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ABSTRACT 

The relation between the microscopic structure and shear viscosity of liquid water was analyzed 

by calculating the cross correlation between the shear stress and the two-body density using 

molecular dynamics simulation.  The slow viscoelastic relaxation that dominates the steady-state 

shear viscosity was ascribed to the destruction of the hydrogen-bonding network structure along 

the compression axis of the shear distortion, which resembles the structural change under 

isotropic hydrostatic compression.  It means that the shear viscosity of liquid water reflects the 

anisotropic destruction-formation dynamics of the hydrogen-bonding network. 
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1. Introduction 

 

Shear viscosity is one of the transport coefficients of liquids, which describes the current of 

transverse momentum.
1
  Provided that it governs the macroscopic flow of liquids, it plays an 

essential role in treating flows in chemical engineering, mechanical engineering, geophysics, and 

other fields.  In addition, the shear viscosity of a solvent is often regarded as a measure of the 

rates of dynamic processes of solutes dissolved in the solvent.  It is therefore an important and 

interesting issue to understand the shear viscosity of liquids in terms of microscopic structure and 

intermolecular interaction. 

We recently developed a theoretical formalism to extract the liquid structure and dynamics 

responsible for shear viscosity by evaluating the cross correlation function between the shear 

stress and the two-body density.
2

  The formalism was applied to liquid methanol, and 

demonstrated the roles of the prepeak structure in viscoelastic relaxation.  In this work, the same 

formalism was applied to liquid water to clarify the structural origin of its shear viscosity. 

Liquid water is a popular solvent that is abundant on earth.  There is no doubt of the crucial 

roles of water in biological processes.
3
  Its microscopic structure is characterized by the three-

dimensional hydrogen-bonding network structure, and this peculiar structure is considered to 

affect various macroscopic properties of liquid water.
4
  It is well known that the shear viscosity 

of water shows characteristic dependence on both temperature and pressure, and its microscopic 

mechanism has long been studied intensively with various methods.
5,6,7

  Although the target of 

our present study is limited to water at the ambient condition, we believe it can be a first step to 

understand the anomalous behaviors of shear viscosity under various conditions. 
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2. Theoretical Formulation 

 

According to the Kubo-Green formula, the steady-state shear viscosity of liquid, denoted as η0, 

is described in terms of the time correlation function of the anisotropic part of the stress tensor, 

P
(s)

, as
8,9 

�� = �
���

� 	
〈�
�����0��
�����
�〉
�
� ,    (1) 

where kB and T stand for the Boltzmann constant and the absolute temperature, respectively.  

Equation (1) states that the steady-state shear viscosity is determined by the dynamics of the 

stress tensor. 

In order to examine the coupling between the dynamics of the stress tensor and the liquid 

structure, the cross correlation function between the shear stress and the two-body density at 

different times is defined as
2
 

��,����� �|�|, 
� ≡ ��
� �!

〈"��������, 
��
����〉.   (2) 

Here, the two-body density is defined as 

��������� ≡ �#�∗ ����#����,     (3) 

"��������� ≡ ��������� − 〈���������〉,    (4) 

where �#���� denotes the density field of the site α at the wavevector q in the reciprocal space.  

The interaction-site description of the dynamics of molecular liquids is employed here, where the 

reorientational motion is described as the coupled diffusion of different sites.
10

  The interaction 

site refers to a real or united atom, and a water molecule is composed of one oxygen and two 

hydrogen sites, namely, O, H and H’.  The trivial orientational dependence is factored out in the 
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 5

definition of eq. (2) to define ρ
(2)
η,αγ(q,t) as a scalar function.  According to the linear response 

theory, ρ
(2)
η,αγ(q,t)/kBT is interpreted as the response of the two-body density to the shear 

deformation.  The pure shear deformation is described as the superposition between the uniaxial 

compression and the uniaxial expansion.  The structural responses along the compression and the 

expansion axes have the same amplitude and the opposite sign, and ρ
(2)
η,αγ(q,t) possesses the 

same sign as the change in the two-body density along the compression axis. 

When the liquid is composed of monoatomic molecules, the initial value of ρ
(2)
η,αγ(q,t) is given 

by 

��,����� �&, 0� = −'()& *
*� +���&�,    (5) 

where the partial static structure factor χαγ(q) is defined as 

+���|�|� = ,
� 〈���

������〉.     (6) 

Here, the volume of the system is denoted as V.  Equation (5) indicates that the structure factor is 

compressed in a uniform way along the compression axis just after the instantaneous shear 

deformation. 

