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We have examined whether a non-renormalizable field theory can have a non-trivial fixed point.
As a simple example, SU(2) pure Yang-Mills theory in five dimensions is considered with a’ lattice
regularization. Taking into account both fundamental and adjoint representations, we search for a
non-trivial second-order phase transition by Monte Carlo techniques. Along the phase boundary for
deconfining phase transition, energy discontinuities of hysteresis curves tend to diminish as the
coupling constant for adjoint representation decreases to large negative values. However, in order
to determine the order of phase transition for such values of coupling constants, more elaborate work
will be necessary. '

§1. Introduction

Renormalizability and gauge invariance of field theories have played a major role
as guiding principles in model building. Their importance is most clearly demon-
strated by the remarkable success of the standard model of elementary particles.
The definition of renormalizability, however, is based merely on perturbation theory,

and we should not necessarily assume that a non-renormalizable theory is not funda-.

mental. -While non-renormalizability of a theory implies that we have an ill-defined
perturbation theory around the Gaussian fixed point, we may still have a non-trivial
fixed point in the coupling constant space where we can take a sound continuum limit.
The theory is then well-defined around this fixed point. This observation is impor-
tant since four-dimensional quantum gravity is non-renormalizable.

A well-known example of a non-renormalizable field theory which has a non-
trivial fixed point is the three-dimensional non-linear (NL) o-model. This theory is
renormalizable and asymptotically free in two dimensions. Considering an € expan-
sion of the theory near two dimensions, one can deduce that there exists a non-trivial

fixed point in greater than two dimensions. We can understand why the three-.

dimensional NL ¢-model has a non-trivial fixed point, since the NL ¢-model belongs
to the same universality class as the ¢* model in dimensions 2< d <4 and the ¢* theory
is (super-)renormalizable for d <4. We can therefore take € even close to 2 as far as
the qualitative features of the theory are concerned.

The case for gravity is similar to the above example in the sense that two-
dimensional gravity is renormalizable and asymptotically free. Recently, the e-
expansion of the theory has been extensively studied.” In the limit e=2, the exis-
tence of a non-trivial fixed point is yet to be established. More comprehensive
numerical searches are needed.”

*) Present address: Newman Laboratory, Cornell University, Ithaca, NY 14853, U.S.A.
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A simpler case may be the Yang-Mills theory. This theory in four dimensions is
renormalizable and asymptotically free. An e-expansion of the theory around d=4
was studied some time ago® and the existence of a non-trivial fixed point has been
inferred for d >4. In the present work we study an SU(2) pure Yang-Mills theory in
five dimensions on the lattice. Using Monte Carlo techniques, we search for a
non-trivial fixed point as a second-order phase transition point.

The paper is organized as follows. In § 2 we present the results of our Monte
Carlo simulation for =5 SU(2) Yang-Mills theory with the fundamental representa-
tion. In § 3 we take into account both fundamental and adjoint representations, and
present a detailed analysis of the deconfining phase transition. A discussion is given
in § 4.

§2. SU(©2) Yang-Mills theory in five
dimensions with fundamental representation

An SU(N) pure Yang-Mills theory in four di.mensions is renormalizable and
asymptotically free. This theory is non-renormalizable in d >4, but the e-expansion
in d=4+ ¢ gives the following A function:

B(g)Z%J— iénNz g+, : , (2-1)

which, in turn, suggests the existence of a non-trivial fixed point at

o 2. 247
§=9=TI(N¢"

(2-2)

As is illustrated in Fig. 1, the theory in d =4+ ¢ is in confining phase for g >g¢. and in
deconfining phase for g<gc. If € is sufficiently small, the phase transition is expected
to be of second order, and we have a well-defined theory at g=g¢g.. This idea was
pursued by Peskin and the critical exponents were calculated within the framework
of the e-expansion. The question is

then whether a well-defined Yang-Mills

B (9) ' theory is indeed realized in five or higher

A dimensions. In the present work we

d=4 t¢& have performed Monte Carlo simula-
tions on the lattice and searched for a

tion in SU(2) pure Yang-Mills theory in
g cont d=5 (ie., e=1). '
c .

The action is given by
g -
econt. S_%:BFSD , (2-3)

SDF=1—%Tr Us . (2-4)

Fig. 1. The 8 function for SU(N) YangMinis  Wwoere Ur is an 0rdered, product of the
theory in d=4+e. four group elements in fundamental

second-order deconfining phase transi-

810z Jeqwade 9z uo Jasn Aysieaiun ehkobeN Aq 0£0¥2Z8L/L¥E/2/88A0BNSqe-8jo1e/d)d/woo dno ojwepese)/:sdiy Wolj papeojumod



On Existence of Non-Renormalizable Field Theory - 343

0,85 [T T
0.6 - =1

0.55

<SF>

0.45f- Tres

0.4 | 3

0.35""""""""""l""|""-
1575 1.8 16825 1685 1675 1.7

Br
(a)

0.65 [rrrr e
0.6 |- ' .

