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1 Introduction
1.1 Main results

The famous Singer’s theorem [7] asserts that the incidence graph of every finite De-
sarguesian projective plane is Hamiltonian. The graphs in that theorem are general-
ized triangles. There are more simple interesting finite incidence graphs called gen-
eralized polygons. They come from point-line incidence geometry. A finite incidence
geometry is a triple S = (P,L,I) consisting of a finite set of points P, a finite set of
lines L and a binary incidence relation / C P x L. With an incidence geometry O,
we naturally associate a bipartite graph having the points and lines of O as vertices,
which we call the incidence graph of O.

A sequence of vertices (po, . .., pm) of a graph G is a path of length m between pg
and p,, if {p;, pit+1} is an edge for i = 1,2,...,m. A distance d(po, p1) is the length
of the shortest path between pg and p;. The diameter of G is the largest distance in
G. A cycle is a path (po, ..., pm) With mutually different py, ..., pn—1 and po = pp.
The girth of G is the length of the shortest cycle in G.
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We have the ordinary n-gon as the incidence graph of an incident geometry.

By a generalized polygon, we mean the associated graph of a finite incidence
geometry S = (P,L,1) satisfying the following conditions (cf. [6] ).

i) S contains no ordinary k-gon (as a subgeometry), for 2 < k < n.

ii) Any two elements x,y € PU L are contained in some ordinary n-gon (as a
subgeometry).

iii) There exists an ordinary (n+ 1)-gon (as a subgeometry) in S.

When the diameter of a generalized polygon is equal to n, we say the polygon
a generalized n-gon. A generalized 2-gon is a complete bipartite graph. A general-
ized 3-gon is equal to the projective plane. Feit and Higman [5] proved that finite
generalized n-gons can exist only the following values of n:

2,3, 4,6, 8.

As generalized 4-gons, we consider the following classical symplectic quadran-
gles. They seem to be related to the symplectic geometry in the field of physical
dynamics and to have some relations with the number theory.

The symplectic quadrangles are constructed as follows. We define an incidence
structure C(g) as follows. Let V = [F 4 be a finite field with g"* elements considered
as a four dimensional vector space over IF,. The points of C(g) are 1-dimensional
subspaces of V and the lines of C(q) are 2-dimensional totally isotropic subspaces.
The numbers of points and lines in C(g) are both equal to (¢* —1)/(¢—1).

Let L(g) be the incidence graph of C(q). The vertices of L(g) are all points and
lines of C(g). If a point in C(g) is contained in a line in C(g), we put an edge in L(q)
between the vertices. Then it is easy to see that C(q) is a generalized quadrangle such
that each line contains exactly g+ 1 points and exactly g+ 1 lines through each point.
The symplectic group Sp(4,q) acts on the graph L(g). The 1-dimensional simplicial
complex L(gq) is an example of a spherical building and is an example of (¢ + 1,8)-
cage. See Wong[8] for a collection of results on cages.

A graph is called Hamiltonian if there exists a cycle containing every vertex of
the graph. Our main result in this paper is the following.

Theorem 1 The generalized quadrangle L(q) is Hamiltonian for any power g = p"
of any prime number p (n > 0).

When g = 2, we have the (3,8)-cage L(2). The cage L(2) is the unique (3, 8)-cage
called the Tutte-Coxeter cage and said to be the most regular of all graphs [4]. This
L(2) is known to be Hamiltonian. Our results extend this fact to arbitrary finite fields.

The incidence graph of the incidence structure consisting of points and lines in a
finite projective plane over IF, is a (¢ + 1,6)-cage. The minimal Hamiltonian regular
graph of girth 6 is studied in [2]. It is a classical result that if the projective plane is
Desarguesian and of order p”, the (p" + 1,6)-cage is Hamiltonian (Singer[7]). Thus
our results may be considered as a symplectic analogue of Singer’s theorem (cf. [1]).

Our proof of Theorem 1 proceeds as follows. We first define a cyclic action on
L(g). The quotient is a graph with multiple edges. We investigate the structure of the
quotient. We find a Hamiltonian cycle Sy of the quotient. Next we lift the cycle to
L(g). Then we have a difference between the origin and the terminus of the lifted
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path. We arrange the lift so that the gap is equal to a generator of the cyclic group.
Concatenating the lifts, we obtain a Hamiltonian cycle of L(g). The definition of
the action and the construction of Hamiltonian cycle are done by different methods
depending on whether p is equal to 2 or odd. We treat the cases in different sections.
After fixing the definitions and the notation of graphs in this section 1, we treat the
case when p is odd in Section 2 and the case p = 2 in Section 3. At the end of both
sections, we give concrete pictures of the incidence graphs L(g) for ¢ =3, 5 and 2, 4.

1.2 Definition of graphs

In this section we fix the notation and describe the features of the incidence graph
L(q) for a power g = p" of a prime number p.

A simple bipartite graph X = (r(X),b(X),e(X)) consists of three sets r(X), b(X)
and e(X). An element of r(X) is called a red node of X, an element of b(X) is called
a blue node of X and an element of e(X) is called an edge of X. The disjoint union
v(X) =r1(X)Ub(X) is the set of vertices of the graph X. An edge n = {r,b} € e(X) is
a pair of a red node r and a blue node b. The red node r(n) = r is called the red node
incident to the edge 1 and the blue node b(n) = b is called the blue node incident to
the edge 1. If a red node and a blue node are incident to an edge, we call the nodes
adjacent. A simple bipartite graph contains no loop edge and no multiple edge. In
this paper, we only treat simple bipartite graphs and in the following we call a simple
bipartite graph simply a graph.

