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Abstract—This paper proposes a demodulation method using a
one-bit comparator for signals processed by multilevel pulse amplitude modulation (PAM). The proposed method is simple and
provides an alternative to using an analog-to-digital converter to
describe multilevel input signals. Because of the noise present in
the transmitted multilevel PAM signal, the two-level output of the
one-bit comparator shows diﬀerent statistical behavior for each
level of the signal. Thus, it is possible to detect the signal level, or
perform symbol decision, based on the maximum likelihood (ML)
criterion. The present theoretical analysis reveals that reliable
demodulation is possible even with a one-bit comparator if the
probability mass function of the two-level outputs of each received
symbol plus intentionally added noise is known.
Index Terms—Stochastic resonance, nonlinear, noise, multilevel
PAM, demodulation, symbol decision, one-bit comparator

I. Introduction

I

N current communication systems, multilevel amplitude
signals are widely used to carry information. Pulse amplitude modulation (PAM) is one method of generating such
signals, and an analog-to-digital (A/D) converter is commonly
used to digitally receive and demodulate these signals. Two
requirements are often considered: a high resolution to describe the amplitude and a high sampling rate to reveal highfrequency signals. One noteworthy converter, the ∆Σ A/D
converter [1]–[3], outputs a high-resolution signal with a twolevel amplitude. Employing a simple one-bit comparator would
aid in the realization of a high sampling rate. However, a
complicated feedback structure is needed to achieve this.
This work introduces an alternative method: the sampling and
demodulation of the multilevel signal using only a simple onebit comparator with the help of noise.
The potentially constructive role of noise has been widely
discussed in the context of nonlinear physics. One impressive
example is the phenomenon of Stochastic resonance (SR) [4],
[5]. A typical benefit of SR is that subthreshold signals are
detected by adding noise. This curious but interesting eﬀect
has been reported in various fields including neural systems
[5]–[7], nonlinear electronic devices [8]–[10], signal detection
and error correction algorithms [11], [12], information theory
[13]–[15], and communication systems [16]–[18]. Regarding
A/D converters, Tapang et al. have shown that the dynamic
range is enhanced by adding noise [8]. In image sensors,
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a similar eﬀect for suprathreshold signals has been reported
[9]. To demodulate multilevel amplitude signals using a onebit comparator, a diﬀerent eﬀect should be explored: the
linearization of nonlinear devices by adding noise. The device
is required to respond linearly to the multilevel input signal.
This point has been analytically predicted in a theoretical
model of dynamical systems [19] and is herein extended to
practical systems using a nondynamic (static) A/D converter
for communication systems.
This paper presents a noise-aided demodulation method using a one-bit comparator. In this study, through the exploitation
of the noise contained in input multilevel PAM signals, the
eﬀect of SR is obtained; because of the noise, the output of the
comparator behaves stochastically, and the sum of the output
thus describes the amplitude of the transmitted multilevel
symbols. In [20], such concept using the sum has been briefly
evaluated; in this paper, to realize the noise-induced linearizion
in the communication systems, a demodulation method based
on the decision statistic of the sum is analytically derived.
Maximum likelihood (ML) detection is focused, and the
proposed method is evaluated in terms of the transmission
error. With the suﬃcient large number of the output samples,
numerical examples demonstrates that the proposed method
gives the small error rate in a certain noise intensity.
This paper is organized as follows. First, the focused system
is presented in Sec. II. In the next section, the proposed
concept of the noise-enhanced demodulation is provided. In
Sec. IV, the eﬀectiveness of the proposed method is demonstrated through the numerical examples of the symbol error
rate (SER). The conclusions are given in Sec. V.
II. System model
In the proposed receiver, the multilevel PAM signal is
detected using a one-bit comparator. The structure of the
proposed demodulator is presented in Fig. 1. The output of
the comparator, yi j , takes only two levels, indicating that
the output does not fully describe the multilevel transmitted
symbol. However, the sum of the output, yi , contains the
information of the transmitted symbol. The sum is used as the
decision statistic, and the transmitted symbol is demodulated
using the ML detection method.
The simple case of four-level PAM (4-PAM) is focused in
Fig. 1. The transmitted symbol di can take one of four values,
namely, di ∈ {−3A, −A, +A, +3A}. The subscript i represents
∑
the symbol number. The transmitted signal is s(t) = i di g(t −
iT s ), where g(t) is a rectangular pulse with a duration of T s
and a unit amplitude.
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Fig. 1: System diagram for the proposed ML demodulator. Though the comparator output describes only two levels, the
proposed ML detection method with the statistic yi enables to demodulate the multilevel transmitted symbol.
In the receiver, the signal contaminated by channel noise n(t)
is sampled and detected by a one-bit comparator. Because the
sampling rate was set to 1/T w = N/T s , the resulting samples
of the signal are xi j = [s(t) + n(t)]δ[t − (iT s + jT w )] = di + ni j ,
where δ(·) is the Kronecker delta function, N is the number
of samples per symbol, and 1 ≤ j ≤ N − 1. Owing to
the noise term ni j , the output of the comparator yi j behaves
stochastically. The in–out characteristic of a comparator is
often considered as
{
+V xi j > ζ
yi j =
(1)
−V xi j ≤ ζ
for a given threshold ζ. With a large value of ni j , whether a
sample exceeds the threshold is determined by the stochastic
term ni j rather than di . The output yi j = +V for a given transmitted symbol di is observed with the following probability:
∫ +∞
P[yi j = +V|di ] =
p(ni j ) dni j ≡ P+|di .
(2)
ζ−di