The factorization approximation employed in the mode-coupling theory (MCT) gives an 

approximate expression for ρ
(2)
η,αγ(q,t) as 

��,����� �&, 
� ≅ −'()& /0�&, 
� ∙ 23
���
2� ∙ 0�&, 
�4

��
,  (7) 

where bold symbols mean matrices whose indices refer to the interaction site, and the dot stands 

for the product of two matrices.  The functions Fαγ(q,t) and cαγ(q) denote the partial intermediate 

scattering function and the site-site direct correlation function,
11

 respectively.  Equation 7 relates 

the dynamic stress-structure coupling to the structural dynamics represented by the intermediate 

scattering function. 
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 6

The coupling between the two-body density and the shear stress can also be defined in real 

space as 

��,����5��|6|, 
� ≡ 5�
5 5!

〈"�����5��6, 
��
����〉,   (8) 

where the two-body density in the real space is given by  

�����5��6� ≡ � 	78���8����8 + 6�,    (9) 

"�����5��6� ≡ �����5��6� − 〈�����5��6�〉.    (10) 

The density field of the site α in the real space is denoted as ρα(r) here.  The average of ρ
(2r)

αγ(r) 

is related to the radial distribution function, gαγ(r), as 

,
� 〈���

��5��6�〉 = ����:;���|6|� − 1= + ��"��"�6�,  (11) 

where ρα stands for the number density of the site α.  Since the two-body densities in the real 

and the reciprocal spaces, eqs. (3) and (9), are related to each other through the Fourier 

transformation, the similar relation also holds between ρ
(2)
η,αγ(q,t) and ρ

(2r)
η,αγ(r,t). 

In the case of monoatomic liquids, the real space counterpart of eq. (4) is given by 

��,����5��>, 0� = ����'()> *
*5 ;���>�,    (12) 

which also describes the uniform compression along the compression axis. 

 

 

3. Computational Methods 

 

Molecular dynamics (MD) simulation runs were performed on TIP4P/2005 model of water
12

 at 

300 K and 1 bar under NPT ensemble.  We employed the TIP4P/2005 model because it has been 

shown to reproduce the shear viscosity of liquid water well.  The Nosé-Hoover thermostat and 
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 7

the Parrinello-Rahman barostat were used to control the temperature and the pressure of the 

system, respectively.
13

  The cubic cell was filled with 1728 water molecules, and the periodic 

boundary condition was applied.  The length of the equilibration run was 100 ps, which was 

followed by the production run of 100 ns length.  The simulation was performed using 

GROMACS 5.1.2 package.
14

  The equation of motion was integrated using the Verlet algorithm 

with the time step of 1 fs.  The bond lengths and the bond angle of water were fixed with the 

SETTLE algorithm.
15

  The long-range part of the Coulombic interaction was evaluated by means 

of the Particle-Mesh-Ewald method with the Fourier spacing of 0.12 nm.  The short-range parts 

of the intermolecular interactions were cut off at 1.1 nm.  The stress tensor was calculated at 

every 2 step and recorded at every 100 step.  The coordinates of all the atoms were recorded at 

every 1000 step.   A short run of the recording interval of 10 steps, whose total length was 10 ns, 

was performed to evaluate the short-time parts of the correlation functions.  All the five 

components of the shear stress tensor were used for the correlation functions eqs. (1), (2), and (8) 

based on the orientational symmetry of the system. 

 

 

4. Results and Discussion 
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Figure 1.  Site-site correlation functions describing the equilibrium structure of water are 

plotted.  Panels (a) and (b) show the partial static structure factors and the site-site radial 

distribution functions, respectively.  The O-O, O-H, and H-H components are shown with the 

red, blue, and green curves, respectively.  The correlation between “different” H atoms are also 

shown with the black curve in panel (a). 

Figure 1 shows the equilibrium structure of liquid water as a reference for the later analysis.  A 

characteristic of the static structure factor of liquid water is the double-peak structure of χOO(q) 

with the peaks at 20 nm
-1

 and 30 nm
-1

, respectively, which has been confirmed experimentally by 

X-ray scattering.
16

  The hydrogen-bonding structure is evident in the site-site radial distribution 
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 9

functions.  The peaks of gOH(r) at 0.19 nm and gOO(r) at 0.28 nm originate from the pair of water 

molecules interacting directly through a hydrogen bond.  In addition, the second peak of gOO(r) 

at 0.45 nm represents the tetrahedral hydrogen-bonding network structure characteristic to water. 

