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Abstract A linear eigenmode analysis of the magnetosphere-ionosphere coupling shows that the
feedback instability leading to spontaneous formation of auroral arc structures remains unstable even in
a case with strong vertical shear of horizontal ion flows induced by ion-neutral collisions in the E layer. For
low-order Alfvén harmonics, the linear frequency and growth rate obtained by means of a height-resolved
model of the ionosphere are comparable to those resulted from the height-integrated one, where fine
vertical structures of the ionospheric density and magnetic field perturbations are well resolved in the
former. The present result confirms validity of the height-integrated ionosphere model in the long parallel
wavelength limit, as assumed in previous studies on the feedback instability.

Plain Language Summary Spontaneous formation of auroral arcs can be explained in terms of
a plasma instability in the magnetosphere-ionosphere coupling. The present study confirms validity and
robustness of the basic instability theory even in cases with inhomogeneous profiles of the ionospheric
parameters such as the ion-neutral collision.

1. Introduction

The magnetosphere-ionosphere (M-I) coupling is considered to play a key role in auroral phenomena
observed in polar regions. Specifically, the Alfvénic interactions of the magnetosphere and the ionosphere
are important not only to the energy transfer associated with the equilibrium current system but also to time
variations and fine structuring of auroras. The feedback M-I coupling has been considered as one of the plau-
sible mechanisms to describe spontaneous formation of auroral arc structures (Atkinson, 1970; Sato, 1978),
where ionospheric density perturbations are coupled with local circuits of the ionospheric current and the
field-aligned and polarization currents carried by shear Alfvén waves and can grow if the background electric
field exceeds a critical value. Since then, a variety of linear and nonlinear analyses on the feedback instabil-
ity have been carried out for the field-line-resonance scale interactions (Lu et al., 2007, 2008; Miura & Sato,
1980; Watanabe, 2010; Watanabe & Sato, 1988; Watanabe et al., 1993), of which time scale is a few minutes,
as well as for the ionospheric cavity-type modes (Lysak, 1991; Pokhotelov et al., 2000, 2001; Streltsov & Lotko,
2003, 2004, 2008) and their hybrid mode (Hiraki & Watanabe, 2011, 2012). More recent developments include
the gyrokinetic model (Watanabe, 2014) and transition to the Alfvénic turbulence (Watanabe et al., 2016) for
the feedback M-I coupling. The M-I coupling model for the feedback instability analysis is facilitated with the
height-integrated ionosphere, because the effective height of the ionospheric E layer is negligibly shorter
than field line length of the Alfvénic oscillation and is likely to be smaller than the wavelength of the iono-
spheric cavity mode. However, a recent analysis including the ionospheric inhomogeneity has questioned
validity of the height-integrated model and the feedback instability growth (Sydorenko & Rankin, 2017), where
collision-induced vertical shear of a horizontal ion flow inside of the E layer is considered to prevent amplifi-
cation of the density perturbation, not only for the high-frequency ionospheric cavity-type interactions but
also for the low-frequency field-line-resonance scale coupling. The present study is devoted to verification
of the M-I coupling theory and demonstration of a linearly unstable eigenmode solution in a case with the
inhomogeneous ionosphere model.

Recently, the M-I coupling model including the ionospheric inhomogeneity is formulated by a set of two fluid
equations with effects of ion-neutral collisions, and the initial value problem was solved, where the govern-
ing equations with initial density perturbations are numerically time advanced for a finite period (Sydorenko
& Rankin, 2017). The numerical results for the inhomogeneous ionosphere model did not show growth of
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the initial perturbation. Nevertheless, the analysis by Sydorenko and Rankin does not exclude possibility that
linear unstable solutions may exist even in cases with strong ionospheric inhomogeneity, since their initial
condition was arbitrary chosen and likely dissimilar from the linear eigenfunction. In the present work, we
have found that there exist linearly unstable eigenmode solutions of the feedback M-I coupling even in a
case with strong ionospheric inhomogeneity of the collision frequency and the Pedersen mobility and that
the height-integrated approach remains to be valid in a limit of long field-aligned wavelengths of the shear
Alfvén modes.

