PHYSICAL REVIEW D 96, 124003 (2017)

Sequestering mechanism in scalar-tensor gravity
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We make a theoretical prediction for the ratio of the dark energy to other components in the Universe
based on the scenario of the sequestering mechanism [1-3] which was recently proposed as one possible
way to solve the cosmological constant problem. In order to evaluate the value of dark energy and the
others, we assume a specific scale factor which describes the big-crunch scenario in the scalar-tensor
theory. We specify the parameter region where the one can explain the observed dark energy-matter ratio.
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I. INTRODUCTION

The quantum field theory is one of the pillars in the
modern theoretical physics as it has provided the profusion
of rigorous predictions for us in the various areas of the
physics. It is widely known that a strong divergence shows
up in the quantum field theory if one considers the quantum
corrections from the matters to the vacuum energy. For
example, the quantum correction from one bosonic degree
of freedom with mass m is given by

Pvacuum =

! /d3k%\/k2+m2. (1)

(27)*

The right-hand side of the above quantity diverges, and in
order to regulate the divergence, one may introduce the cut-
off scale A.yof, to find that

Pvacuum ~ Aéutoff . (2)

On the other hand, the above estimation of the vacuum
energy gives us astounding result in the cosmology, where
we have to face a notorious problem, so-called the
cosmological constant problem.

The cosmological observations suggest that the cosmo-
logical constant A, which could be regarded as the vacuum
energy in the Universe, is approximately equal to
(1073 eV)*. We find that the observed value of cosmo-
logical constant is much smaller than the value in (2) when
we choose the cutoff scale A, to be the Planck mass
scale Mpjaner; assuming Ayoff ~ Mplancks WE obtain
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A1/4 ~ 10_3 eV <« MPlanck ~ 1019 GeV = 1028 eV, (3)

where the reduced Planck mass Mpjnc = 1/k = 1//82G
is a typical scale of the gravity. Then, if we use the counter
term to obtain the observed small value of the vacuum
energy from the large theoretical one in (2), we need a fine-
tuning in the extremely unnatural way. We should note that
the above fine-tuning is not so improved even if we
introduce the supersymmetry, where the fermionic contri-
butions to the vacuum energy are opposite to the bosonic
contributions. Because the supersymmetry is broken in a
high energy region, we find

1 1

(27[)3 / &k |:§ \V I+ m%oson
1 7

- E K + m%ermion:|

~ Agutoff A,%US’T (4)

where the scale of the supersymmetry breaking is defined
by Adpey = Migon — Mimions WHETe Mpogon is the mass of
the bosonic mode and M¢,y;0, 1S the mass of the fermionic
mode. The fine-tuning problem of the cosmological con-
stant, therefore, would imply the necessity of a new
paradigm which includes the breakthrough beyond the
standard knowledge based on the quantum field theory.
So far several models trying to solve the cosmological
constant problem have been proposed’ [7-37]. In these
models, an interesting mechanism, called “sequestering”
mechanism proposed in [1-3], plays an important role to
solve the fine-tuning problem. The remarkable feature of

Pvacuum =

'For the discussion why the vacuum energy is so small, see [4]
for example. For the model using the topological field theory,
see [5,6].
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the sequestering mechanism is that two global variables are
introduced. The variations of the action with respect to
these global variables lead to the constraint equations,
where the quantum corrections coming from matters are
explicitly canceled by the classical dynamics of gravity.
After the cancellation of quantum corrections, an effective
cosmological constant remains in the equation of motion,
and it is given by the matter density averaged with respect
to the whole space-time, whose volume is given by
[ d*x,/=g. Therefore, the model would naturally explain
that the observed vacuum energy is tiny in the large and old
Universe.

When one evaluates the value of the vacuum energy in
the theories with the sequestering mechanism, it is signifi-
cant to study whether one can obtain the appropriate cosmic
history because the space-time average is literally written in
terms of the four-dimensional volume of the Universe; thus,
the value of the effective cosmological constant depends on
the cosmological model via the space-time average, and the
whole volume of the space-time should be finite in order to
make the model well-defined.

