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Abstract

In the early universe, a number of cosmological phase transitions are expected to
have taken place. These cosmological phase transitions could leave features in the
early universe, which are called cosmic defects. These defects are caused by the
symmetry breaking and live longer than the time scale of their phase transitions. In
this study, we focus on two of them. One is the cosmic string which is a string like
high energy region, and the other is the texture which is the self-ordering scalar fields.
These defects induce scalar, vector, and tensor mode cosmological perturbations in the
universe, and these perturbations produce observational signatures. We expect that
we can probe the phase transitions observing such signatures. Here we will see the
signatures caused by the vector and tensor perturbations which are not contaminated
by the standard cosmological perturbations.

In this study, we will investigate the generation process of the observational signa-
tures of cosmic defects in vector and tensor perturbations according to the four papers
(M, 2, B, 4]. Here we review the generation of the primordial magnetic fields from cos-
mic strings and textures [, 2], the primordial gravitational waves from cosmic strings
[8] and the gravitational lensing signals from textures [d].

The energy momentum tensors of cosmic strings and textures have anisotropic
stresses so that they produce vector and tensor perturbations. In the early universe,
the vector-mode perturbation from defects induces the relative velocity between pho-
ton and baryon fluids and it leads the generation of primordial magnetic fields, the
tensor-mode perturbation from defects generates primordial gravitational waves, and
both of vector and tensor perturbations induce weak gravitational lensing effects on
the cosmic microwave background fluctuations (CMB lensing) and the shape of galax-
ies (cosmic shear).

We find that the resulting magnetic fields are Bgtring ~ 1072°(Gp/107%) Gauss
and Biexture ~ 1071%, Gauss at about 100Mpc scale for cosmic strings and textures,
respectively, where €2 = N~1(Gv?)? is the combined parameter for texture, G is the
gravitational constant, NV is the number of scalar fields constituting the texture, v is
their vacuum expectation value, and p is the tension of the strings. The strength of
gravitational waves from infinite string network is given as ngging ~1078(Gu/1076)2
at 107%Hz. Assuming a CMB ideal lensing observation without instrumental noise,

we can obtain an upper limit of €, as 2.7 x 1076,
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Part.|

Introduction






In recent years, various precise observations of the universe enable us to reveal the
evolution of the universe. One of the most important observational signatures, which
has a stock of information, is the cosmic microwave background (CMB) discovered
by [6]. It is the afterglow of the epoch of ”big bang”, in which the universe was in
a very high density and high temperature state. CMB is the black body radiation
whose mean temperature and its fluctuation are 7' = 2.725K and AT/T ~ 1075,
respectively. Because of its high density, we can not see earlier than the CMB epoch.
CMB is the oldest observational signature which we can see by elecromagnetic waves.

From a viewpoint of a grand unified theory (GUT) [G, [@], there were many fields
in the early universe and they have experienced a number of phase transitions due
to decrease of temperature. Observing these phase transitions themselves is difficult
because most of them have occurred before the era of CMB and we can not see them
by electromagnetic waves. Here we would like to mention the fact that, however,
these phase transitions could leave some features called cosmic defects, such as cosmic
strings and textures [8]. They can live longer than the time of the phase transition, and
it may have more chance to observe the features induced by them than observing the
phase transitions themselves. Cosmological features left by defects can be estimated
by structures of the universe at present, which can be evaluated by cosmological
perturbations. It is interesting that we can probe such high energy phenomena by
observing the cosmological signatures in the late universe.

In this thesis, we describe observational signatures of cosmic defects, cosmic strings
and texture, according to the cosmological perturbation theory. In part 0, we will
review the standard cosmology where we introduce cosmological perturbation theory
(chapeter M), and physics of cosmological phase transitions (chapter B). We will
discuss the cosmic defects, especially cosmic strings and textures and their effects on
cosmological vector and tensor perturbations. In part [, we represent the generation
of magnetic fields from cosmic strings (chapter @) and textures (chapter B). In part
[, we give accounts of the generation of gravitational waves from the sharp structures
called kinks on cosmic strings (chapter @). In part M we will see the weak gravitational
lensing effects of textures on galaxies shapes (chapter B) and CMB angular power
spectra. Finally, we summarize the each signature in part M. Here we adopt natural
units ¢ = h = kg = 1, where c is the light speed, h is the reduced Planck constant

and kg is the Boltzmann constant.






Chapter.1

Standard cosmology

The underlying concept of the standard big bang cosmology is that the universe
began as a high density and high temperature region called ‘fire ball’, and such the
universe is expanding until now with decreasing temperature. This concept of ex-
panding universe was suggested by Friedmann and Lemaitre independently [9, [0],
considering the general relativity (GR) [I1] under the condition of the homogeneous
and isotropic space. Solving Einstein’s field equation, they obtained the solution of
the expanding or contracting universe. ¥ Hubble found almost all distant galaxies
were moving away from us and their recession velocities were proportional to the
distances [[4]. This observational relation between distance and velocity of galaxies
provides a firm basis of expansion of the universe. Moreover, it turns out the expan-
sion is actually accelerating due to recent observations of type-Ia Supernovae [I5, 6]
These observational facts strongly support the idea of the globally homogeneous and
isotropic expanding universe. According to the concept of the expanding universe,
the universe started as a high density and high temperature point in the ancient era
[T2, 3], and this era is called the ‘big bang’ era.

On the contrary to homogeneity and isotropy, we can see local inhomogeneity of
the universe via local structures in the universe like galaxies clusters and cosmic webs.
These local structures are originated from tiny density fluctuations of the early uni-
verse which we can see in the cosmic microwave background [[['7, 8, 9] as temperature
fluctuations. These results suggest that the universe is globally homogeneous but it
has seed fluctuations for the structure formation. Evolution of these fluctuations is
described by the theoretically well established cosmological perturbations. The cos-
mological perturbation theory can represent not only the structures but also magnetic
fields, gravitational waves and so on. Using the cosmological perturbation theory, we
can calculate these cosmological signatures directly.
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1.1 Evolution of the universe

In this section, we will review the expanding homogeneous and isotropic universe
based on the GR. The structure of the spacetime is represented using the world

distance ds and the metric g, as,
ds® = g, dzdz”, (1.1.1)

where dx* is the infinitesimal displacement in four dimensional spacetime and we
sum up the indices p and v from 0 to 3 (Einstein’s notation). Because we consider

the homogeneous and isotropic universe, the world distance and the metric can be

written as
ds® = gudatdx” = —dt? + a®(t)d*% = a*(n)(—dn? + d*%), (1.1.2)
= a*(n)nudatdz”, (1.1.3)
-1 0 0 0
01 0 O
0 0 0 1

where ¢ is the physical time, n = [ dt/a(t) is the conformal time, a is the scale factor
of the universe which represents the homogeneous and isotropic evolution (expansion
and contraction) of space, and 1), is the Minkovski metric. The Einstein field equa-
tion that denotes the relation between the energy momentum tensor of matters and

spacetime is given as,
1
Gu =Ry — §gm,R =81GT,, — Aguw, (1.1.5)

where G, is the Einstein tensor, R, is the Riemann tensor, R is the Ricci scalar,
G is the gravitational constant, 7}, is the energy momentum tensor, and A is the
cosmological constant. Using the metric g,,, the Riemann tensor and Ricci scalar are

defined as the following equations,

R = R"M, (1.1.6)
RHV = Rpp,py? (117)
P 0 P 9 P P TA P TA

R our — W vo awurlw + Fu)\ruo - FuAF;w’ (1'1'8)
Igry | 09ux Oy

P PN HA “

How =9 ( T e (1.1.9)
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where I',, the Christoffel symbol. Assuming the components of the universe to be

perfect fluids, we can describe the energy momentum tensor as

(1.1.10)

coc o™
oo Mo
o Yoo
Vo oo

where p is the energy density and P is the pressure of the fluids. In case of the homo-

geneous and isotropic universe described by equations (I'T4) and (II1d) (hereafter

we assumed the curvature of the universe K as zero), we can obtain the evolution of

the scale factor by calculating (ICT3) as,

1da s _ 871G A
(adt> ===t g, (1.1.11)
1 d?a _AnG A
—— = P—-— 1.1.12
adt? 3 <p 3 47TG>’ (1.1.12)

where H is the Hubble parameter. These are simultaneous equations called the Fried-

mann equations. Here we introduce the other notation for these equations as

IrG A
2= "= — 1.1.1
H 3 Pa 2+ Sa ( 3)
L AnG A a2,

where H = Ha is the conformal Hubble parameter, and dot "represents the conformal
time derivative d/dn.

Here we review the evolution of the universe and the scale factor according to
the Friedmann equations (I'T11) and (CI13). In the early universe, at the epoch of
inflation, the evolution of the universe is driven by the potential energy of the inflation
field and the energy density of the universe can be written as p;n s ~ V(¢) ~ constant,
where V' is the potential of the inflation field ¢, and we obtain the evolution of the
scale factor as a(t) o« exp(/8mGpiny/3t). After the inflation epoch, the inflation field
was thermalized and it produced particles. This process is called reheating. After
the reheating epoch, the universe had become hot and been filled with relativistic
particles. At that epoch (i.e., the radiation dominated epoch), the evolution of energy
density of the universe can be written as p,.q o< a~*, where the =2 is from the
expansion of space and the other a~! is from the redshift of frequency of relativistic
particles. In this case, we can describe the evolution of the scale factor as arnq
t1/2 (¢ m). The temperature of the universe decreases according to expansion of

the universe (T o a~!) and when the temperature became lower than the mass of
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massive particles (m > T'), they could not be relativistic any longer, the massive
particles became none-relativistic. Then we can express the energy density of such
particles as ppat X a~3. Because Pmat X a3 decreases slower than Prad X a4, they
would dominate the universe later (the matter dominated epoch). In that epoch, the
time dependence of scale factor is a o t2/3 o« n?. Afterward, the decrease of pmat
is caused by the evolution of the scale factor, and the cosmological constant term
in () and (I13) will dominate the universe. Then the expansion law of the
universe has an accelerating form (a o exp(y/A/3t)) again.
Here we redefine the Friedmann equation using non-dimensional quantities. Let us
first define the critical density of the universe,
_ 3H?
Perit = Fywar

as a unit of energy density. When we consider the standard cosmology called the

(1.1.15)

ACDM model, in which the evolution of the universe is almost driven by dark energy
and cold dark matter nowadays, we can describe density components in the unit of
the critical density as

P _ Pr Pm + PA

= =0a Qa3+ Qp, (1.1.16)
Perit,0 Perit,0 Perit,0 Perit,0

where subscript zero o represents quantities at present time, pp = A/87G is the energy
density of the dark energy, Q. = p;.0/perit,00 Qm = Pm,0/Perit,0 and Qa = pa/Perit,0 are
density parameters for radiation, matter and dark energy components of the universe,
respectively, and they satisfy the relation 2, + €, + Qs = 1. Then we can rewrite

the Friedmann equation using the density parameters as
H? = HZ(Qa 2 + Qa4+ Qpd?). (1.1.17)

where Hj is the Hubble parameter at present time. Omne can see that the ratio of
each parameter decides when each epoch starts. The matter dominated epoch starts
at the matter-radiation equality time a;,, = Q,/Q,, and the dark energy dominated
epoch starts at dark energy-matter equality time aq = (@, /Q4)3. Thanks to pre-
cise cosmological observations in recent years [20], these cosmological parameters are
determined as Hy ~ 70[km/s/Mpc|, Q,,, ~ 0.3, 2,,,/9,. ~ 3000, and Qx ~ 0.7. Let us
review the history of the universe with these parameters. Here we define the another
notation of the scale factor namely redshift using the elongation of electromagnetic

waves due to cosmic expansion. We can denote the elongation of the wavelength as

Aobs
obs _ fobs _ g, (1.1.18)

Aemit Aemit
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where Agps is the observed wavelength, Aeni¢ is the emitted wavelength, aohs = ag
is the scale factor at observation time (here we assume present time), aemit is the
scale factor at emission time and z is called redshift which represents the extension
of wavelength. We can see the radiation dominated epoch continues until matter-
radiation equality at redshift about 2, = agt —1 = Q,/Q, —1 ~ 3000. After that, the
matter dominated epoch starts and it lasts until the epoch when dark energy density
coinside with that of matter density, at redshift about z = a;'—1 = (Qp/Qm)/3~1 ~
0.3. Then dark energy dominated epoch starts and now the universe is driven by dark
energy.

Finally we introduce the baryonic component. We divide the matter component

into two terms,

Q= QO+ Qy, (1.1.19)

where ). is the contribution from cold dark matter which interacts only via gravity,
and €2, is the contribution from usual matter. As long as we consider the evolution of
the universe as a whole, we do not need to consider individual components. However, if
we need to treat perturbations from the homogeneous and isotropic universe to handle
structure formation, the difference between cold dark matter and baryon becomes

significant due to the electromagnetic interactions of the baryonic components.

1.2 Cosmological perturbation theory

In this section, we review the cosmological perturbation theory according to the
Einstein equation (ITH). We consider the metric perturbations in the universe with
the isotropic and homogeneous background. We decompose the perturbations into
three independent modes, i.e., scalar, vector, tensor mode [, 22, 23]. In this thesis,
we focus on vector and tensor modes in particular, because these modes have only
decaying solutions in the standard cosmology, and they are useful to see the effects
of external sources like cosmic defects on metric perturbations.

We define the metric perturbation as,
Gudztdz” = a®(n)(—dn® + (6;; + hij)dx'dz?), (1.2.20)

in the synchronous gauge, where h;; is the metric perturbation. Here we decompose

h;; into a trace part h = h', and three traceless parts hyj, hf-j and hg; in Fourier space
as h
_ I 1 T

17
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where

ez’jkkikjhgl -0, /ﬁkjhfj =0, kzhf; =0, (1.2.22)

k; is wavenumber vector and €7* is the Levi-Civita tensor. Here we can denote these

terms using the projection functions (’)(l%) At first, we rewrite the parallel mode hllj

~ N 3/~ 51"
hl =0 (k)nS, 0 (k) = \/; (k;lc] - 33) (1.2.23)

where h* is the scalar perturbation, (91(?) (l;:) is the projection to the scalar mode and

as

k; is the unit wavenumber vector. Next we decompose hiij as

ikihj + ik;h;

hi = , 1.2.24
5 7 (1.2.24)

where h; is a divergenceless vector. Using the vector basis,
e@ED (k) (Cr(k) + 0o (k)) (1.2.25)

where k- é1(k) = k - éa(k) = é1(k) - éa(k) = 0, é1(k) - é1(k) = éa(k) - éa(k) = 1 and

kléf(l%) = 0, we can represent h; as

hi= Y AYeM (k). (1.2.26)
A=+1

From equations (I224) and (I"ZZ@), we can obtain hL directly as

~

=Y WPoPk), 0Nk = A(12:@ (k) + ke (k)), (1.2.27)

(A
ij J

A==1 V2
where hg‘ ) is the amplitude of the vector perturbation. In the same way as the vector

mode, using the tensor basis (polarization tensor),

AE2 (7 oL (et (i

&2 (k) = e (k)ey (k), (1.2.28)
we can denote the tensor mode hT directly as

= 3" w0 k), O (k) = e (k), (1.2.29)
o==42
where hp is the amplitude of tensor perturbation. Here scalar mode perturbations h
and h® correspond to scalar quantities such as gravitational potential, vector mode
perturbations hg/)‘ ) represent vector quantities such as vorticity or vector fields, and

tensor mode perturbations hgﬁ ) are equivalent to gravitational waves. Multiplying
10



Og-)), (98‘) or (’)g;) in eqs.(CZXZ3), (CZZ7) and (C2Z29) by the metric perturbation

h;j, we can obtain each perturbation as
O (k)hiy = b, O ()hi = hi7™, O (k)hij = b (1.2.30)
Note that these projections are orthonormal each other,
) (2 N 2y — AN V(@) (1 — @) (1) (T
O (0L (k) = 0 ()0 (k) = O (WO (k) = 0, (1.2:31)
and we defined them as a normalized system,
O 2@ 2y — AN (NN 1y — 9@ (=) Ty
O;; (k)(’)l-j (k) = O;; (k)(’)ij (k) = O;; (k)(’)ij (k) =1. (1.2.32)

Now we can see scalar, vector, tensor mode are independent from each other and this
decomposition is called the scalar vector tensor (SVT) decomposition. Hereafter, we
will focus on vector and tensor modes perturbations, and we will see their evolutions
briefly.

Substituting eq.(I220) into eq.(IH), we obtain the equation of motion for the
scale factor a as eq.(CI1) in the zero-th (background) order, and decomposing vector
and tensor modes, we obtain the equations of motions for each mode in first (linear)
order approximation as,

&y + 2Hoy = 8nGIly Jk, (1.2.33)

ho + 2Hh + k*h = 167 GIy, (1.2.34)

where oy = ag‘) = hg‘)/k: is the vorticity, I,y = H%}) = (’)Z(J/-\)Tij is the anisotropic
stress in vector mode, and Il = HE_,? s l-j(’)g}y) is the anisotropic stress in tensor
mode. Here we omit subscripts A and ¢ for simplicity because of independency of
each mode shown in eq.(I"2ZZ3T). In other words individual modes do not mix in first
order perturbations.

In the standard cosmological perturbation theory, the vector and tensor modes
anisotropic stress Iy, II7 do not appear at cosmological scales, because all (per-
turbed) source terms induced by the energy momentum tensor 7}, at cosmological
scale are originated in the density perturbation dp and it can only induce scalar modes.
In such a situation, the equations of motions for vector and tensor modes, eqs.(IZ2-33)
and (CZ34) have only free streaming solutions and only propagate the initial values.
Then solving eq.(IC2Z-33) assuming IIy = 0, we obtain the vorticity oy as a decreasing

function,
oy = oyo(k)a™? (1.2.35)

11
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where oy (k) is the initial value of vorticity. In the same way, we consider the case

of tensor mode assuming II = 0. We can solve ([Z232) as

he (K, ) = ’EZ) (1 (B () + o (a1 (k) ) — hini@‘)a’zz)jmkn), (1.2.36)

where v is the power law index of conformal time at that time,

_ dlna
v = dlnn’

(1.2.37)

Vrad = 1 and vy = 2 are the indices at the radiation and matter dominated epochs,
respectively, j,(z) is the spherical Bessel function, n,(z) is the spherical Neumann
function, hi(= hini) and ho are the arbitrary functions corresponding to initial condi-
tions. Here we assume there is no divergence at 7 = 0 and we adopt only the spherical
Bessel term. These modes are only propagating initial values and they are decreasing
functions in time.

The above discussion is true only when we assume both the first order cosmological
perturbation theory and the energy momentum tensor from the standard matters.
When we consider the second order perturbation terms or external sources, vector
and tensor modes arise. In the case of the second order perturbations, coupling of
scalar-mode perturbations (second order terms) can induce vector or tensor mode. In
the case of external sources, vector and tensor modes are produced by kinetic terms or
other contributions. Here let us show a case of an external source which is originated
from a scalar field, for example. The energy momentum tensor of a scalar field can

be written as

T3, = VudViud* = g Gvaww* + V(<z>)> , (1.2.38)

and in Fourier space as

T(k) = /d3q ai(q; — k;)0(a, ST — k|, 1) bini (D) bini (T — &)
1

_§gij /dsq qa(q” — ka)qg(% 77)&(“7— E‘:n)¢ini(®¢ini(§_ E)

= dBr
- [auv@e e, (12:39)

where ¢(g, ) is the transfer function, and ¢in;(q) is the initial value of the scalar field.

Considering the vector projection,

LA s
6i(g; — k)O3 (k) = 5 VL= 12 (k = 2qu)qe™ VY, (1.2.40)

12



9,0 (k) = 0, (1.2.41)

where u = k-G = cos, ¢ is the unit vector of 7, 6 is the angle between k and g,
and @ZJ(I%, 4, \) is the angle defined by k and ¢, we obtain the vector mode anisotropic

stress from a scalar field as

Y = /d3q V1 — 2q1)q(q, m)p (|7 — kI, m)
X Gini (@) fini (7 — K)e~ VBN, (1.2.42)

Then let us see the tensor mode. We can represent the projections as

1 . [N
(1= p2)q2e2ivhia) (1.2.43)

ai(q; — k)05 (k) =
g;;0 (k) = 0, (1.2.44)
and therefore the tensor mode anisotropic stress is given as
) = o /d3 (1= 1*)*d(g, (17 — K|, )
X Gini () i (7 — F)e =2 (Ro00) (1.2.45)

Now we can see that kinetic terms of a scalar field can produce the vector and tensor
modes anisotropic stresses. This means that external sources which have kinetic terms

can produce the vector and tensor modes anisotropic stress generally.
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Chapter.2

Phase transition and cosmic defects
generation

In this chapter, we explain a phase transition of a scalar field due to decreasing
temperature of the universe [24, 25, 26, 27] and how defects are configured in the
phase transition [R, 28] according to [29]. Here we in particular focus on defects called
cosmic strings and textures, and we will discuss their effects on vector and tensor

perturbations.

2.1 Phase transition of a scalar field

Phase transitions are phenomena in which fields or particles change their features or
states. In case of scalar fields, phase transitions occur due to decrease of temperature
of the universe. In the early very hot and dense universe, their mass or vacuum
energy were negligible (they were in free states), but now they seem to have mass
or vacuum expected values and in stable states (they are in bound states). This
means that they have experienced phase transitions. One major indicator of phase
transitions is symmetry. Phase transitions which go from free states to bound states
correspond to symmetry breaking, and which go from bound states to free states
are called symmetry restoration. In case of scalar fields, these phase transitions are
characterized by the effective potential of scalar fields. Here we introduce the effective
potential of a scalar field and its temperature dependence at first. Next we include
a vector field with U(1) (rotation) symmetry in addition to the scalar field, and we
confirm that a symmetry breaking of the effective potential and a phase transition

of a scalar field could take place. In this section, we consider the homogeneous and
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isotropic universe,
gupdrtds” = —dt* + di?, (2.1.1)

where we ignore the cosmic expansion for simplification.

Effective potential of a scalar field

Here we introduce the physics of a self-ordering scalar field and its fluctuation
X(t, %) = x(t) + ¢(t, ). After derivation of the equation of motion of the scalar field
X, we see the effects of fluctuation ¢(¢, &) on the homogeneous component of the scalar
field x(t) by considering quantization of the fluctuation ¢(t, ) and its thermal effects.

At first, let us consider the Lagrangian density of the self-ordering scalar field y,

1
£ = —50"xBux — V(). (2.1.2)

where V' (x) is the potential of the scalar field. Taking the variations of the Lagrangian,

we obtain the equation of motion of the scalar field as,
— "9, x+V'(x) =0, (2.1.3)

where we define derivation of the potential V' as V/(x) = 0V/0x. Decomposing
the scalar field x(t, Z) into the homogeneous part and the inhomogeneous fluctuation,
x(t, Z) = x(t)+¢(t,T), and taking ensemble average, we obtain the equation of motion
of Y as

— "X+ V' (V) + %V”’(@ (¢*) =0, (2.1.4)

where V"'(y) = 03V (x)/0x® and (¢?) is the ensemble average of the squared fluc-
tuation of the scalar field. Here we have to take the term V"’(x) (¢*) into account
when considering the effective potential for the homogeneous scalar field y. Then we
need to solve the equation of motion for ¢(¢,Z) and estimate the value of <¢52>. From
the first order perturbation of eq.(Z123), the equation of motion of the fluctuation

¢(t, &) is written as,

— "0,¢ +m3(X)p =0, (2.1.5)
where we define and assume,
_ _ 0V
mg(x) =V"(x) = oz 20 (2.1.6)

and the time variation of mi (%) is slower than that of ¢ itself. Then the solution of

o(t, %) is given by,

3k 1 , - . -
=\ —twit+ik-x + iwpt—ik-x  —
P(t, T) —/(27T)3/2 No (e a; +e ak> : (2.1.7)
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where,
wi = /K2 +m3 (%), (2.1.8)

*

is the angular velocity and a;f = (a; )* is the integration constant. To obtain the
ensemble average <¢2>, we quantize the field ¢(t,Z) — q@x (t) and its conjugate mo-
mentum L /¢, = Oyt = Oy /Ot = #,. Their commutation relation is denoted

as,

[0:(8), 7y (1)] = bu (D) (8) — 7 (D) (1) = i8(7 — ), (2.1.9)

where ¢, (t) and 7,(t) are the operators of the field, and this relation is called the
Heisenberg’s commutation relation. Then, the integration constants a; = (aj )* also
become operators as, a: — d:, a, — a , and we obtain their commutation relations

[a; (1), 4 (1)] = 8(k — &), [a; (1), a5, ()] = [ai (1), a). (1)] = 0. (2.1.10)

where dz and a, are called the creation and annihilation operators. These commu-
tation relations correspond to those of a harmonic oscillator, and we can write it in

the Hilbert space. First we define the vacuum state as,
a (t)|0) =0, (2.1.11)

where |0) is the ground (vacuum) state and this state is defined for all wavenumbers

k. Then we can denote the nj particles state as

e = B g (2.1.12)
T T .
and its average as
tan), = wldcag ) _ s g 2.1.13
<ak k’>Q nk|nk> Nk ( )7 ( L. )
(afal )y = (ayag)g = 0. (2.1.14)

Substituting the creation and annihilation operators into (2-1-7) and using the com-

mutation relations eqgs.(Z113) and (Z1T14), we can calculate the ensemble average of

(97) as

2
() =gz [ 5 (et 5) = (gt Py @119

where <¢2>T is the thermal contribution from nj term and <<Z>2>V is the vacuum

contribution from the other term. We will see each term below.
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Vacuum contribution

The vacuum contribution can be written as [29],

1 B 1 om( =M dk k? oV ae
§VW(X) <¢2>V _ 8 / = aqb_ s (2.1.16)
" Bemiy X
vac 1 M 2 2 (= I(”%()Z))
1 m
I(m) == |M@2M?+m*)VM2 +m2+m?n } 2.1.18
=3 [ ( v YERsreEre]

where we introduce the cutoff scale k. = M > my to see the characteristics of the
vacuum and its divergence. Then we obtain the equation of motion of the averaged

field x using the effective potential Vg as
— 0"0ux + Vig(X) = 0, (2.1.19)
where the effective potential Vg including the vacuum contribution V;*¢ is given by

V::;ff( ) V+Vvac
2 2

m
n—2, (2.1.20)
64 ,u
MY M2 my - 2M
Voo = 2_ 2 2.1.21
= Tor2 T 1620 T 3on2 M iy, (2.1.21)

and p is arbitrary energy scale. Here we assume a simple renormalizable potential V'

as
A mé
ZOX‘* + 705(2 + Ao, (2.1.22)

V:

where g, m% and Ay are naked constants. Then we can renormalize the effective

potential as
Ak 4 M I
Xty 64 u2’

Verr =

(2.1.23)

where we can connect renormalized constants Ag, m%, Ag with the naked constants

Xo, m3, Mg as

AR X0 9A3 oM

oE_ 20 In 2.1.24
4 4 3212 el/iy ( )
2 2

> =3 + 6.2 (M mg In vz (2.1.25)

M*  M2m2  mi  2M

Ap=A 0 _ 0} 2.1.26

T B 17 R C R Ve (2.1.26)
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These renormalizations enable us to remove divergence of terms including the cutoff
scale M.