Note that the noise n(t) is assumed to be white noise and has
a probability density function of p(n). For the other case of
yi j = −V, P−|di ≡ P[yi j = −V|di ] = 1 − P+|di . This stochastic
output is used in the demodulation of the four-level transmitted
symbol, which will be described in the next section.
III. Proposed noise-aided ML detection
for multilevel PAM signals
This section presents the proposed demodulator. The multilevel PAM symbol is estimated from the sum of the N samples
of the comparator output,
yi =

N
∑

yi j .

(3)

j=1

Careful observation reveals that the sum yi contains the information of the transmitted multilevel symbols. The sum is
used as the decision statistic in the proposed demodulator, and
the transmitted symbol is estimated based on ML detection. In
Sec. III-A, the concept, and the proposed ML detection method
are described, and the estimation of the multilevel symbols, is
then presented in Sec. III-B.
A. Visual understanding of the proposed method
To demonstrate the concept of the proposed method, examples of the key variables, the input samples xi j and the output

samples yi j , are shown in Fig. 2. The considered noise levels
are defined with respect to the average energy per symbol,
given by E s ≡ E[di2 ]T s = E[di2 ]NT w , and the channel noise
n(t) is white Gaussian noise with a variance of N0 /2. The
values of the parameters are V = 1.0, T w = 1, A = 1.0,
N = 64, and (d1 , d2 , d3 , d4 ) = (3.0, 1.0, −1.0, −3.0). The
original transmitted symbols were distinguishable in the lownoise case, E s /N0 = 40 dB. However, as shown in Fig. 2(a), the
amplitude information was lost once the signal passed through
the comparator in this case.
In the case of E s /N0 = 20 dB, the input signal and the
resulting output sample showed clear stochastic behavior. The
interesting point is that even with only a two-level output, the
four amplitudes of the transmitted symbol could be extracted
by considering the voltage switching of the output. For example, an input signal with d1 = 3.0 takes a large amplitude,
meaning that the switching of the output signal rarely occurs
and many output samples remain at the high voltage +V. To
count the number of such samples, the summation term given
in (3) is introduced as the decision statistic in this paper. The
value of the decision statistic for each transmitted symbol is
given in Fig. 2(b). Changing the symbol from 3.0 to −3.0
reduces the value. Analytically, the probability with which the
output sample takes the high voltage is given by P+|di (2).
A large symbol amplitude widens the range of the integral,
causing the probability, i.e., the number of output samples
with +V, to increase. Therefore, the transmitted symbol can
be obtained from the number of such samples.
When the noise has a large amplitude relative to the average
energy per symbol, neither the input signal nor the resulting
output sample describes the transmitted symbol. Then, the
voltage switching under a large noise amplitude is determined
by the noise rather than the transmitted symbol. This problem
is well known in the context of SR; the response in SR systems
is optimized at a certain noise intensity. As will be shown in
Fig. 3, a method of adjusting the noise intensity should be
considered to obtain suﬃciently low symbol decision errors.
B. ML detection for noisy output samples
In the receiver, the most likely symbol is estimated based
on the decision statistic yi . This is achieved by selecting the
symbol d̂i that maximizes the likelihood function, i.e.,
[
]
d̂i = arg max P[yi |di ] .
(4)
di
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Fig. 2: Examples of the key variables in the proposed ML detection method. With the suﬃciently strong noise such as
E s /N0 = 20 dB, the information of the multilevel amplitude is found in the statistic yi . The proposed ML detection method
exploits this behavior to demodulate the multilevel symbols.