To realize such a model where the four-dimensional
volume is finite, we study the scalar-tensor theory based
on the formulation of the reconstruction in [38,39]. We
propose a model in which the Universe started from the big-
bang and, through the accelerated expansion corresponding
to the present dark energy era, the expansion becomes to be
decelerated and turns to shrink to the big-crunch. The four-
dimensional volume in such a model is finite, and one can
calculate the space-time average of the energy density from
the matter fields. And therefore, we obtain the effective
vacuum energy corresponding to the cosmological constant
and compare the observed value.

This paper is organized as follows. First, we give a brief
introduction of the sequestering mechanism in the general
relativity and see how the large quantum corrections are
removed in the equation of motion in Sec. II. We formulate
the sequestering mechanism in the scalar-tensor theory and
review the formulation of the reconstruction in Sec. III.
Finally, we evaluate the ratio of dark energy to the matters
according to the specific cosmological evolution in Sec. I'V.
We also study the parameter region in which the observed
value of the dark energy is consistent.

II. SEQUESTERING MECHANISM

We now review the sequestering mechanism in the
general relativity [1-3]. We begin with the following
action:

1
S: /d4x\/—g|:FR—A+A4Lm(ﬂ_2gﬂy,q’)
K

S ;

~
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Here L, denotes the Lagrangian density for the matter
fields which minimally couple with the metric g,, = /lzg,,,,
and k*> = 87G, where G is the gravitational constant.
The scalar curvature R is constructed by g,,. We should
also note

V=ML (A7 W) = /= GL (3 (6)

The variables A and A are global and they do not depend on
the space-time coordinates x. And ¢ is a differentiable
function of the dimensionless combination of A and 4 with
the mass scale parameter u introduced by the dimensional
reasons. Note that the global variable 4 is responsible for
the hierarchy between the typical matter scale and the
Planck scale. For a scalar field ¢, the field redefinition
related to scaling of the metric g,, = ﬂzgm, leads to

\S] |

VA

1. 1
= =9 [— 570,20, ~ - phyg(bz] (7)

P00 - 31|

where @ = A¢ and the physical mass is defined by

Mppys = Am, thus we find
mMyh m
e . (8)
M Planck M Planck

By the variation of the action with respect to 5¢**, one
finds

595—/614)6[\/_{ IQGMD+;A}5¢”——\/_ 594
/ d4x\/“[2 G, + 2A /ﬁﬂy] 5", 9)

where we used 6¢* = A~ is the Einstein
tensor, G, = R,

T w18 defined as

25¢ and G,
- % guwR. The energy-momentum tensor

=2 S/ W)

Tﬂv(gﬂbvq’) = \/_—g 5§/w

(10)

We should note that we may define another energy-
momentum tensor 7, according to the variation with
respect to the metric g,,. The relation between the two

and T

energy-momentum tensors, 7', s

is given by
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=2 8(\/—gA Lin(A2 g, W)
V=9 5g"
_ 2 8(V=gLn(g". V)
=7 255"
= 2T,,(7".P). (11)

Tﬂv(ﬂ_zgﬂyﬂy) =

We finally obtain the equation of motion for the metric g,,
as follows,

1
FG”D + Ag/w = le. (12)

In addition to the equation of motion for g,,, the variations
with respect to A and A give the constraint equations as
follows, respectively,

6/
/14ﬂ4:/d4x -9, (13)
o "

4Aﬂ4ﬂ4 = /d xy/=gT*,, (14)

where we have used

8 (/=G L (A7 ) = 81(V/ = 5L (3. ¥))
= =275 (/= 9L V)
=277, (15)
By dividing Eq. (14) by Eq. (13) in both sides, one finds

that the global variable A can be expressed in terms of the
energy-momentum tensor,

A =2 (1), (16)

B

where (O) is four-dimensional space-time volume average
of the quantity O, defined as follows:

- [ d*x\/=g0
o =L (1)

Note that, strictly speaking, the global average is well-
defined if the space-time volume [d*x,/=g is finite.
Substituting Eq. (16) into Eq. (12), the equation of motion
for the metric g, has the following form,