 

 

Figure 2.  The autocorrelation function of the shear stress, G(t), is shown.  The short-time part is 

enlarged in panel (a), while the running integral is plotted in panel (b). 

Figure 2 shows the time correlation function of the shear stress, G(t), defined as 

G�
� = �
���

〈�
�����0��
�����
�〉.    (13) 

The time integration of G(t) gives η0 according to eq. (1).  The fast oscillation within several 

hundreds of fs is followed by a slow tail in G(t).  The tail decays within 5 ps, and the value of η0 

is evaluated to be 0.82 mPa s.  This value is close to the experimental one (0.89 mPa s at 298 K), 
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 10

and it lies within the values reported by MD simulations using the same water model.
7,17,18,19,20

  

The relaxation time of the slow tail was estimated to be 0.7 ps by fitting G(t) at t > 0.5 ps to an 

exponential function.  The relaxation time is close to the value determined from the depolarized 

Raman spectrum.
21,22

  The slow tail dominates the steady-state shear viscosity according to Fig. 

2(b), which means that resolving the microscopic origin of the slow tail is essential to understand 

the shear viscosity of water at the molecular level. 

 

Figure 3.  The cross correlation functions between the shear stress and the two-body density, 

ρ
(2)
η,αγ(q,t), are plotted as the functions of wavenumber, q.  The O-O, O-H, and H-H components 

are shown with the red, blue, and green symbols, respectively, and the H-H’ components are 
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 11

with the black ones, where H-H’ stands for the pair of different H-atoms.  The correlation 

functions at t = 0 and 0.1 ps are shown in panels (a) and (b), respectively, and the profiles 

integrated over 0 < t < 5 ps are in panel (c).  

The cross correlation functions between the shear stress and the two-body density, ρ
(2)
η,αγ(q,t), 

are plotted in Fig. 3.  The initial profiles in Fig. 3(a) resemble those predicted from the derivative 

of the static structure factor, χαγ(q), for the uniform compression, eq. (5).  The two-body density 

experiences the large structural rearrangement within 100 fs, as is shown in Fig. 3(b).  The 

rearrangement is especially large for the O-O component. 

The time-integrated profiles are shown in Fig. 3(c).  The integration was truncated at t = 5 ps, 

because the integration of G(t) converges within 5 ps as is exhibited in Fig. 2(b).  The profiles in 

Fig. 3(c) corresponds to the change in the partial structure factor under steady-state shear flow.  

Comparing Figs. 3(b) and 3(c), it should be noticed that the profiles at t = 100 fs resemble the 

integrated ones.  It means that the structural rearrangement does not occur in the slow tail region 

of G(t) (Fig. 2(a)), and that the profiles in this time region dominate the integrated profiles. 

The positive peak of ρ
(2)
η,OO(q,t) at q = 21 nm

-1
 in Fig. 3(c) corresponds to the low-q peak of 

χOO(q), while the negative peak at q = 28 nm
-1

 does to the high-q peak.  Under the steady-state 

shear flow, therefore, the low-q peak of the O-O component of the structure factor grows along 

the compression axis, whereas the high-q peak declines.  This structural response to the shear 

flow actually resembles the change in the structure factor under the hydrostatic isotropic 

compression.  The X-ray structure factor of liquid water, which mainly reflects χOO(q), has been 

determined experimentally as the function of hydrostatic pressure.
16

  The low-q peak is reported 

to grow with pressure, while the high-q peak diminishes.  Therefore, the uniaxial compression of 
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 12

the shear deformation induces the similar change in the microscopic structure of liquid water to 

the isotropic hydrostatic pressure. 

 

Figure 4.  The time profiles of ρ
(2)
η,αγ(q,t) are plotted.  The value of q is 21 nm

-1
 in panel (a). The 

O-O, O-H, and H-H components are shown with the red, blue, and green symbols, respectively, 

and the H-H’ components are with the black ones, where H-H’ stands for the pair of different 

H-atoms.  In panel (b), ρ
(2)
η,OO(q = 21.0 nm

-1
,t) (red circles) and -ρ

(2)
η,OO(q = 28.5 nm

-1
,t) (blue 

squares) are compared with G(t) (green dotted curve), F
2

OO(q = 20.2 nm
-1

,t) (red solid curve), 

and F
2

OO(q = 28.6 nm
-1

,t) (blue solid curve). 

