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The recent GW170817 measurement favors the simplest dark energy models, such as a single scalar
field. Quintessence models can be classified in two classes, freezing and thawing, depending on whether
the equation of state decreases towards −1 or departs from it. In this paper, we put observational constraints
on the parameters governing the equations of state of tracking freezing, scaling freezing, and thawing
models using updated data, from the Planck 2015 release, joint light-curve analysis, and baryonic acoustic
oscillations. Because of the current tensions on the value of the Hubble parameter H0, unlike previous
authors, we let this parameter vary, which modifies significantly the results. Finally, we also derive
constraints on neutrino masses in each of these scenarios.
DOI: 10.1103/PhysRevD.97.043503

I. INTRODUCTION
The recent acceleration of the expansion of the Universe
remains a mystery. This puzzle gave rise to the concept of
dark energy (DE), an additional constituent in the Universe of
unknown nature. From observations, the only property we
are sure of is that, if it exists, it must have an equation of state
very close to w ¼ −1. A most natural way of going beyond
the cosmological constant description of DE (for which
w ¼ −1 throughout cosmic history) is to consider a canonical minimally coupled scalar field, dubbed quintessence. It is
all the more important to focus on this simple description that
the recent observation of the binary neutron star merger
GW170817 by the LIGO-VIRGO Collaboration and its
associated electromagnetic counterpart by Fermi [1] implies
that gravitational waves travel at a speed extremely close
to that of light, which favors the simplest models for
dark energy and modified gravity, as discussed in [2,3] for
instance.
Many quintessence models have been proposed already;
see, for example, [4] for a review. A convenient and
efficient way of analyzing the variety of cosmological
dynamics of quintessence is a dynamical system approach,
cf. [5]. Instead of having to consider each model separately,
we may classify them into essentially two classes, namely
freezing and thawing models, depending on whether the
equation of state decreases towards −1 or departs from it
as the scale factor grows [6]. In addition, freezing models
can themselves be subdivided into so-called tracking and
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scaling models, depending on the details of the dynamics.
In this paper, following previous works, we constrain the
parameters arising in three analytic expressions for the
equation of state, corresponding to, respectively, tracking
freezing, scaling freezing and thawing dynamics, so that
our analysis covers most quintessence potentials. Figure 1
shows the typical profiles of the equations of state we
considered.
Now, by construction, quintessence necessarily has an
equation of state that cannot go below −1. However in this
paper we consider both the case of quintessence, indeed
putting the prior w ≥ −1 in our analysis, but we also extend
the study to phantom DE, i.e. fluids having equations of
state below −1 [see e.g. [7–9], for studies discussing the
viability of such cases].
An important feature of the present study is that, compared
to previous authors, we let the crucial Hubble parameter H0
vary. Doing so is all the more important nowadays that there
are currently tensions between the supernovae [10] and
Planck results [11] in determining its precise value. Most
recently an independent measure was brought in by the
LIGO-VIRGO collaboration, which confirms that it must be
around 70, but that measurement is not yet competitive with
the two aforementioned ones [12].
This paper is organized as follows. In Sec. II, after very
briefly reviewing the equations governing quintessence
dark energy, we first present each of the three parametrizations (tracking, scaling, and thawing) that we considered,
and then expose the method and data we used for the
analysis. In Sec. III, we show and discuss the observational
constraints we obtain on the parameters intervening in these
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where dots are derivatives with respect to cosmic time,
_ is the Hubble parameter, ρϕ is the energy density
H ¼ a=a
of dark energy, ρm that of the nonrelativistic matter, and V ;ϕ
denotes a derivative with respect to ϕ. The equation of state
is defined as
Pϕ
;
ρϕ

w¼

ð3Þ

where the pressure and energy density of the field are,
respectively, given by
(
FIG. 1. Typical examples of the evolution wðaÞ of the equation
of state with the scale factor for the three types of dynamical dark
energy models considered in this analysis: Tracking freezing
models have an evolution given by (7), scaling freezing models
by (11), and thawing models by (13). For reference, the upper
horizontal dashed gray line corresponds w ¼ −1=3, delimiting
regions with and without cosmic acceleration, while the lower
one corresponds to the phantom divide line w ¼ −1, which is a
lower limit in the case of quintessence. For illustration in this
figure, we chose Ωϕ0 ¼ 0.7, p ¼ 1 for the tracking case, at ¼
0.23 for the scaling case and (K ¼ 2.9, w0 ¼ −0.6) for the
thawing case.