0.55[-

F
<S55 >

0.5 - . .
(WIS e, 1

0.4

LEL i L

Y| FETUE TS SIS N I P
1576 1.6 1825 185 1.675 17

Br
(b)

Fig. 2. Thermal cycles of <S7"> with lattice sizes 6° (a) and 8° (b).
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Fig. 3. Time history of <S1™> at fr=1.64 with
lattice size 4°. The upper curve is the evolu-
tion of a random configuration, and the lower is
that of an ordered configuration.

representation around a plaquette [ ],
and >} indicates the summations over
plaquettes. Throughout the present
work, periodic boundary conditions are
imposed. - The coupling constant 8r and
the ordinary coupling constant g are
related by

—7=0r. ' (2:5)

As an order parameter, <S> is calcu-
lated. The heat bath algorithm has

been adopted here. One Monte Carlo.
_iteration consists of applying this algor-

ithm five times to each link. In Figs.
2(a) and (b) we show respectively a ther-
mal cycle in Br for lattice sizes 6° and 8°.
Each point represents an average over

150 iterations. They bot_h exhibit clear hysteresis curves around

Br=1.64 ,

(2-6)

and the transition appears of first order. To confirm this, we made long runs of 5000
" iterations on a 4° lattice with both random and ordered initial configurations at S»
=1.64. The time history is displayed in Fig. 3. The two states are separated
throughout the runs, and the transition is indeed of first order. All these results
confirm Creutz’ simulation with-40 iterations on a 4° lattice.”’
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§3. Addition of adjoint representation

3.1. Phase diagram

In the previous section we examined the phase transition of SU(2) Yang-Mills
theory with fundamental representation in five dimensions. The transition, however,
turned out to be of first order and we cannot take a well-defined continuum limit there.
We now add the adjoint representation to the theory and search for a second-order
doconfining phase transition in the two-parameter space (Br, 84) wWhere fa is the
coupling constant for adjoint representation. The action is given by

S=BBeSc + S, | (3-1)
where Si” is taken from Eq. (2.4) and S* is defined by
Sf=1-3TrlUs. | (3-2)

Here, Ua is an ordered product of four link variables in adjoint representation around
a plaquette [ | The ordinary coupling constant g is now written in terms of Ar and
Ba as® )
4

2

B g . : .
: —,6’F+§,6’A. (3-3)

For numerical work it is convenient to rewrite the trace of adjoint representation as -

TrUas=|TrUsl?—1. _ (3-4)

The Metropolis algorithm has been employed here. In Fig. 4 we show a phase
diagram of the theory in Br-Ba space which was obtained from simulations on a 4°
lattice. The phase space is divided into
three regions, I, II and III.  One of the

oo T4
\Z v distinct features of this diagram compar-
mk 2 - ed with the one for d=4 case® is that the
2h b m boundary curve between regions II and
=X 0 III extends without any sign of termina-
21 : tion, while the corresponding curve for d
pe I =4 ends at (Br, B4)=(148,0.9) before
81 ‘ reaching the Br axis. This difference
T2 & 6 & 10 presumably arises from the fact that
BE _ there is only confining phase in d=4 but

there are confining and deconfining
Fig. 4. Phase diagram of SU(2) Yang-Mills theory . phases for d >4, according to the e-
in five dimensions. expansion (see Fig. 1). Hence, the

*) When B4< —(3/8)8r, ¢* is negative, indicating that the positivity is violated at the classical level.
Therefore, one has to check the positivity in the continuum limit, if a second-order phase transition is found
around this region.
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Fig. 5. Thermal cycle (a) and time history (b) of <1— U for Z: gauge theory in five dimensions. In
(a) each point represents an average over 100 iterations. In (b) the upper curve is the evolution
of a random configuration, and the lower is that of an ordered configuration.

boundary between regions II and III in Fig. 4 marks the deconfining phase transition.
This transition is investigated further in the next subsection. We also remark that
at Br=0, there is a clear first-order phase transition around B.=2.1 (see Fig. 6(a)
below) in agreement with the results for d =5 SO(3) Yang-Mills theory.”