Thermal contribution
We consider the contribution from the thermal term originated in nj,. Here ny is
the occupancy of excited states and we can represent it by using the Bose-Einstein

distribution as 1

m. (2.1.27)

ng =
Then, the thermal contribution is given by

1 Om? dk k2 1 Om? ovT
¢/ : _ b ¢J(1)<%0):
W

L9(6)()-

T 42 892 ewr/T _ 1) T 812 8)2 — T = 7@)2
(2.1.28)
where 2 2\v/2 2 2\v/2
() Y (a® —a?)V?  (2® —a?)¥
Ji (a, B) —/a dm( e + ey el (2.1.29)
T4 me /T T4 m
Tioy\ _ (1) _ ¢
Vi(x) = 17 /0 da aJ "’ (a,0) 47r2F( T ) . (2.1.30)

Putting this thermal contribution into the effective potential (2Z1=23), we can describe

the whole shape of the effective potential from the fluctuation of the scalar field as

Ve =V + V32 + V7T
2

A ms omi T4
= iyt X+ Ag+ ¢ln,7j+ F(22). (2131

2
mg
=Xt

6472 472

U(1) model

Here we consider the interaction between a scalar field x and a U(1) gauge field
G, and derive the effective potential for the scalar field. The Lagrangian density of
such a model can be written as
2y 2

2

1 1
L= =500~ V() + R - S5G,6 1)

where
F,, =0,G, —0,G,, (2.1.33)
and e is the coupling constant between the scalar field and the gauge field. We consider
the tight coupling case e? > )¢ and ignore the fluctuation of the scalar field. Then
the equation of motion for the averaged scalar field is given as
— 0,0 + V' (%) + e*x (G,.G") = 0. (2.1.34)
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The feature of the effective potential V.g for the scalar field depends on the ensemble
average (G,G*"). To obtain (G,G*"), we will investigate the behavior of the gauge
field G, in the same way as the case of the fluctuation of a scalar field. We describe

the equation of motion for G, taking variation of the Lagrangian (Z1-32) as,
—0,0"G,, + e*X*G,, = 0, (2.1.35)
in the coulomb gauge 0*G,, = 0. Treating ex as mqg(X), the form of the equation of

motion is the same as the case of scalar field (213), and therefore we can represent the

contribution of (G, G") by decomposing into the vacuum and thermal contributions

as,
_ 0 (3I(mg) ovyae
2 H = — = G
e“ X (GLG"),, 8)2( 12 > e (2.1.36)
o (3T* _ /mg ovE
2c 2 —_— = 7G
e X (G.G") = o ( F( T )) i (2.1.37)

where the factor of three in front of the potential comes from the degree of freedom of
the gauge field G, in the coulomb gauge. Now we can calculate the effective potential

as,
Vet :V+VC§“+V§

AR _4 2 3mZ  mZ 3T /mg
— A4 MRoa p o G Sallyn (7> . (2.1.38
4X+2X+ Bt e Tt (2.1.38)

The condition for phase transitions
To find the condition for phase transitions, we will see the shape of the effective
potential at T'= 0 K. Assuming p = exg, we obtain the effective potential at T =0 K

as

AR 4+7X A +3e I | X

Verr = 57X+ 5 3272 | xo

(2.1.39)

Here we assume that the effective potential has a minimum at x = xo, Vesr(Xx0) = 0,
which means V/i(x0) = 0 and V/;(xo) = m?% > 0, with mpg being the Higgs mass.
Then, using yo and m?%, the values of renormalized constants Ag, m% and Agr can

be written as

m2 9et
A\p = —2Z — 2.1.40
B™0\2 3272 ( )
m? 3ety?
m% = _TH + 167r20, (2.1.41)
2 4.2
X0 2 € Xo
Ap = 29 - ) 2.1.42
R=7g (mH 16772> (2.1.42)



We can see that there is a minimum or maximum at xy = 0 in this potential eq.(Z1-39).
In case m% < 3e?x3/87% (m% > 0), the point ¥ = 0 becomes a minimum too, and
if in case m?%, < 3etx3/167% (Ag < 0), the minimum at ¥ = 0 becomes stabler than
that of x = xo0 (Ve (0) < Verr(x0)). This means that the symmetry breaking state at
X = Xo is not favored in such a case. If we consider the phase transition caused by
the decrease of temperature of the universe, the mean value of ¥ corresponds to zero
(see eq.(ZI4R)) in the early hot universe, and the condition (Vog(0) > Veg(xo)) is
needed to trigger off the phase transition. Thus the condition of the phase transition

is given by
364X2
2 0
TH 2 g2

(2.1.43)

and this is called as the Linde-Weinberg condition.

Feature of the effective potential at high temperature

Here we consider the high temperature (T' > mq (X)) case. In such a situation, the
temperature dependent term in eq.(2138), 3T*F(mqg/T)/4m2, becomes important.
We can expand the function F(x) for z < 1 as,

2 1 4
F(z) ~ %xz - gwg — §x4 Inz+ %ﬁ + :16—6 Inb, (2.1.44)

where Inb = 2In4nm — 2y and v is the Euler constant. Then we can describe the

effective potential as

2
My _o

5 X+ AR, (2.1.45)

_ AT €3T _
Veff(X) = 4 ﬂ

AT _a 3
1 X X"+
where

m% 3t b1

7+ 5 In 2
2xg 167w (exo)

2

Ap = (2.1.46)

2m3,  3e?x3

2 _ € 2 2 2 _
mp = Z(T -15), 15 = 2 T a2 (2.1.47)
In enough high temperature, T' > Ty, the effective potential is given by
o2
Vet (X) = §T2>22, (2.1.48)

and the stable point of the scalar field y becomes symmetric (y = 0).

21



Figure.2.1 The shape of the potential at the temperature ' < T¢ (blue line),
T =T, (green line) and T > T..

Phase transition of a scalar field

Here we focus on how the shape of the effective potential changes according to the
decrease of temperature (i.e. see fig.21), and how the scalar field travels in such a
potential.

At very high temperature, the shape of effective potential is given by eq.(ZT28)
and the only stable point is ¥ = 0 in such a potential. When the temperature of the
universe becomes lower than

T
~ /1- (94 /1672Agy)

Ty (2.1.49)

the other minimum appears at ¥ = 3e3T} /87 \7,, and that minimum goes to larger

value. If the temperature becomes lower than

V1= (e2)2r2r)’

where T, is called the critical temperature, the minimum at y # 0 take lower potential

(2.1.50)

Cc

value than that of the minimum at Y = 0. At that time, the location of the minimum
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at Y # 0 is

3
e’T,
Xe = ) 2.1.51
Xe = 2o ( )
and the potential barrier between the two minima at xy = x./2 is given by
el274
Vet (Xe/2) = 1 £ (2.1.52)

(47T)4/\§2c '
Then the minimum at ¥ = 0 becomes the false stable minimum and the minimum at
X # 0 becomes the true stable minimum in the effective potential. This means the
stable point goes from y = 0 to x # 0 (symmetry breaking) and a phase transition
takes place. We represent the typical shape of the potential in fig.2.

The way how the phase transition proceeds depends on the relation between the
value of the fluctuation of the scalar field and the width of the potential barrier.

Substituting the expression of J(_l)(a, B) for a, p < 1,

2
(1) _rm Lo 5z 1 2 @ _1
J2 (e, B) 3 25 Tva? - 5 In in + 5 (2.1.53)

into eq.(ZZ1T28), we obtain the magnitude of the fluctuation as

Ix ~ /() =~ \/% (2.1.54)

The scalar field in smaller width than dy (Z154) is never localized, and we can rec-
ognize whether or not the scalar field feels the potential barrier (221552) by comparing
the fluctuation dx (2Z154) with the width of the potential Ay ~ X./2 which is about
magnitude of the position of the potential exists, y./2.

Let us consider the case that the scalar field feels the barrier first. When the tem-
perature is high 7" > ey and the barrier width Ay is larger than the fluctuation
of the scalar field, the relation between the width of the potential and the critical

temperature is written as

TC XC TC
—>=> . 2.1.55
.~ 5 5 ( )
Adapting it for Ar_, we obtain
4
3
g < Ve (2.1.56)
4m © 2

In this case, the scalar field feels the potential barrier and it needs to go through the
potential via the tunnel effect or thermal excitation, to the true minimum. At that
time the phase transition is the first order phase transition and it creates bubbles of

the true vacuum.
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Next let us consider the case that the scalar field does not feel the potential barrier.

In that case, the relation between the width of the barrier and fluctuation is given by

XC TC

== <y~ . 2.1.57

5 <X~ ( )

Considering the condition that the tight coupling is valid, e? > X\, we can limit A,
as /3
3

e > Ay, > 2—63. (2.1.58)
T

In this case, the scalar field does not feel the potential barrier and it goes to the true

minimum gradually.

2.2 Cosmic defects

The grand unified theory indicates existence of various scalar fields in the early
universe [B, 30]. As we saw in previous sections, these scalar fields should have expe-
rienced phase transitions as the temperature of the universe decreases and the fields
have broken their symmetries. However, in some cases, there are regions in which their
symmetries remain restored, and such regions are called ‘cosmic defects’ [R, 29, B1].
These symmetry restorations take place because of the continuity of scalar fields val-
ues in the universe (real space) and in the field space. Hereafter we introduce cosmic
defects which originated from symmetry breaking of IV scalar fields called O(N) sym-
metry breaking and the nature of defects depends on the number of scalar fields N
[¥]. The produced defects are called ‘domain wall’ (N = 1), ‘cosmic string’ (N = 2),
‘monopole’ (N = 3) and ‘texture’ (N > 4).

Here we consider the self-ordering scalar fields whose Lagrangian density is given
by

Lo = —%vucbtvu@ - 2(@% —v3)? + L, (2.2.59)

where ® = (¢1, P2, ..., ) is the scalar fields, A is the coupling constant, v is the
vacuum expected value (VEV) of the scalar fields (which corresponds to the energy
scale of the phase transition), and L is the thermal contribution which is written as
L7 ~ —T?®'® at high temperature. Taking variation of the Lagrangian (22259), we

obtain the equation of motion for the self-ordering scalar fields as

0
O

—V,VHe + —V (¢, T) =0, (2.2.60)
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Domain wall

o=-v/ =0

Cosmic string

p=v 420 >

(¢1 = ¢2 = U)\
(’L’LZ)N =3 (ZU)N >4

Texture

No points satisfy

P1=¢2 =3 =04 =0

(1 =¢2 =3 =0)

Figure.2.2 Rough illustrations of cosmic defects. There are no high energy re-
gions for the case N > 4 : textures.

where the potential V' (¢, T) is written as

A
V(p,T) = Z(cphp — )2+ aT?d'®, (a>0). (2.2.61)
In the early hot universe, the potential is driven by the thermal term a7?®!® and the
only stable minimum is located at ®'® = 0. After temperature has become lower than
the critical temperature T, the other stable minima appear. The shapes or minima
location depend on the number of the scalar fields N. We shall see the shapes of

minima location and consider their resulting cosmic defects in each case below.

(HyN=1

The positions of minima are distributed discrete values in the field space at ¢ = +wv.
At the time of the phase transition, the scalar field goes to the either minima ¢ = v
or ¢ = —v correlating each other within the horizon scale at that time. However in
larger scale it goes randomly. Then VEVs can differ in each place at larger scales
than the horizon size at the phase transition time. Here the field value of the scalar
field has to satisfy continuity in the three dimensional space in the universe and in the
field space as well. This means that there should be a wall like region which satisfies

¢ = 0 between the regions whose field values are ¢ = v and ¢ = —v (see fig.2Z2).
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In such regions, the symmetry of the scalar field is restored (¢ = 0), and the energy
density is large because of the potential barrier of the scalar field V(0) = A\v*/4. The
length scale of the high energy region can be calculated as £ ~ (A/2)~/2v~1 and the
surface density of domain wall is o A\'/2v3 [29]. This wall like potential barrier is called

domain walls [8, 29, 31)].

(i)N =2

The minima draw a circle in the two dimensional field space ®'® = ¢? + ¢3 = v
In the same way as the domain wall creation, the scalar fields go to the minima where
®3 + ¢2 = v? in the field space at the time of the phase transition. They distribute on
the circle randomly at large scales and the field value can be written as ¢; = vsin6
and ¢o = vcosf. Then, from the same reason with the case of N = 1, there are
symmetry restored regions, which are surrounded by the scalar fields which satisfy
the continuous phase of § : 0 — 27. In this case, the symmetry restored regions,
whose field values are ¢ = ¢ = 0, are string like high energy regions (see fig.2Z2)
and these are called cosmic strings [R, 29, B1]. Here the thickness of strings can be
estimated as ry ~ A~1/20~1 and its linear density is given as p ~ v? [7g].

You can see that the dimension of the cosmic defects is given as dim = d— N, where
d is the spacial dimension of the universe. The projection of the field space on the

space of the universe leads such a relation [29].

(ii)N =3

As with the case of cosmic string, the minima draw a two dimensional spherical
surface in the three dimensional field space ®'® = ¢ +¢3+¢3 = v? and the field values
distribute randomly on the two dimensional spherical surface at large scales. In this
case, considering the projection of the spherical surface in the field space on the three
dimensional universe, we can find points which should restore the symmetry in the
two dimensional spherical surfaces. These are the zero dimensional (dim =3 —3 = 0)
point like defects (see fig.2Z2), called monopoles [8, 29, B1]. The size of the monopole

1/2,—1

is approximately 7, ~ A\~ and its mass is m,, ~ A~Y/2y [29].

(iv) N >4
In this case, the stable minima of scalar fields draw a NV — 1 dimensional spherical
surface in a N dimensional field space, ®'® = ¢? + @3 + ... + gf)fvz 4 = 0%, and we can

project this surface onto the three dimensional universe without having any symmetry
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restored points. Then, we have no high energy region in the universe caused by the
potential barrier of these scalar fields, but the configuration of the scalar fields evolves
according to the evolution of the universe under the constraint of ®*® = v2. At the
time of the phase transition, the scalar fields distribute randomly on a N — 1 spherical
surface at larger scales than that of the horizon scale at that time. As the universe
evolves, the horizon evolves larger and the scalar fields which come into the horizon
scale start to affect each other. Then the scalar fields move on the N — 1 dimensional
spherical surface in the field space and their motion can affect on the spacetime of
the universe via their energy momentum tensor. These self-ordering scalar fields are
called textures [29, B1].

These defects are generated a few in the horizon scale at the time of the phase
transition. According to the evolution of the universe, the horizon scale of the universe
takes in amount of ancient horizon scales. This means that many defects can exist
in the horizon scale at the late time and they can interact each other. We know that
if we assume the energy scale of phase transitions as the GUT scales, the created
domain walls have too large mass in the horizon scale, more than the total mass of
galaxies, and it can change the evolution history of the universe. We expect there is
no such a remnant from recent cosmological observations. Considering monopoles, in
the same consideration with the domain wall, we expect they should have too large
energy density, larger than the critical density of the universe, in the horizon scale at
present. However if we consider an inflationary epoch after the creation of monopoles,
they are diluted and only a few monopoles can exist in the horizon scale at present and
the number of monopoles should be small not to affect the cosmological quantities.

Hereafter we consider cosmic strings, textures and their effects on cosmological

observables as realistic cosmic defects.

2.3 Cosmic strings and their network evolution

In this section, we review the evolution of individual strings and the string network
according to [M]. We first introduce the energy momentum tensor of the individual
strings. Moreover, by considering the evolution of the separations, motions, and
decays of the strings, we calculate the energy momentum tensor of the string network.
Here we assume a homogeneous and isotropic expanding universe described by the

FLRW metric given by
ds* = a(n?)(—dn* + di?). (2.3.62)
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2.3.1 Wiggly string

Here we introduce the action and the energy stress tensor of a wiggly cosmic string
on the string worldsheet following [32]. We define the string worldsheet (¢1,(2) in
four dimensional space-time, where ¢; = 7 is the conformal time defined in (2Z352).

Using these conditions, we can calculate the action density as

S——u / dA (2.3.63)
3
:_M/dQ daw(“ﬂ% (2.3.64)
where Bt O
X xr
1 = Gy 9. 96, (2.3.65)

is the metric on the string worldsheet. Here u is the string energy density per unit

length. From the definition, we can write the energy stress tensor of the string as

v_ M 2 LY =1, /v 5(4)
T —/dC exhz” —e 't 6V (y — x(0)), 2.3.66
L[ JoO(y Q). (23.60)
with
=12
€=/, (2.3.67)
1—a2

where dots and primes represent derivatives with respect to the conformal time and
(s, respectively, and we have chosen the gauge as a:#ac = 0. Following [33], the string

tension T and the linear energy density U can be defined by

V=T ) = [ BV U =Ty 8 = alc)). (2369

where
wu, = —vtv, =1, utv, =0, (2.3.69)
(uv? — vPuP) (upv, — vpuy) = utu, —vHo, =1k, (2.3.70)
= ~yatat, (2.3.71)
and ,
h "
po Ve [ (2.3.72)

T T Ve
We can easily check that u* and v* satisfy (22369) ~ (EZ3701). Substituting (PZ23772)
into (PZ368) and comparing with (EZ368), we can see that

U=T=p. (2.3.73)
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This is the equation of state for a Nambu—Goto string. In practice, in lattice simula-
tions of cosmic strings, the strings are macroscopically straight, but they have wiggles
from a microscopic viewpoint [34, B5]. Even though the cosmic strings are macro-
scopic and straight on the cosmological scale (~ Mpc), their macroscopic equations
of state are affected by the microscopic wigglinesses. The equation of state for the

wiggly string, smoothing out the small scale structures, is shown in 83, B6]. In this
case, we employ effective values of the string tension T" and the linear energy density
U, with which the equations of states for the wiggly string are denoted as

T=L U=apu (2.3.74)
[0

Here « is the “wiggliness parameter”, which is a function of time and the string
coordinate (. The evolution of « is estimated in [32, B4, 87|, which show that o ~ 1.9
in the radiation dominated era and o ~ 1.5 in the matter dominated era. In the
late time universe, when the cosmological constant dominates, wiggliness is smoothed
out by the exponential expansion of the universe and « becomes equal to unity.
Substituting the effective values of (E23774) into (PE=368), we can write the effective

energy momentum tensor of a wiggly string TH as
T (y) = \/7/ d*¢ v/~ Uu“u TU”U”}5(4)(y —z(¢))  (2.3.75)

- \/L—*g /E d2¢ {eam"‘j:” - ”””:;”} 54 (y — z(0)). (2.3.76)
If we consider magnetic field generation by the string network, the wiggliness affects
the magnetic field spectrum only through a constant factor a?. Here we set a = 1 for
simplicity, which represents straight strings and gives a conservative estimate of the

amplitude of the magnetic fields.

2.3.2 Evolution of the string network

Following the one-scale model [88, BY, 40|, the network of cosmic strings can be
characterized by a single parameter, the correlation length L, which is defined as

1

L2 _
- )
Pstring

(2.3.77)

where pgtring is the energy density of the cosmic string. To simplify the expressions,
we introduce the comoving correlation length [ = L/a. From the energy conservation

law and the equation of motion of the string, we can obtain the evolution equations
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of the string network as [3R, B9, 40]:

L, 1
% = HZ'U + §CU, (2378)
dv 9 k

where H = a/a is the conformal Hubble parameter,

il doei?
V=],
f doe
is the string’s rms velocity, ¢ is the loop—chopping efficiency,

[ doe(1 — i) -0
v(1 —v?) [doe

k=

is the effective curvature of the strings, and @ is the unit vector of the curvature radius
vector of the string. In our calculation, we use an ansatz for relativistic strings as
(],
Fo) = 2218
w14 8v6

Here we consider the reduction of the energy density by the expansion of the universe
and the decrease of the total length of infinite strings in the Hubble horizon. The
total length of infinite strings decreases because infinite strings are chopped due to
their collisions, making string loops that immediately decay by radiating gravitational
waves from their peakedness [42]. The loop—chopping efficiency ¢ represents the rate
at which strings become loops. In general, ¢ is a function of time as shown in [32, 40];
however its value does not vary much. In the radiation dominated era, ¢ = ¢, = 0.23,
and in the matter dominated era, ¢ = ¢,,, = 0.18.

We describe the Fourier transform of the energy momentum tensor of an individual

string as
@‘“’(E,n) = /d3xeiE'ET“l’(x)

1/2 o s XH XV

- / d¢ettX [eaX“X” -, (2.3.80)
—1/2 €

where the four vector X*(¢,n) = (1, X) denotes the coordinates in which the string

segment exists. We can represent the vector as

X0—p X =& +CX +onX, (2.3.81)
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where Zj is a random vector that denotes the initial position of the string’s mass
center, and X’ and X are random unit vectors that fulfill X’ X = 0. In the expression
for the energy momentum tensor of the string, the initial position coordinate Zy
appears only as a phase in the inner product with k. We can therefore deal with
k- Z as a random initial phase ¢o @ [0,27]. Because individual strings have their
own initial positions, aligned directions, and velocity directions, we write those of the
m-th string as z{’, X'™ and )A( ™, Summing up our description of strings, we obtain
the total energy momentum tensor of the string network. Fourier transform of the

total energy momentum tensor of the string network @W(E, 7) is given by [32],

Z o (k,n)T% (1, nm), (2.3.82)

where Ny is the initial number of the strings, @ITV(E,T) is the energy momentum
tensor of the individual strings, 1, is the time of decay for the m-th string, and 7°f
is the smoothing function of the decay. We adopt the functional form of 7°% from

[82, 43| that is given by

1’ (77 < fnm)
T () =< 1/24 (2% = 32)/4,  (fin <1 < 1) (2.3.83)
0, (Mm < n),
o In(fnm/n)

Here 0 < f < 1 is a parameter which controls the speed of the strings decay. We
fix this value to f = 0.5. Considering (EZ3R3) for individual infinite strings, we take
account of the decrease in the number of infinite strings by their decay into loops
due to their intersections. Because of their random initial positions and directions of

motion, the decay time for each string n,, is fixed randomly.