parametrizations, by considering them one after the other.
Finally, we present observational constraints on the sum of
neutrino masses by performing again the previous analysis
but without assuming only massless neutrinos.
II. SETUP

2

Pϕ ¼ ϕ̇2 − VðϕÞ
2

ρϕ ¼ ϕ̇2 þ VðϕÞ:

ð4Þ

Finally, the density parameter is defined as Ωϕ ¼ ρϕ =
ð3H 2 M 2pl Þ. It is clear from Eqs. (3) and (4) that w ≥ −1
for quintessence. We will refer to this condition as the
‘quintessence prior’ in the analysis below. The precise
dynamics of quintessence depends on the details of the
potential VðϕÞ. Let us now detail the three cases we will
consider in this paper. They are representative cases, such
that our analysis covers the various possible behaviors of
quintessence in general.
1. Tracking freezing models
In freezing models, the field rolled down along the
potential in the past, gradually slowing down as the system
enters the acceleration phase. An important subclass of
such models are so-called tracking models, such as in the
case of a power-law potential

A. Quintessence

VðϕÞ ¼ M4þp ϕ−p

Quintessence is a canonical scalar field ϕ minimally
coupled to gravity. Considering, in addition, nonrelativistic
matter, the action reads

where p > 0. This arises in the fermion condensate model
as a dynamical supersymmetry breaking [13] for instance.
For such types of potentials the condition VV ;ϕϕ =V 2;ϕ > 1,
called the tracking condition, is satisfied (see e.g. [5]) so
that the field density eventually catches up that of the
background fluid. The characteristic of such systems is that
for a wide range of initial conditions, solutions converge to
a common evolution, the tracker solution [14]. This feature
is interesting in order to solve the coincidence problem.
In the precise case of the power-law potential with nonrelativistic matter, one can show that (see e.g. [4])

Z
S¼



1 μν
pﬃﬃﬃﬃﬃﬃ M2pl
d x −g
R − g ∂ μ ϕ∂ ν ϕ − VðϕÞ þ Sm ;
2
2
4

ð1Þ
where g is the determinant of the metric gμν , Mpl is the
Planck mass, R is the Ricci scalar, VðϕÞ is the potential of
the scalar field, and Sm is the action for the matter
component. Considering a flat Friedmann-LematîreRobertson-Walker background with aðtÞ denoting the scale
factor, the equations of motion are
8
2 2
>
>
< 3H M pl ¼ ρϕ þ ρm
ϕ̈ þ 3Hϕ̇ þ V ;ϕ ¼ 0
>
>
: ρ̇ þ 3Hρ ¼ 0
m

m

ð2Þ

wð0Þ ¼ −

2
;
pþ2

ð5Þ

ð6Þ

so that observational constraints on wð0Þ actually translate
into constraints on the exponent p. In addition, by
perturbing the tracker equation, [15] derived the equation
of state for tracker fields to all orders in Ωϕ . In this work,
we considered that expression up to the third order, namely,
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wðaÞ ¼ wð0Þ þ α1 Ωϕ ðaÞ þ α2 Ωϕ ðaÞ2 þ α3 Ωϕ ðaÞ3

ð7Þ

where
8
ð1−w2 Þwð0Þ
>
>
α1 ¼ 1−2w ð0Þþ4w2
>
ð0Þ
>
ð0Þ
>
>
<
2
ð1−wð0Þ Þw2ð0Þ ð8wð0Þ −1Þ
α2 ¼ ð1−2w þ4w
2 Þð1−3w þ12w2 Þ
ð0Þ
ð0Þ
>
ð0Þ
ð0Þ
>
>
>
2 Þw3 ð4w −1Þð18w þ1Þ
>
2ð1−w
ð0Þ
ð0Þ
>
ð0Þ
ð0Þ
: α3 ¼
ð1−2w þ4w2 Þð1−3w þ12w2 Þð1−4w þ24w2
ð0Þ

