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It often happens in scientific research that when
one s looking for one thing, one is led to discover

something else that one wasn’t expecting.

P.A.M. Dirac

Chapter 1

Introduction

Since the quantum theory has been proposed by Heisenberg and Schrodinger in
1925 and 1926, it has become an essential concept in understanding nature. Nowa-
days, quite a number of quantum phenomena are known and investigated for their
theoretical understanding and possible application. Among the characteristic prop-
erties that distinguish classical theories from their quantized theories, the quantum
entanglement receives increasing attention in various fields of physics.

The Einstein-Podolsky-Rosen (EPR) phenomena [{] is one of the most well
known example of entanglement, followed by the discussion with its relation to
Bell-inequality [2].” The entanglement in quantum mechanics is essentially a phe-
nomenon between two systems or particles. However, in order to discuss this concept
in field theory, which is the subject of this thesis, we must deal with the entanglement
between two regions in space since the state is now field valued.

In order to discuss the amount of entanglement of two regions in space in field
theory, we need an appropriate measure. One quantity for this is the Entanglement
Entropy (EE), and one of its generalization, the so called Rényi entropy [4]. In
the field theory, one major problem is the relation between the EE of a black hole

1See also [3].



and the Bekenstein-Hawking entropy [, B, 7). In this case, the EE measures the
entanglement of two regions, one is inside the black hole behind the event horizon,
and the other is its complement.

Kabat compared in his work [8] EE with the one-loop correction from matter
fields to the black hole entropy. They agreed for the spin 0 and 1/2, but not for
spin 1. For spin 1 field, he found a negative contribution to the entropy, which he
called contact term, that can result a negative value of entropy. This was disturbing
since, not only the mismatch with the EE, but also contradicting to the fact that
entropy is a positive value by its definition.

Even more, it turned out that the EE of gauge fields gives different results
depending on their scheme of calculation which caused much controversy [8, @, [0,
(W, 02, ©3, 04, 15]. This mismatch of EE was resolved by Donnelly and Wall as the
EE of the edge modes living on the boundary [I6], that are the classical solutions
determined by the electric field normal to the entangling surface.

These problems of EE in gauge theory originate from the fact that we cannot
define a gauge invariant tensor decomposition of Hilbert space. In other words, the
Gauss law constraint imposes a relation between physical states on the two sides of
the boundary [I'7]. This is crucial since this decomposition is needed to define EE,
and as a result the EE depends on the gauge choice.

Therefore, there is no proper definition of EE for gauge fields. Even if there
is no gauge independent definition of EE for gauge theory yet, it is important to
understand the basic property of entanglement of gauge fields. It is known that if
we consider an excited state, we can get such a quantity.

Recently, the Rényi EE of Locally Ezcited States was introduced in [IR]. Locally
excited state is a state that we obtain by simply acting with a spacetime local

operator on the vacuum,

[¥) = O(x)]0). (1.1)



The time dependence of the Rényi EE of locally excited state has been intensively
studied recently, by Nozaki et al [19, 20] and including myself in [21, 22]. In these
articles, a quantity was introduced, that is the difference of Rényi EE of the vacuum
state and that of a locally excited state, which we call Rényi FE Growth in this
thesis. It was pointed out, that this Rényi EE growth measures the amount of
quantum mechanical degrees of freedom included in an operator [19].

In this thesis, we develop further this idea and we show that the Rényi EE
growth can really be decribed as a kind of measure of quantum mechanical degrees
of freedom. We also show that under a certain condition the time development of
the Rényi EE of this locally excited state is gauge independent. We evaluate several
types of excitation and investigate their time development.

This thesis is organized as follows. In chapter 2 we introduce the basic concepts
and techniques we use in this thesis. In chapter 3, we describe the Rényi EE growth
for scalar fields. Chapter 4, we introduce the Particle Propagating Model, and show
the relation of Rényi EE growth and its quantum mechanical degrees of freedom.
In chapter 5, we discuss the Rényi EE growth for Maxwell fields and its gauge

invariance. Chapter 6 is devoted to discussion and conclusion.



Chapter 2

Entanglement Entropy and its
Growth

The growth of Entanglement Entropy (EE) for locally excited states of scalar and
fermionic fields are studied systematically in the works [IR, 09, 20, 23]. Here, we
will introduce the definition of the locally excited state and the EE growth. We also
introduce the so-called replica method, which is the technique we use throughout the
QFT calculation in this thesis, both for vacuum state and locally excited state. We
explain the case for vacuum in detail since the case for locally excited state is an

extension of it.

2.1 Basic Concepts

2.1.1 Quantum Entanglement

Quantum entanglement is a non-local correlation which has no counterpart in clas-
sical systems. The concept of quantum entanglement has a simple description in a
discrete system.

Consider a two-level system at two points p and ¢ in space. Two-level systems



in quantum mechanics can be represented as up state |1) and down state |]). We
denote the states of two-level systems in point p and ¢ as [1),,[}), and [1)4, [4)g,
respectively. The total Hilbert space for that system is then

A= Ay A, (2.1)

where 77, = Span{|1),, [{),}, 7 = Span{|1),, |4)q}- Let us consider the following

state:

mmigm@Mﬁmme (2.2)

In this state, if we know whether the state at p is up or down, then we know

immediately the state at point ¢. On the other hand, if we have a state like

[Wa) = 5 (1Mt 1)) © (1M e= ) » (2.3)

N | —

we can have no information about the point ¢, by knowing the state at point p.
Such a correlated state like (222) is called entangled, while (23) is not.

One quantity to measure the amount of entanglement is the Entanglement En-
tropy (EE). To define EE, let us recall the definition of the density matrix. The

density matrices for |U;),|W,) are defined as operators on S :

pt) = [T ) (T,

p? = |W,)(Wy],

respectively.

In general, if the Hilbert space is a tensor product of two subspaces as in equation
(271), then we can define the reduced density matrix. The reduced density matrix
is defined by taking the trace over one subspace, and is an operator on the other
subspace. The idea of reduced density matrix was already introduced in 1930 by

Paul Dirac [24]. In the present example, the reduced density matrices pgl) and p(qQ),



corresponding to |¥;) and |Wy), respectively, are defined by taking the trace over

the Hilbert space 77,

py) = trypt = Z (il © 1) 1 (i) @ 1),

Pl (2.5)
p[(]Q) = tr,p® = S (i © 1) p? (i), ®1,),

Z:Tvl*

where 1, is the identity operator acting on 7, and tr, is the partial trace over .77,
defined in the right hand side of the equation.

Once one gets the reduced density matrix for a state, one can define the EE as
the von Neumann entropy of that reduced density matrix. In the present case, the
EE for pl(ll) and prQ) are

S — —trqul) log pfll) = log 2,

(2.6)

S = —trgp{ log pP =0,

respectively. We can see in equation (20), that the EE for entangled state is non-
zero, while that for non-entangled state is zero, and that EE actually reflects the
amount of entanglement.

In this thesis, we want to study the property of entanglement in QFT by using
this EE and its generalization the Rényi EE. We will give their definitions for QFT

in the next section.

2.1.2 Decomposition of Spacetime and Density Matrix

Let M be a d+ 1-dimensional spacetime with Minkowski signature. The coordinate

of a point p € M is given by a map =,

r: M—R!

W W (2.7)



Here, we denote the coordinate function as z#, and 2° is the time direction. We use

the spacelike signature convention (—, 4,4, +).

The submanifold M,
Mo ={p e M |2°(p) = 0}, (2.8)

defines a timeslice at z° = 0.

We divide the timeslice My into two subspaces A and B. Thus, A and B satisfy

A B C M,
B =A°

(2.9)

where A€ is the complement of A in M. The boundary of A is denoted as 0A,

that is the intersection of the closure of A with the closure of its complement:
OA = AN A (2.10)
The boundary 0.4 (9B) is called the entangling surface, and we denote it as ¥

S = 0A = 0B. (2.11)

Now, we consider a QF'T on spacetime M with the corresponding Hilbert space

. Let the Hilbert space ¢ spanned by the set of basis {|i)}
S = Span{|i) }, (2.12)

where ¢ is the label for the basis. We assume here that we can decompose this

Hilbert space into a tensor product of two subsets .77, and 73, as
H = Iy Q Hp, (2.13)

where 77, and 73 are the Hilbert spaces associated with the subspaces A and B,
respectively. We denote the basis for 7 and 73 as {|i) 4} and {|i)g}, respectively,

where ¢ is the label of these bases.



The density matrix for an arbitrary pure state |¢)) € S is defined as

p=[) ¥l (2.14)

In general, the density matrix describes also mixed states, which has the form

p=2_pili) i, (2.15)

where p; is positive and satisfies >, p; = 1.
If the Hilbert space can be decomposed as described above, the reduced density

matrix is then defined as the partial trace of the whole density matrix

pa = trgp = Z (1a®5(i|)p (1a® | i)s), (2.16)

where 14 is the identity operator acting on JZ;.

2.1.3 Entanglement Entropy and Rényi Entanglement En-

tropy

As we explained previously, the EE is defined as the von Neumann entropy of the

reduced density matrix

SA = —tl"ApA lngA. (2.17)

The Rényi EE is defined by the n-th power of the reduced density matrix py4, as

n 1 3
SE = - logtrapl. (2.18)

Here, we have assumed that n > 1. The Rényi EE has an advantage in practical

calculation, namely we can avoid to take the logarithm of a matrix.

In the limit n — 1, the Rényi EE Sff) agrees with the definition of EE. This can



be derived easily,

lim S7) = lim —

n
n——+1 n—=+1 n—1 lOg tr'ApA

Jim ——— (logtrap — 0)

(log traply — logtrapa)

natl n—1 (2.19)
= lim —0, (log trap%)
: 1 n
- :pligll B trapy tra (plilog pa)
= —trapalogpa.

where n — +1 or x — +1 means, we take the limit of 1 from the region n > 1 and
x > 1, respectively. Here, we have used the condition tryps = 1. In the replica

method, we use this formal relation to get EE.

2.2 The Replica Method

Here we explain the so-called replica method. We use the replica method to evaluate
the n-th power of the reduced density matrix p% in QFT. We compute the reduced
density matrix p4 in the path-integral form, and then formulate the n-th power of
it.

We will discuss the path integral representation of the reduced density matrix,

first for the vacuum state p'3° and then for the locally excited state p°3.

2.2.1 The Case of Vacuum State

The wave functional ¥ on the time slice 2° = 0 is the functional of the field config-
uration ¢(z*) on that time slice, where z* is a space coordinate (k € {1,2,---d}).