2.4 Textures with non-linear sigma model

We consider a model of N scalar fields with a global O(N) symmetry, which un-
dergoes symmetry breaking in the early universe according to [2]. The Lagrangian of

the model is given by
1 [Awd: A t 2\2
,C:—iV#(I) v (I)_Z((I) O —v°)° + L. (2.4.85)

Here ® = (¢1, ¢2, ..., o) is an array of N real scalar fields, v is the vacuum expecta-

tion value (VEV) of the scalar fields after symmetry breaking, A is the self-coupling
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constant, and L7 ~ T?®!® is the thermal term of the Lagrangian. Deep in the
radiation-dominated universe, the thermal term is dominant in the Lagrangian of the
scalar fields. As the temperature of the universe goes down, this thermal term gets
smaller. When the term becomes negligible a spontaneous symmetry breaking occurs.
At energy scales well below v, the field values are confined on the N — 1 dimensional
sphere in the N dimensional field space so that ®'(# n)®(#,n) = v>. Under this
condition, in the large-NN limit, the equation of motion for the scalar fields can be

derived as

VEV B + (Vubs) - (VHBy) Ba = 0, (2.4.86)

where the indices a and b run over 1,..., N and summations with respect to dep-
recated indices are implicit. This is the equation of motion for the scalar fields in
the NLSM. If N < 3, topological defects such as domain walls, cosmic strings and
monopoles are produced, where the scalar fields can restore the O(NN) symmetry and
possess the higher energy density.

In this paper we consider cases with IV > 4, where non-topological defects, or tex-
tures, form. Let us consider the flat Friedmann-Lemaitre-Robertson-Walker universe

with the metric
ds® = g, dxtdz” = a*(n)(—dn® + d7?) , (2.4.87)

where a(n) is the cosmic scale factor and 7 is the conformal time. In the large-
N limit, making an ansatz that (V,0,) - (V#B4)) = Toa ?n~2, we can obtain the

analytic solution as [A4] [d5]

£k, 1) Ba (K1), (2.4.88)

- 3/2 -
i) =V, (1) g

where v =dlna/dlnn+1, A, =4I'(2v—1/2)I'(rv—1/2)/3I'(v —1) and T = 3v—9/4.
In eq. (ZZ8R), 7, is the time of phase transition and BQ(E, 7.) is the initial value of

scalar fields, whose two-point correlation function can be given as
_ 67

(Balhr, )81 (Fay) ) = =6y, (2m)26(Fy — ). (2.4.89)

The above relation is only valid for k& < 1/n,, which follows, in the large-N limit,
from the fact that the scalar fields take their VEV independently in each horizon at
n..El We also note that Ba(lg, n.) is Gaussian at these scales.

*1 On small scales k > 1/7s, initial scalar fields become homogenous and correlation function
of eq. (ZZ=9) should vanish. We however note that our argument does not depend on the

correlation function on these scales.
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We denote a correlation function of 3, as a product of the transfer function and

the initial amplitude as

<6a(151,n)5§(/32,77)> = F(ky, k2,1, 1) <Ba(151,77*)/3§(152,77*)> : (2.4.90)

where F'(k1,ka,m,n%) = f(k1,m,m4) f(k2,m,m%). From eq.(Z288) and eq.(ZZ=9), we
can see that the dependence of eq.(Z2790) on 7, is canceled out. Therefore we
omit 7, from the equations hereafter and write as F'(k1, ka2, n,1.) = F(k1,k2,m) and
Ba(E, Ne) = Ba(lg). Finally the energy momentum tensor of the scalar fields is given
by
é 2 1 A
17, = v° |0uBa0yBa — 59,“,8)\&18 Bal - (2.4.91)

2.4.1 Power spectrum in the NLSM

Let us consider the power spectrum of some variable X (k) and Y (k) which is
generated by scalar fields following the NLSM. At first, let us write X (E) using its
transfer function Fx(q,p) and Fy (q,p) as

. 3 3 .
X(k) = / ((21753%Fx(qvp)ﬁs(ﬁ)ﬁs(ﬂ@w)%(k ) (2.4.92)

and a similar expression for Y (k). The (cross) power spectrum of X and Y is defined
by

<X(/§§)Y*(E’)> = (27)*Pxy (k) 6(k — k). (2.4.93)
To calculate the power spectrum, we need to calculate four point correlation function

of scalar fields. This is given by

(2.4.94)

6 2\2
Here, % = PA.

(4T4) to eqs. (Z492) and (Z493), and using F(q,p) = F(p,q), we calculate the
33
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Cross correlation as
Dk T dq d&Pp1 dPga dPpo
(X)) = / (@n)? (2n)? (27)° (2m)?
X Fx (q1, p1)Fy (g2, p2) (Ba(q1)Ba(P1) By (42) By (P2))
x(2m)%5(k — P — q1) (2m)°0(K' — P2 — @)

d31 d31 d32 d32
:/(2:) (2771-)) (2:) (2:)3FX(q1 p1)Fy- (g2, p2)

7.[.2 2
[(6N) (20631 — @) (27)°6(F1 — )
W]\;)Z (2m)*6(q — Pa) (2m)*6(Ph — @)

x(2m)38(k — g1 — @) (20)28(K — Po — @)
= PN.(2m)36(k — k')

’ g -
X / (37:)13 Fx(q, \k q) Fy (q, \k q) + Fx(|k — ql, ) Fs: (g, |k — q1)
= 2PN, (2m)38(k — ;;/)/ (53) Fx(q, |k — @) F(q, |k —q)) . (2.4.95)

Therefore the power spectrum Pxy is read off as

3 . .
Py (k) = 2P, / g&mq, F— q)F (0. F — )

/ dad® [ du Fx(alf-aDFyafF-a), (2490

where p = k-q.
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Part. ||

Magnetic fields generation from
cosmic defects






In this part, we introduce the generation of the cosmological scale magnetic fields
from cosmic string networks and textures. These defects induce the vector mode
cosmological perturbations in the early universe and such perturbations lead magnetic
fields at cosmological scales [0, 2]. Here we first discuss the generation mechanism of
the magnetic fields, focusing on the tight coupling approximation (TCA) between the

photon fluid and the baryon fluid in the early universe.
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Chapter.3

Primordial magnetic fields generation

Here we explain how magnetic fields can generally be produced at cosmological
scales in the universe. The most reasonable way to produce magnetic fields at cos-
mological scales is creating them through physical mechanisms at cosmological scales,
such as second-order cosmological couplings of perturbations [A6], cosmological phase
transitions [1, 2] and so on. These events can generate vector mode perturbations at
cosmological scales and they induce a relative velocity between photon and baryon
fluids via a slight violation of the tight coupling between photon and baryon fluids.
This relative velocity originates the magnetic fields in the early universe. Here we in-
troduce the tight coupling approximation in the standard cosmological perturbation

theory, and then derive the evolution equation for magnetic fields which is driven by

the relative velocity between photon and baryon fluids.

3.1 The Euler equations

The vorticity of the spacetime plays an important role to generate magnetic fields
in the vector mode perturbations. In the standard cosmological perturbation theory,
there is no source term for the vorticity in the vector mode perturbations, and it
has only a decaying solution (see section [2). However, when we consider external
sources of the vector mode perturbations such as second order couplings of density
perturbations or cosmic defects, the vorticity can be generated. Then the vorticity
induces the anisotropic stress of the photon fluid and it gives rise to the velocity
of the photon fluid in the vector mode. In the early universe, photons scatter with
hot electrons frequently and the scattered electrons stuck together with baryons. In
this phase, photon and baryon fluids move together and this state is called the tight

coupling. Here we show the mechanism of the tight coupling and solve the relative
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velocity between the photon and baryon fluid using the Euler equations.
We start with the Boltzmann equation for the distribution function of particles at
position & and velocity

df_af_|_17.af+d’.8f_<af> ,
C

dt ot o7 or ~ \ ot (3.1.1)

—

where f(t,Z, ) is the distribution function in the six dimensional phase space, @ is
the acceleration which affects particles at position Z, and (0f/0t)c is the collision
term which represents the interactions between particles. This equation describes the
evolution of the distribution function of particles in the phase space. Taking velocity
moments, we can obtain the equations of motions for velocity, anisotropic stress, and
so on. Let us show a simple example in case there are no any external forces @ = 0 in
collisionless system. Integrating eq.(BZ1) by d®v, and multiplying ¢ with eq.(BI)
and integrating by d3v, we obtain the zero-th and primary moments of the Boltzmann

equation as

on

— u) = 1.2

5 + V(nu) =0, (3.1.2)
onu;

where n = [d3vf is the zero-th order moment which corresponds to the number
density in three dimensional space, @ = n~! Ik d3vi'f is the primary moment which
describes the mean velocity, and II;; = n™! [ d®v v;v;f is the secondary moment
which is equivalent to the anisotropic stress. These represent the equations of motions
for each moment and we can see the higher order moments affect the lower order
moments. Even in such a simple case, the moments are related each other. It is of
course true for more complicated collisional systems with external forces.

Hereafter we see the Euler equations for baryon and photon fluids in the vector
mode, in the early universe. Let us see the Euler equation for the baryon fluid first.
In the same way as [47, %], assuming synchronous gauge (C220), we obtain the

equation of motion for the baryon fluid,
Uy + Huop = R%(Uﬁ, —vp), (3.1.4)

where vy, is the velocity of the baryon fluid, v, is the velocity of the photon fluid, dot
represents the derivative by the conformal time, R = 4p,/3p; is the photon baryon
ratio, 7 = an.or is the conformal time derivative of the optical depth with n. and o
being the electron number density and the Thomson scattering cross section. There

are no pressure or anisotropic stress terms in the equation of motion for the baryon
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fluid, because of the equation of state P = 0. This means that there is no effects
from the higher order Euler equations on the baryon fluid velocity v,. Thus, the only
effective term which drives the baryon fluid is the collision term (0f/0t)c. Here we
consider the early hot universe in which the Compton scattering between the photon
fluid and electrons takes place frequently and the scattered electrons move with the
baryon fluid due to the Coulomb interaction. In such a situation, the collision term
for the baryon fluid R7 (v, — vp) is originated from the Compton scattering.

Next, we discuss the Euler equations for the photon fluid. The equations can be
categorized into three spices for the photon fluid. One is the equation for the intensity,
the others correspond to the equations of motions for polarizations. Let us see the
equation of motions for the intensity first. The Euler equations for intensity of photons

in vector mode are given by [47, 48, 449],

k
Uy + §H7 = —7(vy — ), (3.1.5)
: 8 8 (9 9 8
H'Y + 5]{7[3 - gk’l}»y = —T (]_OH’Y - 5E2> -+ gkO’, (316)
. 4 042
- S P —— > 1.
Ig+k2€+1<€+le+1 Iy 1) Tl (£ >3), (3.1.7)

where 11, is the anisotropic stress of the photon fluid, 5 is the secondary moment
of the E-mode polarization, o = hv/k: is the vorticity in the spacial metric, hy is the
vector mode perturbation in eq.(I"ZZ1) and we define I; as the ¢-th order moment of
the intensity. We consider the Compton scattering term as the collision term which
affects the motion of the photon fluid, in the same way as the case of the baryon fluid.
The main differences between the photon and baryon fluids are the existence of the
anisotropic stress I, in (B13) and its evolution relating with the polarizations. The

Euler equations for the polarizations are written as,

b LU D,
— 7 (Eg — 125@2) + Wil)k:Bg, (3.1.8)
¢ = %]24_%192, (3.1.9)

where E; and By are the /-th moment of the E- and B-mode polarization. You can see

that the Euler equations for the baryon, photon intensity and polarizations affect each
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other. In case of magnetic fields generation from some external sources only coupled
with gravity, all moments in the Euler equations are originated in the vorticity o.
This vorticity ¢ induces the anisotropic stress of photon first and it drives the photon
motion. Then the baryon fluid is pushed because of the Compton scattering between
the photons and electrons which follow the baryon fluid. This mechanism is valid in
the early universe in which the photon fluid scatters with electrons frequently, and

when the photon and baryon fluids are coupled tightly.

3.2 Tight coupling approximation

In general, it is difficult to solve the Euler equations because of infinite number
of the moments and their correlations. Then we need to introduce a cutoff order
for moments to solve them. When we consider the situation of the tight coupling
between the photon and baryon fluids, such as in the early universe, we can partially
understand their behavior analytically. We can give the initial conditions for the Euler
equations at the early universe by considering the tight coupling approximation. Here
we will see the necessary condition of the tight coupling approximation and its role
in estimating the moments, especially the relative velocity between the photon and
baryon fluids (vy — vp) in anticipation of the magnetic fields generation at final step.
The condition for the tight coupling between the photon and baryon fluids is given
by

g <1, (3.2.11)

where k/7 the ratio between the mean free path of the photon and the wavelength
which we focus on, and it is called the tight coupling parameter. In the early uni-
verse, this condition is well satisfied at cosmological scales, meaning that photons are
scattered frequently in focused scales. In that case, we can expand each moment by

the tight coupling parameter k/7 as,
v =200 40 @ £ & 4 (3.2.12)

where the index (™ represents the order of the tight coupling. Hereafter we will
consider the vector mode perturbations. Then, solving the Euler equations, we obtain

zero-th order expansion for each moment as

v©® ol =110 = 1Y = B = B =0. (3.2.13)
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When we consider the first order expansion, then the relative velocity, the anisotropic

stress and the secondary moment of E-mode polarization are given by

m_.m_ (kY _H o 2.14

R <T> (I+Rk " (3219
32 [k

o — = <T) (0 + 5O, (3.2.15)
8 [k

5,1) - vél) x vgo)‘ As I men-

Here you can see the relative velocity is described as v
tioned in the previous subsection, the velocity of the photon fluid is induced by the
anisotropic stress IL,. This means that the lowest order of v, is the first order of
the tight coupling and U%O) corresponds to zero. Then the first order of the relative
velocity also goes to zero, and the leading order of the relative velocity should be the
second order of the tight coupling. Here the second order expansions for the relative
velocity U%Z) — vl(,Z), the anisotropic stress HS,2), and the polarization term Eéz) are

written as

2
@_ . @_(EY_H a4 (kN L0, o
T <T> T+ R B\7) TR T

N (0) : (0)
—(T.> (HU” " +ﬂ+%+vi—£ . (3.2.17)

1+R2k2\1+R  H O
32 [k
2) 1 1
176 [k\?1 /7
RN LT 0 0y _ (0 L -(0)
5 <T> k<+(”7 +0) = (0 +¢ )), (3.2.18)
@ _8 [k 1 1
4 (N1 (7 o o o
135 <T> k(#’v%)ﬂf( D) = @ + 6 ’>>, (3.2.19)

where we keep terms which multiplied by U’(YO) correspond to zero at this order, because

we need these terms for the higher order expansion. At the end of the tight coupling
epoch, k/7 ~ 1, we have to solve the Euler equations numerically without the tight
coupling approximation. For the connection, we need to give the leading contribution

of each moment accurately at the end of the tight coupling epoch and give accurate
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‘initial conditions’ for the Euler equations. To obtain accurate conditions, we should

count the required order of the tight coupling approximation, considering evolution

equations like eqs.(B14) and (B13). The equations of motion at the n-th order of the

tight coupling approximation, for the photon and baryon fluids velocities are given
by

o = <A™ + RH{D — o), (3.2:20)
k n
o) = _gr[(") (D — "), (3.2.21)

Therefore, if we need the n-th order accurately, we have to know the relative velocity
at the (n+1)-th order in the tight coupling approximation. As for the relative velocity

vy — vp, the leading term is in the second order of the tight coupling approximation

BOBNC 2) (2)

—v,”’, and we have to calculate vy and v,™’ accurately at the end of the tight

coupling epoch. Thus we need the third order tight coupling approximation expression
3 _ 3
Up

for the relative velocity vy which is written as

2
(3) _ 3 _ 2Lk Loy, )
Uy T ( )(1+R) 15 (T> iRt

wl  ((HR  H o) g
< 1+R2k2 1+R+’H+H+W_F
H 2 (E\®° 1 7
" ;O _ 2 () = (93 +11R)~s©®
+15 (7’) 1+ Rk’ 45 <T> (1+ R)2k [( 3+11R)zo
6HRo©
17+ 11R)e® - ——— 3.2.22
~a7+ uma® - T (3.2.22)

Now we know enough expansion for v, and v,. In the same way with the case of the
relative velocity v, — v;, we need expansions for the anisotropic stress IL, and the
polarization term Fs. The leading order of these moments are the first order of the
tight coupling approximation, and therefore we need the second order terms of them

given by eqs.(BZZIR) and (B=219) for accurate numerical calculation.

3.3 Magnetic fields generation

Now we can calculate the relative velocity between the photon and baryon fluids
0v = v, — vy accurately. Here we consider the magnetic fields generation induced by
the relative velocity dv.

We know that the photon fluid scatter electrons more frequently than protons in

the early universe, and it makes separation between electrons and protons. Then the
44



electric fields are produced and protons catch up with electrons. When we consider the
vector mode perturbation, which is corresponding to the rotation mode, this scattering
and catching up process can induce magnetic fields via the Maxwell equations, because
of the rotation of the electric fields between electrons and protons. The strength of
the electric fields depends on the relative velocity between the photon and the proton

(i.e., baryon) fluids dv. The equation of motion for such magnetic fields are given by

]
1 d

4 3
?dfn(éﬁBZ) = %wkakavj, (3.3.23)

where B’ is the magnetic flux density for direction i, e is the electric charge, and €*/*

is the Levi-Civita tensor. Then we can describe the power spectrum of the magnetic

fields in the Fourier space as

- . 4 2 .
a4Bz(k,77)B;‘(/€/7n) :<;’Z> (5315km _ 6Jm5kl)kkk;n

" —
X / dn'a*(n') py (1) dv; (k')
0
n —
< [, ou ). (332)
0

To take the ensemble average of the magnetic fields, we need the ensemble average of

the relative velocity spectrum. We denote the relative velocity spectrum as,
<5vj(;€, n’)avl(/?,n")> = Pyee(k) Pso (k)ov(k, 1 )ov(k, ") (2m)35(k — k'), (3.3.25)

where A o
Pjvlec(k) =01 — kjky, (3.3.26)

is the projection of the vector mode which satisfies PJ.VleC(l%)l%j = 0, Ps,(k) is the initial

power spectrum of relative velocity, and dv(k, n) is the transfer function of the relative

velocity. Here we define the ensemble average of the magnetic fields as
(B'(Fn)B:i(Fm)) = 2m)Sp(k,m)o(F — F), (3.3.27)

and we obtain

3 2

AR g () = = apy, (k) (207 2 /nd'cﬂ( Noy()Su(k, )| . (3.3.28)
27_[_2 B 7”7 - 27_(_2 ov 36 0 TI TI p"/ 77 777 . o

In following chapters, we consider magnetic fields generation due to these processes.

In addition, we have to take care of specific features in the spectrum of magnetic

fields generated from cosmic defects. We have to consider the network structure and
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its averaged feature for cosmic strings, and mode couplings of different wavenumbers
for textures. We will see the magnetic fields generation from each defect according to

[0, 2] hereafter.
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Chapter.4

Primordial magnetic fields from the
string network

Cosmic strings are a type of cosmic defect formed by a symmetry-breaking phase
transition in the early universe. Individual strings would have gathered to build a
network, and their dynamical motion would induce scalar, vector and tensor type
perturbations. In this chapter, we focus on the vector mode perturbations arising
from the string network based on the one scale model and calculate the time evo-
lution and the power spectrum of the associated magnetic fields. We show that the
relative velocity between photon and baryon fluids induced by the string network
can generate magnetic fields over a wide range of scales based on standard cosmol-
ogy. We obtain the magnetic field spectrum before recombination as a?B(k,z) ~
4 x 107G u/((1 + 2)/1000)%25(k/Mpc~')?5 Gauss on super-horizon scales, and
a®>B(k, z) ~ 2.4x10~Y G/ ((142)/1000)3> (k/Mpc ') Gauss on sub-horizon scales
in co-moving coordinates. This magnetic field grows up to the end of recombina-
tion, and has a final amplitude of approximately B ~ 10~1"~~18Gy Gauss at the
k ~ 1 Mpc™! scale today. This field might serve as a seed for cosmological magnetic
fields.

4.1 An introduction to magnetic fields from cosmic
string network
Cosmic strings are expected to affect physics at various scales [b1]. There are a

number of phenomena caused by cosmic strings, for instance, as gravitational signa-

tures, primordial gravitational waves (PGWs) from cusps and kinks on infinite strings
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and string loops [62, b3, 54, bi], gravitational lensing by strings (strong lensing [56]
and microlensing [57]), CMB angular power spectra [82, 58], and so on. As non-
gravitational signatures, the following are predicted: ultra-high energy cosmic rays
from strings [bY] and cusps on string loops via a scalar field [60], and radio bursts
from kinks and cusps on strings via the gravitational Aharonov-Bohm effect [61, 62].

Because of the impact on physics, a number of studies exist that aim to place
constraints on string tension g which shows the string energy scale. As for CMB
observations, cosmic strings induce CMB anisotropies of the order of AT/T ~ 4nGp,
where T is the CMB temperature, AT is its fluctuation, and G is the gravitational
constant. As a result, the recent CMB temperature measurement by the Planck
collaboration provides limits to the energy scale of cosmic strings [63]. Details of the
limits depend on the models of the cosmic strings, for instance, Gu < 3.2 x 107 for
Abelian Higgs strings and Gu < 1.5 x 10~7 for Nambu-Goto strings [63].

Large scale magnetic fields are ubiquitous in the universe in various structures such
as in filaments [64] and in clusters of galaxies [64].The strength of magnetic fields is
expected to be about ~ 107% Gauss in filaments (based on the turbulence simulations
[64]), and found to be ~ 107> Gauss in clusters (based on Faraday rotation measure-
ments [65]). It is convincing that these large scale magnetic fields are amplified by
the dynamo mechanism from tiny, primordial seed fields. Recent gamma-ray obser-
vations have indicated the existence of magnetic fields even in cosmic voids [66]. The
strength of magnetic fields are about 10716 Gauss in Mpc scale as [66]. Because voids
are far away from most of astrophysical objects, primordial magnetic fields, if any,
may survive just as they are in such regions[67].

In this chapter, we investigate primordial magnetic fields induced by the cosmic
string network. Previous works about the generation of primordial magnetic fields
from cosmic strings include generation from the motion of wiggly strings [68], shock
waves induced by cosmic strings [69, 70], the dynamical friction of strings’ motion
[71], and via the Harrison mechanism in the early universe [72]. Because of the
conservation of vorticity, it is argued that primordial magnetic fields can hardly be
produced by cosmic defects [72]. To reassess the generation of primordial magnetic
fields from cosmic strings, we focus on the tight coupling relationship between photon
and baryon fluids in the early universe and the anisotropic stress of photons. We see
that generation of magnetic fields from the cosmic string network is possible if we
consider up to second order in the tight coupling expansion including the anisotropic

stress of photons. In order to calculate the time evolution of cosmic string networks
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and their associated magnetic fields, we modified CMBACT [73]; this is the code
used to calculate the evolution of the string network and CMB anisotropies from the
cosmic string network following the ”one scale model” [38, BY, 40].

In the section 223, we have described the model of the individual strings and the
evolution of the string network. In the next section (section B2), we investigate
magnetic fields generation from the string network by considering the tight coupling
approximation between the photon and baryon fluids. In section E=3, the method
which accounts for the randomness of the strings’ initial configuration is given. We
then discuss evolution of the magnetic field spectrum before and after the recom-
bination epoch in section B4. Finally, we summarize the features of the magnetic
fields from the cosmic string network in section B3. Throughout this chapter, we as-
sumed an homogeneous and isotropic expanding universe consistent with the A-CDM
model as the background metric. We fixed the cosmological parameters to h = 0.73,
Qmh? = 0.127, Quh? = 0.0223, and N, = 3.04, where Hy = 100hkm/s/Mpc is the
Hubble constant, €2,, and €0, are the density parameters of matter and baryon, and

N, is the number of massless neutrinos.

4.2 Magnetic fields

Infinite strings can be the source of magnetic fields on large scales around the
recombination era. In this section, we estimate the amplitude of the magnetic fields

produced by the network made of infinite strings.

4.2.1 Vector mode perturbation

Here we take the Poisson gauge,
ds? = a®(n)(—(1 + 2¢)dn? + 2w;dndx’ + [(1 — 2¢)d;; + hyjldx'da?). (4.2.1)
In the same way as [74], using the vector projector tensor

- A - A R R
O (k) = T (hue™ () + kel (), (4.2.2)

we can denote the vector mode part of h;; directly as

hij= Y hPoby. (4.2.3)
A==£1
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The evolution equation of the vorticity o = hy /k is given based on the Einstein
equation by
™ 4 2HoWN = 8rGaTIW /. (4.2.4)

to

Here \ = + is the index of polarization, and IT = ©2*(k, 7)O;; is the total anisotropic
stress in the vector mode. In this chapter, we assume the infinite strings to be the
sources of the vector mode perturbations.