ð0Þ

ð0Þ

ð0Þ

ð0Þ

ð0Þ

ð8Þ
Þ

and
Ωϕ ðaÞ ¼

Ωϕ0 a−3wð0Þ
:
1 − Ωϕ0 þ Ωϕ0 a−3wð0Þ

2. Scaling freezing models
In this second type of freezing model [16], the equation
of state scales as the background fluid, here matter. For a
simple exponential potential, the expansion would never
start accelerating. However for instance for a double
exponential potential [17]
ð10Þ

with λ1 ≫ 1 and λ2 ≪ 1, the potential is first dominated by
the exponential with λ1 , so that the solution scales as matter
in the early matter dominated epoch, but in a second
stage, at late times, the other exponential in the potential
dominates, so that the solution does enter a dark-energy
dominated era, with cosmic acceleration as required.
This transition occurs at a redshift which depends on the
parameters λ1 , λ2 , V 1 and V 2 . Unfortunately, for scaling
freezing models there is currently no analytic formula for w
derived directly from the dynamics of the scalar field, like
those used here for tracking and thawing cases. However,
like in [18], we note that the equation of state in this case
is in fact well approximated by the parametrization [19]
wðaÞ ¼ −1 þ

1
1 þ ða=at Þ1=τ

effectively. In [18], the authors found that τ ¼ 0.33 is an
appropriate choice for this analytic expression to fit the
numerical solution very well, which we thus also make in
this work. A typical example of this wðaÞ evolution is
plotted in Fig. 1 for illustration.
3. Thawing models
In this class of models, the field, of mass mϕ , was frozen
by the Hubble friction Hϕ̇ in the past, such that w ¼ −1,
until H drops below mϕ at a recent epoch, after which it
begins to evolve and its equation of state departs from −1.
A representative potential is the Hilltop potential [20]
VðϕÞ ¼ Λ4 ½1 þ cosðϕ=fÞ

ð9Þ

However the second order approximation is already very
good compared to the numerical solution as detailed in
[15], and we checked that adding the third order term
actually does not change the observational constraints
significantly. Note that the parameter wð0Þ parametrizes
the value of the equation of state during the matterdominated era, and not the present day value, hence the
different notation than w0 used for the thawing case below.
A typical example of this wðaÞ evolution is plotted in
Fig. 1 for illustration.

VðϕÞ ¼ V 1 e−λ1 ϕ=Mpl þ V 2 e−λ2 ϕ=Mpl
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ð11Þ

where at denotes the scale factor of the onset of the
transition and τ fixes the thickness of the transition

ð12Þ

relevant in pseudo-Nambu-Goldstone boson models [21] of
quintessence for example.
The scalar potential needs to be shallow enough for the
field to evolve slowly along the potential, in a similar way
as in inflationary cosmology. In [22], the author derived the
slow-roll conditions for thawing quintessence, generalizing
the work of [20] who focused on the case of a hilltop
potential only. By solving the equation of motion for the
field ϕ, Taylor expanding the potential around its initial
value up to the quadratic order, in the limit where the
equation of state is close to −1, the author derived the
equation of state as a function of the scale factor, namely
wðaÞ ¼ −1 þ ð1 þ w0 Þa3ðK−1Þ


ðK − FÞðF þ 1ÞK þ ðK þ FÞðF − 1ÞK 2
×
ðK − F0 ÞðF0 þ 1ÞK þ ðK þ F0 ÞðF0 − 1ÞK
ð13Þ
where
FðaÞ ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−3
1 þ ðΩ−1
ϕ0 − 1Þa ;

ð14Þ

with its present value
F0 ¼ Fða0 Þ ¼ Ω−1=2
ϕ0 ;

