En,A,tln;Qt>y (B.9)
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where we defined an instantaneous eigenenergy as
, 1
En,A,t = th n+|A;| +§ .

From the definition of the vacuum, we have the following condition as

ha, Q; Q]
= (x|B,|0; Q) = +4/—A 0;Q;).
= (x| B;| /)= Qt ( .Qt)Zhatx ha, t_<x| ‘)

We then obtain
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= Noe® A’}exp

Since the normalized eigenfunction of the ground state for position x satisfies

2 2rtha
1= [[€x]0; Q)17 = [N |Pe?Re 1A /Tt’
1

we have

Hence, the eigenfunction of the ground state is given by

1/4
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By using Eqgs. (A.2) and (B.15), binomial expansion, and the following formula

m

m -
Z(n)(zxy" "Ha(y) = Han(x + ),

n=0

we obtain the eigenfunction of the n-th excited state of the GQPO [Eq. (B.1)] as

(el Q1)) = \/L_<x|éj"|o;sz<r>> - \/i_<x|(fi,T £ ADM0:Q(0)
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(B.15)

(B.16)
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= i l—is- V24;)"
«/2nn!(2ﬂhat) ‘ L e bl PO V) R

P L Q, [ha, \’
X (=1) —(&)l/zﬁexl)[_ﬂiat (x+ Q_tA[) ]
2ha;
_ 1 Qz ez \/_A n— ZH Qt ha,A
v—() P R (e S )
2, /ha,
[ {( Qt)‘matx Q; A,x}]
/4 ha,
- (27rhat) (Vzha, (x o Re{At}))

) exp

[ha
—Re 2 e
exp {( Qt)4ha,x + o, A,x}]
haz
= 24/ =R
o (27rhat (V 2ha, (x Vo, e{A’}))

2 2
0 7 0 ViQ
2 T Re{ A |+ i ImP{ A} - (x4 2 i) U ®.17)
4hat Qt Cy 4hat Ct

B.1.2 Propagator of generalized quantum parametric oscillator

X exp

Let us consider the propagator U, 4, (x|xo) defined as
¥ () = f dxoUp s, (x]x0){x0[ ¥ (70)), 1 € [to, 00), (B.18)
R
which satisfies the Schroginger equation
.0 A
lhEOCI‘P(t)) = (x|H;[¥ (1)) (B.19)

This is a non-autonomous and inhomogeneous diffusion-type equation for the GQPOs. If ¢ < ¢¢, the
propagator U; ,,(x|xo) is zero. We assume the specific ansatz of the propagator:

1 ) 2
Ut,to (x|x0) = et(a,x +/3‘,xxo+fy,x0+§,x+1],x0+k,)/h’ (B.20)

Vaniha, u,

where we introduced the time-dependent coefficients a;, B;, ¥:, ¢+, 1:, k¢, and u,. By substituting
Eq. (B.20) into Eq. (B.19), we have

0= {[c’yt + 20, Qaya; + ¢;) + by | X2+ [Be + Bi(dasa; + ;)] xxo + (31 + ,Btzat)x(z)
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+ [& + Gi(davas + ¢;) + 2.8 + fir]x + [17: + B (2Lrar + 81)] X0

ar

)}Uz,to(x|x0)~
u

. ih
+ K + {t(éat +gt) + ht - 5(4(}.’1‘611* +c¢————

a

(B.21)

Eq. (B.21) can be reduced to the following seven coupled ordinary differential equations (ODEs):

dt + Za/t(ZClta, + Ct) + bt = 0, (B22)
Br + (4asa; +¢) B =0, (B.23)
Vi +a BF =0, (B.24)
o+ (Garag + c)e + fr +2a08 = 0, (B.25)
e+ (8 +28ra1)Br = 0, (B.26)
Ke + (gt + &rar)ls + hy = 0, (B.27)
dagay +¢ — 2 - B g, (B.28)
ar M
From Eq. (B.28), we have
1 (d
o = —(ﬂ B ct), (B.29)
da;\a;
1 Ta a2 N\ ala .
= — —’—(—’) +ﬂ—(ﬂ) ——’(—’+ﬂ—c,)—c,]. (B.30)
4a, | a; ag Mt Mt ag\ar U
By substituting Eq. (B.29) into Eq. (B.22), we have an EoM of a damped CPO as
. dr . =2
Hr + a—llt +Qru =0, (B.31)
t
where we defined the new angular frequency as
Q, = \/9,2 - (ct - ﬂ)@ + 2 (B.32)
day | a; ay

with the angular frequency ; [Eq. (B.5)]. By substituting Eq. (B.29) into Egs. (B.23) and (B.25), we
can reduce Egs. (B.23)—(B.27) to the following equations, which can be solved explicitly:

‘ . . A
Bi + (ﬂ + ﬂ)p’t =0, L p = (B.33)
ar M A [y
Al b odr
Y+ —5 =0, Y= Az—Aff —, (B.34)
ar 1y to ArHzr
. ar iy 1 !
g[ + — + — gt + f[ + 20’[81 = O, gt = A3 - dTaT#T(fT + 2g‘1‘a,7') ’ (B35)
ar M ar [y t
2 ! 2
g+ A BTG o A~ A f dr 8t 2 (B.36)
ay Uy to Aar Uz
t
Ke + (8t + {rag) s + hy = 0, Sk = As — f dr[(gr + {rar)ir + hel, (B.37)
)

provided that {4;};=,... 5 are integral constants.
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For the propagator with the Hamiltonian in Eq. (B.1), the asymptotic form of the solution
U: 1, (x|x0) has been shown as [94]