In the vector mode, the Euler equation for the baryon fluid is given by
Up — 0+ H(vy — 0) = RT(vy — ), (4.2.5)

where v, and v, are the velocities of photon and baryon fluids, respectively, p, and
py are the energy densities of photon and baryon fluids, respectively, R = 4p,/3ps
is the photon-baryon ratio, 7 = aorn, is the opacity of the Thomson scattering, op
is the Thomson scattering cross section, and n. is the electron number density. The

vector mode Boltzmann equations for the photon fluid are given by

k
Uy — 0 + gﬂ7 = —7(vy — W), (4.2.6)
. 8 8 (9 9
H'Y + gklg — gkv»y = —T (mH-y — 5E2> s
(4.2.7)
. l [+2
1, — | —Ly1— 11 ) = —71 > 4.2.
l+k2l+1<l—|—1l+1 l1> 71 (1>3), (4.2.8)
o (I+3)(I+2)I(1-1)
B kB — ——kE,_
N (R ETOT Y SRR
2 2
=—7|E — =& — kB,
7’< ! 155 lz)Jrl(l—l—l) L
(4.2.9)
o (I+3)(I+2)I(1-1) l 2
B Bior— ——kBi_y = ———kE,
R R+ 1) DTN T TV D
(4.2.10)

where 11, = 315 is the anisotropic stress of the photon fluid, I; is the /-th order
moment of the intensity, E; and B; are the [-th order moments of the polarization,
and & = 315/4 + 9E, /2 [A7].

As shown in [74], the topological defects induce v, and v, from the vorticity o.
Then, the relative velocity between the photon and baryon fluids, v, — vy, plays the

main role in exciting the magnetic fields [[75, 76]. The evolution of the relative velocity
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and thus the evolution of the associated magnetic fields are driven by the strength
of the coupling between the photon and baryon fluids. Therefore, the magnetic fields
evolve differently before and after the epoch of recombination. Before recombination,
a tight-coupling approximation can be applied to describe their evolution. However,
after recombination, we need to solve the baryon fluid equation (E225) and the full
Boltzmann equations (B228)~(E=210). We do this numerically.

4.2.2 Tight-coupling approximation

In the early universe before recombination, photon and baryon fluids are tightly
coupled to each other because of the frequent Thomson scattering. In that epoch, the
opacity of the Thomson scattering 7 was very large and the tight-coupling parameter
k/7 takes a very small value (k/7 < 1). Therefore, we can expand the Boltzmann and
the Einstein equations with the tight coupling parameter. This expansion is called the
tight-coupling approximation (TCA). In [[77], the authors considered magnetic field
generation with no external source, and used the first order approximation for the

Syl) and the second order approximation for the relative

velocity between photon and baryon fluids vgz) — véz). In the case where there is an

3 3
P

photon’s anisotropic stress 11
external source, higher order TCA, such as HE,Q) and v are needed [[74]. In
this chapter, we consider the string network as the external source and we need to
consider the higher order approximation.

Here we consider the TCA up to the third order in the conformal Newtonian gauge.
In the TCA, we expand the relative velocity as dv = v, —vy = 04004503 4503 4.
, where dv(™) o (k/#)™ is the n-th order expansion. Following [74], we find the TCA

up to second order for I, and up to third order for Jv as,

Hl 0

32 [k 176 (k\° 1 [+
m® = 22 (), 22 (E) 21T 0) _ 40 4.2.11
T <+>”’Y T \F) EEY T (42.11)
k H
so = (EY 0 _ 0 4.2.12
b <T> QG+ Rk 7 ) (4.2.12)
k H 4 (k\® 1
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(4.2.14)

In this chapter, we assume that the strings are the only source of vorticity. In this case,
the fact that v(9) = ¢(©) plays the most important role. Because of this, the first order
TCA of the relative velocity is given as 6v(!) = 0. Therefore, 6v® ~ (k/7)%0/(1+ R)
is the leading order of the TCA. In our numerical calculation, evolution equations are
switched from the TCA to the full Boltzmann equations at the epoch of recombination.

At this time, we need to calculate an accurate relative velocity dv(?) = v»(y2) — Uz()2) via

the Boltzmann equations. The junction conditions for 0%2) and véz) at recombination
are given by the following equations,
0P — 6@ 4 Hw? — @) = Riov{,, (4.2.15)
. . k .o (3
o) — 6 4 1P = — 0 (4.2.16)

Therefore we need §v(®) for an accurate calculation of §v(?) at the switching time [i74]

from the TCA to the full Boltzmann equations.

4.2.3 Magnetic field generation

The relative velocity between the photon and baryon fluids can induce magnetic
fields [i75, 76]. In the early universe, electrons move together with photons because
of the frequent Thomson scattering. Because this scattering separates electrons from
photons, electric fields are induced and their rotations generate magnetic fields via
the Maxwell equations. The evolution equation of the magnetic fields is given by
[75, 76, b,

1d

~(a*B) =

1 dorpya
adn

36 €Ik (v — vry) (4.2.17)
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where e is the elementary charge and €% is the Levi-Civita tensor. We can obtain

the magnetic field spectrum by integrating (A=211) in Fourier space as

- . 4 2 , n -
(a5 En i @) = (52 ) @t = o5y, ([ an/a i or)ous ol
0

[ et o i ). (12.18)

To calculate the above ensemble average we need the unequal-time correlation
(ov(k,n")ov(k,n")) as a result of continuous generation of metric perturbation from
cosmic strings. To obtain this, we perform a number of simulations using CMBACT

and estimate the ensemble average directly from the simulations as

(v; (B, yowit (R ")) = }j@ ()80 D) (e, 1 )50 D) (e, ") (2m) 28 (K — K),
(4.2.19)
where
Quu(k) = 81 — kjku, (4.2.20)

is the projection tensor and N, = 100 is the number of realization (for details, see
section B23). Substituting (A=219) and (E=220) into (E=21X), we obtain the correlation

function of the magnetic fields as [77]

(B F,m)Bi(F ) = (2m)* SE=(k,m)d ) (k- ), (4.2.21)
where
k3 K (dor)* 5 1 AL ) 2
ave 2T - (I) /
o)y ) =22 (472) 5 2 [ o e mena s
(4.2.22)

The source of this spectrum is dv, which is driven by o.

4.3 Method

Once the initial configuration of the string network and its evolution are fixed, the
spectrum of the magnetic fields can be calculated as shown in section E=2.

However, the string network has a random initial configuration, and individual
strings decay at random. To see the statistical properties of the generated magnetic

fields, we need to average out their randomness. For that, we prepare a number of
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realizations for the string network and calculate the power spectrum (E2222) under
each realization.

In practice, we realize the magnetic fields by repeatedly following the three steps
listed below using CMBACT|73]:

1. Set a random initial configuration of the string network.
2. Compute the evolution of the energy—momentum tensor of the string network by
considering random decay of the strings.

3. Calculate the magnetic field spectrum.

In the m-th realization, the m-th power spectrum S (k,n) in (E2221) is calculated.

Moreover, we can obtain the averaged power spectrum S%°(k,n) as

N,
1 r

SE° (k) = - > 8 (k). (4.3.23)
Tr=1

where N, is the number of realizations, and we fix N, = 100 in this chapter. Because
each S7 has an initial configuration and evolution, the averaged power spectrum,
S%e(k,n), can not be divided into an initial power spectrum and common transfer
functions. Therefore, to see the statistical properties of the generated magnetic fields,
we need to calculate a number of spectra under different realizations and average
them out as (E=323).

According to the above argument and calculating (B2222) numerically, we can ob-
tain the power spectrum of the magnetic fields from the string network as shown in
Fig.B and Fig.B2. Fig.E shows magnetic field spectra before recombination when
the TCA can be applied, whereas Fig.Z shows the spectra after recombination when
the TCA is invalid.

4.4 Result & Discussion

In this section, we will give an analytical interpretation of the magnetic field spec-
trum arising from the string network. Here to understand the behavior of the spec-
trum, we investigate the evolution of magnetic fields separately before and after re-

combination.
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Figure.4.1 Power spectra of magnetic fields at z = 10,000 (red solid line), 5, 000
(green solid line), and 2,500 (blue solid line) from the infinite string network with
Gu = 1.1 x 1075 We averaged 100 realizations and the light-blue region is the
68% confidence interval for the z = 2,500 case. Under these redshifts, the TCA

is valid.
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Figure.4.2 Same as Fig.BZ, but at z = 1,000, 500, 100. In these epochs, the
TCA is invalid.

4.4.1 Before recombination

Before recombination, Thomson scattegglg between photons and electrons occurs

frequently; therefore, we can use the TCA. Focusing on the vector mode that is



responsible for the generation of magnetic fields, all of the perturbations are induced
by vorticity o from the string network. This assumption leads the first order TCA
of the relative velocity to be zero dv(!) = 0; therefore, the second order TCA of the

relative velocity dv(?) is the leading order of duv [74],

ov ~ dv® <k>2 U%O) (k>2 o0 { k2a®o©) (for rad. dominated era)
T

) 1+R I+ R | Ka*e® (for mat. dominated era).

(4.4.24)

Sourced by this relative velocity, magnetic fields are generated via (B2222) in indi-
vidual realizations. Here we define the source function of the magnetic fields F(k, n)

as

Fy(k,n) = /077 dn’ a*(n')py(n")dv(k, ). (4.4.25)

Assuming o « a”, and integrating (E=24), we can find v > —2 is always valid once the
anisotropic stress Il from the string network arises although the anisotropic stress is
continuously generated by the active string network which makes its time-dependence
nontrivial. Because of this, the value of v varies between realizations. Then, substi-
tuting o o a” and (EZ224) into (B2—ZH), we find that the source function F(k,n)
always increases with time. This means that the co-moving magnetic fields induced
in this era are always increasing,

Following the above argument, we obtain a spectrum of the magnetic fields
Sg)(k:,n), which grows in time for each realization. Averaging these spectra in the
manner explained in section EZ3, we calculate the averaged magnetic field power
spectrum as shown in Fig.Zd. From Fig.Al, we can find approximate expressions for
the magnetic field spectrum. On super-horizon scales, the expression is given by

3

) =585k, 2) = 1.6 x 10731 (Gp)? A £ [G?], (4.4.26)
@ g2 oB WA #1000 Mpc A

and on sub-horizon scales,

3

() - gme (1) & 5.8 x 1073 (Gp)? (52 ALY (G2, (4.4.27)
Wogz2n \H2) =0 #1000 Mpc~? Lo

On super horizon scales, we find that the wavenumber dependence is the same as that
of the magnetic field spectrum from texture [74] and second order density perturba-
tions [b0, 46], but slightly different from the magnetic fields generated in Einstein-
aether gravity (B, (k)) o< k® [78]. The power spectrum of anisotropic stress arising
from the string network is shown in Fig.Z=3. On sub-horizon scales, we find the power
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spectrum of magnetic fields as k*Sp(k) o< k®. To understand this scale dependence,
we show the power spectrum of anisotropic stress arising from the string network in
Fig.B23. On sub-horizon scales, the spectrum shows II oc k~!. From the equations
(E22) and (E2213) we find the relations o o II/k and §v o< k%o, which imply that
k3Sp(k) oc k° from (B2222). The wavenumber dependence differs from the other
models which are given by (BZ;q\(k)) oc k! [7], (B2 (k)) « k? or k*/3 [b0] and
(Bi A (k) o k? or k2 [IR].

On smaller scales before recombination, dv begins to decay at the Silk damping
scale. Here, the co-moving spectrum can be written as (a*B?(k,a)) o k%a~" and
the Silk scale can be written as ksy o< a2 [79]. In the same way as [[Z7], we
obtain the power spectrum of magnetic fields at scales smaller than the Silk scale as
<a4B§ﬂk(kz)> o k'/3. This spectrum continues to the horizon scale of electron positron

1

pair annihilation, & ~ 10°Mpc~", where the mechanism of magnetic field generation

considered in this chapter ceases to function [[('7].

4.4.2 After recombination

Because the TCA was valid before recombination, we only needed the expression
of v up to 6v® for the source of the magnetic fields. However, around recombina-
tion, as the number density of free electrons decreases, the frequency of the Thomson
scattering between photons and electrons decreases. Moreover the photons and elec-
trons gradually decouple. Then, the baryon fluid becomes less able to catch up with
photon fluid and the TCA breaks down. After this switching epoch, to obtain dv, we
need to calculate the full Boltzmann-Einstein system (E=24)~(E=210). In general, it
is difficult to solve the Boltzmann equations and see the evolution of v analytically.
However, on super-horizon scales, we can estimate Jv using the condition kn < 1. By

integrating (A=23) and (E=2H), baryon and photon fluids velocities can be denoted as

vp(k,n) = o(k,n) + a(ln) /n dn'a(n’)7(n')R(n")ov(k, ') (4.4.28)
= atkon) + ROo) [ a0 )5k, (4.4.29)

o eon) = o) = & [ anf Tt = [ antr)sue). (4430)

From (B-272R)—(E2-30), we obtain the differential equation for Jv,

. —gﬂw(k,n) — Fn)ou(k, ), (4.4.31)
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where we neglected the second term on the RHS of (B2728) since R(n) = 4p,/3pp < 1

after recombination. We solve it to obtain the form of dv(k,n)
B [" g M)
ov(k,n) ~ —3¢ dn'IL,(k,n")e™ /. (4.4.32)

Writing the anisotropic stress of photons from (E=277) as,

1
IL, (kn) ~ ik/ dn'vy (k,n'), (4.4.33)

we can estimate Jv using v as

n A
ov(k,n) N—k2e_7(’7)/ dn’eT(")/ dn'" vy, (k,n"). (4.4.34)

Substituting (B-4=33) and (£24-34) into (E24=30), we can see that v, (k,n) = o(k,n) +

O((kn)?). Because of this, du on super-horizon scales should be

n o
dv(k,n) N—k26_7(’7)/ dn’eT(”)/ dn"o(k,n"). (4.4.35)

After vorticity o becomes source free, o evolves as o oc =2 and the source function
(B223) becomes constant. Then, the evolution of the magnetic fields finishes at
super-horizon scales.

On sub-horizon scales, the same argument as that for the super-horizon holds true,
and we can see the same relationship between év and v, as in (2=34). The main
difference in this case is the effects of the higher order terms in k7. On sub-horizon
scales (kn > 1), the photon fluid velocity v., evolves following not the first but the sec-
ond and third terms on the RHS of (82230) (higher order terms in kn). Subsequently,
after the recombination epoch, the third term vanishes and the evolution of v,, follows
the free-streaming solution. Then, the conformal time dependence of (E2=34) is up
to dv o< n?, and the generation of magnetic fields finishes.

In each realization, magnetic fields are induced by this mechanism. As before,
because the evolution of magnetic fields varies in realizations, we need to take the
realization average as in section BZ3. The averaged magnetic field power spectrum
after recombination is given in Fig.AZ2. We can see that the anisotropic stress induced
by the string network is independent of the wavenumber k on the super-horizon scale
from Figd3. Using (E=22), (E227) and (E2434), the wavenumber power on the
super-horizon scale is the same as that before recombination, <BQ(I<:)> o k7. The

expression of the magnetic field spectrum today can be written as

k3 ave - k !
a4(n)ﬁ5’3 (k,2) = 7x 10723(Gp)? (Mpc_1> [G?], (4.4.36)
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on super-horizon scales and,

kg ave —
a4(n)2—7TQSB (k,2) =~ 2.5 x 107%5(Gu)* [G7], (4.4.37)

on sub-horizon scales at z = 100 as shown in Fig.Z=2.
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Figure.4.3 Wavenumber dependence of the anisotropic stress at z = 2500 (red
solid line), 1000 (green solid line), 100 (blue solid line) from the infinite string
network.

Finally let us discuss implications of these magnetic fields. If such magnetic fields
existed in the early universe, strong magnetic amplification would occur in the accre-
tion shocks of primordial gases during structure formation of the universe. Then they
could provide extra pressure and suppress the fragmentation of gas clumps, support-
ing the formation of massive protostars and super massive black holes [80]. Moreover,
they would affect the hyperfine structure of neutral hydrogens in primordial gases and
might be observed via the anisotropic power spectrum of the brightness temperature

of the 21-cm line with future surveys as discussed in [R1].

4.5 Conclusion

In this chapter, we estimated the magnetic field spectrum from the cosmic string
network. First, we calculated the evolution of the cosmic string network under the
process of the one scale model and its energy momentum tensor using CMBACT [i73].

Then, we solved the Boltzmann-Einstein system to obtain the relative velocity be-
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tween the photon and baryon fluids using the tight coupling approximation and saw
that the leading order of TCA for §v was O((k/7)?)o before recombination. Finally,
we obtained the power spectrum of the magnetic fields via (B2222), before recombina-
tion, as a?/B2(k, z) ~ 4 x 107G u/((1+2)/1000)42°(k/Mpc~')%5 Gauss on super-
horizon scales, and a?\/B2(k,z) ~ 2.4 x 107Y7Gu/((1 + 2)/1000)%°(k/Mpc~1)%5
Gauss on sub-horizon scales in co-moving coordinates. On scales smaller than the Silk
damping scale, the spectrum could be calculated as a? \/BT(]C) o k'/6. After recombi-
nation, the spectrum was driven by the evolution of vorticity on super-horizon scales
and the coupling between photon and baryon fluids on sub-horizon scales. When the
recombination epoch came to an end, the evolution of magnetic fields also ceased. The
magnetic field spectrum today is a®/B2(k, 2) ~ 2 x 10711 Gpu(k/Mpc™ )3 Gauss on
super-horizon scales and az\/m ~ 5 x 107"Gu Gauss on sub-horizon scales.
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Chapter.5

Primordial magnetic fields from
self-ordering scalar fields

A symmetry-breaking phase transition in the early universe could have led to the
formation of cosmic defects. Because these defects dynamically excite not only scalar
and tensor type cosmological perturbations but also vector type ones, they may serve
as a source of primordial magnetic fields. In this study, we calculate the time evo-
lution and the spectrum of magnetic fields that are generated by a type of cosmic
defects, called global textures, using the non-linear sigma (NLSM) model. Based on
the standard cosmological perturbation theory, we show, both analytically and nu-
merically, that a vector mode relative velocity between photon and baryon fluids is
induced by textures, which inevitably leads to the generation of magnetic fields over
a wide range of scales. We find that the amplitude of the magnetic fields is given by
B~ 1079((1 4 2)/10%) 725 (v/my)? (k/l\/[pc_l)g"5 /v'N Gauss in the radiation dom-
inated era for & <1 Mpc™!, with v being the vacuum expectation value of the O(N)
symmetric scalar fields. By extrapolating our numerical result toward smaller scales,
we expect that B ~ 10745 ((1+ z)/103)1/2 (v/mp1)° (k:/Mpc_l)l/2 /V'N Gauss on
scales of k > 1 Mpc™! at redshift z > 1100. This might be a seed of the magnetic

fields observed on large scales today.

5.1 An introduction to magnetic fields from self-

ordering scalar fields

There exist many studies regarding the phenomenological aspects of topological de-

fects, which include the generation of CMB temperature and polarization anisotropies
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2, 83, 84, By, gravitational waves (GWs)[45, 86, 44, 87, 8Y|, cosmic rays [89, O0],

o0

[

and some non-gravitational effects [01, 92], among others (for a review of structure
formation with topological defects, see [93]). As a rule of thumb, the amplitude of the
fluctuations induced by topological defects, such as CMB anisotropies, is of the order
AT/T ~ 4nGv?, where v is the vacuum expectation value (VEV) of the scalar fields,
G is the Newton constant, and T and AT are the CMB temperature and its fluctu-
ation, respectively. Therefore, the recent CMB measurement by the Planck satellite
has placed limits on the energy scale of the topological defects [63]. The actual limits
depend on the detailed models, for instance, Gv? < 4.2 x 10~7 [94] for cosmic strings,
Gv? < 3.2x1077 for Abelian-Higgs cosmic strings, Gv? < 1.5x 1077 for Nambu-Goto
strings, and Gv? < 1.1 x 1079 for semi-local strings and global textures [63].

In this chapter, we pay particular attention to global textures with N > 4, which
can be well-approximated by self-ordering scalar fields that follow the non-linear sigma
model (NLSM). The NLSM can describe the evolution of global O(N) symmetric
scalar fields with an accuracy up to corrections on the order of 1/N. The NLSM has
attracted much attention since the discovery of CMB B-mode polarizations by the
BICEP2 experiment [95] because textures following the NLSM can be a source of the
scale-invariant GWs [U6][44][45], just as inflation in the early universe can produce the
scale-invariant GWs. To observationally distinguish between GWs originating from
inflation and from textures, one should consider observables that reflect the time
evolution of the GWs. The GWs from inflation are frozen on super-horizon scales at
first, and decay with oscillations after the horizon crossing. The GWs from textures,
on the other hand, are generated inside the horizon, and decay with oscillations after
the scalar fields that source the GWs decay away as the universe expands. In [97], the
authors calculate the CMB temperature and polarization anisotropies in the NLSM
and find that the shapes of the correlation functions of the CMB anisotropies in the
NLSM are different from the corresponding ones from inflation. Therefore, detailed
observations of CMB anisotropies can distinguish between GWs from the two different
origins. In fact, the recent B-mode measurement by BICEP2 places an upper bound
on the VEV in the NLSM at v < 9 x 107*G~Y/2, and the GWs from the NLSM
are shown to be slightly disfavored by the data compared with those from inflation
[0R][99], while contamination by dust in the BICEP2 data has to be re-analyzed with
PLANCK data.

In this chapter, we investigate yet another route to probe the NLSM: the gen-

eration of magnetic fields. Because of the non-linear nature of the NLSM, scalar
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fields following the NLSM inevitably induce vector mode perturbations as well as
scalar and tensor modes ones. The relative vector mode velocity between photon and
baryon fluids induces rotation in electric fields, leading to the generation of magnetic
fields [I77]. Recent discoveries of large-scale magnetic fields in void regions [B66][I00]
as well as magnetic fields at high redshifts [I01] make the investigation more inter-
esting because such magnetic fields may be of primordial origin in the early universe.
Therefore, one of the aims of this chapter is to derive the spectrum of magnetic fields
generated by vector perturbations in the NLSM within the observational limits of
CMB anisotropies.

We already reviewed the NLSM, in which N-component scalar fields act as a source
of cosmological perturbations, in section ZZ4. Then, this chapter is organized as
follows. In the next section, we derive the power spectrum of magnetic fields in the
NLSM, both numerically and analytically, using the tight coupling approximation.
We will see that in order to obtain a reliable result, we should expand the equations
up to the third order in the tight coupling approximation between photon and baryon
fluids. We discuss the result and give an analytic interpretation of the spectrum of the
magnetic fields in section 4, followed by our conclusion in section 5. Throughout this
chapter, we fix the cosmological parameters to h = 0.7, Q,h% = 0.0226, Q.h% = 0.112,
and N, = 3.046, where Hy = 100h km/s/Mpc is the Hubble constant, €2, and €. are
the density parameters of baryonic and cold dark matter, respectively, and NN, is the
effective number of massless neutrinos. Those parameter values are consistent with

the Planck results, and correspond to the ACDM model [I07].

5.2 Magnetic fields

In this section, we investigate generation of seeds of large scale magnetic fields from
the self-ordering scalar fields which follow the NLSM. These scalar fields can induce

cosmological vector mode perturbations and eventually produce magnetic fields.

5.2.1 Vector mode perturbations and their evolution equa-
tions

We begin by reviewing the basic linear perturbation theory and define the vec-

tor mode. Let us consider the perturbed metric around the flat FRW one in the
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synchronous gauge as
d52 = gw/dx“dxu = a2(7])(fd772 + (62']' + h”)dac’ de]), (521)

where h;; is the metric perturbation. In Fourier space, the vector part of h;; can be
expressed as
ikihY +ik;hY
hij=—2 1t (5.2.2)
V2

Here hY is a divergenceless vector and can be rewritten using the vector basis egi) (/:J)

as
ho=3" anMeM (k). (5.2.3)
A==+

Combining eq. (b=22) and eq. (52Z3), we can denote h;; directly as

I - A N R
hy =3 mP0R, O = (ke V) ke H), (524)
A==+

where (’)g‘) is the vector projection tensor. Using this projection tensor, we can derive

the vector mode perturbation equation for o = hy /k as
e 421 = 8rGaTIV /k, (5.2.5)

where TIV) = Ti(jmt)(’)g]f\) is the total anisotropic stress in the vector mode,H = a/a is
conformal hubble, and a dot denotes a conformal time derivative. Hereafter we shall
omit the superscript () for the purpose of presentation. The total energy-momentum
tensor consists of two parts: one is from the ordinary matter and radiation and the
other is from the scalar fields given by eq. (EZ2791). Anisotropic stress of the scalar
fields II? = T f;(’)ij can be calculated as
D _v2 d3p d3q 5 3.7
N0 n) = 5 [ 5 s VT 2 = 200 Pla.pym)Bul)B(@) (27570,
(5.2.6)

where =k -G and p = \/k2 — 2kqu + ¢2. For the expression of anisotropic stress of
ordinary matter and radiation, we refer to, e.g., ref. [22]. Let us define the transfer

function for the anisotropic stress of the scalar fields as

2

v
0’7 (kyq, ) = V1= 2 [k = 2qp] g Fg,p,m), (5.2.7)

and the transfer function for o as

ki vz/n dn' a*(')\/1— 2 [k — 2qp) q F(q,p,n)/k.  (5.2.8)

a?(n) mg,
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The fluid equation for baryon in the vector mode is given by

4
Uy + Hop = ?)L;Zcmea;p(v7 —vp), (5.2.9)

where p, and p; are the energy densities of photon and baryon fluids, respectively,
R = 4p,/3py, or is the Thomson scattering cross section, n. is the electron number
density, and an.or = 7 is the opacity of the Thomson scattering. On the other hand,
the vector mode Boltzmann equation of photon fluid expanded in terms of multipole
momenta is given by

1

Uy + gk‘Hv = —7(vy — W), (5.2.10)
- 8 8 (9 9 8
H,y + gkl—g — 5]{'(}7 = —T <10ny — 5E2> + 3]{0’, (5211)
. l 142
L+k——|—Iy1— L1 ) =—71I for | > 2.12
1+ 2l+1<l+1l+1 z1> 71 (for [ > 3), (5 )

for intensity and

(1 +3)(1+2)l(1—1)

E - ——kE,_
N (SN ETCTRY RTINS R
= (Bi— 2con) + kB, (52.13)
ST\ T ) Tyt
s (43 +2)U1—1) l 2
B kBiy1 — —kBj_1 = ———kE 2.14
I (N ETCTR TN T T D M (5:2.14)

for polarization. Here v, and 11, are the velocity and anisotropic stress of photons,
respectively, I; is the [-th order moment of photons’ distribution, and F; and B; are
the photons’ polarization moments and ¢ = 315/4 + 9E, /2 [47].