Considering a vacuum state at past infinity, the wave functional ¥ on the time slice



2° = 0 is expressed by the path integral as

D) 'Sl
=00 (2.20)

29=0

_ Dy S5 (h(a® = 0,4%) — d(ah)) |

20=—

P(x0=0,2%)=¢(z")
(o) = [

where S[t] is the action, and ¢(z*) gives the boundary condition of the path-integral
at 2% = 0. We equivalently write ¥(¢p(z%)) = (¢[0).
The hermitian conjugate, which is denoted as (0|¢), can be defined as:
t=00
0l¢) = W (e(*)) = / Dy ¥, 2.21
o) =iy = [ 7 (2:21)
So, if we have two field configurations ¢ (x*), we are able to write the matrix

element of the density matrix as

p(0-(ah), 01 (%)) = (o-lplo+) = N7(9-[0)(0]6-)

(2.22)
= N720(g- (")) ¥ (¢4 (1)),

where the boundary condition of each path integral corresponding to the wave func-
tionals W, W' is specified by ¢ (2*), and A is a normalization constant.
Now, we want to consider the two subregions A and B. We divide the field

configuration ¢ (z*) according to A, B.

AZL‘k
bulat(p) = | FP) PEA (2.23)

¢S (z*(p)) peB

where p € M. We can rewrite the above expression of (¢_|0) in the following form;

t=—00

(6-10) = B
=0 Dp eiSklg (¢(t =0,2F) — ¢§(x"f)) reB

t=—o00

=0 DY SIS (Yt = 0,2%) — pAzb)) we A

where figure (21) shows the correspondence between the boundary condition and

the region.

10



B
of

Figure 2.1: Region A ,B, and their boundary condition at each region.

As defined in (218), to get the reduced density matrix we have to take the partial
trace of #5. This trace can now be defined by using (2224).
First we introduce a small positive constant 0 < ( < 1, and deform the integra-

tion region as®

G- (-0 = [ Dy Myt = —¢.a) - 62F@),  (229)

06-(C) = [ Do 95 (0t = ¢.2) — *F(a)) (2.26)

Here we have introduced ¢1"° (), which means we choose ¢4 () if = € A and ¢5 ()

if x € B. We define the density matrix p(¢_, ¢4, () as

p(o—, ¢4,¢)
= [T D0 e (wle =~ — 64 @) 8 (000 = o) — 645 (@)).
(2.27)

where in the limit ( — 0, this expression matches with the definition of the density
matrix in equation (2222). Z; is the normalization constant Z; = A% = (0|0).

We are now able to write down the reduced density matrix of the vacuum p*%°
in the path integral form. Taking the trace over .73 is equal to summing up over

the boundary condition ¢f under the condition ¢f = ¢B. Thus by following the

¢ is a small value, which will be taken to zero in the end.

11



definition (218), we get the form

pal6h 64,0 = o [ DEDIE p(6-.6:.00(68w) - () (229)

in the limit ( — 0, formula (228) is the path integral over the spacetime M with
the boundary conditions defined as A; ¢2(z) for t — —¢ and ¢7'(x) for t — +¢.

SL’O

: A, with b.c. ¢!, ¢,
: B, with b.c. gbf = ¢5.
: Region to path integrate.

(1] I

Figure 2.2: The blue lined region is the region to be path integrated. The vertical axis is the x°

direction, horizontal axis is the space direction.

Figure (22) shows schematically the relation of the path integral and boundary
condition for the case ¢ # 0.
In the following, we will move to the Euclidean spacetime. We perform an

analytic continuation to imaginary time 7:
20 = —ir. (2.29)

Taking powers of this reduced density matrix means, matching the boundary

condition of each p4. Simply,

(p2) (620,62 <)
— [ DDt D5 (610 = 61D py (61D, 61D, ) pa (5161 ()

(2.30)

12



Therefore, the trace of the n-th power of the reduced density matrix tr4p7 is, after

taking the limit ( — 0,

trr (ply) = lim [ De* D5 (640 — ) (1) (62, 61 ) .
2.31

_ —-n —SeY]
(20" | ., Pe ,

where Sg is the Euclidean action. This path integral runs over the space MM
where M™ is defined as follows. M is a manifold which consits of n copies of
the spacetime M connected by a cut at the subregion A to each other as described

in figure 223. We define the integral part of the last line in equation (2=31) as Z,,,

M

M| M

—~

Figure 2.3: Schematic description of tr 4p”. Each sheet is isomorphic to M with a cut in subregion
A, which is connected to another M-sheet there. There are n M-sheets, so if one draws a line

from any sheet, after crossing the nth cut one returns to the first sheet.

Zy = Dy e~ 5elY] (2.32)
M)
and write (2231) simply
n ZTL
1

Thus the Rényi EE of this state is

1
SY = log tr 40"
A 1—n 0gtrap A

1 Z,
1— zZr

(2.34)

13



2.2.2 The Case of Excited State

The discussion for the replica method for locally excited state is parallel to the
above discussion of vacuum state, except that we introduce explicitly a regularization
parameter € here to avoid the divergence.

We start with a locally excited state 1)) defined in Minkowski spacetime as

=) = e HO(t,)|0), (2.35)

where O is an operator local in spacetime inserted at (¢,z) with ¢ < 0, and € > 0 is

a regularization parameter introduced here?. The density matrix p of this state is

p = =) (™ (2.36)

= e HO(t,2)|0)(0|O(t, x)e™H (2.37)

= =IO (2)0)(0|OF () e~ (2.38)

Now, we move to Euclidean time. We define 7. = —e and 7, = ¢, and define the
density matrix in Fuclidean spacetime

p =1 O(x)0)(0|OT(x)eH (2.39)

O(7e, 2)[0) (0O (7, ). (2.40)

We choose 7. and 7; so that we recover the density matrix by the analytic continu-
ation 7. = it — e and 7, = it + €.

The corresponding wave functional is, in the path-integral form,

(9ly™) = (9| O(7e, 2)[0) (2.41)

- / DY O(re, x)e =16 (1(0,2) — $(a")) . (2.42)

2If t > 0, the following discussion will be completely the same as in vacuum state, since we are

interested in the wave functional at ¢ = 0.

14



where Sg is the Euclidean action. The hermitian conjugate is

(W™ | ¢) = (010Y (7, )[¢) (2.43)

= Dy O (7, 2)e~ %15 ((0, 27) - ¢(a")) (2.44)

t=0

The reduced density matrix p% for this state is

ex( A~ A,
p.A(¢O s Y0 +)
1

~ 7 [ ¥ 0" (m, )0, 2)e™ 5 M5(0(—C, ) = 6™ (2)3(w(C, 2) = 6 (x),

(2.45)
where we have introduced the regulator Z{** defined as

ZE5 — / D O (71, 2)O(r, )e 551, (2.46)
M

In the same way as discussed in the last section, the n-th power of the reduced

density matrix becomes

1 n
ex\M T _SE[MJ}
tra(p)" = e //\/l("> Dy (k”l O (7, x, k)O(7e, , k;)) e : (2.47)

where M is again the manifold which consists of n connected copies of M, and k

denotes the number of the copy on which the operators @ and OF are located.

2.3 The Growth of Rényi EE

Here, we give the definition of the Rényi EE growth ASJ(XL). The Rényi EE growth
AS is defined by the difference of the n-th vacuum Rényi EE S and the n-th

Rényi EE of a locally excited state Sff)’ex, ie.

AS(n) — S.'(L"n)yex _ S-S(l)wac’ (248)

15



where Sff)’ex is the n-th Rényi EE of locally excited state defined in (2233). The
definitions (Z18), (2233) and (247), lead ASEL?) to the form

n 1 S 1
ASE = E— logtra (p%)" + —

_ 1 log l(pi’{)"]

] log tr4 (p3°)"

vac

10 S DY szloT(Tl,ﬂc,k)O(Te,x,k))e—SEW] (Zn >1
o © (ZlEX)n (Zl)n
(IM<n> DY ([T O (7, 2, K)O(re, 2, k) ) esz])
log
Zn
S DY Ot (7, 2)O(7,, x)e W] —n
( ) )
L YOI O RO 2, B)) 10) e
n—1 (0|01 (71, 2)O(7e, 2)|0) p1)"

(2.49)

In the last line, (0| (HZZI O (1,2, k)O(1e, 2, k)) |0) A is the 2n-point function on
M™ and (0|0 (7;, 2)O(7., 2)|0) o( is the 2-point function on M. Therefore, we end

up with the expression

w_ 1 (I O 2 KO, 2. K)) 10) oo
ASA = T T (00T )0 D0

Strictly speaking, the expression (22438) is defined only at n € {z € N | 2 > 1}.

(2.50)

However, we have seen in (2219), when we can take the limit n — 1, ASJ(I) becomes

the difference of EE.

2.4 Analytic Continuation to Real Time

In this method, the 2n-point function of @ in M®™ and the 2-point function of
O in MW give AS%) in Euclidean spacetime. In order to study the dynamics of

entanglement in Minkowski spacetime, we perform the analytic continuation to the

16



real time as in the articles [IR, 19, 25, 06, 27, 28, 21]. The analytic contiunation to
the real time is performed by

T, =1t — €

(2.51)

TT=1t+€
where € acts as a smearing parameter which keeps the norm of the locally excited
state finite. During the calculation, we keep € finite, but in the end we take the limit
e — 0.

Note that in the analytic continuation in Maxwell theory, the time direction of

)

5. also change due to covariance. They

gauge connection A, and derivative J,, =

transform as

AT — —ZAt
(2.52)
87 - —Zat

where A.,d, are the connection and derivative in Euclidean spacetime, and A;, 0;

are the connection and derivative in Minkowski spacetime, respectively.

17



Chapter 3

Rényi EE Growth of Scalar Fields

In this thesis, our goal is to understand the characteristics of Rényi EE growth ASZL)

in flat spacetime caused by an insertion of a spacetime local operator.

3.1 Space Decomposition

In this chapter, we start by considering the case of free scalar fields. The spacetime

M here is flat d + 1-dimension with Minkovski signature:
M = Rd+1, <31)
and for the metric, we use the spacelike signature convention:

-1 p=v=0
G = N = . (32)
0 else

The coordinate of a point p € M is given by a map =,

r: M—R!

W W (3.3)



and the submanifold M, is chosen as the time slice of 2% = 0:
Mo ={peM]|z°p) =0} (3.4)
We divide My into two subregions A and B as

A={peMyl|z'(p) >0},
B={peM,|z'(p) <0}

(3.5)

Figure (Bl) shows how we have divided the subspace M. Since the entangling

Q]’O

A

~

:L.z'

Figure 3.1: The way to choose the regions A and B on M. z° describes any direction other than

20 or 2!, thus i € {2,3,---n}.

surface ¥ is given by z! = 0, the system has remaining symmetries. One is a
translational symmetry along the surface ¥, and a rotational symmetry SO(d — 1)
with rotation axes orthogonal to the entangling surface X.

The QFT we are considering here is the free massless scalar field theory, which

has the simple Lagrangian

L = —;auwa%. (3.6)

19



We consider the insertion of the spacetime local operator to generate the excited
state [1)) at the point 2° = —t, 2! = —¢ and 2° = 0 for ¢ > 1, as shown in Figure

B2. The locally excited state we consider here is therefore described as

.CCO

Figure 3.2: Insertion point of the spacetime local operator in Minkovski spacetime.

™) = NO(=t, =0)|0) (3.7)

where N is a normalization constant. The coordinate 2! for i = 2 is suppressed,
since we can set them to zero without loss of generality due to the translational
symmetry.