Remainder of the paper is organized as follows. The next section explains a theoretical model for the feedback
instability analysis with the ionospheric inhomogeneity. Our model is based on the magnetohydrodynamic
(MHD) equations extended with the Pedersen mobility of ions. The electron inertia and the displacement cur-
rent included in the model by Sydorenko and Rankin (2017) are neglected here, since their contributions are
minor in a low-frequency regime. Instead, we assume the quasi-neutrality. Results of the eigenmode anal-
ysis are shown in section 3, where one finds the unstable eigenmode solutions with positive growth rates.
Conclusions and discussions are given in section 4.

2. Model

We consider a linearized set of the reduced MHD model for the shear Alfvén waves extended to involve the
ionospheric plasma where the ion-neutral collisions may dominate the ion gyromotion. The MHD part obeys
the same ordering as that employed for the shear Alfvén law (Hazeltine & Meiss, 1992; Watanabe, 2010). The
M-I coupling system is assumed to be two-dimensional with a uniform background magnetic field. The model
equations are derived by taking a low-frequency limit of the two fluid equations (Sydorenko & Rankin, 2017),
where the Faraday’s and Ampére’s laws are written as

𝜕Bx

𝜕t
=
𝜕Ey

𝜕z
, (1)

−
𝜕Bx

𝜕y
= 𝜇0jz ,

𝜕Bx

𝜕z
= 𝜇0jy , (2)

in the two-dimensional plane. The horizontal and vertical directions are set in the y and z coordinates, respec-
tively, and the translational symmetry is assumed in the x direction. We assume that the parallel current (jz)
along the background magnetic field (B0) is carried by electrons, while the perpendicular current (jy) is caused
by cross-field motion of ions, such that

jy = en0uiy + eni1ui0 , (3)

jz = −en0uez, (4)

where n0 and ni1 are the equilibrium and the perturbed number density. The ion charge is +e. The zeroth- and
first-order components of ion flow velocity are given by

ui0 = 𝜇PE0 , (5)

uiy = F
ΩiB0

𝜕Ey

𝜕t
+ 𝜇PEy − Di

𝜕

𝜕y

(
ni1

n0

)
, (6)

where E0 and Ey are the uniform and the perturbed electric field in the y direction. Two important parameters
are involved in equation (6), that is, the ratio of the ion-neutral collision (𝜈in) to the ion gyrofrequency (Ωi)
and the Pedersen mobility (𝜇P). Di means the collisional diffusion coefficient. The first term on the right in
equation (6) denotes the polarization drift of ions, where the numerator defined by

F =
1 − (𝜈in∕Ωi)2

[1 + (𝜈in∕Ωi)2]2
(7)

varies with the ratio of 𝜈in to Ωi. One finds that F → 1 for 𝜈in∕Ωi → 0 in a collisionless plasma, while F → 0 for
𝜈in∕Ωi → ∞ in a collision-dominated plasma. The continuity equations of ion and electron number density
are linearized as
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𝜕ni1

𝜕t
+ n0

𝜕uiy

𝜕y
+ ui0

𝜕ni1

𝜕y
= −2𝛼n0ni1, (8)

𝜕ne1

𝜕t
+ 𝜕

𝜕z
(n0uez) = −2𝛼n0ne1, (9)

where the terms on the right represent the recombination loss. By requiring the quasi-neutrality condition,

ni1 = ne1 ≡ n1 (10)

the above set of equations satisfies the charge conservation (∇ ⋅ j = 0) and is self-consistently closed. The
nonideal MHD effects are deleted by substituting 𝜈in = 𝜇P = Di = 𝛼 = 0, and one finds the linearized ideal
MHD equations and the constant density. In the present study, we assume the periodic boundary condition
in the y direction and set the origin of the z coordinate at the top of E layer. The perturbed quantities in
equations (1)–(9) are assumed to have the wave number ky and the frequency𝜔, that is, ∝ exp(ikyy− i𝜔t) and
are Fourier transformed in y and t. The Fourier mode amplitudes are denoted by B̃x(z), Ẽy(z), and ñ1(z) and are
functions of z. Then, one finds that