A mapping j = (Ji, jb, Je) : X — ¥ from a graph X to a graph Y consists of three
mappings j; : 1(X) — r(Y), jb : b(X) — b(Y) and j. : e(X) — e(Y) which satisfy
Jrof =roje and jpob =bo je. The composition j o j = (j/; 0 ji, /b © Jb, J'e 0 Je) 18
defined for two mappings j: X — Y and j' : Y — Z of graphs. An injection j of
graphs is a mapping of graphs such that j;, j, and je are injective. An isomorphism j
of graphs is a mapping of graphs such that j, j, and j. are bijective. An isomorphism
from X to X is called an automorphism of X. A homomorphism from a group G to the
automorphism group of X is called an action of G on X. Namely we say that a group
G acts on X when G acts on the sets r(X), b(X), e(X) and the mappings r and b are
G-mappings. The quotient graph X /G of X by G consists of quotient sets r(X /G) =
r(X)/G, b(X/G) =b(X)/G and e(X/G) = {{rG,bG}|r € 1(X),b € b(X),{r,b} €
e(X)}. We have the projection mapping p; = (pg,,Pgy: Pge) : X — X /G of graphs
which consists of the canonical projections of red nodes, blue nodes and edges. The
inverse image pc‘e’1 (n) of an edge 1 of X /G is a union of some G-orbits of edges of
X. When the inverse image is a union of m G-orbits, we call the edge of the quotient
graph m-edge. We call an action of a group G on a graph X to be free if any nontrivial
element of G does not have any fixed element in r(X), b(X) and e(X).

For a subset R of r(X) and a subset B of b(X), put E =r~!(R)Nb~!(B). Then E
is the set of edges incident to a red node in R and a blue node in B. We have the graph
X[R,B] = (R,B,E). We call X[R, B] the subgraph of X induced by R and B. If a set
V of red and blue nodes are given, we have the graph X \ V = X[r(X) \ V,b(X)\ V].
This is the graph obtained from X by removing the nodes in V' and the edges incident
to them.
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Let I, be the finite field of order g. The finite field Fy» of order ¢™ is the extension
of F, of degree m. We denote the multiplicative group of a field K by K*.

Recall the trace mapping Trqu JF, - Fgn — Fg and the norm mapping Nqu JF,
qum — IF; For an element x of Fyn, the trace of x is the sum of all the conjugates x,

m—1

x,x4 " over Fg;
2 m—1
Trg, /i, (6) = X+ 27 427 427"
The norm of an element x of ]F;m is the product of all the conjugates;

N, /¥, (%) = xxdxd " = et
We write simply Tr = Tr]Fq J/F 2 and N = N]Fq 4/F o

A non-degenerate alternating IF-bilinear form over 2k-dimensional IF-linear space
is unique up to isomorphism. In the following, we fix a non-degenerate alternating
[F4-bilinear form (, *) over the 4-dimensional F,-linear space [F e

In the following, by incidence structure, we mean a set of points and a set of
distinguished subsets of points called lines satisfying the following conditions:

i) Every line has the same number of points.

ii) Every point is contained in the same number of lines.

Let us define an incidence structure C(g) from F 4 with an alternating form (x, ).
A 2-dimensional F-linear subspace V of F 4 is called rotally isotropic if (x,y)=0
for all x, y € V. The points of C(g) are 1-dimensional F,-linear subspaces of I+ and
the lines of C(g) are totally isotropic 2-dimensional F,-linear subspaces of Fpa.

We denote by (x,y) the F,-linear subspace of [F 4 generated by x and y. The set
of points in C(g) corresponds bijectively to the set of points of the 3-dimensional
projective space P?(F,) = IF;4 /Fg . Two points xIF; # yF lie on a line if and only if
()C,y ) =0.

A line in C(g) is isomorphic to the projective line P!'(F,) and consists of ¢+ 1
points. Let x be an element of IF;4. Thenxt = {y € F 4| (x,y) =0} is a 3-dimensional
IF;-linear subspace containing x. A totally isotropic plane containing x is a 2-dimensional
IF,-linear subspace of x. There exist ¢+ 1 distinct totally isotropic planes contain-
ing x. Consequently for any point in C(q) there are ¢ + 1 distinct lines containing the
point. In total there are ¢> 4+ ¢* + ¢+ 1 points and ¢> + ¢*> + ¢+ 1 lines in C(q).

Let L(g) be the incidence graph of the incidence structure C(q). Then L(q) is
the graph consisting of ¢> +¢*> + ¢+ 1 red nodes corresponding to points of C(g),
¢+ ¢* +q+ 1 blue nodes corresponding to lines in C(g) and (¢+1)(¢*> +¢*> +q+1)
edges. An edge exists between a red node and a blue node if and only if the point
corresponding to the red node is contained in the line corresponding to the blue node
in C(q).

2 Odd characteristic

In this section we assume the characteristic of the field I is an odd prime number

2
1
p and we put g = p”. We will define cyclic group actions of order ¢> + 1 and %
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on L(g). Let O(g) and é(q) be their quotient graphs. We will show that Q(g) has a
Hamiltonian path and é(q) has a Hamiltonian cycle. Then we can get a cyclic lift in
L(g) of the Hamiltonian cycle of é(q) By arranging the lift and concatenating them,
we get a Hamiltonian cycle of L(g).

2.1 Proof of Theorem 1 for odd g.

An odd number ¢ satisfies either g =1 mod4 or g =3 mod 4.

If g=1 mod 4, then we can write g = 2™¢' 4+ 1 with m > 2 and an odd integer
q'. Let ag be a primitive 2"-th root of 1 in Fy. Then the field Fy(/ao) is equal to F
and the field Fy(y/ao) is equal to F 4. Puta = \/ag € F .

If g=3 mod 4, then let ap = —1. Then the field IF;(\/ap) is equal to F». We can

write g> = 2"¢’ + 1 with m > 2 and an odd integer ¢’. Let a be a primitive 2"-th root
of 1in F 2. Then the field F 2(y/a) is equal to F 4.
In both cases we have

Fa=TFp(Va) DF, =Fy(/ag) DOF,.
In the following we fix these elements ag € Fy and a € IF » in both cases.