As we shall show in section B2, the relative velocity between the photon and
baryon fluids plays the key role in generation of magnetic fields. Since the strength
of the coupling between photon and baryon velocities significantly changes before
and after recombination, evolution of the relative velocity and hence the magnetic
fields qualitatively differs between these two epochs. Before recombination, the tight-
coupling approximation allows us to solve the system of equations partially, which we
shall see shortly, and helps us to interpret numerical results. On the other hand, after

recombination, the system of equations is solved completely numerically.

Tight-coupling approximation
In the early universe, photon and baryon fluids are tightly coupled because the
opacity of the Thomson scattering 7 is very large. Therefore we can expand the per-

turbation equations in section B2 in terms of the tight-coupling parameter k/7 < 1.
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This is called the tight coupling approximation (T'CA). In ordinary analyses without
external sources such as the NLSM, the first order solution for anisotropic stress of
photons Hg,l) and the second order solution for the relative velocity between the pho-

ton and baryon fluids §v(?) = v§2) - ’UIEQ)

were used [77]. However, when there exist
NLSM scalar fields as an external source in the linearized Boltzmann system, we find
that one should consider the TCA up to the third order terms proportional to o, as
discussed below.

In the tight coupling expansion, the baryon velocity relative to the photon velocity
is expanded using the tight coupling parameter, i.e., v, — v, = 0+ v +50@ 4
where 6v(!) and dv(?) are proportional to (k/7) and (k/7)2, respectively. The tight

coupling solutions of 11, and dv up to the second order are given by

32 [k
15 =15 < > ( 5 o ),

32 (k
2) _ 1
R 15 <7‘> (u5"

1 L 2 1 .
+oM) 4 176 () = [T@gm + 0@y — @ + O (5.2.15)

45 \7) k|7
k H
1 0
svH) = (T> (o +R)kug> (5.2.16)

K\ H 4 (k\® 1
@_ (Y _* o 28y _1 o ,0
o (T> I+RE " 15 (T> TR T

> ol HR  H ol x
— (= = ki SRS 2.1
<+> G+ree \T+R "0 P07 (5:2.17)

It is imporant to note that dv(® is not necessarily smaller than 6v(*) in the NLSM.
This is because, in the NLSM, the metric perturbation ¢ is always much larger than
the fluid perturbation variables such as v, (see figure b and discussion in section
63), and it sometimes happens that the first order solution proportional to v, is
smaller than the second order solution proportional to o i.e. (k/7)v, < (k/7)%0. We

can see directly this relation from (62210), which implies

k k
Uy ~ k/dnT_a ~ kn <T> o. (5.2.18)

Therefore, the condition that (k/7)v, < (k/7)%0 is satisfied at least on super-horizon
scales, and the slip term is dominated by the second order terms in the tight coupling

approximation.
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In fact, in the numerical calculations, we must eventually switch to evaluate the slip
term directly from v, and v, because the tight coupling approximation breaks down
in late times. Because the slip term is dominated by the second order term dv(®) in

early times, we must keep solving v, and v, accurate enough up to the second order
(2)
5

approximation, the evolution equation of v§2), for instance, is given by

in the tight coupling approximation, i.e., v~ and véz). In terms of the tight coupling

. 1 :
v’(y2) — _ékﬂ,(f) — 760 (5.2.19)

This is why we need to consider TCA up to the third order. The slip term at the
third order is given by

k H 4 (k\? 1
@ _(F @ _ 4 (k W) 4 ()
o0 <T) A+ Rk 15 <T) TR )

\?  Hol! HR H oY F
— (= S HA+ T — - 2.2
(7") (14 R)2k? TR H +U£/1) T (5.2.20)

I . )
15 \7/) (1+R)2k

90 /E\® 1 # 60 OHR
2 (E)Y {23+ 11R) 6 (17 + 11R) 6@ — 20 THE
<%> (1+ R)2 {( HIR) 2o = (17 + 11R)6 1+ R

(5.2.21)

Here we show only the terms proportional to o. The condition 6v(®) < §v(?) is always

valid in the tight coupling regime.

5.2.2 Magnetic field generation

We consider generation of magnetic fields originated from the relative velocity be-
tween the photon and baryon fluids, év = v, — v,. Well before recombination, due
to the frequent Thomson scattering of photons off electrons, electrons are separated
with protons, and move together with photons. For protons to catch up with elec-
trons, electric fields are induced and rotation of the induced electric fields generates
magnetic fields via Maxwell equations.

The equation for the generation of magnetic fields is given by [50]

Clb(;;(chi) _ %aﬂfak(w — ), (5.2.22)

where e is the elementary charge and €¢7* is the Levi-Civita tensor. The appearance

of the rotation of Jv in eq. (B2224) clearly shows that only the vector mode part of
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Figure.5.1 Time-evolutions of the transfer functions. Here o(k,q, u,n) (red

hne)? U’Y(kv q, U, 77) (green), ’Ub(k‘, q, K, 77) (blue) and 6’0(]{3, q, K, 77) (magenta) are
plotted as functions of the scale factor. We assume k = ¢ = 10" 'Mpc~! and,
1 = 0. We can see that the condition ¢ > v, is almost always satisfied.

dv can contribute to magnetic fields. By integrating eq. (52222) in Fourier space, we

obtain
.= — 4o 2 . . n .
a*Bi(k,n)B} (K',n) = (3:) (67t5Fm — 57m5kl)kkk;n/0 dn'a2(n')p7(n’)5vj(k,n’)
n —
< [ @, (307 (B, (5.2.23)
0

Next we take an ensemble average of this expression over the initial configuration
of the NLSM scalar fields 3, (k). The ensemble average of the relative velocity can
be calculated using the transfer function dv(k,q, u,n7) and the NLSM’s initial power

spectrum P2, defined in appendix 221 as
- - ~ PN - S
(0v; (B, ooi (R ")) = Pu(k) 525 (2m)°6(F — )
i

X /dq qQ/du dv(k, q, ' )ov(k, q, 1, m"), (5.2.24)

Pji(k) = 6, — kjk. (5.2.25)
The correlation function of magnetic fields is then obtained as

(BI(E,m)B; (F',n) ) = (27)* S (k, m)o(k — F), (5.2.26)
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where

a*(n )ﬁSB(k n) = ksg (40 ) ‘nle/dqq / dp

<[ oo >6v<kz,q,u,n>] 22

We calculate eq. (B2227) numerically and the power spectra of magnetic fields at
several redshifts are depicted in figure B2.
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Figure.5.2 Power spectra of magnetic fields at z = 2000 (red solid line), z =
5000 (blue solid line) and z = 10000 (green solid line) from scalar fields in the
NLSM. Here we take the NLSM parameters as v*/N = 10712mé1. The black
dotted line is the approximate amplitude which is given by eq. (B2323).

5.3 Analytical Understanding

Let us try to understand the results obtained in the previous section analytically.
In our numerical calculations, we consider scalar fields following the NLSM as the
only source of vector mode cosmological perturbations. Therefore we assume that
there are no vector mode perturbations at n — 0. In this setup, vorticity o evolves
first with the scalar fields as an external source (eq. (5=28)), and it induces photons’
anisotropic stress IL,. Then IL, leads to the photon velocity v, and it propagates to
the baryon velocity v,. Because the induced anisotropic stress 11, is suppressed by a

factor of the tight coupling parameter k/7 due to the frequent Thomson scattering
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(see eq. (B=21H)), the velocities induced from the anisotropic stress are much smaller
than o, in other words, the condition that o > v, ~ v is valid at least in the tight

coupling era. Therefore, we can find that the dominant term in eq. (B=211) is

4 (k\® 1

To calculate o(k,q,p,n), we introduce approximations for the Bessel function in

eq. (ZZ88) which are given by

Jy(z) m (for z < 1)
v z%\/%cos (z—22t7)  (for > 1)

Using these approximations, we can calculate super-horizon (kn < 1) and sub-horizon

(5.3.29)

(kn > 1) solutions in the radiation and matter dominated eras as we shall show below.

5.3.1 Super-horizon

On super-horizon scales, the wavenumber of fluctuations k is smaller than the in-
verse of the horizon scale, i.e., kn < 1. However the wavenumber ¢ in eq. (B=2221)
which comes from the convolution integral does not necessarily satisfy qn < 1. We
know from eq. (B221) and eq. (B2329) that o(k,q,u,n) as a function of ¢ decays

1

as 0 oc ¢ 2+ for ¢ > n~!, and we could expect that the bulk of the g-integration

comes from the range of ¢ < n~!. In this case we can express eq. (522217) as
4 K 5, —3 —2 2
a ﬁSB(k) o< k% [na=?6v(k,q = 1/n,pu,n)]". (5.3.30)

For k < q ~p ~ 1/n, we can find the k-dependence of o from eq. (°XR) as,

oo . (5.3.31)

k 212
a* ——=Sp(k) < k° [} o k7. (5.3.32)
T

We can see this power law tail on large scales in figure B2. The spectral index is same
as that of the magnetic fields generated from second order density perturbations [560],
but slightly different from the one obtained in the Einstein-aether gravity model,
where /(B2 ,(k)) o k* [103].
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5.3.2 Sub-horizon

On sub-horizon scales, i.e. kn > 1, the situation changes in a more complicated
way. Because of the condition that pn = \/mn > 1, we must take special
care of rapid oscillations of the Bessel functions in egs.(5228) and (622227). In order
to manipulate the equations analytically, we divide the interval of integration with
wavenumber ¢ into three regions: (i) k ~ ¢ > n~!; ¢ is on sub-horizon scale, (ii)

g < n~'; ¢ is on super-horizon scale, and (iii) ! < q<an!

; q is nearly on
the horizon scale (with o being O(1) constant). Considering contributions from each

interval, we estimate the power spectrum of magnetic fields.

case (i) k~gqg>nt

In this case, because the conditions that pn > 1 and g¢n > 1 are satisfied from
the conservation of the momentum, the source function of the vorticity ¢ has decayed
away. Without sources, the vorticity also decays and therefore the contribution from
this part is negligible.
case (i) g < n~!

In this case, p ~ k and the source of the vorticity is growing. Using the approx-
imation of eq. (63329), and assuming the radiation dominated era (v = 2), we can
evaluate eq. (B°XR) as

1 J, (k')
- dn'"! 15 1—2 k)2
o x 02/0 n" 0" q( qu/k) Can

oc ' 2k~ Cq(kn')3 Js(kn'). (5.3.33)

Here we use the fact that 1 — 2gu/k ~ 1 and the formula [dx 2""'J,(z) =
2"t J,11(x), and ignore the factor /1 — u2. Using the above formula again and

eq. (B3328), we obtain

7

/ dn' pya*sv o< k™8q(kn)* Ju(kn). (5.3.34)

0
Substituting eq. (523234) into eq. (52227) and using eq. (52329), the spectrum can be
written as
3 1/n 9
a4ﬁ53(k) 0% k5/ dg q4 [l{:_G(kn)4J4(k:n)]
0

o kY . (5.3.35)
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case (i) n ' <g<an™!

In this range, we need to treat the source carefully. First, assuming the radiation
dominated era, let us divide the 7 integral in eq. (B22Z10) as
no ) ) no q ! ) o no o
/O a”(n')p(n')dv dn O</0 no(n')dn :/0 1Oy <q— (1)dn +/qln0nf>q1(77)dn :
(5.3.36)
The integrand of the first term in the above equation, o, ,-1(7), is given by
eq. (63233), and the integration leads to the term proportional to k=%q(k/q)* Ju(k/q).

That of the second term is calculated as

Un’>q—1(77/) alz /q d77” "5 (1_2qu/k)c€k(kij7)//>
1 "5 o1 Ju(kn") Ju(qn")
/d” O v T P

o'k Cq(k/q)* J3(k/q) + k*q~ (kn') (Js(kn') J2(qn') + O(q/k))]
(5.3.37)

where we used J,,(¢n")/(qgn")" ~ O(1) for ¢n” < 1, and omitted the constant factor
of O(1).
Then the integration of dv can be calculated, by integrating by parts, as

/077 dn' pya*ov o< [k=%(k/q)* Ja(k/q) + k™ *q(k/q)* Js(k/q)(n* — ¢ )
+ g™ ()T ) Ja ) (5.3.38)

Substituting the above equation into eq.(B2227) and ignoring the cross terms, we

obtain,

k3 a/n B
oz Sulk) ok [ dg o [ (0/0)* T k)
i 1/n

+ k8¢ (k/q) 3 (k/q)(n* — ¢~ %) + k~8q2(kn)* I3 (kn) J3 (qn)] -
(5.3.39)

Integrating with ¢, we find that the first, second, and the third terms in the above
equation give terms oc kY, oc k', and o< k°, respectively. Taking these terms together,

we can find the k dependence of the magnetic field spectrum as

a42k7:)253(k) x k[1 4+ O(1/kn)]. (5.3.40)
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Therefore, in the radiation dominated era (v = 2), we find a*k3Sp(k)/27% o k,
which is confirmed in our numerical calculation. Finally, by reading off the numerical
amplitude from the result of our numerical calculation we find the power spectrum of

magnetic field on sub-horizon scales as

1074 1 v N\ k!
‘B? ~ = 2 5.3.41
¢ (1+2)2 N \10—3myy, Mpc™? (G7] ( )
Similarly, we find a*k3Sp(k)/27% < k=1 in the matter dominated era (v = 3).
In figure 62, we find that the spectrum shows k*Sp o k on small scales (say,

k > 0.1 Mpc™!) in the radiation dominated era. At z = 2000 (the red solid line), the

spectrum on sub-horizon scales shows the k dependence between the fully radiation

dominated (o< k) and matter dominated ones (x k~!). On much smaller scales
(k > 1 Mpc™!) and in the matter dominated era, we expect that the spectrum of
magnetic fields should be proportional to k& because on those scales the source of
vector perturbations has already decayed away and the magnetic fields just decay
adiabatically after their creation deep in the radiation dominated era. From the fact
that the generation mechanism is based on the mass difference between positively
charged particles (protons) and negatively charged particles (electrons) and the small
velocity slip between these particles, we expect that the spectrum continues up to the
horizon scale at the epoch of e* annihilation & ~ 10° Mpc~! and a cutoff at that

scale [[77].

5.3.3 Approximation at super-horizon scale

On super-horizon scales and in the radiation dominated era, we can estimate not
only the shape of the spectrum but also the amplitude of magnetic fields approxi-

mately. On super-horizon scales the power spectrum of magnetic fields is given by

k3 K (dor\° PY, 1/n !
4 ini 7,2 2
—=Sp(k = — | — ) 2k d d
“ (77)27r2 5(k,m) 272 < 3e ) w2 /0 74 /1 a

x Uon dn’ a®(n')p (n')ov(k, q,ﬂm’)} 2- (5.3.42)

Substituting eq. (62329) and eq. (62270) to eq. (B°2H) we get,

TA, v \? q>
o(k, g, p,n) = ===V = p?n <ml> n‘*? (5.3.43)
P
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where we assume k < ¢ ~ 1/n. Using the above expression, we can write the velocity

slip as

2

TA, _._ v

ov(k,q,pu,m) =~ 18OR Li=2/1 — 12 (ml> n*q?k. (5.3.44)
p

Substituting eq.(5344) into eq.(5b=342), we obtain

k3 0% 1/ v\ k \
4 2
—Sp(k,2) ~ —— [ — — 34
“ (2)27T2S3< 2 (1+2)°N (mpl> <Mpc—1> G, (5.3.45)
in unit of Gauss at redshift z > z.q ~ 3300 [102]. This analytic power is plotted in

figureb™ to make a comparison with numerical results.

5.3.4 After recombination

In the above sections, we discussed magnetic field generation in the era when the
tight coupling approximation is valid. Here we consider the era after the tight coupling
approximation breaks down. In particular, we estimate when the magnetic fields
become source-free on super-horizon scales, by considering the time evolution of the
source function of magnetic fields S(n) = p,a?dvg®/?, which satisfies B? o< [[ dnS]>.

On super-horizon scales (k < H), the scalar fields with wavenumbers ¢ ~ H have
the biggest contribution to the source of vector perturbations and hence the magnetic
fields. Thus we can set ¢ ~ 1/n in investigating the behavior of the source. When
the tight coupling approximation is valid, i.e. 2z > 2., We can estimate the time

evolution of dv as
0V kQﬂ_a X 777, (5.3.46)
;

from eq. (AZ10) and eq. (B=2T). Then after recombination, we can estimate dv ~ v,

from the same equations as
v kn*o o nt (5.3.47)

Using these relations, the time evolution of the source term of magnetic fields before
and after recombination can be derived as

3/2

before recombination
S(n) = pya*vyg*? { 2—3/2 ( )

3.4
(after recombination) (5.3.48)

Therefore, the evolution of magnetic fields becomes source-free after recombination.
In fact, during recombination, dv is considerably enhanced and significant amount
of magnetic fields is produced by the end of recombination z = 300. For z < 300,
the magnetic fields simply decay adiabatically. The spectrum of magnetic fields after

recombination is depicted in figure B=3.
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Figure.5.3 Power spectra of magnetic fields at z = 2000 (black solid line), 1500
(green solid line), 1000 (cyan solid line), 700 (green solid line), and 500 (red solid
line) from scalar fields in the NLSM. Here we take the NLSM parameters as
v'/N = 10_12mf.‘,1. The evolution of the spectrum comes to an end by z = 300.

5.4 Conclusion

In this chapter, we consider magnetic field generation from self-ordering scalar
fields that follow the NLSM. We find that to reliably estimate the magnetic fields,
one needs to expand the Boltzmann equations up to the third order terms in the
tight coupling approximation. This is because the vorticity o is very large so that
O ((k/7)vy) ~ O ((k/7)30) in the tight coupling era (see figure.51) if the anisotropic
stress of the scalar fields eq. (B2X8) is an external source. By smoothly connecting the
tight coupling solutions to the numerical ones we obtain the full magnetic field spec-
trum in the radiation dominated era and the matter dominated era, with an analytic
interpretation of the results. In so doing, we see that the scalar fields with wavenum-
ber ¢ ~ 1/n are the main source for both super-horizon (kn < 1) and sub-horizon
(kn > 1) magnetic fields. By extrapolating our numerical result toward smaller
scales analytically, we find B ~ 10722 (v/10_3mpl)2 (1+ 2)1/2 (k/Mpc_l)l/2 /VN
Gauss at £ > 1 Mpc™! and 2z 2 2. The strengths of magnetic fields smoothed

at A = 1 and 100 Mpc scales are By ~ 1.8 x 1072% and 4.5 x 10726 Gauss, re-
spectvely, where B3 = fdkae_kaSB(k)/%rQ. The energy density of magnetic
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fields is pp = [dkk®Sp(k)/2m* ~ 1.2 x 107* [G?]. This might serve as a seed of

large scale magnetic fields in the present universe.
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Part.lll

Gravitational waves radiation from
cosmic string network






In this part, we will see gravitational waves from cosmic strings. There are two
kinds of configuration of strings, namely loops and infinite strings. Both of them emit
gravitational waves [3, A2, 04, [05, 06, 07, 10X, [09, 10, [0, 53, 112, 1173]. In this
thesis, we focus on gravitational waves from kinks, which is sharp structures on cosmic
infinite strings. Here we first introduce the gravitational waves in the cosmological
perturbation theory, and kinks on infinite strings. Next we will see the gravitational

waves from such kinks on the infinite string network.
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Chapter.6

Preparation for gravitational waves
from cosmic strings

In this chapter, we will introduce the primordial gravitational waves in standard
cosmology, and the physics of kinks on infinite cosmic strings. In the next chapter,
we combine them according to [3] and calculate gravitational waves from kinks on

strings.

6.1 Primordial gravitational waves

Gravitational waves [, 14, IT5H] are the metric perturbations in tensor mode
perturbations (I”234). We can characterize their amplitude using the spectrum of

tensor mode as
(W7 R, m)R™* (', m) ) = 2R (k, ) P (k) (2m)P0 (8 — ), (6.1.1)

where the factor 2 is the number of tensor mode (0 = £2), |h|?(k,n) is the square of

the transfer function,

PLk)@m)*(k = F) = (W (F)hEi () (6.1.2)
is the initial power spectrum of tensor mode and |h|?(k,n)PZL. (k) corresponds to the
squared amplitude of gravitational waves.

Here we consider primordial gravitational waves As a superposition of many stochas-
tic, isotropic waves with a wide range of frequency. In standard cosmology, we define

such primordial gravitational waves using the concept of density parameters (ICI18)

as '
1 dpow |h]2(k,7])k3P~ (k)
k mi 613
aw (k;n) Perit,0 dInk 12772H§a2(77) 7 ( |
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where

(W7 @ k(@)

PGW =

32rGa?(n)
1 Pk dBE ()7 (o) e
= h/ [on k h O )* k}/ —Z(k—k ):E
327TGa2(77)/ (@m)? (2n)? U:ﬂ< P E i F)) e
1 k3PL (k) ;
“167Ga2(n) In k=27 [h|* 1.4
167Ga?(n) /d nk 272 |h|*(k, ) (6.1.4)

is the energy density of the gravitational waves, |h|?(k,n) is the squared transfer
function of tensor mode perturbation and dot *denote the conformal time derivative.
This expression is a convenient form to express the energy density of primordial
gravitational waves. Considering the evolution of tensor mode perturbation h(k,n),

we can estimate the gravitational wave spectrum Qgw (k, 7).

6.2 Kinks on cosmic strings

Quadrupole motions of strings can induce tensor mode metric perturbations and
they emit gravitational waves [, T4, IT5H]. Here we focus on the continuous but
undifferentiable (sharpened) points on cosmic strings which emit gravitational waves
significantly [42, 52].

There are two kinds of such differential discontinuity on strings (see fig.60). One
is called kinks, which are caused by reconnections of strings and they propagate on
strings with blunting by cosmic expansion [42]. The other is called cusps, which are
caused by the overlap of periodic modes on strings [A2]. On the infinite strings, there
are only kinks because infinite strings have no loop and there can not be cusps by
periodic modes. The number of kinks are increased by collisions and reconnections
of infinite strings. In contrast, there are both the differential discontinuities on string
loops. When we consider wiggled strings, there are many periodic modes on string
loops which produce cusps, and cusps can give dominant contribution to gravitational
waves from loops.

Different types of strings produce gravitational waves at different scales [3, b5, 18,
04, (05, 06, 107, T08]. Infinite strings give the dominant contribution to GWs at the
horizon scale of that epoch [3, 55]. On the contrary, string loops give the dominant
contribution from cosmological scales to smaller scales [[04, (05, (06, (07, (08, 56]
because of their contraction caused by the gravitational radiation.

Here we want to focus on phenomena and observational signatures in cosmological
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Figure.6.1 Images of kinks and a cusp on strings.
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scales, and we will see the case of kinks on infinite strings hereafter.