The dynamics of ρ
(2)
η,αγ(q,t) at the two peaks is shown in Fig. 4.  The time profiles of the four 

components of ρ
(2)
η,αγ(q,t) at the positive peak, q = 21.0 nm

-1
, are compared with each other in 

Fig. 4(a).  The short-time non-monotonic dynamics reflects the fast structural rearrangement as is 

observed between Figs. 3(a) and 3(b).  The decays of these four components are close to each 

other, which indicates that the slow structural relaxation after the shear deformation is 
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independent of the atomic components.  The dynamics of ρ
(2)
η,OO(q,t) at the positive and negative 

peaks are compared in Fig. 4(b).  The relaxation dynamics is independent also of the 

wavenumber q. 

The relaxation dynamics of ρ
(2)
η,αγ(q,t) is also compared with other correlation functions.  

First, the relaxation of the tail of G(t) is as slow as those of ρ
(2)
η,OO(q,t) at the two peaks, which 

means that the slowest mode of the viscoelastic relaxation of water reflects the structural 

relaxation of these two modes. 

According to the MCT-like approximation, eq. (7), the relaxation dynamics of ρ
(2)
η,αγ(q,t) is 

described by the square of the intermediate scattering function at the same wavenumber, Fαγ(q,t).  

In order to test the approximation, F
2

OO(q,t) at the two peaks are compared with ρ
(2)
η,OO(q,t) at 

the corresponding wavenumber in Fig. 4(b).  F
2

OO(q,t) at the low-q peak describes the slow 

relaxation of ρ
(2)
η,αγ(q,t) fairly well, whereas F

2
OO(q,t) at the high-q peak relaxes faster.  

Therefore, the MCT-like approximation works at the low-q peak, while it fails at the high-q 

peak.  The slowest mode of the shear relaxation reflects the relaxation of the intermediate 

scattering function at the low-q peak. 
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Figure 5.  The cross correlation functions ρ
(2r)

η,αγ(r,t) are plotted as the functions of r.  The O-O, 

O-H, and H-H components are drawn with the red, blue, and green curves, respectively.  The 

initial responses, t = 0, are shown in panel (a), while the functions are integrated over 0 < t < 5 

ps in panel (b). 

The real-space version of the cross-correlation function, ρ
(2r)

η,αγ(r,t), is shown in Fig. 5 to 

obtain more intuitive picture of the structural relaxation.  The initial response in Fig. 5(a) is 

essentially explained as the uniform compression described by eq. (12).  The profile 

demonstrates large rearrangement at t < 100 fs, although the result is not exhibited for brevity.  

The profile at t = 100 fs resembles the integrated one shown in Fig. 5(b), as is the case of 

ρ
(2)
η,αγ(q,t) in Fig. 3. 

The O-O and O-H components of the time-integrated profiles in Fig. 5(b) show strongly 

negative peaks at the corresponding positions of the first peaks of the radial distribution 

functions in Fig. 1(b), respectively.  The first peaks of gOO(r) at 0.28 nm and gOH(r) at 0.19 nm 
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originate in the pair of water molecules of direct hydrogen bond, and the negative peaks of 

ρ
(2r)

η,αγ(r,t) indicate that the direct hydrogen bond decreases along the compression axis of the 

shear deformation.  In addition to the decrease in the direct hydrogen bond, the O-O component 

in Fig. 5(b) is negative at the position of the second peak of gOO(r), 0.45 nm, which means that 

the tetrahedral network structure is also destroyed along the compression axis.  On the other 

hand, the O-O component shows a positive response at the first minimum of gOO(r), 0.35 nm, 

suggesting the increase in the interstitial water.  In summary, the real-space profile of the time-

integrated cross-correlation functions in Fig. 5(b) indicates that the hydrogen-bonding network 

structure of water is weakened along the compression axis, while it is strengthened along the 

expansion axis.  The dynamics of this anisotropic fluctuation of the hydrogen-bonding network 

structure is coupled with the shear stress, which gives the slowest mode of the viscoelastic 

relaxation of water. 

It should be noted here that our present MD simulation is limited to the ambient temperature.  

On the other hand, Kawasaki and Kim performed extensive MD simulation of supercooled 

water, and demonstrated that the temperature dependence of the relaxation time of hydrogen-

bonding structure is decoupled from that of the shear relaxation time.
7
  Our theoretical formalism 

can in principle detect the decoupling predicted by Kawasaki and Kim based on the temperature 

dependence of the relaxation times, and its application to supercooled water will be an 

interesting extension of the present work. 
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Figure 6.  The short-time parts of the cross correlation functions ρ
(2r)

η,OO(r,t) are plotted as the 

functions of r.  The values of the time, t, are exhibited at the right side, and the curves of 

different values of t are shifted from each other for visibility. 