As mentioned in the previous section, we take a Wick rotation to Euclidean time.
For convenience, we will take the polar coordinates for the z° and x! direction, (r,6).
Figure B33 shows the insertion points of the local operators in Euclidean spacetime

using polar coordinates (r, ).

3.2 Rényi EE Growth AS%) for Scalar Fields

3.2.1 Single Operator Insertion

We discuss here the insertion of one scalar field ¢, i.e. we choose the local operator

to be O = ¢. As we explained in the previous section (see equation (2Z50)), the
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Figure 3.4: The sketch of inserted operators on a) M) and b) M™),

corresponding Rényi EE growth ASJ(L?) is

1 o <O| (HZ:I ¢T(Tl7 z, k)gb(Te? z, k)) |O>M(")
& (0l (7 2) (e D)0

Thus, we need the 2n-point function on M, and the 2-point function on M.

ASY =

— (3.8)

The insertion points of the scalar field on the manifold M ™ is shown in figure 5.

The 2-point function on M is known [18] as
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Gfin) (r,r,0,0" x,2")

Ly

r (M> 1 i /oo+wr 45 e~ wtcos (@) (3.9)
47”(2\/_ tomi S ((:v — $’)2 + 72 472 — 277’ cosh t)

oO—1T 2

where d; = 1forl =0and d; =2 forl = 1, (r,0,z) and (', 0, 2') are the coordinates
of the scalar operators on M ™ in polar coordinates.
In the following, we give an explicit example for the case d = 3, where we can

perform this integral. The 2-point function is obtained as

1 1
1 an —a n

1 1 —
dnm?rr'(a — a™) gw + a~ % — 2cos (9:/)

Gy (r,r',0,6") =

where a is given by

a rr!

= . 3.11
1+a®  (z—a) 47247 (3:11)

In this way, we have determined the propagator.

T
of 1
€ ™y |

\91 b A xt
€ T
o ¢

Figure 3.5: Insertion points of the operators in Euclidean coordinates.

In order to understand how to determine the 2n-point function, we need to
explain some more details. Figure BZ3 shows the insertion points of scalar operators
on each copy M of M™ in figure B4 (b). By the definition of the replica method,
the insertion points of the scalar field ¢ and its hermitian conjugate ¢ are symmetric

with respect to the x! axis. In terms of polar coordinates, this means 0; + 0y = 27.
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The angle dependence of the Green’s function (BW) appears only in the form of
a difference, which is § — #’. The angle difference of scalar operators ¢ and ¢ is
01 — 0 + 27k, where k is an integer. If £ = 0, this is the relative angle for operators
on the same sheet, and if k£ # 0, this is the relative angle for operators on different
sheets.

Therefore, the 2-point function relevant now can be simplified from equation

(810), and has the form

1 1
1 an —a n

G (r, 7,0, — 0y + 21k) = )
5 (r, 7,01 — 0y + 27k) (@ —a ) b +a ¥ - 2cos (Lt

(3.12)

where £ is an integer between 0 and n — 1.

After the analytic continuation to the real time, the leading term in the € expan-
sion of the 2-point functions depends on the two parameters ¢t and ¢, which play an
important role in the time evolution later. For the region ¢ = /£, the 2-point function

€ dependence is

(1) _ -1
G3 (T, T, 91 - 02) = m O(E ) (313)
4 (1—2k)¢ 1 _
- + O(e k=0,1
G (r, 1,0, — 0y 4 21k) = { P e . (3.14)
O(e™) k=2---.n

where n 2 2. For the region ¢ < ¢, the 2-point funcion € dependence is

1 —1
140 k=01
G (r,r, 0, — 0y + 21k) = { 7 ) (3.15)

O(e) k=2 n
where n 2> 1.
Let us recall the Rényi EE growth ASff) given in (B3R). The numerator of the
Rényi EE growth is given by the 2n-point function on M which can be evaluated
by the Wick contraction rule using the above 2-point function (B14). On the other

hand, the denominator is the n-th power of the 2-point function on M!, and thus
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Figure 3.6: The schematic sketch of M. The dashed lines represent the cuts on manifold M),

which correspond to the subregion A.

the leading € dependence of the denominator is e 2. As a result, only the 2n-point
function constructed by propagators of £ = 0,1 contribute to the Rényi EE growth
after taking the limit ¢ — 0. There are two types of contaction, one is only using
the propagator with £ = 0, and the other is only using the propagator with k£ = 1.
This can be understood by the following diagramatic method.

Let us represent the manifold M™ as one disk. Note that we are not performing
any coordinate transformation here, but just rewriting the topological structure of
the manifold M ™ with inserted operators and cuts. Figure BB shows the case for
n = 4. The two diagrams corresponding to the case £k = 0 and k£ = 1 are obtained
by contracting two neighboring operators ¢ and ¢!.

Figure B0 shows the diagrams which contribute to 4th Rényi EE growth AS%).
In the diagram, the line connecting two insertion points represents the contraction
of the corresponding two operators. The propagator £ = 0 corresponds to the line

which does not cross the cuts, and the propagator £ = 1 corresponds to the line
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Figure 3.7: Diagrams which contributes to AS%).

which crosses the cut. Explicitly, for n = 4 we obtain,

(3.16)

(0616t ogtootslo) ((%—92) )4 N (G§4)(92 . 2@)4
((0[¢Te3]0))* G5 (0, — 6,) G\ (6, — 6,)

where the propagators are given in (B13) and (BI4) with the arguments r sup-

G (01 —65) G(™) (03— +27)
G (0,—02) and G (0, —02)

pressed. We can show that in the limit € — 0 the terms
are exactly the same for n = 2,3,4. Thus, we assume that these two functions are

the same for arbitrary n. Then we get the Rényi EE growth ASXZ) for t = ¢,
w1 G360, — 6y) G (65 — 6, + 2n)
AS, = T log s ppemenl B @D
n G5 (61 — 02) Gy (0 — 62) (3.17)
L[t L (=t !
T 1o B\ 2 ot

For n = 2 case,
t+0\*  [(t—1)
AS? — - 1
SA og(( 2t>+<2t>> (3.18)

is the result for ¢t = ¢. Figure B3R is the plot of Rényi EE growth ASff). We can

see that the Rényi EE growth is zero until ¢ = ¢, which means that until this point
the Rényi EE is equivalent with the vacuum Rényi EE, and then it starts growing.
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Figure 3.8: The growth of 2nd Rényi EE. The vertical axis is ASff), and the horizontal axis is ¢/¢.

This behaviour is consistent with causality, which we discuss in detail in the next
chapter.
In the late time limit ¢ — oo, the Rényi EE growth is

1
AS%) =T_n log2'™" = log 2, (3.19)

for arbitrary n.

3.2.2 Composite Operator Insertion

We give an example for the case of inserting a composite operator ¢?(—t, —f). We
use the same diagramatic description as figure BZd. There are now three types of
diagrams that contribute to the Rényi EE growth ASE;), which are shown in figure
B9. We have one more diagram than in the previous case, since we have the square

of scalar field at each point. The Rényi EE growth for ¢ > ¢ has the form:

t+ O\ =0\ (0" (t—\"
<2t> +(2t> 4o ( 2t> <2t ) ] (3.20)

where for ¢ < ¢ the Rényi EE growth is zero. Figure B0 is the plot of 2nd Rényi

1

—n

ASE = —log

EE growth. The late time value is

: n 1 —2n -n
tlggoAsy = log[2 o] (3.21)

—n
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Figure 3.10: The Rényi EE growth ASf) for ¢? insertion. The horizontal axis is time %7 the

vertical axis is Rényi EE growth ASff).

In the limit n — 1, this becomes %log 2, which is the three half of the value of that

in the single operator insertion case.
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Chapter 4

Quasi-Particle Description of

Scalar Fields

In this section, we study the Rényi EE growth ASZL) for locally excited states in
d + 1 dimensional spacetime with odd d, d = 3. The late time algebra is defined,
that gives the Rényi EE growth AS%) of half space in the late time limit ¢ — oc.
The Rényi EE growth ASXL) at late time has been studied in refs. [IR, 9, 26, 25,
2R, 21]. In 4 dimensional spacetime, the behaviour of EE of half space can be
described by a model with a quasi-particle propagating spherically. An interesting
correspondence between an analytic-continued propagator and the probability of a
propagating quasi-particle is found.

We will first describe the late time algebra, which describes the late time be-
haviour of the Rényi EE growth AS%) in terms of the quasi particle picture. After
that, the particle propagating model is explained as an extension of the quasi-particle

picture.
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4.1 Physics of Entanglement Growth

As in the example of the scalar field given in the previous section, the growth of
Rényi EE of half space reaches a finite value in every case. This behaviour can be
understood physically in the following way, schematically shown in figure 81

By the insertion of a spacetime local operator ¢(—t, —¢), the operator starts to
influence the spacetime entanglement structure from that time on. Since we are
inserting a massless scalar field, the effect caused by this operator travels at the
speed of light ¢. For simplicity, we set the speed of light to ¢ = 1. Since the distance
between the inserted operator ¢ and the entangling surface X is ¢, for the time ¢ < /,
the operator changes only the structure of the region in the subregion B, and thus
there is no change of Rényi EE. After time ¢t = ¢, the effect of the operator reaches
the region A, thus the Rényi EE between A and B starts to increase.

At the time ¢t = oo, the effect of insertion is now spread all over the space, and
thus each subregion A and B divides the effect exactly into half. At this stage the

entanglement reaches its maximum, and so does the Rényi EE.

4.2 Late Time Value and Late Time Algebra

We now introuce the Late Time Algebra (LTA). LTA is an algebra that gives a quasi-
particle description to the Rényi EE growth AS%) in the late time limit ¢ — oo.
The quasi-particle description for scalar, fermions and Maxwell fields was already
found in [IR, 20, 21]. However, they were given in a somehow ad hoc manner. Here,
we introduce a systematical way to determine the LTA.

LTA is an algebra that consists of operators and their commutation relations.

We define two operators and their hermite conjugate for the scalar case as follows,

oF, o ", 9, (4.1)
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where L and R stands for Left and Right mover, respectively. This is in analogy
with QFT:

Recall the momentum description of a scalar operator ¢(z). We can separate
the scalar operator ¢(z) with respect to the sign of k1, the momentum along the x!

axis,
d i | ) |
A1k [/OOO dk! (q?(k:z) eikux”_i_qu(ki)e—ikﬂxu)

~ ) (@n)dt (27) 2k0
0 dk! - ; - ;
o L ikt T k. —iky ' 4.9
+/_oo(27r)2k:0 (6 (k) ™" + 61 (k)e ™) (42)
Then, we define the left moving part ¢"(z), ™ (x) and right moving part ¢*(z), o™ (z)
as
dk! dk - -
(@ :/ (i igp® k) €
¢RT / dl{?l dd lk' ng ) —iky,zt
(2m)4=12k0 7 43
L 0 dkl dd lk 7 k ikt ( ' )
0@ = [ 5 | Gt e
0 dk! dk -
Lt — e T k —ikyaH
o7 (@) /m o /(27r)d12k0¢ (k) €7,

where k*k, = 0 and £k > 0. In this way, we can decompose the scalar operator ¢

into

o(x) = ¢"(z) + ¢"(x) + ¢"(x) + "' (). (4.4)

We expect the physics in the late time ¢t — oo can be expressed by the corresponding

operators ngﬁL, ngSLT, QASR, ngSRT, where ngﬁ is defined by their linear combination as

¢ = "+ ¢" + ¢ + ™. (4.5)
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Their commutation relations are proposed as
.34 =
60,6 =C
where C' is a constant, and the other combinations are zero.
The Hilbert space on which these operators act is defined as the Fock state of

the operators é”, @RT. We call the Hilbert spaces for each qu and @R as J and 4,

respectively, and define them as follows,

% - Span{|0>L7 quT|O>L7 o }7

R (4.7)
% = Span{’0>R7 ¢RT|O>R7 T }7
where the vacuum states |0),, and |0)y satisfy
&H0). =0,
S (4.8)
»*0)x = 0.