(
𝜔 − ky𝜇PE0 + i2𝛼n0 + ik2

y Di

) dB̃x

dz
= −

(
𝜔 + i2𝛼n0

)(
i𝜔

F
V2

A

− 𝜇0𝜎P

)
Ẽy (11)

dẼy

dz
= −i𝜔B̃x . (12)

VA and 𝜎P on the right of equation (11) are the Alfvén velocity VA = B0∕
√
𝜇0min0 and the Pedersen conduc-

tivity 𝜎P = e𝜇Pn0, where mi means the ion mass. The set of ordinary differential equations for z, equations (11)
and (12), can be solved as an eigenvalue problem, when an appropriate boundary condition is provided. If
the complex-valued eigenfrequency 𝜔 has a positive imaginary part, the eigenmode grows exponentially in
time. Here it is instructive to see that equations (11) and (12) result in the simple wave equation in the ideal
MHD limit,

dB̃x

dz
= − i𝜔

V2
A

Ẽy ,
dẼy

dz
= −i𝜔B̃x . (13)

Since a geometry of the system is assumed to be uniform in the present study, the z dependence of the mode
amplitude stems from physical parameters varying along the field line, n0 = n0(z), VA = VA(z), 𝜇P = 𝜇P(z),
𝜈in = 𝜈in(z), 𝛼 = 𝛼(z), and Di = Di(z). Thus, F and 𝜎P also depend on z, F = F(z), and 𝜎P = 𝜎P(z).

Assuming the system to be symmetric for the both hemispheres, we focus on a symmetric (antisymmetric)
solution for Ey (Bx) with respect to the magnetic equator at z = l, while extension to the antisymmetric (sym-
metric) case for Ey (Bx) is straightforward. The lower boundary for the bottom of E layer is set at z = −h, where
the perturbed component of magnetic field (Bx) vanishes.

In the following, we consider a simple model to include the collision-induced velocity shear in the M-I feed-
back coupling. We assume the uniform background density n0 and the Alfvén speed VA = VA0, but strong
inhomogeneity is introduced in 𝜇P and 𝜈in, such that

𝜇P(z) =

{
0 if 0 ≤ z ≤ l

𝜈in∕Ωi

B0(1+𝜈2
in∕Ω

2
i )

if − h ≤ z < 0 , (14)

where

𝜈in(z) =

{
0 if 0 ≤ z ≤ l

𝜈 in

(
1 − cos 𝜋z

h

)
if − h ≤ z < 0

. (15)

For simplicity we set 𝛼 = Di = 0 in the present study. Use of the model for 𝜇P(z) and 𝜈in(z) given above
simplifies the numerical treatment, since equations (11) and (12) reduce to the ideal MHD model for z ≥ 0.
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Figure 1. (a) Real and (b) imaginary parts of the eigenfrequency obtained by numerically solving the eigenvalue
equations for the feedback instability with inhomogeneous (purple) and the height-integrated (green) ionospheric
models. Lines in each plot represent lowest five Alfvén harmonics.