ð15Þ

and the constant K is given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4M 2pl V ;ϕϕ ðϕi Þ
:
K ¼ 1−
3Vðϕi Þ

ð16Þ

Physically, this constant K is related to the mass of the field
(second derivative of the potential with respect to ϕ) at the
initial stage. Following [18], we note that this analytic
expression of wðaÞ agrees well with the numerical solution
as long as 0.1 ≲ K ≲ 10; therefore, in our analysis, we put
this range as a prior on the parameter K. A typical example
of the evolution wðaÞ from (13) is plotted in Fig. 1.
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The equation of state (13) contains three parameters: w0 ,
K and Ωϕ0 . We stress that when confronting the models to
data, by varying the parameter K in the analysis we do not
need to specify the shape of the potential as long as it is
thawing, as detailed in [22]. Therefore, it is a fairly general
analysis.
B. Method of analysis
We modify the publicly available Boltzmann code
CLASS [23] to include our various equations of state.
We then perform analyses using the MonteCarlo code
MONTEPYTHON [24]. In all our runs, we make the
cosmological parameters vary (the density parameters for
baryons Ωb and for cold dark matter Ωcdm, the peak scale
parameter 100 θs, the amplitude As and spectral index ns of
primordial curvature fluctuations and the reionization
optical depth τreio ), plus the nuisance parameters relevant
to each experiment considered, plus the parameters relevant
for each model under study (namely wð0Þ for the tracking
case, at for the scaling case and w0 and K for the thawing
case), plus the sum of neutrino masses Mν in the last part of
this paper in which we performed the runs again, relaxing
the assumption of massless neutrinos made otherwise. For
all of those parameters we consider flat prior. In this paper,
we then present our results after marginalizing over all
unmentioned parameters, and discuss them with and
without the quintessence prior w ≥ −1. Note that to realize
the late-time cosmic acceleration, w below −1=3 is also
required, though we do not put it as a prior, since the data
should rule out models without such feature.
The data and corresponding likelihoods we used are
those from the Planck 2015 release [25] (temperature and
polarization TT, TE, EE, and also the lensing which we
present separately in our results), Supernovae (SDSS-II/
SNLS3 Joint Light-curve Analysis (JLA) [26]) and
Baryonic Acoustic Oscillations (BAO) measurements
(Sloan Digital Sky Survey Main Galaxy Sample SDSS7
MGS [27], Six-degree-Field Galaxy Survey 6dFGS [28],
Baryon Oscillation Spectroscopic Survey BOSS LOWZ
and BOSS CMASS [29]).

FIG. 2. Observational constraints on models with tracking
equation of state (7), in the ðwð0Þ ; Ωϕ0 Þ plane, having marginalized over all the other parameters. The red and black lines
represent the constraints without BAO, with the inner lines
corresponding to 1σ contours and the outer lines the 2σ ones.
The filled contours in blue are the constraints including BAO
measurements.

constraints, while the lensing has a relatively small impact.
After marginalizing over wð0Þ we get, without the quintessence prior,
0.680 < Ωϕ0 < 0.718ð95% C:L:Þ

ð17Þ

while with the prior,
0.675 < Ωϕ0 < 0.703ð95% C:L:Þ:

ð18Þ

Now on the contrary, marginalizing over Ωϕ0, we get,
without the quintessence prior,

III. RESULTS AND DISCUSSION
In this section, we present and discuss the observational
constraints we obtain on the three parametrizations of
quintessence mentioned in the previous section.