The total Hilbert space is then their tensor product 77 ® 7%, and the normalized

n-particle states are defined as follows,

1 NN
n)y = ¢LT 0},
VnlCn () (4.9)

1 e
e = =z (61)" 10}

To calculate the late time value of Rényi EE growth of the locally excited state which

we have determined in the previous section, we have to choose a corresponding state
,l/}eff> .

As is expected, as far as the insertion point is in a finite region near the entangling

in LTA. We call this state in 7 ® %, as the “effective state”

surface ¥, the late time value does not depend on the location of insertion, but only
on the number of inserted operators. Thus, we obtain the “effective state” by acting
with the same number of the operator ¢ as one has inserted at the point (—t, —I).

For example, if we choose as locally excited state (2233),

¢ex> = ¢(_t7 _£)|0>7 (41())
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the corresponding “effective state” is obtained by acting with the same number of

operator ¢ in LTA (Note that we take C' = 1 in the following for simplicity.)

) = : Qg 1 10)L ® [0)r

1

V2

where the constant 272 is for normalization. The double dot means normal ordering,

w"_‘

(4.11)
(IDr @ [0)r + [0} ® [1)r) -

which is not necessary in this case, but we need it in the case of multiple operator
insertion. We can define the effective density matriz p°™ for the effective state [1)°)

as

peﬂ:N

A (4.12)

where N is a normalization constant.
Since the total Hilbert space of LTA is decomposed as 4] ® 7%, we can define

the effective reduced density matrix pi by tracing over the Hilbert space 777,
pr = tru (p™). (4.13)
Therefore, the Rényi EE of the effective reduced density matrix p¢' is given by

Slgn) ,LTA

=t ()] (4.14)

We can easily see that this Renyi EE of LTA, Sén)’LTA, coincides with the late time
value of Rényi EE growth in QFT obtained in section B2:

ST — Jim AS). (4.15)

t—o00

4.3 Finite Time Algebra

The LTA introduced in the previous section, gives the late time entanglement struc-

ture. We found that this algebra can be extended to the algebra on each time slice
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after the insertion. The extension is to define the commutation relation at each time
slice between 0 < ¢ < co.

However, we should be careful when we consider a quantum mechanical model
with time dependent commutation relation, since such a theory does not have a
unitary time development in general.

The algebra we introduce in the following should be considered to be defined on

each time slice. We propose the commutation relation,

G (0 —02) _
G(l)(91 _ 02) - fL(t>7

PN G™(0) — 0 + 2m)
R R-l- 1 1 2 —
[(b 7¢ } - 11_{%2 G(1)<61 . 92) — fR(t)7

.0 < g2
(4.16)

where, the function G () is the Green’s function we obtain in the calculation
of the corresponding scalar QFT. The angles 6, and 6, are the same quantities as
described in figure B3. G™ (0, — 6,) is the Green’s function of the neighbouring
scalar operator on the same sheet, and G (6; — 6, + 27) is the Green’s function of
the neighbouring scalar operators on different sheets.

We call this algebra here, the Finite Time Algebra (FTA). We can show that in
the late time limit ¢ — oo, FTA is identical with the commutation relation of LTA
given previously (B8) for C' = 1 case. Thus, FTA is an extension of LTA to finite
time.

Correspondingly in the FTA the normalization for n-particle states must be

changed as ®

) = (nlfu(®)) 72 (89)" 0)s.

S (4.18)
)= (nlfu())")"2 (67)" 0]
! The normalization for |1);, and |2);, for example is:
0|A%A~T|0)y, = f1.(2),
L[ o™ 0)r = fu(t) (417)

L (0] VA BT LT 0)r, = 2! £, (£)2.
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The Rényi EE of the effective density matrix with this commutation relation
for each time slice is equivalent to the calculation performed by using the replica
method in QFT at the same time slice.

Let us consider an effective state in FTA with one scalar operator, which corre-

sponds to (B11) in LTA,

W =N 1 [0), ® |0)n

((nw ) RO (4.19)
i ((m) ) e () e '”R> |

The effective reduced density matrix becomes

pr = tro ([07) (7))
, (4.20)
= = (f(®)]0)sn 0] + fu(®)[Drr(1])

Ju(t) + fa(t)
and thus the Rényi EE is
Sf({n),LTA _ 1 log tTr, [(p;ff)'fl]
b (4.21)
= ;g [(u(t) + fa()) " (Au(t)" + Fu(0)")] -

which is exactly the same as we obtained from the QFT calculation for the excited

state

™) = ¢ (=, =0)[0). (4.22)
Moreover, if we have a density matrix p in the form
p = Pi|1){1] + F]|0)(0] (4.23)

where |n) is an n-particle state, P, and P; is the probability for the 1-particle state

and 0O-particle state, respectively.
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Thus, the effective reduced density matrix in (E220) suggests that we can describe

this as a density matrix of a one-quasi-particle system. If we define P, and Py as

ro= ()

(4.24)
h= ()
R — )
Jo@) + f(t)
then the effective reduced density matrix is expressed as
P = Po0)rr (0] + Pr|1)rn(1]. (4.25)

Therefore, we can understand P, and Py as the probability that we observe the
quasi-particle on the left or right half of the system, respectively.

These functions P, Py have an interesting geometrical understanding in 4 dimen-
sional spacetime, and that will be explained in the following section as the particle
propagating model .

Another example using FTA for the operator insertion : ngSk . is presented in the

Appendix AL

4.4 Particle Propagating Model

In this section, we restrict the spacetime to 4 dimension and introduce the Particle
Propagating Model (PPM).

Let us recall here the space decomposition that we defined for the QFT discussion
in section Bl. We have 4 dimensional spacetime R*, and the subspaces A and B

are defined on the time slice My = {p € M|2°(p) = 0} as

A:={peR" |2 (p) 20,2°(p) =0}

(4.26)
B:=A={pecR"|2'(p) <0,2°p) = 0}
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where B is the complement of the subspace A on the time slice M. The entangling

surface Y is the boundary of the subspaces A and B,
Y= {p € RY2"(p) = 0,2"(p) = 0}. (4.27)

In the QFT calculation, we have inserted a spacetime local field operator ¢ at
the point (—t, —¢). On the other hand in the PPM, we assume that a free massless
quasi-particle is created at the point (—t, —¢) with the operator insertion. Since the
quasi-particle is massless, it propagates at the speed of light. Thus, the propagation

of the particle is on the sphere with radius ¢ in M. We define this sphere as I,
2
Ki={peR(z'p)+0) + () + (2*(p) =12°(p) =0}.  (4.28)

As in the case for QFT, according to the insertion time ¢ there are 4-cases as

follows,
(i) At the time t < ¢, where K C B.
(ii) At the time ¢t = ¢, where the sphere I touches the entangling surface 3.
(iii) At the time t > ¢, where K is shared with A and B.

(iv) At the time ¢ = oo, where the two subspaces A and B divide the sphere K
into half.

The labels (i) and (iii) corresponds to the labels in figure @2 (a) and (b), respectively.
We assume here that the probability to find the particle at some point on the
sphere K is equal everywhere on it. Then, the probability P4, Ps to detect the

particle in the subregion A, B, respectively, can be evaluated from the surface area

of the sphere K: The total surface area of the sphere is 47t2. The area of the sphere
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K included in B at ¢t = ¢ is 27t(t — £). Thus the probability of P4 and Py to detect
the particle becomes,

(0,1) t</t

(PA(t7 6)7 PB(t7 6)) = (429)

e, '
(55 %) t2t
We found that these probabilities P4, and Py are equivalent with P, and Py in
equation (I=23) of 4 dimensional free scalar QFT.

To generalize this PPM for multi-particle case, we assume that:
e One local operator creates one quasi-particle.
e Quasi-particles created at the same point of spacetime cannot be distinguished.

Note that the second assumption also means that we distinguish quasi-particles
created at different points in spacetime. The basis of the Hilbert space is labeled
by the number of particles found in subregions A and B. For example, if we have n

different insertion points, that means we have n kinds of particle to distinguish. Then

we write the number of these particles located in subregion A as (ay, as, - - ,a,) and
subregion B as (b, by, -+ ,b,), where the lower indices are the label for the kind of
quasi particle. Then, we write such a state as |ay, ag, -+ ,an; b1, b2, -+, b,), with an

appropriate normalization. The Hilbert space is spanned by these states:
Hopn = Span{|ay, az, -+, an; by, ba, -+ by} (4.30)

Under these assumptions, we define the density matrix p""™ and the Rényi En-
tropy SUF™ as follows. The Rényi Entropy S™-"" is defined by

L Jogtr ((pP™)") n =2
gpem . An - (4.31)

—tr (pPPM log pPPM) n=1

M

as usual, where p"™ is constructed depending on the number and location of the

particles (see examples below and in the appendix A™).
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As a result, the obtained Rényi Entropy S™*F™™ is equivalent to the Rényi EE

growth AS%) in 4 dimensional spacetime free scalar QFT:
grren — A gl (4.32)

Let us give the example with one scalar operator insertion at (—t, —[). In this

case, the density matrix p"™™ is
P = Pu(t, 0)[1;0)(1; 0] + Ps(t, £)|0; 1){0; 1], (4.33)

since the probability to find the quasi-particle in subregion A or B is Py(t,¢) or
Ps(t, 0), respectively. The Rényi Enropy of this density matrix for n = 2 is then

1
SmPeM ——log (Pa(t, 0)" + Ps(t, 0)") (4.34)

—n

0 t</?
_ (4.35)

Lolog ()" + (5)") t=¢
which agrees with the QFT result perfectly.
By using this model, we can evaluate the Rényi EE growth AS%) or other
quantities such as the growth of mutual information in more complicated space

decompositions that are difficult to handle in QFT. More examples can be found in

Appendix B2,
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Figure 4.1: Schematic picture of the propagation of the effect by an inserted operator. The line in
the middle is the entangling surface ¥ that divides the space into subregions A and B, the circle
is the front of the propagating effect by the inserted operator, and the position of the inserted
operator is shown as ¢. The 4 figures decribes the picture at the following time: i) 0 < ¢ < ¢, ii)
t=10,iii) t > ¢, iv) t = co.
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Figure 4.2: Picture of the sphere K at two parameter regions. Figure (a) shows the sphere K at
t < ¢, figure (b) shows the sphere K at ¢ = £. The orange and green part of sphere K belongs to
subregion A and B, respectively.
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Chapter 5

Growth of Rényi EE for Maxwell

Theory

In this chapter, we study the Rényi EE growth ASJ(f) for Maxwell theory in 4 and
higher even dimensional spacetime. The EE of gauge theory is not well defined
since it is not gauge invariant. However, as we discuss in this section, the Rényi EE
growth ASXL) for locally excited states can be defined in a gauge invariant manner.
Thus, in spite of the problem of defining the Rényi EE for gauge fields, we are able
to discuss the entanglement of gauge fields in terms of its growth.