6.2.1 A kink on the string

In this section, as a preparation for the next chapter, we will introduce the distri-
bution of kinks on infinite strings. First let us see the wave modes on cosmic infinite
strings, and define kinks and their sharpness in the Minkowski spacetime [Z8, I16] in
which the metric is represented as g, = 1,,,. We consider the equation of motion of
the string on string worldsheet [32] using the action given by eq.(2Z3%3). To fix the
string worldsheet, we choose the gauge as

or 0%

a—» 2 a—» 2
<6z> +(8é) —1. (6.2.6)

In this gauge, we can obtain the following equation of motion,
o’ 9T 0
oG 96

We fix the coordinate ({1, (2) as (t,&), where ¢ is the physical time and £ is the space

(6.2.7)

coordinate which runs along the string. Then the solution of the mode & is given by
I >
i3 (a(f — )+ b€+ t)) , (6.2.8)

where @(§ —t) and g(f +t) are arbitrary functions called left and right moving mode,

(2" (gf) 6:29)
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Hereafter let us discuss the feature of kinks on strings. Kinks are generated by col-
lisions and reconnections between strings. Here we first consider collision and recon-
nection between two strings. At the time of collision, the strings reconnect each other
at the collided point. Then the reconnected strings have the sharp structure called
the kink. Here we focus on a reconnected point on the string as (¢, ) = (¢, &), where
the kink exists, and we consider only the left moving mode, @(§ — t) for the sake of

simplicity. We can describe the left moving mode @(§ — t) using (¢, &) as
a(g —t) = a8 — tk) = a(px). (6.2.10)

In the ‘left side’ pi(€,t) = € — ¢t < pi and the ‘right side’ p.(§,t) = £ — ¢t > py, the
left moving modes d@(p;) and @(p,) come from different strings. The left moving mode
itself @ is continuous, but the tilt of the string 0a/J¢ is discontinuous at the point of

the kink py in general. Here we define the sharpness of the kink as

1
)= 5(1—&'{-6;), (6.2.11)
where d@] and @, are the tilts of the colliding strings

oa oa
a = i — a. = li —(pr 6.2.12
a plg%k ) (pl)a Qy prgr;llﬁk ag (p )7 ( )

the inner product @ - @, = cos x corresponds to cosine of the angle 0y at the tip of the
kink, and you can see that the sharpest kink is represented as 1 = 1 and the bluntest
one is represented as ¥ = 0.

Next let us consider the evolution of sharpness of a kink on a cosmic string in the
homogeneous and isotropic expanding universe (22362). We fix the gauge as eq.(6E23)
and the coordinate ((1,(2) as (n,§), where n is the conformal time and & is the co-
moving space coordinate which runs along the string. We can obtain the equation of

motion for modes on strings from the action (Z2363) as,

. ) . 1 /2\
T+ 2HZ(1 — %) = ~ <> : (6.2.13)

€ €

where € is given in eq.(EZ364), dot “and prime ’ denote the conformal time and the
coordinate £ derivatives, respectively. Here we define the alternatives of the left and

right moving modes a, b as

L1
pL=iF -4, (6.2.14)
€

where py and p_ satisfy
P =15 =1, (6.2.15)

84



and these modes correspond to the tilt of the string which are given by @’ in the
Minkowski spacetime. Here we can rewrite the equation of motion (E2213) using p’

and p_ as
5

5 p . L N
e+ == = —H (P — (7 - 7-)F) - (6.2.16)

From the equation of motions for p; and p__, we can see the scaler factor dependence

of them as o5
P+

T« H, 6.2.17

ock + 1) (6:2.17)
op_

—— x H, 6.2.18

ock 1) (6:218)

where we make variable transformation from (£, 7n) to (e +n,e£ —n). These variables
go to zero in the Minkowski spacetime, in which ¢ = 1 and H = 0. These correspond

to the equations of motions for the tilts of the left moving and right moving modes,

oa’

T~ 0, (6.2.19)
b’
51 = 0, (6.2.20)

and therefore we can say py and p_ represent the tilts of left @’ and right v moving
modes. Now we can define the sharpness of a kink on a string in the homogeneous

and isotropic expanding universe as in the same way as eq.(E2211),

1 — —
Y= 51— P D), (6.2.21)

= =/

where p’; and p',, are the left and right sides (like @ a;) of the left moving mode
pr. Here we have to remind that there are right moving modes as well and the
sharpness of kinks produced by right moving modes can be represented as eq.(6=2-21)
with replacing the subscript + to —.

Hereafter we will see the evolution of the sharpness v and its distribution on the
string [I17]. If we regard p.y and p_ as functions of variables (e£ —n,n) and (e£+n,n),

respectively, we can reduce the equation of motion eq.(6B2218) to
B = —H (s — (Bs - 7-)7s) - (6.2.22)
Rewriting eq.(B2222) in the physical coordinate, we obtain

dp: T
= H 0= = (PR (6.2.23)
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we then write eq.(E2223) as the equation of motion for the sharpness as

dy H , _, L L L L L
o5 = 5 (P Pee D Py = (= - D) (P D) = (0= - P ) (P 1 D)) -
(6.2.24)
Considering the ensemble average of p_ - p-,
(P -y =—(1 —20°%) = —k, (6.2.25)
we reduce eq.(6EZZ4) to
d
dif = —2xHY. (6.2.26)

Based on the simulation of cosmic string network [T17], it is found that &, ~ 0.18 and
Km ~ 0.3 in the radiation and matter dominated epochs, respectively. Then we can

represent the sharpness v as the function of physical time,

P o 72, (6.2.27)

where

(6.2.28)

¢ dlna {0.09 (radiation dominated epoch)
=K =
dlnt

0.2  (matter dominated epoch),

becomes constant in the radiation and matter dominated epochs.

6.2.2 Distribution of kinks on strings

Here we introduce the sharpness distribution of kinks on infinite strings. The dis-
tribution of kinks is determined by three factors,
(i) production of kinks by collisions between infinite strings,
(ii) the sharpness of kinks blunted by the cosmic expansion,
(iii) kinks taken away by string loops.

First, let us discuss the contribution from (i), considering a collision between string
1 (stl) and string 2 (st2). The probability of a collision is given by the intersection
probability of the infinitesimal regions of string worldsheet 1 dA; and string world-
sheet 2 dA,. Here we choose the coordinate of string worldsheets as u = £ — ¢t and
s = & +t, and the infinitesimal region on each worldsheet is written as [u,u + du]

times [s, s + ds] (see fig.52). The probability of the collision is represented as

dQ)

P o = vVt

(6.2.29)
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Four dimensional spacetime

worldsheet1 worldsheet2
dA 1 dsq dA 2 dss
duq dus

Figure.6.2 Rough illustrations of string worldsheets. dA; is the worldsheet for

string 1 and dA» is the worldsheet for string 2.

where Vdt is the four dimensinal volume with the volume of space V', and df2 is the

four dimensional volume configured by dA; times dAs, which is given by

0x® 9xP 0z Ox°
dQ) = |\/ —detg"enpys —— 7— 7 | durdsiduadss. 6.2.30
G €aps 8U1 881 811,2 882 @51 0t2es2 ( )

Because the areas of the worldsheets are smaller than the horizon scale dA;,dAs; <
H~2, the metric can be treated as the Minkowski spacetime g,,, = 7,,, and we can
denote df2 as )

dQ = ZA(ﬁiF’],ﬁ+7r,ﬁ77],ﬁf’r)dU1d51du2d82 (6.2.31)

where A is the products of py,

. L L. " " " " " " L
A@s 1 Dy D Do) = 7 (B X Pe) - (D = D) + Py X Pop) - (Pt = D)l
(6.2.32)
To calculate the collision probability dP; 2, we consider the integration of [du ds] =

[2d¢ dt] and rewrite A(P 1, Py v, P— 1, P—r) using the sharpness ¢. Here we rewrite A
by calculating (62232) following [I17],

A(FasPrns P B-a) = B [ dvg(v), (6.2.33)

—

where A is the averaged A(p4 1, Py v, - 1,P— ) and g(¢) is the distribution function
of sharpness produced by the collision. Considering up to the first order of ', -p’ < 1,
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we obtain

X Apypdpy e dp-pdp—x o oo L L
A :/ d rA(p-l—,lvp—i-,r?p—,lvp—,r)
47 Am 4w 4w

2 2 1
=T (1 + k- /8) , (6.2.34)

and the distribution function g(1) is given by

35

9(¥) = 3ep V(15 = 69— ), (6.2.35)

where the domain of g(1)) is 0 < 1 < 1. Then we can calculate the collision probability
as A
v
dPLQ - ﬁdt, (6236)
where we integrate the length of strings in the volume V as [ v d¢ = Ly = V/L? and
L is the correlation length of strings. Because collisions make kinks, you can see that
the number of collisions is equivalent to the number of kinks. We can represent the

number of produced kinks in the volume V per unit time by collision as

AV

dP172 = dN|pr0duced = F

dt, (6.2.37)

and the number of produced kinks per unit time and in the range of [1), ¥ + dy] is

written as _
B AV

ON
.0 d = S g(¥)du. (6.2.38)

produced

We now take into account the effects of the cosmic expansion. We consider the

conservation of the total amount of kinks, up to the sharpness 1 (t),

d [ oo WO ToN 2% 0

(6.2.39)

and thus the equation

ON, , 2 0
E(U) 1) — T ou

(V' N, t) =0, (6.2.40)

has to be satisfied. Here the blunting of kinks, the second term of the left hand side,
dy'/dt = —2('/t comes from the cosmic expansion. Then we can represent the

effects of the expansion for kinks as

oN _ X0
5 (1) it (YN (,1)). (6.2.41)
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Next we will see the decrease of kinks on infinite strings. When strings collide each
other, some string loops are produced and some kinks are taken away by string loops.

Here the length of strings taken away by loops is given by [[I8, 19, 120],

dLy
dt

V

loop

where 7; is the product of the loop chopping efficiency and the root mean velocity of
strings, n; = ¢v/2, and it is related to the evolution of the string network (ZZ377R).

The fraction of amount of kinks which leaves infinite strings is written as

1 ON

1oN 1 dLv
N 0t

= — _m
Ly dt '

L

(6.2.43)

loop loop

Finally, considering the three contributions eqs.(6238), (62241) and (6Z43), we

obtain the equation of motion for the distribution function of kinks on infinite strings

as
ON ON ON ON
W(wjt) :E(Qb’t) produced " EOﬁ’t) blunt " E loop
AV 2¢ 0
=77 9W) + faw (YN, 1)) — %N(w,t). (6.2.44)

Now we can calculate the evolution of the sharpness distribution of kinks on infinite
strings in the volume V. Solving eq.(622244) and the evolution of cosmic string network
given by eqs.(E2378), (23779), we obtain the distribution function of kinks. Then we
calculate the gravitational waves from kinks distributed on infinite strings in the next

chapter.
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Chapter.7

Improved calculation of the
gravitational wave spectrum from
kinks on infinite cosmic strings

Gravitational wave observations provide unique opportunities to search for cosmic
strings. One of the strongest sources of gravitational waves is discontinuities of cosmic
strings, called kinks, which are generated at points of intersection. Kinks on infinite
strings are known to generate a gravitational wave background over a wide range
of frequencies. In this chapter, we calculate the spectrum of the gravitational wave
background by numerically solving the evolution equation for the distribution function
of the kink sharpness. We find that the number of kinks for small sharpness is larger
than the analytical estimate used in a previous work, which makes a difference in the
spectral shape. Our numerical approach enables us to make a more precise prediction

on the spectral amplitude for future gravitational wave experiments.

7.1 Introduction

Cosmic strings continuously generate gravitational waves throughout the history of
the universe after their formation. Gravitational wave bursts from different epochs
and different directions overlap one another and form a gravitational wave background
over a wide range of frequencies. Thus, gravitational wave experiments are expected to
be a powerful tool to test the existence of cosmic strings. Various types of experiments
can be used to probe the gravitational wave background at different frequencies:

pulsar timing experiments |21, 122] measure gravitational waves at ~ 10~®Hz; space
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missions such as eLISA [123, 124] and DECIGO [125, 26] explore 10~3Hz and 0.1Hz,
respectively; ground-based experiments such as Advanced-LIGO [1Z7], Advanced-
VIRGO [128] and KAGRA [129] focus on ~ 100Hz.

Gravitational wave signatures from cosmic strings have been extensively investi-
gated in the literature [I16, T30, 31, 132, [33]. It has been widely accepted that
the string network evolves towards the scaling regime, where infinite strings continu-
ously decay into loops and the string network keeps O(1) infinite strings per Hubble
volume. Thus, the network consists of infinite strings and loops, both of which can
be sources of gravitational waves. In refs. [62, 47, it has been suggested that non-
smooth structures in strings, such as cusps and kinks, emit strong gravitational wave
bursts. Cosmic string loops generically have cusps and kinks, and various works have
shown that they generate a large gravitational wave background at high frequencies
[@2, 04, 05, 106, [07, (08, 109, I10, 11, 53, 112, 113]. While loops generate grav-
itational waves of wavelength shorter than the loop size, gravitational waves from
infinite strings become important for long wavelength. The spectrum of the gravi-
tational wave background originating from kinks on infinite strings are calculated in
ref. [5H)].

In this chapter, we reexamine the spectrum of the gravitational wave background
from kinks on infinite strings. Since the strength of gravitational wave bursts depends
on the sharpness of kinks, we need to obtain the distribution function of the sharpness
to calculate the spectrum. The evolution equation for the sharpness distribution is
modeled in ref. [IT7], and ref. [b4] calculated the spectrum by using analytic solu-
tions of the differential equation for the distribution function. The analytic solutions
are obtained separately for radiation-dominated (RD) and matter-dominated (MD)
eras and the normalization for the RD era is chosen to have the same amplitude with
the MD era at radiation-matter equality. Instead of using analytic solutions, we nu-
merically solve the differential equation to obtain the sharpness distribution function,
which enables us to smoothly connect the RD and MD eras. In fact, since the string
network evolves differently in these eras [[(34, 20, [35, [36, [37, 3R, 39, [40], the
parameters in the differential equation differ for MD and RD. They should determine
the normalization of the distribution function and our numerical method correctly
takes into account these effects.

The change of the parameters at radiation-matter equality is taken into account
in two different ways. First, we interpolate the values using the tangent hyperbolic

function. Second, we calculate the time evolution of the parameters by using the
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velocity-dependent one-scale (VOS) model [@0]. In the first case, the values of the
numerical parameters are set to be the same as the previous work, which makes the
comparison easier and enables us to show the effect of their change at radiation-matter
equality clearly. The second case enables us to follow the scaling law of the string
network and provides more realistic time evolution of the parameters.

The outline of this chapter is as follows. In section [, we briefly describe the
methods to calculate the distribution function for the kink sharpness and gravitational
wave background spectrum. In section [Z3, we perform the numerical calculation to
evaluate the distribution function of kinks. Then, using the kink distribution, we
calculate the spectrum of the gravitational wave background. In section [Z4, we make

a comparison with previous works. Section [3 is devoted to conclusions.

7.2 Gravitational wave from kinks on the infinite

strings

First, we review the dynamics of cosmic strings and describe the method to cal-
culate the distribution function of kink sharpness and the power spectrum of the

gravitational wave background.

7.2.1 Dynamics of cosmic strings

We consider cosmic strings in a spatially flat Friedmann-Lemaitre-Robertson-

Walker (FLRW) metric,
ds® = a*(1) (—=dr? + da?) = g, datda”, (7.2.1)

where a(7) is the scale factor of the universe. A cosmic string is represented as a two-
dimensional worldsheet in the four-dimensional spacetime. We choose the coordinates

on the worldsheet as (! = 7 (conformal time), (2 = o (a direction along a cosmic

Oz,
do

= 0, then the action of the Nambu-Goto string is given by

Slzt] = —u/d%\/—det(%b), (7.2.2)

ozt dz¥
¢ a¢h

string worldsheet. Taking the variation of the action with respect to x*, we obtain

. oxH
string), and %

where p is the tension of the string, v.,, = guv is the induced metric on the

the equation of motion for a cosmic string,

9z 2dadx ox\ > 10 [(10x
aTszTaT{l‘(aT) }:eaa<eaa>’ (723)
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where
(0x /00 )?

1— (0z/01)%’ (724

[
Il

is interpreted as energy per unit o, and we set € = 1 at the present time. When the
Hubble friction is negligible, the equation has solutions of left and right propagating
waves. Accordingly, we define the new variable p+ which corresponds to the left and

right moving modes,

Pr= " F - (7.2.5)

7.2.2 Cosmic string network

Cosmic strings follow “scaling law” where the number of infinite strings conserves
in the horizon. In the VOS model [40], the network evolution is characterized by the
correlation length L. The total energy of a cosmic string and the average velocity are
defined by

E= ua/dae (7.2.6)
U2:fda(g—f)26 (7.2.7)
— [doe 7 o
Then, the energy density pin¢ of infinite strings is defined as
w
por = 1. (7.2.8)

Using the physical time ¢, which relates to the conformal time as dt = adr, the

evolution equations of the correlation length and velocity are

L 1
((117 = HL(1+4v%) + 5PV, (7.2.9)
dv k

—=1-v¥) |+ -2H 2.1
= - (5 - 2m0). (7.2.10)

do{1—(da/d7)? { (de/dT)-ue 2,6 . .
1,(1£U2) oo fdae} o~ 27‘@ hggﬁ and u is a unit vector
da/dt

=

where k(v) =

parallel to the curvature radius vector, and H is the Hubble parameter H =

The second term of the right hand of ("29) is the energy transmitted to loops per
unit time, p is a probability of reconnection and c¢ is the loop chopping efficiency
parameter which is set ¢ ~ 0.23 [[41]. With v = L/¢, the first equation is rewritten
as

d’}/ . 1 2 1
dt_t{ v+ Hyt(l+v )+20PU}- (7.2.11)
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By setting d/dt and dv/d¢ to be zero in ("Z10) and (ZZZ11), we obtain the asymp-

totic solutions
v = Const., v = Const. (7.2.12)

As we find the correlation length L = ~¢ grows in proportion to t, the number of
infinite strings is conserved in the horizon. The velocity keeps constant value for a

fixed cosmic expansion rate.

7.2.3 Distribution function of kinks on infinite strings

Kinks are defined as discontinuities in the string tangent vector . They are pro-
duced by reconnection between cosmic strings and propagate along strings. The

sharpness of the kink is defined by

1

=51 =px1-Ps2). (7.2.13)

The subscript £+ denotes the left and right moving modes, and 1/2 represent the
left /right side of the discontinuity, respectively. The range of sharpness is 0 < <1
and a large value of ¥ corresponds to a sharp kink.

Let us define —a = (p; - p_) = —(1 — 2v?), where the bracket means ensemble
average in the string network, v? is the mean square velocity of strings. Rewriting

(Z3) and (CZT3) in terms of ¢, we have [[17]
P ot (7.2.14)

where ¢ is the proper time ¢ = [ adr and ¢ = av. The parameter v characterizes the
evolution of the scale factor as a o< t¥. The value of { in the MD era differs from the
one in the RD era, as we provide in table [I.

Intersections in the cosmic string network continuously generate kinks on infinite
strings. We define the distribution function of kinks as a function of the sharpness
and proper time, N (¢, t), so that N (1, t)dy is the number of kinks between 1) and
1 + dtp within the volume V' at proper time ¢. Then its time evolution is given by

7]
2¢ 0 AV

%]fw, t) — T@WW, t) = @g(w) — %N(w, t), (7.2.15)

where A is the probability of the intersection[l42], v characterizes the correlation
length of the string network L as L = «t, and 7 is the decrease rate of kinks due to

the loop production which is determined from simulations [ITX]. The function g(z))
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in (Z1H) is the initial sharpness distribution, and given by

35

9(¥) = 5 VO (15 = 6Y — 7), (7:2.16)

where we set g(¢) = 0 for ¢» < 0 or 1 < ¢b. When the left hand side of (Z213) equals
to zero, the equation demonstrates that the number of kinks is conserved while the
sharpness decreases as in (CZ14). In the right hand side of ("ZT3), the first term
denotes a production of kinks by intersection of strings, the second term denotes
decreasing of the number of kinks by the loop production. This term can be obtained
by considering the length of cosmic strings d transferred from infinite strings to loops,

a __n. (7.2.17)

loop

and we have assumed that the fraction of kinks taken away on loops is proportional
to the loss of length, d/d o N/N.

RD | MD RD MD
v || 0.31 | 0.50 v 0.27 0.56
¢ 0.09 | 0.2 ¢ 0.062 | 0.16
A | 0.20 | 0.21 Al 019 | 021
n 0.18 | 0.1 n 0.076 | 0.068
Table.7.1 The values of the con- Table.7.2 The values of the con-
stant adopted in ref. [B5] are sum- stant for RD and MD eras obtained
marized for RD and MD eras. by solving the VOS equations.

To obtain the kink distribution using (Z213), we need the time evolution of 7, ¢, A,
and 7. In this chapter, we show results by using two different methods to obtain them.
In the first case, we use the parameter values used in ref. [65] and we smoothly change

them from RD to MD at radiation-matter equality toq ~ 2.0 x 10*%s using

1 + tanh(100In(t/teq)) 1 — tanh(100In(t/teq))

— m r 3 2].
x(t) = x 5 +x 5 (7.2.18)

where ., and Yy, describe values for MD and RD. The values for RD and MD eras
are listed in table [. Using the same values with the previous work makes easier
to see the effect of the parameter transitions at radiation-matter equality, which was
not taken into account in the previous work.

In the second case, we calculate the time evolution of v, ¢, A, and 7 by solving the

VOS equations (ZZ10) and (ZZ11). The parameter values ¢,7n, A are obtained from
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C=av=(1-20% <ln(a/aini)> , (7.2.19)

ln(t/tini)
1
n= e, (7.2.20)
_ 27 2 1
A=""L1+=(1-20%) - —(1-20%2%}. 7.2.21

Table. [A shows the asymptotic values of the parameters for RD and MD eras ob-
tained by solving the VOS equations. As we can find by comparing the two tables,
some of the parameter values are different from the previous work, and they affect

the kink distribution as well as the amplitude of the gravitational wave background.

7.2.4 Gravitational waves from kinks

It has been shown in ref. [55] that the kinks which contribute the most to the power

of gravitational waves with angular frequency w satisfy the following condition:

N(¢’ t) - ~ w—l
(wvm/w) | (7:2.22)

We define the sharpness of kinks which satisfies (Z222) for a given frequency w as
Ymax(w, t). This condition means that the main contribution on the gravitational
wave background at physical frequency w comes from kinks with sharpness .y
whose average

interval (YN (¢, t)/(V(t)/(7t)?)) ! is comparable with the wavelength of the gravi-
tational waves w™!.

The strength of a gravitational wave burst from one kink on loops has been formal-

ized in ref. [@2]. Including the dependence on the sharpness 1, the strain amplitude

is given by
Gplthmax(w, 2)]/?1 1
h - O(1 — 6,,), 7.2.23
where 6, = [(1+ 2)fI]"Y3, f = aw/(2mag) is the gravitational wave frequency

today with ap = 1 being the present scale factor, r is the distance to the source
r(z) = foz dz/H(z), and [ is twice the fundamental period T} = /2 of string loops.
Since we consider infinite strings and their typical curvature is given by i, [ is replaced
by the correlation length ~¢ in our calculation. The step function O(1 — 6,,) is
introduced to set a low-frequency cutoff, which reflects the fact that kinks do not emit

gravitational waves larger than the horizon size. We calculate the Hubble parameter
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using H = Ho[Q,(a/ao)™* + Qn(a/ag) ™3 + Qa]'/2, where Q,, Q,, and Q4 are the
density parameters for radiation, matter, and the cosmological constant, respectively.
We use Q,h? = 4.31 x 10~° where h is the reduced Hubble constant. In this chapter,
we assume a flat universe and use the values obtained from Planck satellite [20]:
h =0.692, Q,, = 0.308 and Q5 = 0.692.

The power of the gravitational wave background is usually characterized by gy, =
(dpgw/dInf)/pc, where pgy, is the energy density of gravitational waves and p. is the
critical density of the universe. The gravitational wave spectrum generated from kinks

on infinite strings is given by

w2 f% [d
Qew(f) = 23Hj;2 5@(71(]”, z) — )n(f, z)h2(f, z), (7.2.24)
where
1 dN 11 z Ymax (W, 2) N (Ymax(w, 2),2) 1 dV
n(f,z) = e §9m(f, z)1 g % l 1@, (7.2.25)

and dV/dz = 4ma®r?(z)/H(z) is the volume between the redshift z and z + dz. The
step function O(n(f,z) — 1) is introduced to exclude rare bursts, whose intervals
are longer than ~ 1/f and cannot form a continuous background of gravitational
waves. Note the difference in the notation: N (number of kinks with sharpness
In®y ~ Inty + dlne per volume) in ref. [65] is identical to ¥ N/V in this chapter. In

summary, the differences with respect to ref. [bi] are

e We replace the typical curvature of infinite string as [ ~ ~t instead of [ ~ t.

e The probability of observing the gravitational wave burst from a kink is 6,,/2
[T07] instead of 6,,/4.

e The distance r and the volume dV/dz are calculated numerically instead of
using approximated analytic expressions.

e () is included in the calculation of the Hubble parameter.

These changes increase the overall spectral amplitude by 9.6 in RD era and 2.7 in

MD era compared to the one calculated in ref. [55].