Lemma 1 Let g = p". The form (x,x) : F xF 4 — F, defined by

2
()C7y) = Tr]Fq4/]Fq (xyq \/&) fO}’ X,y € qut
is a non-degenerate alternating F-bilinear form.

Proof The mapping y s y? is the nontrivial element of Gal(F 4 /F 2) and itis IF 2-
linear. Since Try , /g, is Fy-linear, the form (x, x) is Fy-bilinear. For an element x €
q

]Fq4, we have

(x,x) = Tr]qu/Fq (Tr(N(x)va)) = Tr]qu/Fq (N(x) Tr(y/a)) = 0.
Since Try , /F, is surjective, for each y # 0, we can take an element x such that (x,y) #
q
0. Thus (*,*) is a non-degenerate alternating ,-bilinear form.
We use this F,-bilinear form in the construction of C(g) and L(g).

Lemma?2 i)lfxe IE‘;, then the plane xF p is totally isotropic.
i) N~ (F; ) NFYS =Fy U ao By, NTM(E;)NaF =0.
iii) Let h € N~'(Fy) \F;z and 7 € F;4. The Fy-linear subspace (z,zh) is totally

Jao

isotropic if and only if N(z)F = W]qu
h
iv) IFh €N (E)\F and @ € B thenh-+a ¢ N~ () and% ENTI(F)).
ht
o

Moreover the following holds;
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h
a) (h+a)Fy = (h+ %)F; if and only if @ = £+/N(h). This occurs if h €
KerN-Fg.
h+a . .
b) ——— € KerN-F ifand only if h € KerN-F.
N(h) q q
h+ o

v) Let h € (KerN-IF;) \Ff and z € IF;. Suppose that the F-linear subspace (z,zh)
is totally isotropic as in iii). Then

N(z(h+ v/N(R))N(z(h — /N())F = 21@;.

1
vi) Forx, y € IF; , the plane (x,y) is totally isotropic and N(x)N(y)Fy = —F if and
a

onlyify e @x_qz]FqX.
\V a

Proof 1) Since

(xx/@0) = Trg 5, (Tr(N(3) V@0 v/@) = T, (N(x) /@0 Te(@)) =0,
the F-linear subspace xF > = (x,x,/ap) is isotropic.
ii) The restriction of the norm mapping N to F > is equal to the square mapping
x +— x2. From the equation Fyn IE‘;Z =F; = ]F;2 UagF?%, we get the first assertion.
Since v/—1 € F 2, we have N(v/a IF‘qXZ) = —aIE‘qXZ2 = a]Fquz. By the choice of a, we
have a]FXZ2 N ]FXZ2 = 0. From the relation F; C szz’ we get the second assertion.

q q q

iii) For x1, x € F 2, Tr(x1 +x2v/a) = 2x1. From & ¢ F >, we have Tr(hy/a) # 0.
For y1, y» € Fy, we have Try , p, (y1 +y24/a0) = 2y1. Thus the equation (zh,z) =
q
Trr , /v, (N(z) Tr(hy/a)) = 0 holds if and only if N(z) Tr(h/a) € \/aoF,.
q
iv) IFN(h+ ) = N(h) + Tr(h) o+ a* € F,, then Tr(h) € F,,. The root h of quadratic

polynomial X2 — Tr(h)X + N(h) € F,[X] must belong to the unique quadratic exten-
sion F > of . This contradicts the assumption of . Thus &1+ o ¢ N~!(Fy). Since

h—&—M = ﬁ(oc—i—h‘172), we have N(h—i—M) = MNUH’O‘) and ALE =
o« o a? h+N(h)
o

N~HE).
iv-a) Since h ¢ > and 1 are linearly independent over I, the equation (h+a)F; =

h h
(h+ %)F; holds if and only if & = %. Such an element & exists when N(h) €
2
Fy==N(F). X
. . h+a o .
iv-b) From the equation N = , wWe get iv-b).
) q ( NG ) NGy Ve e )

ht =~
vifhe IF;z, we have N(h) = h* € ]F;2 and i € F;S. This contradicts the assump-

tion of 4. Hence h € N™! (Fy) \IF;2 From iii), we get N(z)F; = %F;. Since
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Tr(hy/a) = (h— hqz)\/ﬁ, we have Tr(/1y/a)* = (Tr(h)*> — 4N(h))a. From the equation
N(h++/N(h)) = 2N(h) £ Tr(h)\/N(h), we get v).
vi) Since (y,x) = Tr]qu/Fq(Tr(qu2 ya)) = 0, we have Tr(y)cq2 Va) € \/ay F,. Thus

Tr(yx‘fz1 /i) € IF,. Since N(qu2 i) = NHNQ)a e, quz1 [ 4 must belong
) ao

a ao
to F*,. Then we have Tr(y)cq2 i) = 2qu2 4 and 2qu2 4 € IF,. The converse
4 \ a0 \ a0 \ a0

is evident.