1 1
FG/UJ = _Z <Tﬂﬂ>g/w + T/w- (18)

Next, we divide the matter Lagrangian into two parts and
extract the vacuum energy obtained from the quantum
corrections of matter fields:
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VEGILAT g ) = /=g~ Vyae + A AL (472 g™, W),
(19)

or equivalently

\/—_éﬁ@’w’ lP) = \/__.a[_l_‘lvvac + A‘Ceff(.alwv ‘P)] (20)

Then, the corresponding energy-momentum tensor
follows as

T/w (g/u/’ \P) = _1_4Vvac§/w + %/w’ (21)
where 7, expresses the energy-momentum tensor of the

matter field in which the vacuum energy is subtracted:

22 S/ TAL ()
Tm/_\/_—g 59”1/ . (22)

According to Eq. (11), which gives us the relation between
the energy-momentum tensors obtained by the variation
with respect to g,, and g,,, the energy-momentum tensor
T,, is expressed as

T/,w = _Vvacg;w + Ty~ (23)
Finally, Eq. (18) is given by the following form:
1 1 ”
F G/w = - Z <T ﬂ>g/w + Tuy- (24)

One finds that there is a residual effective cosmological
constant coming from the space-time average of the trace of
matter fields:

G;w + Aeffg/w = KZT/u/’ (25)
where
K2
Aeff = Z <Tﬂu>' (26)

Thus, the vacuum energy from the quantum corrections of
matter fields is canceled in the equation of motion Eq. (25),
and that the numerical value of the residual constant A is
automatically small if our Universe is large enough and old.

We should note that the constraint equations (13)
and (14) give us

= (T, (27)

which leads to
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o (g (") N o/ (g (")) 32 (T")
Ydxy=g] T Jdxymg

(28)

We find that the space-time average relates to the hierarchy
between the particle mass scale and the Planck mass scale,
which is sensitive to the choice of 6. The form of function ¢
is, therefore, not arbitrary but would be determined or
constrained by the phenomenological requirements.
Furthermore, A and A are given as functions of the four-
dimensional volume f d“x\/—_ , and the space-time volume
of the Universe is the independent variable in this theory.
We also mention about the two symmetries in the
sequestering mechanism which ensures the cancellation
of quantum corrections in the vacuum energy. First, we find
the scale invariance in the action. Under the following scale
transformation,
A — Q4

G = QG A= QA (29)

the action changes by

1
S_)SQEZ_;@Q_Z/déle_gR

:2—’1<2£2‘2<R> / dxy/=5.  (30)

In fact, the scaling symmetry is broken by the gravity sector
and the symmetry is approximate one. This symmetry
breaking is, however, generated by the mediation from the
gravitational sector through the [ d*x,/=g, and therefore
the breaking is weak. Furthermore, we can find that the
action is exactly invariant under the scale transformation on
shell: The trace of the equation of motion (18) leads to

G', =T, —(T",), (31)
and, by taking the space-time average for both hand sides,
we find (R) = 0.

Second symmetry is the invariance under the following
shift transformation,
L — L+ em*, A= A—eltm*, (32)

Under the transformation, the variation of the action is

given by
A 4 A
5S=o(s-e 5 ) -0 s
A JZ A
~—eo’ — . (33)

The shift symmetry is broken as well as the scale symmetry,
but the breaking is also weak because
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0/

/14 /“54

=—€ <mphyq) 4M4 / d*x\/=g (34)
- Planck ’

M Planck

S ~ —em* )t -

which is small when m, /Mpjne < 1. By using the
constraints and equation of motion, we find that the shift
can be absorbed in the redefinitions of the global variables
although the metric is not changed.

These two symmetries are the key to understand how the
sequestering mechanism works. The scaling symmetry
ensures that the vacuum energy at an arbitrary order has
the same couplings with the gravity as the classical one, and
the shift symmetry removes the vacuum energy from the
Lagrangian. Thus, the quantum corrections at all orders are
canceled without any tuning in order by order.