The expression given in (6) is diﬃcult to compute because
when N is large, the calculations of both the binomial coefficient and the exponential terms require a large amount of
computational time. Thus, a simplified form is introduced;
first, because the binomial coeﬃcient does not depend on
di , it is removed from (6). The log-likelihood of (5) without
N−k
the coeﬃcient, log(Pk+|di P−|d
) = 12 (yi + N) log P+|di − 12 (yi −
i
N) log(1 − P+|di ) yields the simple form,
[
]
d̂i = arg max (yi + N) log P+|di − (yi − N) log(1 − P+|di ) . (7)
di

For a given decision statistic yi , the log-likelihoods of all
possible symbols are calculated using the equation given in
(7), and the most likely symbol d̂i , which gives the maximum
log-likelihood, is selected.
As mentioned above, the variable P±|di is the key variable
for the correct demodulation. Equation (2) shows that this
parameter strongly depends on the noise level. To adjust the
level, a method using the training sequence should be eﬀective
in the proposed framework. For the training sequence known
in the receiver, the noise level can be adjusted in order to
minimize the demodulation error.
IV. Numerical examples
In this section, the eﬀectiveness of the proposed method
is demonstrated through numerical examples. The proposed
method is evaluated in terms of the Symbol Error Rate (SER),
which is defined as the ratio of the number of erroneously
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From (1) and (2), the comparator output yi j has a binomial
distribution: P[yi j = +V] = P+|di and P[yi j = −V] = P−|di . The
sum yi of the output samples is then binomially distributed for
a given di . When k samples are +V and the remaining N − k
samples are −V, yi = (2k − N)V with the probability,
( )
N k
P[yi = (2k − N)V|di ] =
P PN−k ,
(5)
k +|di −|di
( )
for k = 0, 1, 2, · · · , N. Note that Nk is the binomial coeﬃcient.
Substituting (5) into (4), the most likely symbol d̂i is estimated
as
[( )
]
N k
N−k
d̂i = arg max
P P
.
(6)
k +|di −|di
di
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Fig. 3: SER performance of the proposed noise-aided demodulation of a 4-PAM signal plotted against E s /N0 . The SER
performance was improved in a certain range of E s /N0 .

demodulated symbols to the total number of transmitted symbols. The number of transmitted symbols in the numerical
simulation was 106 , and each symbol was randomly selected
from four candidates. The threshold of the comparator was
set to be ζ = 0, and the number of samples per symbol
was set to N ∈ {16, 64, 256}. The key probability P+|di was
simply calculated from the probability density function of
the Gaussian distribution. Note that P+|di depends on the
noise distribution and varies in time. Therefore, in practical
implementation, this parameter is required to be estimated in
some way, e.g. estimation by a training sequence.
The results of the simulation is provided in Fig. 3. For
comparison, the theoretical performance of the demodulation
for 4-PAM signals is also plotted in Fig. 3 as “Theory (linear)’;
with suﬃciently strong noise, the performance of the proposed
method is close to the theoretical one. In a certain range of
E s /N0 values, the performance monotonically improved with
decreasing E s /N0 . These points indicate that the addition of
noise enables the demodulation of the 4-PAM symbols using
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the proposed method with a simple one-bit comparator.
However, if the noise is weak, as in the case with E s /N0 =
40 dB, the demodulation performance is degraded. This point
is justified in Fig. 2; in this case, the comparator output is
no longer stochastic, and no information about the transmitted
symbols can be found in the sum of the output. This situation
has been widely discussed in the phenomenon of SR: the
response of noise-enhanced systems is optimized at a certain
noise level and does not continue to increase with further
increases in the noise level. In the considered system, the
source of the noise is the channel, which means that the noise
level is not controllable. To adjust the level, an additional noise
source may be installed in the case of weak noise. Employing
a “without tuning” [6] method is also an option.
The dependence of the SER on the number N of samples
is also shown in Fig. 3. Increasing the number yields a better
SER performance. This is explained by the decision rule (7).
The likelihood of obtaining an output equal to yi j = +V given
a symbol value of di is represented by the term log P+|di , and
that of obtaining yi j = −V is represented by 1 − log P+|di . The
diﬀerence between these likelihoods is an important factor in
achieving the correct demodulation because the diﬀerence is
the margin for reaching the wrong decision because of the
noise. The diﬀerence is roughly proportional to 2N. Therefore,
the SER performance improves linearly with N.
V. Conclusion
This paper proposed a demodulation method for multilevel
PAM signals using a one-bit comparator. First, the system
model of the proposed method was presented. The proposed
method can be realized with a simple device setup composed
of a one-bit comparator and a noise source. Because it uses
noise-aided demodulation, the proposed method does not need
a complicated feedback system, unlike the ∆Σ A/D converter.
Furthermore, a symbol decision algorithm was developed
based on ML decision making. Numerical examples were
presented to demonstrate the utility of the method in a certain
SNR range. The SNR range can be extended by increasing
the number of samples persymbol. The proposed method
is expected to contribute to the design and development of
communication systems.
In this paper, 4-PAM was focused. The proposed method
should be eﬀective for multilevel PAM modulation more
than 4-PAM. Even in this case, one-bit comparator can be
employed. For the correct estimation, the reliable statistic of
P±|di should be provided. Since the variable P±|di depends on
the noise level, the level should be tuned to minimize the error
in the demodulation. This point will be investigated in a future
work.
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