Normalization units are a horizontal scale length L, a characteristic Alfvén velocity VA0, and the background
magnetic field B0. The normalized set of equations reads

(
𝜔̂ − k̂y𝜇̂PÊ0 + i2𝛼̂ + ik̂2

y D̂i

) dB̂x

dẑ
= − 1

V̂2
A

(𝜔̂ + i2𝛼̂)
(

i𝜔̂F − Σ̂0𝜇̂P

)
Êy, (16)

dÊy

dẑ
= −i𝜔̂B̂x . (17)

Here a nondimensional parameter Σ̂0 appearing in the Pedersen conductivity term in equation (16) is given
by Σ̂0 = LΩi∕VA0 = en0B−1

0 L𝜇0VA0, that is, a product of the characteristic impedance of the magnetospheric
plasma (𝜇0VA0) and the ionospheric Hall conductivity (as 𝜇H = B−1

0 ) integrated over L.

3. Results

We numerically solve the eigenvalue problem for the feedback M-I coupling as follows. One finds that
equation (13) can be applied to the model magnetosphere of 0 ≤ z ≤ l, where 𝜇P = 𝜈in = 0 in the
present model of equations (14) and (15). The numerical solution in the magnetosphere is connected to that
of equations (11) and (12) in the model ionosphere of −h ≤ z < 0 for the height-resolved model, while
the ionospheric dispersion relation is used for the height-integrated case. Starting from an initial estimate
of 𝜔 for a given value of ky , the numerical integration is carried out from z = l to z = −h by means of the
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Figure 2. Imaginary part of the eigenfunction for the magnetic flux Ψ̂ of ky L = 4𝜋 for the inhomogeneous (purple and
light blue for 0 ≤ z ≤ l and −h ≤ z < 0, respectively, where l = 1, 000 and h = 1) and the height-integrated (green)
ionospheric models. Panel (a) shows the whole profile, and the magnified plots for a range of −h < z < h are shown in
panel (b). A steep gradient of 𝜓k inside of the ionosphere is well captured in the inhomogeneous case.

fourth-order Runge-Kutta method. If the magnetic perturbation at the bottom of the ionosphere does not

satisfy the boundary condition of B̃x(z = −h) = 0, we recompute the numerical integration with a correction

to 𝜔. The procedure is iterated by using Newton’s method until the boundary condition is fulfilled. Then we

find the dispersion relation by scanning ky . We employed 500 grid points for 0 ≤ z ≤ l and 2,000 grid points

for −h ≤ z < 0 so that the strong inhomogeneity in the E layer can be accurately resolved.

In the present analysis we used the following parameters: l = 1, 000L, h = L, 𝜇PE0 = 5 × 10−4VA0, 𝜇PB0Σ̂0 = 5,

and 𝜈 in = 10Ωi , where 𝜇P means the height average of 𝜇P(z) in equation (14) from z = −h to 0; that is,

𝜇PB0 = 0.154 for the present model of 𝜈in∕Ωi. The height-resolved 𝜇P(z)B0 has its peak value of 𝜇P(z)B0 = 0.5,

where 𝜈in∕Ωi = 1, that is, at z = −0.144L for the present case. These parameters are determined in reference

to our previous work (Watanabe, 2010) while we set 𝛼 = 0 and Di = 0 for simplicity.

Numerical results of the eigenvalue analysis are shown in Figure 1, where (a) real and (b) imaginary parts of

the eigenfrequency 𝜔 = 𝜔r + i𝛾 are plotted for cases with the height-integrated and inhomogeneous iono-

spheric models. Plots of 𝜔r for the both cases clearly show the Alfvén harmonics for the five lowest branches

with positive-valued 𝜔r and ky . The imaginary part of 𝜔 shows existence of unstable modes with positive

growth rates for all harmonics, where the larger maximum growth rates are found for higher harmonics. It

is important to note that all modes involve unstable solutions even in the case with the strong ionospheric

inhomogeneity of the Pedersen mobility and the ion-neutral collision frequency. Although magnitudes of the

maximum growth rates in the inhomogeneous case are slightly reduced (about 8% reduction) in comparison

to those of the height-integrated model, the unstable eigenmodes grow exponentially in time with the char-

acteristic time scales of 𝛾−1 which is of the order of several Alfvén transit times (l∕VA0) between the ionosphere

and the magnetic equator. We have confirmed that the linear growth rates are insensitive to a change of the

ionospheric height h at least within a factor of 5 (that is, from h = L∕5 to 5L).
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Figure 3. Eigenfunction of the number density n̂ of ky L = 4𝜋 for the
inhomogeneous ionospheric model plotted for −h ≤ z < 0. No density
perturbation arises in the magnetosphere (z ≥ 0) where the collision-related
parameters are set to be zero in the present model (𝜇P = 0 and 𝜈in = 0).