We will first formally derive the Rényi EE growth ASXL) for Maxwell fields, and

then discuss the gauge independence.

5.1 Space Decomposition and Lagrangian

The spacetime and its decomposition are the same as we have performed for scalar
fields. We consider a d + 1-dimensional flat spacetime M = R%! where d is an

odd number that is 3 or larger. The subregions A, B are taken in the same way as
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previously:

A= {p € Mo|z'(p) = 0}, (5.1)
B = A (5.2)
The Lagrangian we consider here is the free Maxwell theory with Faddeev-Popov
ghosts b, ¢,
1
L = = " E, = 0"0A, + %zﬁ — i0"cd)c, (5.3)

where F,, = 0,A, — 0,A,,, and A, is real valued (i.e. A, € R). This is the
Lagrangian for a free Maxwell field with gauge fixing parameter «. The equations

of motion for the fields are
0"0,A, = (1 —a)o,b, (5.4)
0"9,b = 0. (5.5)
We choose the gauge fixing parameter o = 1, which means that we take the Feynman

gauge. Then, A, obeys the Klein-Gordon equation of motion, and the Green’s

function of A, is proportional to that of scalar field.

5.2 The Green’s Function

The locally excited state we want to discuss, should be gauge invariant. Thus the
operator we want to insert is F),,. In 4 dimensional Euclidean spacetime, they are
combinations of the electric field E; and magnetic field B;,

1 .
Bi = —isiijjk, (57)

where 4, j, k € {1,2,3}, and ¢;;;, is the completely antisymmetric tensor with 193 =
1. The operator are inserted at the same point like in the scalar field case, as

described in figure B3.
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The Green’s function for the gauge invariant operators are derived as the deriva-
tives of Green’s functions of A,. For example in 4-dimensional spacetime, E; is

derived from the propagator (4,A4,) as
(EIE;) = —(FoiFy;)
— —<((90AZ - @Ao) ((90Aj - @AO))
== —<80A180A]> — <81A08JA0> + <81A080A]> + <80A18]A0>

(5.8)

== —8080<A1A]> - 818] <AOA0> + 0160<A0A]> —|— 80@- <A1A0>

where in the last line, the order of differential operator acts on each vector field A,

as 0,0,(A,A,) = a%aiv (A,(x)A,(y)). The Green’s function for the magnetic field

B; is obtained by,

(BIB,) — igijkglmnqaw 0T (9 A" — oA
= iaijkalmn (Pom(AFA™) + OF " (ATA™) — (0" (AR A™) + FFom(ATA™)))

(5.9)

where in the last line we use again the notation 0,0, (A,A4,) = aiu 8‘; (A, (x)As(y)).
The leading term in the e dependence of the Green’s functions for d = 3,5 are

summarized in the Appendix B

5.3 Gauge Fixing and Gauge Invariance

The EE of gauge theory depends on the regularization scheme [§, 29, B0, 31]. It was
pointed out that in lattice gauge theory [I7] this is due to the assumption that we
can decompose the Hilbert space. The gauge invariant Hilbert space does not admit
the decomposition into a tensor product of two gauge invariant subspaces associated

with subregions A and B:
T # O @ IR, (5.10)
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due to the Gauss law constraint. This makes it impossible to define the reduced
density matrix in a gauge invariant way. The so-called extended Hilbert space was
introduced, that is an extension of the Hilbert space ™ that also includes non
gauge invariant states, and admits the tensor product decomposition. In [I7], it was
also mentioned that in 1 dimensional lattice, if we fix the gauge on the entangling
surface X, the result depends on gauge choice.

In continuum theory, it was shown that the difference in the results can be
understood as the EE of edge modes that are living on the entangling surface X
[16].

Here, we discuss the gauge dependence of the Rényi EE growth ASJ(L{I) . We
assume, that the subtlety in gauge theory is due to the decomposition of Hilbert
space, and the effect of gauge choice appears on the boundary as the boundary
condition. Under this assumption, we show that the Rényi EE growth ASSI) does
not depend on the boundary condition and thus we have not to worry about this
subtlety.

We start by considering the following path integral,
20° = [ Do e 09506 i), (.11

where ZB¢ is the partition function on M™ with boundary condition, ¢, is the
boundary condition at the entangling surface ¥. We can exponentiate the delta

function and include it in the path integral as
7B¢ = / D¢DeDé e~ [ d'z(9u8t (@)1 p(2))+i [ d%[c<a~c><¢<fc>—¢o<a~c)>+a<oz>(¢T<az>—¢$<fc>)]7
(5.12)

where %) is the coordinate on ¥ on the k-th sheet.
We are interested in the 2n-point functions on the n-sheeted manifold M ™).

With this new action, the 2n-point function in the case with boundary condition
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<(¢T (—t, =) o (—t, —f))n)Bc becomes

(o' (—t.—0) ¢ (—t,—0)) ") 5e
_ /D¢/D"0'D"5 (¢T (—t,—0) ¢ (—t, _g)) —fd4wdu¢T<9“¢+Zk L k(@) ((2)— b0 (2)) 8k (2) (6T ()~ (2))

B / DoD"eD"e (¢ (—t, —£) & (—t, —€>)"e*f 20,9100+ [ 3 FTL_ ex(@)($(@)=d0(@)+e4 (@) (41 (2)-0{())

:/ Do (61 (=t,—0) 6 (—t,—0))" e~ [ Setud@"om | EaBe@onta (s
<1+Z </d3 z": 50) 4 7, (309t (500) > )

= C”<<¢T (_ta —f) ¢ <_t7 _£)> > + Z: y <Cn (bT /d35$f ) 2> ,
(5.13)

where C = [ DcDeel PE@a0@+e@90(#) o1 each sheet, and F©) is a homogeneous
polynomial function of order s in ¢(2*))¢(z®) and ¢(2*)¢f(#*)) with combinato-
rial factors. In the last line of equation (613), the second term on the right hand side
can be understood as the correction to the result without boundary condition. The
first term is identical with the result without boundary condition, and the second
term works as the correction to it.

By an explicit calculation, this correlation function of the operator on the bound-
ary ¢(z) with the inserted operator ¢ (—t, —¢) is not divergent in the limit ¢ — 0.

Thus, for example in d = 3 case, where we have 4 spacetime dimensions, we get
((010)")5e = c((010)") + O(em), (5.14)

where the leading term’s divergence is O(e~"), and all the corrections are included
in O(e3).

This means that the effect of boundary does not affect the result. As we have
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seen in (2ZA0), the final result is
T n
1, (00 )5, ne
1 —n (<OTO El,BC)
1 | Cn€4n<(OTO>n>En _'_64710(6—371)
10 % (C(O10)y, + O(c?))"

ASY =~

(5.15)

and since the corrections from the boundary are all depending weaker on e than
—4n, in the limit e — 0 all the correction terms vanish and C cancels. Thus these

corrections do not appear in the final result.

5.4 Time Evolution of the Rényi EE Growth AS%)

We have analyzed the time evolution of AS%) in several cases. We will summarize
the results here. In this section, we denote the Rényi EE growth for the inserted
operator O as ASff) 0],

We start with the most simple case, when only one operator E; or B; is inserted.

The resulting Rényi EE growth ASXL) for E; and E, are,

ASE ()] = 1 1 log ((_(t+€)2(2t—€)>”+ ((t—€)2(2t—l—£)>”> (5.16)

-n 4¢3 4¢3
" 1 413 — 3012 — 13\" 4% 4+ 3082 + 3\ "
ASY [By] = 1~ log (( v ) + ( e , (5.17)

respectively. For the other operators we find the following relations,

AS [E] = ASY [B], (5.18)
ASY [Bo] = ASY [Bs) = ASY [Bo] = ASY By (5.19)

t

We plotted their 2nd Rényi EE growth in figure b, where the horizontal axis is ¢,

and the vertical axis is ASff). We can see that for both functions the growth is zero
until ¢ = ¢, but differs after ¢ = ¢. Just after ¢ = ¢, the Rényi EE for E; or E3 grows

faster than the one for E;.
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Figure 5.1: Plot of A,S’f) [E;] and ASff) [E2] which correspond to red and blue lines, respectively.

This behaviour can be understood from classical electromagnetism. Classically,
electromagnetic waves are transverse waves and thus have no component in the
direction they travel. In the present case, an electromagnetic wave that is traveling
towards the entangling surface ¥ has no component in E;. It can only have non-zero
components in E; or E3.

In QFT on the other hand, by acting with an operator such as E; or E; on the
vacuum, we are exciting the field in a specific direction. Thus the change of Rényi
EE by inserting E; is growing slower than the one by inserting E, or E3. See figure
b1, where the blue line is the E, insertion and red line is the E; insertion. The time
evolution for E; and B; are the same, and the time evolution for Ey, E3, By, Bs
are the same. This shows that the result has the rotation symmetry as expected,
and also the electromagnetic duality is preserved.

In the late time limit ¢t — oo, all the cases of single operator insertion considered
above converge to the same value log 2. In fact, this is true for all integers n in this

case, even for the limit n — 1, where we obtain the EE growth:

lim AST [E] =1log2, (5.20)
Jim AST [By] = log 2, (5.21)
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Figure 5.2: Rényi EE growth for E? and E3 insertion. The red and blue lines are ASf) [E;?] and
ASf) [Ezz], respectively.

where 1 = 1,2, 3.
Figure 52 shows the 2nd Réyni EE growth for the insertion of E? and E3. Their

explicit functions look as follows;

ASY) 1] = 1110g [((%—é) (t+z>2>2n+ ((QtM)(t_l) >2n

- 413 413
Lo (20 t+02\" (2t +0)@t—D*\"
4¢3 4¢3 ’
(5.22)
2n 3 2 3\ 21
) o] 1 413 + 302 + ° A3 — 302 — ¢
ASY B3] = - log ( v - 25
Lo A8 + 3082 + 3\ (4 = 3082 — 3\
8t3 8t3 ’
(5.23)

where the Rényi EE growth for B? insertion is the same as the growth for E?
insertion. Here, we can see again that the behaviour is similar to an insertion of a

single operator like E; or Ey. However, their late time limit is more complicated,
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and depends on n:

: (n) [g2] _ 1 1-2n -n
lim ASY [E?| = —log (22 +27) (5.24)
where n 2 2. In the limit n — 1 this gives

lim ASY [E?] = 2log 2. (5.25)

t—o00

They agree with the result of free scalar field ¢? insertion.