In the general relativity, the sequestering mechanism
does not give a positive cosmological constant unless we
consider the matter sector which causes the deceleration
expansion. For example, in a non-relativistic perfect fluid,
the trace of matter field is given by 7, = —p. Because we
assume that the four-dimensional volume and the energy
density is positive, Ay, (26), become negative, and it
corresponds to the negative cosmological constant. A
negative cosmological constant does not give the accel-
eration expansion era. So we need to introduce the
candidate of dark energy. In Sec. III, we will use scalar-
tensor theory, which is one of the modified gravity, to
realize the expanding Universe.

III. SCALAR-TENSOR THEORY WITH
SEQUESTERING MECHANISM

A. Action and equations of motion

In the previous section, we introduced the basic property
of the sequestering mechanism. Here, we should note that
the sequestering mechanism to remove the large vacuum
energy can be used in more general frameworks because
this mechanism does not depend on the gravitational theory
itself. In this paper, we consider a particular time-evolution
of the Universe by using the reconstruction method known
in the scalar-tensor theory, and we perform the space-time
average for a perfect fluid as the baryon and dark matter.

We consider the following model with a scalar field ¢,

5= [ dxy=| s R=H@) T8 - Vo)
S A AL, (A2, ‘P)] + %ﬁ) . (35)

Without the contributions from the scalar field ¢, that is,
h(¢) = V(¢) = 0, the model in (35) reduces to the action
of the original sequestering model Eq. (5) proposed
in [1-3].
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By the variation of the action with respect to the metric
Guw» We obtain

1 1
V+A
1
) T, =0. (36)
The variations with respect to A and A give us the same
constraints as in Egs. (13) and (14). Substituting these
constraints into Eq. (36), we obtain

—hV, 9V, + h(V$)* g +

2G" AV AV h(V¢)25" +ive,

2K 2

1/1 1
Z{ZTaNst _ZTH = (). 37
+4<2 a> v 2 v ( )

Decomposing the energy-momentum tensor into the sum of
the vacuum energy and others as in Eq. (23), we find that
Eq. (37) can be expressed as

1 1
—G* — VRV, + h(V¢)25” +5 V8,

1/1 1
—( —1% o M =
+4 <2'ra>5 v =57 0. (38)

Defining A 4 by

2k

Aegr =

we further rewrite the Eq. (38) as

1 1 1
— G*, — hV* ¢V —h(Vg)?#, + =V
2K_2Gl/ ¢ 1/¢+2 ( ¢) v+2 v
1 1
+2—I(2Aef'f‘5yu —ET”D = 0 (40)

B. Cosmological solution

By using the above equation (40) in the FRW metric, we
investigate the time-evolution of the Universe. We assume
the FRW metric as follows,

ds* = —dr* + a(t)?y;;dx'dx/

=—d + a2<

e dr? + r*de* + r2s1n29d¢2> ,

(41)
and we only consider the closed Universe where the
curvature of the space K > 0 because we require the

volume of the space-time should be finite.
We now assume 7#, is given by perfect fluid,

o, = diag(-p, p, p, p), (42)
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and the scalar field ¢ only depends on the cosmological
time,

¢ = ¢(1). (43)

Then the (0,0) component of (40) is given by

K K26
szgp a2+ 3 < h¢ + 5 V+22 eff)a (44)
and (i, i) components are

. K 1
3H2+2H:—K2p—;+21<< Sh® + V+2 3 eff)-
(45)

Other components become identities. By combining (44)
and (45), we find

1 1 1 2 K
V(e) :—HZ +— H_E(pm — Pm) — 5 At taa
(46)
. 1. 1 1 K
h(¢)¢2:__2H__(pm+pm)+_2_2' (47)
K 2 K- a

Let f(¢) is a function of the scalar field ¢. If the potential
V(¢) and the kinetic function h(¢) are given in terms of
f(¢) as follows,

V) = 31 +31') ~ 5pult = 9)
_l<fa >+g K
4V Y ka(t=¢)?*’

(48)

Then the solution of Egs. (46) and (47) and therefore the
solution of (44) and (45) is given by

H=f(p=1, ¢=t (49)
Therefore any evolution of the expansion in the Universe
given by the function H = f(¢) can be realized by choosing
V(¢) and h(¢) as in (48). We should note that if i(¢) is
negative, the scalar field becomes ghost which generates

the negative norm states in the quantum theory and there-
fore inconsistent.