−1.141 < wð0Þ < −0.933ð95% C:L:Þ

ð19Þ

while with the prior,

A. Tracking freezing models

−1 < wð0Þ < −0.923ð95% C:L:Þ:

Figure 2 shows the constraints we obtain in the tracking
freezing case. It corresponds to the 1σ and 2σ confidence
regions in the ðwð0Þ ; Ωϕ0 Þ plane, without the quintessence
prior, in three cases, namely with the Planck polarization
and supernovae data only, then adding the lensing information and finally adding the BAO measurements too. We
observe that the BAO data improve significantly the

Comparing our Fig. 2 with the equivalent figure in [18]
may be surprising, because in that paper the direction of
degeneracy is perpendicular to ours. To account for that, we
plot in Fig. 3 a three-dimensional plot which includes the
information on the value of H0 (in this illustrative example
the contours are given in the case of Planck polarization and
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FIG. 3. Confidence region from Fig. 2 (the TTTEEE þ
JLAcase) as a 3D plot, to explicit the values of parameter H 0.
In all models studied here, it is a generic feature that the greater
H0 , the more negative the equation of state. This plot also
accounts for the fact that we obtain a direction of degeneracy that
is perpendicular to that obtained in [18].

JLA data only). The point is that in [18] the authors
performed their analysis with a fixed value of H0 , and it is
clear from Fig. 3 that fixing the value of that parameter
results in a rotated direction of the ellipses. Actually, this
figure is also interesting to notice that small values of H0
corresponds to wð0Þ closer to zero. This is a general feature,
happening in all three models (tracking, scaling, and
thawing).
Finally, using relation (6), we deduce that our constraints
on wð0Þ translate into p < 0.17. This upper limit is less
constraining than previously claimed in [18], even though
we are using more recent data. This discrepancy is again
simply because we did not fix the value of H0 .
B. Scaling freezing models
Figure 4 is our main result in the scaling freezing case. It
corresponds to the 1σ and 2σ confidence regions in the
ðat ; Ωm0 Þ plane, where Ωm0 is the density parameter of
matter today. Marginalizing over all the other parameters,
we get the constraint
at < 0.11i:e:zt > 8.1ð95% C:L:Þ

ð21Þ

for the transition scale factor. This result shows that the data
favor a transition from a scaling matter epoch to the dark
energy dominated era with equation of state close to
w ¼ −1 that occurs at a very early cosmological epoch,
i.e. DE behaving as a cosmological constant. We interpret
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FIG. 4. Observational constraints on models with scaling
freezing equation of state parametrized by (11), in the
ðat ; Ωm0 Þ plane, having marginalized over all the other parameters. The red and black lines represent the constraints without
BAO, with the inner lines corresponding to 1σ contours and the
outer lines the 2σ ones. The filled contours in blue are the
constraints including BAO measurements.

this as follows. For large at , scaling freezing quintessence
behaves like matter (w ¼ 0) in the early universe, but
without contributing to gravitational potentials because its
sound speed is always equal to unity. Therefore it slows
down the growth of structures and induces a large early
ISW effect, which provides additional contribution to the
CMB angular power spectrum on intermediate scales. To
reinforce this assertion, we plot in Fig. 5 the power
spectrum for various models, differing by their value of
at . We see that indeed the larger at is, the more the power
spectrum is modified at intermediate multipoles l. Now,
since JLA data probe low redshifts, the black line in Fig. 4
is essentially due to the CMB data. Therefore the fact that it
indicates that at ≳ 0.1 models are incompatible with the
measurements must be due to the aforementioned modification in the power spectrum which then becomes too
strong.
C. Thawing models
The observational constraints we obtain on the parameters w0 , K and Ωϕ0 intervening in the thawing case are
presented in Figs. 6 and 7. They correspond, respectively,
to the 1σ and 2σ confidence regions in the ðw0 ; KÞ
plane marginalizing over Ωϕ0, and in the ðw0 ; Ωϕ0 Þ plane
marginalizing over K. They are plotted without the
quintessence prior and in the same three cases (various
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FIG. 6. Observational constraints on models with thawing
equation of state (13), in the ðw0 ; KÞ plane, having marginalized
over all the other parameters. The red and black lines represent
the constraints without BAO, with the inner lines corresponding
to 1σ contours and the outer lines the 2σ ones. The filled contours
in blue are the constraints including BAO measurements. We set
the prior 0.1 ≤ K ≤ 10 for the analytic expression (13) to remain
reliable, i.e. close to the numerical result.
FIG. 5. The bottom panel shows the power spectrum of the
CMB temperature anisotropy for various scaling freezing models
with equation of state shown in the top panel. The blue curve is
the cosmological constant case. In the lower panel, the blue and
orange lines overlap, i.e. for at ≲ 0.1 the spectrum is only very
weakly modified. For at ≳ 0.1 however, the effect becomes
significant, so much that these models are strongly disfavored
by the data as shown in fig 4.