5.5 Late Time Algebra and Finite Time Algebra

In this section, we introduce the Late Time Algebra (LTA) for the Maxwell theory.
The construction of LTA for Maxwell theory works in the same way as for scalar

field theory. First, we introduce the following LTA operators

LB BE BT (5.26)

(5.27)
B/ + BX + B}, (5.28)

where L. and R corresponds to the left and right moving mode. The commutation
relations are defined from the Green’s function of the corresponding fields. They

are obtained as

=
<.
<
—
55
S
|
)
V)
_|_
)
)
SN—

Tl e (B1E1) p) (01 — 62)
L (BiB;) men (61 — 65)
7 i (E1Eq) p (61— 62)°
L (BiBj) v (01 — 02 + 2m)
T s (E1Eq) p (01— 65)

(5.29)
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where (E;E;) v (61 — 02) is the propagator of neighboring operators on the same

sheet, and (E;E;) v (01 — 62 + 27) is the propagator of neighboring operators on

different sheets, similar to the schematic picture given in figure BZ1. A remarkable

property in the LTA of Maxwell theory is the non-zero commutators of Eg, B; and

F3B,. This mixing in the commutator is the most significant difference from the

LTA of scalar fields:

(EoB3) pqm) ((91 —0s) 40

t=oo (E1Eq) vy (61 — 62)
<E2B3>M(n) (91 — 92 + 27'(')

AR7]§.RT = lim 2 0
[ 2773 } t—00 <E1E1>M(1> (61 - 92) 7
PN ) EsBs) v (01 — 02)

EL,BLT = lim 2< 52/ M 0

[ 3022 } t—oo (E1Eq) v (01 — 02) #

L EsBs) v (01 — 2
5] 2 BB 0 2)

t—00 (E1Eq) v (01 — 09)

The Hilbert space is defined as the Fock space of these operators,

% = Span{|O>L7 E?”O)L’ B;T|O>L7 E?B;”Oha o }7

Sy = Span{|0)g, EI[0), BIT|0)n, EFTBIT|0)g, - -}

where the corresponding vacuum states |0), and |0)y satisfy
£24[0), = B0}, = B0, = B0), = 0,
The total Hilbert space is then
@ Iy
Their normalized n-particle states are denoted as
ED) = NVE;'|0),

where N is a normalization constant.
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(5.30)
(5.31)
(5.32)

(5.33)

(5.34)
(5.35)

(5.36)

(5.37)
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The effective state we need to evaluate the Rényi EE in LTA, is the one where we
replace the field operator with the corresponding the LTA operator. For example,
if we have inserted (E1)2 in QFT, then the corresponding effective state is

) = N (B1)” [0}, @ [0} (5.39)

with a normalization constant A/. By using this LTA, we are able to reproduce the

Rényi EE growth ASXL) for Lorentz invariant operator insertions, such as
R (5.40)
and the ones where the operators E,, E5, B, B3 are mixed symmetrically as
E,B; — E;B,, (5.41)

which is the Poynting vector towards the entangling surface .

We now propose the commutation relations for finite time. For the gauge theory
case, there is no geometrical understanding like in scalar field yet.

We show here the explicit expression for 4 dimensional spacetime at finite time

and correspondingly in the late time limit. In 4-dimensional spacetime:

e f (2t —0) (t +0)*
B} B = e — 1 (5.42)
L (2t +0) (t — 0)*
Rt] _
[ B o }_ o5 — 1 (5.43)
N AP 30+ 0
. 4¢3 — 302 — (3
[ LB =6 e — b (5.45)
o o] (=0 (E+0) 3
B By 1 = (5.46)
A I (. 3
B3 B3] = ( 4%2( : = (5.47)
Ll B0 (40 3
[E5, B3 0 = (5.48)
i1 3= 0 (L+1) 3
BB =0 — (5.49)
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where i, j € {2,3}. By using this LTA, we get the following effective density matrix

pf for example:

E1 or E2 . (550)

(NS
[

30
30
16

D — 5.51
192 49 ( )

49

1

Let us conclude this section with some remarks. The Rényi EE growth ASXZ) for
locally excited states is invariant under the S-duality transformation E; — —B; and
B; — E;. Since the Rényi EE growth ASJ(I) reflects the electric-magnetic duality,
the entropy for B; is equal to that for E;. On the other hand, the Rényi EE growth
AS%) depends on the direction relative to the entangling surface ¥. The Rényi EE
growth ASXL) for the fields vertical to the entangling surface ¥ increases slower than
those parallel to it. However, there are no differences of the Rényi EE growth AS%)
between inserting one electromagnetic field E; or B; and that of one scalar insertion
in the late time limit ¢ — oo.

We can find the difference in late time of Maxwell field and scalar field by con-
sidering the case for composite operators, namely the combinations of E,, Bs and
E;5,B,. This is encoded into the LTA and FTA as nonzero commutation relation
in By, B; and E;, B,. These are corresponding to the combinations of electric and

magnetic operators parallel to the entangling surface X.
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Chapter 6

Conclusion

Quantum Entanglement is one of the properties at the heart of the quantum theory,
and is an indispensable concept in modern physics. Though this property was
realized from the very beginning of quantum theory, it has often been the source
of controversial issues. Recently it is rediscovered to be related to the phenomena
of hot research topics like black hole entropy and information loss, increasing its
importance again.

In this thesis, we have discussed the Rényi EE growth which is the difference of
Rényi entanglement entropy of a locally excited state compared to the one of the vac-
uum state. The Late Time Algebra is an algebra describing the Rényi entanglement
entropy growth in the limit ¢ — oo, and gives a quasi-particle picture to it. First we
gave a method to define the commutation relation of the Late Time Algebra from the
corresponding Quantum Field Theory in a systematical way. Then, we introduced
the Finite Time Algebra by extending the Late Time Algebra to each time slice.
This gives a quasi-particle picture at every time slice for the Rényi entanglement
entropy growth in Quantum Field Theory.

We also presented the Particle Propagating Model, which is a new model for

4-dimensional free scalar field theory. It provides an intuitive understanding to
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the Rényi entanglement entropy growth. In this model, the Rényi entanglement
entropy growth is obtained as the Rényi entropy of a quasi-particle that propagates
isotropically in space. The Rényi entanglement entropy growth is defined by the
area ratio of the two surfaces into which the sphere is divided by the entangling
surface, where the sphere is the position of particle propagating at the speed of
light. Therefore, the Rényi entanglement entropy growth is a kind of measure for
the degree of freedom of this quantum mechanical system.

The second topic we addressed in this thesis is about the Rényi entanglement
entropy growth in gauge theory. There are still discussions on how to define the
entanglement entropy for gauge theories, since a naive definition leads it to be gauge
dependent. However, the Rényi entanglement entropy growth in this thesis is defined
uniquely without gauge dependence, as far as the assumption holds that the effect
of gauge choice appears on the boundary as the boundary condition. We have also
shown that the Rényi entanglement entropy growth in Maxwell theory respects the
causality, as it is in the case for scalar field theory.

The late time algebra and finite time algebra show that Maxwell theory also
admits a quasi-particle description. We can see that there is a different property
in entanglement from that of a scalar field. The mixing of the operators associated
to different directions in the algebras distinguishes the Maxwell fields from scalar
fields.

The definition of entanglement entropy in gauge theory is a very subtle issue,
and some modification is needed to make it compatible with gauge invariance. From
our point of view, it would be very interesting to construct the particle propagating
model for gauge theory and discuss the difference of time development of Rényi
entanglement entropy from the scalar theory case. Our discussion presented in this
thesis is free from this gauge invariance problem, and therefore it may shed some

light on understanding the entanglement of gauge fields.
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Appendix A

Examples of Scalar fields

A.1 Example of Scalar FTA

Here we demonstrate the FTA calculation to obtain the Rényi EE growth ASXL) for

the insertion of : ¢* :. The FTA given in the main part for 4 dimension is:

04,01 = lim 327°€* G (6, — 0,),

o (A.1)
[¢R, (ppﬂ = lim 322G ™ (0, — 0, + 2),
We also have the relation
lim &GN (0 — 05) = lim ¢* (G™(0) — 62) + G 0y — 0, + 2)) . (A.2)
from the explicit calculation.
We evaluate the LTA for the locally excited state:
) = N 2 ¢F(—t, —1,x) : |0) (A.3)
where A is a normalization constant, that is given by
1
N = (A.4)

k'(327’(2€2)k(G(n)(61 - 92) -+ G(”)(Hl - 92 + 27'('))]6’
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and x is the coordinate for the 2 and 3 direction. The effective reduced density

matrix of this excited state is given by®

E Oy (G (0 —0,)) " (G™ 6y — 0y +21))
pff\f = tl”L (p) = Z : ( ( : 2)> ( ( . ’ ]:T)) |$>RR<S’- (A5)
5=0 (GM (6 — 0y) + GM(0; — Oy + 27))

Then Sff) for this density matrix in (AZ3) is given by

o 1 ko (,.C, (G(n) (61 — 02)>k_s (G(n) (61 — 05 + 271'))5 '
ASy =1 log sz:%) G™ (6 — b2) + G™(0, — 0 + 2m))"
(GO (61— 62) + GU)( ) (A.6)
k
=l [Z (1C(RB) (Pult))’) ]

where we use the identity in (A=). The entropy in the late time limit is given by

] .

s=0

ASY =

These results in (A6 ) and (A72) are consistent with the results in the replica

method[I8, 19].

A.2 Example for PPM

Here, we give examples of calculations using the particle propagating model. We
compute the Rényi EE growth ASEXL) by using this model. Recall the assumptions
of PPM:

e One local operator creates one quasi-particle.
e Quasi-particles created at the same point of spacetime cannot be distinguished.

Note that the spacetime is 4-dimensional and flat : M = R*.

1.Cys is a binomial coefficient defined by ,,Cs := %
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A.2.1 Example.l: Composite operator O =: ¢F(—t, —(,x) :

We start with the example of a local operator : ¢* : located at (20, 2!, 22 2°) =
(—t,—¢,0,0) acts on the ground state. Then in ¢t > ¢, the s particles and k — s
particles are included in A and B with the probability Cs (Pa(t, )" * (Pa(t,())".
Thus the probability distribution p is given by

k
pPPM - Z k:Cs (PA@’ E))k_s (PB(t7 €>>s |87 k— S> <8’ k— 8‘7 (AS)

s=0
where |I; k—1) is the state where [ and k—1 particles are included in A and B, respec-
tively. The Rényi EE S™ of this reduced density matrix p™ (E8) is consistent

with the Rényi EE growth ASY in (IXH).