An eigenmode structure of the unstable solution is shown in Figure 2,
where the imaginary part of the magnetic flux function, 𝜓̂ = −iB̂x∕k̂y , is
plotted for k̂y = kyL = 4𝜋 in the lowest branch of 𝜔r . Amplitude of the lin-
ear eigenfunction is normalized so that the electric potential 𝜙̂ = iÊy∕k̂y =
1 at z = l. The eigenfunctions in the magnetosphere (z> 0) are quite similar
to each other for the height-integrated and inhomogeneous ionosphere
models. However, a very sharp drop of the magnetic field perturbation
amplitude in the ionosphere appears in the latter, because of the bound-
ary condition of B̃x = 0 at the bottom of the ionosphere (z = −h), while the
amplitude of 𝜙̂ (and hence, Ẽy) keeps almost constant in the ionosphere.
It is noteworthy that the steep gradient of the mode structure is success-
fully captured as shown in the magnified plots in Figure 2b, since enough
numerical resolution is employed for the ionosphere.

The inhomogeneous ionospheric structure is also reflected to the eigen-
function of density perturbation. The vertical profile of n̂ = ñ1∕n0, of
which amplitude is normalized as 𝜙̂(z = l) = 1, is plotted in Figure 3 for
−h < z < 0. The density perturbation in the magnetosphere of z ≥ 0 van-

ishes as 𝜇P = 𝜈in = 0 and is not plotted there. Sharp peaks appear at z ≈ −0.03L, which is attributed to a
resonant interaction of the shear Alfvén wave and the ionospheric Pedersen flow, provided by𝜔− ky𝜇PE0 ≈ 0
in equation (11). The resonant mode structure is due to the collision-induced flow shear. It is, thus, clear that
the present model is accompanied with the quite strong shear flow effect. We have also found that the res-
onant mode structure is relaxed by introduction of the finite recombination (𝛼) or diffusion (Di). The above
analysis confirms that the feedback interaction robustly works in the M-I coupling even with the ionospheric
inhomogeneity, leading to exponential growth of the linearly unstable eigenmode solution.

4. Conclusion and Discussion

We have investigated the feedback coupling of the magnetosphere and the ionosphere with effects of
collision-induced velocity shear of horizontal ion flows. Theoretical and numerical analyses of our model
including the strong vertical inhomogeneity of the Pedersen mobility and the ion-neutral collision frequency
have clearly demonstrated robustness of the feedback instability, indicating existence of the linear unstable
eigenmode. It is noteworthy that the unstable solutions do exist even in a case with the inhomogeneous iono-
spheric parameters, although the linear growth rates are slightly reduced in comparison to those obtained
from the height-integrated model. The obtained result showing little influence of the ionospheric inhomo-
geneity on the feedback coupling in a low-frequency range is attributed to the nearly constant amplitude of
electric potential perturbations in the ionosphere. It is considered to reflect a general feature of long wave-
length perturbations which can propagate beyond a barrier with a steep but short-scale change of parameters
in analogy to the tunneling effect in quantum mechanics.