The short-time dynamics of ρ
(2r)

η,OO(r,t) is shown in Fig. 6 in order to analyze the origin of the 

fast oscillation of G(t) exhibited in Fig. 2(a).  Provided that the dynamics is limited almost to the 

first-peak region of gOO(r), this region is enlarged in Fig. 6. 

At the initial time, t = 0, a negative peak is observed at r = 0.27 nm, the small-r side of the first 

peak of gOO(r), whereas the positive peak is at r = 0.29 nm, the large-r side.  The first peak of 

gOO(r) thus shifts to smaller r along the compression axis at t = 0.  The amplitudes of the both 
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peaks decrease with time, and the profile is inverted at t = 60 fs, where G(t) shows the first 

minimum in Fig. 2(a).  The inverted profile means that the peak of gOO(r) shifts to larger-r.  The 

amplitude of the inverted profile decreases again after 60 fs, and G(t) increases in Fig. 2(a).  The 

fast dynamics shown in Fig. 6 thus describes the oscillation of the O-O distance within the first 

solvation shell, and the fast oscillation of G(t) in Fig. 2(a) is assigned to the O-O stretching mode.  

Although the fast oscillation of G(t) may also be explained in terms of the coupling with the 

collective phonon modes,
23

 we consider it is better interpreted as the binary O-O stretching mode 

because the oscillatory response is limited to the first solvation shell. 

It is to be noted here that fast oscillations are often observed in memory functions for the 

translational diffusion of a solute in solution.  We have applied similar analyses for the 

translational diffusion, and found that the fast oscillation is ascribed to the solute-solvent 

stretching mode.
24,25

  Given that liquid-state theories have historically been developed on hard-

sphere fluids, various memory functions are often understood as the sum of the binary collision 

and slow relaxation.  However, there may be some cases where the fast dynamics is better 

regarded as the oscillation rather than the collision, particularly when the intermolecular 

attractive interaction is strong. 

The picture on the shear viscosity of liquid water obtained in this work is that it is the 

anisotropic formation-destruction dynamics of the hydrogen-bonding structure that governs the 

slow viscoelastic relaxation.  Here, we would like to comment on the relation between our 

present results and the Hall theory on the ultrasonic absorption of liquid water.
26

  Hall proposed 

that the bulk viscosity (volume viscosity) of water is assigned to the dynamic equilibrium 

between the two states, namely, the structured and less-structured ones.  The bulk viscosity of 

liquids is given by the time correlation function of the isotropic part of the stress tensor 
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according to the Kubo-Green theory.  The Hall theory thus implies that the isotropic part of the 

stress tensor is coupled to the formation-destruction dynamics of the hydrogen-bonding structure.  

Since the anisotropic part of the stress tensor is coupled to the anisotropy of the hydrogen-

bonding structure, there is an enough reason to expect that the isotropic part is coupled to the 

isotropic hydrogen-bonding structure.  Therefore, our theory may recover the Hall picture of the 

ultrasonic absorption of water when it is applied to the bulk viscosity, although whether the 

formation-destruction dynamics of the hydrogen-bonding structure is the two-state equilibrium is 

a different problem. 

The coupling between the hydrogen-bonding structure and the fast heat transfer is another 

interesting issue.  Merabia and coworkers proposed that the fast heat transfer at the interface 

between metal and water occurs through the viscoelastic mode of water.
27

  Given that the present 

work revealed that the viscoelastic relaxation of liquid water is coupled to the hydrogen-bonding 

structure, the mechanism proposed by them means the fast heat transfer through the hydrogen-

bonding network. 

 

 

5. Summary 

 

The cross correlation function between the shear stress and the two-body density of liquid 

water was evaluated to clarify the structural origin of shear viscosity.  The response of the two-

body density to the shear deformation resembles that to the hydrostatic isotropic compression, 

and it is regarded as the destruction of the hydrogen-bonding structure along the compression 

axis.  Therefore, the shear viscosity of liquid water is ascribed to the anisotropic formation-
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destruction dynamics of the hydrogen-bonding structure.  The decay rate of the cross-correlation 

function is approximated fairly well by the square of the intermediate scattering function at the 

low-q peak of the static structure factor, as is predicted by MCT.  The fast oscillatory part of the 

time-correlation function of the shear stress is assigned to the O-O stretching mode. 
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