A.2.2 Example.2: Two operators at different point in space-
time O = ¢(—T,—L,x;)o(—t,—{,X2)

The second example is a state where two scalar fields are acting at different points
in spacetime. The corresponding excited state |¢)) is with the operator insertion

0= ¢(—T, —L, X1>§Z§(—t, —6, X2)7
|we>c> = N¢(_T7 _L7 X1)¢(_ta _ga X2)’O>a (Ag)

where ¢, L,t,T > 0, N is a normalization constant, and x;,x, are the coordinates
for 2,3 direction which are constants. Since we distinguish the particles created at

different points in spacetime, the density matrix p"™ at ¢t = 0 is defined by

IOPPM - Z Pa,cpb,d|a7 ba c, d> <CL, ba C, d|
a,b;c,d

— PyoPio|1,1;0,0)(1,1;0,0] + Py Py 0]0,1;1,0)(0,1; 1,0] (A.10)
+ PoaPoa 1,050, 1)(1,0;0, 1] + Py P[0, 051, 1)(0,0; 1, 1],

where |a, b; ¢, d) is the state where a (b) and ¢ (d) particles created by ¢(—=T, —L, X;)
(¢(—t, —{,x3)) are included in A and B, respectively. P,; and ]507(1 is the probability
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for each quasi-particle created at (=7, —L,x;) and (—t, —¢,x3), respectively. They

are given by

0 T <L 1 T <L
Pl,O = (T-I) ) PO,l = (T41) )
- +
ST TzL 2T rzL (A.11)
. 0 t</? . 1 t</
Pro= (-0 ) Py = o) .
t— t+
w2 w2t

Thus, when we compute the Rényi EE S™)FP™ of the density matrix (AI0), we

obtain

g(n>1).ppa L log [(PLOISLO)” + (Po,1]51,0)n + (PI,OPO,I)n + (PO,lPO,l)n}-

1—n

(A.12)

In the limit n — 1 where we recover the EE, we get

}}_)H} Gl(m)pear (PLO]—:’LO) log (Pl,Opl,O) - (Povlpl’o) log <P0’1p1’0) (A.13)

- (PI,OPO,I) log <P1,0P0,1> - (PO,IPO,I) log (P0,1P0,1)-

It is straight forward to check that in the late time limit, this Rényi EE S():PPM

(n>1)),pPM

converges and we get S¢ = log4. This is consistent with the result in [19].

A.2.3 Example.3: Space Decomposition with a Finite Inter-

val

In the third example, we insert one scalar operator at (—t, —¢) where t > 0,¢ > 0.
This is the same as the first example, however we change the definition of subregions

A and B in this example. The subregions A and B are defined as

A= {pe Moo <z'(p) < L} (A.14)

B = A",
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where A° is the complement of A in M. We denote the probability that the created
quasi-particle is included in the subregion A, B as P4(t), Pg(t), respectively. They

are given by

0 0=Z5t<t 1 0St<t

Pat) =3t g<t<t<L+0, Pet)=qL g<¢<t<L+r¢. (Al5)

2t

Lo L4l 4+0<t L L+r<t

The probability P4(t) and Py corresponds to the area of sphere I, that is included
in each subregion A and B, respectively. The Rényi EE S™*™ and EE is given by

0 0<t<?

St = ¢ A log [(Gh" + ()] 0<e<t< L,

0 0<t<t
limy SUVE = UM = ¢ (20) Jog (54) — (448) log (5) 0 <lSt< L0
— (%) log (ZEL) — (i) log (%) L+0<t

(A.16)

The plot of EE SPPM shows an increases after ¢t = ¢ and decreases after t = L 4 ¢
(Fig.A0) before it reaches the value log2. This is because the probability Py(t)
increases in ¢ < t < L + ¢ but it does not reach the value % and starts to decrease.
The EE does not reach the maximally entangled state that we obtained in the case

of two infinite subsystems and vanishes at the late time.

A.2.4 Example.4: Infinite Subsystems

In the forth example, we divide the space into infinite subregions in an more com-

plicated way than that one discussed in the main part. We consider two patterns to

60



s(1)pPM
06l
o5l
04l
03f
o2}

01l

Figure A.1: The plot of EE S(1):PPM The horizontal axis is ¢, and the vertical axis is S. The values
of (¢,L) = (10, 20).

divide the space into two infinite subregions, A, B; and Ay, Bs. They are defined

as follows,

Al = {:El Z laxZ Z 0}7

B, = A,
S (A.17)

Ay ={z1 > 1,29 > 0,23 > 0},

_ Ac
BQ - 29

where the complement is defined in M. The local operator is ¢ and located at

PPM

(—t,—{). The density matrix for each case p;

P TM is given by
PEPM = P, (£)]0; 1)(0; 1] + Pa,(8)|1;0)(1;0], (i = 1 ~ 2) (A.18)

where ¢ = 1, 2, the probabilities are given by

Pa=1(1-1). o=
(A.19)

ol — x|
/N

w

+

SN
N———

Pa=g(1-1). -
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and the state |s; k—s) is describing the state where s and k — s particles are included
in A; and B; respectively.
As in the other cases, their entropy in ¢t < ¢ vanishes. Their Rényi Entropy

SM)PPM 4 S (g

S(n),PPM(pl) _ ﬁlOg [(% 1- f))n T (i (3 T %>)n} n2 2’
(1= e - 9) -4 (6 Dot 6] n=
S(n),PPM(p2) — ﬁlog [(% 1- %))n + (% (7+ %) n} n z 2’
—% (1—f)log [% (1—%)} —%(7+%)log [% (7+f)} n=1
(A.20)
The Rényi Entropy S™-""™ in the late time limit ¢ — oo is finite.
S(n),PPM<p ) _ ﬁ log Ki)n T <%>n} nz2
_i log {ﬂ — %log B} n=1, (A21)

This is due to the fact that the particle created by local operator ¢ has non-zero
probability to be found in the subregions A, 5 in the late time limit. For the n =1
case where we obtain the EE, they are both smaller than the entropy for an EPR

state log 2, which was the case discussed in the main text.
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Appendix B

Rényi EE Growth of Maxwell
theory

We will give here the leading term in € dependence of the Green’s functions, and

examples of the Rényi EE growth ASJ(P for Maxwell fields.

B.1 Green’s Functions

The leading term in e dependence for each fields in 4 and 6-dimensional spacetime
are as follows.
In 4 space time dimension, we recall that the operators E;, B; are defined in

Euclidean space as
E; = —iFy, By = —;j, 7" (B.1)

where 4,5,k € {1,2,3}, and ¢;;;, is the completely antisymmetric tensor. The ana-

63



lytic continued Green’s functions on manifold M are defined by

(E1(0)E1(0)) ey = iy (0 — 0),
(Ea(0)Ea(0)) o = (Bs(0)E3(8)) o = Fifya(0 — '),
(BL(O)B1(0)) pgo = Fispa (0 — 0),
(Ba(0)B2(0)) pgi = (B3(0)B3(8)) yem = Fissia (0 — ), B2)
(B (0)Bs(0)) y 0 = Fils (0 — 0, |
(Bs(0)Ea(0)) e = Pl (0 — 0'),
(E3(0)Ba(0)) g = Fiiia(0 — ),
(Bo(0)E3(0)) pyyon = Fiigies(0 — 0.
If the limit € — 0 is taken, their leading terms for n = 1 are given by
FJE111)E1(91 - 62) ~ 167r1264’
F}(;Q)E2<91 - 92) ~ 1671'1264’
] (B.3)
Fg1)31(91 - 92) ~ m,
Fidpa(0r — 02) ~ 1671264

The leading terms in the limit € — 0 of two-point functions are more complicated

in the case n = 2. If 0 < t < [, they are the same as given in (B3). If 0 < [ < ¢,
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they are given by

Fiiver (01 = 62) = Fiipy (62 — 61) ~ —
Flfn(ts — 00) = Fi(ts — 01) ~ 00T
Fip (01— 05) =
Fiiyps(01 — 02) = Fifs (02 — 01) ~
Fis(0r — 02) = Fllyp (62 — 01) ~
Fion(0r — 02) = Fiiypy (62 — 01) ~
Fioa(0r — 02) = Filgpy (02 — 01) ~

Fiiss(01 — 02) = Fligpss (02 — 01) ~

(O — 61) ~ —

(- 200+ 1)?
64m2t3et

1287234 7
(= 20)(1+ 1)
64m2t3et

128723t 7 (B.4)

=Dl +1)

12872¢2¢t 7
3t — (1 +1)
1287242t
30— 1)1 +1)
1287242t
3= 1)1+ 1)
128722t



and
Fpip1(01 — 05 + 270) = Fpip1 (02 — 61 — 27)

(I —t)*(1 +2t)

= Fpip1(01 — 02 —2(n — 1)w) = Frip1(0a — 01 + 2(n — 1)) ~ GAm2t3et

Fropa(01 — 0y + 27) = Fropa(0y — 61 — 27)

13+ 31t? — 4¢3
= Frapa(6 — 02 = 2(n — 1)7) = Frapa(02 — 01+ 2(n — 1)) ~ ——o i,
Fpip1(6h — 02 + 2m) = Fpip1(02 — 0 — 27)

(I —)%(1 + 2t)
64m2t3et

= Fpip1(01 — 0y —2(n — 1)) = Fpip1(0s — 01 +2(n — 1)m) ~

Fpopa (01 — 0y + 271) = Fl (65 — 6, — 2r)

= F3232(91 - 92 - 2(7’L - 1)7’() = Fég’lB)Q(eg - 91 + 2(7’L - 1)7T) ~ — 19872134 y
Frops(0y — 0y + 27) = Frops(0y — 01 — 2m)

31— t)(I+1)

= FEng(Ql — (92 — 2(n — 1)7T) — FEQB3(‘92 - 01 + 2(” - 1)77-) ~ 1287T2t2€4
Fp3pa(6h — 09 + 27) = Fp3ga(0y — 61 — 2m)

3(1—1)(I + 1)

= F33E2<91 — 92 — 2(n — 1)71') = FBgEQ(HQ — 91 + 2(n — 1)71') ~ 1287T2t264 s
Frapa(6h — 0y + 27) = Frapa(fy — 01 — 2m)

3t—=0(+1)

= FE332((91 — (92 — 2(’)”& — 1)71') = FE:J,BQ(GQ — 91 + 2(77, — 1)71') ~ 1287‘(‘2t2€4 y
Fpops(6y — 0y + 2m) = Fpops(0y — 61 — 2m)

3(t—1)(I+1)

= FBQE3(91 — 92 — 2(n — 1)71') - FB2E3(92 - 91 + 2(” - 1)7T) ~ 1287‘[’2t264

(B.5)
The e dependence of the other propagators are of order O(¢~3), therefore they do
not give an effect to the Rényi EE growth.

In the case of 6 spacetime dimensions, we denote the analytic continued Green’s

functions on M®™ as

(F3(0) Fin(0)) pay = Fip, (0 —0). (B.6)
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In the € — 0 limit, their leading terms are as follows.

For the case of n =11int > 0,

(1) 1
Frir, (01 = 02) ~ {655 (B.7)
(1) 1 : '
Fp, g, (01 — 02) ~ 39736 (4,5 #0).