IV. A CONCRETE MODEL OF SEQUESTERING
MECHANISM

As we have mentioned, we like to have a model where
the volume of the space-time [ d*x,/=g is finite in order
that the global average (O) in Eq. (17) for relevant physical
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operator O should be well-defined. As we have shown in
the last section, arbitrary evolution of the expansion in the
Universe can be realized by choosing the potential V(¢)
and the kinetic factor i(¢) to satisfy the equations in (48) as
in the formulation of the reconstruction in [38,39]. Then in
this section, we construct a model where the curvature
of the space K > 0 and the Universe acceleratingly expands
in the late time (for the review about the modified gravity
theories related to the accelerating expansion of the
Universe, see [40-43]). We also require that the
Universe finally turns to shrink, and therefore, the whole
volume of the space-time is finite.

We consider the model, where the scale factor is given by

1 1
al(t) Ea<12t4—2l%t2+c>’

(50)

a(t) = {a ()},

C= Leg

= 1 5 tO + Et 1%o-
Here t, and t; are positive constants. When ¢ = £¢,, we
find a(+7y) = 0 and therefore r = —1, corresponds to the
big-bang and 7 = ¢ to the big-crunch. The scale factor (50)
is symmetric under the reflection of the time + — —¢ and the
expanding Universe turns to shrink at # = 0.

First we now check the signature of /(¢) in (48). As we
have mentioned, if h(¢ =1) becomes negative, there
appears the ghost, and the theory becomes inconsistent.
Now h(¢) is explicitly given by

H2

h(1) = 220l | (o ()G () + 36C7)

3

-390 - Quafan(0

PHYSICAL REVIEW D 96, 124003 (2017)

Here X = 12, H,, is the present value of the Hubble rate H,
Q,o and Qg, are the values of the present density
parameters of the dust and the curvature, and

oo (Yo ()

0<y<1),

1 C
Ay =360 ==-= .
) 1<2 li‘)

We now investigate the behavior of i(¢ = 1) when t — .
If n < 3, because a, () — 0 when 7 — , the second or the
third term in the rh.s. of (51) and therefore h(¢ = 1)
becomes negative and therefore there appears the ghost.
Then we require n > 3 . When n > , in (51), the first term
dominates and therefore we obtain the following condition,

(52)

G (X = 1) 4+ 36Cr; > 0. (53)

The left-hand side of Eq. (53) has the following form,

41
G\(X =) +36CH =—(3y—1)%, (54)
y

and therefore the condition (53) is always satisfied when
t — ty. We also need to consider the signature of h(¢ = 1)
for general ¢ in —fy < t < t,. We should note G(X) has
minimum at X = X, for X = > > 0, where

H2 2
= TOa(t)%—5 |:36 i {G(X) +36Cr3} X, = As £ \/A] =34, (55)
= 3 )
3
-2l (0} - a0} H2]. 1)
Then because
|
o 2 342 242
36nH? {G1(X) +36C} - EQmO{al (0} = Qgofai (1)}
o
> 36n 3602 {Gi(X,) +36Ct}} - mo{al(o)}_%+2 — Qgofa(£19)} 772
: 3
= 36nil {G,(X,) +36C13} — —Qmo{aC -2, (56)
0
the sufficient condition that h(¢ = t) > 0 is given by
o
X, )+ 36Ct Q,0{aC} 2 > 0.
HZG L) +36C8} - C} 72 >0 57

36n
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Since a is obtained from the renormalization of the scale
factor for the present time 7,, (56) is given by

a2

3 s
m {Gl (X+) ‘|‘ 36Cl‘%} - EQmO{aC ’l+2

3200 6y — 1 2
2 \6(1-€e)y—(1-¢

R ]