7.3 Results

7.3.1 Result with the tanh interpolation

We first solve the differential equation (Z213) using the tanh interpolation ([CZIR)

with the values in table [l. The result is shown in figure . As mentioned in the
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Figure.7.1 The distribution function of kinks obtained using the tanh interpola-
tion. The vertical axis is the number of kinks on infinite strings per length. The
horizontal axis is the sharpness of kinks. The light-blue broken line is the ana-
lytic estimation in the previous work [65] and the red solid line is our numerical

result.

previous section, the sharpness of kinks decreases with time. The number of old kinks
with small sharpness is larger than new ones, because O(1—10) of kinks are produced
per horizon and the number of newly produced kinks per comoving length decreases
as the horizon grows. In figure [, we find that the distribution function of kinks
has two regions with different slopes. The left part (¢» < 1072) corresponds to kinks
generated during the RD era, and the right part (¢» = 1072) corresponds to kinks
generated in the MD era. Note that our result has a step at radiation-matter equality
(¢ ~ 7.4 x 1073), which is not seen in the result of the previous work. The reason
will be discussed in the next section.

Figure [ is the numerical results for the power spectrum of the gravitational wave
background (.. To calculate the gravitational wave background, we first look for
the value which satisfies (("222) each time in the calculation of N(t,t) for each
gravitational wave frequency w, and define it as ¥y ax(w,t). Then, using the values of
Ymax, we numerically integrate ("2Z24)) to obtain the power spectrum. Note that the
vertical axis of figure [ is identical to the inverse of the left hand side of (—X232).
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Figure.7.2 Power spectrum of the gravitational wave background for G = 107".
The red solid line is the result obtained excluding rare bursts and the green broken

line is the result including rare bursts.

So gravitational wave frequency w is corresponded to the vertical axis of figure [
As seen in figure [, old kinks are numerous and the gravitational wave emission
has a short interval, while new kinks are few and the interval is large. Thus, the
high frequency gravitational waves are emitted from old kinks and low frequency
gravitational waves are from new kinks. The gravitational waves in the range of
10713 Hz < f are generated from kinks with small sharpness produced in the RD
era. The middle frequency 107! Hz < f < 10~!3 Hz corresponds to kinks produced
during the transition from the RD era to the MD era. The low frequency gravitational

waves f < 107!% Hz are emitted from kinks produced in the MD era.

7.3.2 Result with the VOS model

In this section, we solve the differential equation (Z21H) by simultaneously solving
the VOS equations (210) and (CZ11). The VOS model provides time evolution
of 7 and v, which can be converted to ¢, n and A by (ZZ19), (=220) and ("2Z21).

The time evolution of the parameters is shown in figure [Z3. We find their evolution
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Figure.7.3 The time evolution of the parameters which characterize the produc-

tion of kinks and their evolution. In the left figure, the time evolution of ( is
shown. The red solid line is obtained by solving VOS equations and the green
broken line is the one interpolated by the tanh function. In the right figure, we
show time evolution of v, A and 7 obtained by solving the VOS equations. The
red solid line is 7, the green broken line is A and the blue broken line is 7.

is very different from the tanh interpolation. First, the VOS equations with ¢ = 0.23
provide different asymptotic values of the parameters as seen by comparing tables [
and 2. Second, the transition from the RD era to the MD era is not instant and
it takes time to approach the asymptotic value. In addition, the parameter values
change near the present time, since we include cosmological constant.

The distribution of kinks obtained by the VOS model is shown in figure 4. From
the figure, we find two differences between the results with the tanh interpolation and
the VOS model. First, the number of kinks increases considerably because the slope
of the distribution function becomes steeper both for the RD and MD eras. Second,
the position corresponding to radiation-matter equality has moved toward large .
The reason is discussed in the next section.

Figure I3 shows the power spectrum of the gravitational wave background Qg
calculated using the kink distribution obtained by the VOS model. We see that the
amplitude is larger than the case of the tanh interpolation, because of the increase in
the number of kinks. Since the number increases more at small v, which corresponds
kinks generated during the RD era, the power of the gravitational wave spectrum is
enhanced in high frequencies.

Figure [7A is the comparison between sensitivity curves of future gravitational wave
observations and the power spectra of the gravitational wave background for different

values of string tension. The SKA [I27] is a radio interferometer, which can detect
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Figure.7.4 The distribution function of kinks obtained by solving the VOS equa-
tions (the red solid line). The axises is same as figure 1. For comparison, we
also show the analytic estimation by the previous work [65] (light-blue broken

line) and our result of the tanh interpolation (magenta broken line).

gravitational waves by pulsar timing arrays. The eLISA [[23, 124] and DECIGO
[I25, T26] missions will observe gravitational waves using laser interferometers at
space. Advanced-LIGO [I27] is a laser interferometer constructed on the ground
and will construct observation network with other ground-based detectors such as
Advanced-VIRGO [128] and KAGRA in near future [129].

7.4 Discussion

First, let us compare our numerical result of the tanh interpolation with the previous
work [b5]. The major difference is that our result has a step-like feature in the
distribution function of kinks at radiation-matter equality as seen in figure [1. This
step arises because of the changes in the value of 7 in the evolution equation of the
distribution function. The source term in (Z21H) (the first term in the right hand
side) has a factor of A/~%, and it becomes smaller in the MD era. Thus, the number

of newly produced kinks is smaller in the MD era.
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Figure.7.5 Power spectrum of the gravitational wave background for Gu = 107".
The axises are same as figure [[2.

The gravitational wave spectrum reflects the existence of this transition phase,
and has three regions of different spectral slopes: the MD era f < 10~!°Hz, the
transition phase 1071 Hz < f < 107! Hz, and the RD era 107'*Hz < f. Let us
analytically estimate the frequency dependence of {)4,. The distribution function of
kinks is related to the frequency of the gravitational wave background by (7—222).
The low-frequency gravitational waves f < 10~1° Hz are generated by kinks produced
in the MD era, and we can read ) N/(V/(7t)?) ~ 92 from figure 1. Then we
can derive Qg oc f~/6 using (Z22) and (Z23). This frequency dependence
of the spectrum coincides with the analytic result in the previous work [55] and is
also consistent with the numerical result shown in figure 2. The high-frequency
region 107 Hz < f corresponds to the gravitational wave from kinks produced in
the RD era, where the result in figure 0 gives ¥ N/(V/(vt)?) ~ ~>! and we get
Qg x f7/51. This also coincides with the analytic result of ref. [65], and is consistent
with the spectrum with rare bursts in figure 2. The difference from the previous
work arises in 10715 Hz < f < 107!3 Hz. In the transition phase, the value of ¥y is
the same for all the given frequency, so 9max >~ Const., and we get gy, o< f 1/3 from

(2222) and (=2223). In fact, this frequency dependence can be seen in the numerical
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Figure.7.6 The power spectrum of the gravitational wave background for differ-
ent string tensions. The spectrum shown here do not include rare bursts. The
black solid and broken lines are sensitivity curves of gravitational wave experi-

ments.

result of figure [

Let us compare the spectral amplitude with the previous work [b5]. We compare
the results using the case with rare bursts, since the condition of excluding rare bursts
depends on the distribution function of kinks and the comparison cannot be made
simply. First of all, the overall amplitude is 9.6 and 2.7 times larger than the previous
work in RD and MD eras respectively, because of the modifications listed in section
[ZA. In addition, the amplitude of the high frequency region increases because of the
larger number of kinks produced during the RD era. By extracting the dependence

on Ymax and v from (ZZ24), we obtain

Opu7) 5 57 [ L0:2) (i ) T D21 o
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5 12 [ Fbmnlir 21y, (7.4.26)

As seen in figure [, the number of kinks produced during RD era is larger than
the previous work and the value of ¥y, becomes larger about twice for a fixed w.
Therefore, for every frequency of the gravitational wave background corresponding to
the RD era, the amplitude o ¢nax becomes twice larger than in the previous work.
In total, the spectral amplitude is a few times larger in the low frequency and O(10)

larger in the high frequency.

Next, let us discuss the case where we solve the parameter evolution with the VOS
model. First, we explain why the distribution of kinks has different shape compared
to the case of the tanh interpolation. In ref. [BA], the solution of the distribution
function is provided as

—34+3v4n/y

N
wW x T (7.4.27)

As seen in tables [l and [A, the parameter values from the VOS equations are
different from the ones used in the tanh case. They largely affect the ¢ dependence
of the distribution function as seen in (Z=27). In particular, the small value of
increases the power of ¢, and makes the slope steeper. This increases the kink number
considerably at small . In addition, the number of kink production is determined
by the coeficient of A/4* in the first term of the right hand side of (ZZZ1H). The
difference in this factor also increases the overall amplitude slightly. In figure [, we
also see the position of radiation-matter equality shifts to larger ¢. As provided in

ref. [65], the value of ¢ corresponding to radiation-matter equality v, is given by

Vi (to) = (Qo‘)%m , (7.4.28)

where the suffix m is the value during MD era. Since the value of ( is smaller than
the one used in the tanh case, 1, becomes larger in the VOS case.

Then, let us describe the reason of the large increase of the spectral amplitude in
figure [3. The reason is the same as described in the tanh case, that is the increase
of Ymax. For example, ¥y increases 100 times at 10%[Hz]. Then, from (T228), Qg
increases O(10%). Taking account the enhancement of the overall amplitude 9.6 for
RD era, we find that the power spectrum has increased O(10%) at high frequencies
compared to the previous work.

From figure [7Q, we find that the gravitational wave background from kinks on
infinite strings is testable by future experiments depending on the tension of strings.

The SKA would probe G 2> 1072, eLISA and Advanced-LIGO can test Gu > 1077,
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and DECIGO has the strongest sensitivity to reach Gu > 107!°. Note that the
spectrum shown in figure [CA do not include rare bursts. Since rare bursts with
large amplitude exists at high frequencies as seen in figure [, laser-interferometer

experiments could be also used to search for rare burst signals.

7.5 Conclusions

In this work, we have calculated the power spectrum of the gravitational wave back-
ground from kinks on infinite strings. First, we have solved the differential equation
(=ZT13) to obtain the distribution function of kinks numerically in two ways. First,
unlike the analytic estimation of ref. [65], we have smoothly connected the param-
eters using a tangent hyperboric function, which are related to the evolution of the
cosmic string network, at radiation-matter equality. As a result, we have found a
step in the distribution function of kinks at the transition from the RD era to the
MD era, which was overlooked in the previous work [565]. At the same time, we have
found an increase in the number of kinks generated in the RD era. Second, we have
calculated the distribution of kinks by following the time evolution of the parameters
with the VOS equations. We have found a steeper slope of the distribution function,
which gives a large increase of the kink number at small sharpness, and the shift of
the position of radiation-matter equality.

Next, using the numerical result of the distribution function of kinks, we have
calculated the power spectrum of the gravitational wave background. In the case
where we use the tanh interpolation, due to the step in the distribution function of
kinks, we have found that the power spectrum behaves as (g, o< f 1/3 at 107 Hz <
f < 10713 Hz. The power spectrum has increased more in the case where we solve
the the VOS equations. In addition to the precise estimation of the kink distribution,
we have also carefully evaluated all the factors involved in the calculation of the
spectrum. This allows us to offer a rather precise prediction on the spectral amplitude.
By comparing the results with sensitivities of future experiments, we have shown
that gravitational waves from kinks on infinite strings can be probed at different
frequencies.

Finally, let us comment on the gravitational wave background from cusps and kinks
on cosmic string loops. Loops emit gravitational waves whose wavelength is shorter
than the loop size, and usually the number of loops is more than that of infinite

strings. Thus, it is more likely that the gravitational wave background generated
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by infinite strings is sub-dominant at high frequencies compared to the one from
loops. However, since the typical loop size is not known yet, gravitational waves from
kinks on infinite strings could be more important than that from loops, especially for
the SKA which probes low frequencies. It is important to consider both origins of
gravitational wave background to provide constraints on cosmic strings, and thus our
careful estimation of the gravitational wave background from kinks on infinite strings
would help to constrain cosmic strings by observation at low frequencies. Moreover,
there are cosmic superstrings predicted in superstring theory, and they also form the
network consisting of loops and infinite strings. They have cusps and kinks which
emit gravitational waves. Recently, the power spectrum of the gravitational wave
background produced by loops of cosmic superstrings has been investigated [[43], but
the one from kinks on infinite superstrings is not clear yet. It is being examined in
a work in progress. If a new era of multi-wavelength gravitational wave observations
is successful and a detection was made, we might even be able to get insight in the

physics of the very early universe.
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Part.IV

Weak lensing signals from the texture






In this part, we will see the gravitational lensing signals from textures according to
[@]. We focus on the weak lensing signals, which is called the CMB lensing and the
cosmic shear, induced by the texture. In the standard cosmology, we have the scalar
mode perturbations from the density and gravitational potential perturbations, and
when we see the the lensing signals from the scalar mode perturbations, the signals
from textures are contaminated by the contributions from the standard cosmological
perturbations. On the other hand, the vector and tensor modes are the just decreasing
modes when we consider the first order of the standard cosmological perturbation
theory. Then we are not prevented by the quantities of the standard perturbation
theory if we see the vector and tensor modes. Here we are interested in the signal
induced by only vector and tensor modes, then we will see parity odd modes of the
gravitational lensing signals.

Here we will introduce the cosmic defects and gravitational lensing theirselves, and
their recent developments in section Bl at first. The next we define the un-equal time
power spectra of the texture in vector and tensor modes in section B2. Then we will
see the derivation of the parity odd modes, CMB lensing curl-mode and the cosmic
shear B-mode, from the un-equal time power spectrum in section B3. Then we can

see the resulting spectra and their observability in section B4.
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Chapter.8

Weak lensing from self-ordering scalar

fields

Cosmological defects result from cosmological phase transitions in the early Uni-
verse and the dynamics reflects their symmetry-breaking mechanisms. These cos-
mological defects may be probed through weak lensing effects because they interact
with ordinary matters only through the gravitational force. In this chapter, we in-
vestigate global textures by using weak lensing curl and B modes. Non-topological
textures are modeled by the non-linear sigma model (NLSM), and induce not only
the scalar perturbation but also vector and tensor perturbations in the primordial
plasma due to the nonlinearity in the anisotropic stress of scalar fields. We show
angular power spectra of curl and B modes from both vector and tensor modes based
on the NLSM. Furthermore, we give the analytic estimations for curl and B mode
power spectra. The amplitude of weak lensing signals depends on a combined pa-

rameter €2 = N1 (v/mp1)4 where NV and v are the number of the scalar fields and

v
the vacuum expectation value, respectively. We discuss the detectability of the curl
and B modes with several observation specifications. In the case of the CMB lensing
observation without including the instrumental noise, we can reach ¢, ~ 2.7 x 107°.
This constraint is about 10 times stronger than the current one determined from

the Planck. For the cosmic shear observation, we find that the signal-to-noise ratio
0.7

o’ and

depends on the mean redshift and the observing number of galaxies as x z
x NgO'Q, respectively. In the study of textures using cosmic shear observations, the

mean redshift would be one of the key design parameters.
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8.1 introduction

Current cosmological observations confirm that the universe begins with extremely
high temperature, what we call the hot big-bang model. As the universe expands
adiabatically, it cools down from the hot initial condition. Therefore, it is natural
to expect that cosmological phase transitions occur in the history of the universe.
Cosmological phase transitions result in various cosmological defects depending on the
symmetry of the phase transitions, e.g., cosmic strings, domain walls, and textures,
which were first discussed by T.W.B.Kibble [8]. We can examine the nature of the
phase transition that happened in the early universe through the resulting defects by
using cosmological observations since these defects affect various observables; in the
case of cosmic strings, see e.g., Ref. [[44].

The global O(N) symmetry breaking results in domain walls (N = 1), cosmic
strings (N = 2), monopoles (N = 3), textures (N = 4), and non-topological textures
(N > 4). Effects of the defects such as cosmic strings and textures can be seen at the
horizon scale at that time, which corresponds to the correlation length of the strings
or the textures. According to this fact, defects could affect several cosmological
observables in the various scales through the metric perturbations, which include,
for example, gravitational waves [A2, b2, b3, b4, bA, B], weak gravitational lensings
[b6, 57|, generation of magnetic fields [1], the cosmic microwave background (CMB)
angular power spectrum [32, 68| and the CMB lensing [145, 146, [47].

In this chapter, we focus on the non-topological texture with large-N limit N > 4
[I4R, 149, 150]. The dynamics of non-topological textures is exactly described by the
non-linear sigma model (NLSM). Effects of textures on the cosmological observations,
such as the large-scale structure [48, [51], cosmic microwave background fluctuations
[I52, 84, 053, 97, U], gravitational waves [[54, A5, 44], and generation of magnetic
fields [2], have been studied in many articles. Some cosmological defects including
textures induce not only the scalar, but also the vector and tensor modes originated

from the anisotropic stress of scalar fields such as [42, 52, 53, b4, bA, B, 56, 57,

153, 07, OR, 054, 45, 44, B]. These vector and tensor
modes are good tracers of cosmological defects since the vector and tensor modes do
not arise from the standard cosmology in the linear order. It is possible to bring
information of the phase transition that happened in the early stage of the universe

through studying the vector and tensor modes induced from the cosmological defect.
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We focus on the weak lensing from the vector and tensor modes induced by the
non-topological texture. Photons emitted from the CMB last scattering surface and
galaxies are deflected by the foreground scalar, vector, and tensor perturbations, called
these deflection patterns into the parity-even and parity-odd signatures. The parity-
even signal emerged from the scalar, vector, and tensor modes. On the other hand,
the parity-odd mode is induced only from the vector and tensor modes [[57, I58,
15Y]. Therefore, the parity-odd mode of the CMB lensing and the cosmic shear, that
is, the curl mode and the cosmic shear B-mode, respectively, are a good probe for
the cosmological defects such as the texture. The parity-even modes of the CMB
lensing and the cosmic shear which are induced from the first-order scalar mode
have been detected with a high signal-to-noise ratio by e.g., the Planck [I60], the
Canada-France Hawaii Telescope Lensing Survey (CFHTLenS) [I61, 062, 063], and
the Dark Energy Survey (DES) [I64, 065]. In previous studies, many parity-odd
models have been studied and discussed, e.g., cosmic (super) strings [I45, [46, [47],
primordial gravitational waves [I66, I67], or the second-order perturbation [I68, 169,
70]. Although the parity-odd mode has not been detected, the prediction of the
parity-odd mode for possible sources must become one of the important observable
in the future high sensitivity observations.

In this chapter, we study the parity-odd signals from the non-topological texture
governed by the NLSM with large-N limit. The outline of this chapter is as follows.
In Section B2, we review and summarize the NLSM with large-N limit. The NLSM
has N-component real scalar fields and the non-linearity of these scalar fields induces
the vector and tensor modes. The vector and tensor modes from the NLSM with
large-N limit can be determined by solving Einstein equation. In addition, we give
an analytical estimation of the vector and tensor modes. In Section B3, we present
the formulation of weak lensing signals. As mentioned above, we focus on the parity-
odd signatures, that is, the curl mode for the CMB lensing and the B-mode for
the cosmic shear. In Section B4, we provide results and discussions. We also give
analytical estimates of the lensing signal and discussions of the detectability of the

non-topological texture. In Section B3, we provide our conclusion.
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8.2 Non-linear sigma model

In this section, we review the non-linear sigma model (NLSM), which has the vector
and tensor modes originated from the anisotropic stress of scalar fields. The NLSM
can accurately describe cosmological defects with the global O(N) symmetry in the
case of N > 2 [[48, [49]. Throughout this chapter, we assume the background metric

is given by the Friedman-Robertson-Walker metric as
ds* = a(n)? [—dn® + dz?] | (8.2.1)

where 7 and a(n) are the conformal time and the scale factor, respectively.
We focus on the dynamics of real N-scalar fields with the Lagrangian which satisfies

the global O(N) symmetry:
_ _1 t LP) _ é td _ 22)2
L=—3 (V@) (V') 1 (®'®—v*)" + Ly, (8.2.2)

where we define the array of real N-scalar fields as ® = (¢, p2, -, dn). Moreover,
v and A are the vacuum expectation value (VEV) and the dimensionless self-coupling
parameter, respectively. The interaction with the thermal environment having the
temperature T is represented as L1 ~ T?®'®. In the case of low temperature,
T < v, the global O(N) symmetry breaks spontaneously to O(N — 1) symmetry with
the condition ®*® = v2. According to this constraint, the equation of motion for
scalar fields is determined from Eq. (B22) as

N-1

VAV uBa+ > (V*B) (ViuB?) Ba =0, (8.2.3)

b=1
where 3, is scalar fields normalized by the VEV, namely, 8, = ®,/v. The normalized
scalar fields obey the condition 25:1 Baf® = 1. The above equation (8223) is called
the non-linear sigma model.
By taking the large-N limit in Eq. (8233), the solution of Eq. (8223) in the Fourier

space is given as [?]

3/2
Ba(k,n) = /A, (7;21) ‘Eﬁ;@ Balky Nini) (8.2.4)

where v = dlna/dlnn+1and A, =4I'(2v—1/2)I'(v—1/2)/ (3['(v — 1)). We assume
that ,(k,nmni) are random gaussian variables. During the radiation- and matter-

dominated eras, the parameter v takes v.,q = 2 and vpat = 3, respectively. Although
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the solution of scalar fields 5, depends on the phase transition time 7;,;, the power
spectrum of scalar fields is independent of this time [?]. The dimensionless power

spectrum for normalized scalar fields can be given as

272

(Ba (k)55 (K ) = =5 Pk, 1)dan(2m)° 63 ( — k') . (8.2.5)
_ 34 T, (k) \*
Psk,n) = — (kn)® ( (kn)”> : (8.2.6)

where the initial power spectrum is determined as (see e.g., Ref. [45])

O st 6. (2m) 53 (k — k') (Rifini < 1)

(8.2.7)
0 (kMini 2 1) .

(Ba (ks mini) By (k/, Nini)) = {
The amplitude of the solution is determined to satisfy the condition Z 1 BaB =
Note that, the configuration of scalar fields is not correlated on sub-horizon scales,
i.e., knii = 1. In other words, as expressed in the above equation, the correlation
of scalar fields vanishes in these scales. From Eq. (R2Z8), we can see that the power
spectrum of scalar fields does not depend on the initial time. Therefore, we have
omitted the initial time 7);,; from the argument of the power spectrum. The energy

momentum tensor for scalar fields is written as
T;l,bl/ = 1)2 Z |: ,LLBCL yﬁa) 7g,ul/ (8,\6a) (8>\6a) . (828)

The anisotropic stress of scalar fields corresponds to the (7, j) component of the energy
momentum tensor.

From here, we derive evolution equations for the vector and tensor metric pertur-
bations with the anisotropic stress of self-ordering scalar fields. In our study, we work

in the Poisson gauge given by
ds* = a*(n) [—dn® + 20:dndz’ + (8,5 + hij) da'da’] | (8.2.9)

where we drop the scalar metric perturbation since we are interested in the vector
o; and tensor h;; perturbations. Due to the gauge conditions, the vector and tensor
perturbations satisfy o ; = h/ ; = 0.

The Einstein equations for the vector oy and tensor At perturbations in the Fourier

Space are given as

. 8w
klov(k,n) + 2Hov (k,n)] = —m{ (k. 1) | (82.10)
pl
. . 8
pl
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where a dot denotes the derivative with respect to the conformal time. Anisotropic

stresses for the vector and tensor modes can be given by the product of scalar fields

w5 (k) :/((21;()13 / (;l; dq(k—q—p) [U 1—M2Q(k—2qu)] > Balg,n)B8%(p,n)
) i (8.2.12)

W?(k,n)z/%/%éﬁ(kqm[ Zﬁa a,m)8(p,m) ,
(8.2.13)

where we define p = k- . In order to predict the weak lensing signal, we define the
dimensionless unequal-time power spectra for the vector and tensor modes which are
defined as

(Ex (b, mex (K1) = (2m) 55 (k — k')?Px(kmﬂ?') : (8.2.14)
where &x denotes the vector (§x = ov) and tensor (£x = hr) modes. We can solve
evolution equations for the vector and tensor modes in Eqs. (B212) and (BZ13)
straightforwardly. By using solutions of the vector and tensor modes, we can write
down the dimensionless unequal-time power spectrum during the matter-dominated

era (v = 3) as

o0 1
Px(kn,kn') = A dlnqk/ dpuFx (qr, s kn) Fx (qr, p, kn') , (8.2.15)
-1

A= 1447r2A3eU :
~1.22 x 107¢2 | (8.2.16)

J x1) J x
Ful@s o) = /1 — 2 (1 — 2qup1) q / doy 3 (@ex1) Jo(prrs) g o 17y

k961)3 (pkHCl)S

x J3(qrx1) J3(pre)
Fr(ge unz) = 21— 12)q* = /d Ga,21)] 27  (8.2.18
T(Qk L, T ) ( 1 ) 3 ; X1 [:C:m (ac xl)] Xy <qu1)3 (pk$1)3 ( )

where qi = q/k, pr = p/k, x = kn, and G(x,z1) = zz1 (J1(x1)n1(z) — ji1(x)n1(z1))
is the Green function for the evolution equation of the tensor mode (B=ZI1), and
Ju(x), ju(x), and n,(z) are the Bessel function, the spherical Bessel function, and
the spherical Neumann function, respectively. The shape of the unequal-time power
spectrum does not depend on the theoretical parameters such as N and v. These
parameters change only the amplitude of the power spectrum and appear through a
special combination of N~'v*. Therefore, in this chapter, we define a new parameter
through the combination of theoretical parameters as

=N (v/mp)" . (8.2.19)
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Figure.8.1 Power spectra P(kn, kn) for the vector and tensor modes from the
NLSM. For the presentation purpose, we set A = 1 in this figure. Due to the
convolution of scalar fields in Eqgs. (8212) and (B213), the peak moves to smaller

scales than the horizon scale where kn = 1.