We simply denote by Z > ., the subgroup N! (F;)/Fy C IF;4 /F of order g+
1 and by Z; C Z >, the subgroup of order 2 generated by the element /ag IF;.
Similarly we denote by Z ., the subgroup (KerN-Fj)/F; C F;4 /F;. Then we

2
have an isomorphism Z > | = Z ,, X Z5. The group Z» . acts on L(g). Let O(q)
2

and Q(q) be the quotient graphs L(q)/ Zp.yand L(q)/Z ., respectively.
T
Now we have a property of the quotient graph Q(q) = L(q)/Z 2

Lemma 3 The graph Q(q) consists of the following sets of red nodes t(Q(q)), blue
nodes b(Q(q)) and edges e(Q(q));

such that

i) b=20FpZp and b’ = FpZ o (20,20 € IFqﬁ) are the orbits of Zo—invariant
totally isotropic planes zoF » and zf)Iqu,
ii) b = <z,-,z,-hl->Zqz+1 for some z; € ]Fqﬁ, hi e N~ (F7)\ ((KerN-Fy) UIFqu) (i=
1., 950,
iii) B; = (2}, 24h})Z 2., for some 7 € B, I} € KerN-Fy (i=1,..., 1Y such that
h’lF‘; generates Z# and xy = Z&F; Zpyy

The set of edges e(Q(q)) consists of the following edges. For each j, b is adjacent
to x;j by a 1-edge and b is adjacent to y; by a 1-edge. For each j, B; is adjacent to x;
and y; by 1-edges. For each j and k, b; is adjacent to either xy or yi by a 2-edge. For
each j # k, Bj is adjacent to either x or yy by a 2-edge. Any red node is incident to

-1
two 1-edges and qT 2-edges.
Proof Since the Z,—invariant totally isotropic planes zIF » forms two Z  , ,—orbits by

Lemma 2 i) and ii), we denote them by b and b’. They are distinct two blue nodes
of Q(g). For h e N™'(F;) \ ((KerN-F) UF,), by Lemma 2 iii), we can take an

element z € IF‘;; such that (z,zh) is totally isotropic. Let (z,z7)Z > be the orbit.
By Lemma 2 iv) and iv-b), (¢ + 1)(¢ — 1) i’s correspond to the same orbit. Hence
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|N71(IF;)\((KerN-IFqX)Uszﬂ qg—1
there are o T — 5 distinct orbits of this kind. We
¢ —
denote them by by, ..., bg1. For h € (KerN~]FqX) \ F, by Lemma 2 iii), we can
2

take an element z € IE‘;4 such that (z,zh) is totally isotropic and we consider the orbit
(z,zh)Z, ;. By Lemma 2 iv), iv-a) and iv-b), (¢ — 1)2 h’s correspond to the same or-
(KerNF,)\F;| g+

(g—1) 2
themby By, ..., Bg1.If (z,20)Z 2| = B, then the two orbits z(h+/N(h))F;Z 2|
2

and z(h — N(h))]FqX Z, . are adjacent to B by 1-edges. The other edges incident
to Bj, and all the edges incident to by are 2-edges by Lemma 2 iv), iv-a), iv-b). By
Lemma 2 v), one of the two orbits is adjacent to b and the other adjacent to b’. We
denote the one adjacent to b by x; and the one adjacent to b’ by y;. By Lemma 2 vi),
X1y onns x%, Vs evn y% are distinct. By Lemma 2 vi), b; is adjacent to at most one

. | . .
bit. Hence there are distinct orbits of this kind. We denote

of xx and y for each k and B; is adjacent to at most one of x; and y; for each k # j.
Comparing the number of edges incident to a blue node, we see that b; is adjacent to
either x; or yy for each k and B; is adjacent to either x; or y; for each k # j. We can
renumber {bo, b(), Xi, yi, bi, B;} if necessary so that /) IE‘; generates Z 2, .

2

In order to take a Hamiltonian path of Q(g), we need the following Chvatal’s
theorem ([3, Corollary 1.4]).

1
Lemmad Let G be a bipartite graph with Em points in each part. If the non-

decreasing sequence di, ..., d,, consisting of all valencies of G satisfies

d <k < m—k+1,

N —

m=dn 2>

m
2

=

then G is Hamiltonian.

Proof (Proof of Theorem 1) Firstly we show that the induced graph Qp = Q(g) \
{x1,y1,B1,b,b’} has a Hamiltonian path Py which starts at x;. Since this statement
is evident if Qg has a Hamiltonian cycle, we assume that Qg has no Hamiltonian

and the

cycle. By Lemma 3, the valencies of half of the red nodes of Qg are a4

1
a+t . This holds also for blue nodes of Qy. Hence the

non-decreasing sequence d; of all valencies of Qg satisfies

valencies of the other half are

q

1 1
di=1= for1<isg-1, g=1"

forg<i<2(g—1).

Since x; is adjacent to By, the valency of x; in Qg is i Append Qg an edge from

X, to a blue node which is not adjacent to x;. The new graph satisfies the assumption
of Lemma 4 and has a Hamiltonian cycle. Since Qy itself does not have any Hamil-
tonian cycle by our assumption, Qo has a Hamiltonian path Py which begins at x,. In
any case, we get a Hamiltonian path Py which starts at x,. We write the terminal blue
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node of Py by b; Py = (x2,---,b). Secondly we show that Q(g) has a Hamiltonian
path between b and b’ which contains the path (By,x;). By Lemma 3, b is adjacent to
either x; or yj, b is adjacent to x, b’ is adjacent to y;, and x, is adjacent to By which
is adjacent to x; and y;. Hence either (b',y, By, Py, x1,0) or (b,x1,B1,Py,y1,b') is a
Hamiltonian path of Q(g). Let Py be this Hamiltonian path in Q(g). Finally we show
that L(q) is Hamiltonian which proves Theorem 1. Take a path P in L(g) which is a
lift of Pp. The path P has the form

P= (WquzanF(jv<Z/l7hllzll>7Z,1F;7P1aW2]Fq2)
where Py is a path in L(g), 2} € F), satisfies (z},121)Z2 1) = B1, §iF;Z2 ) = x2
and wi,wy € IE*‘;4 are such that either wquzZqz L1 0r wz]quZqz 41 is equal to b and the

other is equal to b’. The action of the generator \/ag IFqX of Z, maps the path P to the
path

vaoP = (\/aowquz,\/a()WlIF;,\/a0<Z,1, IIZ/1>,\/aoz/IFZ;,\/a()Pl,\/aoWﬂqu).