3
n

« [D,,@, B _1] , (58)

Z

where the function D, (y, ¢) is defined as

16 y?
D,(y,e)= I —
0-€) 3180 (6y = 1)

g 6=y - (1=}

3

n

y [8—{%(1—y)(5y—1)}%} (59)

Here € is defined by using the present time ¢, as 7, = €t
(0 <e<1). And z is defined by z = —1. From (58), we
0770

alter the sign of (56) to the value of D,(y,€) versus %
Satisfying the condition (57), we need to choose the
parameter region (z,n,y,€) of D,(y,€) > %

The second derivative of a(r) with respect the time 7 is
given by

(12
i(r) = g {ar (0} /[, (X) - 9CA,

4—-n

Fi(X)= ™

X(X2—AX + 4,). (60)

8—n n (2-n C
A = 312, A, = - )9 61
T4 : 4—n(2n +t‘l‘> o (6D

Because there is a singularity at n = 4 in the expressions in
(61), we restrict a constant n to be

%<n<4. (62)

When n = % we also need to require,

(12

3
G{(X) +36CHY —=Q 0 63
3611[‘1(2){ 1( ) + 1} o) mo = ( )

Because () < 0at X = t* = 0 when the Universe starts to
shrink, we require

PHYSICAL REVIEW D 96, 124003 (2017)

1 1
C:—Et3+§t%t(2)>0. (64)

On the other hand, a;(r) should be always positive in
1 < t3. We now rewrite a; () as follows,

at A 12
o (Y Wey—i— (E) L (65
o=@ Ho-@) ) @
Because /15 < 1, we find 6y —2 > 0 and therefore
<y<lL (66)

In terms of y, C can be written as

C 1

Ezw(@—])- (67)

The rh.s. has a local maximum at y = § and when y > §,
the r.h.s. is a monotonically decreasing function of y.
Therefore by using (66), we find

5 C 3

— <5 <-. 68

12 114 (68)
In order that the decelerating Universe turns to accelerate
after the big-bang, and then, the accelerating Universe turns
to decelerate again, d(¢) should vanish twice when
0 < > = X < 3. Because

dF\(X) dX3(4-n) 1 \2 1 ,
G odr an (\XT3A) HgBa-an,,

(69)

F(X) has extrema at

|
X:Xizg(Ali\/A%—S/h). (70)

Because we are assuming 0 < n < 4, we find A; > 0. Then
the conditions that ¢(7) should vanish twice when
0 < = X < 13 are given by

Ay, >0, A? =34, > 0, (71)

Fi(X,) <9CP < Fy(X_). (72)

The above conditions, (71) and (72), means that the scale
factor need to have the three phases for the time evolution
of Universe in the regions —fy <t <0 and 0 <t < ¢,
respectively. And its time evolution takes two deceleration
and one acceleration expansions. In this case, the Universe
starts in the deceleration expansion, and take the accel-
eration phase in next, and deceleration phase in the last
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phase. After that, the scale factor shrinks symmetrically,
and the Universe goes to the big crunch.
Because

4—n
Fi(X.) = <A1(—2A% +94;)

108n

F2(43 - 340)\ /AT -34,). (73)

108n(8 —n) 6{9C 4n2—19n—|—4}

A(—=2A2+94,) = 4P —-

1t + n(4—n)
(74)

A2 34, =

36n —5n* 4+20n+16 3C
I =%, (75
4—n1{ 4n(4 —n) t‘l‘} (75)

the conditions in (71) give

C n-=-2
— > ,
t° 2n

—5n% 4+ 20n + 16 3C
4n(4 —n) 1t

>0, (77)

and the condition (72) gives

9C _4—n[108n(8 —n) (9C _4n? —19n+4
1080 | (4-n)? it

36n [—5n*+20n+ 16 3C 3/2
+2 -
4—n 4n(4 —n)

9C 4-n [108n(8 : ){9C 4n* — 19n+4}
oo

008 | @-n2 A
_ [ 36n [=5w +20n+16_3C
4—n 4n(4 —n)