combinations of data sets) as in Figs. 2 and 4. We observe
that the BAO data now improve significantly the constraints
only in the ðw0 ; Ωϕ0 Þ case. After marginalizing over w0 we
get, without the quintessence prior,
0.674 < Ωϕ0 < 0.717ð95% C:L:Þ

ð22Þ

while with the prior,
0.671 < Ωϕ0 < 0.703ð95% C:L:Þ:

ð23Þ

Now, on the contrary, marginalizing over Ωϕ0 we get,
without the quintessence prior,
−1.70 < w0 < −0.496ð95% C:L:Þ
while with the prior,

ð24Þ

FIG. 7. Observational constraints on models with thawing
equation of state (13), in the ðw0 ; Ωϕ0 Þ plane, having marginalized over all the other parameters (with the prior 0.1 ≤ K ≤ 10).
The red and black lines represent the constraints without BAO,
with the inner lines corresponding to 1σ contours and the outer
lines the 2σ ones. The filled contours in blue are the constraints
including BAO measurements.
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−1 < w0 < −0.473ð95% C:L:Þ:
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ð25Þ

Compared to [18], generally speaking, our contours are
shifted towards less negative values of w0 . This is once
more essentially because these authors chose a value of
H0 , and a relatively high one compared to the current
Planck results. For this reason, our contraints tend to be
more conservative. For example, without the quintessence
prior and marginalizing over all the other parameters,
in this case they obtained the upper limit w0 < −0.89
ð95% C:L:Þ while we now have w0 < −0.496 at the same
confidence level. This is why our contours in Fig. 6 are
not excluding w0 ≲ −1 as they stated, in particular with
BAO data. On the contrary, however, they obtained as a
lower limit −2.18 < w0 ð95% C:L:Þ while we now have
−1.70 < w0 at the same confidence level. As far as the
parameter K is concerned, as can be seen in Fig. 6, it is not
constrained by the data, similarly as in the previous study
of [18].
D. Comparing the models
The minimum effective χ 2 for our three DE models are
comparable to each other, namely 11756.4, 11755.8, and
11756.1, for the scaling, tracking, and thawing models,
respectively, using the TT, TE, EE, lensing, JLA and BAO
data. Now, the number of parameters in the two freezing
cases are the same and the thawing one has only one
additional parameter, so the significance, judged on
Jeffreys’ scale, is neither strong nor decisive [30].
Therefore, we conclude that none of these models is
preferred from our analysis. In other words, the current
observational data are not precise enough to distinguish
between scaling, tracking, and thawing quintessence
models [31].
In Fig. 8, we show how including the various DE models
affects the constraints on the Hubble constant. From this we
conclude that while phantom DE models could in principle
remedy the tension between the local measurement [10]
and Planck results [11] mentioned in the introduction, such
models are not preferred by the data, and it is even more
unlikely in the case of quintessence.

FIG. 8. Constraints on the Hubble constant for the various DE
models considered here, using the TT, TE, EE, lensing, JLA and
BAO data. The dots correspond to the mean values of H0 , and the
bars are the 1σ constraints. In blue, the models correspond to
quintessence, while we do not put the quintessence prior in the
two orange cases.

results are shown in the most constraining cases, namely
with all our data (Planck temperature, polarization and
lensing, JLA and BAO). The constraints on the total mass
Mν are as follows. In the tracking case, after marginalizing
over all the remaining parameters, we get, without the
quintessence prior,