By Lemma 2 ii) and iv), the blue nodes of L(g) of the form wF 2 (weF ) are Z-
stable and the other blue nodes and all the red nodes are not Z,—stable. The origins
of paths P and ,/agP are the same point and so are the termini. Denote by (/aoP)™!
the inverse path of ,/agP. The concatenated path P (,/agP) ! in L(q) is a lift of a

Hamiltonian cycle of the graph O(q) = L(q)/Z 21 - Express the path P (y/aoP) ™
simply as o
P-(yagP) ™' = (wiF 2, w1y, (21, 1\ 2)), 2 F s Ps,wiF o),
where P; is a path in L(g). Let S be a path in L(g) defined by
S = (wquz,wlF;7<z/1, 1), /lz/IIF;7h/1P3,h/1w1qu).

Then § is a lift of the Hamiltonian cycle of the graph é(q) The path h’lj S(j=
1,2,...) are also lifts of the Hamiltonian cycle of the graph Q(q). Since /[, gener-

2
ates Z 2, , the concatenated path . = S- 1| S-H|*S - --- - It} (=172 is a Hamiltonian
=
cycle of L(g).

2.2 Examples

Example 1 When g =3, we have Fg; =F9(\/a) D Fg =F3(,/ag) O F3 withay = —1
l—av/a
=1—+=1.Puth=
and a ut h 1 Fava
S = (F97 \% _IIF;v \% _1<15 \4 _1+a\/a>? \% _I(V —1+a\/(;)IF§<7
(av/a,1 =V —=1av/a),(1+a)F5 ,’*V—=1(1,av/a),i>/~1a/a F,
W*\/aFo, i a\/a Ty h*(1,a\/a),h/—1(1 +/a)F5,
W—=1{av/a,1 —V~1lay/a),h(V—1+aya)F5, h({l,v/=1+ay/a),hF5 , hFy)
Then.# = S-hS-h>S-h3S- h*S is a Hamiltonian cycle of L(3) (Fig. 1).

and take a path
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Fig. 1 L(3)

Example 2 When g = 5, we have Fgys = Fps5(v/2) D Fas = F5(1/2) D Fs with ap =2

]_4

T g and take a path

S = (Fas, T2, (1,V2), 1—V2)FZ, h'2V2(1,V2 +V2),h'>V2(1 — 2v/2 - 2V/2)F%,
RUV2(V2,14+V2V2), i V2(1+ (1 +V2)V2)F S 1OV2(1,2v2+V/2),
WV2(1+2V2+ V2)FZ V2(V2,2+V2V2),V2V2 FX V2 Fas, V2 FZ,
(V2,24 V2V2), 1P (1 +2V2 + V2)FZ 1 (1,272 +V2),
R (14 (14+V2)V2)FZ hM N (V2,14 V2V2),h'2 (1 - 2v/2 - 2V2)FY,
R2(1,7V/24V2),hV/2(1 + V2)FZ  h/2(1,V/2), b/ 2FS  hFs)

anda=+2.Puth=

Then.# = S-hS-h%S---h''S-h'%2S is a Hamiltonian cycle of L(5) (Fig. 2).
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Fig.2 L(5)

3 Even characteristic

In this section we assume the characteristic of the field I, is 2 and we put g = 2". We
define a free action on L(g) of a cyclic group of order ¢> + 1. We denote the quotient
graph by Q(g). We will show that the quotient Q(g) has a Hamiltonian cycle. We lift
the cycle to L(g). Then we have a difference between the origin and the terminus of
the lifted path. We want to arrange the lift so that the gap is equal to a generator of
the cyclic group. We give a numerical condition such that this arrangement works by
using the Gal(F 4 /F2)-action. A calculation shows that this condition is satisfied for
all g = 2" (n > 0). Concatenating the lifts, we obtain a Hamiltonian cycle of L(g).
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3.1 Proof of Theorem 1 for even ¢

Let ¢: F o — F 4 be the polynomial mapping defined by £(X) = X 2+ X. By the
Artin-Schreier theory, we can choose three elements u, ¢, s of F g as follows. We first
choose an element u in F, \ &(F,). Let r be an element of > such that ?+t=u.
ThenF » =Fy(t). Since @(at +b) = p(a)t + a*u+ p(b) € p(F,)t+F, foralla and
b ey, wehave ur € F o \JO(qu). Let s be an element of F_4 such that s> + s = ut.
Then F 4 = F 2(s). Hence we have Tr(s) = 1 and Tr]qu/Fq (t) = 1. In the following

we fix these three elements u, ¢ and s.

We have the Galois groups G = Gal(F 4 /F 2), G4 = Gal(F 4 /F,) and Gs, =
Gal(]Fq4 /F2) which are cyclic groups of order 2, 4 and 4n respectively. Put G, =
G4/Gy = Gal(qu /F,) and G, = G4, /Gy = Gal(Iqu /F2) which are cyclic groups
of order 2 and 2n. The Galois group G, (resp. Ga, G4, G2, Go,) is generated by the
Frobenius mapping x — e (resp. x4, x2, x4, x?).

Lemma 5 Let g =2". The form (x,%) : Fa xF 4 — F, defined by

2
(63) =Tig 5, (07)  (ny€Fy)
is a non-degenerate alternating ¥ -bilinear form.

Proof The mapping y > y?" is the nontrivial element of Gal(F 4 /F ) and itis F »-
linear. Since Try , /F, is F,-linear, the form (*, *) is Fy-bilinear. For an element x €
q

]Fq4, we have

(3.x) = Trg, s, (T(N(x))) = Tr, v, (N(3) Te(1)) =0,

Since Try , /, is surjective, for each y =0, we can take an element x such that (x,y) #
q
0. Thus (%, %) is a non-degenerate alternating F,,-bilinear form.
We use this form in the construction of C(¢) and L(g). Since (x*,y?) = (x,y)?, the
Galois group Gu, acts on L(g). Let 1 be an edge of L(g) incident to a red node x and

a blue node /. We denote by 72" the edge of L(g) incident to the red node x*" and
the blue node £". Denote by Z ., the subgroup N (FS)/Fy of ]qu4 /Iy of order

¢+ 1.