Because we are considering the case that % <n<4, we
find

n-2 1

<-—. 80
2n 4 (80)

Therefore Eq. (68) tells that the condition (76) is always

satisfied. We should also note that by using (68), again, we

obtain

—5n% +20 16 5 4 9 3C
n”+20n + S S AN A (81)
4n(4 —n) 4 n(d-n) 4~

Therefore the condition (77) is also always satisfied.
By defining new functions A;(n,c) and A,(n,c) as
follows,

PHYSICAL REVIEW D 96, 124003 (2017)

190 ]

170 ]
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y

FIG. 1. The region satisfying the conditions (62), (66), and (78)
is shown by the colored region.

Ai(n,c) =36n(4 —n)c+ (8 —n)(4n* —19n + 4),

S

Ay(n,c) = %Ao(n )z,

Ag(n,c) = (12¢ =5)(n=2)> +9 - 12c, (82)
we rewrite the conditions
rewritten as

C C
A1<n,czﬁ>+A2<n,c:§)>O,
C C
A <n,c:t—4> —A2<n,c :t_4> < 0. (83)
1 1

We now show that the second condition in (83) or (75) is
always satisfied if we assume (62) and (68). We should note
A (n, c) has alocal minimum with respect n at n = 2 and a
local maximum at n = £ — 6¢. When ¢ = % by using (68),

(73) and (75) can be

we find
1
2<73—6c<4, (84)

and therefore the local maximum appears in the range of
(62). We should note that

Al(47 C) = —32,
48 < Ay(2,¢) = 144¢ — 108 < 76,
3 403 1
—47<A1<2 ) _13SC_T<§’ (85)

and
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FIG. 2. Theregionsatisfying the condition (88) atn = 3/2 is given by the colored region. Let yy,, the maximum value of y which satisfies all
the conditions. The left graph corresponds to 1/z=D(0, ypay ), the middle one to 1/z> D(0, ypay ), and the right graph to 1/z < D(0, yyax)-
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FIG. 3. These graphs show the value of Agx/pmo

at

0.50

0.25

0.10

0.05

0.01

0.0

0.4 0.5 0.6 0.7 0.8 0.9 1.0
y

n=15 n=20 in (y,e) plane. Ag/pmo(n,y,€) <

Acit/Pmo(1.5,0.33,0.0) = 0.62, the ratio of (89) to p, is less than 1. The contribution of Ay is suppressed in the order of a

matter contribution.

1
Aq <73 — 6c, c)

The r.h.s. of (86) has a local minimum —32 at ¢ = 15—2 and a

2
% —585¢ +972¢% — 4323,

(86)

local maximum at ¢ = }—% > %. We should also note the r.h.s.
of (86) vanishes at ¢ = %. Therefore we find

297

-32 < - 585¢ +972¢? —432¢3 <0,  (87)

C 403

4 540
ative. Because A,(n,c) is always positive, as long as

c =§ <29 the second condition in (83) or (75) is always

T 540
satisfied. By using the numerical calculation, as long as the
conditions (62), (66), and (68) are satisfied, we confirm that

and therefore when ¢ = Ai(n,c) is always neg-

the second condition in (83) or (75) is always satisfied. On
the other hand, the region satisfying the condition (78) is
specified by the colored region in Fig. 1.

In case of n =3/2, we need to include the condition
(63). By defining z = ﬁ and e = [1,/4)|(0 < e < 1) with

the present time ¢, the condition (63) for /(zy) > 0 when
n = 3/2 can be rewritten as

3y —1)\2 1-¢ ‘2>l
1—&) \” 6(1 —€?) z

(83)