E. Considering massive neutrinos
In the above, we neglected the mass of neutrinos.
However, it is well known that they modify cosmic history,
notably by washing out small scale structures. The properties of DE and that of neutrinos must, therefore, be
correlated. In this section, we consider the presence of
one massive neutrino of mass M ν , keeping the other two
massless. In effect, the parameter Mν then may be interpreted as the sum of neutrino masses, as if we had
considered all three of them to be massive.
In Figs. 9, 10, and 11, we present the confidence regions
we obtain in the ðwð0Þ ; Mν Þ, ðat ; Mν Þ and ðw0 ; M ν Þ planes
for tracking, scaling, and thawing, respectively. These

FIG. 9. 1σ (dark blue) and 2σ (light blue) observational
contours (including BAO measurements) on models with
tracking equation of state (7) with one massive neutrino of mass
M ν and two massless neutrinos, in the ðwð0Þ ; M ν Þ plane having
marginalized over all the other parameters.
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Mν < 0.25 eVð95% C:L:Þ

ð26Þ

while with the prior,
Mν < 0.15 eVð95% C:L:Þ:

ð27Þ

In the scaling case, we get
Mν < 0.16 eVð95% C:L:Þ:

ð28Þ

Finally, in the thawing case, without prior,
Mν < 0.17 eVð95% C:L:Þ;

ð29Þ

Mν < 0.15 eVð95% C:L:Þ:

ð30Þ

while with it,

FIG. 10. 1σ (dark blue) and 2σ (light blue) observational
contours (including BAO measurements) on models with scaling
freezing equation of state parametrized by (11) with one massive
neutrino of mass M ν and two massless neutrinos, in the ðat ; M ν Þ
plane having marginalized over all the other parameters.

The tendencies in these figures can be qualitatively
understood as follows. For tracking freezing models,
larger wð0Þ will induce greater suppression in the growth
of large scale structure. Therefore, large masses of
neutrinos are not allowed for large wð0Þ , hence, the
degeneracy obtained in Fig. 9. For the same reason, for
scaling freezing models, large masses of neutrinos are not
compatible with a large transition scale factor at, because
again a DE component with a large transition scale factor
at will cause a greater suppression of the large scale
structure. In contrast, we do not find any clear degeneracy
between M ν and w0 in thawing models. This might be due
to the fact that in thawing models DE acts almost like the
cosmological constant in the most part of the expansion
history of the universe and the growth of structure is less
affected by the parameter w0, as long as Ωλ is determined
to give the right distances to the BAO and the last
scattering surface.
IV. CONCLUSIONS

FIG. 11. 1σ (dark blue) and 2σ (light blue) observational
contours (including BAO measurements) on models with thawing
equation of state (13) with one massive neutrino of mass M ν and
two massless neutrinos, in the ðw0 ; Mν Þ plane having marginalized over all the other parameters.

We have updated the observational constraints on
tracking freezing, scaling freezing, and thawing models
for quintessence.
Compared to the previous study [18] we let the value of
H0 vary, which is essential since its precise value is still
under debate nowadays. Relaxing this assumption modifies
significantly the constraints. For example the directions of
degeneracy are in several cases totally different. But also,
since we in addition used more recent data sets, our
numerical values for the constraints differ significantly
too. For instance our value on the 2σ upper limit on wð0Þ
(and thus on p for a power-law potential) of the tracking
models is less constraining than previously claimed, while
its lower limit however is improved.
The constraints on the freezing models are particularly
stringent. In the tracking case with the quintessence prior,
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−1 < wð0Þ < −0.923ð95% C:L:Þ; i.e. the equation of state
has to be very close to −1. Similarly, in the scaling case
studied here the transition to w ¼ −1 occurs very early
in the history of the Universe, with at < 0.11i:e:zt >
8.1ð95% C:L:Þ.
Generally speaking, we observe the following trends:
larger values of H0 are accompanied by equations of state
more negative; in most cases BAO data improve significantly the constraints; all in all, the data are consistent with
the cosmological constant; and we conclude that such
dynamical DE models are unlikely to remedy the tension
between the local and CMB measurements.

Finally, we also considered the case of massive neutrinos
and derived constraints of the sum of their mass in the
various scenarios we considered.
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