The phase boundaries between regions I and II and between regions II and III are
clearly observed. However, the boundary between I and III turned out not as clear
due to slow thermalization in the region with large positive S4. An exception is the
case where we take the limit f4— o0, in which the theory approaches Z: gauge theory
The action for Z, gauge theory is given by

SZ%B(I_UD), ’ . (3:5)

where U is an ordered product of the four link variables with value+1 or—1 around
a plaquette [ | Our simulation of this theory with Metropolis algorithm on a 4°
lattice has exhibited a clear first-order phase transition around

B=035. (3-6)

In Figs. 5(a) and (b) we show a thermal cycle of <1— U in S and a time history of
10000 iterations at §=0.35, respectively. Hence, in Fig. 4 we have the Z; limit for 84
-0 gt '

Br=25=0.7. . (3-7)

By analogy with the results for d =4, we expect that the point where the three
boundary curves meet lies near (8r, B4)=(1.0, 1.0). We did not find the exact location
of this point. However, phase transitions are clearly of first order in this region with
B£4>0. As is discussed in the next subsection, our search of second-order phase
transition was therefore focused on the area with large negative values of 84 along the
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Fig. 6. Thermal cycles in 84 (a) and Sr (the rest) on a 4° lattice. The upper hysteresis curves
represent <S"> and the lower <S7">. In (a) only <S* is plotted.
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0.10 deconfining-phase boundary curve between
0.081 regions Il and IIL :
0.06- { 3.2. Deconfining phase transition
w - .
< .} . ' In this subsection we give the details
0.04
* of our search of a second-order phase
0.021 } } i transition along the phase boundary
0.00 x between regions II and III in Fig. 4. In
"0 1 2 3 4. 5 & Fig. 6 we show thermal cycles in 84 and Sr
—Ba ‘ on a 4° lattice. Each point represents an

: average over 150 iterations. Conspicuous
Fig. 7. Discontinuity 4E of <8-ST"+84S1> at hysteresis curves mark this phase bound-
phase transition points as a function of —Ba. ary and indicate that the phase transition
is of first order. As we can see from Fig.
6, however, the discontinuities at phase transition points tend to decrease as fa is
decreased. This is more explicitly shown in Fig. 7 where we plot discontinuities 4E
of {BrSt + B4Sr*> at phase transition points as a function of —f£4. Each point is an
average over 3000 iterations on a 4° lattice. It should be noted that we may have a
second-order phase transition for large negative values.of B4 along this phase bound-
ary of first-order phase transition. '
If the phase transition between regions II and III in Fig. 4 corresponds to the one
which is suggested by the e-expansion, it has to be a deconfining phase transition.
Around phase transition points we thus calculated Creutz ratios

_ W(I,])W(1—1,1—1)> ’ .
0 D= DT o (3:8)
where W(I,J) stands for an average of I by J Wilson loop. We also evaluated
Polyakov lines

_13 ‘
'Q_ 5/§I‘Qﬂ, (3 9)
where

1.0 ’ 1.2

0.8 H;ii 0] "y,
P {i o~ 0.8 i 3 x o § g .
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Fig. 8. Creutz ratio x(/, I) as a function of 8¢ at 84=0 (a) and —3.0-(b).
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Fig. 10. Time history of <BrSTy + BaST™ at (Br, B4)=(4.25, —3.0) (a) and (7.25, —6.0) (b).

) \
Q#=<Tr(ngl Utni,-nsy)? - - (3-10)

Here, L is the lattice size in one direction. The results on a 6° lattice around two
points on the boundary curve, (8r, B4)=(1.64,0) and (4.25, —3.0), are displayed in
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Figs. 8 and 9. Each point represents an average over 1000 iterations. The figures
clearly indicate that the transition is indeed a deconfining one. In fact, Drouffe has
suggested in a mean field approximation that the order of this deconfining transition
turns from first order to second order as B4 decreases.¥ Hence, we made long runs
of 40000 iterations on a 4° lattice at (Br, Ba)=(4.25, —3.0) and (7.25, —6.0) where we
observe very small hysteresis effects (see Fig. 7). The results are shown in Fig. 10.
The results for (Br, Ba)=(4.25, —3.0) show a flip-flop behavior, suggesting that the
transition is still of first order. On the other hand, the results for (8r, B4)=(7.25,
—6.0) do not show any clear flip-flop. We have applied the finite-size scaling® at the
transition points (8r, Ba)=(7.25, —6.0) and (10.0, —8.0) to see whether the specific heat
scales with lattice size as in a second-order phase transition. However, we could not
find any clear sign of divergence in specific heat. = This is because not only the latent
heat but also the energy fluctuation is vanishingly small in this region. More elabo-
rate work with more-iterations and larger lattice is necessary in order to determine
conclusively whether or not the order of the deconfining phase transition changes
from first order to second order.

§4. Discussion

In the present work we have searched for a second-order phase transition in a
non-renormalizable field theory. Unlike the NL ¢-model in three dimensions which
has a corresponding (super-)renormalizable “partner” (¢* model) in the same univer-
sality class, Yang-Mills theory in five dimensions is a simple but non-trivial example
without any apparent renormalizable counterpart in the same universality class.
Even though it turned out difficult to find a second-order phase transition in five-
dimensional SU(2) Yang-Mills theory, it is certainly worthwhile to explore other
possibilities, such as introducing another coupling, considering an SU(N) model with
larger N, and so forth.
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