Lemma 6 i) Ifx ]F; , then the plane xF 5 is totally isotropic.

i) N~ (Fg) NE ), =Fy.

ii) Leth e N~ (F)\F<. Then Tr(h) € F,. Forz € F; , the Fy-linear subspace (z,zh)
is totally isotropic if and only if N(z)F; = Tr(h)’lIFqX.

h
) IfheN"Y(F)\F and o € ¥, then h+o ¢ N~ (F) and +a

o

eN"I(Fy).

N(h)

Moreover we have (h+ o)F; = (h+ 7)1@‘; if and only if & = \/N(h).
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v)Let he N~! (F )\Fy and z € IF;. Suppose that the F-linear subspace (z,zh) is
totally isotropic as in iii). Then N(z(h++/N(h)))F; =F.
vi) For x € ]F;4 \N"'(F) and B € N"(F}), the plane (x,x1B) is totally isotropic if
and only if B € x_q(H")IF;. In such a case, (x,x1f3) = xF .
vii) There exist elements h € N™! (F;) and z € ]F;4 which satisfy the following condi-

tions a) and b):
a) hF; generatesZp ;.

b) The plane { = (z,zh) is totally isotropic, 2n orbits (Z ., EZZqu, KZZZqu,
. 622)171

(zFy )ZZZqu, o (2F )22"71242+1 of red nodes are mutually distinct.

Z 1 of blue nodes are mutually distinct and 2n orbits Fy Zpgy (zF; )ZZqz+1,

Proof 1) Since
(t,x) = Trg , /v, (Tr(N(x)1)) = Trg , jr, (N ()1 Tr(1)) = 0,

the Fy-linear subspace xF » = (x,xt) is isotropic.
ii) The restriction of the norm mapping N to ]qu is equal to the square mapping x —
x2. Since the orders \]F;2| and [Fy | are odd, the square mapping are automorphisms
on ]quz and ;. Thus we have ii).
iii) If both N(/) and Tr(h) belong to I, h must belong to F .. This contradicts ii).
Hence Tr(h) ¢ Fy. For x1, x; € Fy, we have T , /g, (X1 +X2t) = x2. Thus the equation
q
(zh,z) = Try , r,(N(z) Tr(h)) = 0 holds if and only if N(z) Tr(h) € F,.
q
iv) If N(h+ @) = N(h) + Tr(h)a + a* € F,, then Tr(h) € F,. This contradicts iii).
h h h
Hence h+ o ¢ N’I(IF;). Since h + % = a(a —I—hqz), we have N(h + M) =
h h+a
N(k) N(h+ a) and _hra € N !(F)). Since h ¢ F > and 1 are linearly indepen-
a2 N(h) q q
ht =~
o
N(h) N(h)

dent over I, the equation (h+ a)F; = (h+ T)F; holds if and only if o0 = R

This condition is equivalent to & = /N(h) because the order |IF;| is odd.

v) From iii), we get N(JJF} = ﬁﬁ;. Since N( -+ /NOB)) = Tr(h)\/N(), we
have v).

vi) Since (x1f3,x) = Tr]qu/]Fq (Tr([iquqz)) =0, we have Tr(ﬁquqz) €F,. Since N(ﬁquqz) =
N(ﬁ)NFq4/Fq (x) € Fy, ﬁquqz must belong to ]quz. From ii), we have ﬁquqz €F, In

2

q 954

such a case, ﬁi = P
x N(x)

We prepare Lemma 7 to prove vii). Let ¢ be Euler’s totient function. We define a
function y by

SHI \F,. The converse is evident.

w(g) =*xe (F;Z/F;)\{F;}\xzk £x fork=0,1,...2n—1}
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for g =2".
Putv=F;Z, andb=FpZ,,,.

Lemma 7 i) There are ézn—bijections
Jr:6(Q(q) \{b} — (F5/FHON{FS ), fa:r(Q(q) \{e} — (F5/Fg) \{Fy}.

i) y(q)* + @(¢* +1) > ¢* for all g =2".

Proof 1) The norm mapping N induces a G,-bijection f> :1(Q(g))\ {t} — (IE";2 JFZ)N\
{F,; }. Namely, for x € IF;4 \N"!(F;), we define f by f (AFyZp 1) =N(x)Fy . For

B eF, (t+B)F, € (F;z/IFqX)\{FqX} y=s+pt €Tr (1) and (Ly)Zp .y is an
element of b(Q(g)) \ {b}. By Lemma 6 iii), we see that this correspondence induces

a bijection (]F;z/IF;) \{F;} — Tr! (1)/F, = b(Q(g)) \ {b}. Let f; be the inverse
of this mapping. Namely we define fi by fi((1,s+Bt)Z2,,) = (t + B)F, for all

B €F,.Since y> = s+ (u+ %)t + Buand (t + B)> =t + (u+ B?), this bijection is

a Gyy-bijection. Hence we have i).

ii) For ¢ = 2", define an integer v by n = 2'n’ where n’ € N is an odd number. Let ¢/
be an element of 5,11 \ Fpor. Let x be an element of (IE‘;Z JFz)\{F; }. Then there

exists a unique a € I, such that x = (' + a)F(j. It is easy to see that x is contained in
{xe (IFZz/IF;)\{IF;HxZ" #x fork=0,1,...,2n— 1} ifand only if a is contained
in an intermediate field K such that Fp»r € K G F,.