For the case of n 2 2, if [ > t > 0 they are the same as in (BZ). In ¢ > [, they

are as follows, with i, 7 = 2,3,4,5 and i # j

FIE{)Ll)Fm (91 - 92)
F o (6, — 0+ 2m)
ng)pm(el — )

F}ZBFM (01 — 02 + 271')

Flglli)Fu(Hl - 92)
FI*(JL)FM (‘91 — 92 + 271')
F. (6, — 6,)
FiiFi;\Y1 2

Fp (61 — 0 + 27)

FéZZFl,wl —0y) = FI(W?ZFOi(Hl — 03)

(n)

F}Zi)Fu(el — 0>+ 27T> = LR Fy; (‘91 — 0+ 277)

(n)

They have the property £\ (6) = F\"

1 (t+1)3(31% — 9t + 8t?)

™ 25673 £5¢6 ’
1 (t—1)3(31% + 9t + 8t?)
25673 toeb ’

1 (L4 t)2%(32t% — 1912 + 61t — 313)
102473 t5¢6 ’
1 3265 — 450t + 10132 + 31°

~Y

102473 £5¢6 ’
1 1685 + 151t* + 10032 — 91°
™ 102473 £5¢6 ’
1 16t° — 15t4 — 10213 + 91°
™ 102473 15¢6 ’
1 (t+1)3(31% — 9lt + 8¢2)
~ 51273 15¢6 ’
1 (t—1)3(8t% + 9t + 31?)
~ 51278 15¢6 ’
15 (2 - 2)?
T 102473 16
15 (2 — )2
T 102473 fheS

(B.8)

(—0), and due to the periodicity of the n-

sheeted Riemann surface, they all satisfy F’ I(f,l) (0)=F I(f,l) (0+27mn). The e dependence

of the other propagators are of order O(e~?), therefore they do not give an effect to

the Rényi EE growth.
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o ASH

Ey or By ﬁ log ((—wyl + (W)")

443 443
1 —3 3082443\ " 4302443 \"
E273 or 3273 in log ((7&3 + Y= E—

Table B.1: ASSL) [O] in the region 0 <[ <t

They are related as,

Fp (01 — 02) + FiVp (01 — 02 + 27) = Ff g (61— 63),
Fid (01— 02) + F{p (61— 0z + 27) = 0, (B.9)
F (6 — 6) + Fi (6 — 6+ 27) = 0,

1

where n > 2, 1,7 = 2,3,4,5.

B.2 Examples of Rényi EE Growth in 4 Dimen-
sion

In the following sections, we give explicit examples of Rényi EE growth for Maxwell

theory in 4 spacetime dimensions.

B.2.1 Single Operator Excitation

We start with the case of excitation generated by single operator E; or B;. This is
the easiest and simplest gauge invariant case of excitation. The result for excitations
by inserting E; or B; is summarized in table Bl

Due to the € dependence of propagators, only the next neighbours’ propagators
contribute to the Rényi EE growth ASJ(I). Therefore, we have only two patterns of
diagrams to evaluate Rényi EE growth ASEI) for integer n = 2. This can be seen in

the resulting function, where we have only two terms with the power of n.
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The Rényi EE growth ASJ(P that is summarized in the table Bl is plotted in
figure BOl. The vertical axis is ASEL\Q), and the horizontal axis is t/¢. We can see
that, the Rényi EE growth ASff) is zero until the point ¢/¢ = 1. Then it starts to
increase and approaches a certain value in both cases, E;(B;) or Eg3(Bs3). The

late time limit (¢/¢ — oo) of Rényi EE growth ASXL) gives

n n n—1
AS [Ey] = ASY) By = —-Llog (%) —log 2, 510
n n n—1 :
AS&) [E23] = AS,(4) [Bys] = —-1;log (%) = log 2.

Thus, the limit ¢ /¢ — oo in Fig B agrees in both cases, and they are log 2. Equation
(BI10) also shows that the late time limit (/¢ — oo) of the EE ASS) is

ASY =1log?2 (B.11)

for these cases.

The time dependence around t ~ ¢ is also interesting as refered to in the main
text. As in figure B, the Rényi EE growth ASff) of excitation with Ey3 or By 3
increases faster then the excitation with E; or B,. The behaviour of Rényi EE
growth ASJ(I) around t/¢ =1 ( for n = 2 ) is as follows,

ASE B = AT B ~ 2 (1) B12)
ASY [Bys) = ASY) [Bog) ~ 253 (4 1),
where we omit the higher ¢ dependences. The physical understanding is explained
in the main text.

Note that the result respects the electric-magnetic duality, which is the replace-

ment of Ez — —B,L and B,L — El

B.2.2 Composite Operators

Here we show the time dependence of the Rényi EE growth ASZL) in composite

operator case. First, we will give the case of combinations,

EzEza EZEJ7 BzBu BZB], EZB“ EZBJ (Bl?))
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Figure B.1: The time evolution of the Rényi EE growth ASf) for E;(B;) and E2 3(Ba3). The
horizontal and vertical axes correspond to the time ¢/l and Rényi EE growth ASS), respectively.
The lower line and upper line corresponds to the Rényi EE growth ASff) for the excitation with

field operator E;(B;) and Eg 3(Bg3), respectively.

where i # ;.0 In this case, we get a higher value for the Rényi EE growth AS%) in
the late lime limit ¢ — oo than in the case of a single operator, and their value in
the limit is different.

The result is summarized in table BZ2 and B=3. In all cases case except for E;Bgj

and BoEs, ASXZ) is given in the form

1 Ny + Ny + N3
AST = = og | T2 B.14

where N;, i = {1,2,3} is given in the table B, and the functions f1, f2, fs, f1 in the
table are
. (0 —2t)(0 +t)?

b 64t ’
(0 +2t)(0 —t)?
f2 - 64t3 ’ (B 15)

4308 + AP '
B 128¢3
—03 — 30t + 4¢3
128¢3

fs
fa=

n the expression (BT3), no sum is taken over the repeated indexes.
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@] D, N, Ny N3
E3 or B? (2(5)) CH?) | ewd) e
E3, or B, (2(&)) )" QD) 2 )

E1E2,3 or E1Bz,3

or BEs; or BiBys | (3)” )" (f)" (f)" (f2)" (fo)" (fs)" + (f)" (f)"

E,E; or B,B, (&) ()" (f) 2(fs)" (fo)"

EBoEB | ((3)) BE (F) 2(f)" ()"

EB, (&) (f) (f2)" 2(f)" (f2)"

Functions fi= % f2= (HZ&E[ 2 fa= £3+f§§if4t3 fa= W
Table B.2: ASY [0] = —log [M} in the region 0 < ¢ < t.
O Dy Ny Ny P I P

E;Bj or BoEg | (22(55)) | (207 +263)" | (2263 +263)" | 2*"g395 | 2297} | O

Table B.3: ASY) [0] = —-—L-log [NﬁN?*glﬁPﬁP?’ in the region 0 < ¢ < t.

We have again as the result a sum of functions in the power of n. The time evolution
of the Rényi EE growth for the excited state of E{E; and E;E, is shown in figure
B3, as well as for E;Es, EsEs and E;B; in BZ3. In both cases, we see that the time
evolution is slower if the excitation includes more operators in x! direction.

For E3;B3 and ByE3, we have the expression

n 1 Ni+No+ P+ P+ P
AS;):—H_llog D, ,

(B.16)

where the functions N;, P; are listed in the table B3, using functions g; defined as

()
SV PNV TER
(t—10)°
2= eags” (B.17)
() (1P — 40t 4 TH2) '
N 4. 64t3 ’
(=) (44t + T8
94 = 1. 6473 '
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Figure B.2: The time evolution of ASf) for E{E; and EsE5. The horizontal and vertical axes
correspond to time ¢/¢ and the excess of AS(Q), respectively. The lower curve represents the

evolution for E1Eq, and the upper curve for EsEs. In the limit ¢ — oo, they are all log %.

The time evolution of EiEy, EoEs, E1B; is shown in figure B33, based on the
results listed in the table BZ2. We can again see that ASSZ) is 0 until the time ¢t = ¢,
and then its value starts to increase.

In the late late time limit ¢ — oo, ASXL) and ASS) differs depending on how the

state is excited. For the excitation £;F; or B;B;, when i = j the value is

1 4n
AST = — 1 B.1
ASY = ;logQ (B.19)
and when i # j, it is
ASE = ASY) = 210g2 (B.20)

From this result, we observe again that Rényi EE growth ASJ(ZL) are invariant under
the transformation E;, — —B, and B, — E;.

Finally, we evaluate the linear combination of composite operators, including the
Lorentz invariant combinations. The results are summarized in table B4, where we
use the same expression in eq. (BIH) with the definition in eq. (BI@). The time
evolution of E?, F,, F* and BoE; — BsE, are displayed in fig B4. The late time
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0.0k L e gy
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Figure B.3: The time evolution of ASf) for E1Ey, EsE5 (E2B3) and E;1B;. The horizontal and
vertical axes correspond to time ¢/¢ and the excess of AS (2), respectively. The curve in the middle
represents the evolution for E1Es, the upper curve for E;E3 (E2Bs) and the lower curve for E;By,

respectively. In the limit ¢/¢ — oo, they are all 21og 2.

O D N, N, P Py Py

Bo® | (2:3(5)) 2f +2-273)" (243 +2-273)" 2y 2y fy P
e |(22@)) 227" C2p)" 2 iy 0

FIE,, (2 2(55) 424 (%s)z)n (2-2f2 424290 gp)" | (2-2f3+2- 2205+ g0)" | 2:22 (A)" ()" | 2-4%"(a0)" (92)" | 2- 42" (g5)" (90)"
or B-E

ByEs — B3E» (4 -2 ﬁy)" (2-293 +2-27)" (2297 +2-293)" 2% (g3)" (92)" 2°"(g1)" (90)" 0

Functions g1 = (4[;4?: 92 = % g3 = 7<Ht)(f;,§”n2> 94 = 7(Fi)(f;l4,,§t+n2)

Table B.4: ASY [0] = —log [N1+N2+£11+P2+P3} in the region 0 <[ < ¢

value of them varies. For excitations E? + BZ, the late time value is log 4. For E;B3
or E3Bs, the late time value of AS%) is given by

_log(21*6”(7" + 25™)
n—1 ’

ASY =

(B.21)

When we have the excitations with B - E or F),, F'*",

Ast = L4 i (B.22)
=——1Io :
AT 1%\ 16n 1 30n 497 +1 )

and for the case of BoE3 — B3Eo,

_1og(21*7”(2 ST+ 50™))
n—1 '

AST = (B.23)
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Figure B.4: The time evolution of E27 FrYEy, and BoE3 —B3E>. The horizontal and vertical axes
correspond to time t/¢ and the excess of ASff) respectively. The curve which is asymptotically
in the middle represents the evolution for E?, the one which is asymptotically on top for F WEw,

and the one which is asymptotically lowest for BoE3 — B3Es, respectively.

We can see from fig B4, that for each case we have a different late time value. The
excitation with BoE3 — E;B3 has the smallest late time value, but when we look at
% ~ 1 the same excitation has the strongest increase of entanglement. Physically,
this can be understood since that excitation is the Poynting vector towards the

entangling surface.
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