16

O T

Then we find that the colored region in Fig. 2 satisfies the
necessary conditions.
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We now estimate A,y in the parameter region where the
model becomes consistent. We now assume that the
Universe is fulfilled with nonrelativistic matters (dust)
and neglect the contribution from the relativistic matter
(radiation). Then we find

e

| -1
:@d(y,n,e) {/ (x* —6yx? +6y— 1)3/”dx] ,
0

4
1—¢* 3/n

— . &9

)} )
Here x =1t/t; (0 <x<1). As shown in Fig. 3, by
adjusting the value of €, we can choose Q,  to be less
than Q. However, from Fig. 3, we can see that the ratio of
(89) to p,,0 is less than unity in all range of ¢ and in y’s
range. So we can always choose the parameters for each n
in which no large contribution to A, happen again. In
n = 3/2, there is the relations between € and y. In this case,

however, we always can choose the parameters like
that, too.

d(y,n.e)= {6(1—62)(y_

V. SUMMARY AND CONCLUSION

In this paper, we have introduced the scalar-tensor theory
in order to realize the sequestering mechanism in the
acceleratingly expanding Universe because the original
model of the sequestering mechanism cannot realize the
accelerating expansion. The reason why the sequestering
mechanism cannot realize the accelerating expansion in the
original model is that the effective cosmological constant
A becomes negative and works as the negative cosmo-
logical constant in the general relativity. Thus, we need to
introduce other candidates of dark energy. We also have
found that even though the gravitational model is modified,
the large contribution from the quantum corrections of the
matter sector to the vacuum energy is canceled out in
the same way as in the original sequestering mechanism.
The effective cosmological constant A is also described
by the global average of the trace of energy-momentum
tensor.

We have also estimated the value of A in an example of
the models. Due to the reconstruction, all physical quan-
tities can be described by the scale factor. Thus, when we
give the form of the scale factor, we can determine the time
evolution of these quantities and evaluate these quantities.
Because the given scale factor needs to be consistent with
the cosmological history, and there should not exist the
ghost mode, we have restricted the parameter regions of the
scale factor. In our model, we have found the parameter
regions to make Ay, given by Egs. (26) and (89), be less
than the value of the present energy density of matters. So,
we have obtained the solutions of the scale factor with a
small Agg. In Sec. IV, we have introduced a scalar field as
the source of dark energy. And we have found the above
residual term Ay also work as dark energy. So we may

PHYSICAL REVIEW D 96, 124003 (2017)

regard the total dark energy as the sum of A, and the
energy density of scalar field. In this paper, we have
reconstructed the motion of the scalar field and set up
the model to give the present Universe. The scalar field
takes on the part of dark energy apart from that of A, and
the total energy density of dark energy takes the present
observational value. We have found that the energy density
of the total dark energy is comparable to that of the matter
sector at the present time.

In the formulation of the present work, however, we need
to assume the form of the scale factor, and then we need to
determine the time evolution of the future. This is prob-
lematic because we cannot know the future. So, we need to
solve the differential equation for the scale factor under a
suitable condition. After that, we can determine the value
of Aeff'

As it has been pointed out in Sec. IV, we have assumed
the model where the spatial volume and lifetime of the
Universe are finite, so that the four-dimensional space-time
average as in Eq. (16) could be well defined. And then, the
spatial curvature does not vanish because the spatial
volume is finite.

The observation of cosmic microwave background
(CMB) tells us that the spatial curvature should be
negligibly small, which suggests that the radius of the
Universe was large enough and the spatial curvature was
small enough when the Universe became transparent to
radiation. This may give us some constraints on the model.
The consistent inflation scenario with the sequestering
mechanism was discussed in [2], and one can expect that
the CMB power spectrum would be obtained in the
ordinary manner after the quantum corrections are sepa-
rated from the matter field in Eq. (23).

Instead of the case that the lifetime of the Universe is
finite, one can consider an alternative scenario that the
Universe has a periodicity in time; that is, the cyclic
Universe. By following the ekpyrotic scenario, where the
hot big-bang is driven by the collision of the two brane-
worlds [44], it has been proposed that the collisions occur
iteratively and the Universe undergoes an endless sequence
of cosmic epochs of each beginning with a big-bang and
ending in a big-crunch [45]. This scenario explains natu-
rally the uniform and flat Universe with large scale
structure. Therefore it could be interesting to embed our
model into this kind of scenario. The analysis of other
models and their constrains from observational data will be
treated in the future works.
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