In this chapter, for simplicity, we evaluate the weak lensing signal by using the power
spectrum during the matter-dominated era. The correction to the radiation compo-
nent should be small since lensing signals are mainly contributed from the perturba-
tions at late times of cosmic evolution.

We depict the dimensionless equal-time power spectrum for the vector and tensor
modes in Fig. Bl. We can see that on super (sub) horizon scales, the vector (tensor)
mode is greater than the tensor (vector) mode. In the following section, in order to
discuss the angular power spectra of the curl and B modes, we evaluate the asymp-
totic power on small scales. From here, we estimate the asymptotic power of the
dimensionless equal-time power spectrum on sub-horizon scales as follows. At first,
let us see the vector mode. By integrating Eq. (8&2217), we obtain the notation of
Fv(qi, p, v) exactly as

Fulge 1, 2) = V1 — 12, Ppi2a7 (quda(que) Js (prx) — prds(qee) Ja (pr)) -
(8.2.20)

Using the approximations for the Bessel function, J,(r < v) ¥ and J,(z > v) x

—1/2

x cosz, and assuming a cutoff scale 1/x, we can integrate the auto-power spectrum

for the vector mode as
1/x
Peeca) o [ dan oy ) Blar)

—2p; a5, " T2 () J3 (D) Jo(quw) J3 (anz) + py, *ai * I3 (pr) J5 (qr)
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~ alx_g + 042:1:_7 + ag:r_G

a8, (8.2.21)

where a1, as and ag are constants. Therefore the kn dependence of Py (kn, kn) is
o« (kn)~8. Next, we see the tensor mode. Here we find the most dominant term of

Fr(qr, i1, x), that is, the highest power of = and x, by considering the integrand as

Fr(qk, pb,x) ~ p,;?’qk 1/2x3/ dxy [(z1 — z)cos(z — x1) + (1 + zz1)sin(z — x1)]

xx1 2 J3(qrar) I3 (pra)

-3 —1/2 _9 v /g -1
~pptg T / drxixy sin(x — x1)J3(qrx1) J3(prer)

/2

~ e a2 e s (pe /), (8.2.22)

where we have assumed pi > ¢, and we can obtain the expression for the case pr < qi

in the same way. Now we are able to calculate the kn dependence of Pr(z, ) as

2
Pr(x,x) /quqk_l [pg3qlzl/2x_2qu3(Pk/Qk)]

ozt o (kn)™t. (8.2.23)

Here we have obtained the kn dependence of the dimensionless equal-time power
spectrum for vector and tensor modes as Py (kn,kn) o« (kn)~¢ and Pr(kn,kn) o
(kn)~*, respectively. These spectra leave various trails on physical values and these

estimations enable us to predict their analytic forms.

8.3 Weak lensing

In this section, we give a review about the relation between weak lensing signals
and vector and tensor perturbations from the textures following Refs. [I45, 159]. We
pull parity-odd signals from the CMB lensing and the cosmic shear which are called
the curl and B modes, respectively. In the following subsection, we present details

about the curl and B modes.

8.3.1 CMB lensing curl mode

CMB photons are deflected by foreground scalar, vector, and tensor perturbations.

We decompose the deflection angle of CMB photons projected on the celestial sphere
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A, (1) into the gradient (¢(7)) and curl (w(n)) modes as
Au(R) = Vad(R) + (Vw () €a (8.3.24)

where €, is the covariant dimensional Levi-Civita tensor. Note that latin characters
started from a, b, --- in the above relation denote the azimuthal and polar angles
denoted as 0 and ¢, respectively. From here, we drop the gradient mode since, in this
chapter, we are interested in the curl mode.

In order to relate the curl mode and the angular power spectrum, we solve the
geodesic equation in the perturbed spacetime. By solving the perturbed geodesic
equation, the curl mode can be expressed by using the metric perturbations of the
vector and tensor modes as

s
w, = —/OX dx% [di (XQ‘I bE a)} , (8.3.25)
where y is the comoving distance measured from the observer at the origin and xgs
is the comoving distance at the sources. Q% in Eq. (82323) includes the vector and

tensor perturbations as
Qq = (=05 + hijel) e, (8.3.26)

where e; and e’ are the orthogonal spacelike basis along the light ray. We expand the
curl mode by using the spherical harmonics and define the angular power spectrum

for the curl mode as

= @mYem(R) (8.3.27)
m
] ¢
CF™ = T m; <w&mwzm> . (8.3.28)

Finally, we obtain the angular power spectrum of the curl mode in terms of the

vector (X = V) and tensor (X = T) perturbations as

Xs

e —am [ [ hax [ ki sEU0SE) )Pl ~ xom = ).
(8.3.29)
where Px (k,n,n’) denotes the dimensionless unequal-time power spectrum of metric

perturbations. ngz(kx) is the weight function defined as

sV (z) = , =D elz) (8.3.30)

w b

(8.3.31)



In the case of the CMB lensing, the comoving distance to the source xs corresponds
to that to the CMB last scattering surface.

We assume that the curl-mode lensing potential is reconstructed by using the
quadratic estimator [I71, I72]. In this case, the CMB lensing noise arises from the
lensing reconstruction noise from the cosmic variance of the lensed CMB fluctuations.
We assume an ideal experiment for the CMB lensing throughout this chapter and
neglect instrumental noise. Consequently, the noise of the CMB lensing is limited by

the reconstruction noise due to the quadratic estimator.

8.3.2 Cosmic shear B-mode

The intrinsic shape of galaxies is deformed by foreground perturbations. The de-
formation pattern is characterized by the reduced shear [[73, [56]. The geodesic
deviation equation describes the deformation of the shape of galaxies. By solving
the geodesic deviation equation, we can relate the reduced shear and the vector and

tensor perturbations as [45, 159]

1 [*  Xxs—X d a b 1 a b XS
g = —5 /0 dXW VaVbT — a (XVan) €+€+ — Z [habe+€+}0 N (8332)

where T contains the scalar, vector, and tensor modes as

1 o
T =~ (¥ +®) il + Shijee] - (8.3.33)

J=XX

Note that T does not appear in the cosmic shear B-mode but in the cosmic shear
E-mode. Therefore, we do not focus on T when we study the cosmic shear B-mode.
Because the reduced shear is a spin-2 variable, we can expand the reduced shear

according to the spin-2 spherical harmonics as

9(A) =" (Bt + iBum) 42Yem(R) | (8.3.34)

£,m

where we split multipole coefficients into E and B modes by using the parity. Here-
after, we focus on the cosmic shear B-mode and drop the E-mode. As well as the

CMB lensing, the angular power spectrum of the B mode is defined as

14

1
BB __ *
CPP = 57 2. (BunBin) - (8.3.35)

m=—/{
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foky Zm N, [arcmin 2]
HSC 0.05 1.0 35
SKA 0.75 1.6 10
LSST 0.5 1.5 100

Table.8.1 The experimental specifications of the HSC, SKA, and LSST.

By solving the perturbed geodesic deviation equation, we can relate the angular power

spectrum of the B mode and the vector or tensor metric perturbations as

CéX)BB:|: 2—1—2] / dk/ kdx/ hdy'

xS (B, X)S 5 (e X' )Px (B, o = Xm0 = X') (8.3.36)

where weight functions are defined as

( ) N (xs) je(kx)
s 1/ / N, W , (8.3.37)
(T) 1( (0 +2)! s) Je(kx)
S0 = 31y \/ U <kx>2]

Eﬁ " g' N]\(f X (Jé(kx) + 2”,(:3)) . (8.3.38)

To investigate the cosmic shear signals, we need the distribution of galaxies N (),

which should be determined by observations. Here we assume the following form:

L\
_ <064zm> ] iz . (8.3.39)

where z,, is the mean redshift, and NN, is the number of galaxies per square arc-

3 2

N = Nejy 57 o

minute. In our study, we assume three ongoing and forthcoming survey designs, that
is, the Subaru Hyper-Suprime Cam (HSC) [I74], the Square Kilometer Array (SKA)
[T75], the Large Synoptic Survey Telescope (LSST) [I76]. Individual experimental
specifications are summarized in Table. El. We assume that the noise of the cosmic

shear is the shot noise originated from the intrinsic shape of galaxies written as

NEBB _ <'712nt>
3600N, (180/7)*

(8.3.40)

where <’yi2nt>1/ ? is the root-mean square ellipticity of galaxies, which is determined
about 0.3 in Ref. [T77)].
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Note that without the dependence of the distribution of galaxies, i.e., N(x) =
const., there is the relation between the CMB lensing curl-mode and the cosmic shear

B-mode power spectra as [I5Y]

o )
CF= = 4§€+2;!CEB : (8.3.41)

We use this relation in the following section to obtain the asymptotic scaling of the
angular power spectra.

Before closing this section, we mention our treatment about the unequal-time power
spectrum. To calculate weak lensing signals, we need to use the unequal-time power
spectrum for the vector and tensor modes. For simplicity, to perform the multiple
integration, we assume the case of the totally coherent model [I78, 79, 93, [45]
throughout this chapter. In other words, we can write the unequal-time power spec-
trum as Px(kn, kn') = \/Px(kn, kn)Px(kn’, kn’). This assumption makes the com-
putation of the angular power spectrum easy. From Egs. (8329) and (R3336), the

unequal-time power spectrum is multiplied by the weight functions, which correspond
to the spherical Bessel functions. The dominant contributions of the integrands on
the angular power spectrum would be ¢ ~ kn since the spherical Bessel function j,(x)
rapidly decays at > ¢. We will show that it is sufficient to assume the totally co-
herent model on small scales by using the small-angle approximation, i.e., the Limber
approximation. Therefore, the totally coherent model is a good approximation on
small scales but not on large scales. We will discuss the detail of the effect of the

totally coherent model in the next section.

8.4 Results and discussions

In this section, we present our main results and give discussions. In Fig. B2, we
show weak lensing signals from the global texture modeled by the NLSM. We can
find that the contribution to the lensing signal is dominated by the tensor mode.
This is because the spherical Bessel function in Eqs. (82329) and (B23238) projects
on the angular power spectrum around ¢ ~ kn which corresponds to sub-horizon
scales. In Fig. B, the tensor mode has larger amplitude than the vector mode on
sub-horizon scales. Therefore, the angular power spectra of the curl and B modes
are dominated by the tensor mode. Moreover, the difference between the vector and
tensor contributions on the lensing signal is greater at low redshift observation. Note

that the CMB B-mode polarization from the tensor mode of the texture has almost
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Figure.8.2 Left: The angular power spectrum of the CMB lensing curl-mode
from vector and tensor modes of the texture. Right: The angular power spectrum
of the cosmic shear B-mode from vector and tensor modes of the texture by
assuming the observation as LSST. For the same reason in Fig. B, we set the

theoretical parameter set A = 1 in both figures.

the same amplitude [97].

The CMB lensing curl-mode from the texture has a broken power at £ ~ 200 which
is smaller scale compared with the standard peak of the scalar lensing potential or
the lensing from the primordial gravitational waves [I5Y, [69]. This is because the
peak of the power spectrum from the NLSM does not correspond to the horizon scale
but slightly smaller scale due to the nonlinearity (see Fig. B or Ref. [G8]). On large
scales (¢ < 200), the power of the angular power spectra from the vector and tensor
modes is proportional to £~2.

Moreover, we can obtain the analytic power on small scales (¢ > 1) by using the

small-angle approximation as follows,

o S dk Xs Xs
OV / - / kdx / kdy'SC) (kx)SS) (kx')Px (k.10 — Xm0 — X)
0 0 0

s

S %5 OX dxiPx (£(no —x)x™ Lm0 —x)x ™) (8.4.42)
where we assume the large-¢ limit to provide the above relation and we use the so-
called Limber approximation. In the above equation, when the multipole is quite large,
the contribution from the power spectrum is mainly coming from the sub-horizon
power, that is, kn > 1. From Sec. B2, we find that the power spectrum on large
multipoles (¢ > 1) for the vector and tensor modes is therefore proportional to (kn)~°
and (kn)~%, respectively. We can derive the asymptotic power of the weak lensing
curl mode as £4Cév)ww o £=7 and €4C’éT)ww o £75. From Eq. (RB3341), angular
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power spectra of the CMB lensing and cosmic shear are related as C7% o €_4Cf B,
the asymptotic power of the B-mode cosmic shear can be given as ZQCéV)BB ox (75
and £2C§T)BB x ¢73. We can see these asymptotic powers from Fig. B2. Note
that observed lensing signal is the sum of the vector and tensor modes, i.e., C’émt) =
cM 1o,

From here, we discuss the detectability of the texture by using the weak lensing
signals. In the case of the CMB lensing, we consider the noise spectrum that is
due to the cosmic variance of the CMB, so called the CMB reconstruction noise,
assuming a noiseless instrument following Ref. [I72]. The CMB reconstruction noise
mainly depends on the number of available multipoles. Throughout this chapter, we
use the lensed and unlensed CMB angular power spectrum up to fyax = 3000 when
computing the reconstruction noise. On the other hand, the noise spectrum of the
cosmic shear observations is determined by the shot noise given by Eq. (82340).

We estimate the signal-to-noise ratio as

(§><£ - LZ: (Acgz/f

2
(26 + ]-)fsky

In Fig. B3, we show the relation between the signal-to-noise ratio and the theoretical

1/2
: (8.4.43)

AC, = (Cg + Ng) . (8.4.44)

parameter €,. We can find that the ultimate experiment of the CMB lensing without
including the instrumental noise can set an upper limit on the theoretical parameter
related to the VEV as €, ~ 2.7 x 1076,

Constraints from the cosmic shear are much weaker than those from the CMB lens-
ing. This is because signals of the cosmic shear are strongly suppressed on small
scales. However, contrary to the CMB lensing observation, the signal-to-noise ratio
of cosmic shear experiments depends on parameters of the experimental specification.

Fortunately, the theoretical parameter €, changes only the amplitude of the angular
2

v

(8223) and (B223a), the signal-to-noise ratio therefore depends on the special com-

power spectrum, namely, Cy o« €. From the definition of the signal-to-noise ratio
bination E%Ng. In Fig. B4, we show the relation between the signal-to-noise ratio and
€2 N, and the mean redshift. From this result, we can give a rough estimation of the
signal-to-noise ratio as the function of €2 N, and 2, such as S/N o fsllf; [e% Ng} 02 207
for the cosmic shear observation. According to this estimation, in order to improve
the detectability, we need to push z,, to higher redshift rather than adding the number

of galaxies N, since the signal-to-noise ratio is sensitive to the mean redshift rather
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Figure.8.3 The signal-to-noise ratio by varying the theoretical parameter €,. In
the case of the CMB lensing denoted as “CV” in this figure, the noise spectrum
is assumed the CMB reconstruction noise [[72]. In the cosmic shear case denoted
as HSC, SKA, and LSST, we assume the shot noise originated from the intrinsic
shape of galaxies in Eq. (8&320). In the case of the CMB lensing, we assume the
lensing reconstruction noise without the instrumental noise, namely, the cosmic-
variance limited noise denoted as CV in this figure. Moreover, for the cosmic
shear experiment, we show the signal-to-noise ratio resulting from the HSC, SKA,
and LSST experiments. We also show the vertical solid line which corresponds
to S/N = 1.

than the observing number of galaxies.

Before closing this section, we discuss the validity of the assumption, that is, the
totally coherent model. Under the Limber approximation presented in Eq. (8422),
the power spectrum on small scales is determined by the equal-time power spectrum,
which is the same as the totally coherent model. Therefore, the totally coherent model
is valid on small scales.

In Fig. B2, we can see that the Limber approximation can explain the cosmic shear
B-mode on almost all scales. On the other hand, the angular power spectrum of the
curl mode does not correspond to the power of the Limber approximation on large
scales, i.e., £ < 100. We can conclude that the totally coherent model works in the
case of the cosmic shear B-mode. Contrary to this, the totally coherent model is not
reliable in the case of the CMB lensing curl mode at ¢ < 100.

Here, we show the rough estimate for the signal-to-noise ratio in the case of the

CMB lensing curl mode. In the worst case, when the contribution from ¢ < 100 on
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Figure.8.4 The signal-to-noise ratio with the factor fS;;,/ * as the function of
two parameters 2Ny and zy. This figure shows contours which corresponds to
f;/Q(S/N) =1, 10, 30, and 50. We set the maximum multipole to estimate the

S
signal-to-noise ratio as fmax = 1000.

the signal-to-noise ratio is negligible, we find that e, decreases as €, ~ 1.8 x 1075,
Although this value is most pessimistic constraint on the theoretical parameter of the
texture by using the CMB lensing curl mode, it is comparable to the LSST case in
the cosmic shear B-mode observation. Therefore, the constraint on the theoretical

parameter is at least €, < 1.8 x 107° by using the CMB lensing curl mode.

8.5 Summary

In this chapter, we investigate weak lensing effects from non-topological textures
accurately governed by the non-linear sigma model. The phase transitions of the
universe induce cosmological defects, e.g., monopoles, strings, or textures. These
defects imprint characteristic signatures on cosmological probes such as the CMB
fluctuations or the large-scale structure. We can give the constraint on cosmological
defects from various observations. Moreover, we can pull information indirectly about

cosmological phase transitions which would have happened in the early universe.
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We can decompose weak lensing effects into two types of the signature by using the
parity. The parity-odd signal in weak lensing effects is induced from only the vector
and tensor modes. The dynamics of the non-topological texture is well described by
the non-linear sigma model which induces not only scalar but also vector and tensor
modes. In order to estimate the weak lensing signal, we need to calculate the unequal-
time power spectrum for the vector and tensor modes. Throughout this chapter,
to proceed the numerical calculation, we restrict the totally coherent model for the
texture which gives the unequal-time power spectrum is written by the separable form.
We leave to future work the consideration of any other models of the unequal-time
power spectrum.

We present the CMB lensing curl-mode and cosmic shear B-mode from the non-
topological texture with the large-N limit. In both observables, we newly find that
the tensor mode dominates over the angular power spectrum of the curl and B modes.
We estimate the signal-to-noise ratio as a function of the theoretical parameter €,.
The parameter €, represents the energy scale of the VEV. In the current observations,
the upper bound of €, is roughly obtained from the CMB anisotropies observed by
the Planck as €, < 1.3 x 107° [63]. Furthermore, the cosmic defects including the
texture also induce the CMB spectral distortion [I80]. The CMB spectral distortion
constrained by the COBE FIRAS [I&1] also imposes the upper bound as €, < 1.29 X
107°, which is almost the same upper bound as the CMB anisotropies. Note that, if
we naively convert the tension of cosmic strings into the parameter €, €, for cosmic
strings reads as €, < O(107%) [63, 94]. The explicit bound depends on the kind of
cosmic strings.

From our analysis, we find that the CMB lensing measurement by using the
quadratic estimator without the instrumental noise would give an upper limit as
€, ~ 2.7 x 1075, In the cosmic shear measurement, we give a relation between the
signal-to-noise ratio and the survey design parameters. From this result, improving
the mean redshift is effective for studying the non-topological texture in the cosmic

shear experiment.
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Part.V

Summary






In this thesis, we have investigated observable signatures of cosmic defects focusing
on vector and tensor modes of cosmological perturbations. In part I, we reviewed
the standard cosmology and the cosmic defects. In chapter 0, we summarized the
standard cosmological model and its perturbation theory. We saw that the vector and
tensor modes can not be induced in the standard cosmological perturbation theory
because these modes are sourceless and only have decaying solutions. In contrast, if we
have external vector and tensor sources, these modes are produced in the universe. In
chapter B, we introduced phase transitions of scalar fields due to temperature decrease
of the universe and their resulting cosmological defects. In particular, we focused on
the cosmic strings and textures, and we derived their equation of motions and energy
momentum tensors. In this thesis, we considered cosmic strings and textures, as the
sources of vector and tensor modes.

In part [, we described the magnetic fields generation on cosmological scales from
cosmic strings and textures. In chapter B, we studied magnetic fields generated by the
Harrison mechanism where the relative velocity between the photon and baryon fluids
in the vector perturbation plays an important role. Considering the Euler equations
for the photon and baryon fluids and using the tight coupling approximation between
them, we obtained the relative velocity from which we evaluated magnetic fields.
In chapter B, we discussed the generation of primordial magnetic fields from the
cosmic string network according to [l]. We considered the vector perturbations from
the cosmic string network by summing up the contributions from individual strings.
We adopted the velocity-dependent one-scale (VOS) model for the string network
model. Treating the vector perturbations from the string network as the source of the
relative velocity, we estimated the magnetic fields from the cosmic string network as
Bstring ~ 10725(Gu/107°%) Gauss at about 100Mpc scale. In chapter H, in the same
concept as in chapter A, we estimated the primordial magnetic fields from the self-
ordering scalar fields, called textures 1, according to [?]. We used the non-linear sigma
model (NLSM) to represent the self-ordering scalar fields, and gave the analytical
form for the scalar field dynamics. We calculated the vector perturbations from the
texture to estimate the relative velocity between photon and baryon fluids. Then in
the same way as in the case of the cosmic string network, the magnetic fields are
produced via the Harrison mechanism, and the resulting magnetic fields we found are
Biexture ~ 1071%¢, Gauss at about 100 Mpc scale.

In part [M, we represented the gravitational waves power spectrum from kinks on

cosmic infinite strings. We introduced the primordial gravitational waves and kinks on
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infinite strings in chapter B. We showed that the quadrupole motion of cosmic infinite
strings can produce the gravitational waves, especially from sharp structures called
kinks. We reviewed the production, evolution, and distribution of kinks on infinite
strings in chapter B. Then we estimated the primordial gravitational waves from kinks
on strings according to [3] in chapter [@. Here we calculated the gravitational wave
spectrum considering the time evolution of the distribution of kinks on strings and
that of the string network using the VOS model. In previous works, the gravitational
wave from the infinite string network had been calculated analytically assuming the
scaling law of the number of strings in the horizon based on the VOS model in matter
and radiation dominated epochs separately. In this work, we numerically solved the
evolution of the distribution of kinks and the evolution of the scaling law of cosmic
infinite strings simultaneously. Then we obtained (O(10?) times larger gravitational
waves comparing with the previous analytical work at some scales, because we take
into account the variation of the values of strings, such as the correlation length, in
the transition phase between the radiation and matter dominated epochs correctly.
The resulting spectrum is Q™8 ~ 1075(Gp/107%)% at 107%Hz. Considering this
gravitational wave signals, aLIGO, SKA and DECIGO could test the infinite cosmic
strings whose densities are G > 1077, Gu > 1072 and Gu > 10719, respectively.

In part M, we studied the weak lensing signals from the self-ordering scalar fields.
We considered the weak lensing signals from only the vector and tensor perturbations,
that show parity odd configurations namely the CMB lensing curl mode and the
cosmic shear B mode. We could estimate the CMB lensing curl mode by considering
the reconstruction of the curl mode of the lensing angle from the CMB using the
quadratic estimator, and the cosmic shear B mode could be obtained by decomposing
the reduced shear of galaxies into the spin-weighted spherical harmonics. In chapter
B, we calculated the spectra of the CMB lensing curl mode and the cosmic shear B
mode originated in the self-ordering scalar fields, and forecasted their detectability
according to [d]. In this thesis, we estimated the vector and tensor perturbations
from the texture described by the NLSM. Then we calculated the parity odd weak
lensing signals originated in the vector and tensor perturbations which are induced
by the texture. Here we found that both of the parity odd weak lensing signals are
produced mainly by the power spectra of the NLSM at sub-horizon scales, and the

tensor contribution is dominant. Their (-dependence can be written as (*CZF oc (77,

6402{? x £~° and EQC’E\% ox 72, EQCE% o ¢73. For the case of the CMB lensing,

considering the ideal experiment without the instrumental noise, we could obtain
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the upper limit for the combination of the VEV and the number of scalar fields e,
as €, < 2.7 x 1075, For the case of the cosmic shear B mode, allowing the mean
redshift 2, and the combination €2 N, to vary, we obtained the signal to noise ratio
contour. Fitting that contour, we found that the signal to noise ratio can be written
as S/N o [e2N4]%220;7, and we concluded that we should push the mean redshift 2,
higher rather than counting more number of galaxies to find the texture.

We hope that these observable signatures could be used in future to find evidence of
the existence of cosmic defects and phase transitions that the defects were originated

from.
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