In fact, assume that ¥ = x for some 1 <k<2n—1and x*" #xfor 1 <m <k

_ 2
Let G be the maximal subgroup of G,, which fixes x. Then G is of order —n. Since
q — 1 is odd and all Galois cohomology groups of multiplicative groups of finite fields
are trivial, we see that the G—invariant part (IF‘;2 / IF;)G is equal to (IF;Z)G]F; /By =
FFy /. If k divides n, then F, C F and there is no such x. Hence it follows that

k=2m with m <n, 2"|m and m|n. Since F F 7" /F =7 /(FJ, NF;) =F, /F3, and

t' € T3, \F3., we have x = (' +a)F for some a € F;,,. Conversely if x = (' +a)F
. k .
for some a € F}, with m < n, 2"|m and m|n, we have x* = x with k = 2m. Thus

x = x holds for some 1 < k < 2n—1if and only if a belongs to F,» for some m < n

such that 2"|m and m|n. Hence we have the equation y(q) = *(F, \ UK ), where K
runs through the intermediate fields F,»» € K G T,
We have w(q)? = (¢ + 1) — 3(¢* + 1)*/3. Indeed, write n = 2"p!"' --- pn with odd
primes p; < --- < py, and positive numbers vy, ..., v,. The set of maximal fields K
such that Fp»r © K G F is equal to {Fy/p, > Fonjpys -, Fongpy . Since pj and pjy g
are odd primes, we have n_n _ (pj +H =P ) = 2. Hence we have

Pj  Pj+1 PjpPj+1

111 n/pi .
ﬁ(UK) < /g Z 2n/pi < oniv 4 Z 2 (n/p1)—j
= =2

< 2/p1 on/p) -1 %zn/m_
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3 3
Consequently we have y(g) = 2" — 52”/ P>on— 52”/ 3 and

3 9
l,l/(q)z z (2}1 _ 52)1/3)2 — o _3.24n/3 + Z22}1/3
> (¢ +1)=3(¢ + 1>

A prime number a > 5 such that a =1 mod 4 appears as a divisor of a number of
the form ¢” + 1. But a prime number b > 3 such that b =3 mod 4 does not divide
—1
any ¢”> + 1. Note that the function xZT =x!/3_x72/3
X
for x > 0. Write > + 1 = p}' p5? - py» with distinct primes py, ..., p,, and positive
i —1
2/3
Pj

(> +1) = o(p!")o(py) - o(pyr)
= (P =Dp N (pa—D)p - (p— 1)l

is monotonically increasing

numbers vy, ..., V. Put o; = P for j=1, 2, ..., m. Then we have

= aupl" VP ol VB (P pi - pln)?
— a1p5V17])/3 . ampg’;’m*l)/3(q2+ 1)2/3.

By an elementary numerical estimate, we see the inequality @(g>+1) > 3(¢*+1)*/3
holds if one of the following conditions are satisfied: (1) ¢g*> + 1 is divisible by a
prime p > 31; (2) ¢> + 1 is divisible by pp’ with primes p, p’ > 13; (3) ¢*> + 1 is
divisible by 5p with a prime p > 17; (4) ¢*> + 1 is divisible by 5>p with a prime
p = 5. Consequently we obtain

V(g +o(g*+1) > ¢

except when q2 +1=25, 13, 17, 19, 23, 29, 25, 65. Since g = 2", it is sufficient to
consider the three cases ¢g” 4 1 =5, 17 and 65. For these three cases a direct calcula-
tion shows the following: For g =2, w(2) =2 and ¢(5) =4. For g =4, y(4) =4 and
¢(17) = 16. For g = 8, y(8) = 6 and ¢(65) = 48. Hence these three cases satisfy the
inequality.
Thus the inequality

v(g) + 0@ +1) > ¢
holds for all ¢ = 2" with n > 0.

Proof (Proof of Lemma 6 vii).) For h € N’I(qu) \FJ, we can take an element

zZ€ IE‘;4 such that (z,zh) is totally isotropic. By Lemma 6 i)-vi), the mapping (Z2,  \

{11)/Gx — (b(Q(a))\ {6}) x (+(Q(0))\ {t})/Ga which maps (HF)Ga o ((z,20)Z 2.1, (K3 7,2, )Go)
is bijective. Hence by Lemma 7 i), the number of 4F’s which satisfy Lemma 6 vii-b)

is equal to y(g)?. Since the number of hEF ;s which satisfy Lemma 6 vii-a) is equal

to @(¢>+ 1), Lemma 7 ii) shows that the sum of the number of hF; ’s which satisfy

Lemma 6 vii-b) and the number of hFF;’s which satisfy Lemma 6 vii-a) is greater

than g2 , which is equal to the number of all hE ’sinZp \ {1}. Hence there exists

an h which satisfies both Lemma 6 vii-b) and vii-a).
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Now we study properties of the quotient graph Q(q) = L(q)/Z .- By definition,
Gal(F 4 /FF2) acts on Q(q).

Lemma 8 The graph Q(q) consists of the following sets of red nodes r(Q(q)), blue
nodes b(Q(q)) and edges e(Q(q));

r(Q(q)) = {v.x1,-.,xg, v, ¥4 )y
b(Q(C])) = {b7b1,...,b%7317...,3%},

where b; = (zi,z,-h,->Zqz+1 for some z; € Fqﬁ, hi € KerN-Fg (i=1,..., %) such that
n—1
241 b1 = (z,zh), v =21Fy, by = bxa=x3 .., b,=b

Xy = x%nil, and Bj = b?, yj= x? for j=1, ..., L. The set of edges e(Q(q)) consists
of the following edges. The blue node b is adjacent to every red node by a 1-edge.
The red node ¢ is adjacent to every blue node by a 1-edge. For each j, b; is adjacent
to x; by a 2-edge. For each j, B; is adjacent to y; by a 2-edge. For each j # k, b; is
adjacent to one of xi and yy by a 2-edge and B; is adjacent the other by a 2-edge.