Here we remark the normalization units and parameters employed in the present model. Let us assume L =
50 km and VA0 = 1, 000 km/s for a rough estimate of parameters, such as l = 5×104 km and the Alfvén transit
time 𝜏A = l∕VA0 = 50 s. The perpendicular wavelength is 25 km for k⊥L = 4𝜋 (of which eigenfunctions are
shown in Figures 2 and 3) and 8.3 km for k⊥L = 12𝜋. The latter corresponds to the most unstable mode in the
lowest Alfvén harmonics. The typical growth time is characterized by the inverse of the linear growth rate 𝛾 .
For the most unstable mode in the lowest Alfvén harmonics with k⊥L = 12𝜋, 𝛾−1 = (0.75VA0∕l)−1 = 66.6 s (i.e.,
𝛾 = 0.015 s−1). Also, the used parameter of 𝜇̄PB0Σ̂0 = 5 means the height-integrated Pedersen conductance
of ΣP ≡ en0𝜇̄Ph = 5h∕L𝜇0VA0 = 4 mho for h = L, while the estimate of ΣP may be varied by the assumed value
of VA0.

The normalized and height-averaged Pedersen mobility of 𝜇̄PB0 = 0.154 gives a rather large value of Σ̂0 = 32.5
for 𝜇̄PB0Σ̂0 = 5 if we assume B0 = 5 × 10−5 T. In the present case, however, 𝜇̄PB0 is given by the model colli-
sionality where strong inhomogeneity of 𝜈in(z) is introduced with 𝜈̄in = 10Ωi in order to clearly demonstrate
existence of the unstable eigenmode solution in the height-resolved ionosphere. For a rather modest value
of 𝜈̄in = 2Ωi , one finds 𝜇̄PB0 = 0.303 and Σ̂0 = 16.5 for 𝜇̄PB0Σ̂0 = 5. We have also found that the linear
frequency and growth rate for the feedback instability are only slightly influenced for the change of 𝜈̄in from
𝜈̄in∕Ωi = 10 to 2. It may also be meaningful to reconfirm that the feedback instability can grow under a realistic
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condition with a stabilizing effect of the recombination loss. Even in a case with high electron number density
of n0 = 1011 m−3,𝛼n0 ≈ 8×10−3 s−1 for the recombination rate of𝛼 ≈ 0.8×10−13 m3/s (for O+

2 with the electron
temperature of 1000 ∘K; Torr et al, 1976). In the normalization unit used here, 𝛼n0L∕VA0 ≈ 4 × 10−4, while we
have found the feedback instability growth even with a stronger recombination effect of 𝛼n0L∕VA0 ≈ 7×10−4

(Watanabe, 2010; also, Sato had shown the feedback instability for 𝛼 = 3 × 10−13 m3/s and n0 = 5 × 109 m−3

in the original paper; Sato, 1978).

The present results shown in the previous section are in contrast to the recent work by Sydorenko and Rankin
(2017) where they concluded stabilization of the feedback instability due to the collision-induced flow shear
in the ionosphere. Two possible reasons may be considered for the different conclusions. First, we have dis-
cussed the M-I coupling via the Alfvén waves of which parallel wavelengths are of the order of the field line
lengths, while the feedback coupling in much higher-frequency range was mainly discussed by Sydorenko
and Rankin. Indeed, they introduced inhomogeneous profiles of plasma density not only in the ionosphere
but also in the magnetosphere, leading to high-frequency Alfvénic coupling. The eigenmode analysis for the
ionospheric cavity modes is necessary for more direct comparisons. The other possibility is due to the dif-
ference in the approach to the problem. Sydorenko and Rankin solved the initial value problem, while the
eigenmode solutions are discussed in the present work. If the numerical time integration is started with an
initial condition apart from the eigenfunction and carried out only for a limited period, the eigenmode solu-
tion does not have enough time to grow to a visible amplitude while most of the initial perturbations far from
the eigenfunction of unstable modes will be damped.

In the present study, we discussed an idealized model while keeping essence of the ionospheric inhomogene-
ity with the collision-induced shear flow. More detailed studies on the parameter dependence, effects of the
Hall current, and the nonlinear evolution will be pursued in future works.
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