Ut,to(x|xo)|t:z0 =

1 r 1{(1 1 dy, )2
exXp| -— — = =g | X
Vaniha, (t - to) nda, \\t—t0 2a, "
oL _ L Y DL T ( )b+ 0@t —19)
- - —— XX —=—— + ¢y | X — X—X -
t—1y 2 Ay, 0 t—1y 2 Ay, fo]70 &1 0 0
1 [i (x—xo)z]
exp|lz-———
Vaniha, (t - to) o 4ay

1 (la
—i—{za—")(x — x0)% + €y (% — x2) + 285, (x — xo)} +O( - to)].
Iy

hday,
(B.38)

X exp

We can confirm the consistency of the propagator at the initial time:

i1 1 dy, ) ’ 2
U1 (x|x0)|t—>to+0 = 0(x — x0) exp _ﬁ_4a Ea_(x —Xx0)” + (X7 = xo) + 284, (x — xo)
10 1)

=0(x — xg). (B.39)

Thus, we find the asymptotic relations of the time-dependent coefficients a;, B¢, v, {t, Nr» K, and y;:

1 1 1 ay,
oty = —— - - Oo(t - tp), B.40
tlr~1, day, (t "t 2ay Czo) + O( 0) ( )
1 1 1 ay,
~ty = ——— - —— |+ 0(t - 1tg), B.41
Beli~to 2%0&_40 2am) (t = to) (B.41)
1 1 1 ay,
atg = -———+ + O(t — to), B.42
Yels to 4Clto (l‘ "0 2 ar, Cto) ( 0) ( )
Lilimty = =281 + O(t = 19), (B.43)
Neli~ty = 2814, + O(t — 1), (B.44)
Ktlt~ty = O(t = to), (B.45)
Uilimty = 1 = 1o + O*(t — tp). (B.46)
From Eq. (B.46), we find the initial conditions of u, as
t—1y+0
Militg — Mgy = 0, B.47)
. t—t+0 |
felmty = 1+ O — 10) " fi, = 1. (B.48)

Hence, by solving Eq. (B.31) with respect to u; under the initial condition (B.47) and (B.48), we
obtain the solutions of Eqgs. (B.33)—(B.37) in succession.
Let v, be an another solution of Eq. (B.31) under the following initial condition

Vie =1, v, =0. (B.49)
Note that u, has the dimension of time, whereas v; is dimensionless. Let us consider the Wronskian
Wt = /-‘ll‘vl‘ - ,thf/t. Since %Wt = —Z—iW,, Wto = 1, and ar > 0, we have
Ay,
w, = 20 5 o, (B.50)

a
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By using Eq. (B.50), we have

t
d
il =—at0f == (B.51)
Mt to Qr s
By comparing Eq. (B.33) with Eq. (B.41), we have to set the integral constant as A| = %(%Zﬁ - ),
10
then we get
1 :uto dto
= —— 1. B.52
b= ( Y (B.52)
From Egs. (B.34) and (B.51), we have
1 (g a 2y
= Ayt (ﬁﬁ_l) Y (B.53)
da \ 2 ay Mi

By comparing Eq. (B.42) with Eq. (B.53), we have to set the integral constant as Ay = ﬁ (c,0 — 14 ),

023,
then we get
1 [ v la
1y Y19 t 1o
=—|=—-1] —=-=—+ . B.54
v 4ay, [( 2 a ) M 2ay Cto] ( )
We then have to set A3 = —2ay, 84, 1s» A4 = 281, and As = 0. Hence, we obtain
1 d a y
{=- {Zazogtoﬂzo + f dru, [a,ff + &(—T + Hr _ CT):|}, (B.55)
ar Ky I 2\ar  pe
1 a ! +2
e =28 + —(1 - @ﬂ) f e 1.4 (B.56)
2 2 at() 1o Aar Uz
t
« == [ driter +aroge + bl (B.57)
to

The time-dependent coefficients ;, 17;, and «, of Egs. (B.55)—(B.57) in the ansatz Eq. (B.20) can be
determined when we have the solution g, in Eq. (B.31) under the initial conditions Eqs. (B.47) and
(B.48).

Summarizing the above results, we obtain the propagator U, ;,(x|xo) of the GQPO [Eq. (B.1)]:

1 i1 ar iy 2 Hiy Az XX0
U 1, (x|Xx0) = ————=¢ex [——{(—+——c)x +2l——-1]—
o 0 Védniha, pu, P hda; \\ar ' 2 a Mt

. 2 .
+ az [(ﬂzo ay, 1) Vi 1@

x%}]ei(Ktx+77zxo+Kr)/h’ (B.58)

where y; and v, are the solutions of the damped CPO with the angular frequency Q, [Eq. (B.32)] and
the different initial conditions:

. ar . ~ )
fir + a—tuz + 20 =0, (e ftyy) = (0,1), (B.59)
t
b+ 2y + 2y, =0, Vigs V) = (1,0). (B.60)
a

Since the Wronskian is always non-zero (i.e., W; = ‘;—tf > 0) [Eq. (B.50)], the solutions u; and v; of
Egs. (B.59) and (B.60) are linearly independent, respectively.
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