X
mE; generates Z

Proof Since IE‘;“/N_1 (FY)=g+1and ¢* =1 mod (q+ 1), each red node of Q(q)

is Gal(F 4 /F )-invariant and v = F;Z, , is the unique Gal(F 4 /F,)-invariant red

node. Denote these red nodes except t by x1, ..., Xg, 1= x?, R x?. The blue
2

node b =F 7, is also Gal(F 7 /F,)-invariant and is adjacent to all the red nodes
by 1-edges. For h € N~ (F*) \ F*, we can take an element z Fqﬂ such that (z,zh) is
totally isotropic by Lemma 6 iii), and we consider the orbit (z,zh)Zqz +1- By Lemma
N (F;) \F |
q(g—1)
orbits of this kind. Since z(1,h) = zh(1,h" ') = zh(l,h"2>, each orbit of this kind is
Gal(F 4 /F 2 )-invariant. In the inverse image of each 2-edge of Q(g), the nontrivial

element of Gal(F 4 /F ) induces the transposition of two Z >, ;-orbits of edges. By
Lemma 6 vi), each orbit (z,2h)Z 2 of this kind is not Gal(F 4 /IF,)-invariant. We

denotes these orbits by by, ..., by, B = bi, ..., By = b%. Comparing the numbers
2

61v), g(¢ — 1) i’s determine one orbit. Hence there are = g distinct

of blue nodes, we see that b(Q(g)) consists of b and these ¢ orbits. By Lemma 6 v),
every blue node is adjacent to v by a 1-edge. By Lemma 2 vi), b; is adjacent to at
most one of x; and y; for each k. Comparing the number of edges incident to a blue
node, we see that b; is adjacent to either x; or y; for each k and B; is adjacent to the
other. Changing x; and y;, we may assume b; is adjacent to x;. By Lemma 6 vii), we
can arrange so that the additional conditions are satisfied.

Proof (Proof of Theorem 1) By Lemma 8, we have a Hamiltonian cycle S of Q(q)
containing (b;,x;) or (x;,b;) forall 1 £i < g and (B;,y;) or (y;,B;) forall 1 £i < g
Take a path S in L(g) which begins at F and is a lift of the Hamiltonian cycle S as
follows: If S contains (b;,x;) with 1 <i < n, its lift in S has the form ((z,zh%l),ng; ).
If S contains (x;,b;) with 1 < i < n, its lift in S has the form (h} zF, (z,2h])). We
denote this edge by 7;. If S contains (B;,y;) with 1 < i < n, its lift in S has the
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form ((Z,Zh%n+i>,zF;). If S contains (y;,B;) with 1 <i < n, its lift in S has the form

(Zh%"HF;,@,Zh%H')). We denote this edge by 7,,4;. Denote the terminus of S by
hOIF;. By Lemma 8, there are two edges incident to b; and x;. If we arrange S at n;
by choosing the other edge incident to b; and x;, we can take another lift S; in L(g) of
S. This another lift S; is expressed as

Si=(F),- (2,2 ), F o hohd F)
Si=(Fy - by 2P (z,2h7 ), hohi FyY)

which terminates at hoh%iIF;. Similarly, if we arrange S at 1,4, we have the other lift

Snt+i = (IE‘;< Loy <Z,Zh%n+i>,zh%n+iﬂ<‘; - ,h()h%nHF;)
or
Suvi = (Fy oo 1 2E B 2k, ok E)
which terminates at hoh%"*ﬁﬁ’} If we arrange § at 1, ..., 1j,, we have a lift of S

from IF’ to hoh%j' *'“*2'/“qu. The sum 2/1 + .. +2Js for distinct numbers 1 < ji, ...,
Jjs < 2n with 0 < s < 2n takes all the values from O to 227 _ 1. Since h generates
7 271 +...+2./ﬁrFX

> +1° L q
Hence there exists a lift S from F; to n F, such that n F; generates Z» ;. Thus we
have a Hamiltonian cycle .’ = S-S - (H')2S - --- - (h’)qzs‘vof L(qg).

the element hgh runs all the element of Zqz 41 except hohf'IF;.

3.2 Examples

Example 3 When g = 2, the element u is equal to 1. We have Fjg =TFa4(s) DFy =
Fa(t) D Fy with s> +s=tand 1>+t =1.Put h = E, thenh=(r+1)s+t+# 1 and
hF3 is a generator which satisfies the conditions of iemma 6 vii). Take a path

S = (F5,(1,s),sF5  h*Fa, RHFS  h(1,s+1), hFY).
The equations sF; = h?(t 4+ 1)F; and h*tF5 = h(s+1t+ 1)F5 show that S is a path.
Then . = S-hS-h*S-h3S - h*S is a Hamiltonian cycle of L(2) (Fig. 3).
This graph is the Tutte-Coxeter cage.
Example 4 When g = 4 we have Fas¢ = Fig(s) D Fig =Fa(t) D Fy =Fa(u) D,
withs?+s=ur,t*+r=uand u>+u=1.Put h = %, then h = u(t + 1)s + ut +

u+ 17 1 and hF} is a generator which satisfies the condition of Lemma 6 vii). Take
a path

S = (T, (1,s),sF B3 (1, s +ut), 13 (s + ut\Fy W2 Fy6, (1 + 1)FY,
RO (1,54 (u+1)e), kO (s + (u+ 1)t)Fy  h(1, s +1), hFY).

The equations sF; = 13 (s+ut +u)F;, b* (s +ut)F; = h*F;, h*(t + 1)F; = h®(s+
(u+ D)t +u+ DFS, BS(s+ (u+ 1)1)F; = h(s+¢)F; show that §' is a path. Hence
S =S8-hS' -h>S'---h'%S' is a Hamiltonian cycle of L(4) (Fig. 4).
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